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Dilute Bose–Einstein condensates are 
fascinating and highly controllable systems 
that can be described theoretically from first 
principles. Thus they are excellent test-beds 
for the study of many-body quantum 
phenomena. Condensates with internal spin 
degrees of freedom can host a wide variety of 
topological defects, i.e., global excitations 
whose topological nature renders them long 
lived and stable against weak perturbations. 
Ultracold Bose gases offer intriguing 
possibilities to create and detect topological 
defects that are quantum mechanical 
analogues of exotic particles such as the 
magnetic monopole. 
  
In this thesis, the creation, stability, and 
dynamics of various topological excitations 
are investigated in spinor Bose–Einstein 
condensates. The work increases our 
understanding of topological defects and 
provides the first realizations of both 
Dirac monopoles in a synthetic magnetic 
field and of isolated topological point defects 
in a quantum field. 
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Abstract 
Since their experimental discovery in 1995, dilute Bose–Einstein condensates have proven 

to be excellent platforms for studying interacting many-body quantum systems. The gaseous 
condensates can be conveniently controlled in space and time with lasers and magnetic fields. 
Theoretically, these low-temperature systems can be described starting from first principles, 
and their dynamics is accurately captured by the mean-field approach. Dilute condensates with 
internal spin degrees of freedom may host various topological defects including vortices, 
monopoles, and skyrmions. Precise external control fields can be used to engineer and study 
these topological states. 

  
In this thesis, we investigate the creation, stability, and dynamics of various topological 

defects in spinor Bose–Einstein condensates. A combination of numerical and analytical 
methods is used and a part of the research is carried out in collaboration with an experimental 
research group. The majority of the research involves numerically solving the mean-field 
Gross–Pitaevskii equation for a spin-1 condensate. The computations are accelerated with 
graphics processing units. 

  
We find that the ground state of a ferromagnetic spin-1 condensate supports a Dirac 

monopole in its synthetic magnetic field in the presence of a quadrupole magnetic field. The  
energetics of various stationary states of spin-orbit coupled condensates are analyzed and a 
robust method to observe these exotic states in experiments is proposed. The creation of 
topological skyrmions is simulated and a very good quantitative agreement with a recent 
experiment is obtained. Importantly, the first experimental observations of both, Dirac 
monopoles and topological point defects in a system governed by a quantum field are presented. 
Subsequently, the decay dynamics of the point defect is studied, revealing the decay into a 
ferromagnetic state supporting the Dirac monopole. 

  
The impact of the research conducted in this thesis is not limited to gaseous Bose–Einstein 

condensates, but due to the universality of quantum mechanics and topological defects, our 
work provides knowledge, ideas, and inspiration across research fields. 
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Tiivistelmä 
Bosen–Einsteinin kondensaatit, jotka muodostuvat heikosti vuorovaikuttavista 

alkalimetalliatomeista, ovat osoittautuneet erinomaisiksi työkaluiksi monen hiukkasen 
kvanttisysteemien tutkimuksessa. Näiden kylmien kvanttikaasujen mallintaminen on 
mahdollista perusteorioihin nojaten ja yksinkertainen keskeiskenttäteoria kuvaa tarkasti 
niiden dynamiikkaa. Lisäksi kondensaattien paikka- ja aikariippuvuutta voidaan säädellä 
ulkoisten laser- ja magneettikenttien avulla. Kondensaatit tarjoavatkin mahdollisuuden 
mallintaa ilmiöitä, joiden tutkiminen niiden alkuperäisessä kontekstissa on osoittautunut 
hankalaksi. Niinkutsutuissa spinorikondensaateissa sisäiset spinvapausasteet 
mahdollistavat monien topologisten eksitaatioiden kuten vorteksien, skyrmionien ja 
monopolien olemassaolon sekä niiden kontrolloidun luomisen ja tutkimisen. 

  
Tässä väitöskirjassa tutkitaan erilaisten topologisten defektien luomista, stabiillisuutta ja 

dynamiikkaa laskennallisin ja analyyttisin menetelmin. Osa tutkimuksesta on toteutettu 
yhteisyössä kokeellisen tutkimusryhmän kanssa. Tutkimus perustuu suurelta osin 
Grossin–Pitaevskiin yhtälön numeeriseen ratkaisemiseen spin-1 kondensaatin tapauksessa. 
Laskentaa on nopeutettu näytönohjaimilla. 

  
Työssä tutkitaan numeerisesti ferromagneettista spin-1 kondensaattia 

kvadrupolimagneettikentässä. Perustilassa kondensaatin havaitaan sisältävän Diracin 
monopolin spinvapausasteen aikaansaamassa synteettisessä magneettikentässä. Lisäksi 
analysoidaan Spin–orbit-kytkettyjen kondensaattien eksoottisten stationaaritilojen 
energetiikkaa ja ehdotetaan menetelmää näiden tilojen kokeelliseksi havaitsemiseksi. Työn 
numeeriset simulaatiot skyrmionieksitaatioiden luomisesta tuottavat erittäin hyvän 
kvantitatiivisen vastaavuuden koehavaintojen kanssa. Erityisesti tässä väitöskirjassa esitetään 
ensimmäiset kokeelliset havainnot sekä Diracin monopolista että pistemäisestä topologisesta 
defektistä systeemissä, jota kuvaa kvanttikenttä. Lopuksi tutkitaan luodun pistedefektin 
dynamiikkaa ja polaarisen faasin pistedefektin havaitaan hajoavan ferromagneettisen faasin 
Diracin monopoliksi. 

  
Tässä väitöskirjassa esitetyt tulokset ja niiden vaikutukset eivät rajoitu vain harvoihin Bose-

kaasuihin, vaan kvanttimekaniikan ja topologisten defektien universaalisuuden johdosta 
tutkimuksemme tuottaa tietoa, ideoita ja inspiraatioita useille fysiikan aloille. 
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1. Introduction

Superfluidity, superconductivity, and Bose–Einstein condensation are ex-

amples of macroscopic phenomena where the collective behavior of the

system is dictated by the intriguing rules of quantum mechanics. All these

quantum effects are intimately related to the macroscopic occupation of

a single quantum state, a phenomenon that occurs in versatile systems

ranging from gases, liquids and solids to atomic nuclei, elementary par-

ticles and matter in neutron stars. Due to this appealing universality,

ideas and observations related to these phenomena spark new ideas and

stimulate studies over the boundaries of different fields of physics.

1.1 Historical overview of Bose–Einstein condensation

Bose–Einstein condensation was first predicted already in the 1920’s. The

prediction was based on Satyendra Nath Bose’s work on the photon statis-

tics and especially the black-body radiation [1]. Extending Bose’s ideas to

massive noninteracting particles, Albert Einstein suggested that at low

enough temperatures, a macroscopic number of massive noninteracting

bosons would occupy the lowest accessible quantum state forming a Bose–

Einstein condensate (BEC) [2, 3]. However, this phenomenon was typi-

cally considered to be a mathematical curiosity with little experimental

interest. It was speculated that the condensation would not appear if the

interactions were taken into account.

In 1938, Pyotr Kapitza [4], John Allen, and Don Misener [5] reported

experimental observation of superfluidity in liquid 4He. In the same year,

it was proposed by Fritz London that the superfluidity in liquid 4He would

be a manifestation of Bose–Einstein condensation [6,7]. This proposal was

later supported by theoretical calculations and experimental results [8–

11]. However, since the interactions are strong and the particle density
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Introduction

is high, liquid helium is far from an ideal Bose gas and the exact char-

acteristics of the phase transition into the superfluid state remain to be

explained.

Bose–Einstein condensation is closely related to superconductivity, a

phenomenon first experimentally observed already in 1911 by Heike Ka-

merlingh Onnes [12]. Almost 50 years later, John Bardeen, Leon Cooper,

and Robert Schrieffer (BCS) found that superconductivity is caused by

Bose–Einstein condensation of loosely bound fermion pairs, Cooper pairs

[13]. The condensation of composite bosons is also responsible for the su-

perfluidity in ultracold Fermi gases. The fermionic superconductivity and

the bosonic superfluidity can be thought of being two extremities of the

same phenomenon, differing only by the strength of the interaction. In

the BCS limit theoretically corresponding to superconductors, the fermion

pairs are very weakly bound and the size of the pair is much larger than

the average interparticle separation. In the BEC limit corresponding to

the ordinary bosonic superfluids, the fermion pairs are much smaller than

the average interparticle distance and they essentially act as composite

bosons [14].

In order to realize an almost ideal BEC, it was necessary to find bosonic

systems with weak interparticle interactions. The problem was that most

substances tend to form solids and liquids at low temperatures, and thus

the effects of interactions become large. In the 1960’s, wide interest was

devoted to dilute atomic Bose gases. Their ultralow density lowers the

temperature required for condensation into the nanokelvin regime. In

order to reach these low temperatures, major developments in the cooling

and trapping of neutral atoms were needed. The pieces that completed the

puzzle came in the form of laser cooling [15], evaporative cooling [16], and

magnetic trapping [17]. Finally, in 1995, these pieces were put together

and the realization of an almost ideal BEC in dilute alkali atom gases was

achieved in 87Rb [18], 23Na [19], and 7Li [20]. In 2001, the Nobel Prize in

physics was awarded to Eric Cornell (JILA), Wolfgang Ketterle (MIT), and

Carl Wieman (JILA), for these accomplishments [21]. Since 1995, both

theoretical and experimental research in the field have been extremely

active, and to date Bose–Einstein condensation is routinely realized in

various elements and isotopes.

The first condensates were realized in conventional magnetic traps, whe-

re the spins of the condensate atoms are essentially frozen and the alkali

atoms behave as scalar particles, even though they carry spin. In 1998, re-
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searchers succeeded in trapping 23Na atoms by solely optical means [22].

In a purely optical trap, the spin of the constituent atom is pronounced,

and the spinor nature of the condensate is manifested. To date, these

spinor condensates have been created in multiple different atomic species

[23,24].

1.2 Dilute alkali atom condensates as quantum simulators

Over the years, ultracold dilute Bose gases have proven to be flexible,

robust, and versatile systems that enable the study of diverse quantum

phenomena in a controlled manner. Dilute Bose gases are conveniently

controlled in space and time by external potentials.

The diluteness of the condensate preserves the system in a metastable

gas phase for sufficiently long times making it possible to carry out com-

plex experiments. Furthermore, the interactions between atoms can be

adjusted through Feshbach resonances [25] and the condensate is directly

observable with optical imaging techniques [26]. The low temperature

and the weak interactions guarantee a high condensate fraction and the

condensate dynamics is accurately described by a simple mean-field anal-

ysis.

The sophisticated experimental methods, along with the capability to

describe dilute Bose gases theoretically from first principles render them

ideal test-beds for the study of interacting many-body quantum systems

[27, 28]. The realization of the spinor condensate and the thereafter de-

veloped spin manipulation techniques have opened yet new doors to the

realms of quantum simulation. Recently, significant research has been

devoted to the search for quantum analogues of exotic particles, such as

the magnetic monopole, in these systems.

A severe limitation to the use of dilute Bose gases as quantum simu-

lators is the charge neutrality of the constituent atoms, due to which no

Lorentz force acts on them in the presence of electromagnetic fields. This

limitation can be circumvented with artificial gauge potentials. Meth-

ods to create these gauge fields have been under active study in recent

years: Artificial gauge potentials may be generated, i.e., by rotating the

system [29–31], by magnetic manipulation of the internal spin degrees

of freedom [32], or by coupling the internal atomic states with suitably

designed laser fields [33–40]. Special attention has been devoted to the

artificial gauge fields inducing effective spin–orbit coupling [41–45]. In
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2011, an artificial spin–orbit coupling was realized in a condensate of
87Rb atoms [46]. The Rashba–Dresselhaus-type spin–orbit coupling has

aroused interest due to its relevance for spintronics [47–49]. It has been

suggested to generate exotic stationary states in spin-1/2, spin-1, and

spin-2 BECs [50–58].

1.3 Topological defects in spinor Bose gases

Topological defects are global excitations that cannot be deformed into

the ground state by any continuous transformation [59, 60]. This ren-

ders them long lived and stable against weak perturbations. Topological

defects play important roles in various fields of physics including cosmol-

ogy [61,62], particle physics [63], and string theory [64].

A spinor BEC with hyperfine spin F is characterized by an order pa-

rameter with 2F + 1 components that can vary in space and time [65,66].

The vectorial form of the order parameter allows for various types of topo-

logical excitations absent in scalar condensates. A well-known example

of a topological defect is a vortex, which is a line defect in three spatial

dimensions. Scalar condensates may host singular vortices, for which the

superfluid velocity diverges and, consequently, particle density vanishes

at the vortex core. Spinor condensates can host a variety of different kinds

of vortices, as well as more exotic defects, such as monopoles, skyrmions

and knotted textures [67–77].

Quantized vortices are considered to be the hallmark of quantum phase

coherence and they have been extensively studied in the context of liquid

helium [78–80] and superconductors [81]. The first experimental realiza-

tion of vortices in dilute BECs was achieved in 1999 [82], followed by a

theoretical proposal [83]. There are several methods that can be used to

create quantized vortices in dilute BECs. These include transfer of angu-

lar momentum with Laguerre–Gaussian laser beams [84–89], dynamical

phase imprinting [82,83], stirring with an optical spoon [29,31,90,91], ro-

tating an asymmetric trap [30, 92], and topological phase imprinting [69,

93–102]. The topological phase imprinting method utilizes the adiabatic

manipulation of external spatially varying magnetic fields and it enables

the controlled creation of multiquantum vortices [97, 100, 103, 104]. The

method also forms the foundation of the so-called vortex pump [105–108]

that utilizes a cyclic temporal control of magnetic fields to deterministi-

cally pump vorticity into the condensate.
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The robust spatial and temporal control over the internal spin degrees

of freedom provides a convenient tool for topological state engineering.

Varying the spatial geometry and the temporal dependence of the exter-

nal magnetic fields and exploiting the adiabatic as well as nonadiabatic

regimes of the parameter space enables the creation of various exotic topo-

logical entities. In addition to topological phase imprinting of multiply

quantized vortices, the manipulation of the spin degrees of freedom with

external magnetic fields has thus far been utilized in the realization of

coreless and half-quantum vortices [69,109] and skyrmions [72]. Theoret-

ical suggestions for the realization of knots [77] and dark solitons [110]

has been put forward. In this thesis we report the observations of both

Dirac monopoles and topological point defects created using externally

controlled magnetic fields.

1.4 Objectives of this thesis

The general objective of this dissertation is to investigate the creation,

stability, and dynamics of various topological defects in spinor Bose–Ein-

stein condensates at low temperatures. We exploit the diverse opportuni-

ties that spinor Bose gases provide for topological state engineering and

quantum simulation. A combination of numerical and analytical methods

is used. The defects under investigation include Dirac monopoles, exotic

vortex states that occur as the stationary states of spin–orbit coupled con-

densates, skyrmion textures in the antiferromagnetic BEC, and isolated

monopoles as topological point defects in the polar phase of a ferromag-

netic BEC.

In Publication I, we numerically study the ground state of a ferromag-

netic spin-1 condensate in the presence of a quadrupole magnetic field.

The ground state is found to host a Dirac monopole in its synthetic mag-

netic field.

In Publication II, a combination of numerical and analytical methods is

used to investigate the energetics of various stationary states of Rashba–

Dresselhaus-coupled pseudospin-1 BECs. We find that cylindrically sym-

metric spin vortices, plane-wave states, and standing-wave states as well

as exotic square-vortex-lattice states exist as ground states. Furthermore,

we suggest how these states can be observed in time-of-flight experiments.

In Publication III, we experimentally imprint a monopole defect, analo-

gous to the Dirac magnetic monopole, into the synthetic magnetic field of
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a ferromagnetic spin-1 condensate. We use an extension of the topological

phase imprinting method as suggested in Ref. [70]. Here, the conden-

sate order parameter emulates the quantum-mechanical wavefunction of

a charged particle in the presence of classical magnetic monopole as envi-

sioned by Dirac in his seminal work [111].

In Publication V, a topological monopole defect analogous to the ’t Hooft–

Polyakov monopole [112, 113] is experimentally created into the polar or-

der parameter of a spin-1 condensate. Our results in Publications III

and V provide the first observations of Dirac monopoles and topological

point defects in a system governed by a quantum field. These exotic ob-

jects are not elementary particles, but analogous quantum objects, i.e.,

quantum simulators that can be observed and manipulated in a controlled

environment.

In Publication VI, we study the decay dynamics of the isolated monopole

defect in the presence of quadrupole magnetic field and observe that the

polar phase decays into a ferromagnetic state supporting a Dirac monopole

in its synthetic magnetic field.

In Publication IV, a recent experiment on skyrmion creation [72] is sim-

ulated and a very good quantitative agreement is achieved. Furthermore,

the stability of the skyrmion defect is studied.

All of the aforementioned studies are strongly motivated by experiments.

Thus experimentally feasible methods and parameters are used. The

studies on the creation of the Dirac monopoles and of the isolated monopole

defects were conducted in collaboration with the experimental group of D.

S. Hall, which has allowed one-to-one comparison of numerical and ex-

perimental data with matching parameters. The impact of the research

conducted in this thesis is not limited to gaseous BECs, but due to the

universality of the rules of quantum mechanics and topological defects,

our work provides knowledge, ideas, and inspiration for broader audience

from particle and condensed matter physicists to string theorists.

1.5 Organization of this thesis

This overview is organized as follows. In Chapter 2, the mean-field theory

of ultracold dilute Bose gases is introduced. In Chapter 3, the concepts

of superfluid velocity and vorticity are introduced and the effect of the or-

der parameter symmetries on the superfluid properties is considered. In

Chapter 4, we discuss the synthetic electromagnetic fields arising from

6
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the spin degrees of freedom. We also introduce spin–orbit-coupled con-

densates and review the results of Publication II. Chapter 5 focuses on

topological defects and reviews the research reported in Publications I

and III–VI. An overview on the classification of topological defects us-

ing homotopy theory is given. Different topological defects, their creation,

and properties are discussed with emphasis on the topics investigated in

Publications I and III–VI. Chapter 6 concludes the dissertation with a

summary, discussion of the obtained results, and future challenges.
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2. Mean-Field Theory of Spinor Bose
Gases

In this thesis, we consider dilute alkali-atom gases which are trapped,

controlled, and measured with external optical and magnetic fields. A

typical condensate consists of 105 − 106 weakly interacting atoms leading

to versatile dynamics. In order to simplify the problem, we resort to mean-

field theory, in which the interaction terms of the system Hamiltonian

are taken into account as averaged or effective quantities. This leads

essentially to a single-particle problem that can be conveniently solved.

In this chapter, the mean-field theory for the spin-1 Bose gas is intro-

duced. In Sec. 2.1, we give a formal definition for Bose–Einstein conden-

sation through the Penrose–Onsager criterion. In Sec. 2.2, the Hamilto-

nian of the system is constructed and in Sec. 2.3, the mean-field theory for

spin-1 BEC is formulated. The symmetries of the relevant order parame-

ter spaces are discussed in Sec. 2.4.

2.1 Bose–Einstein condensation

The signature of Bose–Einstein condensation is the accumulation of a sig-

nificant fraction of particles in a certain single-particle quantum state.

Penrose and Onsager showed that the condensation is reflected in the

eigenvalue spectrum of the single-particle density matrix [114, 115]. The

single-particle density operator can be expressed as ρ̂ =
∑

iNi|ψi〉〈ψi|,
where {ψi} are single-particle states and Ni are the corresponding occu-

pation numbers. Let us assume that the bosons have hyperfine spin F ,

giving rise to 2F +1 components in the quantum field operator describing

them. The bosonic field operators ψ̂α(r) and ψ̂†
α(r), respectively, annihilate

and create a particle at a position r and in a spin state denoted with α.

With these notations, the density matrix in the coordinate representation

9
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reads

ρ(1)(αr, βr′) = 〈ψ̂†
β(r

′)ψ̂α(r)〉, (2.1)

The multi-component condensate order parameter Ψα(r) is defined through

the eigenvalue equation

∑
β

∫
dr′ρ(1)(αr, βr′)Ψβ(r

′) = NcΨα(r), (2.2)

where Nc is the largest eigenvalue of ρ(1)(αr, βr′). The spinor order param-

eter is normalized as
∑

α

∫
drΨ∗

α(r)Ψα(r) = Nc. According to the criterion,

the condensation occurs when there is a single eigenvalue Nc that is of

the order of total number of particles N =
∑

iNi, i.e.,

lim
N→∞

Nc

N
> 0. (2.3)

The ratio Nc/N is referred to as the condensate fraction. The criterion

associates the condensation with the formation of the off-diagonal long-

range order (ODLRO). Appearance of the ODLRO implies that ρ(1)(αr, βr′)

has the asymptotic property ρ(1)(αr, βr′) → NcΨ
†
α (r′)Ψα(r) for |r− r′| →

∞ [116].

If the single-particle density matrix has several large eigenvalues, the

condensate is said to be fragmented [117]. In this thesis, we only consider

nonfragmented condensates, for which only Nc is of the order of N and

all the other eigenvalues are negligible. Figure 2.1 shows one of the first

observations of Bose–Einstein condensation in dilute ultracold rubidium

gas.

2.2 Hamiltonian

The Bose gases considered in this thesis have total hyperfine spin F = 1,

and hence the gas is described by a three-component quantum field op-

erator ψ̂ in the Schrödinger picture. In the z-quantized basis |F,m〉, we

denote the components of ψ̂ by ψ̂m, where m ∈ {1, 0,−1}. The bosonic

field operators ψ̂m(r) and ψ̂†
m(r), respectively, annihilate and create a par-

ticle at a position r and in a spin state |F,m〉 and satisfy the equal-time

canonical commutation relations[
ψ̂m(r), ψ̂†

m′
(
r′
)]

= δmm′δ
(
r− r′

)
,[

ψ̂m(r), ψ̂m′
(
r′
)]

=
[
ψ̂†
m(r), ψ̂†

m′
(
r′
)]

= 0,
(2.4)

where δ (r− r′) is the Dirac delta function and δmm′ is the Kronecker delta.

10
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Figure 2.1. Bose–Einstein condensation in rubidium. Images show the particle density
(3 views) for a gas of rubidium atoms at different stages of evaporative cool-
ing [18]. Left: prior to the appearance of a Bose–Einstein condensate. Cen-
ter: at the beginning of the condensation. Right: nearly pure condensate.
The sharp peak appearing at the trap center is a signature of macroscopic oc-
cupation of a single quantum state, i.e., Bose–Einstein condensation. Figure
is reprinted from The Nobel Foundation 9th October 2001 Press Release [21].

In order to write down the Hamiltonian for the system, let us first con-

sider the atomic interactions. At ultralow temperatures, the atom–atom

interactions in the dilute Bose gases are almost exclusively described by

the rotationally symmetric s-wave scattering that preserves the total hy-

perfine spin of the individual atoms [65, 66]. The scattering potential is

given by

V̂
(
r, r′

)
=

1

2

4π�2

m
δ
(
r− r′

)∑
F

aF P̂F , (2.5)

where aF is the scattering length of the scattering channel, in which the

two scattering atoms have total composite hyperfine spin F . The pro-

jection operator onto the corresponding two-body state is given by P̂F =∑F
M=−F Ô†

FMÔFM where ÔFM =
∑F

m,m′=−F 〈F ,M|F,m;F,m′〉ψ̂mψ̂m′ . The

rotational symmetry of the s-wave scattering implies that only terms with

even F appear in the sum of Eq. (2.5). Furthermore, Eq. (2.5) can be sim-

plified using the relations
∑

F P̂F = 1̂ and F̂1 · F̂2 = P̂2 − 2P̂0, where Fi

is the spin operator of particle i. The total Hamiltonian describing the

system may be written as [65,66]

Ĥ =

∫
dr

[
ψ̂†
m(r)ĥmn(r)ψ̂n(r) +

c0
2
ψ̂†
m(r)ψ̂†

n(r)ψ̂n(r)ψ̂m(r) (2.6)

+
c2
2
ψ̂†
m(r)ψ̂†

m′(r)Fmn′ · Fm′nψ̂n(r)ψ̂n′(r)

]
,

where a summation over repeated indices is assumed and the coupling

constants c0 and c2 are given by c0 = (g0 + 2g2) /3 and c2 = (g2 − g0) /3,

respectively. The interactions are referred to as ferromagnetic if c2 < 0
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and antiferromagnetic if c2 > 0 due to their tendency to maximize and

minimize the magnitude of the local spin, respectively. The single-particle

Hamiltonian ĥ(r) is given by

ĥmn =

[
−�

2∇2

2m
+ Vtrap(r)

]
δmn + μBgFB(r) · Fmn, (2.7)

where B is the external magnetic field, Vtrap(r) is the optical trapping

potential and F = (Fx, Fy, Fz) is a vector of the standard generators of the

spin rotation group SO (3). In the z-quantized basis, these are given by

Fx =
1√
2

⎛
⎜⎜⎝

0 1 0

1 0 1

0 1 0

⎞
⎟⎟⎠ , Fy =

i√
2

⎛
⎜⎜⎝

0 −1 0

1 0 −1
0 1 0

⎞
⎟⎟⎠ , Fz =

⎛
⎜⎜⎝

1 0 0

0 0 0

0 0 −1

⎞
⎟⎟⎠ .

(2.8)

.

2.3 Gross–Pitaevskii equations

In order to construct a number-conserving mean-field theory for dilute

BEC, let us consider a bosonic system condensed according to the Penrose–

Onsager criterion discussed in Sec. 2.1. The particle fields are quantized

by expressing the field operator in terms of the creation and annihilation

operators. For this purpose the field operator is expanded in the basis of

single-particle wavefunctions {ψmi(r)}, where m ∈ {1, 0,−1} is the spin

index and i labels the spatial excitations, as [118,119]

ψ̂m(r) =
∞∑
i=0

ψmi(r)âmi. (2.9)

The annihilation operators {âmi} satisfy canonical commutation relations[
âmi, â

†
m′j

]
= δmm′δij and

[
âmi, âm′j

]
=

[
â†mi, â

†
m′j

]
= 0, ensuring the field

commutation relations in Eq. (2.4).

In the spirit of the mean-field approximation, we take the full N -particle

quantum state of the condensate to be of the form [118]

|ψ〉 = 1√
N !

(
1∑

m=−1

ηmâ†m0

)N

|0〉, (2.10)

where all the particles occupy the spatial excitation state i = 0 with the

lowest energy, and η = (η1, η0, η−1)
T is a normalized complex-valued vector

η†η = 1. Using Eqs. (2.9) and (2.10), one finds the expectation values for

12
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the relevant equal-time correlation functions

〈ψ|ψ̂m(r)|ψ〉 = 〈ψ|ψ̂†
m(r)|ψ〉 = 0

〈ψ|ψ̂†
m(r)ψ̂m′(r′)|ψ〉 = Ψ∗

m(r)Ψm′(r′) (2.11)

〈ψ|ψ̂†
m(r)ψ̂†

n(r
′)ψ̂m′(r′′)ψ̂n′(r′′′)|ψ〉 = Ψ∗

m(r)Ψ∗
n(r

′)Ψm′(r′′)Ψn′(r′′′),

where Ψm(r) =
√
Nηmψm0(r). The condensate order parameter, consistent

with the Penrose–Onsager criterion discussed in Sec. 2.1, is thus given by

Ψ(r) = (Ψ1,Ψ0,Ψ−1)
T =

√
nζ(r), where ζ(r) is a normalized spinor ζ†ζ =

1. In the last line of Eq. (2.9), we have ignored a relative contribution

∼ O(1/N) as N is typically large (of the order 105 − 106). The expectation

value of the Hamiltonian (2.6) in the condensed state |ψ〉 (2.10), yields the

mean-field energy functional

E [Ψ] = 〈Ψ|Ĥ|Ψ〉 =
∫

dr

{
Ψ†(r)

[
−�

2∇2

2m
+ Vtrap(r) + μBgFB(r) · F

]
Ψ(r)

+ n2
(c0
2

+
c2
2
|S|2

)}
,

(2.12)

where S = ζ†Fζ. Imposing the stationary condition δS = 0 to the action

S = −i� ∫ Ψ† ∂
∂tΨdr + E with the constraint

∫ |Ψ|2 dr = N , one obtains the

equation

i�
∂

∂t
Ψ(r) =

δ [E − μN ]

δΨ†(r)
, (2.13)

where μ is the chemical potential that acts as the Lagrange multiplier.

Substitution of the energy functional (2.12) into Eq. (2.13) yields the Gross–

Pitaevskii equations that describe the dynamics of dilute Bose gases in

the zero-temperature limit as

i�
∂

∂t
Ψ(r) = (H [Ψ]− μ)Ψ(r), (2.14)

where

H [Ψ] = − �
2

2m
∇2 + Vtrap(r) + c0|Ψ(r)|2 + c2Ψ

†(r)FΨ(r) · F. (2.15)

The stationary states of the condensate satisfy the time-independent GP

equation that is obtained by requiring that the left-hand side of Eq. (2.13)

vanishes, giving

H [Ψ]Ψ(r) = μΨ(r). (2.16)

Equations (2.14) and (2.16) are the cornerstone for the mean-field anal-

ysis conducted in this thesis. They are solved numerically using finite-

difference methods and a time-splitting spectral method [120–122]. The

computations are accelerated with graphics processing units.
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2.4 Order parameter spaces

In this section, we discuss the order parameter spaces of the spin-1 con-

densate. The symmetries of the order parameter space and the dimen-

sionality of the physical space dictate what kind of topological defects the

condensed system may host, as we discuss in Chapter. 5. In general, the

order parameter of a spinor BEC may be written as Ψ =
√

n(r)ζ(r), where

n is the particle density and ζ is a normalized spinor. For the purposes of

this section we assume that the particle density n is nonzero everywhere,

and we treat the normalized spinor ζ as our order parameter.

In Sec. 2.1, we defined the condensate order parameter as the normal-

ized eigenfunction corresponding to the largest eigenvalue of the single-

body density matrix. In general, an order parameter is a continuous map

ζ : R → M , where R ⊂ R
3 is some region of the physical space and M is

the order parameter space. One may usually associate the order param-

eter space M with a continuous group of transformations G that acts on

that space, i.e., the order parameter transforms under the action of G. We

denote this action G×M →M, (g, ζ) �→ g · ζ simply by g · ζ, where g ∈ G

and ζ ∈M .

The orbit of ζ ∈ M under the action of G is the set of all points that can

be reached from ζ by acting on it with elements of G and it is explicitly

given by Oζ = { g · ζ | g ∈ G }. If the action of G on M is transitive, that

is, for every ζ, ζ ′ ∈ M , there exists some g ∈ G s.t. g · ζ = ζ ′, we have

Oζ = M . In this case, all the elements of the order parameter space may

be obtained by picking some arbitrary reference element ζref ∈ M and by

acting on it with the elements of G [59,60].

The elements of G which leave an element ζ ∈ M fixed under their ac-

tion, constitute a subgroup Hζ = { g ∈ G | g · ζ = ζ } called the isotropy

group of ζ. The space of (left) cosets of Hζ is defined as G/Hζ = {gHζ | g ∈
G}. According to a fundamental theorem [123], the cosets are either iden-

tical or they have no common elements whatsoever. Thus G/Hζ partitions

the group G into disjoint sets. Furthermore, if Hζ is a normal subgroup

of G, the coset space obtains a group structure and G/Hζ is called the

quotient group.

If the action of G on the order parameter space M is transitive, the

quotient group G/Hζ may be identified with M , that is, these groups are

isomorphic and their structure is identical

M ∼= G/Hζ . (2.17)
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In the context of spin-1 BECs, the order parameter space M describes

the degenerate ground-state manifold and G is a group of global transfor-

mations that acts transitively on M while leaving the mean-field energy

functional (2.12) invariant.

In the absence of external fields, the energy functional in Eq. (2.12)

is invariant under global U(1) gauge transformations and SO(3) rota-

tions in spin space. The full group of symmetry transformations act-

ing transitively on the order parameter space can thus be taken as G =

U(1)φ×SO(3)f . The subscripts φ and f indicate that the group operations

act on the global phase and spin, respectively. We can parametrize this

group by an angle φ corresponding to the U(1) phase, and Euler angles α,

β, and γ. An arbitrary element of G is thus represented by eiφU (α, β, γ),

where U (α, β, γ) = e−iFzαe−iFyβe−iFzγ . Since the action of G on ζ does not

change the mean-field energy, each orbit, Oζ , forms a degenerate space

and the ground-state manifolds may be found by acting on a reference

order parameter.

In the ferromagnetic phase, the magnitude of the local spin is maxi-

mized |S| = |ζ†Fζ| = 1 whereas in the polar phase the local spin vanishes

S = 0. In the absence of external fields the ground state is ferromagnetic

for c2 < 0, and polar for c2 > 0. The general elements belonging to the

ferromagnetic and polar manifolds are given by

ζF = g · ζrefF = eiφU (α, β, γ)

⎛
⎜⎜⎝
1

0

0

⎞
⎟⎟⎠ = ei(φ−γ)

⎛
⎜⎜⎜⎝
e−iα cos2 β

2

1√
2
cosβ

eiα sin2 β
2

⎞
⎟⎟⎟⎠ , (2.18)

and (2.19)

ζP = g · ζrefP = eiφU (α, β, γ)

⎛
⎜⎜⎝
0

1

0

⎞
⎟⎟⎠ = eiφ

⎛
⎜⎜⎜⎝
− 1√

2
e−iα sinβ

cosβ

1√
2
eiα sinβ

⎞
⎟⎟⎟⎠ , (2.20)

where we have expressed the spinor in the z-quantized basis. For the

ferromagnetic phase, the direction of the spin becomes

S = ζ†PFζP = sinβ cosαx̂+ sinβ sinαŷ + cosβẑ, (2.21)

whereas for the polar phase S = ζ†PFζP = 0.

The linear combination φ−γ in the ferromagnetic spinor implies that the

rotation in the spin space through an angle γ is equivalent to the gauge

transformation by φ = −γ. Thus the ferromagnetic reference order pa-

rameter ζrefF is invariant under spin rotations about the z-axis combined
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with a gauge transformation of the same amount [124]. The isotropy

group for the ferromagnetic order parameter is thus HζrefF

∼= SO(2)φ+fz
∼=

U(1)φ+fz . The subscript indicates that the group elements represent the

combined gauge transformation and spin rotation. The order parameter

space can be identified with [66,118]

MF
∼= [U(1)φ × SO(3)f ] /U(1)φ+fz

∼= SO(3)φ,f . (2.22)

The subscript φ, f indicates that an arbitrary ferromagnetic order param-

eter is completely specified by the Euler angles α, β, and γ − φ. The com-

bined spin-gauge symmetry of the ferromagnetic order parameter renders

spatially varying spin rotations equivalent to corresponding variations in

the condensate phase. This has profound effect on the superfluid proper-

ties of the ferromagnetic phase as discussed in Sec. 3.1.

In the pure polar phase with S = 0, the order parameter can be ex-

pressed in the z-quantized basis as [65,125]

ζP =
eiφ√
2

⎛
⎜⎜⎝
−dx + idy√

2dz

dx + idy

⎞
⎟⎟⎠ , (2.23)

where d̂ = (dx, dy, dz)
T is a real unit vector known as the nematic vector.

It is convenient to write this spinor in the basis, where the nematic vector

transforms as a Cartesian vector under spin rotations. The change of

basis is given by [125]⎛
⎜⎜⎝

ζx

ζy

ζz

⎞
⎟⎟⎠ =

1√
2

⎛
⎜⎜⎝
−1 0 1

−i 0 −i
0

√
2 0

⎞
⎟⎟⎠

⎛
⎜⎜⎝

ζ1

ζ0

ζ−1

⎞
⎟⎟⎠ . (2.24)

In this basis the polar spinor reads

ζCP (r) = eiφd̂. (2.25)

In general, the nematic vector can be obtained as an eigenvector of the

magnetic quadrupole tensor [125]

Qab =
ψaψb

∗ + ψbψa
∗

2|Ψ|2 , (2.26)

where {ψa} are the components of the spinor in Cartesian basis. The

quadrupole tensor carries information about the spin and nematic order.

Vector d̂ is defined as the eigenvector corresponding to the largest eigen-

value of Q and it can be obtained even when the condensate is not fully in

the polar state, i.e, when S does not vanish identically.

16



Mean-Field Theory of Spinor Bose Gases

The polar spinor in Eq. (2.25) is invariant under rotations about d̂, but

also under the transformation
(
θ, d̂

)
→

(
θ + π, −d̂

)
, that is, a π rotation

about an axis perpendicular to d̂, combined with a U(1) gauge transforma-

tion by π. Such transformations constitute a group
{
1, eiπe−iFxπ

}
which

is isomorphic to Z2 = {0, 1}. Therefore the isotropy group for polar phase

is HζrefF

∼= U(1)fz × (Z2)φ+f and the order parameter manifold is given

by [126–128]

MP = [U(1)φ × SO(3)f ] / [U(1)fz × (Z2)φ+f ] ∼=
[
U(1)φ × S2

f

]
/(Z2)φ+f .

(2.27)
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3. Superfluid Properties of a Bose Gas

In conventional superfluids, the phase coherence of the system is man-

ifested in the appearance of quantized vortices, i.e., line-like phase sin-

gularities in the order parameter field. These interesting defects also ap-

pear in BECs characterizing their superfluidity. The superfluid properties

of spinor BECs are profoundly affected by the existence of internal spin

degrees of freedom as discussed in this chapter.

In Sec. 3.1, we introduce the concepts of superfluid velocity and vorticity

and discuss their relation to quantized vortices. We note that the local

spin-gauge symmetry of the ferromagnetic order parameter establishes a

connection between the superfluid flow and the spin texture of the con-

densate. In Sec. 3.2, we introduce a method that utilizes this connection

to imprint quantized vortices and other topological defects in spinor Bose

gases.

3.1 Superfluid velocity and vorticity

Local particle current density of a Bose gas is defined as

j(r, t) = n(r, t)vs(r, t) =
�

2im

[
Ψ†(∇Ψ)− (∇Ψ†)Ψ

]
, (3.1)

where n is the particle density and vs is the superfluid velocity field of the

condensate. The superfluid flow may be characterized by its circulation Γs

and vorticity Ωs, defined as [129,130]

Γs =

∮
C
dl · vs , Ωs = ∇× vs, (3.2)

where C is a closed contour.

Let us first consider a scalar condensate, for which the order parame-

ter reads Ψ =
√
neiφ. Substituting this into Eq. (3.1) gives a superfluid

velocity vs =
�

m∇φ. In this case, Ωs = 0 and the superfluid flow is irrota-

19



Superfluid Properties of a Bose Gas

tional [131], unless there is a singularity in the phase φ. Thus, the con-

densate carries angular momentum in quantized vortices, about which

the circulation Γs is quantized in the units of h/m in order for Ψ to be

single-valued

Γs =
�

m
2πκ. (3.3)

The integer κ is referred to as the winding number of the vortex.

If κ �= 0, the contour C in Eq. (3.2) encircles a vortex line, that is, a

one-dimensional singularity in the phase of the condensate. The particle

density must vanish at the singularity, giving rise to the core of the vortex.

If |κ| ≥ 2, the vortex is referred to as a multiquantum vortex and vortices

having κ < 0 with respect to the chosen coordinate system are referred

to as antivortices. Multiquantum vortices are energetically unstable and

prone to splitting into singly quantized vortices [98,132].

Although quantized vortices are excited states of the condensate and

thus energetically unstable, their topological nature (see Chapter 5) dic-

tates that they cannot simply disappear and fade away. Instead the re-

laxation can happen if the vortices, for example, move out of the cloud or

annihilate with their antivortex.

Let us consider spinor condensates. Substitution of the general form of

the spinor order parameter Ψ =
√
nζ into Eq. (3.1) yields the velocity

field [66,124]

vs = −i �
m
ζ†∇ζ. (3.4)

For the polar order parameter in Eq. (2.20), the superfluid velocity is sim-

ply

vP
s =

�

m
∇φ (3.5)

and the superfluid flow is irrotational, ΩP
s = 0 almost everywhere [131].

This implies that the circulation Γs is quantized like in the case of a scalar

condensate. However, due to the Z2 symmetry of the polar spinor dis-

cussed in Sec. 2.4, the quantum of circulation is half of that of the scalar

condensate and the polar phase can support so-called half-quantum vor-

tices [126], also known as Alice vortices [133]. This is because, if the phase

φ in Eq. (2.20) changes by π on a closed contour, the single-valuedness con-

dition is satisfied if the Euler angle β changes by π on the same loop.

For the ferromagnetic order parameter in Eq. (2.18) the superfluid ve-

locity (3.4) is given by

vF
s =

�

m
[∇(φ− γ)− cosβ∇α] (3.6)
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and the vorticity satisfies the Mermin–Ho relation [124,134]

ΩF
s = ∇× vF

s =
�

m
sinβ∇β ×∇α, (3.7)

where the possible delta functions coming from the phase singularities

have been ignored and the equation is valid almost everywhere. Since

typically ΩF
s �= 0, the mass circulation Γ alone is not quantized in the

ferromagnetic phase. Rewriting Eq. (3.6) as [118]

vF
s −

�

m
(1− cosβ)∇α =

�

m
∇ [φ− γ − α] , (3.8)

and integrating along a closed contour C we obtain∮
C
vF
s · dl−

�

m

∫∫
A
sinβdβdα =

�

m

∮
C
[dφ− dγ − dα] . (3.9)

Here the surfaceA is bounded by C. The second term on the left-hand side

of Eq. (3.9) is the solid angle covered by the surfaceA, i.e., the Berry phase

(see Sec. 3.2 and Ref. [135]). In other words, it is the solid angle enclosed

by a trajectory of a spin on a unit sphere. From Eq. (3.9) we observe that

for the order parameter to be single valued, the difference between the

mass circulation and Berry phase must be quantized. Consequently, spin

textures may unfold through the generation of mass circulation.

3.2 Topological phase imprinting

Spinor BECs are macroscopic systems, in which quantum state engineer-

ing can be explored and developed. Topological phase imprinting (TPI) is a

sophisticated method that utilizes the accumulation of Berry phase to con-

vert a defect-free initial state of a condensate into a state with a vortex or

other defect. In the case of vortices, this method was originally proposed

in Ref. [93] and subsequently studied in Refs. [69,94–97,99–102,136]. In

Ref. [70], it was suggested that the TPI method could also be used to gen-

erate states analogous to Dirac monopoles.

Let H be a Hamiltonian governing the temporal evolution of a quantum

system. Berry has shown [135] that if some parameters q(t) of H are

varied adiabatically, and in a cyclic manner in time, the quantum system

will acquire, not only a dynamical phase Φ = − ∫ τ
0 dtΨ†(q)H(q)Ψ(q)/� but

also a so-called geometric Berry phase which depends solely on the path

C traversed in the parameter space

θBr = i

∮
C
dqΨ† (q)∇qΨ(q) . (3.10)
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Figure 3.1. Schematic illustration of (a) the angles ς and ϑ used to parametrize the
local magnetic field B. (b) The trajectory of the spin during the adia-
batic inversion of the bias field. Here n̂ is a unit vector orthogonal to
B̂ = (sinϑ cos ς, sinϑ sin ς, cosϑ). (c) The solid angle, Ω, suspended by the
trajectories of the two spins, S1 and S2, located at two different spatial loca-
tions with |ς1 − ς2| = Δς. The two spins acquire a relative geometric phase
−mzΩ

The adiabaticity here means that the parameters are varied such that the

condensate remains in its instantaneous eigenstate.

Let us consider a defect-free condensate in the presence of an external

magnetic field B(r, t) = Br(r) + Bt(t). In the TPI method, this combina-

tion of a spatially varying field Br and a time-dependent bias field Bt is

used to induce a local spin rotation on the condensate spins. In a typ-

ical setup, Br(t) is axially symmetric and the bias field is chosen along

ẑ, Bt(t) = Bt(t)ẑ. Let us assume that this is the case, and that Bt(t) is

initially strong enough to render the system spin-polarized with all the

spins residing in the eigenstate |F, mz〉 of the linear Zeeman Hamiltonian

ĤZ = gFμBB(r, t) · F̂, where F̂ = (F̂x, F̂y, F̂z). Here we assume that gF < 0.

The desired spin rotation is introduced by adiabatically ramping Bt from

large positive value down to zero, or to large negative value. When Bt is

varied slowly enough and the local Zeeman term dominates the temporal

evolution, the spins follow the field, and hence the condensate remains in

the instantaneous eigenstate of ĤZ.

It is convenient to parametrize the local magnetic field in terms of two

angles ς = tan−1(Bx, By) and ϑ = tan−1 [|B⊥|/Bz(t)] [see Fig. 3.1(a)] as

B(r, t) = |B|(sinϑ cos ς, sinϑ sin ς, cosϑ) = |B|B̂. (3.11)

As the bias field is decreased, the local spin rotates by an angle ϑ about

n̂(ς), the unit vector orthogonal to B̂ [See Fig. 3.1(b)]. The corresponding

unitary operator is given by Û = e−iβn̂·F̂. The spin state of the condensate

remains in the eigenstate of ĤZ which transforms as

|Ψ(ς, ϑ)〉 = Û |F, mz〉. (3.12)

22



Superfluid Properties of a Bose Gas

Since both ς and ϑ vary in space, the local spin rotates differently in dif-

ferent spatial locations. During the inversion of the bias field, the phase

difference acquired by the order parameter at two points that are spa-

tially separated, equals the Berry phase for a loop formed by the joint

path traced by the two points in the spin space [see Fig. 3.1(c)] [97]

δγ = −mzΩ = −2mzΔς, (3.13)

where the solid angle suspended by the two paths, Ω, depends on form of

the spatially varying field Br(r).

Different phase windings and topological defects may be introduced us-

ing different initial states and magnetic field configurations. A planar

quadrupole field Br(r) = B′(xx̂ − yŷ) provides the confining potential in

the Ioffe-Pritchard trap [137, 138] and has been used to generate multi-

quantum [97] and coreless vortices [69]. Axially symmetric three dimen-

sional quadrupole field can also be used to generate Dirac monopoles [70].

The experimental creation of the Dirac monopoles is investigated in Publi-

cation III, and will be discussed in more detail in Sec. 5.4.1. Furthermore,

in Publication V we create isolated topological monopole defects in the po-

lar phase of the condensate utilizing the method that was introduced in

Ref. [70] to create Dirac monopoles. In the polar phase, the Berry phase

vanishes and we merely use the magnetic field configuration to introduce

nontrivial topological textures into the order parameter field. The isolated

monopoles are discussed in Sec. 5.4.2.

The TPI method also forms the foundation of the so-called vortex pump

[105–108]. In the vortex pump, the external fields are driven in a cyclic

manner while periodically switching between different multipole fields in

order to pump vorticity into the condensate.

The magnetic manipulation of the spin degrees of freedom has also been

used to create skyrmions in the polar phase of a pancake shaped 23Na

condensate [72]. In the skyrmion creation the magnetic fields were op-

erated in a nonadiabatic manner to obtain the desired spatially varying

spin rotation. We study numerically the skyrmion creation and stability

in Publication IV and these defects are the topic of Sec. 5.3.

Topological states can also be engineered using static magnetic fields.

The key idea is that initially spin polarized condensate is subjected to a

spatially varying but static magnetic field configuration and the defect is

created as the spins Larmor precess about the field. Varying the waiting

time one can adjust the so-called topological charge or topological winding
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number of the created defect. Before defect creation, the spatially vary-

ing field is ramped nonadiabatically into the spin polarized cloud. It has

been suggested that knots [77], dark solitons, and vortices [110] could be

created with this method.
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4. Synthetic Electromagnetic Fields

The charge neutrality of alkali atoms and the urge to simulate phenomena

related to the movement of charged particles in the presence of electro-

magnetic fields have given birth to a branch of studies on artificial gauge

potentials. A conventional way to emulate the effect of a magnetic field is

to rotate the condensate [29–31]. In the rotating frame of reference, the

Hamiltonian of the system acquires charasteristics describing a charged

particle in a constant magnetic field. Synthetic electromagnetic fields may

also be generated with the external magnetic fields that modify the spatial

and temporal dependencies of the condensate spin. Furthermore, studies

have shown that in the presence of a suitably designed laser field, the

motion of neutral atoms may mimic the behavior of charged particles in a

magnetic field with the emergence of a Lorentz-like force [39].

In Sec. 4.1, we discuss the artificial gauge potentials arising from the

spatial and temporal dependence of the condensate spin degrees of free-

dom. In Sec. 4.2, we discuss the special case of artificial gauge potentials

yielding an effective spin–orbit coupling and review the results of Publi-

cation II.

4.1 Synthetic fields generated by the spin degrees of freedom

As we observed in Sec. 3.1, there is a fundamental connection between

the Berry phase and the superfluid velocity of a ferromagnetic conden-

sate. This connection becomes more evident if we note that the Gross–

Pitaevskii equation (2.14) for the spinor order parameter may be recast

as a Schrödinger equation for a charged particle, described by a scalar

field ψ =
√
neiφ, in an electromagnetic field [124]. For this purpose, we

rewrite the spinor order parameter as Ψ = ψξ =
√
neiφξ. Substitution of

this order parameter into the Lagrangian density ignoring the potential
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and interaction terms yields

−i�ψ∗ ∂

∂t
ψ = − 1

2m

(
�∇+ i�Ã

)
ψ∗ ·

(
�∇− i�Ã

)
ψ − ψ∗

(
�Φ̃ +

�
2

2m
W

)
ψ,

(4.1)

where �Φ̃ and �Ã act as scalar and vector potentials for the scalar field ψ,

respectively, and they derive from the temporal and spatial dependencies

of the spinor ξ as

Φ̃ = −iξ†∂ξ
∂t

, (4.2)

Ã = iξ†∇ξ. (4.3)

The additional term in Eq. (4.1) W = |∇ξ|2 − Ã2 stems from the kinetic

energy of ξ. However, it is proportional to the second power of the gradient

of ξ, and hence it is negligible for slowly varying spinors. The arising

synthetic electromagnetic fields are given by

Ẽ = �

(
−∇Φ̃− ∂Ã

∂t

)
, (4.4)

B̃ = �

(
∇× Ã

)
. (4.5)

The above definition for B̃ is only valid outside the possible singularities

in Ã.

Note that, just like in ordinary electrodynamics, the magnetic vector

potential is not uniquely defined due to the gauge invariance. Namely, we

may add curl-free components into Ã. The superfluid velocity in Eq. (3.6)

is related to the vector potential Ã through vF
s = �

m

(
∇φ− Ã

)
and the

synthetic magnetic field corresponds to the vorticity ΩF
s in Eq. (3.7) almost

everywhere.

By modifying the spatial dependence of the spinor, one can generate

different synthetic vector potentials. This enables controlled quantum

simulation of a charged particle in a classical electromagnetic field. The

effective Lorentz force arising from an inhomogeneous synthetic magnetic

field generated this way, was recently observed in Ref. [32]. The topologi-

cal phase imprinting method in Sec. 3.2 provides a convenient tool to gen-

erate nontrivial spin textures and thus nontrivial artificial gauge fields.

The creation of Dirac monopoles in the synthetic fields will be discussed

in Sec. 5.4.1.
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4.2 Spin–orbit coupled condensates

In addition to rotation and using external magnetic fields, artificial gauge

potentials may also be generated in spinor condensates using several laser

beams that couple multiple internal states of the atoms [34,37,139–142].

The emerging dressed states are superpositions of the atomic states. For

abelian gauge potentials, one needs to introduce spatial dependence into

the coupling to generate a nonzero artificial magnetic field. This may be

done, for example, with laser beams that carry angular momentum [33,

143], using counter-propagating Gaussian beams with spatially shifted

axes [34,141], or by introducing a position-dependent detuning with mag-

netic field gradients, a method that led to the first experimental obser-

vation of a synthetic magnetic field in the context of ultracold atomic

gases [38]. Furthermore, introducing temporal evolution into to gauge

enables the synthetization of artificial electric fields [142].

Spin–orbit coupling (SOC) plays a key role in condensed matter systems,

such as, topological insulators and topological superconductors, as well

as systems influenced by spin and anomalous Hall effects. In 2011, Lin

et al. [46] synthetized SOC in a 87Rb condensate. The generated gauge

potential was proportional to a single component of the spin-1/2 opera-

tor, A ∼ σx, and thus it was abelian. In order to emulate more general

SOC, one needs to synthetize nonabelian gauge potentials. This may be

done with so-called N -pod configuration, in which N laser beams are used

to couple N internal atomic states with N ≥ 3 to a common auxiliary

state [73]. This coupling generates N − 1 dark states, that is, zero-energy

eigenstates of the atom–light interaction. The dark states are superpo-

sitions of the original atomic states that are orthogonal to the auxiliary

state. The motion of the atoms residing in these dark states emulates the

motion of charged particles in a nonabelian gauge field.

The Rashba–Dresselhaus (RD) SOC has attracted special interest due to

its relevance for spintronics [47–49]. In RD coupling, the vector potential

is proportional to the spin-1/2 operator of a particle within a plane. In

Ref. [41], it was proposed that an N -pod setup could be used to generate

RD-type SOC for spins larger than 1/2. Furthermore, the RD-type SOC

has been suggested to generate exotic stationary states in spin-1/2, spin-1,

and spin-2 BECs [42,50–58].

In Publication II, we investigate the stationary states arising from the

RD-type SOC in an optically trapped pseudospin-1 BEC. In the tetra-
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pod setup [41], condensed atoms reside in three dark states which play

the role of internal pseudospin degrees of freedom. We solve the sta-

tionary states of the condensate from the time-independent GP equation

H [Ψ]Ψ = μΨ, where

H [Ψ] =
1

2m

(
�

i
∇− αA

)2

+Θ+ V (r) + c0Ψ
†(r)Ψ(r). (4.6)

Here α is the SOC strength, V is the optical trapping potential, Θ is the an

effective scalar potential, and c0 is the strength of the density–density in-

teractions. In the tetrapod setup Θ = α2F 2
z /(2m) and the vector potential

has the RD form A = Fxêx+Fyêy [41]. If the optical trap V is cylindrically

symmetric, the Hamiltonian in Eq. (4.6) is invariant under combined spin

and spatial rotations about the z-axis R̂ = eiγF̂z+iγL̂z .

The dark states are linear combinations of the coupled internal states,

which renders the exact form of the density–density coupling setup de-

pendent. The simple Hamiltonian in Eq. (4.6) yields a good description of

the tetrapod setup in the case that the four internal atomic states coupled

to the auxiliary state are chosen such that the density-density coupling is

roughly independent of the internal state. Furthermore, counting on the

possibility that the spin–orbit interaction is realized for a genuine spin-1

condensate, we also perform computations in the presence of spin–spin

coupling HSS = c2Ψ
†(r)FΨ(r) · F. We consider both ferromagnetic (c2 < 0)

and antiferromagnetic (c2 > 0) interactions.

Let us first consider homogeneous RD-coupled BECs The minimum-

energy eigenstate of the single-particle Hamiltonian

H1 = (−�2∇2 + 2i�αA · ∇+ 2�2α21̂)/(2m) (4.7)

is a plane wave Ψk(r) = Φke
ik·r, where Φk = (1,−√2eiθk , ei2θk)T /2 and

θk = arctan ky/kx [41]. The corresponding energy is given by ε1 = �
2(|k|2−

2α|k|+2α2)/(2m), which has a minimum at |k| = α. The stationary states

of the trapped RD-coupled condensate may be approximated by a super-

positions of the degenerate single-particle ground states [58]. Therefore,

we consider states

Ψ(n) = Bf(r)
n∑

j=1

ajΦkj
eikj ·r, (4.8)

where B is a normalization constant, aj are complex numbers satisfying

|aj |2 ≤ 1, and f(r) models the presence of trapping potential as well as the

effect of repulsive interactions.

We find that for states in Eq. (4.8) with odd n (n > 1), the interference

of plane waves gives rise to density modulations that render these states
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Figure 4.1. Pseudospinor components in the square-lattice state. The orientation of the
axes in all panels is the same. (a)–(c) The amplitudes and (d)–(f) the phases
of Ψ1, Ψ0, and Ψ−1, respectively. In panels (a)–(c), each inset shows the
absolute value of the Fourier transform for the corresponding pseudospinor
component. The horizontal and vertical axes on the insets correspond to kx

and ky, respectively. In the colormap white corresponds to large values and
black to small values.

energetically unfavorable for typical experimental values of the density-

density coupling c0. The energetically favorable superposition states in

Eq. (4.8) thus consist of either a single plane wave or one or multiple pairs

of counter propagating plane waves with {k,−k} and equal amplitudes.

When n→∞ the ansatz (4.8) gives a cylindrically symmetric state corre-

sponding to a spin vortex. The order parameter for this state in cylindrical

coordinates (ρ, φ, z) is given by

Ψv =

⎛
⎜⎜⎝

Ψ1(ρ, z)e
i(κ−1)φ

Ψ0(ρ, z)e
iκφ

Ψ−1(ρ, z)e
i(κ+1)φ

⎞
⎟⎟⎠ . (4.9)

We refer to the states with n = 1, n = 2, and n = 4 in Eq. (4.8) as

the plane-wave (PW), standing-wave (SW), and square-lattice (SL) states,

respectively. The exotic square-lattice state is shown in Fig. 4.1 and it

consists of Mermin-Ho vortices (see Sec. 5.2.1) polarized alternatingly in

−z and z directions. As the total angular momentum of the state vanishes,

such states cannot be created by rotating the condensate.

We compute the energies of various stationary states of pancake-shaped

pseudospin-1 BECs as functions of the spin–orbit coupling strength α.
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The key results are shown in Fig. 4.2. We observe that for weak spin–

orbit coupling, states with a single vortex may appear as ground states.

With intermediate values of α, the PW (n = 1) and SW (n = 2) states

emerge as ground states for c2 < 0 and c2 > 0, respectively. Importantly,

for strong spin–orbit coupling, the exotic SL state (n = 4) is the ground

state irrespective of the spin–spin coupling strength.

κκ = 2= 2

κ = 1

κ 00= 0

PW

SL

ccc222/c/c/c000 === −−−000.010101κκκ = 2= 2= 2

κ 11= 1

κ = 0
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SL
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(a) (b)

Figure 4.2. Energies of low-energy stationary states for effectively two-dimensional con-
densates as functions of the SOC strength. (a) The antiferromagnetic case
c2/c0 = 0.01, and (b) the ferromagnetic case c2/c0 = −0.01. The dashed
lines correspond to cylindrically symmetric states with different values of κ
in Eq. (4.9). Ẽ and α̃ are given in units of �ωr and 1/ar, respectively.

Since the stationary states can be approximated by a single plane wave

or superpositions of standing waves, they are characterized by either a

single k or pairs {k,−k}. Hence, when such a state is left to evolve in

time after instantaneously removing the SOC and the optical trap in the

x and y directions, one expects that the condensate density begins to move

in the directions specified by the k vectors. This was confirmed in the nu-

merical simulations. The stationary states may thus be observed from the

total particle densities in time-of-flight images, regardless of whether the

states are obtained using a genuine spin-1 condensate or a pseudospin-1

condensate.
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Topological defects, or topological excitations exist in a physical system if

its state is not topologically equivalent to its ground state. This means

that the corresponding order parameter cannot be deformed into that of

the ground state by continuous transformation. Such defects are usually

long-lived and stable against weak perturbations as they can only decay

or disappear in globally nontrivial transformations.

The types of topological defects that can occur in the condensate depend

naturally on the topological properties of the order parameter space dic-

tated by the phase of the condensate. Typically, the more possible phases,

the richer the variety of topological defects. A convenient tool for inves-

tigating the topological properties of the order parameter space and for

classifying the possible defects is provided by the homotopy theory.

In Sec 5.1, we discuss the classification of topological defects and list

the relevant homotopy groups for the spin-1 condensate. In the following

sections, we introduce different topological excitations and discuss their

creation and stability, emphasizing the defects studied in Publications I

and III–VI.

5.1 Classification of topological excitations

The homotopy theory classifies topological defects based on the behavior

of the order parameter on closed loops and surfaces. The key idea is that

specifying the order parameter along a loops in real space determines a

loop in order parameter space. Hence the existence of topologically non-

trivial structures is solely dictated by the topological structure of the order

parameter space [59,60,144,145].

Let I = [0, 1], and let M be a topological space. A continuous map α1 :

I → M is called a loop at a if α1(0) = α1(1) = a. The product of two loops
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α1 and β1 with the same base point is given by

α1 ◦ β1 = α(2z), 0 ≤ z ≤ 1

2

= β1(2z − 1),
1

2
≤ z ≤ 1.

(5.1)

Two loops are defined to be homotopic if they can be continuously de-

formed to one another. This is an equivalence relation and the equiva-

lence class of loops that can be continuously deformed into one another

is called the homotopy class. Under the composition law in Eq. (5.1), this

class attains a group structure and it is referred to as the first homotopy

group, or fundamental group π1(M,a) [59].

In order to generalize the concept to higher dimensions, let us define an

n-dimensional cube In = {(s1, s2, ...sn) |0 ≤ si ≤ 1, i = 1, 2, ...n} and its

boundary ∂In = {(s1, s2, ...sn) | some si = 0or 1}. An n-loop (or n-sphere)

αn : In → M at a is a is a map, for which αn(∂I
n) = a. If any two

points, x, y ∈ M , can be connected with a path, then all the based ho-

motopy groups are isomorphic to one another and we can drop the base

point. The nth homotopy group πn (M) of the space M consists of the

equivalence classes of n-loops. It is possible to associate the elements of

the homotopy group with a topological charge. In the case of vortices, the

winding number is such topological charge.

In this thesis, we refer to topological excitations as topologically trivial

if they can be continuously deformed into the defect-free state. Further-

more, defects that possess cores at which the spinor part or the scalar

phase of the order parameter is not well defined and, consequently, the

local spin |S|, or particle density n vanishes, are referred to as singular.

In contrast, nonsingular defects have no such cores, but they may still be

topologically nontrivial.

In the context of spinor Bose gases, the fundamental group π1 classi-

fies vortices and nonsingular one-dimensional (1D) solitons. For the 1D

solitons the order parameter approaches constant value far from a point.

Mutually homotopic vortices are characterized by the same winding num-

ber. The second homotopy group π2 classifies singular point defects called

monopoles and nonsingular two-dimensional (2D) defects for which the

order parameter approaches constant value far from a line l. Note that

the physical space does not need to be 2D. The defect is 2D in the sense

that the plane perpendicular to l in physical space, maps to S2 in the order

parameter space. These defects are characterized by a topological charge

describing how many times the order parameter space is covered in this
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Ferromagnetic MF = SO(3) Polar MP =
[
U (1)× S2

]
/Z2

π1 Z2 vortices [66] Z vortices, fractional vortices

[66,126,128]

π2 0 Dirac monopole [68,70] Z 2D–skyrmions [71, 72, 74,

146], monopoles [147]

π3 Z 3D–skyrmions, knots [148] Z 3D–skyrmions, knots [77]

Table 5.1. Relevant homotopy groups and possible topological defects for ferromagnetic
and polar phases of spin-1 Bose gas. Since the second homotopy group of the
ferromagnetic phase is trivial, isolated topological monopole defects are not
permitted. Point defects may exist at the termini of vortex lines. An example
of such topologically trivial configuration is the Dirac monopole [68,70].

plane.

The third homotopy group π3 classifies nonsingular three-dimensional

(3D) defects with constant boundary conditions far from a point. These

include 3D skyrmions and knots that can be associated with a topologi-

cal invariant called a Hopf charge [60, 77]. The zeroth homoptopy group

π0(M) gives the number of disconnected pieces in M . In this thesis we

only consider the case π0(M) = 0, implying that any two points in M may

be connected by a curve.

One of the most remarkable properties of the homotopy groups is that

they are topological invariants. This means that if two topological spaces

X and Y are isomorphic to each other X ∼= Y , then πn(X) = πn(Y ). Table

5.1 summarizes the relevant homotopy groups for the spin-1 condensate

and the defects they classify [59,60,127].

The spintextures in the ferromagnetic phase may be characterized by a

number that indicates how many times the texture covers the unit sphere.

We refer to this number as the topological charge, but it is important to

note that this number only on gives the topological charge of the spin

texture and it does not describe the topology of the quantum field which

is trivial. For the 2D defects, the topological charge is defined as [79]

Q2D =
1

4π

∫
dxdy εijkŝi∂xŝj × ∂y ŝk, (5.2)

where ŝ = S/|S|, εijk is the Levi-Civita symbol, and the xy-plane is chosen

such that l, the symmetry axis of the defect, does not lie in it. Summation

over repeated indices is assumed. Here, Q2D describes the number of

times the local spin in the xy-plane covers a unit sphere.

The monopole configurations in the ferromagnetic phase may be charac-
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terized by a charge [68]

Q3D =
1

8π

∫
Σ
d2σa εabcεijkŝi∂bŝj∂cŝk, (5.3)

where the integral is taken over a surface Σ enclosing the defect. In the

ferromagnetic phase, the spin-gauge symmetry and the resulting Mermin–

Ho relation (3.7) relates the vorticity flux of the spin texture with its topo-

logical charge. The vorticity of the spin texture in a 2D plane equals h
mQ2D

and the vorticity flux of the spin texture through a surface enclosing the

monopole equals 2h
mQ3D. It is important to note that in Eq. (3.7) the pos-

sible contributions from phase singularities are ignored. If the possible

singularities are taken into account, the vorticity flux carried by them

equals the vorticity flux through the surface as given by the Mermin–Ho

relation (3.7).

In the polar phase, the topological charges of the nematic vector fields

are defined similarly as those of the spin textures, namely,

Q2D =
1

4π

∫
dxdy εijkd̂i∂xd̂j × ∂yd̂k =

1

4π

∫
dxdy d̂ ·

(
∂xd̂× ∂yd̂

)
(5.4)

and

Q3D =
1

8π

∫
Σ
d2σa εabcεijkd̂i∂bd̂j∂cd̂k. (5.5)

These charges do not include the topological charge of the scalar phase

φ in Eq. (2.25). Due to the Z2 symmetry of the polar order parameter,

the charges Q2D and −Q2D, as well as Q3D and −Q3D defined through

Eqs. (5.4) and (5.5), respectively, are equivalent.

5.2 Vortices

5.2.1 Ferromagnetic phase

The fundamental group of the ferromagnetic phase is Z2, which indicates

that there are two kinds of vortices in the topological sense: ones that

are topologically equivalent to the trivial configuration and ones that are

not. The former are often referred to as continuous [79, 80] or coreless

vortices [69,149], whereas the latter are called singular vortices or disgy-

rations [65].

A vortex is continuous if it is topologically equivalent to a spinor in

Eq. (2.18) satisfying φ − γ = ±α = ϕ and β(ρ = 0) = 0. Here ρ and

ϕ are the cylindrical radial and azimuthal coordinates, respectively. An
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example of such a vortex, originally introduced in the context of 3He-A,

is the Anderson–Tolouse (AT) vortex [150], for which the Euler angle β

varies from β(ρ = 0) = 0 to β(ρ = R) = π, where R is the radial extent of

the cloud. Another example is provided by the Mermin–Ho vortex [134],

for which β(R) = π/2. These vortices for α = ϕ are schematically depicted

in Fig. 5.1 and they have been shown to appear as ground states of a ferro-

magnetic condensate under slow rotation [151–154]. In Publication II, we

show that an alternating lattice of MH vortices and antivortices can exist

as the ground state of a spin-1 condensate in the presence of spin–orbit

coupling (see also Sec. 4.2).

In some works, the AT and MH vortices are referred to as skyrmions

and half-skyrmions, respectively, due to the similar boundary conditions.

However, since AT and MH vortices are topologically trivial, they differ

fundamentally from skyrmions which are characterized by the second ho-

motopy group [74, 76]. In the polar phase, skyrmions are topologically

protected and we discuss them in more detail in Sec. 5.3.

(a) (b)

Figure 5.1. Possible configurations for continuous vortices. Panel (a) shows the
Anderson–Tolouse (AT) vortex and panel (b) the Mermin–Ho vortex. The
arrows represent the condensate spin ŝ = S/|S|. The textures are symmetric
with respect to rotations about the core of the vortex that is depicted by the
dashed line.

All singular vortices are topologically equivalent to a spinor in Eq. (2.18)

satisfying φ−γ = 0 and α = ±ϕ [155]. Due to the phase winding in m = ±1
components, the local spin |S| vanishes at the vortex core. Since typically

c0 > |c2| in spin-1 BECs, the core of the vortex is in practise populated

by the m = 0 component manifesting the co-existence of two competing

magnetic phases. These vortices are thus often referred to as polar core

vortices [155, 156] and they have been observed to form spontaneously

in quenched ferromagnetic condensates [157]. It is intriguing that com-
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bining two singly quantized singular vortices gives topologically trivial

configuration following from the fact that the fundamental group is Z2.

5.2.2 Polar phase

For the polar phase the fundamental group is the additive group of in-

tegers indicating that the polar phase may host vortices with arbitrary

winding numbers. However, as we observed in Sec. 3.1, the circulation

in polar phase is quantized in the units of h/(2m) instead of h/m due to

the local Z2 invariance of the polar spinor. These half-quantum vortices,

or Alice vortices [126, 128, 133, 158, 159], are singular defects that con-

sist of a phase defect bound to a spin defect. The core of a half-quantum

vortex may, in practice, be filled with the ferromagnetically ordered con-

densate showing the co-existence of two phases like in the case of polar

core vortices in the ferromagnetic phase. In Publication VI, we investi-

gate the fine structure of a so-called isolated monopole and observe that a

small half-quantum vortex ring, an Alice ring, with a ferromagnetic core

appears near the core of the monopole.

5.3 Skyrmions

The concept of skyrmion originates from particle physics, where skyrmions

were described as particlelike topological solitons in the nonlinear field

theory for pions [160, 161]. The original Skyrme model accounts for 3 + 1

dimensions and the nontrivial solutions to Skyrme’s equations are 3D

skyrmions [75]. Solitons in a modified Skyrme model with 2+1 dimensions

are referred to as 2D skyrmions [162], and they have been studied in var-

ious fields of physics [163–168]. In spinor bose gases, skyrmions appear

as nontrivial and nonsingular topological excitations, for which the order

parameter approaches constant value far from a point (3D skyrmions) or

a line (2D skyrmions). Here, we discuss the 2D skyrmion due to its rele-

vance for Publication IV.

Because the second homotopy group of the polar phase is nontrivial,

2D skyrmions may exist as topologically stable excitations in the polar

order parameter. The 2D skyrmions are characterized by a nematic vector

d̂ that continuously rotates by an angle π from the axial center to the

boundary of the system [71,72,74,169]. The skyrmion configuration in d̂,

looks like the spin configuration of AT vortex depicted in Fig. 5.1(a). In
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cylindrical coordinates, the local nematic vector of the skyrmion is given

by [162]

d̂(ρ, ϕ) = cosβ(ρ) ẑ+ sinβ(ρ) ρ̂, (5.6)

where β(ρ) is a monotonically increasing function with boundary condi-

tions β(0) = 0 and β(∞) = π. Substitution of the nematic vector (5.6) into

the polar spinor in Eq. (2.23) yields

ΨS(ρ, ϕ) =
√
neiφ

⎛
⎜⎜⎜⎝
− 1√

2
e−iϕ sinβ(ρ)

cosβ(ρ)

1√
2
eiϕ sinβ(ρ)

⎞
⎟⎟⎟⎠ . (5.7)

The topological charge of the skyrmion texture is Q2D = 1. For a half-

skyrmion the boundary conditions are β(0) = 0 and β(∞) = π/2 and the

topological charge is Q2D = 1/2 which, however, is not a topological invari-

ant since the texture does not map to a closed loop in the order parameter

space.

As suggested in Ref. [71], 2D skyrmion excitations may be created in

polar BECs applying a method where a 3D quadrupole magnetic field is

ramped through the condensate in a nonadiabatic manner. The magnetic

field configuration reads B(ρ, z, t) = B′(t)ρρ̂+ [Bz(t)− 2B′(t)z]ẑ, where Bz

is the strength of the axial bias field and B′ is the field gradient. Initially

the pancake shaped 23Na condensate is prepared in the mf = 0 state,

indicating that d̂ points along +ẑ. Far away from the z-axis, the local field

direction changes slowly with respect to the local Larmor frequency as the

quadrupole field is ramped through the condensate and d̂ adiabatically

follows the field. Near the z-axis the field inversion is nonadiabatic and

d̂ retains its initial orientation. As a result, the tilt angle β(ρ) of the

nematic vector d̂ with respect to z-axis increases with ρ. The tilt angle

at the boundary of the condensate depends on the field inversion rate and

varying the ramp rate of the bias field, one can obtain boundary conditions

corresponding to both skyrmions and half-skyrmions.

In Publication IV, we investigate the creation and stability of 2D skyrmi-

ons in 23Na condensate, inspired by the experiments of Ref. [72]. We solve

the full three-dimensional Gross-Pitaevskii equation (2.14) with param-

eters matching the experimental setup. The key results of the skyrmion

creation are shown in Figs. 5.2 and 5.3. A very good quantitative agree-

ment between the experiment and the simulation is achieved without any

fitting parameters. Analysis of the nematic vector field after the creation

process reveals the boundary conditions characteristic of a skyrmion exci-

tation.
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Figure 5.2. Condensate particle density distributions in different spin components to-
gether with the total density traced along the x-axis of the created (a)
skyrmion and (b) half-skyrmion. The dotted red line corresponds to the
mz = 1 component, the solid black line to the mz = 0 component, the dash-
dotted blue line to the mz = −1 component, and the dashed black line to the
total density. For panel (b), the ramp rate |Ḃz| is roughly 6 times faster than
the ramp rate for panel (a).

 

a

μ

Figure 5.3. Size of the skyrmion Rπ/2 as a function of (a) the magnitude of the ramp
rate of the bias field |Ḃz| with B′ = 8.1 G/cm and of (b) the inverse of the
radial field gradient 1/B′ with |Ḃz| = 40 G/ms. The solid lines represent
the simulation results, and the dots correspond to the experimental values
obtained from Ref. [71].

In Ref. [72], the created skyrmion was observed to decay into a uniform

spin texture and the cause of the decay was speculated to be the quadratic

Zeeman effect. In Ref. [170], the skyrmion decay was numerically simu-

lated in a 2D system and no decay of the skyrmion texture was observed.

It was speculated that the experimentally observed decay might be caused

by dissipation. Furthermore, in Ref. [171] the simulations showed the

skyrmions to decay due to spin mixing, but not into a uniform texture.

Motivated by these contradictory results, we also study the skyrmion sta-

bility in Publication IV. We simulate the effect of dissipation by intro-

ducing a phenomenological damping parameter into the Gross–Pitaevskii

equation. We also investigate the effect of quadratic Zeeman term. We
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conclude that neither the quadratic Zeeman effect, nor the dissipation

alone cause the skyrmion to decay on time scales reported in the exper-

iments of Ref. [72]. However, the combined effect of the quadratic Zee-

man term and dissipation is found to result in the decay rate observed in

Ref [72].

5.4 Monopoles

The existence of magnetic monopoles have been the cause of debate ever

since the discovery of magnetism. The observation of magnetic monopoles

is still lacking and considerable research has been devoted to the search

of analogous entities in various condensed matter systems [172–180]. Fa-

mous descriptions of magnetic monopoles include the Dirac monopole [111]

that would explain the quantization of electric charge, and the magnetic

monopole particle considered by ’t Hooft and Polyakov [112,113].

The Dirac monopole typically refers to a monopolar magnetic field in

the classical field theory. The presence of the Dirac monopole induces

a semi-infinite nodal line into the wavefunction of a charged quantum-

mechanical particle. The ’t Hooft–Polyakov monopole is a topological point

defect in the grand unified quantum field theories and it describes the

magnetic monopole as a quantum-mechanical particle excitation. In this

section, we consider analogues of the Dirac monopole and of the ’t Hooft–

Polyakov monopole in the context of spinor Bose gases.

5.4.1 Dirac monopole

For the ferromagnetic phase, the triviality of the second homotopy group,

π2 [SO(3)] ∼= 0, indicates the absence of topological point defects. However,

a spin configuration with a monopole structure is possible at the terminus

of a vortex line [68, 70]. As shown in Ref. [70], such a spin texture can be

imprinted using an extension of the original topological phase imprinting

method. The order parameter obtained in this manner is analogous to

a system of a charged particle in the electromagnetic field of a classical

magnetic point charge as envisioned by Dirac in his seminal paper [111].

Dirac considered the properties of a wavefunction pierced by a semi-

infinite nodal line with nonzero phase winding, i.e., an ending vortex.

He discovered that the corresponding electromagnetic potentials yield the

magnetic field of a monopole located at the endpoint of the nodal line. In
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spinor BECs, the Dirac monopole lies in the synthetic electromagnetic

fields (see Sec. 4.1) generated by the imprinted spin texture. We empha-

size that there is no topological point defect in the order parameter field.

In Publication III, we experimentally create Dirac monopoles in the

synthetic electromagnetic field of a spin-1 87Rb condensate. We follow

the creation protocol first suggested in Ref. [70]. The applied magnetic

field is a combination of a three-dimensional quadrupole field and a ho-

mogeneous time-varying bias field, B(r, t) = B′(xx̂ + yŷ − 2zẑ) + Bz(t)ẑ,

with B′ > 0. Initially, the condensate is spin polarized along the z-axis,

ζ = (1, 0, 0)T , and the field zero is located well outside the condensate,

that is, Bz(0)/(2B
′) � Rz, where Rz is the axial Thomas–Fermi radius.

As the bias field Bz is adiabatically reduced, the field zero is drawn into

the condensate and the spins rotate forming the quadrupole spin texture.

We refer to this adiabatic reduction of the bias field as the creation ramp.

A schematic illustration of the monopole creation is shown in Fig. 5.4.

After the monopole is created, the magnetic field is nonadiabatically

ramped to large values in order to project the spinor into approximate

eigenstates of the Zeeman Hamiltonian while preserving the monopole

spin texture. After this projection ramp, the time-of-flight images are

taken simultaneously along horizontal and vertical axes to verify that the

desired spin texture was created.

It is convenient to describe the spin rotation in scaled and shifted co-

ordinates, defined as (x′, y′, z′) = (x, y, 2z − Bz/B
′), and the correspond-

ing spherical coordinates (r′, θ′, ϕ′). In the primed coordinates, we have

B(r, t) = B′(x′x̂′ + y′ŷ′ − z′ẑ′). The reduction of the bias field causes

each spin to rotate by an angle θ̃ = π − θ′ about the local axis n̂ =

−x̂′ sinϕ′ + ŷ′ cosϕ′, leading to a spinor

ξD =
1

2

⎛
⎜⎜⎝

(1− cos θ′)
√
2eiϕ

′
sin θ′

e2iϕ
′
(1 + cos θ′)

⎞
⎟⎟⎠ . (5.8)

Substitution of the spinor ξD into Eqs. (4.2) and (4.4) leads to synthetic

vector potential and magnetic field characteristic of a Dirac monopole

Ã = −1 + cos θ′

r′ sin θ′
ϕ̂′ B̃ =

�

r′2
r̂′. (5.9)

The location of the singularity in the vector potential Ã depends on the

choice of gauge and may even be removed as shown in Ref. [181] and the

supplementary information of Publication III. As in the case of the nat-

ural magnetic monopole, the location and the existence of the singularity
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Figure 5.4. (a)–(c) Theoretical spin and magnetic field orientation (red arrows) within the
condensate when the magnetic field zero (black dot) is above (a), entering (b)
and in the middle of (c) the condensate. The helix represents the singularity
in the vorticity. (d) Synthetic vector potential Ã (color scale and red arrows),
scaled by equatorial vector potential, Ãe. Black arrows depict the synthetic
magnetic field B̃. (e) Experimental set-up showing magnetic quadrupole (Q)
and bias field (BX, BY and BZ) coils. Red arrows (OT) show beam paths of
the optical dipole trap, and blue arrows indicate horizontal (H) and vertical
(V) imaging axes.

in the synthetic magnetic field B̃ depends on the choice of gauge, and

hence it is not a physical singularity. Thus we show no singularities in

the synthetic magnetic field B̃ in Eq. (5.9). In literature, this nonphys-

ical singularity is often referred to as the Dirac string. We stress that

this gauge-dependent singularity is different from the gauge-independent

nodal line, i.e., the doubly quantized vortex appearing in the order pa-

rameter as well as in the associated physical observables vs and Ωs. The

doubly quantized vortex provides the vorticity flux for the monopole.

Figure 5.5 shows a comparison between the experimental [Figs. 5.5(a)

and 5.5(c)] and simulated particle densities [Fig. 5.5(b) and 5.5(d)] with

the monopole near the centre of the condensate. The density profiles show

a nodal vortex line with 4π phase winding terminating within the conden-

sate. The winding number of the vortex was confirmed by vortex split-

ting experiments. Our work constitutes the first observations of Dirac

monopoles in a system described by a quantum field. Our setup simu-

lates both, the quantum-mechanical wavefunction of the charged particle
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Figure 5.5. Comparison between experiment and simulation. Experimental (a, c) and
simulated (b, d) condensate particle densities with the monopole near the
centre of the condensate. Comparisons along the vertical axis are shown in
rows (a) and (b), and those along the horizontal axis are shown in rows (c)
and (d).

in the presence of a classical magnetic monopole, as well as the monopolar

magnetic field. This intriguing analogy provides an opportunity to study

Dirac monopoles in these controllable and flexible systems.

In Publication I, we investigate the minimum-energy configuration of

a ferromagnetic condensate in the presence of the 3D quadrupole mag-

netic field used above for the creation of Dirac monopoles. We find that

the ground state is a strong-field-seeking state (SFSS) supporting a Dirac

monopole in its synthetic magnetic field. However, instead of being lo-

cated at the end of a doubly quantized vortex line, the monopole is located

at a point where the circulation of a singly quantized vortex is reversed.

For energetic reasons it is natural that in the ground-sate configuration

two singly quantized vortices appear instead of a doubly quantized vor-

tex [98,132]. We find that in a purely magnetic trap, consisting of the 3D

quadrupole field, the trapped weak-field-seeking state (WFSS) also hosts

a Dirac monopole. However, this state is rather unstable due to spin flips
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taking place in the vicinity of the field zero.

In practise, the zero-point of the magnetic field may float out of the gas

during the long cooling process. For this reason, the aforementioned adia-

batic method has proven more convenient in creation of Dirac monopoles.

Particle density isosurfaces for the SFSS and WFSS minimum-energy

states are shown in Figs. 5.6(a) and 5.6(b), respectively. The vortices as-

sociated with the monopole structure are of the singular type and they lie

along the direction that minimizes their length. The topological charge

of the spin configuration is Q3D = 1, giving vorticity flux 2h/m through

a surface enclosing the defect. By definition (5.3), Q3D includes only the

contribution coming from the spin and ignores the contribution from the

phase singularities. Thus the vorticity flux has to be provided by the two

vortices implying that they each must carry a single quantum of angular

momentum. Singular vortices do not, in general, have quantized circu-

lation in ferromagnetic phase. Hence, the existence of a monopole defect

enforces the requirement for quantized vorticity, much like the Dirac mag-

netic monopole imposes a nodal line and charge quantization [111].
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Figure 5.6. Cross section of condensate particle densities for the three spinor components
for the minimum-energy configuration in (a) WFSS and (b) SFSS. In both
panels, the top segment corresponds to |Ψ1|2, the central segment to |Ψ0|2,
and the bottom segment to |Ψ−1|2. The colorbar scales are in the units of
N/a3

r. The segments are bounded by density isosurfaces for spinor compo-
nents for x > 0. On the plane x = 0, the isosurfaces are capped with a
density colormap for the corresponding spinor component. In panel (a), all
isosurfaces correspond to density ñ = 1.4 × 10−3N/a3

r and the singly quan-
tized vortices are manifested as density depletion along the z-axis. In panel
(b), the vortices lie on the xy-plane and all isosurfaces correspond to density
ñ = 1.2× 10−3N/a3

r.

5.4.2 Isolated monopole

The polar phase may host topological point defects in its order parame-

ter field due to the nontrivial second homotopy group. Spherically sym-
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metric point defects demonstrate a quantum-mechanical analogue of the

’t Hooft–Polyakov monopole [112,113] in grand unified quantum field the-

ories [147].

In Publication V, we create topological monopole defects in the polar

phase of the ferromagnetic 87Rb condensate, utilizing the method described

in Sec. 5.4.1 and used in Publication III to create Dirac monopoles. Before

the creation ramp, the condensate is initialized in the polar phase, that is,

the m = 0 spin state corresponding to d̂ = ẑ. With this seemingly minor

modification, the method described in Sec. 5.4.1 generates a topological

point defect with properties that fundamentally differ from those of the

Dirac monopole. This defect is topologically nontrivial and hence it is not

located at the terminus of a nodal line. Thus we refer to it as an isolated

monopole.

As the quadrupole field zero is adiabatically ramped into the conden-

sate, the nematic vector follows the field like the spin does in the case of

the Dirac monopole. The Euler angles for the obtained spin rotation in

Eq. (2.20) are α = ϕ′ and β = π − θ′, where the primed coordinates are

defined as in Sec. 5.4.1. The resulting spinor in the z′-quantized basis is

ζm(r
′) =

1√
2

⎛
⎜⎜⎝
−dx′ + idy′√

2dz′

dx′ + idy′

⎞
⎟⎟⎠ =

1√
2

⎛
⎜⎜⎝
−e−iϕ′

sin θ′

−√2 cos θ′

eiϕ
′
sin θ′

⎞
⎟⎟⎠ . (5.10)

The corresponding nematic vector is expressed as d̂m = (x′, y′,−z′)/r′.
The obtained nematic vector configuration is topologically equivalent to

the hedgehog configuration and the two can be continuously transformed

into each other by a π rotation about the z-axis [see Fig. 5.7(d)]. In fact,

after the projection ramp along p̂ = ±z, the order parameter oscillates be-

tween the two configurations due to Larmor precession and thus also the

hedgehog configuration is created in this experiment. This is confirmed by

numerical simulations as shown in Fig. 5.7. The spinor for the spherically

symmetric hedgehog monopole d̂ = −r̂ is given by

ζh(r
′) = − 1√

2

⎛
⎜⎜⎝
−e−iϕ′

sin θ′
√
2 cos θ′

eiϕ
′
sin θ′

⎞
⎟⎟⎠ . (5.11)

To verify the symmetries of the created point defect, we investigate its

response to rotations. For a point defect, arbitrary rotations of a prop-

erly chosen coordinate system, R, can be compensated by rotations in the

order parameter space R̂, and vice versa. We study whether the created
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Figure 5.7. (a), (b) Nematic vector field from numerical simulations just before and (c),
(d) after the beginning of the projection ramp with p̂ = ±z. In panels (c) and
(d), the Larmor precession has induced a π-rotation of the nematic vector
about the z-axis, Rz(π). The colormap on the right defines the scale for the
column-integrated particle density which is shown on the background of the
vector field in each panel.

defect has this property by imposing a spin rotation R̂p on the spin state

of the defect |ζ〉. The spin rotation is achieved by conducting a fast pro-

jection ramp that projects |ζ〉 onto a new p̂-quantized basis, where p̂ is

the direction of the projection ramp defined through a coordinate rotation

(xp, yp, zp) = R−1
p (x, y, z). The projection of the original spinor onto the p̂-

quantized basis must be equal to the projection of the rotated spinor onto

the original ẑ-quantized basis, i.e., 〈mp|ζ〉 = 〈mp|R̂†
pR̂p|ζ〉 = 〈m|R̂p|ζ〉.

The rotational compensation property implies that there exists a coordi-

nate rotation (xv, yv, zv) = Rv(x, y, z) such that the spinor in Eq. (5.10)

with (x′, y′, z′) replaced by (x′v, y′v, z′v) gives the p̂-quantized spinor reveal-

ing the experimentally observed state.

The hedgehog monopole in Eq. (5.11) is rotationally symmetric and hence

the radial vectors in any two rotated coordinate systems coincide. Thus

we expect that the phase windings of the m = ±1 components would al-

ways align with the projection axis, i.e., Rv = R−1
p . Since the isolated

monopole in Eq. (5.10) is obtained from the hedgehog monopole by π ro-

tation about z, i.e., R̂z(π)|ζm〉 = |ζh〉, we have in the p̂-quantized basis

〈mp|ζm〉 = 〈mp|R†
z(π)Rz(π)|ζm〉 = 〈mp|R†

z(π)|ζh〉. Thus the vortices in

Eq. (5.10) align with the axis v̂ = Rz(π)p̂ and we have Rv = Rz(π)R−1
p .

The experimental results testing the defects response to rotations are

shown in Fig. 5.8. In agreement with the theory, we observe that in the

experiment, the two axes v̂ and p̂ are parallel when p̂ lies in the xy-plane

and when p̂ is rotated in the xz-plane, v̂ rotates in the opposite direction

always satisfying v̂ = Rz(π)p̂. These results constitute the first experi-

mental observations of topological point defects in a quantum field.
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Monopole decay dynamics

In Publication VI, we computationally investigate the fine structure and

decay dynamics of the isolated monopole defect created in Publication V.

Our studies reveal that the created monopole defect exhibits a small half-

quantum vortex ring, or Alice ring in its core as shown in Fig. 5.9. The

core of the Alice ring is filled with ferromagnetically ordered condensate.

Our finding is consistent with Ref. [158], where the monopole core was

found to be unstable towards deformation into an Alice ring.

When the monopole defect is let to evolve in time while the optical trap

and the quadrupole magnetic field are kept constant, we observe that be-

yond the timescales accessed in the experiments of Publication V, the iso-

lated monopole defect decays into a ferromagnetic state that supports a

Dirac monopole in its synthetic magnetic field. The decay begins from

the boundary of the cloud where the local Zeeman energy dominates (see

Fig. 5.10). No phenomenological damping terms were employed. Qualita-

tively similar dynamics are observed for both ferromagnetic and antifer-

romagnetic interactions and the effects of the quadratic Zeeman term and

three-body losses were found to be negligible.
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Figure 5.8. (a) The angle of the vortices ϕv in the |mF = ±1〉 spin states, resulting
from projections in the xy-plane with azimuthal angle ϕp. The spin states
|mF = ±1〉 are quantized along the magnetic field. Condensates are imaged
along the z-axis and ϕv is extracted from the density depletion in the mF = 0

component as shown in the insets. Typical uncertainties are indicated by the
two error bars. The dashed line shows the theoretical prediction. The black
arrows in the insets show the projection axes, p̂, and the chevrons show the
experimentally extracted vortex axes, v̂. (b) Same as (a) but for angles θv re-
sulting from projections in the xz-plane with polar angle θp and imaged along
y.
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Figure 5.10. (a) Horizontally (b) and vertically integrated particle densities for the
indicated waiting times after the creation ramp producing the isolated
monopole. Different colors correspond to particles in different z-quantized
spin states with the color and intensity scales given in the bottommost
panel. The red arrows highlight the locations of two singular vortices.
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6. Summary and Conlusions

Topological defects and their creation have been central topics in this the-

sis. The specific research topics studied, were Dirac monopoles, exotic

stationary states of a Rashba–Dresselhaus-coupled pseudospin-1 conden-

sate, skyrmions, and the isolated monopole defect.

In Ref. [70], it was suggested that a defect analogous to the Dirac mag-

netic monopole [111] could be created in a ferromagnetic spin-1 conden-

sate with adiabatic manipulation of the spin degrees of freedom. This

method utilizes a static three-dimensional quadrupole field combined with

a homogeneous bias field that is varied in time.

In Publication III, we presented the experimental observation of Dirac

monopoles that were created using the method suggested in Ref. [70]. The

observed order parameter manifests both the quantum-mechanical wave-

function of the charged particle in the presence of a classical magnetic

monopole, as well as the classical monopolar magnetic field. Publica-

tion III provides the first observations of Dirac monopoles in a system

described by a quantum field.

In Publication I, we investigated the ground state of a ferromagnetic

spin-1 condensate in a static quadrupole magnetic field. The minimum-

energy configuration was found to host a Dirac monopole located at the

point where the circulation of a singly quantized vortex is reversed.

In Publication II, we investigated the energetics of the stationary states

of a Rashba–Dresselhaus-coupled pseudospin-1 condensate. We analyti-

cally derived conditions for the energetically favored states and computed

energies for these states as functions of the spin–orbit coupling strength.

We found that cylindrically symmetric spin vortices, plane-wave states,

and standing-wave states as well as exotic square-vortex-lattice states

exist as ground states. Furthermore, we suggested how these states could

be observed in time-of-flight experiments.
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In Ref. [72], topologically stable 2D-skyrmions were experimentally ob-

served in antiferromagnetic 23Na condensates. In Publication IV, we sim-

ulated the experimental creation with very good quantitative agreement.

Subsequently, we studied the decay of the created skyrmion defect. We

observed that the combined effect of the quadratic Zeeman term and dis-

sipation results in the decay on time scales observed in Ref. [72].

The second homotopy group of the polar order parameter manifold is

nontrivial, allowing for the existence of topological point defects. In Publi-

cation V, we presented the experimental observation of such point defects

in the polar phase of 87Rb condensate. The defect was created using the

method that was used in Publication III to create the Dirac monopoles.

The key difference is that the condensate was initialized in the polar

phase. We investigated the response of the defect to spin rotations verify-

ing its point-like nature. In Publication VI, the stability of the observed

point defect was investigated and we observed it to decay into a ferromag-

netic state supporting a Dirac monopole.

The creation and manipulation of exotic topological defects and espe-

cially monopole analogues opens up variety of theoretical and experimen-

tal possibilities. In the future, it is interesting to develop methods that en-

able the creation of multiple monopoles or monopoles and antimonopoles

in the same condensate. An intriguing research topic is to investigate the

interactions between monopoles and antimonopoles as well as between

monopoles and other topological defects like skyrmions, or vortices. Fur-

thermore, the analysis of the low-energy excitations for the studied de-

fects remains a future task.

The creation of magnetic monopole analogues provides us additional

tools to probe the secrets of the Universe. It does not, however, bring

us any closer to finding the natural magnetic monopole. The search con-

tinues and the future will show the role of ultracold atomic gases in the

play. Meanwhile dilute BECs continue to amaze the physicists with their

flexibility and versatility and help us in understanding the complex phe-

nomena the nature has to offer.
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[34] G. Juzeliūnas, J. Ruseckas, P. Öhberg, and M. Fleischhauer, Phys. Rev. A
73, 025602 (2006).

[35] S.-L. Zhu, H. Fu, C.-J. Wu, S.-C. Zhang, and L.-M. Duan, Phys. Rev. Lett.
97, 240401 (2006).

[36] X.-J. Liu, X. Liu, L. C. Kwek, and C. H. Oh, Phys. Rev. Lett. 98, 026602
(2007).

[37] Y.-J. Lin, R. L. Compton, A. R. Perry, W. D. Phillips, J. V. Porto, and I. B.
Spielman, Phys. Rev. Lett. 102, 130401 (2009).

[38] Y.-J. Lin, R. L. Compton, K. Jiménez-Garcia, J. V. Porto, and I. B. Spielman,
Nature 462, 628 (2009).

54



Bibliography

[39] J. Dalibard, F. Gerbier, G. Juzeliūnas, and P. Öhberg, Rev. Mod. Phys. 83,
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