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The majority of engineering failures are caused by fatigue. Fatigue failure is defined as the 
tendency of a material to fracture by means of progressive cracking under repeated alternating 
or cyclic stresses. Fatigue cracks tend to initiate from local stress concentrations, which are 
caused by changes in the stress distribution. If two cracks are close to each other’s, they may 
have an effect to stress distributions. This phenomenon is called the interaction effect. The 
existing solutions for interacting three-dimensional cracks are very limited and the most of these 
solutions consider only two equal cracks.  
 
The objective of this work is to determine the stress intensity factors for various configurations of 
interacting three-dimensional surface cracks. Special emphasis is paid on dissimilar cracks, which 
size and shape was varied. The interaction effect analysis was carried out using the Body Force 
Method, which is based on the superposition principle applicable for elastic problems. Stress 
intensity factors of interacting cracks were obtained comparing the values of dimensionless 
stress intensity factors, i.e. by determining the interaction factors.  
 
The results obtained in this study are in good agreement with previous results; the interaction 
effect is negligibly small if there is enough space between the cracks to insert additional crack 
with the size of the smaller of the cracks. The results of this work revealed also that the 
interaction factors are highly dependent on the opening of the neighboring crack in the vicinity of 
the crack of interest. These are important and useful results, when the changes in stress intensity 
factors of various interacting crack problems are approximated.  
 
In this work, the investigations are focused on the analytical and numerical analysis of semi-
elliptical surface cracks in tension. In addition, the developed solutions for interacting cracks are 
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presented in this study, the fatigue experiments with different materials are necessary. 
Moreover, the material-dependency in interacting crack problems should be studied in detail to 
develop the general rule for interaction effect.  
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Valtaosa koneiden ja rakenteiden vaurioista aiheutuu väsyttävän kuormituksen aiheuttamista 
murtumista. Väsymismurtumalla tarkoitetaan materiaalin etenevää säröytymistä syklisessä 
kuormituksessa. Säröt ilmaantuvat yleensä kohtiin, joissa jännityskonsentraatio on jostain syystä 
korkea. Jännityskonsentraatiot johtuvat muutoksista jännityskentässä. Jos kaksi säröä on lähellä 
toisiaan, ne saattavat aiheuttaa muutoksia toistensa jännityskenttiin. Tätä ilmiötä kutsutaan 
säröjen vuorovaikutukseksi. Olemassaolevia ratkaisuja vuorovaikuttaville kolmeulotteisille 
säröille on hyvin vähän ja lisäksi suurin osa näistä ratkaisuista käsittelee ainoastaan kahta 
samanlaista säröä. 
 
Tässä työssä määritetään jännitysintensiteettikertoimia vuorovaikuttaville kolmiulotteisille 
pintasäröille. Erityisesti tarkastellaan epäsymmetristen säröjen vuorovaikutusta. 
Jännitysintensiteettikertoimet kolmiulotteisille pintasäröille määritettiin Body Force -
menetelmän avulla. Body Force -menetelmä perustuu superpositio-periaatteeseen, jota voidaan 
soveltaa aina elastisissa tapauksissa. Vuorovaikuttavien säröjen jännitysintensiteettikertoimet 
määritettiin vertaamalla dimensiottomia jännitysintensiteettikertoimia, eli määrittämällä ns. 
vuorovaikutuskerroin. 
 
Tulokset ovat yhdenmukaisia aikaisempien tuloksien kanssa: vuorovaikutus voidaan jättää 
huomioimatta, jos säröjen väliin sopii ylimääräinen pienemmän särön kokoinen särö. Lisäksi 
huomionarvoista on, että vuorovaikutuskertoimen suuruus riippuu huomattavasti siitä, kuinka 
paljon viereinen särö pääsee aukeamaan toisen särän läheisyydessä. Nämä tulokset ovat 
hyödyllisiä arvioitaessa jännitysintensiteettikertoimien muutoksia erilaisissa vuorovaikuttavien 
säröjen tapauksissa. 
 
Tässä työssä tutkittiin puolielliptisiä pintasäröjä vetokuormituksessa. Saadut tulokset nojautuvat 
lineaaris-elastiseen teoriaan, ja jotta analyyttiset ratkaisut voidaan varmentaa, tarvitaan 
väsymiskokeita erilaisilla materiaaleilla tutkimuksen tueksi. Näin voidaan tutkia 
yksityiskohtaisemmin materiaaliominaisuuksien vaikutusta vuorovaikutustapauksiin, ja pystytään 
luomaan yleinen sääntö säröjen vuorovaikutukselle.  
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𝑎    Radius of a circle/sphere 

𝑎𝑖, 𝑏𝑖, 𝑐𝑖  Semi-axes of an ellipsoid 

𝑒1, 𝑒2, 𝑒3  Base vectors in elastic half space 

𝑓(𝜉)   Body force density at point 𝜉 

r   Distance from crack tip 

𝑥�̅�   Position vector of the point force 

𝐴𝑖   Area of block i 

𝐶𝑖𝑗𝑘𝑙   Elastic tensor 

E(k)   Complete elliptic integral of 2
nd

 kind 

F   Dimensionless stress intensity factor 

G(x,y)   Green’s function 

K(k)   Complete elliptic integral of 1
st
 kind 

𝐾Ι    Mode Ι stress intensity factor 

MM   Number of annular sections 

N   Number of elements 

S   Semi-elliptical crack area (2D) 

𝑆𝑖𝑗   Stress field 

𝛾   Interaction factor 

𝜀𝑖𝑗   Strain component 

𝜀𝑖𝑗
∗    Transformation strain 

𝜀𝑖𝑗
𝑇    Total strain 

µ   Shear modulus 

𝜈   Poisson’s ratio  
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𝜉, 𝜂, 𝜁   Coordinates for ellipsoidal cavity 

𝜉1, 𝜉2, 𝜉3  Local coordinate system 

𝜎𝑖𝑗   Stress component 

𝜎𝑖𝑗
∗    Transformation stress  

𝜎𝑟 , 𝜎𝜃, 𝜏𝑟𝜃  Stress components in Polar coordinate system 

𝜎𝑥, 𝜎𝑦, 𝜎𝑧 , 𝜏𝑥𝑦  Stress components in Cartesian coordinate system 

𝜎0, 𝜎∞   Remote stress 

Ω   Semi-ellipsoidal crack domain (3D) 
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1 Introduction 

1.1 Background 

The majority of engineering failures are caused by fatigue [1]. Fatigue failure is defined 

as the tendency of a material to fracture by means of progressive cracking under 

repeated alternating or cyclic stresses of intensity considerably below the static strength 

of material, e.g. yield limit or ultimate strength. Although the fracture may take some 

time to propagate, depending on both the intensity and frequency of the stress cycles. 

Nevertheless, there is very little, if any, warning before failure if the crack is not 

noticed. [1]. Cyclic loading causes local deformations, such as slip bands and 

dislocations, in a material and some of these deformations can become fracture origins. 

Local stress concentrations are detrimental to fatigue strength, since fatigue cracks tend 

to initiate from stress concentration points, where local stress is higher than nominal 

stress. Stress concentrations are result of changes in stress distribution. For example, 

notches, surface irregularities, nonmetallic inclusions and proximity of other cracks 

result in local stress concentrations.  

The key factor in fatigue failure is the fatigue crack growth i.e. fatigue can be 

considered as mechanics of a crack. [2]. Crack problems are generally studied by means 

of fracture mechanics. Fracture mechanics is generally used to investigate the fracture 

phenomena and it is considered as a separate field of mechanics after aeronautical 

engineer Griffith’s [3] experiments on glass. Griffith found a relation 𝜎0√𝑎 ≈constant 

and later Irwin [4] modified this to explain better ductile materials behavior. Griffith's 

work was largely ignored by the engineering community until the early 1950’s. The 

main reason was the inelastic deformations around the crack front combined to linear-

elastic based theory which implies to infinite stresses at the crack tip [5]. Using fracture 

mechanics it is possible to generate fundamental rules and mathematical models for 

fatigue crack problems. The general background assumption is a physical fact; very 

high stress occurs at the crack tip regardless of the crack size and the magnitude of 

remote stress [6].  Analytical stress at the crack tip becomes singular and therefore the 

stress intensity factor, K, is used to express the conditions at the crack tip instead of 

stress itself. The usual definition of the stress intensity factor is  

𝐾 = 𝐹𝜎0√𝜋𝑎            (1) 

where F is dimensionless stress intensity factor (a factor which takes into account the 

geometrical configuration of a crack and solid), 𝜎0 is remote stress and 𝑎 is crack length 

(Fig.1). Stress intensity factor determination plays the central role in linear-elastic 

fracture mechanics problems, because fatigue crack propagation and crack behavior in 

general are controlled by the stress field near the crack tip. Stress intensity factor 
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concept was originally proposed by Irwin [4] during the Second World War. Since then, 

stress intensity factor has become the most important parameter of linear-elastic fracture 

mechanics and nowadays many analytical solutions are collected in handbooks [e.g. 7]. 

However, the research on three-dimensional cracks or interacting cracks (Fig.2) is very 

limited. 

 

 

 

Figure 1. Ideal crack with stress singularity at the crack tip.   

 

 

Figure 2. Fatigue cracks propagating from interacting artificial defects. Crack tips are marked with arrows. 

 

1.2 Research Problem 
 

The stress field around the crack front determines the magnitude of the stress intensity 

factor. In the fundamental solutions, homogeneous component is considered to have one 

crack or defect. However, in structural materials the surface contains many small 

irregularities, which may become fracture origins. Moreover, if these small irregularities 
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are in the vicinity of each other’s they have an effect to stress field, which naturally 

results the changes in stress intensity factors. This phenomenon is called the Interaction 

Effect. 

Stress intensity factor handbooks [e.g. 7] include various exact solutions for two-

dimensional crack problems and few exact solutions are available also for three-

dimensional problems. Majority of the existing solutions are obtained for a two-

dimensional crack.  In general, the difficulties in three-dimensional crack analyses 

increase significantly when semi-infinite solids or multiple cracks are involved. [8]. 

However, interaction effect in three-dimensional problems has been studied in the past, 

for example by means of FEM [9] and also Body Force Method [8, 10-12]. Most Body 

Force based studies consider only symmetric problems and Mode 1 loading (Fig. 3). In 

some advanced studies also Mode 2 and 3 were studied as well as inclined and arbitrary 

shaped cracks. [13, 14].  

 

Figure 3. Three modes of cracking. 1: opening mode, 2: in-plane shear, 3: out-of-plane shear. 

 

However, the unifying theory for interaction problems has not been proposed. 

Therefore, there is a need to investigate the true nature of interaction which requires 

fatigue experiments, especially because analytical solutions do not take into account 

material properties. Before experiments it is necessary to carry out analysis to 

approximate the interaction effect and, as a cornerstone, to find the critical distance at 

which the interaction effect can be neglected. Combining analytical solutions and 

experimental results, the general rule for interaction effect can be obtained.  

 

1.3 Objective and Limitations 
 

The purpose of this work is to determine stress intensity factors for several 

combinations of two semi-elliptical surface cracks under Mode1 loading. The distance 

between cracks is varied in order to investigate the magnitude of interaction. Only semi-
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elliptical cracks are chosen for practical reason; arbitrarily shaped surface cracks are 

very often modelled as semi-elliptical surface cracks regardless of their exact shape. 

This is because the effective crack size in such a case corresponds the size of semi-

elliptical crack which is formed by enveloping the irregular crack by a smooth contour 

(Fig. 4) and the mechanical behavior is the same. [2]. 

 

Figure 4. Surface cracks are usually modelled as semi-elliptical cracks, because mechanically the behavior is 

the same. 

In interacting crack problems it is convenient to investigate the differences in stress 

intensity factors by employing additional parameter Interaction Factor. The interaction 

factor, γ, is defined as the ratio of dimensionless stress intensity factors of a crack [8], 

i.e.  

𝛾 =
𝐹(𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑒 𝑐𝑟𝑎𝑐𝑘𝑠)

𝐹(𝑠𝑖𝑛𝑔𝑙𝑒 𝑐𝑟𝑎𝑐𝑘)
      (2) 

It must be noted that the magnitude of dimensionless stress intensity factor does not 

directly correspond the magnitude of stress intensity factor. This is because the stress 

intensity factor is proportional to square root of crack length, √𝑎, and dimensionless 

stress intensity factor in general depends only on the geometrical configuration of 

crack(s) and structure. In this study, the interaction factors were obtained by numerical 

analysis. The numerical analysis was carried out by using the Body Force Method and 

MATLAB software (version R2013b).  
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2 Theory 
 

In this chapter, theoretical background of interaction effect is discussed. Firstly, elastic 

stress solutions for various two- and three –dimensional crack problems are shown. 

Secondly, some important already existing solutions for interacting two-dimensional 

cracks are explained. The difference between two- and three –dimensional problems is 

also discussed. 

 

2.1 Circular Hole in an Infinite Plate 
 

The stress distribution for a circular hole shown in Fig. 5, with radius 𝑎, in an infinite 

plate under remote tensile stress 𝜎𝑥 = 𝜎0 can be written as [15, 16] 

𝜎𝑟(𝑟, 𝜃) =
𝜎0

2
(1 −

𝑎2

𝑟2) +
𝜎0

2
(1 −

4𝑎2

𝑟2 +
3𝑎4

𝑟4 ) cos 2𝜃   (3.1) 

𝜎𝜃(𝑟, 𝜃) =
𝜎0

2
(1 +

𝑎2

𝑟2) −
𝜎0

2
(1 +

3𝑎4

𝑟4 ) cos 2𝜃    (3.2) 

𝜏𝑟𝜃(𝑟, 𝜃) = −
𝜎0

2
(1 +

2𝑎2

𝑟2 −
3𝑎4

𝑟4 ) sin 2𝜃     (3.3) 

where 𝑟 and 𝜃 are polar coordinates, in radial and tangential direction, respectively. 

 

Figure 5. A circular hole in an infinite plate under uniaxial loading. 

From (3.2) we can obtain stress distribution along y-axis and stresses on the periphery 

of the hole  

𝜎𝑥(𝑟) = 𝜎𝜃(𝑟, 𝜃 =
𝜋

2
) = 𝜎0 (1 +

𝑎2

2𝑟2 +
3𝑎4

2𝑟4)     (3.4) 
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𝜎𝜃(𝑟 = 𝑎, 𝜃) = 𝜎0 − 2𝜎0 cos 2𝜃     (3.5) 

From (3.5) we can obtain 𝜎𝑚𝑎𝑥 

𝜎𝑚𝑎𝑥 = 𝜎𝜃 (𝑟 = 𝑎, 𝜃 =
𝜋

2
 ⋁

3𝜋

2
) = 3𝜎0    (3.6) 

 

2.2 An Elliptical Hole in an Infinite Plate 
 

When circular hole is stretched to an elliptical hole the stress distribution changes. The 

stress distribution for elliptical hole was given by [17] in polar coordinates. However, 

here the stress distribution is expressed in Cartesian coordinates [18]. 

𝜎𝑦 = 𝜎0 [
1

𝜁2−1
(𝜁2 +

𝑎

𝑎−𝑏
) −

1

(𝜁2−1)2
{

1

2
(

𝑎−𝑏

𝑎+𝑏
−

𝑎+3𝑏

𝑎−𝑏
) 𝜁2 −

(𝑎+𝑏)𝑏

(𝑎−𝑏)2
} −

4𝜁2

(𝜁2−1)3
(

𝑏

𝑎+𝑏
𝜁2 −

                  
𝑏

𝑎−𝑏
)

𝑎

𝑎−𝑏
]          (4) 

where 𝑎 and 𝑏 are the semi-axes of elliptical hole,  𝜁 =
𝑥+√𝑥2−𝑐2

𝑒
 and  𝑒 = √𝑎2 − 𝑏2 

 

Figure 6. An elliptical hole in an infinite plate under uniaxial loading. 

when 𝑏 → 0, the elliptical hole becomes a Griffith crack and (4) reduces to following 

form  

𝜎𝑦 =
𝜎0𝑥

√𝑥2−𝑎2
         (𝑥 > 𝑎)     (5) 

Since 𝑥 = 𝑎 + 𝑟 and  
𝑟

𝑎
≪ 1, (5) can be re-written as 

𝜎𝑦 =
𝜎0√𝑎

√2𝑟
=

𝜎0√𝜋𝑎

√2𝜋𝑟
=

𝐾І

√2𝜋𝑟
     (6) 
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This is the definition of stress intensity factor. Hence, using the stress intensity factor 

the severity of the crack can be investigated without singularity problem. However, it 

should be noted that the stress intensity factor is derived using elastic stress distributions 

and therefore it is applicable if only small scale yielding occurs at the crack tip. [16].  

 

2.3 Spherical Cavity in an Infinite Body 
 

In previously mentioned two-dimensional problems, the stress distributions are derived 

from Airy’s stress function. Airy’s stress function is biharmonic function and it provides 

unique solutions for elastic problems if boundary conditions are known. However, if 

boundary conditions are given by stresses or forces, the solution is independent on 

elastic parameters, such as Young’s modulus or Poisson’s ratio. In three-dimensional 

problems the stress distribution and boundary conditions become more complicated and 

exact solutions are more difficult to obtain. [16]. 

However, one of the exact three-dimensional solutions has been obtained for a spherical 

cavity in an infinite body [for example, 19]. The stress distribution around a spherical 

cavity, with radius 𝑎, under remote stress 𝜎0 in z-direction is 

𝜎𝑧(𝑟 ) = 𝜎𝑜 [1 +
(4−5𝜈)𝑎3

2(7−5𝜈)𝑟3 +
9𝑎5

2(7−5𝜈)𝑟5]   (7) 

The maximum stress occurs on the periphery of the spherical cavity at the xy-

plane (𝜈 = 0.3) 

𝜎𝑧,𝑚𝑎𝑥 =  𝜎𝑧(𝑟 = 𝑎)  = 45𝜎0 22⁄ ≈ 2𝜎0.  (8) 

 

 

Figure 7. A spherical cavity in an infinite body. 
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2.4 A Penny-shaped Crack in an Infinite Body 
 

In engineering materials, naturally occurring cavities or inclusions cannot always be 

regarded as spherical inclusions. In fact, usually the shape of inclusions is far from 

spherical or ellipsoidal shape. The stress concentration is arbitrarily shaped inclusion is 

difficult to determine, but luckily it has been proved that stress concentration is not the 

crucial factor which controls the fatigue limit. In practice, it is more important to find 

the shape of the internal crack or inclusion in the plane perpendicular to maximum 

tensile stress and approximate the exact size of the inclusion by enveloping the exact 

shape by a smooth contour as was shown in Fig. 4. [16]. 

One of the exact solutions for three-dimensional problems has been obtained for so-

called penny-shaped crack by Sneddon [20] (Fig. 6). When a spherical cavity is 

flattened to xy-plane it forms a penny-shaped crack. 

The stress distribution around the penny-shaped crack in z-direction is 

𝜎𝑧(𝑟) =  
2𝜎0

𝜋
[

𝑎

√𝑟2−𝑎2
− sin−1 (

𝑎

𝑟
)] , 𝑟 > 𝑎   (9) 

It should be noted that when 𝑟 = 𝑎, the elastic stress will become infinite.  

 

 

Figure 8. A penny-shaped crack in an infinite body. 
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2.5 The Difference between Two- and Three -dimensional Stress 

States 
 

Equations (3.4) and (7) show that stress level is always higher in two-dimensional case 

than in three-dimensional case. Away from the hole, the stress decays in the order of 

𝑟−2 in two-dimensional cases and in order of  𝑟−3 in three-dimensional cases. This is 

very important from the view point of interaction effect. If two-dimensional solutions 

are applied in three-dimensional problems, the result will be over-conservative. 

Therefore, it is important to improve the accuracy of three-dimensional stress analyses 

and to obtain practical solutions which are applicable to various problems. [2]. 

However, if multiple cracks and/or semi-infinite solids are involved, the three-

dimensional stress analysis can become very complicated [8]. Anyway, considering the 

difference in stress decay in two- and three-dimensional problems has an advantage; the 

accuracy of the three-dimensional analysis can be verified by comparing the values with 

two-dimensional ones. This can be done by flattering the three-dimensional crack by 

changing the aspect ratio and confirming the stress intensity factors increase and 

approach smoothly two-dimensional values.  

 

2.6 Two Interacting Circular Holes in an Infinite Plate 
 

Engineering materials include multiple naturally occurring irregularities and defects. 

Therefore, it is important to investigate the locations of these defects and its influence 

on fatigue strength. For example, if an internal crack is located very close to the free 

surface, it is more detrimental to fatigue strength than similar defect which is farther 

from the free surface. Moreover, surface irregularities may have significant effect to 

fatigue strength, especially if these irregularities are in the vicinity of each other’s and 

they begin to interact.  

When two circular holes, with radius 𝑟 = 0.5𝑎, exist close in distance with each other, 

the stress distribution between the holes does not remain the same since the holes 

interact (Fig. 9). The magnitude of interaction effect depends on the shape of the holes 

and the distance (2b in Fig. 9) between them. [15]. When 𝑏/𝑎 = 1 , the two holes 

together can be considered as an ellipse with semi-axes 0.5𝑎 and 𝑐 = 𝑎. In such a case, 

the stress concentration at the point A can be derived from (4) [17] 

𝜎𝑦,𝑚𝑎𝑥 = 𝐾𝑡,𝐴 = 1 + 2√
𝑡

𝜌
       (10) 
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where 𝜌 is the notch root radius (𝜌 = 𝑎2 𝑐⁄ ) and t = c (In general, t is the half length 

of the major axis). It is interesting to notice that 𝜎𝑥 at the point C is constant, 

𝜎𝑥,𝐶 = −𝜎0 , regardless of the aspect ratio 𝑎/𝑐. 

 

 

 

Figure 9 Interacting circular holes under tension in an infinite plate. 𝝈𝟎
′  is the nominal stress at point B. [16]. 

 

2.7 Two Collinear Cracks 
 

Exact stress intensity factor solutions for two similar collinear cracks (Fig. 10) can be 

obtained using stress function. These solutions were first proposed by Erdogan [21, 7]. 

 

Figure 10. Two collinear cracks. 
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Stress intensity factor is defined as 

𝐾І = 𝐹І𝜎√𝜋𝑎,        (11) 

where dimensionless stress intensity factors are as follows 

  𝐹І,𝐴 =
𝑑+2𝑎

4𝑎
(

𝑑+2𝑎

𝑑
)

1/2

[1 −
𝐸(𝑘)

𝐾(𝑘)
]     (12) 

𝐹І,𝐵 =
𝑑−2𝑎

4𝑎
(

𝑑−2𝑎

𝑑
)

1/2

[(
𝑑+2𝑎

𝑑−2𝑎
)

2 𝐸(𝑘)

𝐾(𝑘)
− 1].   (13) 

In (12) and (13) parameters 𝐾(𝑘) and 𝐸(𝑘) are complete elliptical integrals of first and 

second kind, respectively 

𝑘 = [1 − (
𝑑−2𝑎

𝑑+2𝑎
)

2

]
1/2

      (14) 

𝐾(𝑘) = ∫ (1 − 𝑘2𝑠𝑖𝑛2𝜃)−1/2𝑑𝜃
𝜋/2

0
     (15) 

𝐸(𝑘) = ∫ (1 − 𝑘2𝑠𝑖𝑛2𝜃)1/2𝑑𝜃
𝜋/2

0
.    (16) 

Stress intensity factors for two dissimilar collinear surface cracks are given in [22] 

𝐾І = 𝐹І𝜎√𝜋𝑎,       (17) 

where dimensionless stress intensity factors are as follows 

𝐹І,𝐵 =
√(𝑑−𝑎+𝑏)(𝑑−𝑎−𝑏)

2𝑎
[(

𝑑+𝑎−𝑏

𝑑−𝑎−𝑏
)

𝐸(𝑘)

𝐾(𝑘)
− 1]    (18) 

𝑘 = [1 −
𝑑2−(𝑎+𝑏)2

𝑑2−(𝑎−𝑏)2
]

1/2

      (19) 

𝐾(𝑘) = ∫ (1 − 𝑘2𝑠𝑖𝑛2𝜃)−1/2𝑑𝜃
𝜋/2

0
     (20) 

𝐸(𝑘) = ∫ (1 − 𝑘2𝑠𝑖𝑛2𝜃)1/2𝑑𝜃
𝜋/2

0
     (21) 

Since stress distributions are more complicated in three-dimensional problems, 

numerical methods are needed in three-dimensional stress analysis [8]. Thus, in this 

study three-dimensional interacting crack problems (Fig. 11) are solved using the Body 

Force Method [11]. 
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Figure 11. Three-dimensional surface cracks. 
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3 Modelling of Three-dimensional Cracks by the Body 

Force Method 
 

Solutions for elastic problems can be classified under three methods, one of which is the 

Body Force Method. The procedures are summarized below [23].  

Conditions which must be satisfied: 

 (a) Equilibrium condition 

 (b) Compatibility condition 

 (c) Boundary condition 

Method 1: Start from displacement function u  

 (b) is satisfied 

 Express (a) by u 

 Determine the function u so that satisfy (c) 

Method 2: Start from stress function 𝜑 

 (a) is satisfied 

 Express (b) by 𝜑 

 Determine the function 𝜑 so that it satisfy (c) 

Method 3 (Body Force Method): Start from point force solution 

 (a) and (b) are satisfied 

 Superpose point forces 

 Determine the distribution of point forces so that it satisfy (c) 

The idea for the Body Force Method can be considered first indirectly suggested by 

Eshelby [24] about ten years before it was finally established by Nisitani [11]. Eshelby 

defined a transformation problem (Fig.12) as follows: 

“A region (the “inclusion”) in an infinite homogeneous isotropic elastic medium 

undergoes a change of shape and size which, but for a constraint imposed by its 

surroundings (the “matrix”), would be an arbitrary homogeneous strain. What is the 

elastic state of inclusion and matrix?” 

Then, Eshelby gave the fundamental solution for the problem: 

“We shall solve this problem with the help of a simple set of imaginary cutting, 

straining and welding operations. Cut round the region which is not the transform and 

remove it from the matrix. Allow the unconstrained transformation to take place. Apply 
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surface tractions chosen so as to restore the region to its original form, put it back in 

the hole in the matrix and rejoin the material across the cut. The stress is now zero in 

the matrix and has a known constant value in the inclusion. The applied surface 

tractions have become built in as a layer of body force spread over the interface 

between the matrix and inclusion. To complete the solution this unwanted layer is 

removed by applying an equal and opposite layer of body force; the additional elastic 

field thus introduced is found by integration from the expression for the elastic field of a 

point force.” 

 

Figure 12. Schematic figure of Eshelby’s transformation problem. 

 

3.1 The Principle of the Body Force Method 
 

The Body Force Method was originally proposed by Nisitani in 1967 [11]. The method 

has been mainly applied to elastostatic problems for determining the stress 

concentration factors of notches and stress intensity factors of cracks. [8, 23]. Since the 

elastic fields are superimposable, the elastic field under investigation can be expressed 

by superposing some specific known elastic fields. The Body Force Method is directly 

based on this superposition principle. In the Body Force Method, some elastic fields 

which can be written in a closed form are superposed with some unknown weight-

magnitudes (Fig.13). 

 

Figure 13. The principle of the Body Force Method. 

If a given boundary condition is satisfied by adjusting the unknowns, the superposed 

elastic field is the unique solution of the elastic problem. The Body Force Method uses 

the elastic fields due to a point force and/or discrepancy as the known specific elastic 

fields. By use of these fundamental solutions, the elastic field under investigation is 
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treated as if it exists in such an infinite body, where the point forces and/or 

discrepancies are distributed along the imaginary boundary. The imaginary boundary is 

a surface imagined in the infinite body which stands for the prospective boundary for 

the given problem in the infinite body. 

A crack can be regarded as a distribution of discrepancies. Therefore, the Body Force 

Method can be also used to analyze crack problems, by means of simulating crack by 

the stress due to discrepancies distributed on an imaginary crack surface in an elastic 

body without a crack. In body force method, force doublets are used instead of 

discrepancies, because the discrepancy can be caused by force doublets (Fig. 14).  

 

Figure 14. The superposition principle applied in the Body Force Method. 

In practice, instead of meshing entire element, only imaginary crack is divided into 

finite number of elements (Fig. 15) [8, 23]. This is one of the advantages of the Body 

Force Method, since nothing must be assumed about the body. Thus, the infinite body 

can be assumed directly, which is not exactly possible when using for example the 

Finite Element Method. 

 

Figure 15. Meshing of a crack. 

However, after meshing the crack the unknown densities are assumed to be constant in 

the each element. This means, the real density distribution of force doublets is 
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approximated by stepwise distribution. In such a case, the boundary conditions can be 

absolutely satisfied only at a finite number of points. Therefore, it is convenient to force 

the boundary conditions to be satisfied in the mass center of each element. After 

numerical calculation of boundary integrals, obtained values can be combined to linear 

system of algebraic equations, from which densities can be finally obtained.  

Singularities at the crack tip and at certain points during the integration procedure 

increase the difficulties in the Body Force Method. Densities of force doublets should 

have the same singularity as the simulated stress field at the crack tip. The stepwise 

approximation does not give the stress field very close to the crack tip with sufficient 

accuracy. Moreover, the accuracy is not able to be improved using more parameters per 

element i.e. if densities are approximated linear, quadratic or higher order. Thus, in 

order to analyze the stresses at the crack tip with reasonable accuracy, in the Body 

Force Method, it is convenient to express the unknown densities of force doublets as a 

product of basic density functions and unknown weight functions (Fig. 13). [23]. 

Hence, in numerical analysis, the unknowns are discretized values of the weight 

functions, instead of the densities of the force doublets themselves. Since the 

singularities at the crack tip are expressed by the basic density functions, the variations 

in the unknown weight functions are then relatively small even in the vicinity of the 

crack tip. Therefore, finite number of discretized values is needed and the final values at 

the crack tip can be obtained using extrapolation (Appendix 1). 

 

3.2 Derivation of the Body Force Matrix 
 

The derivation of the body force matrix has been explained in detail in [8] as follows. 

Consider an infinite body with an ellipsoidal cavity, which is expressed by the equation  

𝜉2

𝑐2 +
𝜂2

𝑎2 +
𝜁2

𝑏2 = 1, 𝑐 > 𝑎 > 𝑏     (22) 

and fixed Cartesian coordinate system , 𝑥𝑖, i =1,2,3, with base vectors, 𝑒𝑖 and a 

homogeneous elastic half-space 𝑥2 ≥ 0, as shown in the Figure 16.  
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Figure 16. An ellipsoidal cavity in an infinite body and base vectors in homogeneous elastic half-space. 

Let 𝐺𝑖
(𝑝)

(𝑥, 𝜉) be the displacement at point x produced by a unit load applied at point 𝜉 

in the 𝑒𝑝- direction. Let �̅� and 𝜉̅ measure distances parallel to the free surface, i.e.  

�̅� = 𝑥1𝑒1 + 𝑥3𝑒3,          𝜉̅ = 𝜉1𝑒1 + 𝜉3𝑒3.     (23) 

It follows from the properties of Green’s function and from the geometry that 

𝐺𝑖
(𝑝)(𝑥, 𝜉) = 𝐺𝑖

(𝑝)
(�̅� − 𝜉̅, 𝑥2, 𝜉2) = 𝐺𝑝

(𝑖)(𝜉, 𝑥).   (24) 

Assume that in the absence of any cracks, the half-space is under the state of 

stress 𝜎33 = 𝜎∞, and all other stress components are zero. If a planar crack S in the 

𝑥1, 𝑥2-plane is then introduced, the state of stress will be disturbed. The final solution 

can be obtained by superposing on the initial state of stress a second stress field which 

results when the crack surfaces are subjected to normal tractions 𝜎33 = −𝜎∞, and no 

other forces are applied. To solve this problem, the crack is replaced by an inclusion 

which occupies the region Ω, and which reduces to the crack S  as its greatest dimension 

measured along the 𝑥3-axis is reduced to zero. The total strain can be written as  

𝜀𝑖𝑗
𝑇 = 𝜀𝑖𝑗 + 𝜀𝑖𝑗

∗ ,     (25) 

where 𝜀𝑖𝑗
∗  is the transformation strain in Ω, and it is identically zero outside of Ω. Since 

no body forces are applied, the equations of equilibrium are  

𝐶𝑜𝑗𝑘𝑙(𝜀𝑘𝑙
𝑇 − 𝜀𝑘𝑙

∗ ),𝑗 = 0,    (26) 

where comma followed by an index denotes partial differentiation, summation 

convention of repeated indices is used and 𝐶𝑜𝑗𝑘𝑙 is the constant elasticity tensor. 

Equation (26) is equivalent to the equilibrium equations when body forces 

−𝐶𝑜𝑗𝑘𝑙𝜀𝑘𝑙,𝑗
∗  are prescribed in Ω. 
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Therefore, the displacement field can be written directly in terms of these body forces 

and Green’s function, as follows: 

𝑢𝑖 = − ∫ 𝐺𝑖
(𝑗)

(𝑥, 𝜉)
𝜕

𝜕𝜉𝑙
[𝐶𝑗𝑙𝑚𝑛𝜀𝑚𝑛

∗ (𝜉)]𝑑𝜉
Ω

= ∫ 𝜎𝑗𝑙
∗

Ω
(𝜉)

𝜕

𝜕𝜉𝑙
𝐺𝑖

(𝑗)
(𝑥, 𝜉)𝑑𝜉,  (27) 

where integration by parts is used, and 

𝜎𝑗𝑙
∗ = 𝐶𝑗𝑙𝑚𝑛𝜀𝑚𝑛

∗      (28) 

is the corresponding transformation stress. 

Since the transformation strains are zero outside of  Ω, the stress field there is given by  

𝜎𝑖𝑗(𝑥) = ∫ 𝜎𝑝𝑙
∗ (𝜉)

𝑑

𝑑𝜉𝑙
𝑆𝑖𝑗

(𝑝)(𝑥, 𝜉)𝑑𝜉
Ω

     (29) 

where 

𝑆𝑖𝑗
(𝑝)(𝑥, 𝜉) = 𝐶𝑖𝑗𝑚𝑛

𝑑

𝑑𝑥𝑛
𝐺𝑚

(𝑝)(𝑥, 𝜉)     (30) 

is the stress field due to a unit load applied in the 𝑒𝑝-direction at point 𝜉. 

Denote by 2𝑎3  the maximum dimension of Ω measured in the 𝑥3-direction. We now 

seek to obtain the limiting expression for (29), as 𝑎3 → 0 and Ω → 𝑆, i.e. as the 

inclusion reduces to the planar crack normal to the 𝑥3-direction.  

To this end, first observe that if S is an elliptical crack in an infinitely extended solid, 

and when 𝜎∞ is constant, then the transformation strains 𝜀𝑖𝑗
∗  and therefore the 

corresponding stresses 𝜎𝑖𝑗
∗ , will be constants. [24]. Since only the opening mode in the 

𝑒3-direction is involved, 𝜀33 
∗ is the only relevant transformation strain. Let the distance 

to the crack faces measured along the 𝑥3-direction be given by 

𝑤 = ∓𝑔(𝜉̅),          𝜉̅ = 𝜉1𝑒1 + 𝜉2𝑒2    (31) 

where, for the elliptical crack in an infinitely extended homogeneous elastic solid, under 

the uniform stresses at infinity, 𝑔 = 𝑎3 (1 −
𝜉1

2

𝑎1
2 −

𝜉2
2

𝑎2
2)

1/2

. Following this case, we 

observe that  

𝑏(𝜉̅) = ∫ 𝜀33
∗ (𝜉)𝑑𝜉3 = 𝜀33

∗ ∫ 𝑑𝜉3 = 2𝜀33
∗ 𝑔(𝜉̅)

+𝑔

−𝑔
.

+𝑔

−𝑔
  (32) 

In the general case when 𝜎∞ is not uniform, or S is not elliptical, and the half-space is 

involved, 𝜀33
∗  will not be constant. Moreover, the function w defined by Eq. (31) will 

not correspond to an ellipsoid. Nevertheless, one can introduce a quantity 
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𝑏(𝜉̅) = ∫ 𝜀33
∗ (𝜉)𝑑𝜉3

+𝑔

−𝑔
    (33) 

and observe that, for isotropic elasticity with 𝜇 and 𝜈 as shear modulus and Poisson’s 

ratio, Eq. (27) yields 

𝜎33
∗ (𝜉̅) =

2𝜇(1−𝜈)

1−2𝜈
𝑏(𝜉̅),       �̅�33

∗ = ∫ 𝜎33
∗+𝑔

−𝑔
(𝜉)𝑑𝜉3   (34) 

for the opening mode. 

The integral (28) then reduces to 

𝜎𝑖𝑗(𝑥) =
2𝜇(1−𝜈)

1−2𝜈
∫ 𝑏(𝜉̅)𝑆𝑖𝑗 (𝑥, 𝜉̅)𝑑𝜉1𝑑𝜉2𝑆

    (35) 

where  

𝑆𝑖𝑗 (𝑥, 𝜉̅) = [
𝜕

𝜕𝜉3
𝑆𝑖𝑗

(3)
(𝑋, 𝜉)]

𝜉3=0
    (36) 

In (35) the kernel 𝑆𝑖𝑗 can be calculated in terms of Greens function (30) explicitly for 

unbounded medium, as well as for the half-space. Therefore, the unknown function 

𝑏(𝜉̅) can be computed numerically from the traction-free condition 

𝜎33(�̅�) + 𝜎∞ = 0,   �̅� on 𝑆,      (37) 

where, as in (31), 

�̅� = 𝑥1𝑒1 + 𝑥2𝑒2     (38) 

As an example, consider a single elliptical crack normal to the 𝑥3-direction in an 

unbounded elastic solid carrying uniform normal traction  𝜎33 = 𝜎∞ at infinity. The 

solution of this problem has been given by Irwin [25]. In this case, the relevant Green’s 

function 𝑆33(𝑥, 𝜉) is calculated from the general expression for an isotropic infinitely 

extended solid, 

𝑆𝑖𝑗
(𝑝)(𝑥, 𝜉) = 𝑆𝑖𝑗

(𝑝)(𝑥 − 𝜉) =
−1

8𝜋(1−𝜈)
{(1 − 2𝜈)

𝛿𝑖𝑝𝑟𝑗+𝛿𝑗𝑝𝑟𝑖−𝛿𝑖𝑗𝑟𝑝

𝑟3 + 3
𝛿𝑖𝛿𝑗𝛿𝑝

𝑟5 } (39) 

where 

𝑟𝑖 = (𝑥𝑖 − 𝜉𝑖), 𝑟 = ∑(𝑟𝑖𝑟𝑖)
1/2    (40) 

Hence, from (36) 

𝑆33 =
1−2𝜈

8𝜋(1−𝜈)

1

𝑟3 ,   𝑟1
2 = (𝑥1 − 𝜉1)2 + (𝑥2 − 𝜉2)2,  (41) 

and therefore, from (35) 
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𝜎33(�̂�) =
𝜇

4𝜋
∫ 𝑏(𝜉)

𝑑𝜉1𝑑𝜉2

𝑟1
3𝑆

.     (42) 

When the tractions are uniform, the crack opening forms an ellipsoid [24] and  

𝑏(𝜉) = 𝐵 [1 −
𝜉1

2

𝑎1
2 −

𝜉2
2

𝑎2
2]

1

2
     (43) 

where 𝐵 = 2𝜀33
∗ 𝑎3 is constant. Hence,  

𝜎33 = −𝜎∞ = constant =
𝜇𝐵

4𝜋
∫ [1 −

𝜉1
2

𝑎1
2 −

𝜉2
2

𝑎2
2]

1

2 𝑑𝜉1𝑑𝜉2

𝑟1
3𝑆

  (44) 

which yields to constant B, 

𝐵 =
2𝜎∞𝑎2

𝜇𝐸(𝑘)
,      (45) 

where    𝐸(𝑘) = ∫ (1 −
𝑎1

2−𝑎2
1

𝑎1
2 𝑠𝑖𝑛2𝜃) 𝑑𝜃.

𝜋/2

0
     (46) 

It follows that  

𝜎33(�̂�) =
𝜎∞𝑎2

2𝜋𝐸(𝑘)
∫ [1 −

𝜉1
2

𝑎1
2 −

𝜉2
2

𝑎2
2]

1

2 𝑑𝜉1𝑑𝜉2

𝑟1
3𝑆

    (47) 

The stress intensity factor is then given by 

𝐾𝐼 =
𝜎∞(𝑎2𝜋)1/2

𝐸(𝑘)
[

𝑠𝑖𝑛2𝜃+
𝑎2

4

𝑎1
4𝑐𝑜𝑠2𝜃

𝑠𝑖𝑛2𝜃+
𝑎2

2

𝑎1
2𝑐𝑜𝑠2𝜃

]

1/4

   (48) 

𝜃 = 𝑡𝑎𝑛−1 (
𝑥2

𝑥1
),       

𝑥1
2

𝑎1
2 +

𝑥2
2

𝑎2
2 = 1.    (49) 

 

3.2 Semi-elliptical Cracks in Half-space 
 

Consider two semi-elliptical cracks in the 𝑥1, 𝑥2 −plane (Fig. 17), where uniform 

normal stress 𝜎33 = 𝜎0 is applied at infinity.  
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Figure 17. Two semi-elliptical cracks in half-space. 

Hence, only the crack opening mode is involved, and therefore, Eq. (35) applies, where 

S denotes the union of two semi-elliptical cracks. The required Green’s function can be 

obtained from (36) and from the expression of 𝑆33
(3)

(𝑥, 𝜉) which is the normal stress at 

point 𝑥 transmitted across the 𝑥1, 𝑥2 −plane and caused by a unit load applied at point 𝜉 

in the 𝑒3-direction. This expression is given by Mindlin [26] 

𝑆33
(3)

=
𝑥3−𝜉3

8𝜋(1−𝜈)
{−

1−2𝜈

𝑅1
3 +

(1−2𝜈)(5−4𝜈)

𝑅2
5 −

3(𝑥3−𝜉3)2

𝑅1
5 −

3(3−4𝜈)(𝑥3−𝜉3)2

𝑅2
5 −

4(1−𝜈)(1−2𝜈)

𝑅2(𝑅2+𝑥2+𝜉2)2 [3 −

(𝑥3−𝜉3)2(3𝑅2+𝑥2+𝜉2)

𝑅2
2(𝑅2+𝑥2+𝜉2)

] +
6𝜉2

𝑅2
5 [3𝜉2 − (3 − 2𝜈)(𝑥2 + 𝜉2) +

5𝑥2(𝑥3−𝜉3)2

𝑅2
2 ]}   (50) 

𝑅1
2 = (𝑥𝑖 − 𝜉𝑖)(𝑥𝑖 − 𝜉𝑖),   𝑅2

2 = (𝑥1 − 𝜉1)2 + (𝑥2 + 𝜉2)2 + (𝑥3 − 𝜉3)2.  (51) 

From (36) and (50) it follows that 

𝑆33(�̂�, 𝜉) = [
𝜕

𝜕𝜉3
𝑆33

(3)
(𝑥, 𝜉)]

𝑥3=𝜉3=0
=

1−2𝜈

1−𝜈

1

8𝜋
{

1

𝑟1
3 + �̂�(�̂�, 𝜉)},  (52) 

where  

�̂�(�̂�, 𝜉) = −
5−4𝜈

𝑟2
3 +

12(1−𝜈)

𝑟2(𝑟2+𝑥2+𝜉2)2 −
6𝜉2

(1−2𝜈)𝑟2
5 [3𝜉2 − (3 − 2𝜈)(𝑥2 + 𝜉2)] (53) 

𝑟1
2 = (𝑥1 − 𝜉1)2 + (𝑥2 − 𝜉2)2, 𝑟2

2 = (𝑥1 − 𝜉1)2 + (𝑥2 + 𝜉2)2  (54) 

Note that in (53) the term �̂�(�̂�, 𝜉) represents the effect of the free surface and is 

nonsingular. It is convenient to introduce  

𝜇𝑏(𝜉) = 2
𝑎2

𝐸(𝑘)
𝑓(𝜉) [1 −

𝜉1
2

𝑎1
2 −

𝜉2
2

𝑎2
2]

1

2
,    (55) 
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and obtain from (35) 

 

𝜎33(�̂�) =
𝑎2

2𝜋𝐸(𝑘)
∫ 𝑓(𝜉) [1 −

𝜉1
2

𝑎1
2 −

𝜉2
2

𝑎2
2]

1

2
{

1

𝑟1
3 + �̂�(�̂�, 𝜉)}

𝑆
 𝑑𝜉1𝑑𝜉2 (56) 

where, when performing the integrals, the origin of the coordinate system is placed at 

the center of the corresponding semi-ellipse. Observe that (56) reduces to (47) when an 

infinitely extended medium containing an elliptical crack is considered, and 𝜎∞ = 1. In 

that case, 𝑓(𝜉) = 1. In general, the weighting function 𝑓(𝜉) will be a variable which 

must be determined from the stress-free condition, 

𝜎33(�̂�) + 𝜎∞(�̂�) = 0,   �̂� on 𝑆,    (57) 

and this requires numerical calculations. 

 

3.3 The Numerical Procedure 
 

Within the context of three-dimensional linear elasticity, the nature of singularity close 

to a free surface at the tip of a surface crack depends on the value of the Poisson’s ratio. 

However, experiments [27, 28] suggest that this may not be very crucial compared with, 

for example, the differences in the state of stress, i.e. plane stress or plane strain. In 

practice, a through-crack is often regarded as either plane stress or plane strain, 

depending on the thickness of the plate, even though, a three-dimensional problem in 

linear elasticity is involved, where the state of stress is near plane strain in the interior 

and plane stress close to the free surface. In fact, the changes in the nature of singularity 

close to the free surface introduced by the Poisson’s ratio effect for plane stress 

problems, is generally ignored in practice. 

In view of the above remarks, we shall ignore the Poisson effect close to the free 

boundary and present numerical results for zero Poisson ratio only. In addition, the 

usual definition of the stress intensity factor does not apply if Poisson’s ratio is non-zero 

[8, 29]. We shall now seek to satisfy the stress-free condition (57) approximately by 

dividing S into a finite number, N, subregions, 𝐴𝛼 , 𝛼 = 1,2, … , 𝑁, and enforce (57) to 

hold at the (mass) center of each subregion.  To this end, let the unknown function 

𝑓(𝜉) be ragerded as constant over each subregion, and denote its value on the typical 

subregion 𝐴𝛼 by 𝑓𝛼. Then (56) can be written as 

𝜎33(�̂�𝛼) ≈ ∑ 𝑅𝛼𝛽𝑓𝛽 ,𝑁
𝛽=1      (58) 

where  



23 
 

𝑅𝛼𝛽 =
𝑎2

2𝜋𝐸(𝑘)
∫ [1 −

𝜉1
2

𝑎1
2 −

𝜉2
2

𝑎2
2]

1

2
{

1

𝑟1
3 + �̂�(�̂�, 𝜉)}

𝐴𝛽
 𝑑𝜉1𝑑𝜉2,  (59) 

where  

𝑟1
2 = (𝑥1

𝛼 − 𝜉1 )2 + (𝑥2
𝛼 − 𝜉2)2,     (60) 

and �̂�𝛼 is the position vector of the center point of subregion 𝐴𝛼 . 

In (58) integrations are performed numerically. For terms associated with 𝛼 ≠ 𝛽, 

Gaussian numerical double integration can be used directly. When 𝛼 = 𝛽, the term 

associated with 𝑟−3 has a singularity and this requires special consideration. As 

observed by Nisitani and Murakami [10] the singular part can be evaluated indirectly in 

terms of the values of the integral associated with 𝛼 = 𝛽, as follows. Let 

𝐼0 =
𝑎2

2𝜋𝐸(𝑘)
∫ [1 −

𝜉1
2

𝑎1
2 −

𝜉2
2

𝑎2
2]

1

2 𝑑𝜉1𝑑𝜉2

𝑟1
3  ,    (61) 

where integration is taken over the entire corresponding semi-ellipse. Now, if this semi-

ellipse is divided into 𝑁1 subregions, then the corresponding term 𝑅𝛼𝛼can be estimated 

from  

𝑅𝛼𝛼 = 𝐼0 − ∑
𝑎2

2𝜋𝐸(𝑘)
∫ [1 −

𝜉1
2

𝑎1
2 −

𝜉2
2

𝑎2
2]

1

2 𝑑𝜉1𝑑𝜉2

𝑟1
3𝐴𝛽

𝑁1
𝛽=1,𝛽≠𝛼     

+
𝑎2

2𝜋𝐸(𝑘)
∫ [1 −

𝜉1
2

𝑎1
2 −

𝜉2
2

𝑎2
2]

1

2
�̂�(�̂�𝛼, 𝜉)𝑑𝜉1𝑑𝜉2.

𝐴𝛼
    (62) 

For numerical calculations it is convenient to map the semi-elliptical regions into semi-

circular regions, as shown in Fig. 18, and then divide the semi-circular regions into 

subregions using concentric circles and radial lines.  

 

Figure 18. Semi-elliptical crack mapped into semi-circular crack and meshing. 

Each annular region formed between two concentric circles is divided into an odd 

number of blocks, in such manner that the first circle provides one, the first annular 

section provides three, the second provides five etc. blocks. The odd number of blocks 
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is used in order to estimate the stress intensity factors at the deepest points. Semi-

elliptical cracks can be easily mapped into semi-circles and meshed as shown. However, 

arbitrarily shaped cracks should be meshed in different manner using triangular 

elements. This is because any domain can always be expressed using triangular 

subdomains [14]. 

The numerical calculations were carried out using MATLAB software (version 

R2013b). The principle of the code is shown in Fig. 19 and explained as follows: 

1. Required parameters are defined, semi-ellipses are mapped into semi-circles and 

meshed. 

2. The first loop goes through all α-blocks, i.e. the blocks, at the center of which 

the boundary conditions are satisfied.  

3. The second loop is a nested loop of the first loop. It fixes one α-block at the time 

and then performs the integrals by going through all β-blocks, i.e. the blocks, 

where the integrals are performed. For integrations, the Eq. (59) is divided into 

two parts: R-term is associated with the term including singular term 𝑟−3 and 

nonsingular S-term considers the effect of the free surface. S- and R -terms are 

integrated separately. If the α-block and the β-block are the same, corresponding 

member is replaced temporarily by zero in R-matrix. At this end, a complete S-

matrix and R-matrix with zeroes at the diagonal are obtained. Finally, the 

diagonal terms in R-matrix are calculated using Eq. (62). In the Fig. 19, the term 

∑ 𝑎𝑟𝑖 refers all the members at the corresponding row in R-matrix.  

4. S- and R -matrices are summed together and the 𝑄-matrix is obtained. Then, the 

second loop is repeated three more times as there are four combinations for α- 

and β-blocks locations, i.e. 𝑄𝛼𝛽 = 𝑄11 or 𝑄12 or 𝑄21 or 𝑄22, where the indices 

indicate the number of an ellipse.  

5. Next, obtained 𝑄-matrices are summed together, i.e. 𝑄1 = 𝑄11 + 𝑄12 and 

𝑄2 = 𝑄21 + 𝑄22. Then, 𝑄-matrices are multiplied with an unknown density 

vector {𝐷} and set equal with the boundary condition vectors {𝜎}. Finally, the 

densities can be obtained by solving the linear systems of equations. After 

extrapolating (Appendix 1) the densities to the crack boundaries, final values are 

obtained. 
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Figure 19. MATLAB code principle. 
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4 Results  
 

4.1 Verification of the Analysis 
 

The accuracy of the analysis was verified by comparing obtained dimensionless stress 

intensity factor solutions with two-dimensional ones. As was discussed in Chapter 2.5, 

three-dimensional values are always smaller than two-dimensional values. Hence, the 

accuracy can be regarded sufficient, if three-dimensional values increase and approach 

smoothly two-dimensional values. It is well-known that when a/c increases, the 

dimensionless stress intensity factors at points A and B approach 1.0, which is the value 

for two-dimensional internal crack (Griffith crack), see Fig. 20. As shown in Fig. 21, 

when a/c approaches to zero, the dimensionless stress intensity factor at the deepest 

point C approach 1.12 [30] for an edge crack. Moreover, as shown in Fig. 22, 

dimensionless stress intensity factors are confirmed to approach corresponding two-

dimensional ones [21] also when interaction effect is involved.  

 

Figure 20. The dimensionless stress intensity factors at the points close to the free surface approach smoothly 

two-dimensional value as aspect ratio c/a decreases. 
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Figure 21. The dimensionless stress intensity factor at the deepest point approach smoothly two-dimensional 

value 1.12 [30] as the aspect ratio a/c decreases. 

 

 

Figure 22. The dimensionless stress intensity factors approach two-dimensional values [21] in the cases when 

interaction effect is involved as well.  

Furthermore dimensionless stress intensity factors for individual cracks obtained in this 

study were compared with already existing solutions [8, 10]; see Table 1 in Chapter 4.2. 
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The difference between these results was less than 5% in all cases. The accuracy can be 

improved by increasing mesh size. However, since the solutions converged very 

effectively with mesh sizes from 25 up to 144 already, it may not be necessary to 

increase the mesh size enormously. Increase in mesh size does not only increase 

computational time but also may cause numerical problems and decrease in accuracy, if 

the integrals are performed in the close vicinity of the free surface or crack front. 

However, as discussed in Chapter 3.1, since the difference in unknown weight-

magnitudes is relatively small compared to actual stress distributions, the extrapolation 

method (Appendix 1) can be considered to give accurate solutions without obtaining the 

values very close to the free surface or crack front directly. All the exact solutions are 

presented in Appendix 2. In addition, in order to validate the method to be appropriate 

for problems with various loading conditions, some bending examples are presented in 

Appendix 3. Bending loading, or any other non-uniform loading, can be simulated 

easily by changing the boundary conditions.  

 

4.2 Dimensionless Stress Intensity Factor Solutions 
 

The interaction factors for various cases are presented in this chapter. The most 

elucidative interaction factor solutions are plotted against distance between the cracks 

and all exact solutions are presented in Appendix 2. The stress intensity factors can be 

obtained using dimensionless stress intensity factor value from the Table 1 and 

multiplying it by desired interaction factor i.e. 

𝐾 = 𝛾 ∗ 𝐹 ∗ 𝜎0√𝜋𝑎    (63) 

However, it should be noted that the magnitude of the interaction factor does not 

correspond the magnitude of stress intensity factor. This is because stress intensity 

factor is proportional to square root of crack length, √𝑎, and dimensionless stress 

intensity factor F and therefore also interaction factor 𝛾 depend mostly on geometrical 

configuration of the crack(s) and structure. As shown in Table 1, dimensionless stress 

intensity factors at the points A and B increase together with the aspect ratio 𝑎/𝑐. 

When 𝑎/𝑐 = 8, the dimensionless stress intensity factors at the points A and B are 

already very close to two-dimensional values (1.0). On the other hand, when the aspect 

ratio 𝑎/𝑐 decreases, the dimensionless stress intensity factors at the deepest point C 

increase. In addition, the previously known results [10] are also presented in Table 1 for 

comparison. The points and crack geometry are defined in Fig. 23. 
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Figure 23. Definition of points and semi-axes. 

Table 1. Dimensionless stress intensity factors for isolated cracks. In brackets values from [10] are presented 

for comparison, if available. 

𝑎/𝑐 𝐹𝐴 =  𝐹𝐵 𝐹𝐶 

1
8⁄  0.1363 1.041 

1
4⁄  0.2862 (0.2977) 0.9810 (0.9876) 

1
2⁄  0.5087 (0.5072) 0.8375 (0.8441) 

1 0.7299 (0.7281) 0.6529 (0.6352) 

2 0.8725 (0.8765) 0.4443 

4 0.9540 (0.9537) 0.2457 

8 0.9827 (0.9838) 0.1252 

 

 

4.3 Symmetric Cracks 
 

In this chapter, interaction factors for symmetric cracks are presented. The problem is 

sketched in Fig. 24. The distance d between the cracks is expressed using additional 

parameter 𝜆 and crack half-lengths c1 and c2. Shallow (𝑎𝑖 𝑐𝑖⁄ ≤ 1) and deep cracks 

(𝑎𝑖 𝑐𝑖⁄ > 1) are considered separately. 
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Figure 24. Definition of points at which interaction factors were obtained and distance between cracks. 

In Figs. 25-31 interaction factors are plotted against 𝜆 (=
1

𝑑
(𝑐1 + 𝑐2)). Interaction 

factors for symmetrical semi-circular cracks are shown in Fig. 25. It can be seen that 

interaction factors at points 𝐴1 and 𝐵2 increase significantly when distance between the 

cracks decreases. When aspect ratio 𝑎𝑖 𝑐𝑖⁄  decreases (Figs. 26-27) the interaction factors 

decrease in all points, but at the point C, the interaction factor is almost constant. It is 

also observed that for small 𝑎/𝑐 ratio i.e. 𝑎𝑖 𝑐𝑖⁄ = 1/8 in Fig. 28 the interaction factors 

seem to be very small and thus, this case is left out from the following size effect 

investigations. 

 

Figure 25. Interaction factors for symmetrical problem. Interaction factors increase significantly at points A1 

and B2 when the distance between cracks is decreased, meanwhile in other points the interaction effect can be 

considered negligible. 

𝑎𝑖

𝑐𝑖
= 1 

𝑑 = 2𝑐1/𝜆 
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Figure 26. Interaction factors for symmetric shallow cracks: a/c = 1/2. 

 

Figure 27. Interaction factors for symmetric shallow cracks: a/c = 1/4. 

𝑎𝑖

𝑐𝑖
= 1/2 

𝑑 = 2𝑐1/𝜆 

𝑎𝑖

𝑐𝑖
= 1/4 

𝑑 = 2𝑐1/𝜆 
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Figure 28. Interaction factors for symmetric shallow cracks: a/c = 1/8. Interaction factors are close to 1 at 

every point. 

 

Interaction factors for symmetric deep cracks are presented in Figs. 29-31. Interaction 

effect is very important in such cases and has influence on the value of interaction factor 

in all points. Considering for example Fig. 31, stress intensity factor at points 𝐴1 and 𝐵2 

is approximately 20% higher when 𝜆 = 0.8. However, even though the interaction 

factor at the deepest points 𝐶𝑖 is also large, the stress intensity factor remains small. This 

phenomenon is discussed more detailed in Chapter 5.  

 

Figure 29. Interaction factors for symmetric deep cracks: a/c = 2. Interaction factors increase significantly at 

points A1 and B2 when the distance between cracks is decreased. In addition, interaction factors at the deepest 

points (Ci) increase as well. 

𝑎𝑖

𝑐1
= 1/8 

𝑑 = 2𝑐1/𝜆 

𝑎𝑖

𝑐𝑖
= 2 

𝑑 = 2𝑐1/𝜆 



33 
 

 

Figure 30. Interaction factors for symmetric deep cracks: a/c = 4. 

 

Figure 31. Interaction factors for symmetric deep cracks: a/c = 8 

 

4.4 Interaction Factors for Dissimilar Cracks 
 

In this chapter, interaction factors for dissimilar cracks are presented in order to 

investigate the size effect in interaction problems. The aspect ratios (𝑎𝑖 𝑐𝑖)⁄  of the 

cracks were kept equal in all cases, but the size of another crack is increased. From view 

point of fatigue strength, the larger crack is always more detrimental and the stress field 

due to large crack is always more severe in the vicinity of the crack tip. However, even 

though the stress intensity factor itself is larger for the large crack, interaction factors 

are larger for smaller crack without exception. The dissimilar crack problem is sketched 

𝑎𝑖

𝑐𝑖
= 4 

𝑑 = 2𝑐1/𝜆 

𝑎𝑖

𝑐𝑖
= 8 

𝑑 = 2𝑐1/𝜆 
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in Fig. 32. The distance between cracks is expressed with the help of additional 

parameters 𝜆 and 𝜀. The distance between the cracks is then defined by 𝑑 =
1

𝜆
(𝑐1 + 𝑐2) 

or 𝑑 = (1 + 𝜀)𝑐2 + 𝑐1. 

 

 

Figure 32. Interacting dissimilar cracks. Definition of points and the distance between cracks. 

In Fig. 33 interaction factors for different size semi-circular cracks are presented. Even 

when the cracks are very close to each other’s the interaction effect due to smaller crack 

is relatively small. However, the interaction factor at the point 𝐵2 increases significantly 

due to the presence of the larger crack. In addition, also stress intensity factor at the 

point 𝐶2 increase approximately 5%. Anyway, it is important to remember that the 

largest stress intensity factor occurs at the point 𝐴1 due to the size effect.  

 

Figure 33. Interaction factors for dissimilar semi-circular cracks.  

In Figs. 34-35, interaction factors are plotted against additional parameter 𝜀. It is 

interesting to notice that interaction factors are very large at points 𝐴1 and 𝐵2 compared 

with the corresponding symmetric cases (Figs. 26-27). In the Fig. 35, only interaction 

factor at the point 𝐵2 is remarkable and interaction factors at the other points are very 

small. In Figs. 34-35, the largest stress intensity factor occurs at the point 𝐶1 due to the 

𝑎𝑖

𝑐𝑖
= 1,

𝑎1

𝑎2
= 6 

𝑑 = (𝑐2 + 𝑐1)/𝜆 



35 
 

size effect. It should be noted that in the case of shallow cracks the scaling of abscissa is 

different from that of the deep cracks. This is because in the case of shallow cracks the 

interaction effect is much smaller and cracks must be brought closer in order to 

investigate the interaction effect qualitatively.  

 

Figure 34. Interaction factors for dissimilar shallow cracks. The interaction factor at points A1 and B2 is the 

largest meanwhile at other points interaction factors are negligible. 

 

 

Figure 35. Interaction factors for dissimilar shallow cracks. Only interaction factor at point B2 is remarkable.  

In Figs. 36-37 interaction factors are plotted against 𝜀. Different from other cases, now 

interaction factors increase also at the point 𝐴2. Hence, it can be concluded that the 

𝑎𝑖

𝑐𝑖
=

1

2
,
𝑎1

𝑎2
= 6 

𝑑 = (𝑐2 + 𝑐1)/𝜆 

𝑎𝑖

𝑐𝑖
=

1

4
,
𝑎1

𝑎2
= 6 

𝑑 = (𝑐2 + 𝑐1)/𝜆 
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deeper cracks have large effect on interaction factors and when the size effect is 

involved, the changes in stress distribution become even more severe.  

 

Figure 36. Interaction factors for dissimilar deep cracks.  

 

Figure 37. Interaction factors for dissimilar deep cracks.  

 

  

𝑎𝑖

𝑐𝑖
= 2,

𝑎1

𝑎2
= 8 

𝑑 = (𝑐2 + 𝑐1)/𝜆 

𝑎𝑖

𝑐𝑖
= 8,

𝑎1

𝑎2
= 8 

𝑑 = (𝑐2 + 𝑐1)/𝜆 
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5 Discussion 
 

The results obtained in this study seem reasonable and the accuracy of the numerical 

analysis was verified by comparing the dimensionless stress intensity factors with well-

known two-dimensional values (Figs. 20-22). Interaction factors for several crack 

configurations were obtained by taking into account the size effect as well. Most of the 

previously published interaction effect investigations consider two equal cracks. The 

size effect in interacting crack problems has not been studied systematically in the past 

as only examples of particular cases has been published [8]. Based results comparison 

shown in Chapter 4.1 and 4.2 the present results are in good agreement with known 

previously published results.  

The present results for three-dimensional interacting crack problems can be summarized 

as follows. If there is enough space between the two cracks to insert an additional crack 

of the same size as the smaller crack, then 𝐾Ι,𝑚𝑎𝑥 is approximately equal to that for the 

larger crack in isolation. That is, the interaction effect is negligibly small. This finding 

is supported by the previous investigations in [2, 8].  

The present study showed also that the interaction effect seems to decrease together 

with the aspect ratio 𝑎/𝑐. According to Figs. 28 and 34-35, the most of the interaction 

factors are only slightly larger than in isolated crack cases. However, interaction factors 

at point 𝐵2 are remarkably larger than at other points in the cases of shallow cracks. 

Anyway, this should not be crucial since 𝐾Ι,𝑚𝑎𝑥 occurs at point 𝐶1. For example, 

consider the case similar to Fig. 35. i.e.  
𝑎𝑖

𝑐𝑖
=

1

4
 ,

𝑎1

𝑎2
= 6 from which it follows that  𝑐2 =

2

3
𝑎1. If we use for example 𝜀 =

1

8
, we can approximate the interaction factors from the 

Fig. 33 or use the exact values from the Table A2.16. 

 𝛾𝐵2
= 1.2320 

  𝛾𝐶1
= 1.000  

and dimensionless stress intensity factors for isolated cracks from Table 1 

𝐹𝐵2,𝑖𝑠𝑜𝑙𝑎𝑡𝑒𝑑 = 0.2362 

𝐹𝐶1,𝑖𝑠𝑜𝑙𝑎𝑡𝑒𝑑 = 0.9810 
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Figure 38. The definition of points and the distance between cracks. 

 

Stress intensity factors can be easily compared, since crack lengths can be expressed 

using the same parameter utilizing the relationship 𝑐2 =
2

3
𝑎1. 

𝐾Ι,𝐵2
= 𝐹𝐵2,𝑖𝑠𝑜𝑙𝑎𝑡𝑒𝑑 ∗ 𝛾𝐵2

∗ √𝜋𝑐2 = 0.2362 ∗ 1.2320 ∗ √𝜋
2

3
𝑎1 = 0.238√𝜋𝑎1 

𝐾Ι,𝐶1
= 𝐹𝐶1,𝑖𝑠𝑜𝑙𝑎𝑡𝑒𝑑 ∗ 𝛾𝐶1

∗ √𝜋𝑎1 = 0.9810 ∗ 1.0 ∗ √𝜋𝑎1 = 0.981√𝜋𝑎1 

Hence, stress intensity factor at the point 𝐶1 is more than four times higher than stress 

intensity factor at the point 𝐵2. 

In the case of deep cracks ( 𝑎/𝑐 > 1) stress intensity factors are always larger at the 

points close to the free surface. This is natural, since stress intensity factor is 

proportional to crack opening displacement. (The displacements are related to strains, 

which can be converted into stresses using Hooke’s law in elastic problems.) [16] 

𝑢 =
𝐾Ι

2𝐺
√

𝑟

2𝜋
𝑐𝑜𝑠

𝜃

2
(𝜅 − 1 + 2𝑠𝑖𝑛2 𝜃

2
)    (64) 

𝑣 =
𝐾Ι

2𝐺
√

𝑟

2𝜋
𝑠𝑖𝑛

𝜃

2
(𝜅 + 1 − 2𝑐𝑜𝑠2 𝜃

2
)    (65) 

where 𝜅 = {
(3 − 𝜈)/(1 + 𝜈) for plane stress
3 − 4𝜈                   for plane strain 

   and 𝐺 is the shear modulus. 

When the crack gets deeper, the opening at the deepest point (𝐶𝑖) is strongly restricted 

and stress intensity factor approaches zero. The condition is similar in the case of 

shallow cracks, but then opening at the points close to free surface (𝐴𝑖 and 𝐵𝑖) is very 

small. In addition, it seems that crack opening has significant influence on the 

interaction factor. Deep cracks are more open in the vicinity of the neighboring crack, 

but opening of shallow cracks is much more restricted close to neighboring crack. This 

explains the negligible interaction factors for very shallow cracks. Hence, the more the 

crack opens in the vicinity of neighboring crack the more it increases the interaction 

factors of neighboring crack.  
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Since the interaction factors were already very small with aspect ratio 𝑎/𝑐 = 1/4, the 

cases with smaller aspect ratios were left out from this study. Numerical solutions 

converged effectively even when relatively small number of blocks was used. In fact, 

numerical problems often occur close to free surface and at the crack front, since the 

nature of the singularities is different. Therefore, the stress state very close to crack 

front is not able to be obtained accurately. However, the body force densities at the 

crack front and close to free surface were obtained with good accuracy by extrapolating 

neighboring densities to the desired point.  

The Body Force Method has several advantages compared to commercial numerical 

software’s. For instance, entire body must be meshed in Finite Element analyses, which 

results the increase in computational time especially in three-dimensional problems 

[31]. In the Body Force Method the crack is only meshed instead of the entire body, 

which naturally decreases the computational time. In addition, nothing must be assumed 

about the body or about the material. Moreover, various loadings can be considered 

only by changing the boundary conditions. Since the superposition principle is 

applicable in elastic problems, it is possible to solve any arbitrary loading problem 

using the Body Force Method. In this study, uniform tensile load was used and therefore 

boundary conditions were constant. Few solutions with varying boundary conditions 

(bending loading) obtained by the Body Force Method are presented in Appendix 3 as 

an example.  

In this study, the aspect ratios of cracks were kept equal in all combinations. The 

analysis can be extended to consider also cracks with different aspect ratio 

combinations. This problem has been very briefly studied in the past [8]. For example, 

consider two semi-elliptical surface cracks with aspect ratios 
𝑎1

𝑐1
=

𝑐2

𝑎2
 (Fig. 39). It is not 

obvious which stress intensity factor, 𝐾𝐶1
 or 𝐾𝐵2

, should be larger since when 
𝑎1

𝑐1
→ ∞, 

𝐹𝐶1
→ 1.12 and 𝐹𝐵2

increase due to interaction effect and the effect of  free surface.  

 

Figure 39. Two interacting cracks with different aspect ratios. 
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Illustrative results are given in Table 2. The distance between points 𝐴1 and  𝐵2 was 

kept equal in both cases. 

Table 2. Dimensionless stress intensity factor solutions from [8] for two cracks with different aspect ratios. 

𝑎1 𝑐1⁄  𝐹𝐶1
 𝐹𝐵2

 

0.25 0.857 0.925 

0.5 0.996 1.000 

 

Hence, it can be assumed that stress intensity factor at point 𝐵2 is always larger if the 

size effect is not remarkable.  
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6 Conclusions 
 

In this study, the interaction factors for various combinations of semi-elliptical surface 

cracks were obtained numerically. In addition, the size effect was taken into account. In 

practice, when one of the cracks is remarkably larger, it can be considered to control the 

fatigue strength and the effect of much smaller crack can be regarded relatively small. 

The analysis was carried out using the Body Force Method, which is based directly on 

superposition principle which can always be employed in elastic problems. In the Body 

Force Method, imaginary crack is modelled by distributing point forces along the crack 

surface and boundary conditions are forced to be satisfied at the finite number of points. 

Then, fundamental elastic solutions are multiplied by unknown weight-magnitudes and 

point force distributions are integrated over the crack areas and the system of algebraic 

equations is obtained. Unknown weight-magnitudes are then solved from this system of 

equations and unique solutions for elastic problem are obtained.  

Interaction factors were obtained by comparing dimensional stress intensity factors of 

interacting cracks with those of similar individual cracks. The accuracy of the analysis 

was verified by comparing the values with known results and by confirming that the 

dimensionless stress intensity factors increase and approach smoothly two-dimensional 

values by changing the aspect ratio 𝑎 𝑐⁄ . The following conclusion can be made by 

analyzing the interaction factors: if there is enough space between the two cracks to 

insert an additional crack of the same size as the smaller crack, then 𝐾Ι,𝑚𝑎𝑥 is 

approximately equal to that for the larger crack in isolation. That is, the interaction 

effect is negligibly small.  

The interaction effect is severe in the case of deep cracks, i.e. when aspect ratio 

𝑎 𝑐⁄ > 1. The interaction factors are remarkably large especially when size effect is also 

involved and interaction effect can be seen also in the points which are far from another 

crack. However, stress intensity factor is always larger for the larger crack, regardless of 

the magnitude of the interaction factors. On the contrary, in the case of shallow cracks, 

the interaction effect is not very significant. This is because the 𝐾Ι,𝑚𝑎𝑥 occurs at the 

deepest point of the larger crack and interaction factors at those points were very small 

in all cases. Thus, the magnitude of interaction effect seems to be strongly related to 

crack opening in the vicinity of the neighboring crack.  
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7 Future Work  
 

Analytical solutions cannot very often be applied to practice directly. Considering this 

study, it should be noted that elastic stress solutions do not include material coefficients 

or elastic parameters (except Poisson’s ratio, which is often considered to be constant 

for steels, thus, it is not very representative parameter characterizing the material.).  

The behavior of materials subjected to fatigue loading varies. For instance, high-

strength steels are notch-sensitive materials. This implies that increase in stress 

concentration due to interaction may have substantial effect to fatigue strength. 

However, medium- or low-strength steels are not as notch-sensitive as high-strength 

steels. Especially in such low-strength steels, non-propagating cracks are frequently 

reported to exist on the fatigue limit [2, 32]. Condition for non-propagation is 

determined by the competition between material resistance and effective stress intensity 

factor reduced by crack closure as crack grows. The crack closure phenomenon is 

usually explained as follows: As a crack grows in a material, a small region at the tip of 

the crack is stretched plastically and fractured. The plastically stretched material is at 

the surface of the wake of the crack, and prevents opening of the crack even under as 

much as 50% of the maximum tensile applied load [2, 33].  

In small crack problems, one of the representative material parameters is Vickers 

Hardness (HV). In low-strength materials, HV is lower, which implies larger plastic 

zone and stronger closure effect. In addition, the maximum length of non-propagating 

crack is material-dependent. For these reasons, experiments using various materials are 

required to generate the general rule for interaction effect. The non-propagating crack 

problem is illustrated in Fig. 38. Even though the interaction effect is negligible in the 

initial condition, it does not directly mean the interaction effect does not change during 

the fatigue process. 
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Figure 40. Schematic figure of non-propagating cracks, which have appeared after some number of cycles. 

However, this problem is very complicated. Due to crack closure effect, it is possible 

that the effective stress intensity factor decreases enough and remains below the 

threshold value of the material. On the other hand, stress intensity factor increases due 

to interaction effect. Therefore, the general rule for interaction effect considering any 

material is difficult to determine analytically alone. The general rule for interaction 

effect can be finally established by analyzing experimental and analytical results.  
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Appendix 1: Extrapolation Method 
 

Using the body force method, the values of the densities and dimensionless stress 

intensity factors can be obtained at the center point of a certain block. In addition, since 

the number of blocks is finite, the rational extrapolation method is used in order to 

obtain the exact value corresponding to the infinite number of blocks. Even though, 

increasing the number of annular sections, MM, the values approach exact values, the 

accuracy of numerical integral decrease due to points which are very close to singular 

and very small blocks, and computational time increase rapidly as well. 

The final values obtained with extrapolation can be regarded as the exact values. The 

extrapolation is performed by the following two step method for points A and B, and 

using only step 2 for the deepest point, C.  

Step 1. Extrapolation step, after which we have the values at the free surface. 

For certain MM we have the values of the densities for the center points of the blocks 

near the free surface (Fig.A1.1). The values at the surface are obtained by the following 

extrapolation using MM and MM-1. 

𝑓𝑛𝑆 = 𝑓𝑛 +
1

2
(𝑓𝑛 − 𝑓𝑛−1)    (A1.1) 

Since the difference of the values along the crack front is not linear, the extrapolation by 

(A1.1) gives a little underestimated values. However, due to nonlinearity, we use only 

values of two blocks closest to the free surface. 

 

 

Figure A1.1. The body force density at the free surface is obtained by extrapolating the densities of blocks 

close to crack front. 
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Step 2. Extrapolation from finite MM to infinite MM. 

After the values are extrapolated to the free surface, the final extrapolation is performed 

as follows 

𝐹𝐴 = 𝐹𝐴,𝑀𝑀 +
1

𝑀𝑀
1

(𝑀𝑀−1)
−

1

𝑀𝑀

(𝐹𝐴,𝑀𝑀 − 𝐹𝐴,𝑀𝑀−1)  (A1.2) 

Eq. (A1.2) may give an underestimated value as well. However, the concept of 

extrapolation is similar to the Step 1. An example will be shown in the following. For 

the sake of simplicity, only point A is considered in this example. 

 

 

Figure A2.2. semi-elliptical crack with semi-axes a and c and definition of points. 

Consider a semi-elliptical crack with aspect ratio 𝑎 𝑐⁄ = 4 (Fig. A2.2). Extrapolated 

values for Step 1 and 2 and final dimensionless stress intensity factor are shown in 

Table A1.1. 
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Table A1.1. Extrapolated values. 

Step 1, MM=4  

𝑓𝑛 0.9388 

𝑓𝑛−1 0.9334 

Step 1, MM=5  

𝑓𝑛 0.9411 

𝑓𝑛−1 0.9339 

Obtained values after Step 1  

𝐹𝐴,𝑀𝑀 0.9447 

𝐹𝐴,𝑀𝑀−1 0.9416 

Step 2, Final extrapolation  

𝐹𝐴 0.9572 
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Appendix 2: Numerical Values for Interaction Factors 
 

Numerical values obtained in this study are shown Table A2.1-21. The applied 

notations are defined in Chapter 4.4. 

A2.1 Symmetric cracks 

Table A2.1  
𝒂𝒊

𝒄𝒊
= 𝟏  

λ 𝛾𝐴1 = 𝛾𝐵2 𝛾𝐴2 = 𝛾𝐵1 𝛾𝐶1 = 𝛾𝐶2 

0 1.000 1.0000 1.0000 

0.5 1.0075 1.0023 1.0020 

0.667 1.0153 1.0037 1.0031 

0.8 1.1051 1.0073 1.0058 
 

Table A2.2  
𝒂𝒊

𝒄𝒊
= 𝟏/𝟐 

λ 𝛾𝐴1 = 𝛾𝐵2 𝛾𝐴2 = 𝛾𝐵1 𝛾𝐶1 = 𝛾𝐶2 

0 1.0000 1.0000 1.0000 

0.5 1.0210 1.0006 1.0004 

0.667 1.0425 1.0204 1.0007 

0.8 1.0731 1.0399 1.0014 

 

Table A2.3  
𝒂𝒊

𝒄𝒊
= 𝟏/𝟒 

λ 𝛾𝐴1 = 𝛾𝐵2 𝛾𝐴2 = 𝛾𝐵1 𝛾𝐶1 = 𝛾𝐶2 

0 1.0000 1.0000 1.0000 

0.5 1.0440 1.0409 1.0001 

0.667 1.0475 1.0419 1.0001 

0.8 1.0678 1.0430 1.0003 

 

Table A2.4  
𝒂𝒊

𝒄𝒊
= 𝟏/𝟖 

λ 𝛾𝐴1 = 𝛾𝐵2 𝛾𝐴2 = 𝛾𝐵1 𝛾𝐶1 = 𝛾𝐶2 

0 1.0000 1.0000 1.0000 

0.5 1.0007 1.0000 1.0000 

0.667 1.0022 1.0000 1.0000 

0.8 1.0044 1.0000 1.0000 

 

Table A2.5  
𝒂𝒊

𝒄𝒊
= 𝟐 

λ 𝛾𝐴1 = 𝛾𝐵2 𝛾𝐴2 = 𝛾𝐵1 𝛾𝐶1 = 𝛾𝐶2 

0 1.0000 1.0000 1.0000 

0.5 1.0285 1.0246 1.0036 
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0.667 1.0786 1.0372 1.0396 

0.8 1.1732 1.0508 1.1155 

 

Table A2.6   
𝒂𝒊

𝒄𝒊
= 𝟒 

λ 𝛾𝐴1 = 𝛾𝐵2 𝛾𝐴2 = 𝛾𝐵1 𝛾𝐶1 = 𝛾𝐶2 

0 1.0000 1.0000 1.0000 

0.5 1.0371 1.0066 1.0301 

0.667 1.1002 1.0212 1.0977 

0.8 1.1803 1.0341 1.2271 

 

Table A2.7  
𝒂𝒊

𝒄𝒊
= 𝟖 

λ 𝛾𝐴1 = 𝛾𝐵2 𝛾𝐴2 = 𝛾𝐵1 𝛾𝐶1 = 𝛾𝐶2 

0 1.0000 1.0000 1.0000 

0.5 1.0448 1.0099 1.0775 

0.667 1.0705 1.0100 1.1526 

0.8 1.2000 1.0254 1.2420 

 

A2.2 Shallow Cracks 

Table A2.8  
𝒂𝟏

𝒄𝟏
= 𝟐

𝒂𝟐

𝒄𝟐
= 𝟏  

λ 𝛾𝐴1 𝛾𝐵1 𝛾𝐶1 𝛾𝐴2 𝛾𝐵2 𝛾𝐶2 

0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

0.5 1.0062 1.0007 1.0002 1.0048 1.0174 1.0289 

0.667 1.0202 1.0010 1.0035 1.0152 1.0691 1.0308 

0.8 1.0490 1.0012 1.0041 1.0172 1.1140 1.0327 

 

Table A2.9  
𝒂𝟏

𝒄𝟏
= 𝟒

𝒂𝟐

𝒄𝟐
= 𝟏  

λ 𝛾𝐴1 𝛾𝐵1 𝛾𝐶1 𝛾𝐴2 𝛾𝐵2 𝛾𝐶2 

0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

0.5 1.0111 1.0001 1.0000 1.0018 1.0140 1.0322 

0.667 1.0367 1.0058 1.0014 1.0141 1.0756 1.0336 

0.8 1.0629 1.0014 1.0014 1.0151 1.1200 1.0341 

 

Table A2.10  
𝒂𝟏

𝒄𝟏
= 𝟔

𝒂𝟐

𝒄𝟐
= 𝟏  

λ 𝛾𝐴1 𝛾𝐵1 𝛾𝐶1 𝛾𝐴2 𝛾𝐵2 𝛾𝐶2 

0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

0.5 1.0233 1.0000 1.0000 1.0125 1.0278 1.0440 

0.667 1.0474 1.0001 1.0000 1.0132 1.0863 1.0450 

0.8 1.0649 1.0003 1.0000 1.0138 1.1368 1.0458 
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Table A2.3  
𝒂𝟏

𝒄𝟏
= 𝟐

𝒂𝟐

𝒄𝟐
= 𝟏/𝟐  

𝜀 𝛾𝐴1 𝛾𝐵1 𝛾𝐶1 𝛾𝐴2 𝛾𝐵2 𝛾𝐶2 

1 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

3/4 1.0234 1.0000 1.0000 1.0033 1.0159 1.0134 

1/2 1.0898 1.0022 1.0000 1.0034 1.1203 1.0139 

1/4 1.1025 1.0022 1.0001 1.0034 1.1683 1.0143 

 

Table A2.4 
𝒂𝟏

𝒄𝟏
= 𝟒

𝒂𝟐

𝒄𝟐
= 𝟏/𝟐  

𝜀 𝛾𝐴1 𝛾𝐵1 𝛾𝐶1 𝛾𝐴2 𝛾𝐵2 𝛾𝐶2 

1 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

3/4 1.0155 1.0000 1.0000 1.0033 1.0341 1.0133 

1/2 1.0410 1.0022 1.0000 1.0034 1.1297 1.0135 

1/4 1.1162 1.0022 1.0001 1.0048 1.1697 1.0138 

 

Table A2.5  
𝒂𝟏

𝒄𝟏
= 𝟔

𝒂𝟐

𝒄𝟐
= 𝟏/𝟐  

𝜀 𝛾𝐴1 𝛾𝐵1 𝛾𝐶1 𝛾𝐴2 𝛾𝐵2 𝛾𝐶2 

1 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

3/4 1.0170 1.0000 1.0000 1.0033 1.1126 1.0131 

1/2 1.0412 1.0000 1.0000 1.0034 1.1336 1.0133 

1/4 1.1320 1.0000 1.0001 1.0052 1.2094 1.0134 

 

Table A2.6  
𝒂𝟏

𝒄𝟏
= 𝟐

𝒂𝟐

𝒄𝟐
= 𝟏/𝟒  

𝜀 𝛾𝐴1 𝛾𝐵1 𝛾𝐶1 𝛾𝐴2 𝛾𝐵2 𝛾𝐶2 

1 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

3/8 1.0020 1.0000 1.0000 1.0029 1.0859 1.0000 

2/8 1.0053 1.0000 1.0000 1.0029 1.1075 1.0001 

1/8 1.0110 1.0000 1.0001 1.0029 1.1401 1.0066 

 

Table A2.7  
𝒂𝟏

𝒄𝟏
= 𝟒

𝒂𝟐

𝒄𝟐
= 𝟏/𝟒  

𝜀 𝛾𝐴1 𝛾𝐵1 𝛾𝐶1 𝛾𝐴2 𝛾𝐵2 𝛾𝐶2 

1 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

3/8 1.0021 1.0000 1.0000 1.0004 1.1283 1.0000 

2/8 1.0051 1.0000 1.0000 1.0004 1.1499 1.0000 

1/8 1.0093 1.0000 1.0000 1.0004 1.1854 1.0001 

 

  



53 
 

 

Table A2.8  
𝒂𝟏

𝒄𝟏
= 𝟔

𝒂𝟐

𝒄𝟐
= 𝟏/𝟒  

𝜀 𝛾𝐴1 𝛾𝐵1 𝛾𝐶1 𝛾𝐴2 𝛾𝐵2 𝛾𝐶2 

1 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

3/8 1.0021 1.0000 1.0000 1.0077 1.1365 1.0000 

2/8 1.0047 1.0000 1.0000 1.0077 1.2264 1.0001 

1/8 1.0077 1.0000 1.0000 1.0077 1.2320 1.0001 

 

A2.3 Deep Cracks 

Table A2.9  
𝒂𝟏

𝒄𝟏
= 𝟐

𝒂𝟐

𝒄𝟐
= 𝟐  

𝜀 𝛾𝐴1 𝛾𝐵1 𝛾𝐶1 𝛾𝐴2 𝛾𝐵2 𝛾𝐶2 

2 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

3/2 1.0333 1.0077 1.0000 1.0745 1.1075 1.0036 

1 1.0506 1.0201 1.0000 1.0755 1.1162 1.0046 

1/2 1.0765 1.0202 1.0000 1.0761 1.1657 1.0060 

 

Table A2.10 
𝒂𝟏

𝒄𝟏
= 𝟒

𝒂𝟐

𝒄𝟐
= 𝟐 

𝜀 𝛾𝐴1 𝛾𝐵1 𝛾𝐶1 𝛾𝐴2 𝛾𝐵2 𝛾𝐶2 

2 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

3/2 1.0119 1.0005 1.0000 1.0807 1.0958 1.0017 

1 1.0351 1.0014 1.0000 1.0935 1.1150 1.0027 

1/2 1.0597 1.0014 1.0000 1.1020 1.1749 1.0034 

 

Table A2.11  
𝒂𝟏

𝒄𝟏
= 𝟖

𝒂𝟐

𝒄𝟐
= 𝟐  

𝜀 𝛾𝐴1 𝛾𝐵1 𝛾𝐶1 𝛾𝐴2 𝛾𝐵2 𝛾𝐶2 

2 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

3/2 1.0047 1.0004 1.0000 1.0963 1.1135 1.0036 

1 1.0110 1.0004 1.0000 1.1195 1.1280 1.0039 

1/2 1.0116 1.0004 1.0000 1.1317 1.1914 1.0044 

 

Table A2.12  
𝒂𝟏

𝒄𝟏
= 𝟐

𝒂𝟐

𝒄𝟐
= 𝟒  

𝜀 𝛾𝐴1 𝛾𝐵1 𝛾𝐶1 𝛾𝐴2 𝛾𝐵2 𝛾𝐶2 

2 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

3/2 1.0092 1.0007 1.0000 1.0213 1.0248 1.0013 

1 1.0421 1.0072 1.0000 1.0491 1.0639 1.0021 

1/2 1.0841 1.0074 1.0000 1.0889 1.2261 1.0026 
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Table A2.13  
𝒂𝟏

𝒄𝟏
= 𝟒

𝒂𝟐

𝒄𝟐
= 𝟒  

𝜀 𝛾𝐴1 𝛾𝐵1 𝛾𝐶1 𝛾𝐴2 𝛾𝐵2 𝛾𝐶2 

2 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

3/2 1.0061 1.0000 1.0000 1.0384 1.0384 1.0017 

1 1.0557 1.0007 1.0004 1.0735 1.0735 1.0030 

1/2 1.0938 1.0018 1.0004 1.2483 1.2483 1.0039 

 

Table A2.14  
𝒂𝟏

𝒄𝟏
= 𝟖

𝒂𝟐

𝒄𝟐
= 𝟒  

𝜀 𝛾𝐴1 𝛾𝐵1 𝛾𝐶1 𝛾𝐴2 𝛾𝐵2 𝛾𝐶2 

2 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

3/2 1.0011 1.0001 1.0000 1.0407 1.0485 1.0017 

1 1.0122 1.0004 1.0000 1.0741 1.0848 1.0039 

1/2 1.0207 1.0004 1.0000 1.1169 1.2659 1.0099 

 

Table A2.15  
𝒂𝟏

𝒄𝟏
= 𝟐

𝒂𝟐

𝒄𝟐
= 𝟖  

𝜀 𝛾𝐴1 𝛾𝐵1 𝛾𝐶1 𝛾𝐴2 𝛾𝐵2 𝛾𝐶2 

2 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

3/2 1.0107 1.0064 1.0000 1.0288 1.0309 1.0008 

1 1.0256 1.0066 1.0000 1.0372 1.0822 1.0008 

1/2 1.0293 1.0066 1.0000 1.0529 1.1853 1.0016 

 

Table A2.16 
𝒂𝟏

𝒄𝟏
= 𝟒

𝒂𝟐

𝒄𝟐
= 𝟖  

𝜀 𝛾𝐴1 𝛾𝐵1 𝛾𝐶1 𝛾𝐴2 𝛾𝐵2 𝛾𝐶2 

2 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

3/2 1.0059 1.0016 1.0000 1.0293 1.0302 1.0000 

1 1.0261 1.0016 1.0000 1.0296 1.0996 1.0008 

1/2 1.0290 1.0016 1.0000 1.0486 1.1990 1.0008 

 

Table A2.17 
𝒂𝟏

𝒄𝟏
= 𝟖

𝒂𝟐

𝒄𝟐
= 𝟖  

𝜀 𝛾𝐴1 𝛾𝐵1 𝛾𝐶1 𝛾𝐴2 𝛾𝐵2 𝛾𝐶2 

2 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

3/2 1.0049 1.0000 1.0000 1.0306 1.0491 1.0000 

1 1.0131 1.0000 1.0000 1.0468 1.1266 1.0008 

1/2 1.0335 1.0000 1.0000 1.1235 1.2381 1.0098 
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Appendix 3: Cracks under Bending Loading 
 

As mentioned in Chapter 4.3, the Body Force Method can be used to solve for example 

bending problems. Few bending problems, when interaction effect is involved, are 

shown in this Appendix. Consider bending load as shown in Fig. A3.1 

 

Figure A3.1. Semi-elliptical crack under bending. 

 

In the Body Force Method, bending loading can be modelled by changing boundary 

conditions. For example, let   

𝜎(𝑥2) = 𝜎0(1 − 𝑥2 𝑎⁄ ),     (A3.1) 

thus, the corresponding boundary conditions are 

𝜎(𝑥2
𝛼) = 𝜎0(1 − 𝑥2

𝛼 𝑎⁄ ),     (A3.2) 

where superscript denotes the center point of the block where boundary conditions are 

satisfied. Some solutions for the dimensionless stress intensity factors are presented in 

Table A3.1. In brackets are corresponding values from [8] for comparison. For the sake 

of simplicity, two similar cracks are used in this example. 
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Figure A3.2. Two semi-elliptical surface cracks. Definition of points and the distance between the cracks. 

 

Table A18.1. Dimensionless stress intensity factors for bending problems. In brackets are corresponding 

values from [8] for comparison. 

𝑎/𝑐 λ= 2𝑐/𝑑 𝐹𝐴 𝐹𝐵 𝐹𝐶 

0.25 

0.5 0.2300 (0.244) 0.2300 (0.244) 0.3633 (0.362) 

0.667 0.2300 (0.246) 0.2300 (0.244) 0.3633 (0.364) 

0.8 0.2313 (0.249) 0.2300 (0.244) 0.3635 (0.365) 

0.5 

0.5 0.4146 (0.414) 0.4143 (0.412) 0.2708 (0.286) 

0.667 0.4280 (0.420) 0.4144 (0.413) 0.2709 (0.289) 

0.8 0.4337 (0.433) 0.4148 (0.414) 0.2713 (0.292) 

1.0 

0.5 0.6073 (0.609) 0.6054 (0.603) 0.1747 (0.176) 

0.667 0.6206 (0.625) 0.6069 (0.607) 0.1750 (0.180) 

0.8 0.6508 (0.659) 0.6081 (0.611) 0.1802 (0.184) 

 


