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Abstract This article analyzes the response of a sphere with radially anisotropic permittivity dyadic
(RA sphere), in both the electrostatic and full electrodynamic settings. Depending on the values and signs
of the permittivity components, the quasistatic polarizability of the RA sphere exhibits several very diﬀerent
interesting properties, including invisibility, ﬁeld concentration, resonant singularities, and emergent losses.
Special attention is given to the anomalous losses that appear in the case of certain hyperbolic anisotropy
values. We show that their validity can be justiﬁed in a limiting sense by puncturing the sphere at the origin
and adding a small imaginary part into the permittivity components. A hyperbolic RA sphere with very
small intrinsic losses can thus have signiﬁcant eﬀective losses making it an eﬀective absorber. With diﬀerent
choices of permittivities, the RA sphere could also perform as a cloak or a sensor. The Mie scattering results
by an RA sphere are used to justify the quasistatic calculations. It is shown that in the small parameter
limit the absorption eﬃciency of an RA sphere is nonzero for certain lossless hyperbolic anisotropies. The
absorption and scattering eﬃciencies agree with the quasistatic calculations fairly well for spheres with size
parameters up to 1/3.

1. Introduction
The electrostatic problem involving a radially anisotropic (RA) sphere has been considered in several
publications in the past. Originally, Schulgasser [1983] considered the bounds of the eﬀective (heat)
conductivity of an assemblage of spherical radially anisotropic crystals. Hence, the RA sphere has also been
referred to as a Schulgasser sphere. This study was continued by Helsing and Helte [1991] who derived a
model for the eﬀective (electric) conductivity for the Schulgasser assemblage. Layered RA spheres, and even
RA spheroids, were considered as models for a human head for electroencephalography purposes by de
Munck [1988]. The image solutions for an RA sphere with an external and internal point source were derived
by Sten [1995]. He was also probably the ﬁrst who introduced the expression RA sphere. Recently, Rimpiläinen
et al. [2012] derived the solution for the Laplace equation in a more general case of a systropic sphere whose
three permittivity components, given in spherical coordinates, are all allowed to be unequal.
Probably, the ﬁrst occurrence of an RA material in the literature is, however, Roth and Dignam [1973], where
light scattering is studied from a spherical particle that is coated by a radially anisotropic layer. On the other
hand, the ﬁrst numerical results based on full Mie scattering theory were presented much later by Wong
and Chen [1992]. Since then, scattering from layered RA spheres has been studied, e.g., by Kiselev et al.
[2002] using a T matrix method. Mie scattering coeﬃcients for an RA sphere with both electric and magnetic
anisotropy were derived by Qiu et al. [2007].
Mie scattering from other kinds of anisotropic spheres can also be found in the literature: for instance
ordinary uniaxial [Geng et al., 2004] and plasma anisotropic [Geng et al., 2003] spheres, with the anisotropy
deﬁned in Cartesian coordinates. Earlier Monzon [1989] also considered scattering from a sphere with a
general rotationally symmetric anisotropy deﬁned in spherical coordinates. See also the fairly extensive
review in Qiu et al. [2010] for more references.
Radially anisotropic geometries are present, for example, in liquid crystal physics. Liquid crystal materials
consist of nematic microdroplets dispersed into a polymer matrix. With a certain orientational director
conﬁguration these droplets resemble RA spheres. Light scattering from small nematic droplets has been
studied by approximative methods by Žumer and Doane [1986], Žumer [1988], and Karacali et al. [1997].
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More recently, RA spheres have appeared in metamaterials research, where the material parameters can
also be assumed negative. Scattering from a plasmonic RA sphere was considered, e.g., by Qiu et al. [2010].
Quasistatic cloaking using spherical RA coatings has also been considered in several papers. Gao et al. [2008]
studied the cancelation of the dipole moments of both electrically and magnetically radially anisotropic
spheres using suitable RA coatings. Qiu et al. [2009] further analyzed a more complicated case using
inhomogeneous RA coatings. Kettunen et al. [2013], instead, considered using only positive permittivity
components with extreme anisotropy, which would create an invisible Faraday cage that could hide any
objects small enough independent of their shape or material. This cloaking approach is also illustrated in
section 2.3 in this paper.
In metamaterials research, media with extremely strong anisotropies have attracted attention. In particular,
if some of the eigenvalues (principal components) of the permittivity or permeability dyadics of the medium
are of opposite signs, the wave dispersion characteristics may be very intricate. Such media have been called
indeﬁnite metamaterials [Smith and Schurig, 2003]. Recently, the term hyperbolic anisotropy has become
more commonly used for such material tensors [Noginov et al., 2013]. The recent article by Poddubny et al.
[2013] gives an extensive review on applications and realizations of hyperbolic metamaterials.
The considered hyperbolic metamaterials are usually based on Cartesian geometries. Here instead, we
discuss a hyperbolic nonmagnetic RA sphere, whose permittivity is anisotropic with respect to the spherical
coordinates (r, 𝜃, 𝜑). A peculiarity of a lossless hyperbolic RA sphere is that it shows anomalous lossy
response in both static and dynamic cases. This anomalous enhancement of absorption, or nondissipative
damping, is also discussed in Qiu and Luk’yanchuk [2008]. The physics of similar anomalous absorption
(or gain) given rise by the sharp corners of a structure consisting of two conjoined hemicylinders is
discussed in depth by Mohammadi Estakhri and Alù [2013].
In this paper we continue the work with a thorough treatment of the RA sphere in both the static and
dynamic case. In particular, we analyze the small size limiting behavior of the full-wave electromagnetic
scattering problem. To be more speciﬁc, we consider an RA sphere of radius a and permittivity
[
(
)]
𝜀 = 𝜀 0 𝜀r u r u r + 𝜀t u 𝜃 u 𝜃 + u 𝜑 u 𝜑

(1)

centered at the origin of the spherical coordinate system (r, 𝜃, 𝜑). The excitation is either a uniform static
electric ﬁeld or a linearly polarized plane wave.
Relative permittivity less than one is not physically reasonable at zero frequency, but even negative
permittivity with relatively small losses can be found at high enough frequencies [Johnson and Christy,
1972]. Our quasistatic treatment must, therefore, be understood as an approximation where the sphere is
small enough compared with the wavelength. In both the quasistatic and full dynamic case, we can assume
that we operate on a ﬁxed frequency, while the radius a is adjusted as needed. In this paper, we assume an
idealized RA sphere, with small or vanishing material losses and leave more detailed realization ideas for
future work.
In section 2, we derive the conditions for anomalous absorption, plasmonic resonances, and invisibility in
the static case and study the eﬀect of small losses and the removal of the origin of the sphere. A dynamic
treatment of the scattering and absorption by an RA sphere is performed in section 3 where we ﬁnd a good
agreement between the static and dynamic solutions. The main results are summarized in section 4. This
paper is an extended version of the conference presentation Wallén et al. [2013].

2. Electrostatic Solution
The electrostatic potential in an anisotropic sourceless medium satisﬁes the (generalized) Laplace equation
(
)
∇ ⋅ 𝜀 ⋅ ∇𝜙 = 0,
(2)
whose solution can be found using separation of variables when the anisotropy ﬁts into one of the usual
coordinate systems. In the RA case (1), the general solution can be written as 𝜙(r, 𝜃, 𝜑) = R(r)T(𝜃)P(𝜑), where
the component functions are
R(r) = A r𝜈 + B r−𝜈−1 ,
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T(𝜃) = C Pm
(cos 𝜃) + D Qm
(cos 𝜃),
n
n

(4)

P(𝜑) = E cos(m𝜑) + F sin(m𝜑),

(5)

and Qm
are the associated Legendre functions and the parameter 𝜈 is
where Pm
n
n
√
𝜀
1
1
𝜈 = 𝜈(n) = − + n(n + 1) t + .
2
𝜀r 4

(6)

The constants A, … , F are determined by the boundary and interface conditions, and a double inﬁnite sum
over n = 0, 1, … and m = 0, 1, … , n is needed in the most general case. The derivation of this general
solution (3)–(6) is a trivial extension of the rotationally symmetric special case m = 0, whose solution is well
described by Helsing and Helte [1991] and also Sten [1995].
The radial anisotropy can be interpreted as a stretching in the radial direction, while the angular part
T(𝜃)P(𝜑) is exactly the same as for an isotropic medium. In the isotropic case (𝜀r = 𝜀t ), we simply get 𝜈 = n.
2.1. Intact RA Sphere
Let us ﬁrst derive the electrostatic solution for an intact RA sphere assuming positive permittivity and
thereafter discuss the validity of the solution for negative and especially hyperbolic permittivity.
Assume that the RA sphere of radius a is placed in an external uniform ﬁeld that is oriented along the
z axis. The external potential can then be expressed as
𝜙0 (r, 𝜃) = −U0

and we seek a solution in the form

{
𝜙(r, 𝜃) =

r
r
cos 𝜃 = −U0 P01 (cos 𝜃),
a
a

(7)

𝜙i (r, 𝜃),
r < a,
𝜙0 (r, 𝜃) + 𝜙s (r, 𝜃), r > a,

(8)

( )𝜈
r
cos 𝜃,
a

(9)

where the internal and scattered potentials are
𝜙i (r, 𝜃) = A

𝜙s (r, 𝜃) = B

𝜈 = 𝜈(1),

( )−2
r
cos 𝜃.
a

(10)

The solution can only contain the same angular functions as the excitation, since the angular functions
(or spherical harmonics) are orthogonal over the full solid angle. The radial functions are chosen so that 𝜙s
vanishes as r → ∞ and 𝜙i is ﬁnite at the origin. (Notice that 𝜈 > 0 when 𝜀t ∕𝜀r > 0.) The normalization r∕a is
introduced for convenience.
Enforcing the interface conditions
𝜙i = 𝜙0 + 𝜙s ,

𝜀r

𝜕𝜙0 𝜕𝜙s
𝜕𝜙i
=
+
𝜕r
𝜕r
𝜕r

(11)

on the surface r = a of the RA sphere gives the constants
A=

−3U0
,
𝜀r 𝜈 + 2

B=

(𝜀r 𝜈 − 1)U0
.
𝜀r 𝜈 + 2

(12)

The scattered potential 𝜙s is the same as the potential of a z directed point dipole with the dipole moment
p = 4𝜋a2 𝜀0 B at the origin in free space. The ratio between this induced dipole moment and the external
ﬁeld is conveniently described by the normalized polarizability
𝛼=

p
3B
=
,
𝜀0 E0 V
U0

(13)

where E0 = U0 ∕a and V is the volume of the sphere. The normalized polarizability of the RA sphere can thus
be written in the form
𝛼=3
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if we deﬁne the eﬀective permittivity
)
√
𝜀 (
𝜀eﬀ = 𝜀r 𝜈(1) = r −1 + 1 + 8𝜀t ∕𝜀r . (15)
2
Since (14) is exactly the same as the normalized
polarizability of a homogeneous sphere with
relative permittivity 𝜀eﬀ , this solution can also be
interpreted as an internal homogenization, using
the terminology of Chettiar and Engheta [2012].
This electrostatic solution is mathematically
correct and physically valid if both permittivity
components 𝜀r and 𝜀t are real and positive. The
solution also seems reasonable if both 𝜀r and 𝜀t
Figure 1. The exponent 𝜈(1) as function of 𝜀t ∕𝜀r . The dashed
line is the other solution −𝜈(1) − 1.
are real and negative, except perhaps for the
special case when 𝜀eﬀ = −2, where the inﬁnite
polarizability should be interpreted carefully, as pointed out by Mei et al. [2013].
The solution is, however, quite puzzling when the anisotropy is indeﬁnite or hyperbolic, that is, when 𝜀r and
𝜀t are real with opposite signs. In that case, the exponent 𝜈 = 𝜈(1) is negative or complex with a negative
real part, as shown in Figure 1, and consequently, the potential is singular at the origin. In the hyperbolic
case, the choice of the radial solution; i.e., the exponent 𝜈 or −𝜈 − 1 is not immediately obvious. Choosing
the negative branch of the square root in (6) is tantamount to choosing −𝜈(1) − 1 instead of 𝜈(1). To avoid
too singular behavior of the potential, we should obviously always make the choice which leads to a positive
or less negative exponent. For 𝜀t ∕𝜀r > −1∕8 this means that we should choose 𝜈 . When 𝜀t ∕𝜀r < −1∕8,
both exponents have a negative real part which means that the electrostatic potential is singular at the
origin independently of the choice. In that case, the two exponents 𝜈 and −𝜈 − 1 are complex conjugates of
each other, which leads to complex conjugate pairs of 𝜀eﬀ , and we should clearly choose the passive (lossy)
solution rather than the active one.
A more thorough analysis in sections 2.4 and 2.5 shows that this quasistatic solution is, after all, physically
sound in a certain low-loss limiting sense. Let us, however, ﬁrst simply assume that the quasistatic
normalized polarizability given by (14) and (15) is valid for any real 𝜀r and 𝜀t and study the interesting
behavior of 𝛼 in the two-dimensional 𝜀r 𝜀t plane.
2.2. Anomalous Absorption
The above-derived quasistatic polarizability is complex when 𝜀t ∕𝜀r < −1∕8, corresponding to two regions
in the 𝜀r 𝜀t plane in Figure 2. A complex 𝛼 means that the sphere is eﬀectively lossy. This is counterintuitive
since the material parameters 𝜀r and 𝜀t are real,
and hence, we could call this phenomenon
anomalous absorption.
Within this region of anomalous absorption,
the imaginary part grows without limit at
𝜀r = +4, 𝜀t = −1∕2, and it vanishes for large
absolute values of 𝜀r or 𝜀t . The real part of the
polarizability is zero when
𝜀t = −

Figure 2. The polarizability of the intact RA sphere is well
deﬁned in the ﬁrst and third quadrants of the 𝜀r 𝜀t plane, but
the potential is singular at the origin if 𝜀t ∕𝜀r < 0. In the shaded
region both the potential and the polarizability appear to be
complex. The locations where the polarizability vanishes (solid
line) and is singular (dashed line) are also plotted. The real part
of the polarizability is zero in the complex region at the dotted
line. The plus and minus signs are the signs of (the real part
of ) the polarizability in diﬀerent regions.
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𝜀r + 4
,
4𝜀r

−2 < 𝜀r < 4.

(16)

Approaching the point 𝜀r = +4, 𝜀t = −1∕2 along
the curve (16), we thus get a purely imaginary
polarizability that grows without limit even if the
intrinsic parameters 𝜀r and 𝜀t are real.
2.3. Plasmonic Resonances, Invisibility,
Perfect Electric Conductor, and Perfect
Magnetic Conductor
The anomalous absorption is, arguably, the most
peculiar feature of the RA sphere, but we can
21
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also ﬁnd a few other interesting special cases.
As is easily seen from (14), the polarizability is
inﬁnite when 𝜀eﬀ = −2 and zero when 𝜀eﬀ = 1.
Both of these extreme cases could be interesting
for very diﬀerent reasons.
The polarizability is singular, and 𝜀eﬀ = −2, when
𝜀t =

2 − 𝜀r
,
𝜀r

𝜀r < 0, 𝜀r > 4.

(17)

Figure 3. A cross cut of the total electrostatic potential
distribution of an RA sphere in a uniform vertical static electric
ﬁeld. (left) 𝜀r = −3, 𝜀t ≈ −5∕3. The surface plasmon
resonance yields singular polarizability. (right) 𝜀r = 5, 𝜀t =
−3∕5. In this hyperbolic case, the singular polarizability is due
to the resonance that occurs in the core of the sphere.

These conditions are visualized in Figure 2. We
can see that there are two types of singularities:
in the third and fourth quadrants. The ﬁrst one
is a surface plasmon which is a generalization
of the 𝜀 = −2 resonance of an isotropic sphere
(see Figure 3 (left)). However, another type of
singularity is found for certain combinations of 𝜀t < 0 and 𝜀r > 0 which correspond to a resonance that
is located in the core of the RA sphere, visualized in Figure 3 (right). In both panels of Figure 3, the total
potential solution given by (8) is plotted.
The latter kind of singularity is in a way a combination of two fundamentally diﬀerent singularities:
the potential is singular at the origin, since 𝜈 is real but negative, and the overall response (quasistatic
polarizability) is also singular, since 𝜀eﬀ = −2. Including losses will certainly dampen both the singularity at
the origin and the inﬁnite polarizability, and so it seems that this kind of singularity is perhaps not the best
option if we need to design a strong polarizability using lossy material.
The RA sphere is invisible for a uniform static electric ﬁeld when the polarizability vanishes. In the presently
studied ideal case, this happens for 𝜀eﬀ = 1 when
𝜀t =

𝜀r + 1
,
2𝜀r

𝜀r < −2, 𝜀r > 0.

(18)

Again, there are two “types” of invisibility. Like an isotropic sphere is invisible for 𝜀 = +1, an increase of 𝜀r
can be compensated by decreasing 𝜀t and vice versa in the ﬁrst quadrant of Figure 2 to retain zero
polarizability. As shown in Kettunen et al. [2013], the choice 0 < 𝜀r ≪ 1, 𝜀t ≫ 1 also yields a design for a
cloak (see Figure 4 (left), where the total potential is plotted as in Figure 3). However, the RA sphere can also
be invisible even if 𝜀r is negative, according to (18) with 𝜀r < −2 (see Figure 4 (right)). This is a very peculiar
situation because the potential is singular at the origin at the same time. Again, this conﬁguration is
certainly sensitive to losses, but it could perhaps even in the lossy case be possible to design an almost
invisible RA sphere with large ﬁeld concentration in the center.
In electrostatics, a perfect electric conductor
(PEC) is characterized by 𝜀 → ∞, and a perfect
magnetic conductor (PMC) corresponds to 𝜀 = 0.
As is easily seen from (14), the polarizability of a
PEC sphere is +3 and the polarizability of a PMC
sphere is −3∕2. The RA sphere behaves like a
PMC sphere if either 𝜀r or 𝜀t is zero. On the other
hand, the RA sphere becomes identical to a PEC
sphere (𝛼 = +3) if 𝜀t → ±∞. However, a large
value of 𝜀r is not suﬃcient to make the RA sphere
PEC like: the limit depends on 𝜀t
Figure 4. A cross cut of the total electrostatic potential
distribution of an RA sphere in a uniform vertical static
electric ﬁeld. (left) 𝜀r = 0.1, 𝜀t = 5.5. The constant (zero)
potential at the core becomes stretched and can be applied
in cloaking smaller inclusions from the external ﬁeld. (right)
𝜀r = −3, 𝜀t = 1∕3. The sphere is invisible for an outside
observer, even though the potential is singular at the origin.
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lim 𝛼 =

𝜀r →∞

3 2𝜀t − 1
⋅
.
2 𝜀t + 1

(19)

2.4. Punctured RA Sphere
The troublesome point of the intact RA sphere is
the origin, where the permittivity dyadic is
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also undeﬁned. Due to the symmetry of the
geometry and the excitation, the potential must
be zero at the whole x -y plane as is also evident
from the factor cos 𝜃 in (7)–(10). In particular, the
potential is zero at the origin, and so it seems
reasonable to remove the origin by explicitly
grounding it. More precisely, let us assume that
there is a grounded PEC sphere of radius b < a
at the origin and study the limit b∕a → 0. In
the punctured case, we thus seek the solution in
the form

Figure 5. Normalized static polarizability 𝛼 ′ − j𝛼 ′′ of the intact
RA sphere (thick lines) compared with the punctured case
with b∕a = 10−10 (thin gray line). The tangential permittivity is
constant 𝜀t = 1.

⎧ 0,
r ≤ b,
⎪
𝜙(r, 𝜃) = ⎨ 𝜙i (r, 𝜃),
b < r < a,
⎪ 𝜙0 (r, 𝜃) + 𝜙s (r, 𝜃), r > a,
⎩

(20)

where 𝜙0 and 𝜙s have the same form as for
the intact sphere in (7) and (10). The internal
potential is
[ ( )𝜈
( )−𝜈−1 ]
r
r
𝜙i (r, 𝜃) = A′
+ B′
(21)
cos 𝜃.
a
a

The constants A′ and B′ of (21) and B of (10) can be derived by enforcing the boundary condition 𝜙i (b, 𝜃) = 0
and the interface conditions (11). After straightforward but somewhat lengthy algebraic manipulations, the
polarizability takes the familiar form
𝛼=3

𝜀eﬀ − 1
,
𝜀eﬀ + 2

(22)

with the eﬀective permittivity

𝜀eﬀ

( )√⋅
⎛
⎞
b
1
+
√
𝜀r ⎜
⎟
a
= ⎜−1 + ⋅
( )√⋅ ⎟ ,
2 ⎜
⎟
1 − ba
⎝
⎠

(23)

where
√

⋅=

√
1 + 8𝜀t ∕𝜀r = 2𝜈 + 1.

(24)

The coeﬃcients for the internal potential (21) are
A′ =

−3U0
(
( )√⋅ ) ,
(
)
𝜀eﬀ + 2 1 − ba

B′ = −

( )√⋅
b
A′ .
a

(25)

(26)

This solution for the punctured RA sphere is real and ﬁnite for any b > 0 and real 𝜀r , 𝜀t . The imaginary parts
cancel out exactly, although it is not immediately obvious from the above formulas.
If the square root (24) is real, i.e., 𝜀t ∕𝜀r > −1∕8, the limit
( )√⋅
b
=0
b→0 a
lim

(27)

is well deﬁned and we get the intact RA solution when the PEC core vanishes. If 𝜀t ∕𝜀r < −1∕8, the square
root (24) is purely imaginary and the limit does not exist since
)
(
)
(
( )± j𝛽
b
b
b
± j sin 𝛽 ln
,
= cos 𝛽 ln
(28)
a
a
a
which oscillates without reaching a limit when b∕a → 0.
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Hence, in the lossless case, when 𝜀t ∕𝜀r < −1∕8,
we fail to achieve consistency between the solutions for the intact sphere and the punctured
sphere with vanishing core radius. While the
former yields a complex polarizability (eﬀective
losses), the latter solution does not converge.
Figure 5 shows a comparison between the two
solutions for a particular choice of very small
but nonzero b∕a. Neither solution seems reasonable, but the ambiguity is very similar to the
branch cut or unlimited number of singularities
that arise in geometries containing sharp corners and certain ranges of negative permittivity
[Kettunen et al., 2008; Wallén et al., 2008; Pitkonen,
Figure 6. Normalized static polarizability, as in Figure 5, with
2010; Helsing et al., 2011; Alù and Engheta, 2011;
added losses in the tangential permittivity 𝜀t = 1 − j∕10. There
Mohammadi
Estakhri and Alù, 2013]. Although
is clearly a much better agreement between the intact and
the
geometry
is very diﬀerent, both the sharp
punctured cases.
corner and the RA sphere admit a similar kind of
singularity for certain permittivity values. In both cases, the potential solution can be expressed in the form
r𝜈 with a complex exponent 𝜈 , where r is the distance from either the sharp edge or the origin.
2.5. Punctured RA Sphere With Losses
The inconsistency between the two solutions can be relaxed by adding losses into the material. This makes
the limit b∕a → 0 well deﬁned. Using the time convention e+j𝜔t , small losses as a negative imaginary part
of either 𝜀r and 𝜀t (or both) ensure that the real part of the square root (24) is nonzero, which is suﬃcient
to make the limit (27) vanish. Therefore, the solution for the punctured RA sphere approaches the one for
the intact RA sphere, as long as there are some material losses involved. This argument is valid for arbitrarily
small intrinsic losses, and thus, it gives credibility to the earlier result of complex RA polarizability for 𝜀t ∕𝜀r <
−1∕8, and the associated anomalous losses. However, the result for real permittivity components must be
understood as an approximation where the losses are inﬁnitesimally small.
Figure 6 shows the polarizability of a punctured sphere with modest losses and very small b∕a. The polarizability of the punctured sphere agrees fairly well with the polarizability calculated from the result of the
intact RA sphere.
The result for the punctured lossy sphere is remarkably diﬀerent from the lossless case shown in Figure 5
in the hyperbolic region where the intact sphere exhibits anomalous absorption. We can thus, both
analytically and numerically, conclude that the solution for the lossless punctured RA sphere in section 2.4 is
meaningful only for nonvanishing core radius.
The (inﬁnitesimally small) intrinsic losses in the
material parameters are essential to get a physically meaningful result, for all 𝜀t and 𝜀r , for the
intact sphere as the limit of a punctured sphere
with vanishing core radius.

3. Mie Scattering for an RA Sphere

Figure 7. Absorption eﬃciency Qabs (solid lines) and scattering eﬃciency Qsca (dashed lines) for an RA sphere with
two diﬀerent size parameters x = ka. In both cases 𝜀t = 1.
Especially for the electrically small RA sphere, the absorption
due to the electric dipole term a1 dominates in the region
−8 < 𝜀r ∕𝜀t < 0, as predicted by the quasistatics.
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The scattering of a plane wave from an RA sphere
of arbitrary size can be solved using a slight
modiﬁcation of the classical Mie series solution.
Compared with the formulas in chapter 4 of
Bohren and Huﬀman [1983], the main modiﬁcation is that the degrees of the spherical Bessel
functions in the sphere are 𝜈(n) given by (6)
instead of n. (Also notice the trivial diﬀerence
24
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in time convention.) As in the static case, we can
interpret the radial anisotropy as a stretching of
the r coordinate inside the sphere.
In agreement with Luk’yanchuk and Qiu [2008]
and Qiu et al. [2010], we get the scattering
coeﬃcients

an =

m𝜓𝜈 (mx)𝜓n′ (x) − 𝜓n (x)𝜓𝜈′ (mx)
m𝜓𝜈 (mx)𝜉n′ (x) − 𝜉n (x)𝜓𝜈′ (mx)

,

(29)

,

(30)

and
Figure 8. Absorption and scattering eﬃciencies (solid lines)
compared with the quasistatic approximation (dashed lines)
for an RA sphere with size parameter x = ka = 1∕3. The
transversal permittivity is 𝜀t = 1, as in Figure 7.

bn =

𝜓n (mx)𝜓n′ (x) − m𝜓n (x)𝜓n′ (mx)
𝜓n (mx)𝜉n′ (x) − m𝜉n (x)𝜓n′ (mx)

√
where m = 𝜀t is the tangential refractive index and x = ka is the size parameter. The Riccati-Bessel
functions are deﬁned in terms of ordinary spherical Bessel functions as 𝜓𝜈 (x) = xj𝜈 (x) and 𝜉𝜈 (x) =
xh(2)
(x). To get an overall measure of the response of the sphere, we study the scattering, extinction, and
𝜈
absorption eﬃciencies
Qsca =

∞
(
)
2 ∑
|a |2 + |b |2 ,
+
1)
(2n
n
n
|
|
|
|
x2 n = 1

(31)

∞
{
}
2 ∑
(2n + 1) Re an + bn ,
2
x n=1

(32)

Qext =

Qabs = Qext − Qsca .

(33)

In the dynamic treatment, Qabs gives a measure for the losses of the scatterer. The absorption eﬃciency
should be zero for lossless (real) material parameters. Indeed, this is the case for RA spheres with 𝜀r ∕𝜀t > 0.
However, like in the static analysis, we notice anomalous absorption for hyperbolic radial anisotropy. This
can be seen in Figure 7 which shows the absorption eﬃciencies of electrically small and moderate RA
spheres for which the tangential permittivity is unity, but the radial component varies over a wide negative
range. The absorption is related to the electrical multipole of degree n with coeﬃcients an . The degree 𝜈(n)
of (6) is complex when −4n(n + 1) < 𝜀r ∕𝜀t < 0, and this gives rise to eﬀective losses in the corresponding
electric multipole. The most signiﬁcant absorption is given by the electrical dipole term a1 , exactly as
predicted by the quasistatic approximation, but
also, the higher-order multipoles contribute to
the losses. Notice how the limits 𝜀r ∕𝜀t = −8
(n = 1), 𝜀r ∕𝜀t = −24 (n = 2), and 𝜀r ∕𝜀t = −48
(n = 3) stand out in Figure 8, which shows the
absorption and scattering eﬃciencies for an
RA sphere of modest size compared with the
quasistatic approximation.

Figure 9. Absorption and scattering eﬃciencies (solid lines)
compared with the quasistatic approximation (dashed lines)
for an RA sphere with size parameter x = ka = 1∕3. The radial
permittivity is 𝜀r = 4.
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The scattering eﬃciency of a small hyperbolic RA sphere is typically small compared
with the absorption as shown also in Figures 7
and 8. Small RA spheres can also exhibit strong
scattering, in a similar way as small isotropic
spheres with negative permittivity. As shown in
Luk’yanchuk and Qiu [2008] and Qiu et al. [2010],
these resonances can be shifted by adjusting 𝜀r
25

Radio Science

10.1002/2014RS005534

Figure 10. Absorption and scattering eﬃciencies (solid lines)
compared with the quasistatic approximation (dashed lines)
for an RA sphere with size parameter x = ka = 1∕3. The radial
permittivity is 𝜀r = −10.

and 𝜀t , but the strongest scattering appears to
always be found when both 𝜀r and 𝜀t are negative. This is clearly diﬀerent from the anomalous
absorption, which can only be found when
𝜀r and 𝜀t are of opposite signs. In Figures 9
and 10, the scattering and absorption eﬃciencies
are plotted for varying tangential permittivity
component with ﬁxed radial component. The
resonant scattering stands out for the case of
both permittivity components being negative
(Figure 10) as compared to the hyperbolic case
(Figure 9) where the scattering singularity is
shadowed by the extreme absorption.
In the small parameter limit (x = ka ≪ 1), we
can write the asymptotics for the generalized
Mie coeﬃcients (29) and (30). The dominant
coeﬃcient is

2
a1 = j 𝛼x 3 + (x 5 ),
9

(34)

and the rest of the coeﬃcients are (x 5 ) or smaller. Keeping only the term a1 gives the quasistatic
approximations for the eﬃciencies
Qsca ≈

8
|𝛼|2 x 4
27

(35)

4 ′′
𝛼 x,
3

(36)

and
Qabs ≈

where 𝛼 = 𝛼 ′ − j𝛼 ′′ is the static normalized polarizability. It is worth noting that even if these approximations
are derived for a small RA sphere, they agree with the small parameter limit for the isotropic sphere [Bohren
and Huﬀman, 1983, chap 5]. That is, the radial anisotropy can have a dramatic eﬀect on the polarizability, but
the expressions (35) and (36) are formally the same as for an isotropic sphere.
This small parameter approximation is valid for all 𝜀r and 𝜀t except for the special case (17) corresponding to
𝜀eﬀ = −2. This special case is, however, only possible in the perfectly lossless case, and we can thus ignore it
by assuming at least some inﬁnitesimally small losses in the material.
Figures 8–10 make the comparison between the full dynamic, (31) and (33), and quasistatic, (35) and (36),
absorption and scattering eﬃciencies for spheres with size parameter x = 1∕3. We can observe that the
dipolar term of the absorption eﬃciency Qabs is surprisingly accurately predicted by the quasistatic approximation, but the much weaker higher-order terms are omitted in the quasistatics. Moreover, the quasistatic
scattering eﬃciency Qsca agrees very well with the dynamic one, except near the surface plasmon resonance
where both 𝜀r and 𝜀t are negative (see Figure 10). The quasistatic approximation only gives one resonant
peak in the scattering eﬃciency Qsca when 𝜀eﬀ = −2. The dynamic solution also excites resonances of higher
order, and these higher-order resonances play a larger role as the size parameter increases. Hence, it is quite
expected that the largest discrepancy between the quasistatic and dynamic solutions can be observed
near the surface plasmon resonances. For smaller size parameters, the agreement improves. Anomalous
absorption, resonant singularities, and invisibility properties of small spheres can thus be qualitatively and
quantitatively analyzed using the quasistatic results.

4. Conclusions
A radially anisotropic (RA) sphere responds to electromagnetic excitation in a nontrivial way. The present
paper analyzed this interaction both for electrostatic and full electrodynamic excitation, where the comparison between the quasistatic and dynamic scattering and absorption responses of the RA sphere showed
that the quasistatic polarizability agrees surprisingly well with the dynamic result even up to electrical size
WALLÉN ET AL.
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ka = 1∕3 of the sphere. In particular, the focus was on the peculiarities of indeﬁnite or hyperbolic RA spheres,
for which the tangential and radial permittivity components have diﬀerent signs.

It was shown that if the ratio between the tangential and radial permittivities is less (more negative) than
−1∕8, the quasistatic polarizability is a complex number, even if the intrinsic permittivity components are
real. A careful limiting treatment with a punctured, weakly lossy RA sphere showed the consistency of
the result for the intact RA sphere. In particular, the puncturing was needed to remove the singularity of
the potential at the origin and nonzero losses are essential to get a well-deﬁned limit for vanishing core
radius. The anomalous absorption was also found in the dynamic response of the hyperbolic RA sphere.
The absorption enhancement property of RA spheres naturally gives an idea of realizing eﬀective absorbing materials as composites made of hyperbolic RA spheres. On the other hand, RA spheres made of active
materials [Hess et al., 2012] could realize eﬀective signal amplifying gain materials. Mathematically, this
means just changing the signs of the imaginary parts in the current analysis.
The RA sphere can also display two types of singularities: a generalized surface plasmon resonance when
both the tangential and radial permittivities are negative, and also a weaker type of resonant singularity in
the hyperbolic regime.
The invisibility properties of RA spheres were also considered, and two types of anisotropies producing zero
polarizability were found. A combination of positive and nonequal permittivity components can be found
to make the RA sphere vanish in electric excitation. In particular, if the tangential permittivity component is
large (and consequently, the radial is a positive number less than one), the sphere can be used as a cloaking structure: in the long-wavelength limit, the interior of the sphere is very eﬀectively shielded from the
external ﬁeld, and hence, the core of the sphere can be removed and the cavity acts as a Faraday cage. This
cloaking approach could thus be a promising alternative to the plasmonic cloaking approach by Alù and
Engheta [2008]. Both approaches are essentially quasistatic. The plasmonic cloaking approach is arguably
easier to implement, while the RA cloak is less dependent on the object that is to be cloaked.
However, there is also another type of invisibility: the polarizability of the RA sphere can vanish in the
hyperbolic regime. In this case the potential displays a singularity in the origin.
The capability of an RA sphere to strongly focus the electric ﬁeld (and energy) into its origin seems very beneﬁcial considering applications in sensing and energy harvesting. Figure 4 (right) presented an RA sphere
that has a strong focusing eﬀect in the origin without disturbing the external ﬁeld. This conﬁguration clearly
oﬀers a possibility of constructing an invisible sensor. Moreover, replacing the core of such sphere with a
nonlinear material gives an opportunity to realize devices tunable by the amplitude of the external ﬁeld.
This could lead way to optical switches and memories.
Since the current study has been based on quite idealized material parameters, further research should
consider how (hyperbolic) RA spheres could actually be realized. We could also study the broadband behavior of RA spheres using realistic material models (e.g., Drude or Lorentz) including the eﬀects of losses and
frequency dispersion. It is certainly interesting to see how, for example, the focusing and cloaking performances are aﬀected by losses, and how broadband these properties are when material parameters are
changing due to dispersion. On the other hand, we might want to tune the desired response to be extremely
narrow band to design RA devices for ﬁltering purposes.
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