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4.2. Free surface waves in superfluid 3He 33

annular channel. For the propagating waves the total energy is twice as large as
for standing waves with the same amplitude resulting quality factor higher by
factor of two, and further ∆ f lower by the same factor (dashed line in Fig. 4.2).

4.2 Free surface waves in superfluid 3He
Standing waves on the free superfluid 3He surface have been studied only very
recently [28]. In our experiments the waves were studied with three levels only
as continuous filling would have overheated the whole copper nuclear cooling
stage. The waves were excited either by the spontaneous vibrational noise of
the cryostat or by swinging the whole cryostat periodically. The highest ob-
served resonance frequency was only about 16 Hz. Thus the studies of the reso-
nance modes in superfluid 3He were not as comprehensive as in superfluid 4He
(Fig. 4.1) neither in terms of helium level nor in frequency.

Dissipation of the surface waves was studied with the resonance modes with
frequencies below 10 Hz. The resonance widths in Fig. 4.3 were determined
from the fits to the frequency spectra and plotted as function of the tempera-
ture of the nuclear stage Tns. The predicted behavior in Eq. (2.50) qualitatively
agrees with the measurements though some discrepancy remains. The very strik-
ing feature is that the mode with the lowest resonance frequency has different
temperature dependency as compared to the others.

The waves mechanically generated by swinging the whole cryostat are shown
in Fig. 4.4. The broadening of the resonances (and eventually the disappearance
to noise) is consistent with the expected temperature dependency in Eq. (2.50).
However, each mode saturate to different value of the scaled frequency width
∆ f / f 2 corresponding to different temperature. One possible reason for this may
be the heat load which depends on the excitation frequency.

4.3 Molar volume of superfluid 4He
Molar volume of liquid helium, dilute mixture in particular, was studied capaci-
tively with the interdigital capacitors (IDC). As the geometry of the IDC was not
precisely known they were calibrated in pure 4He in the zero-temperature limit.
The fitted geometrical parameters are total length of the micro strips Nl and
relative permittivity of the sapphire substrate, ε subst. Since we had only two ge-
ometrical parameters, our measured molar volume in 4He is rather independent
of the data against which it was calibrated.
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Fig. 2.3 Quasiparticle scattering of fermionic 3He in momentum space. The quasipar-
ticles are hole-like (◦) when p < pF and particle-like (•) when p > pF . Left: Scattering
processes where the quasiparticle group velocity vg,z in z-direction is parallel with the
velocity of the object vo before scattering. Right: Quasiparticles propagating towards
the object from the other side when vg,z ↑↓ vo . The scattering processes are marked with
the same labels (a, b, c, d, e, f , g and h) as in Fig. 2.2. The gray shaded area represents
the region of Andreev-reflection (c, d, g, h), where (p− pF )2 < 2pFvoα−1 cos(θ). Else-
where normal scattering of quasiparticles (a, b, e and f ) though only the states p ≈ pF
are thermally occupied.

the quasiparticle has enough energy to reach the object but not enough to escape
(paths c1-c2-. . . -c9 and g1-g2-. . . -g9). The Andreev-reflected states are shown in
Fig. 2.3. The momentum transfer of the Andreev reflected quasiparticles is neg-
ligible compared to the normal scattering. According to Eq. (2.42) the damping
force due to the normal quasiparticle scattering in fermionic 3He is

FF,z =

∫
normal
scattering
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2
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= −PF (T )∆Avo . (2.45)

The profile of a standing interfacial wave is ξ (x, y, t) = ζ (x, y)τ(t), where
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Chapter 1

Introduction

Helium has two stable isotopes, 4He and 3He. Helium is chemically inert
monatomic gas, and at room temperature the only measurable difference between
the isotopes is their mass. And price: the more common isotope on earth, 4He,
is obtained from the natural gas sources whereas the rare 3He is man-made in
nuclear reactors.

At atmospheric pressure 4He can be liquefied at 4.2 K and 3He at 3.2 K. In
contrast to all the other liquids, which eventually solidify, liquid helium can be
cooled down to the zero-temperature limit. Moreover, whereas viscosity of or-
dinary liquids tends to increase as temperature decreases, in liquid 4He damping
of a moving object (spoon, fork, free surface, etc.) suddenly begins to decrease
drastically at the superfluid transition temperature around Tc = 2.2 K, and in
the zero-temperature limit the movement is not damped by the fluid at all. In
3He the superfluid transition is around Tc = 1 mK, several orders of magnitude
lower than in 4He. Even though both isotopes of helium remain liquid down
to zero temperature, they can be crystallized with elevated pressure. The phase
diagrams of 4He and 3He are shown in Figs. 1.1(a) and 1.1(b).

The peculiar properties of helium arise from quantum mechanics and at low
enough temperatures they are not hidden by thermal effects. The significant
difference between the two isotopes of helium is caused by the single neutron,
which cannot be considered just by its mass.

All matter in nature can be characterized either by Bose-Einstein (bosons)
or Fermi-Dirac statistics (fermions), and the two isotopes of helium represent
both of these categories. The heavier isotope 4He consists of even number of
fermionic elementary particles [2 electrons, 2 protons (2 × 3 quarks), 2 neu-
trons (2 × 3 quarks)] and it obeys Bose-Einstein statistics. The 3He has odd
number of elementary particles (2 electrons, 2 protons, 1 neutron) and it obeys
the other, Fermi-Dirac statistics. In the same flavor as the ideal non-interacting
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Fig. 1.1 Solid (blue), liquid (red) and gas (green) phases of pure 4He (a), pure 3He (b),
and concentration-saturated 3He–4He mixture (c) in zero magnetic field B = 0 T. The
melting pressure of 4He (a) was measured with great precision below 0.45 K in Publi-
cation XI. The melting curve of saturated mixture (c) was determined in Publication V,
and the dashed line is schematic extrapolation of the measured data extended to cover
the full temperature range of phase separated fluid. Magnetic phase diagrams of liquid
and solid 3He at melting pressure (d). The fluid phases of 3He are normal Fermi liq-
uid, and superfluid A, A1 and B. Solid 3He is either paramagnetic, antiferromagnetic
(U2D2) or canted normal antiferromagnetic (CNAF) bcc crystal depending on magnetic
field and temperature.

Bose-Einstein condensate, interacting bosonic 4He becomes superfluid by low-
ering the temperature. The mechanism of superfluidity in fermionic 3He is more
complex requiring 3He atoms to form Cooper pairs, and it is closely related to
superconductivity in metals.

At low temperatures helium is extremely pure when all the impurities are so-
lidified to the walls of the experimental cell. However, 3He can be dissolved into
superfluid 4He up to several percents even in the zero-temperature limit. Above
the solubility concentration another phase appears, which is rich in 3He with
smaller amount of normal 4He. In the zero temperature limit the 3He rich phase
is practically pure 3He. At temperature of somewhat below 1 K the concentra-
tion of 3He is about 60% in both phases and above that temperature mixture is
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always homogeneous. At elevated pressures solid phase appears. The melting
pressure of saturated mixture based on Publication V is shown in Fig. 1.1(c).

The underlying motivation of this Thesis work was to study crystallization
waves in 3He. These waves propagate on the liquid-solid interface when the
crystal locally grows and melts. Soon after the existence of the waves was pre-
dicted [1] they were observed in bosonic 4He [2]. In fermionic 3He the magnetic
properties enriches the features of the crystallization waves significantly, see
magnetic phase diagrams of liquid and solid 3He in Fig. 1.1(d). However, they
have not been observed experimentally in 3He. The main difficulty is tempera-
ture. The damping is low enough and the waves are predicted to be observable
only at temperatures far below both the magnetic ordering temperature TN in
solid and the superfluid transition temperature Tc in liquid.

Despite the efforts focused on the crystallization waves they were not ob-
served in our measurements, not even in 4He. Still, the setup prepared for the
studies of crystallization waves in 3He could be used for several other experi-
ments. Though our setup was not capable to detect crystallization waves, more
ordinary waves on the free superfluid surfaces were intensively studied. Damp-
ing was studied not only with the free fluid surfaces but also with quartz tuning
fork oscillators immersed into the superfluid. In addition, properties of 3He-4He
mixture were studied in wide temperature range at pressures up to the melting
pressure.

Organization of the overview

The overview of the Thesis is not only a partial repetition of the publications.
Instead, it is rather an extension which gives more details about the theories,
techniques, methods, experiments and results. In addition, the results of some
unpublished experiments are presented. As usual in science, the original re-
search plan was not fulfilled. The connection between the planned and published
experiments is discussed both from theoretical and practical point of view.

A major thread running throughout the overview is the wave motion on sur-
faces. In Chapter 2 the waves on free liquid surface, and on the liquid-liquid
and liquid-solid interfaces are described theoretically. The wave motion is de-
scribed in details starting from the basic equations in hydrodynamics, thus offer-
ing supplementary information for Publications I–IV related to the topic. The
experimental setup designed for the search for the crystallization waves in 3He
is discussed in Chapter 3. The crystallization waves were not observed with this
setup but it was successfully used to study free surface waves in superfluid 3He
and 4He in Publications I–III. These results are outlined in Chapter 4. Though
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the setup was specifically designed for the wave detection, it was also used to
study coexisting phases of liquid and solid helium mixture. The results at the
melting pressure are reported in Publication V, but Chapter 4 includes also some
unpublished measurements in 3He-4He mixtures at lower pressures. The ear-
lier studies with helium crystals in Publications VII–XI are not discussed in
details in this overview as the focus is on the measurements carried out in the
experimental setup designed and fabricated by the author. The main results are
summarized in Chapter 5.
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Chapter 2

Theory

In this chapter the hydrodynamics of surface waves is described from both
analytical and numerical aspects. The damping of the waves is modeled as spec-
ular scattering of quasiparticles. The similarities and differences between the
waves on free surfaces and on crystals are emphasized despite our attempt to
study the crystallization waves experimentally was not successful. More gener-
ally, the damping mechanism of any oscillator (e.g. quartz tuning fork, vibrating
wire [3]) immersed into the superfluid is similar as for the free surface waves,
only the geometry is different.

2.1 Hydrodynamics of surface waves

Dynamics of the surface waves is calculated for homogeneous, incompressible,
irrotational, inviscid fluid with low amplitudes. The menisci effect, the curvature
of the free surface caused by surface tension, is taken into account, which is
omitted in textbooks [4]. The profile of the free surface is zsurf(x, y, t) = h +
η(x, y)+ξ (x, y, t), where h+η is the equilibrium shape of the fluid level including
meniscus effect η, and ξ is small time-dependent deviation from the equilibrium.
For standing waves the time dependency is separable ξ (x, y, t) = ζ (x, y)τ(t),
where τ(t) = a sin(ωt). In the first stage of calculation surface tension is taken
into account only in geometry, namely when calculating the equilibrium shape
of the surface η. In the second stage of calculation surface tension is taken
into account as an extra term for energy while assuming the resonance mode to
remain the same as in the first stage of calculation.

First stage of calculation. When the flow is irrotational and source-free the
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velocity field v can be expressed in terms of scalar potential φ(x, y, z, t) as

irrotational ∇ × v = 0
source-free ∇ · v = 0 ⇒

v = ∇φ
0 = ∇2φ. (2.1)

On the solid walls the fluid velocity has to be zero in the surface normal direction
n̂, thus v · n̂ = ∇φ · n̂ = 0. Obviously on the moving free surface this boundary
condition is not valid.

On the free surface the time derivative of the Bernoulli’s equation for un-
steady potential flow is

∂

∂t

[
∂φ

∂t
+

1
2

v2 +
p
ρ
+ gzsurf

]
≈ ∂

2φ

∂t2 + g
∂ξ

∂t
= 0, (2.2)

where v2 was neglected as a small term. Pressure p = γ(R−1
x + R−1

y ) is due
to surface tension γ and surface curvatures Rx and Ry in x and y directions
respectively. Surface pressure is constant in time in the first stage of calculation
since only the contribution due to surface equilibrium shape η is included as
p = γ[R−1

x (η) + R−1
y (η)]. As ξ (x, y, t) = ζ (x, y)τ(t) = ζ (x, y)a sin(ωt) it

follows that ∂2
ttφ = −ω2φ. Thus Eq. (2.2) for the free surface becomes

ω2

g
φ =
∂ξ

∂t
= ζ
∂τ

∂t
⇔ ω2

g
ψ = ζ , (2.3)

where time dependency is separable also for the scalar potential φ(x, y, z, t) =
ψ(x, y, z)∂tτ(t). Notice that φ = ψ∂tτ is valid not only on the free surface but
over the whole region in space and time.

Another equation for the free surface relates the particle motion on the sur-
face to the surface motion. Once a particle is on the surface it will always remain
there. Let us consider a small region and short time Δt = tb − ta when v, ∂x zsurf,
∂yzsurf and ∂t zsurf are constants both in space and time. A particle on the surface
moves from ra to rb = ra + Δr = ra + vΔt within time Δt. Since the particle is
on the surface

za = zsurf(xa, ya, ta)
zb = zsurf(xb, yb, tb) = za + ∂x zsurfΔx + ∂yzsurfΔy + ∂t zsurfΔt (2.4)
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and further

∂t zsurf = −Δx
Δt
∂x zsurf − Δy

Δt
∂yzsurf +

zb − za

Δt
∂t zsurf = −vx∂x zsurf − vy∂yzsurf + vz

∂t zsurf = −∂xφ∂x zsurf − ∂yφ∂yzsurf + ∂zφ

∂tξ ≈ −∂xφ∂xη − ∂yφ∂yη + ∂zφ

∂tξ = n̂ · ∇φ
√

1 + (∂xη)2 + (∂yη)2 (2.5)

where small terms ∂xφ∂xξ and ∂yφ∂yξ were omitted, and for normal vector we
have n̂ = [−î∂xη − ĵ∂yη + k̂][1+ (∂xη)2+ (∂yη)2]−1/2 on the surface. Combining
Eqs. (2.3) and (2.5) we get for φ on the boundary

n̂ · ∇φ = ω
2

g

1√
1 + (∂xη)2 + (∂yη)2

φ. (2.6)

To summarize, when surface tension is taken into account only in geometry,
defining the equilibrium shape η of the surface, the equations for the first stage
of calculation are

zsurf = h + η + ζτ (2.7)
τ = a sin(ωt) (2.8)

ζ =
ω2

g
ψ on free surface (2.9)

ζ = n̂ · ∇ψ
√

1 + (∂xη)2 + (∂yη)2 on free surface (2.10)

v = ∇ψ∂tτ (2.11)
∇2ψ = 0 (2.12)

n̂ · ∇ψ = 0 on solid walls (2.13)

n̂ · ∇ψ = ω
2

g

1√
1 + (∂xη)2 + (∂yη)2

ψ on free surface. (2.14)

Eigenfrequencies ω can be calculated with Eqs. (2.7) – (2.14) but they can
also be determined from the energies of the eigenstates. We write energies in the
form similar to a harmonic oscillator. Total kinetic energy Ekin is

Ekin =
ρ

2

∫
Ω

v2 dr =
1
2

(
ρ

∫
Ω

(∇ψ)2 dr

)
(∂tτ)2 =

1
2

Mkinτ̇
2 (2.15)



8 Theory

and for the total gravitational potential energy excess Egrav compared to equilib-
rium we have

Egrav =

∫ ∫
surf

[∫ z=h+η+ζτ

z=h+η
ρgz dz

]
dx dy

=
ρg

2

∫ ∫
surf

[
(ζτ)2 + 2ηζτ

]
dx dy, (2.16)

where we have used
∫∫
ζτ dx dy = 0 as conservation of matter. The total surface

energy excess Esurf compared to equilibrium is of the form

Esurf = γ

∫ ∫
surf

√
1 + [∂x (η + ζτ)]2 + [∂y (η + ζτ)]2 dx dy

− γ
∫ ∫

surf

√
1 + [∂xη]2 + [∂yη]2 dx dy, (2.17)

and together with Eq. (2.16) the total potential energy excess Epot = Egrav+ Esurf
is then

Epot =

�������������������������

τ

∫ ∫
surf

⎡⎢⎢⎢⎢⎢⎢⎣ρgηζ + γ
∂xζ∂xη + ∂yζ∂yη√
1 + (∂xη)2 + (∂yη)2

⎤⎥⎥⎥⎥⎥⎥⎦ dx dy

+
τ2

2

∫ ∫
surf

[
ρgζ2 + γ

(∂xζ )2 + (∂yζ )2 + (∂xζ∂yη − ∂yζ∂xη)2

[1 + (∂xη)2 + (∂yη)2]3/2

]
dx dy

+ O(τ3) = Eρ + Eγ , (2.18)

where η has to be such that the first term, linear in τ, is zero since in equilibrium
all variations should increase total energy. The term proportional to τ2 is split
into Eρ and Eγ, ρ and γ dependent terms respectively. In the first stage of cal-
culation potential energy does not include the term with surface tension and the
remaining term is of the form

Eρ =
1
2

(
ρ

∫ ∫
surf

ω2

g
ψ2 dx dy

)
ω2τ2 =

1
2

Mρω2τ2, (2.19)

where we have used Eq. (2.9). Thus the total potential energy written in the
form of a harmonic oscillator is Epot =

1
2 Mpotω

2τ2, where Mpot = Mρ. The
Euler-Lagrange equation for the fluid is

0 =
d
dt

(
∂L
∂τ̇

)
− ∂L
∂τ
= Mkinτ̈ + Mpotω

2τ =
(
−Mkin + Mpot

)
ω2τ (2.20)
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with generalized coordinate τ and generalized velocity τ̇, and L = Ekin − Epot.
Thus M ≡ Mkin = Mpot, and together with Eqs. (2.15) and (2.19) we have

ω2

g
=

∫
Ω

(∇ψ)2 dr∫∫
surf ψ

2 dx dy
. (2.21)

Second stage of calculation. Now we are ready to take into account surface
tension γ. The resulting new resonance frequencyω2 will differ from the original
resonance frequency ω calculated in the first stage though the resonance mode
remains the same, i.e. ψ and ζ remain unchanged. Thus the scalar potential is
φ2(x, y, z, t) = ψ(x, y, z)τ̇2(t) and the deviation from the equilibrium free surface
profile is ξ2(x, y, t) = ζ (x, y)τ2(t), where τ2(t) = a sin(ω2t).

Time dependencies for kinetic and potential energies will remain in the form
of Ekin,2 =

1
2 Mkin,2τ̇

2
2 and Epot,2 =

1
2 Mpot,2ω

2
2τ

2
2 . The potential energy includes

now the γ-dependent term which was earlier omitted in Eq. (2.18), Epot,2 =

Eρ,2 + Eγ,2, or equivalently Mpot,2 = Mρ,2 + Mγ,2. From the Euler-Lagrange
equation Eq. (2.20) we have M2 ≡ Mkin,2 = Mpot,2 = Mρ,2 + Mγ,2.

Since the amplitude of the surface wave remains the same, also the amplitude
of potential energy term Eρ,2 will remain as

1
2

Mρ,2ω2
2 =

1
2

Mω2. (2.22)

Similarly, since for the velocity field v2 we have v2/τ̇2 = v/τ̇, and further with
Eq. (2.15) it follows that

Ekin,2

τ̇2
2

=
Ekin

τ̇2 ⇒ M2 = M . (2.23)

From Eqs. (2.22) and (2.23) we get

ω2
2 = ω

2
(
1 +

Mγ,2
Mρ,2

)
, (2.24)

where in accordance with Eq. (2.18)

Mγ,2
Mρ,2

=
γ

ρg

∫∫
surf

⎡⎢⎢⎢⎢⎣
(∂xζ )2 + (∂yζ )2 + (∂xζ∂yη − ∂yζ∂xη)2

[1 + (∂xη)2 + (∂yη)2]3/2

⎤⎥⎥⎥⎥⎦ dx dy

∫∫
surf ζ

2dx dy
. (2.25)

In this equation ζ (x, y) can be replaced by ψ(x, y, z = h + η(x, y)) since accord-
ing to Eq. (2.9) ζ ∝ ψ on the free surface.
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2.2 Basic analytical model for surface waves

As a simple analytical example let us consider standing surface wave resonance
modes in rectangular geometry when meniscus effect near the walls is omitted
(η = 0). The solid walls are located at x = 0, x = Lx , y = 0, y = Ly and z = 0.

In the first stage of calculation surface tension is not taken into account.
Eqs. (2.12), (2.13) and (2.14) are satisfied when spatial scalar potential ψ and
eigenfrequency ω are of the form

ψ(x, y, z) = cos(kx x) cos(ky y)
cosh(kz)

k sinh(kh)
, (2.26)

ω2 = gk tanh(kh), (2.27)

k2 = k2
x + k2

y , kx =
mxπ

Lx
, ky =

myπ

Ly
, mx ∈ N0 , my ∈ N0 ,

and according to Eq. (2.10) the surface profile ξ (x, y, t) = ζ (x, y)τ(t) becomes

ζ (x, y) = cos(kx x) cos(ky y). (2.28)

In the second stage of calculation surface tension is taken into account as
an extra energy term whereas ζ and ψ are assumed to be unchanged. With
Eqs. (2.24) and (2.25) we get the resonance frequency ω2 for the surface waves
with non-zero surface tension γ

ω2
2 = gk tanh(kh)

[
1 +
γ

ρg
k2
]

. (2.29)

Kinetic energy can be calculated from the velocity field v2 = ∇ψτ̇2 [Eq. (2.11)],
and potential energy from the surface profile ξ2 = ζτ2 as

Ekin,2 =

∫∫∫
1
2
ρv2

2 dr =
τ̇2

2

2
Lx Ly ρ

k tanh(kh)2D , (2.30)

Epot,2 =

∫∫ {
1
2
ρgξ2

2 +
1
2
γ
[
(∂xξ2)2 +

(
∂yξ2

)2
]}

dx dy

=
τ2

2ω
2
2

2
Lx Ly (ρg + γk2)

ω2
22D

, (2.31)

where D = 1 if either mx = 0 or my = 0, otherwise D = 2.
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2.3 Implementation of FEM for surface waves

Standing surface waves in complex geometries can be calculated numerically
from the Laplace equation Eq. (2.12) together with boundary conditions Eqs.
(2.13) and (2.14). The equations are rewritten here in 2D as

∇2ψ(x, z) = 0
n̂ · ∇ψ(x, z) = 0 on solid walls

n̂ · ∇ψ(x, z) =
ω2

g

1√
1 + (∂xη)2

ψ(x, z) on free surface (2.32)

and the surface profile η(x) near the wall can be calculated from Eq. (2.18) or
taken from literature [5]

x − x0√
2lc
= −

√
2 −

(
η√
2lc

)2

+
1√
2

arccosh ��
√

2

√
2lc

η
�� , (2.33)

where lc =
√
γ/(ρg) is the capillary length and x0 is a constant to be chosen so

that the contact angle on the wall is zero for perfect wetting.

A standard procedure in finite element method (FEM) is to proceed with
integral functions instead of differential equations [6]. According to the first
Green’s identity the Laplace equation ∇2ψ = 0 can be written as

0 = −
∫
Ω

wi∇2ψ dx dz = −
∫
Γ

wi∇ψ · n̂ dΓ +
∫
Ω

∇wi · ∇ψ dx dz, (2.34)

where wi (x, z) is an arbitrary test function. When we take into account the
boundary conditions for the particular problem we get

∫
Ω

∇wi · ∇ψ dx dz =
ω2

g

∫
surf

wiψ√
1 + (∂xη)2

dΓ, (2.35)

where the boundary integration has vanished on the solid walls and is non-zero
only on the free surface. The 2D (x, z)-space is discretized into triangles, and
continuous function ψ is approximated to be linear function within each triangle.
This can be written in terms of pyramid basis functions uj (x, z) as ψ(x, z) ≈∑

j a juj (x, z), where uj (xk , zk ) = δ j,k at a mesh node (xk , zk ) and linear within
each triangle, thus ψ(x j , z j ) = aj . In addition, we can freely choose the test
functions to be of the same form as the pyramid basis functions as wi = ui.
Now the generalized eigenvalue problem Eq. (2.35) with eigenvalue ω2/g can



12 Theory

h
ID

C
(m

m
)

x (mm)d
is

p
la

ce
m

en
t

(a
rb

.
u

n
it

)

−5 −4 −3 −2 −1 0 1 2 3 4 5

0.0

1.0

2.0

3.0

4.0

4.6

h

Lx0

Fig. 2.1 (Top) Numerically calculated spatial scalar potential ψ(x, z) in 2D. The ver-
tical hIDC scale illustrates the sensitive region of the interdigital capacitor (IDC). The
mesh was generated with the aid of code described in Ref. [7]. (Bottom) Surface dis-
placement in the normal direction is illustrated with black line. Red dots are calculated
from the surface pressure with Eq. (2.39). Gray sinusoidal line is drawn for reference.

be written as a matrix equation

∑
j

(∫
Ω

∇wi · ∇uj dx dz
)

aj =
ω2

g

∑
j

��
∫

surf

wiu j√
1 + (∂xη)2

dΓ�� aj

Ka =
ω2

g
Ga, (2.36)

where aᵀ = [a1,a2, . . . ] is the eigenvector. Note that the elements of the sparse
matrices K and G can be easily integrated since ∇wi, ∇ui and ∂xη are constants
within each triangular element. An example is shown in Fig. 2.1.

Finally, surface tension is taken into account according to Eqs. (2.24) and



2.4. Damping of surface waves 13

(2.25) as

ω2
2 = ω

2
�������
1 +
γ

ρg

∫
surf

(∂xψsurf)2

[1 + (∂xη)2]3/2 dx∫
surf ψ

2
surfdx

�������
, (2.37)

where ψsurf(x) = ψ(x, z = h + η(x)).

The calculation procedure is based on the assumption that spatial scalar po-
tential ψ(x, z) and surface displacement ζ (x) remain unchanged during the two
stages of calculation. To confirm this assumption let us reformulate the initial
boundary condition Eq. (2.2) as

0 = −ω
2
2gζ τ̇2

ω2 +
γτ̇2
ρ

⎧⎪⎨⎪⎩ −∂xxζ[
1 + (∂xη)2]3/2 +

3∂xη∂xζ∂xxη[
1 + (∂xη)2]5/2

⎫⎪⎬⎪⎭ + gζ τ̇2 . (2.38)

In the first term the spatial scalar potential ψsurf on the surface was written in
terms of surface displacement ζ in accordance with Eq. (2.9). The second term
originates from surface pressure (or curvature of the surface) and it depends
on second spatial derivatives of ζ and η. Thus surface displacement can be
calculated also from the surface pressure as

ζ =
γ

ρg

ω2

(ω2
2 − ω2)

⎧⎪⎨⎪⎩ −∂xxζ[
1 + (∂xη)2]3/2 +

3∂xη∂xζ∂xxη[
1 + (∂xη)2]5/2

⎫⎪⎬⎪⎭ . (2.39)

In Fig. 2.1 the surface displacement ζ ∝ ψsurf is compared with the surface pres-
sure. Although the correspondence is good it is possible to distinguish a small
difference in the spatial amplitude. This may be a sign of a reasonably good but
imperfect model. The error cannot be fully explained with the numerical scatter
and uncertainty related to the surface pressure as for a flat surface the error is
diminished. This is understandable as for a flat surface the modeling principle is
exact (see Section 2.2).

2.4 Damping of surface waves

In Publication II the damping of the surface waves in superfluid helium is consid-
ered as momentum transfer between the free surface and thermal quasiparticles.
Despite the quantum mechanical nature of the superfluids the thermal excitations
can be considered as point-like quasiparticles with energy E and momentum p.
Especially, in the low temperature limit the number density of the excitations is
diminished and the ballistic quasiparticles do not essentially interact with each
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other. In addition, it is assumed that the scattering of the quasiparticles from the
free fluid surface is specular.

The model for the damping due to quasiparticles is constructed for an inter-
facial wave for simplicity and thus for a free surface the damping force is smaller
by factor of two. The interface is modeled as a moving object with velocity vo,
mass m, and area ΔA. The energy and momentum are conserved before (E, p,
vo) and after (E2, p2, vo,2) the scattering as

E +
1
2

m v2
o = E2 +

1
2

m v2
o,2

p + m vo = p2 + m vo,2 (2.40)

and further

E2 − E � vo · (p2 − p) . (2.41)

Let us assume that the direction of the interface movement is in z-direction.
In a volume of size L × L × L the number of quasiparticle states within dp

is L3h−3dp for bosons and 2L3h−3dp for fermions with spin degree of free-
dom. The states are thermally occupied according to the Bose-Einstein (−) or
Fermi-Dirac statistics (+) as

{
exp[E/(kBT )] ± 1

}−1. The volumetric flow rate in
z-direction is ���vg,z − vo

���ΔA, where vg = ∇pE is the group velocity of a quasi-
particle. The damping force due to the momentum transfer Δpz between the
quasiparticles and the interface is then

Fz =
dpz

dt
=

∫
Ω

−Δpz
���vg,z − vo

���ΔA

h3 {
exp[E/(kBT )] ± 1

} dp

{×1 for bosons (−)
×2 for fermions (+). (2.42)

For bosonic 4He the essential excitations are phonons with energy E = u|p|
and sound velocity u. The momentum transfer Δpz can be calculated from
Eq. (2.41) as

E2 − E = u
√

p2
x + p2

y + p2
2,z − u

√
p2

x + p2
y + p2

z = vo
(
p2,z − pz

)
⇒ p2,z − pz =

−2

1 −
(
vo
u

)2

(
pz − vo

u

√
p2

x + p2
y + p2

z

)

=
−2

1 −
(
vo
u

)2

(
p cos(θ) − vo

u
p
)
≈ −2

p
u

(u cos(θ) − vo) (2.43)



2.4. Damping of surface waves 15

Moving object

E

p−pF pF

EΔ •d1•◦d3

•◦c9 •c1

•◦a6•◦a1•b6 •b1

•d2

•◦c8•c5 •c2

•◦a5•◦a2•b5 •b2 •◦c7•◦c6•c4 •c3

•◦a4•◦a3•b4 •b3 •◦g3•◦g4•g6 •g7

•◦f3•◦ f4•e3 •e4

• h2

•◦g2•g5 •g8

•◦f2•◦ f5•e2 •e5

•h3•◦h1

•◦g1 •g9

•◦f1•◦ f6•e1 •e6

a •◦ •◦
b • •
c • ••◦ •◦
d • •◦

e••
f•◦•◦
g•◦•◦ ••
h•◦•

Fig. 2.2 Quasiparticle scattering from an object moving with velocity vo in fermionic
3He (top). Cartoon of the quasiparticle energy spectra in the rest frame of the moving
object sketched in 1D for clarity (bottom). The superfluid follows the object moving
nearby (centermost energy spectra). Far from the object the superfluid is at rest in the
laboratory frame (outermost energy spectra), thus the spectra are tilted by a term p ·vo in
the frame moving with the object. Normal scattering of holes (a and f ) and particles (b
and e). Direct Andreev reflection (d and h). Normal scattering before and after Andreev
reflection (c and g).

in spherical coordinates, when vo � u. The group velocity in z-direction is
vg,z = u cos(θ). According to Eqs. (2.42) and (2.43) the damping force in 3D is

FB,z =

∫ ∞

p=0

∫ 2π

φ=0

∫ π

θ=0

2p (u cos(θ) − vo) |u cos(θ) − vo | ΔA
uh3 {

exp[up/(kBT )] − 1
} p2 sin(θ) dθ dφ dp

≈ −8π5(kBT )4

15h3u4 ΔAvo = −PB (T )ΔAvo . (2.44)

The energy spectrum of fermionic 3He quasiparticles is essentially of the
form E = EΔ + α(p− pF )2, where EΔ is the energy gap and pF is the Fermi mo-
mentum. For particle-like quasiparticles (p > pF) the group velocity vg = ∇pE
and momentum p are parallel but for hole-like quasiparticles (p < pF) vg and
p are antiparallel. In z-direction vg,z = 2α(p − pF )cos(θ). At low temper-
atures only the states p ≈ pF are thermally occupied. Thus, in the normal
particle-to-particle or hole-to-hole scattering process the momentum transfer is
p2,z − pz = −2pFcos(θ). However, the normal scattering process is not allowed
when E < EΔ + 2pzvo [or in terms of momentum α(p − pF )2 < 2pFvocos(θ)]
as there are no states which would satisfy the condition Eq. (2.41), see the out-
ermost energy spectra in Fig. 2.2. Instead, the quasiparticle may be Andreev
reflected from the fluid moving together with the object before reaching it (see
paths d1-d2-d3 and h1-h2-h3 in Fig. 2.2). Andreev reflection occurs also when
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Fig. 2.3 Quasiparticle scattering of fermionic 3He in momentum space. The quasipar-
ticles are hole-like (◦) when p < pF and particle-like (•) when p > pF . Left: Scattering
processes where the quasiparticle group velocity vg,z in z-direction is parallel with the
velocity of the object vo before scattering. Right: Quasiparticles propagating towards
the object from the other side when vg,z ↑↓ vo . The scattering processes are marked with
the same labels (a, b, c, d, e, f , g and h) as in Fig. 2.2. The gray shaded area represents
the region of Andreev-reflection (c, d, g, h), where (p− pF )2 < 2pFvoα−1 cos(θ). Else-
where normal scattering of quasiparticles (a, b, e and f ) though only the states p ≈ pF
are thermally occupied.

the quasiparticle has enough energy to reach the object but not enough to escape
(paths c1-c2-. . . -c9 and g1-g2-. . . -g9). The Andreev-reflected states are shown in
Fig. 2.3. The momentum transfer of the Andreev reflected quasiparticles is neg-
ligible compared to the normal scattering. According to Eq. (2.42) the damping
force due to the normal quasiparticle scattering in fermionic 3He is

FF,z =

∫
normal
scattering

[
2

2pF cos(θ) |2α(p − pF )cos(θ) −��vo | ΔA
h3 {

exp[(EΔ + α(p − pF )2)/(kBT )] + ��1
} ] dp

=
�������

∫
full
space

[. . . ] dp −
∫

Andreev
scattering

[. . . ] dp

= −
∫ 2π

φ=0

∫ π

θ=π/2

∫ pF+
√

2pFvoα−1 cos(θ)

p=pF−
√

2pFvoα−1 cos(θ)
[. . . ] p2

F sin(θ) dp dθ dφ

= − 8πp4
FΔAvo

h3 exp[EΔ/(kBT )]

⎡⎢⎢⎢⎢⎣1 −
�

�
��

4pFvo

5kBT
+

�������
O ��

(
pFvo

kBT

)2��
⎤⎥⎥⎥⎥⎦

= −PF (T )ΔAvo . (2.45)

The profile of a standing interfacial wave is ξ (x, y, t) = ζ (x, y)τ(t), where
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τ(t) = a sin(ωt). Thus the velocity of the interface (i.e. the moving object) is
vo = ζ τ̇ = ζaω cos(ωt). From the damping forces in Eqs. (2.44) and (2.45) the
total energy loss Eloss over the whole interface within one period is

Eloss =

∫
A

∫ 1/ f

t=0
Pv2

o dt dA = 2π2 f P
∫

A
(ζa)2 dA for interfacial waves

Eloss = π
2 f P

∫
A

(ζa)2 dA for surface waves, (2.46)

where the damping of the free surface waves is smaller than the interfacial waves
by factor of 2.

The total energy (kinetic, surface and gravitational potential energies) of the
standing surface wave with wave profile ξ (x, y, t) = ζ (x, y)a sin(ωt) is

Etotal =
1
2

∫
A

{
ρg(ζa)2 + γ

[
(∂xζa)2 +

(
∂yζa

)2
]}

dA. (2.47)

If the surface energy is neglected the quality factor Q becomes

Q =
f
Δ f
= 2π

Etotal

Eloss
≈ ρg

π f P(T )
(2.48)

f
Δ f
=

15ρgh3u4

8π6 f (kBT )4 for bosons. (2.49)

f
Δ f
=
ρgh3 exp [EΔ/(kBT )]

8π2 f p4
F

for fermions. (2.50)

For a known surface shape the surface tension can be taken into account. If the
wave profile is of the form ξ = cos(k x)a sin(ωt) then

Q =
f
Δ f
=
ρg + γk2

π f P(T )
. (2.51)

2.5 Crystallization waves

From the hydrodynamical point of view the fluid with an interface between liquid
and solid is similar to the fluid with a free surface. As an analog to the waves on
a free liquid surface, so-called crystallization waves [1, 2] may propagate on the
liquid-solid interface if the solid crystal surface is sufficiently mobile.

Let us compare the mass flows of free surface and the liquid-solid interface.
The free liquid surface moves along with the fluid to the same direction and
with the same velocity, see Fig. 2.4(a). However, as illustrated in Fig. 2.4(b),
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vzΔt ξ̇Δtfluid(a)

vzΔt ξ̇Δt solidfluid(b)

Fig. 2.4 (a) Displacement of the free surface ξ due to the fluid flowing with velocity vz .
(b) Displacement of the interface between liquid and solid due to the flowing fluid.

the movement of the liquid-solid interface ξ and the fluid velocity are opposite.
Thus the fluid velocity vz perpendicular to the surface is

vz = −
ρc − ρl

ρl
ξ̇, (2.52)

where ρc and ρl are densities of solid crystal and liquid phases, respectively.
The density difference between the phases is about 10% in 4He and 5% in 3He.

For simplicity we assume cuboid volume (length Lx , width Ly, height of the
liquid helium layer on top of the crystal h) and the wave profile ξ = cos(k x) τ(t)
with k = mxπ/Lx , mx ∈ N. The total kinetic energy Ekin of the mass flow of the
fluid induced by a crystallization wave is of the same form as for the free surface
waves, see Eq. (2.30). The only difference is the scaling factor [(ρc − ρl )/ρl]

2

originating from Eq. (2.52). In addition, the potential energy Epot [Eq. (2.31)]
is modified due to two reasons. Firstly, the gravitational energy is caused by
the density difference ρc − ρl . Secondly, the crystal surface is not isotropic
in general thus surface tension γ should be replaced by surface stiffness γ̃ in
relevant direction. In 4He γ̃ ∼ 200 μJ/m2 though it greatly depends on the
direction [8]. The kinetic and potential energies of the crystallization wave are

Ekin =
τ̇2

2
Lx Ly ρl

2k tanh(kh)

(
ρc − ρl

ρl

)2

=
τ̇2

2
Mkin , (2.53)

Epot =
τ2ω2

2
Lx Ly (|ρc − ρl |g + γ̃k2)

2ω2 =
τ2ω2

2
Mpot . (2.54)

The equations for energies are written in the form of harmonic oscillator thus
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from the Euler-Lagrange equation we have Mpot = Mkin from which

ω2 =

(
ρl

ρc − ρl

)2 ( |ρc − ρl |
ρl

+
γ̃

ρlg
k2

)
gk tanh(kh). (2.55)

Note that by setting ρc to zero we get the basic relation for the free fluid surface
resonance frequencies as in Eq. (2.29).

Crystallization waves with spin supercurrents. In a non-zero external mag-
netic field B the spin degree of freedom is essential for fermionic 3He. Below
the magnetic ordering temperature TN the bcc crystal is ordered antiferromag-
netically as a sequence of magnetized crystal planes (up-up-down-down, U2D2).
Thus, in solid crystal phase the magnetic susceptibility χc is much larger than
in liquid superfluid phase χl . Due to the difference in spin density components
parallel to the field the movement of the liquid-solid interface induces spin cur-
rents on a few micrometer thick layer in the vicinity of the interface. Depending
on the magnetic field B, the magnetic kinetic energy of the thin spin-current
layer can be comparable or even larger than the kinetic energy of the mass flow
[Eq. (2.53)]. The kinetic spin current energy is [9]

Espin =
τ̇2

2
1
2

Lx Ly ρl lspin

(
B

Bspin

)2

=
τ̇2

2
Mspin , (2.56)

where the characteristic length lspin and field Bspin are

lspin =
χlu

2
spin,l(

uspin,c χcΩc + uspin,l χlΩl

) ∼ 1 μm (2.57)

Bspin =
√
μ0ρlu

2
spin,l χl/χ

2
c ∼ 1 T. (2.58)

Here uspin,l and Ωl are spin wave velocity and longitudinal nuclear magnetic
resonance frequency in superfluid 3He, respectively. In the crystal the antiferro-
magnetic resonance frequency is Ωc and the spin wave velocity is uspin,c.

From the Euler-Lagrange equation with Eqs. (2.53), (2.54) and (2.56) we
have Mpot = Mkin + Mspin and further for the crystallization wave resonance
frequencies

ω2 =

(
ρl

ρc − ρl

)2 ( |ρc − ρl |
ρl

+
γ̃

ρlg
k2

)
gk tanh(kh)

1 + lspin

(
B

Bspin

)2 (
ρl

ρc − ρl

)2

k tanh(kh)

. (2.59)
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When the potential and kinetic energies are determined by the surface stiffness
and spin current energy, then ω ∝ k. This is a distinct difference between the
crystallization waves in bosonic 4He and fermionic 3He.

2.6 Damping of crystallization waves

The quasiparticle damping of growing and melting crystal is of the same origin
as for free surface. On the fluid side the damping is exactly the same as for the
fluid with a free surface when total specular scattering is assumed. However,
on the solid side one can imagine not only a longitudinal mode but also two
additional transverse modes. According to Eqs. (2.44), (2.46) and (2.54) the
quality factor for standing crystallization waves in 4He is

Q =
f
Δ f
= 2π

Etotal

Eloss
= 2π

1
4 a2 A(|ρc − ρl |g + γ̃x k2)

1
2 a2 Aπ2 f (Pl + Pc,‖ + 2Pc,⊥)

=
15( |ρc − ρl |g + γ̃x k2)h3

8π6 f (kBT )4(u−4
l + u−4

c,‖ + 2u−4
c,⊥)

, (2.60)

where ul is the sound velocity in liquid, and uc,‖ and uc,⊥ are longitudinal and
transverse sound velocities in crystal. The quality factor for propagating waves
is larger by factor of two [10].

For 3He crystals at low temperatures the most prominent excitations are bal-
listic thermal magnons with energy E = uspin,c |p|, which is of the same form as
for phonons [9]. Thus Eq. (2.60) holds also for 3He, where on crystal side the
phonon velocity is replaced by uspin,c. The quasiparticle damping in superfluid
3He is negligible compared to the thermal magnons. According to Eqs. (2.60)
and (2.55) the waves are overdamped in zero magnetic field at temperatures
higher than around 0.2 mK. In a non-zero magnetic field the resonance frequency
is lowered [Eq. (2.59)] by additional kinetic spin current energy resulting some-
what higher quality factor.
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Chapter 3

Experimental techniques

In this chapter the experimental setup which was used in Publications I, II,
III, V, and VI is described in details. With this setup free surface waves on
superfluid 3He and 4He could be excited mechanically and detected capacitively
at temperatures down to about 100 μK. With full cell also the pressure and molar
volume of pure helium and helium mixtures could be measured capacitively up
to the melting pressure. Several thermometers were also available.

The other experiments in Publications VII, VIII, IX, X and XI were per-
formed earlier in another cryostat. The optical cell with low temperature Fabry-
Pérot interferometer was designed for studies of helium crystals down to sub-
millikelvin temperatures. The setup is described in details elsewhere [11].

3.1 Experimental setup

The experimental setup was originally designed for the studies with the predicted
crystallization waves in 3He. Preliminary version of the design is described in
Publication IV. In that nested cell structure the copper nuclear refrigerant would
have been immersed into the helium sample, design which has been success-
fully used in Lancaster to reach temperatures below 0.1Tc [12]. In addition, a
thin Kapton wall was meant to be used for compression of the helium sample
from superfluid into solid phase, the technique developed in Leiden [13]. The
main advantage of the nested cell structure is that the inner volume is thermally
protected by the outer one. On the other hand, the total amount of copper refrig-
erant is small as the space inside the experimental cell is limited, and opening
a casted epoxy cell is difficult. Under pressure the deformation of the Kapton
membrane was large enough to change the experimental volume by 2.4% [14],
though some unacceptable crackling noise was heard few times during prelimi-
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nary tests performed at 77 K. As there was also uncertainty on the reliability of
the sensing components, namely the interdigital capacitors (IDC), we decided to
proceed with a more conventional openable design.

Our cryostat [15] consists of multiple cooling stages in series. The initial
heat sink is simply liquid 4He bath (4.2 K), and the first actual cooling stage,
pot, is based on evaporation of 4He (1.2 K). The helium bath and pot consume
altogether about 1 m3 of liquid 4He per month. The next stage is a 3He-4He
dilution refrigerator. It is based on a closed continuous circulation of 3He, where
precooled 3He is diluted into helium mixture (6.6% 3He, 93.4% 4He) in a mixing
chamber (3 mK) and evaporated back to the circulation in a still (0.7 K). Finally,
the copper nuclear cooling stage is based on adiabatic demagnetization of the
copper nuclei. The nuclear stage precooled to 10 mK at 9 T can be cooled
down to 100 μK by lowering the magnetic field to 90 mT as the temperature is
proportional to the magnetic field.

Photographs and schematic pictures of the experimental setup which was
used in the experiments (Publications I–III, V and VI) are shown in Figs. 3.1
and 3.2. The helium sample was divided into two separate cells. The actual
experimental cell was thermally connected to the coldest part of the nuclear
stage (Tns < 0.1 mK), drawn with blue color in Fig. 3.1. The experimental cell
and thermal links were made of oxygen-free high thermal conductivity copper
which was annealed for 50 hours at 900◦C under 2 mPa of air resulting residual-
resistivity ratio of several thousand for a test sample with 1.7 mm diameter. The
cell walls were covered with sintered silver powder acting as heat exchanger with
total surface area of several square meters. Interdigital capacitors and quartz tun-
ing fork thermometers were located into the centermost cuboid volume. As we
were aiming to study crystallization waves in 3He the requirements for temper-
ature were strict. Thus, in the spirit of nested cell structure the cuboid volume
was surrounded by thermally protecting annular volume.

The experimental cell was connected with a tube (diameter 2.5 mm, length
20 cm) to the other, compressible cell. In order to avoid heat load to the coldest
part of the nuclear stage this cell was anchored to the outer flange of the nuclear
stage with base temperature not lower than about 0.4 mK. The hydraulic press
with pressure ratio of about 1 : 3.4 was operated with 4He and the operating 4He
filling line could be closed with a cold valve. A capacitive pressure gauge was
connected to the compressible volume. Hydraulic press, cold valve and pressure
gauge were recycled from the previous setup (see earlier experiments performed
in another cryostat in Publications VII–XI).

Two interdigital capacitors (IDC) in the experimental cell were used for sev-
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Fig. 3.1 Experimental setup. Both the photograph (left) and the drawing (right) rep-
resent the same angle of view. The actual experimental volume (1) with interdigital
capacitors was thermally anchored to the coldest flange of the nuclear stage (blue). The
compressible bellows volume (2) with a capacitive pressure gauge (3) was bolted to the
outer flange which was only moderately thermalized to the nuclear stage (brown). The
two volumes were connected together with a tube. The temperature of the outer flange
was measured with a platinum NMR thermometer (4). The sliced nuclear stage (5) and
the mixing chamber (6) are partially shown in the photograph.
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Fig. 3.2 Open experimental volume (left). An interdigital capacitor (IDC) was at-
tached to the cell wall and a quartz tuning fork thermometer was located above the IDC.
Another IDC and fork were located to the opposite wall. An IDC just before installing
it to the cell (right). The IDC and a superconducting wire pair were glued to the copper
thermalization mesh with epoxy. The interconnections between the IDC contact pads
and the superconducting wires were made with several bonded aluminum wires.

eral purposes. Helium crystals were nucleated, and crystal height, helium level
and density were capacitively measured with them. In addition, the superfluid
transition was observed with the IDC as superfluid helium was attracted to the
surface of the IDC when high DC voltage was applied (Publication I). The two
IDCs were microfabricated elsewhere [16] on sapphire substrate (0.3 × 10 ×
10 mm). The effective area was 7.4 mm wide and 4.6 mm high which consisted
of 740 micro strips (width 5 μm, gap 5 μm). The superconducting film was about
50 nm thick layer of aluminum with additional 15 nm layer of chromium which
has better adhesive properties on sapphire. The IDC was thermalized with a cop-
per mesh glued to the backside of the capacitor, and superconducting wires were
bonded to the contact pads [17], see Fig. 3.2. The thermalization mesh, which
was fed through the annular volume, was bolted to the cold cell wall. Although
the two capacitors were supposed to be identical the measured capacitance dif-
fered by 6%, thus few strips of the pattern were most probably damaged.

Surface waves were exited either by ambient vibrations or by actively swing-
ing the whole cryostat (Publication III). The electric (electro-pneumatic) circuit
is shown in Fig. 3.3, where all the components except the IDC were located to
room temperature. The capacitance of the IDC was measured with 10 ms time
resolution, and further the surface wave oscillations could be measured up to
frequencies of about 60 Hz. The helium level data of waves excited by ambient
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Fig. 3.3 Electric circuit for surface wave measurements. Local helium level was mea-
sured capacitively (function generator with 8.821 kHz frequency, analog capacitance
bridge, interdigital capacitor with two protecting 509Ω resistors, preamplifier, and lock-
in amplifier with 10 ms time constant). The helium level signal was further processed
with an oscilloscope with FFT function when the waves were excited by ambient vi-
brations (cyan color). Alternatively, the waves were actively generated by periodically
swinging the whole cryostat (solenoid valve controlled one air spring of the pneumatic
suspension system) and the oscillations of the helium level were measured with another
lock-in amplifier synchronized with the mechanical excitation (magenta color).

noise were collected and Fourier transformed with an digital storage oscillo-
scope. The waves excited by actively swinging the cryostat were measured with
a lock-in amplifier. This method was rather slow as each frequency had to be
measured separately.

Two quartz crystal oscillators with the shape of a tuning fork were used for
thermometry [18]. Though they were both mass produced timekeepers with the
same frequency of about 215 Hz, their dimensions and cases were different, see
Fig. 3.4. Hermetically sealed cylindrical casing of the larger fork was filed open.
The box of the smaller fork was opened by removing the side cover. In the
experimental cell the forks were located above the IDCs not to interfere the he-
lium crystal. However, during the experiments with free surfaces forks were
useless as they were always above the fluid level. The forks also showed unex-
pected damping at certain pressures (Publication VI), undesirable behavior for
thermometry but interesting on its own.

Besides quartz tuning forks, temperature could be measured with several
other thermometers, see Fig. 3.5. A calibrated germanium resistor [20] is our
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Fig. 3.4 Quartz tuning forks. The smaller fork with tine length of 1.9 mm was mounted
in a cuboid case (top). Somewhat larger fork, tine length 2.3 mm, was encapsulated in a
cylinder (bottom).
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Fig. 3.5 Temperature measured with various thermometers Tmeas in wide temperature
range T . Temperature deduced from the vapor pressure of 3He (red) [19], calibrated
germanium resistor (blue) [20], SQUID-based noise thermometer (green) [21], and plat-
inum NMR thermometer (orange) [22]. The lowest temperatures are deduced from the
demagnetization field of the copper nuclear refrigerant.
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main thermometer at temperatures above 300 mK which is consistent with the
3He vapor pressure data measured reliably above 1 K [19]. A SQUID-based
noise thermometer [21] covers the temperature range from 1 K down to some
millikelvins. The noise thermometer is located at the mixing chamber which
is thermally disconnected from the copper nuclear stage during magnetic cool-
ing. A pulsed platinum NMR thermometer [22] is accurate below 50 mK and
it can be used also during demagnetization of the nuclear stage. In principle
platinum thermometers are reliable far below 1 mK. Unfortunately our platinum
thermometer does not measure the temperature of the helium sample in the ex-
perimental cell but the temperature of the outer flange of the nuclear stage [see
Fig. 3.1] saturating with base of about 0.4 mK. With solid helium the melting
pressure can be converted into temperature, see Fig. 1.1. As explained in Publi-
cation V the melting pressure temperature dependencies of both saturated helium
mixture and pure 3He are measurable with a sensitive pressure gauge even be-
low 1 mK. If other thermometers are not available it is possible to deduce the
temperature from the copper nuclear demagnetization field.
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Chapter 4

Results

In this chapter the measurements of the free surface waves in superfluid he-
lium are discussed. These results are the basis of Publications I, II and III. The
identification of the modes is based on the resonance frequency. As the reso-
nance frequency depends on the energy balance of the system, surface tension
can be studied with the surface waves. The other measured property, the res-
onance width, is related to the damping. The theory of the surface waves is
described in Chapter 2.

In the theoretical description in Chapter 2 the similarities between the free
surface waves and crystallization waves are stressed. Indeed, our experimental
setup was designed for the experiments on interfacial waves between helium
crystal and superfluid. However, the crystallization waves were not observed
with this setup due to technical difficulties. The lowest 3He crystal temperature
was about 0.14Tc [18] and in 4He the temperature was certainly much lower than
in the earliest crystallization wave experiments [2]. Even if the temperature was
low enough, it was difficult to excite and detect the waves as the permeability
difference between liquid and solid phases is only a few per mill. Also faceted
surface may prevent the propagation of the waves.

As our versatile compressible experimental setup was designed for the stud-
ies with helium crystals it could also be used to determine the melting pressure
of saturated 3He-4He mixture, reported in Publication V. Simultaneously, the
molar volume of the 4He-rich dilute fluid phase was determined with the in-
terdigital capacitors, the components originally intended for the surface wave
detection. The molar volume measurements of saturated dilute helium mixtures
below the melting pressure are also discussed, and the results will be published
later.

The experiments on 3He and 4He crystals in Publications VII-XI were per-
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formed earlier in another cryostat. That setup with optical access was used to
study the shape and growth dynamics of the faceted helium crystals. However,
they are not discussed in this chapter as the focus is on the studies performed in
the experimental setup described in Chapter 3.

4.1 Free surface waves in superfluid 4He

In superfluid 4He free surface waves were excited by the vibrational noise of
the cryostat. From the helium level frequency spectrum (fast Fourier transform,
FFT) resonances were observed up to frequencies of about 60 Hz, see Fig. 4.1.
The helium level was continuously raised over the whole sensitive region of the
interdigital capacitor.

As the cell dimensions are comparable with the capillary length lc the menisci
near the walls have a noticeable effect on resonance frequencies. The basic
model in Eq. (2.29) fits fairly well to the measured resonances in the cuboid
volume if the resonance frequencies according to that model are scaled by factor
of (1 + 0.014mx)−1/2. This corresponds to an increase in kinetic energy due to
menisci by factor of (1 + 0.014mx). In the calculations the surface tension was
γ = 375 μJ/m2 [23], the lowest measurable helium level h0 = 1.3 mm (corre-
sponding hIDC = 0 mm), the angle between the capacitors θ = 2.75◦, and the
shortest distance between the capacitors Lx0 = 10.0 mm.

The menisci can be taken into account more directly with the numerical
model described in Section 2.3. The measured data can be reproduced reason-
ably well as shown in Fig. 4.1. Even better correspondence is expected if the
full complicated geometry is modeled in 3D. With a model which properly takes
into account our somewhat complex geometry it may be possible to get a value
for the surface tension with accuracy better than the discrepancy of about 6%
among previous measurements [23–26].

The resonances with lower frequencies arise from the outer annular volume
which is coupled to the actual cuboid experimental volume via narrow channels.
However, these modes with lower frequency cannot be modeled reliably as the
geometry is complex in the annular volume, see Fig. 3.2.

Despite standing surface wave resonance frequencies have been intensively
used to study surface tension in superfluid 4He, only one previous systematic
study on the damping exists [27]. We have measured the damping of the waves
with a constant helium level by varying temperature between 10 mK and 1 K.
The analyzed spectra in Fig. 4.2 were characteristic for the annular volume as the
resonance frequencies were below 10 Hz though obviously they were coupled to
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Fig. 4.1 Measured FFT spectra of the waves on the free surface of superfluid 4He (left).
The measured resonance modes corresponding to the cuboid volume are redrawn with
dots for clarity (right). Resonance frequencies according to the analytical basic model
in Eq. (2.29) are scaled by factor of (1 + 0.014mx )−1/2, drawn with solid lines. The
dashed lines are calculated numerically in 2D as described in Section 2.3 and illustrated
in Fig. 2.1.
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Fig. 4.2 Damping of the surface waves in superfluid 4He with helium level hIDC =

4.1 mm. Different markers correspond to different resonance frequencies: 7.35 Hz (red
circles), 8.89 Hz (green triangles), and 9.16 Hz (blue squares). The larger markers are
direct fits to the raw data, and the smaller markers assume constant excitation. The solid
line is the expected behavior for standing waves according to Eq. (2.49), and the dashed
line (smaller by factor of two) corresponds to the propagating waves.

the cuboid IDC volume. The resonance width Δ f was determined by direct fit to
the measured frequency spectrum (larger markers in Fig. 4.2). However, at the
lowest temperatures the resonance width was beyond our frequency resolution,
and at the highest temperatures signal-to-noise ratio was diminished. In order
to extend the analysis to somewhat lower and higher temperatures an alternative
method was also used. If the excitation remains constant (or equivalently the
product of Δ f and wave amplitude at the resonance is constant) Δ f could be
determined from the integral of the FFT spectrum over the resonance as the inte-
gral of squared wave amplitude is inversely proportional to Δ f (smaller markers
in Fig. 4.2).

The temperature dependency of measured Δ f follows the expected T4 be-
havior for standing surface waves in bosonic 4He in accordance with Eq. (2.49).
The difference by about factor of two between the measured and calculated res-
onance width remains unexplained for the moment (black line in Fig. 4.2). Be-
sides standing waves the geometry allows the waves also to propagate along the
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annular channel. For the propagating waves the total energy is twice as large as
for standing waves with the same amplitude resulting quality factor higher by
factor of two, and further Δ f lower by the same factor (dashed line in Fig. 4.2).

4.2 Free surface waves in superfluid 3He

Standing waves on the free superfluid 3He surface have been studied only very
recently [28]. In our experiments the waves were studied with three levels only
as continuous filling would have overheated the whole copper nuclear cooling
stage. The waves were excited either by the spontaneous vibrational noise of
the cryostat or by swinging the whole cryostat periodically. The highest ob-
served resonance frequency was only about 16 Hz. Thus the studies of the reso-
nance modes in superfluid 3He were not as comprehensive as in superfluid 4He
(Fig. 4.1) neither in terms of helium level nor in frequency.

Dissipation of the surface waves was studied with the resonance modes with
frequencies below 10 Hz. The resonance widths in Fig. 4.3 were determined
from the fits to the frequency spectra and plotted as function of the tempera-
ture of the nuclear stage Tns. The predicted behavior in Eq. (2.50) qualitatively
agrees with the measurements though some discrepancy remains. The very strik-
ing feature is that the mode with the lowest resonance frequency has different
temperature dependency as compared to the others.

The waves mechanically generated by swinging the whole cryostat are shown
in Fig. 4.4. The broadening of the resonances (and eventually the disappearance
to noise) is consistent with the expected temperature dependency in Eq. (2.50).
However, each mode saturate to different value of the scaled frequency width
Δ f / f 2 corresponding to different temperature. One possible reason for this may
be the heat load which depends on the excitation frequency.

4.3 Molar volume of superfluid 4He

Molar volume of liquid helium, dilute mixture in particular, was studied capaci-
tively with the interdigital capacitors (IDC). As the geometry of the IDC was not
precisely known they were calibrated in pure 4He in the zero-temperature limit.
The fitted geometrical parameters are total length of the micro strips Nl and
relative permittivity of the sapphire substrate, ε subst. Since we had only two ge-
ometrical parameters, our measured molar volume in 4He is rather independent
of the data against which it was calibrated.
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Fig. 4.3 Damping of the surface waves in superfluid 3He excited by the ambient vi-
brations. The resonance frequencies of the analyzed modes are 5.04 Hz (red circles),
5.41 Hz (green triangles), 6.50 Hz (blue squares), and 8.57 Hz (orange diamonds). He-
lium level was hIDC = 2.8 mm. Temperature of the nuclear stage Tns during cool down
is deduced from the demagnetization field. The solid line is the expected behavior for
standing waves according to Eq. (2.50), and the dashed line (smaller by factor of two)
corresponds to the propagating waves.

The capacitance of the IDC is of the form

CIDC =
1
2

Nlε0(εHe + ε subst), (4.1)

where ε0 and εHe are vacuum permittivity and relative permittivity of the studied
helium sample, respectively. Further, the molar volume of the helium sample
Vm,He is related to the permittivity according to Claussius-Mossotti relation

Vm,He =
4π(εHe + 2)
3(εHe − 1)

αm,He , (4.2)

where constant molar polarizability αm,He = 0.1233 cm3/mol [29] was assumed
for both isotopes 4He and 3He. When parameters Nl and ε subst are known the
molar volume is an analytical function of capacitance, Vm,He(CIDC).

The molar volume of superfluid 4He is shown in Fig. 4.5. A polynomial
curve was fitted to the pressure dependent IDC capacitance in superfluid 4He,
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Fig. 4.4 (Top) Phase sensitive measurement of the surface wave amplitude (lock-in
channels ax and ay ) in superfluid 3He as the function of the excitation frequency f . The
waves were excited mechanically by swinging the whole cryostat. Here the helium level
was hIDC = 4.6 mm. (Bottom) Fitted resonance widths of the modes with frequencies
of 3.14 Hz (red circles), 6.97 Hz (green triangles), 8.70 Hz (blue squares), and 9.35 Hz
(orange diamonds). The solid line illustrates the expected behavior for standing waves
[Eq. (2.50)], and the dashed line represents the propagating waves.
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Fig. 4.5 Molar volume of superfluid 4He in the zero-temperature limit. Our data (blue
dots) were measured at 10 mK. The parameters for the curve fitted to the data (red dashed
line) are shown in Table 4.1, labeled as IDC1. The geometrical parameters Nl and ε subst
were treated as fitting parameters to best reproduce the previous measurements (gray
circles [30], gray triangles [31]).

see CIDC,4He(p) = Σiai pi in Table 4.1. This was convenient as, together with
Vm,He(CIDC,4He), it provided an analytical form for the molar volume in super-
fluid 4He. The geometrical parameters Nl and ε subst in Table 4.1 were found
to best fit the previous measurements [30, 31]. The discrepancy in molar vol-
ume, about 0.005 cm3/mol, corresponds to 20 mbar error in the pressure reading
measured at room temperature [32].

4.4 Molar volume of saturated dilute mixture

In helium mixtures two fluid phases can coexist with different helium concen-
trations. The so-called concentrated phase is 3He-rich mixture with normal 4He.
At low temperatures only small amount of 4He is dissolved into this phase being
pure 3He in the zero temperature limit. The other fluid phase is called as dilute
phase, where 3He is dissolved into superfluid 4He. In contrast to the concen-
trated phase, this dilute phase remains as a mixture down to zero temperature
with 6.65% of 3He at 0 bar (8.1% at the melting pressure) [33].
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Table 4.1 Polynomial parameters ai for the IDC capacitance CIDC,4He(p) = Σiaipi

in superfluid 4He for each independent capacitors IDC1 and IDC2. The geometrical
parameters ε subst and Nl in Eqs. (4.1) and (4.2) do not depend on the studied substance
(pure helium or mixture).

IDC1 IDC2
a0 (pF) 156.764912 146.963756
a1 (pF/bar) 9.91 × 10−3 9.035 × 10−3

a2 (pF/bar2) −291.3 × 10−6 −261.51 × 10−6

a3 (pF/bar3) 9.85 × 10−6 8.515 × 10−6

a4 (pF/bar4) −223.8 × 10−9 −185.3 × 10−9

a5 (pF/bar5) 2.289 × 10−9 1.817 × 10−9

ε subst 10.0744228 10.3873099
Nl (m) 3.18104259 2.90063001

The dilute phase of saturated helium mixture is more dense as the fraction
of the heavier isotope 4He is larger than in the concentrated phase. That is, the
fluid phases are layered, the dilute phase being at the bottom. As the interdigital
capacitors (IDC) were located to the lower part of the experimental volume the
molar volume Vm,sat(p,T ) of the dilute phase of the mixture could be capacitively
determined.

It is conventional to present the molar volume of helium mixtures Vm,mix with
so-called Bardeen-Baym-Pines parameter [34]

α(x,p,T ) =
Vm,mix(x,p,T ) − Vm,4He(p,T )

xVm,4He(p,T )
, (4.3)

where x is the molar 3He concentration. The temperature dependency of the
molar volume of 4He is weak thus Vm,4He(p,T ) ≈ Vm,4He(p,0 K), see Fig. 4.5.
When mixture is saturated the concentration is uniquely determined by pressure
and temperature as

xsat(p,T ) ≈ xsat(p,0 K)
[
1 + β(p)T2

]
, (4.4)

where β is the coefficient of the first approximation to finite temperatures. Thus,
for saturated mixture

Vm,sat(p,T ) − Vm,4He(p,0 K)
xsat(p,0 K)Vm,4He(p,0 K)

= αsat(p,T )
[
1 + β(p)T2

]
. (4.5)
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The pressure dependency of the molar volume of saturated dilute helium
mixture is shown in Fig. 4.6. The molar volume is scaled according to Eq. (4.5)
and in the zero-temperature limit it reduces to αsat(p,T ). Some previous mea-
surements of α(x,p,0 K) with different 3He concentrations extrapolated to the
zero temperature are shown for comparison [30] with rather good correspon-
dence with our measurements.

Earlier measurements [35] suggest that the temperature dependency of α is
weaker than the temperature dependency of 3He concentration, i.e. αsat(p,T ) ≈
αsat(p,0 K) below 100 mK. With this assumption parameter β can be determined
from the linear fits to the isobars shown in Fig. 4.6 in accordance with Eq. (4.5).
Parameter β(p) in Fig. 4.7 is in reasonable agreement with the previous mea-
surements [33, 36, 37].

4.5 Saturated helium mixture at melting pressure

Saturated 3He-4He mixture was studied at the melting pressure in the tempera-
ture range from 10 mK to 460 mK (see Publication V). In other words, during
the measurements one or two solid phases and two liquid phases coexisted. In
this univariant system all the variables like pressure, 3He-4He mixing ratio and
densities of the phases are determined by temperature. The measured melting
curve of saturated mixture is shown in Fig. 1.1(c) among the other phase dia-
grams. The nucleation over pressure was observed to greatly depend on pressure
being as large as about 0.5 bar near the transition temperature where two solid
phases coexisted. Besides the melting pressure, the molar volume of the dilute
phase was determined.

In the zero temperature limit the solid phase surrounded by dilute mixture is
4He hcp crystal, similar as for pure 4He [Fig. 1.1(a)] though the melting pressure
slightly differs due to the osmotic pressure in the mixture [38]. At temperatures
below 60 mK the temperature derivative of the melting pressure is proportional
to temperature, ∂T p ∝ T . This behavior originates from the entropy of fermionic
3He in the liquid phase. It is noteworthy that for metrology simple and theoreti-
cally well understood temperature dependency is beneficial.

At higher temperatures the multi-phase system becomes more complicated as
3He begins to dissolve into the 4He crystal and concentrations of the fluid phases
change. Phase transition from hcp to bcc crystal structure occurs at 294 mK.
Above that temperature the melting pressure of the bcc crystal is lower than
for the hcp crystal. Again from the metrological point of view, this quadruple
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Fig. 4.6 The relative molar volume difference between saturated mixture Vm,sat(p,T )
and pure 4He Vm,4He(p,0 K) scaled by molar 3He concentration xsat(p,0 K) as function
of pressure p (top) and T2 (bottom). The two isotherms (blue dots) were measured at
18 mK and at 73 mK. Previous zero-temperature data with various 3He concentrations
are shown for comparison (gray filled circles) [30]. The isobars (red and green dots)
were measured with pressures 1.1, 3.0, 5.7, 8.5, 10.9, 14.2, 17.3, 19.7 and 23.0 bar. The
zero-temperature values determined from the isobars are marked with red and green
circles. The black lines are fits to the isobars. The arrows indicate future in time.
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Fig. 4.7 Parameter β describing the temperature dependency of 3He concentration in
saturated dilute helium mixtures, Eq. (4.4). Parameter β was deduced from the molar
volume isobar data shown in Fig. 4.6 (red and green circles). Earlier measurements are
shown for comparison (filled gray triangles [33], diamonds [36], and squares [37]). The
dashed line is a guide to the eye.

point, when two fluid and two solid phases coexist, can serve as a fixed point in
temperature.

The measured molar volume of the dilute mixture at melting pressure shown
in Fig. 4.8 obeys a simple power law Vm = 23.477 + 9.663(T/K)3.477 cm3/mol.
Small overall shift in Vm in Fig. 4.8 as compared to the data shown in Publica-
tion V Fig. 9 originates from different calibrations for the IDC performed in pure
4He. The calibration shown in Publication V Fig. 3 differs at most by about 0.02
cm3/mol from the data against which it was calibrated. The revised calibration
in Fig. 4.5 was consistent with the previous measurements [30, 31] in pure 4He
within 0.005 cm3/mol. The main difference between the two calibrations is that
in Publication V the pressure data was taken from the slightly hysteretic capaci-
tive pressure gauge attached to the bellows volume whereas the calibration used
in Fig. 4.8 relied on the pressure gauge at room temperature [32].
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Chapter 5

Conclusions

The experimental setup described in this Thesis was designed and fabricated
for the studies of the waves on the interface between superfluid and solid 3He.
The setup was installed into the nuclear demagnetization cryostat and the lowest
3He crystal temperature was about 0.14Tc. Pressure of the compressible experi-
mental volume was measured with a low-temperature capacitive pressure gauge,
and quartz tuning forks were used for thermometry. The crystallization waves
were meant to be excited with one and detected with another interdigital ca-
pacitor, which were installed on the opposite vertical walls of the experimental
volume. However, the crystallization waves could not be observed with our
setup.

Instead, free surface waves were studied in superfluid 3He and 4He. Su-
perfluid helium is probably the most ideal substance for such studies since in the
zero temperature limit the fluid motion of superfluids is not influenced by viscos-
ity. In addition, the fluid motion is curl free in the absence of quantized vortices,
and in principle the perfect wetting of the cell walls provides a well established
shape for the free surface. Excitation of the waves by local electric field was not
successful in our experiments but the waves were mechanically excited either
by vibrational noise of the environment or by periodically swinging the whole
cryostat.

In superfluid 4He the free surface wave resonances were observed up to the
11th overtone corresponding to about 60 Hz in our geometry. The helium level
was varied continuously over the whole 4.6 mm high sensitive region of the
wave detector. All the measured and identified twelve resonance frequencies
could be modeled reasonably well. For surface tension we used a value which is
in agreement with the previous measurements.

Damping of the surface waves in both bosonic 4He and fermionic 3He was
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studied in the low temperature limit, when the damping originates from the
momentum transfer between the free surface and the thermally excited ballis-
tic quasiparticles. The damping due to the quasiparticles could be analytically
quantitatively estimated and it agreed reasonably well with the measurements.

With the same setup saturated helium mixture was studied in wide temper-
ature range from 10 mK to 460 mK. At the melting pressure the system is uni-
variant and the melting pressure offers theoretically well understood basis to
measure temperature. The quadruple point at T = 294 mK, where two liquid
and two solid phases coexist, can be used as a fixed point in temperature.

Permittivity and the corresponding molar volume of helium mixture was de-
termined capacitively. Both the temperature and pressure dependencies were
studied. The sensing capacitor was calibrated against previous measurements
in pure 4He with only two fitted parameters, thus resulting a functional form
also for the molar volume of pure 4He up to the melting pressure in the zero
temperature limit.

The earlier studies with 4He and 3He crystals were performed in another
cryostat with optical access capable to sub-millikelvin temperatures. With that
setup the shape of the faceted helium crystal could be determined accurately
allowing us to distinguish facets with Miller index as high as 32. The energies
related to the crystal could be determined from the shape and growth dynamics
of the faceted crystal. With that setup also the melting pressure of 4He was
determined with high precision.



Re
fe

re
nc

es

References 45

References

[1] A. F. Andreev and A. Ya. Parshin, Zh. Eksp. Teor. Fiz 75, 1511 (1978)
[Sov. Phys. JETP 48, 763 (1978)].

[2] K. O. Keshishev, A. Ya. Parshin, and A. V. Babkin, Pis’ma Zh. Eksp. Teor.
Fiz. 30, 63 (1979) [JETP Lett. 30, 56 (1979)].

[3] S. N. Fisher, A. M. Guénault, C. J. Kennedy, and G. R. Pickett, Phys. Rev.
Lett. 63, 2566 (1989).

[4] A. R. Paterson, A First Course in Fluid Dynamics (Cambridge University
Press, 1983).

[5] L. D. Landau and E. M. Lifshitz, Fluid Mechanics (Pergamon Press, 1987),
2nd ed.

[6] G. Strang, Computational Science and Engineering (Wellesley-Cambridge
Press, 2007).

[7] P. Persson and G. Strang, SIAM Review 46, 329 (2004).

[8] O. A. Andreeva and K. O. Keshishev, Phys. Scr. T39, 352 (1991).

[9] A. F. Andreev, Physica B 210, 378 (1995).

[10] S. Balibar, H. Alles, and A. Ya. Parshin, Rev. Mod. Phys. 77, 317 (2005).

[11] V. Tsepelin, H. Alles, A. Babkin, R. Jochemsen, A. Ya. Parshin, and I. A.
Todoshchenko, J. Low Temp. Phys. 129, 489 (2002).

[12] D. I. Bradley, A. M. Guénault, V. Keith, C. J. Kennedy, I. E. Miller, S. G.
Mussett, G. R. Pickett, and W. P. Pratt Jr., J. Low Temp. Phys. 57, 359
(1984).

[13] T. Hata, S. A. J. Wiegers, R. Jochemsen, and G. Frossati, Phys. Rev. Lett.
63, 2745 (1989).



46 References

[14] J.-P. Kaikkonen, Bachelor’s thesis, Helsinki University of Technology
(2009).

[15] W. Yao, T. A. Knuuttila, K. K. Nummila, J. E. Martikainen, A. S. Oja, and
O. V. Lounasmaa, J. Low Temp. Phys. 120, 121 (2000).

[16] A. J. Niskanen, Aalto University, Microfabrication group (2009).

[17] V. Peri, Bachelor’s thesis, Aalto University (2011).

[18] I. Todoshchenko, J.-P. Kaikkonen, R. Blaauwgeers, P. J. Hakonen, and
A. Savin, Rev. Sci. Instrum. 85, 085106 (2014).

[19] Y. H. Huang and G. B. Chen, Cryogenics 46, 833 (2006).

[20] Lake Shore Cryotronics, Inc., Model GR-200A-30, Westerville, Ohio,
USA.

[21] Magnicon GmbH, Model MFFT, Hamburg, Germany.

[22] RV-Elektroniikka Oy PICOWATT, Model PLM-4, Vantaa, Finland.

[23] P. Roche, G. Deville, N. J. Appleyard, and F. I. B. Williams, J. Low
Temp. Phys. 106, 565 (1997).

[24] M. Iino, M. Suzuki, and A. Ikushima, J. Low Temp. Phys. 63, 495 (1986).

[25] K. Nakanishi and M. Suzuki, J. Low Temp. Phys. 113, 585 (1998).

[26] C. Vicente, W. Yao, H. J. Maris, and G. M. Seidel, Phys. Rev. B 66, 214504
(2002).

[27] P. Sommerfeld, J. Low Temp. Phys. 103, 237 (1996).

[28] V. B. Eltsov, P. J. Heikkinen, and V. V. Zavjalov, arXiv:1302.0764 (2013).

[29] E. C. Kerr and R. H. Sherman, J. Low Temp. Phys. 3, 451 (1970).

[30] G. E. Watson, J. D. Reppy, and R. C. Richardson, Phys. Rev. 188, 384
(1969).

[31] E. Tanaka, K. Hatakeyama, S. Noma, and T. Satoh, Cryogenics 40, 365
(2000).

[32] Trafag AG, Model 8891.81, Männedorf, Switzerland.

[33] E. M. Pentti, J. T. Tuoriniemi, A. J. Salmela, and A. P. Sebedash, Phys.
Rev. B 78, 064509 (2008).



References 47

[34] J. Bardeen, G. Baym, and D. Pines, Phys. Rev. 156, 207 (1967).

[35] K. Hatakeyama, S. Noma, E. Tanaka, S. N. Burmistrov, and T. Satoh, Phys.
Rev. B 67, 094503 (2003).

[36] D. O. Edwards, E. M. Ifft, and R. E. Sarwinski, Phys. Rev. 177, 380 (1969).

[37] S. Yorozu, M. Hiroi, H. Fukuyama, H. Akimoto, H. Ishimoto, and
S. Ogawa, Phys. Rev. B 45, 12942 (1992).

[38] A. Salmela, A. Sebedash, J. Rysti, E. Pentti, and J. Tuoriniemi, Phys. Rev.
B 83, 134510 (2011).



9HSTFMG*agcjbe+ 

ISBN 978-952-60-6291-4 (printed) 
ISBN 978-952-60-6292-1 (pdf) 
ISSN-L 1799-4934 
ISSN 1799-4934 (printed) 
ISSN 1799-4942 (pdf) 
 
Aalto University 
School of Science 
Department of Applied Physics 
www.aalto.fi 

BUSINESS + 
ECONOMY 
 
ART + 
DESIGN + 
ARCHITECTURE 
 
SCIENCE + 
TECHNOLOGY 
 
CROSSOVER 
 
DOCTORAL 
DISSERTATIONS 

A
alto-D

D
 9

6
/2

015 

 

M
atti S. M

anninen 
O

scillations on helium
 surfaces 

A
alto

 U
n
ive

rsity 

Department of Applied Physics 

Oscillations on helium 
surfaces 

Matti S. Manninen 

4.2. Free surface waves in superfluid 3He 33

annular channel. For the propagating waves the total energy is twice as large as
for standing waves with the same amplitude resulting quality factor higher by
factor of two, and further ∆ f lower by the same factor (dashed line in Fig. 4.2).

4.2 Free surface waves in superfluid 3He
Standing waves on the free superfluid 3He surface have been studied only very
recently [28]. In our experiments the waves were studied with three levels only
as continuous filling would have overheated the whole copper nuclear cooling
stage. The waves were excited either by the spontaneous vibrational noise of
the cryostat or by swinging the whole cryostat periodically. The highest ob-
served resonance frequency was only about 16 Hz. Thus the studies of the reso-
nance modes in superfluid 3He were not as comprehensive as in superfluid 4He
(Fig. 4.1) neither in terms of helium level nor in frequency.

Dissipation of the surface waves was studied with the resonance modes with
frequencies below 10 Hz. The resonance widths in Fig. 4.3 were determined
from the fits to the frequency spectra and plotted as function of the tempera-
ture of the nuclear stage Tns. The predicted behavior in Eq. (2.50) qualitatively
agrees with the measurements though some discrepancy remains. The very strik-
ing feature is that the mode with the lowest resonance frequency has different
temperature dependency as compared to the others.

The waves mechanically generated by swinging the whole cryostat are shown
in Fig. 4.4. The broadening of the resonances (and eventually the disappearance
to noise) is consistent with the expected temperature dependency in Eq. (2.50).
However, each mode saturate to different value of the scaled frequency width
∆ f / f 2 corresponding to different temperature. One possible reason for this may
be the heat load which depends on the excitation frequency.

4.3 Molar volume of superfluid 4He
Molar volume of liquid helium, dilute mixture in particular, was studied capaci-
tively with the interdigital capacitors (IDC). As the geometry of the IDC was not
precisely known they were calibrated in pure 4He in the zero-temperature limit.
The fitted geometrical parameters are total length of the micro strips Nl and
relative permittivity of the sapphire substrate, ε subst. Since we had only two ge-
ometrical parameters, our measured molar volume in 4He is rather independent
of the data against which it was calibrated.
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Fig. 2.3 Quasiparticle scattering of fermionic 3He in momentum space. The quasipar-
ticles are hole-like (◦) when p < pF and particle-like (•) when p > pF . Left: Scattering
processes where the quasiparticle group velocity vg,z in z-direction is parallel with the
velocity of the object vo before scattering. Right: Quasiparticles propagating towards
the object from the other side when vg,z ↑↓ vo . The scattering processes are marked with
the same labels (a, b, c, d, e, f , g and h) as in Fig. 2.2. The gray shaded area represents
the region of Andreev-reflection (c, d, g, h), where (p− pF )2 < 2pFvoα−1 cos(θ). Else-
where normal scattering of quasiparticles (a, b, e and f ) though only the states p ≈ pF
are thermally occupied.

the quasiparticle has enough energy to reach the object but not enough to escape
(paths c1-c2-. . . -c9 and g1-g2-. . . -g9). The Andreev-reflected states are shown in
Fig. 2.3. The momentum transfer of the Andreev reflected quasiparticles is neg-
ligible compared to the normal scattering. According to Eq. (2.42) the damping
force due to the normal quasiparticle scattering in fermionic 3He is

FF,z =

∫
normal
scattering

[
2

2pF cos(θ) |2α(p − pF )cos(θ) −��vo | ∆A
h3 {exp[(E∆ + α(p − pF )2)/(kBT )] + ��1

} ] dp

=
�������

∫
full
space

[. . . ]dp −
∫

Andreev
scattering

[. . . ]dp

= −
∫ 2π

φ=0

∫ π

θ=π/2

∫ pF+
√

2pFvoα−1 cos(θ)

p=pF−
√

2pFvoα−1 cos(θ)
[. . . ] p2

F sin(θ) dp dθ dφ

= − 8πp4
F∆Avo

h3 exp[E∆/(kBT )]

1 −
�

�
��

4pFvo

5kBT
+

�������
O ��
(

pFvo

kBT

)2��


= −PF (T )∆Avo . (2.45)

The profile of a standing interfacial wave is ξ (x, y, t) = ζ (x, y)τ(t), where

DOCTORAL 
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