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The fundamental noise limit of a phase-preserving amplifier at frequency v/2p is the standard quantum
limit Tq 5 Bv/2kB. In the microwave range, the best candidates have been amplifiers based on
superconducting quantum interference devices (reaching the noise temperature Tn , 1.8Tq at 700 MHz),
and non-degenerate parametric amplifiers (reaching noise levels close to the quantum limit Tn < Tq at
8 GHz). We introduce a new type of an amplifier based on the negative resistance of a selectively damped
Josephson junction. Noise performance of our amplifier is limited by mixing of quantum noise from
Josephson oscillation regime down to the signal frequency. Measurements yield nearly quantum-limited
operation, Tn 5 (3.2 6 1.0)Tq at 2.8 GHz, owing to self-organization of the working point. Simulations
describe the characteristics of our device well and indicate potential for wide bandwidth operation.

T
he goal of quantum limited amplification at microwave frequencies has become increasingly important for
superconducting qubits and nanoelectromechanical systems1. The lowest noise temperatures with respect to
the quantum noise have been achieved using nondegenerate parametric amplifiers based on superconduct-

ing quantum interference devices (SQUIDs)2–4. They yield a noise temperature Tn of about (1.0 – 1.6) Tq. Other
implementations of near-quantum limited amplification have been realized by means of Josephson ring oscilla-
tors5, DC-SQUIDs6,7, and parametric amplifiers based on Josephson junction arrays2,8–11. Devices based on
photon-assisted tunneling SIS-mixers yield Tn 5 1.2Tq

12. However, these devices lack power gain but they do
have a large gain in photon number due to conversion from high to low frequency.

Negative differential resistance devices, in particular tunnel diodes, have been used in the past to construct
oscillators and amplifiers for microwave frequencies. These devices are capable of very fast operation. They were
among the first ones to be used at microwave frequencies because they display little or no excess noise in the
negative resistance bias region13. Here, we propose a negative-resistance amplifier based on an unshunted, single
Josephson junction (JJ) operating in a noise compression mode. Unshunted junctions have been analyzed and
demonstrated to work in SQUID circuits at low frequencies by Seppä et al.14. We have developed analogous
concepts for high frequency operation. The present device differs markedly from previous implementations using
unshunted Josephson devices due to the modified impedance environment.

Unshunted junctions are attractive as low-noise devices since they minimize fluctuations by avoiding unne-
cessary dissipation in the junction environment. In voltage-biased (Vb) operation, these devices can be considered
as mixers between the signal frequency (vs around a few GHz) and the Josephson frequency (vJ 5 (2e/B) Vb 5 2p
3 10 – 300 GHz) including sidebands15. A frequency-dependent environmental impedance can be employed for
controlling mixing strengths (because the Josephson junction is a phase driven current generator) and the
impedance makes the conversion between these two quantities.

Results
The fundamental macroscopic principle of our single junction amplifier (SJA) is that the intrinsic resistance
of a JJ is negative over time scales much longer than 1/vJ

14 (as shown in Fig. 1a). This is usually hidden in
weakly damped JJs since the negative-resistance branch is unstable. On the other hand, for strongly damped
junctions, the total dynamic resistance is positive. This can be seen from the current-voltage IV character-
istics vb~

ffiffiffiffiffiffiffiffiffiffiffi
i2
b{1

p
for a Josephson junction with negligible capacitance (valid for ib . 1). Here vb 5 Vb/IcR

denotes the voltage scaled with critical current Ic and the shunt resistance R while ib 5 Ib/Ic is the dimen-
sionless current. Solving for the current through the junction alone, iJJ 5 ib 2 vb (illustrated by the black
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curve in Fig. 1a), we get for the scaled dynamic resistance

rd~
Rd

R
~

1
diJJ=dvb

~
1

dib=dvb{1
ð1Þ

This yields
ffiffiffiffiffiffiffiffiffiffiffiffi
v2

bz1
p �

vb{
ffiffiffiffiffiffiffiffiffiffiffiffi
v2

bz1
p� �

, negative at all bias points.
The schematics of our SJA configuration is illustrated in Fig. 1c. To

utilise the negative resistance of a JJ for amplification, stable opera-
tion has to be maintained by sufficient damping at all frequencies.
The frequency-dependent damping is set in such a way that the
external shunt damps the low (v , vs, the signal frequency) and
high (v . vs) frequency dynamics, which ensures both stable DC
bias and overdamped Josephson dynamics. In practice, we have rea-
lised this separation by mounting the shunt resistor in series with a
bandstop filter whose center frequency is at the signal frequency
vs

16,17. The shunt capacitor is chosen large enough that it acts as a
short at the Josephson frequency to ensure the high frequency
dynamics and the IV curve are not modified. The stabilization in
the stop band is provided by the postamplification circuit. The shunt
circuit and the postamplification circuit together guarantee the
stability of the device by generating a wide-band resistive envir-
onment for the JJ. Operated as a reflection amplifier, the power gain
jS11(v)j2 5 jC(v)j2 is determined by the reflection coefficient

C vð Þ~ Zin vð Þ{Z0ð Þ= Zin vð ÞzZ0ð Þ, ð2Þ

where Zin(v) is the impedance of the JJ, the shunt and the series
inductance; Z0 is the impedance of the readout circuit. As seen from
the curve in Fig. 1b, there is gain (S11 . 0 dB) at all values of negative
resistance and a strong divergence around Zin 5 2Z0. In the stop-
band of the shunt circuit, the input impedance Zin(vs) consists of the
JJ (and possibly of an LC impedance transformer): it is real and
negative. For Rdj j *> Z0, large gain with stable operation can be
obtained. For operating conditions where jRdj ? Z0 impedance
transforming circuits are employed to change the reference level
impedance Z0, e.g. from 50 V typical for standard RF technology
to a level of 1 kV which is a typical value of jRdj for small Jose-
phson junctions at high bias voltages.

The dynamics of SQUID circuits can be analyzed using a Langevin
type of differential equation for the phase variable Q across the
Josephson junctions18. Good agreement of such Langevin analysis
with measured experimental results has been obtained in the past19,20.

In the semiclassical approach, the generalized Nyquist noise formula
by Callen and Welton21 with the frequency dependence 0:5Bv coth
(Bv/2kBT) is employed as the colored noise source in the differential
equation19,22,23. At the Josephson frequency, the semiclassical noise
power per unit bandwidth is so large (!BvJ ? kBT) that, after
downmixing, it will have observable effects on the phase dynamics
at the signal frequency vs. Since the noise at vs is cut off from the
Josephson junction by the bandstop filter (see Fig. 1c), direct noise
from the shunt is avoided and only the down-mixed noise is present
in our device. The absence of direct noise ensures good noise char-
acteristics for our SJA and this feature is one of the basic differ-
ences when comparing SJAs with traditional microwave SQUID
amplifiers.

Experimental. Fig. 2 displays noise spectra measured on the device
at different bias points. At low bias currents, the magnitude of
the dynamic resistance jRdj is smaller than the environmental
impedance in parallel to it, making the total damping impedance
of the LC resonator in the shunt circuit negative. This leads to
either spontaneous oscillations or saturation. The oscillations are
highly nonlinear, which is manifested as higher harmonics in the
spectra. The saturation shows up as vanishing response. As jRdj
increases at higher bias points, the system is stabilized and the
harmonics disappear since the device operates as a linear amplifier
generating amplified noise at the output.

After finding the optimal stable bias point, the gain vs. frequency
was recorded at several power levels. The maximum measured gain
of the SJA was found to be 28.3 6 0.2 dB. The measured power gain
of the device is plotted in Fig. 3 at Pin 5 2160 dBm. The 21 dB
compression point for Pin was found to be around 2134 dBm; this
yields a dynamic range of 70 dB as the input noise corresponds to
2204 dBm. For the 23 dB bandwidth, we obtain BW^1 MHz.
However, the bandwidth depends very much on the bias voltage
due to the variation of Rd along the IV-curve, indicating that fun-
damentally the device is capable of wideband gain. In the present
experiments, we reached jCjmax 3 BW 5 40 MHz for the voltage
gain - bandwidth product. The nominal parameters of the measured
amplifier are given in Table I in the Methods section.

The inset in Fig. 3 displays the improvement of the signal to noise
ratio when the SJA is switched on and operated at its maximum gain.
Based on this improvement, we find that the input-referred noise
power added by the amplifier is 220 6 70 mK (0.5Bv/kB coth(Bv/
2kBT) 5 90 mK originating from the source has been subtracted),
which corresponds to Tn < (3.2 6 1.0) Tq. The best noise temper-
ature was obtained at the largest gain of the SJA.

Theoretical. To theoretically model a single junction device
with arbitrary, frequency-dependent environment with 0 , bc 5

2eR2(v)IcCJ/B , 1, we simulate numerically the electrical circuit
on the basis of the DC and AC Josephson relations which define a
nonlinear circuit element having the properties: IJ 5 Ic sin Q and V 5
(B /2e) hQ/ht. We have compared our numerical simulations with
analytic methods using an approximate model where we have
adapted the resistively and capacitively shunted junction (RCSJ)
approach to the modified environmental impedance of the SJA.
Our numerical and analytic models take into account the Callen
and Welton quantum noise from the environment semiclassically.
Down-conversion of the noise at vJ is the main quantity to be
minimized for optimum performance.

The simulated power gain is included in Fig. 3 together with the
experimental data. The theoretical gain curve is seen to follow the
experimental behavior closely and it yields 42 MHz for the gain-
bandwidth product. The simulated maximum gain amounts to
28.9 6 0.5 dB. All these findings are in excellent agreement with
the experimental data. Basically, the shape of the gain curve indicates
that the amplification mechanism is based on mixing between vs and
the sidebands of vJ. This occurs along with the conversion from

Figure 1 | a) Typical IV of a SJA (in blue); red and black curves indicate the

division of I into shunt and junction currents, respectively.

b) Reflection (scattering) amplitude S11 in a Z0 5 50V system as a function

of the load impedance. c) Principal scheme of the SJA operation. d) Optical

image of a SJA; the size of the image is approximately 270 mm 3 230 mm.
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down-mixed currents at vs to voltage by the shunt impedance
(see the Supplementary material). For comparison, we have also
calculated a linearized response curve where the Josephson junction
has been replaced by a negative resistance of Rd 5 21370 V from
Eq. (1).

Our numerical simulations yield Tn 5 270 6 30 mK which is close
to the experimentally found Tn 5 220 6 70 mK. Hot-electron effects
were taken into account by using the model of Ref. 24, on the basis of
which we estimated the electronic temperature in the shunt to be
Te^400 mK instead of the base temperature 70 mK. The noise tem-
perature is not very sensitive to hot electron effects when the shunt is
fully blocked by the LC resonator at the center frequency. However,
when going away from the center frequency, direct noise may leak

out from the shunt reducing the useful band to ‘‘a noise-temperature-
limited’’ range. The simulated noise power spectrum and the corres-
ponding Tn as a function of frequency are presented in Fig. 4.

In our analytic modeling, we have generalized the semiclassical
treatment of Ref. 19 to finite capacitance CJ and combined the mixing
analysis with the current-voltage characteristics derived in Ref. 23.
For the noise analysis, we define a noise process Qs(t), band-limited
near the signal frequency. Another noise process Qj(t) with ÆQj(t)2æ=
1 covers the Josephson frequency and one pair of sidebands (vJ 6

vs). Qj has a small variance because of the low impedance of the
junction capacitor at high Josephson frequency. We expand iJ 5

sin Q(t) < sin(vJt 1 Qs 1 Qj) in order to describe the junction as a

Figure 2 | Noise spectra of the device as function of the bias point; the reference level corresponds to 14 K kB and the power scale on the right is given in
dB. The inset displays the dependence of rd as a function of bias voltage for different values of bC. Values between 0 and r�d lead to unstable behaviour;

r�d~{50 without impedance transformer (R 5 1 V). There are no special features in the noise spectral density in the area below the inset.

Figure 3 | Gain of the SJA as function of frequency at the optimal point of
operation (blue, noisy curve). Results from our numerical simulation are

denoted by open circles, while the smooth curve (green) illustrates the gain

from a linearized electrical circuit model where the Josephson junction is

replaced by a negative resistance of Rd 5 21370 V from Eq. (1). Inset: Output

noise spectra having the SJA off (lower trace) and on (at maximum gain).

Figure 4 | The effective output noise temperature Pout
n

�
kB (left scale) is

compressed in the simulation (denoted by solid blue line) when
compared with the product of the simulated gain (G – 1) and the
uncompressed down-mixed noise of 2.4 K3kb from Eq. 3 (#). After

dividing the simulated output spectrum by the calculated gain, a clear dip

is revealed in the input noise temperature (e, right scale).
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DC current generator plus two AC current noise generators: one at
vs and the other around the Josephson frequency. In the Fourier
plane, the AC Josephson relation and the impedance environments
at low and high frequencies establish the down-mixing noise process.
We denote the variance of the phase noise over the signal band by
d2

s ~ ws tð Þ2
� �

. In our calculations, we expand exp(iQs) < J0(r) 1
i(2J1(r)/r)Qs (which is a good approximation at small d2

s ) but this
breaks down when additional sidebands (vJ 6 2vs and so on)
become significant. These Bessel functions of the first kind have
the phase noise amplitude r divided by the signal band. Ideally, r
should follow the Rayleigh distribution. In our analysis, we treat
separately the limit of small fluctuations, d2

s=1, and the regime with
d2

s §1, in which noise compression effects appear. With large gain
and resonantly boosted current-voltage conversion, the phase fluc-
tuations will grow so much that the non-linearities begin to limit the
gain, and the system is driven to a steady state where the down-
mixing process becomes altered and significantly suppressed. The
number of added quanta per unit band from mixed-down noise is
derived in the Supplementary material:

kBTmix

Bvs
~

Nj d2
s

� �
2

1zb2
c u2

b

1z3b2
c u2

b

 !
Gm{1

Gm

� 	
, ð3Þ

where N 5 vJ/vs and the factor (Gm 2 1)/Gm can be neglected at large
gain. Noise suppression is denoted by the compression factor j d2

s

� �
ƒ1

which equals unity at d2
s=1 and decreases towards zero with growing

variance. In our model with the sidebands vJ 6 vs, we obtain
j d2

s

� �
~vJ2

0 rð Þw*exp {d2
s

� �
. Hence, large improvement in noise

performance can be achieved compared to the linear where j d2
s

� �
~1.

The role of noise compression in the operation of the SJA is illu-
strated in Fig. 4. For reference, we plot the uncompressed noise from
Eq. (3) multiplied by the simulated gain. The output noise temper-
ature from the actual simulation differs from it (an indication of
noise compression). The simulated spectrum is rounded near the
gain peak, which creates a dip in the input noise temperature.

In Fig. 5, the input noise temperature at Gm is plotted as a function
of the gain. Linear theories predict convergence towards Tn 5 2.4 K

at Gm ? 1 (from Eq. (3) by taking j 5 1). Above a threshold gain of
, 13 dB, noise suppression sets in. From our analytic model with
two sidebands vJ 6 vs, we obtain j~vJ2

0 rð Þw~0:44 for the com-
pression factor at Gm 5 28 dB and the noise temperature reduces to
Tn 5 1.0 K. Compared with numerical simulations, the analytic
model yields nearly 3–4 times larger value for Tn.

Discussion
The compression mechanism for noise is crucial for the high bias
operation of the SJA since otherwise Tn would grow directly propor-
tional to ub (N in Eq. (3)). The operation with noise compression can
be viewed as self-organization of the system. Microscopic degrees of
freedom give rise to a macroscopic order which can be parametrized
to describe the behavior of the system. In our device, the macroscopic
ordering is dictated by the integrated noise over the amplified band-
width. This parameter governs the macroscopic characteristics of the
device (e.g. the effective critical current and the gain of the device for
external signals). The actual value of the gain is set by the higher order
terms present in the Josephson energy, which resembles that of the
order parameter stabilization in regular phase transitions.

The bandwidth of our SJA is fundamentally limited below the
Josephson and plasma frequencies, 1

2 min(vJ, vp). It can be shown
that the gain-bandwidth product is jCjmax 3 BW 5 2/jRdj(C 1 CJ) in
our first-order filtering scheme. In the measured amplifier, the capa-
citance of the bandstop filter is C < 4.3 pF and CJ 5 0.35 pF.
Furthermore, using Rd 5 21370 V as in our operating point of
interest, the formula yields jCjmax 3 BW 5 50 MHz while <
40 MHz is obtained experimentally. In general, stability of the amp-
lifier requires that C . CJ . Reduction of the shunt capacitance facil-
itates improvement of the gainbandwidth product but the boundary
condition R? vJ Cð Þ{1 must be met. High bandwidth is predicted at
small Rd too, which can be obtained most effectively by increasing the
critical current. Also CJ controls the value of Rd so that the optimum
for gain-bandwidth product is obtained for a small junction with a
high critical current density.

Another possible low noise regime for the SJA is the limit of small
vJ. We analyzed a few devices at ub 5 3 (N 5 2.33) with different bc

(see the Suppl.). We obtained analytically that the down-mixed noise
contribution is around Bv at bc 5 0.3 2 0.5 without any noise

Figure 5 | Input noise temperature Tn vs. maximum gain of the SJA. The

uncompressed Tn (Eq. (3) with j 5 1, solid blue line) converges to 2.4 K at

high gain. Compression suppressed Tn for the analytic model with two

sidebands at vJ 6 vs is denoted by the dashed green line. Noise

temperature from the simulations is depicted using open circles, and the

error bars represent the statistical uncertainty in the simulated spectral

density. The measurement result is marked by a filled circle (N), while the

standard quantum limit would be Tq 5 Bv/2kB 5 70 mK.

Figure 6 | Setup for measuring the SJA characteristics. The essential

components of the SJA are located at 70 mK (indicated by the dashed black

box). 60 dB of attenuation is employed to thermalize the incoming rf

signal cable and two circulators eliminate the back action noise from the

preamplifier. Noise temperature of the cooled preamplifier (including

losses in front of the preamplifier) THEMT
n ~14+3 K at the center

frequency of the SJA.
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compression. This was verified in numerical simulations according
to which 0.9 6 0.2 quanta were added by our SJA. Addition of one
quantum indicates that the noise behaviour of the SJA is reminiscent
to that of heterodyne detection where the image frequency brings an
extra noise of 1

2 Bv to the detected signal25, i.e. both sidebands of the
Josephson frequency add 1

2 Bv to the noise temperature.
The control of noise in our SJA is not fully optimized and several

issues should be addressed in order to make the theoretical procedure
for noise minimization more effective and transparent. Using nu-
merical simulations, we reproduced the measured noise temperature
3.2Tq at high bias and found signs for the complex behavior of our
device. Our analytical model mixes down noise only from two side-
bands vJ 6 vs, the consideration of which is sufficient at low
Josephson frequency and small phase noise variance d2

s . Conse-
quently, the predictions of Tn , Bv from our analytical modeling
are reliable at low bias voltage. In the noise compression mode,
d2

s §1, our simulations show that the analytic model fails and an
extension in the number of tracked sidebands is necessary. More-
over, further work will be needed to show whether pronounced noise
compression can drive the SJA into the standard quantum limit Tq.
Our analysis indicates that the concept of selectively shunted junc-
tion amplifier for microwaves is sound and that it provides the best
route for quantum limited operation over large bandwidths.

Methods
Our experimental setup for the SJA measurements is shown in Fig. 6. The device is
biased with a DC current which allows the effective value of the negative resistance to
be tuned over a wide range of values. The incoming signal and the reflected signal are
separated by circulators and the signal postamplification is performed by high elec-
tron mobility transistor (HEMT) based amplifiers at 4 K and at the room temper-
ature. At the optimal operating point, the dynamic resistance Rd of the Josephson
junction is 21370 V in our amplifier. To get substantial gain according to Eq. 2, we
apply impedance transformation by placing an inductor L2 in series with the junction.
This converts the input impedance Zin(vs) close to 250 V.

To measure the amplifier performance, we injected a reference signal and recorded
the signal-to-noise (S/N) ratio while having the SJA ON and OFF. In the OFF state,
the SJA acts like a pure inductance reflecting all the incoming power (passive mirror)
and the noise in the S/N ratio measurement is fully specified by the HEMT pream-
plifier. The largest improvement in the S/N was found at the highest bias current ,
140 mA (ib 5 8.2). Using a source at 70 mK, the S/N ratio after the HEMT amplifier
was improved by 17.2 6 0.2 dB. Thanks to the microwave switch in the setup, the
noise temperature of the HEMT amplifier could be carefully calibrated using the cold/
hot load technique. The parameters of the investigated amplifier are collected into
Table I.
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Table I | SJA parameters in the experiment and the simulation.
Definitions: Z0, impedance of the source and the readout circuit;
R, C and L the shunt resistance, capacitance and inductance,
respectively; Ic, CJ, vp and bc the critical current, the capacitance,
plasma frequency and the Stewart-McCumber parameter of the
junction, respectively; C2, L2 the capacitance and the inductance
in series with the SJA device (impedance transformer); vs the
signal frequency; Ib and vJ the bias current and the Josephson
frequency at the optimal operating point
Parameter Value Parameter Value
Z0 50 V Ic 17 mA
R 4.0 V CJ 0.35 pF
C 4.26 pF vp/(2p) 61 GHz
L 702 pH bc 0.29
C2 33 pF Ib 140 mA
L2 14.25 nH vJ/(2p) 270 GHz
vs 2.865 GHz
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Our Supplementary material is divided into chapters as outlined above. Ch. I details the

circuit diagram of the single junction amplifier (SJA). The non-linear Josephson junction

element and the semiclassical, quantum noise generators are defined, and we derive the

Langevin system of differential equations that is solved numerically in the time domain. In

Ch. II, we study the amplifier characteristics analytically by introducing a linear model where

the Josephson junction is replaced by negative dynamic resistance Rd. In particular, the

magnitude of Rd is linked to DC voltage bias and junction capacitance. Equations for down-

mixed noise from the Josephson frequency are derived and analyzed in detail. Ch. III deals

with guidelines for practical amplifier design and summarizes the constraints that limit the
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parameter selection. Relations between gain, bandwidth, and stability are studied. Finally,

Ch. IV presents the results. At high-bias operation point, the experiment is compared with

the simulations of Ch. I and the analytic model of Ch. II. We also present numerical results

of a nearly quantum limited amplifier at low bias, designed using principles given in Ch. III.

I. COMPUTATIONAL METHODS

FIG. 1. Amplifier circuit with a Josephson junction denoted by the cross. Node N1 specifies the

node to which the bias current Ib is fed. A circulator connects the branches X, Y, and Z in a

manner denoted by the arrows; the amplifier input impedance Zin is the impedance at N2 looking

outward from port Y. The junction has internal capacitance CJ which is not drawn explicitly. For

the variables, see text.

The circuit diagram of the analyzed SJA Josephson amplifier is presented in Fig. 1. Using

the standard definitions for the Josephson current IJ and the voltage V

IJ = Ic sinφ (1)

V =
~
2e

∂φ

∂t
=

Φ0

2π

∂φ

∂t
, (2)

we can model the non-linear behavior of the junction in an otherwise regular electrical circuit.
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The critical current Ic and the phase difference φ are measured across the junction. The

constants e and ~ denote the elementary charge and reduced Planck’s constant, respectively;

Φ0 = π~/e is the flux quantum. Other quantities in Fig. 1 are understood through

• CJ, ICJ: junction capacitance and current flowing through it

• R, IR + δI: resistance of the bandstop shunt and the current in it with fluctuation δI

• L, IL, C, IC : shunt inductor, capacitor, and the associated currents

• Ib, Vsg: current bias and signal voltage generators

• L2, C2: LC transformer for impedance matching

• IX, IY ≡ −I2, IZ: currents entering the three-port circulator (they sum up to zero)

• Z0: internal resistance of signal generator in branch X; matched load in branch Z.

Transformation into dimensionless variables written in lower case letters is defined as

ωp =
√

2πIc/(Φ0CJ) (plasma frequency) (3)

Q = ωpRCJ (quality factor) (4)

τ = ωpt (5)

iJ = IJ/Ic = sinφ (6)

v = V/(RIc) =
1

Q

∂φ

∂τ
=
φ′

Q
. (7)

Similarly, all currents are divided by Ic, and voltages by the product RIc. The dynamics

of the Josephson junction in the presence of finite CJ > 0 is often described using the

dimensionless Stewart-McCumber parameter βC = Q2 = 2eR2IcCJ/~. Charges in capacitors

become dimensionless when they are multiplied by ωp/Ic. Dimensionless resistances r are

multiples of R.

Kirchhoff’s current law tells that

iC + iL = iR + δi (in the shunt) (8)

i2 + i = iC + iL + iJ + iCJ (at node N1) (9)

iX + iZ = i2 ≡ −iY (at the circulator). (10)
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Electric power must be conserved within the circulator. Using an ideal circulator, we obtain

for the voltages and currents at the three ports:

vX =
vsg
2

& iX =
Rvsg
2Z0

(11)

vY = vsg −
Z0i2
R

(i2 is a variable) (12)

vZ =
vsg
2

− Z0i2
R

& iZ = −RvZ
Z0

. (13)

Kirchhoff’s voltage law yields

v = vsg −
Z0i2
R

− L2ωpi
′
2

R
− q2
ωpRC2

(14)

(between nodes N1 and N2)

q

ωpRC
=
Lωpi

′
L

R
= v − iR (15)

(in the shunt),

where the primes denote time derivatives. The charges stored in the capacitors C and C2

are related to the currents via q′ = iC and q′2 = i2, respectively. In the Josephson junction

q′J = iCJ. We can gather all the information presented so far into a Langevin system of

ordinary differential equations

φ′

q′J

q′

i′L

q′2

i′2


= A



φ

qJ

q

iL

q2

i2


+



0

ib − δi− sinφ

δi

0

0

Rvsg
L2ωp


(16)

where matrix A is 

0 1 0 0 0 0

0 − 1
Q

CJ

CQ
0 0 1

0 1
Q

− CJ

CQ
−1 0 0

0 0
ω2
0

ω2
p

0 0 0

0 0 0 0 0 1

0 −C2ω2
2

CJω2
p

0 0 −ω2
2

ω2
p
− Z0

L2ωp


. (17)

Eigenfrequencies are ω0 = 1/
√
LC and ω2 = 1/

√
L2C2.

5



Josephson frequency ωJ = 2eVb/~, expressed through averaged Josephson voltage Vb =

⟨V ⟩, is the quantity that determines the necessary bandwidth in the simulations. Two

harmonics of ωJ fit inside 3ωJ , and the interval of digitally filtered noise samples is set to

6ωJ because of Nyquist sampling theorem. For the shunt resistor, we included symmetrized

quantum noise which has current spectral density

SI(ω) =
2~ω
R

coth

(
~ω

2kBTshunt

)
, (18)

defined here as the variance of current per unit bandwidth at positive frequencies; kB is

Boltzmann’s constant. The input noise, added to vsg, had the voltage spectral density

(ω > 0)

SV (ω) = 2Z0~ω coth

(
~ω

2kBTin

)
(19)

which corresponds to voltage variance per unit bandwidth. Input noise at temperature

Tin = 70 mK was bandpass filtered to take the circulator bandwidth into account. It can

be noticed that half a quantum of noise of ~ω/2 enters the amplifier input even at zero

temperature (consider the product vXiX in Eq. (11)).

Simulation was started by setting voltages, charges and currents to zero. First, the bias

current ib was slowly turned on and swept linearly up to a point where stability could be

observed. The bias was then swept down to the desired operation point (ib > 1). Second,

the amplifier was perturbed with a Gaussian input pulse from vsg in order to confirm the

stability. Finally, a sinusoidal input voltage was turned on, in the case when the reflection

coefficient Γ of the system was to be evaluated. The coefficient gives the relation between

input and output voltages: vZ(ω) = Γ(ω)vX(ω). The input impedance Zin of the amplifier,

or the impedance looking out from port Y, is easily obtained from

vsg =
Zin + Z0

R
i2. (20)

The desired Fourier components of vsg and i2 are computed with FFT analysis on steady-

state time traces. It turns out that

Γ(ω) =
Zin − Z0

Zin + Z0

(21)

as in regular microwave reflection measurements. Power gain of the amplifier can be esti-

mated with G = |Γ(ω)|2, the squared modulus of the reflection coefficient. For more accurate
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results, the spectral density of the output voltage vZ is plotted in two distinct cases: (I) nor-

mal operation and (II) silent, unbiased situation with unity gain (ib = i2 = 0). Input noise

is present on top of the sinusoidal signal in vsg, see Eq. (13). The gain is computed as the

ratio of spectral densities in the cases (I) and (II) at the input frequency.

Noise added by the Josephson amplifier was estimated after the gain peak G(ω) had been

found. Nothing but quantum noise was present at input vsg during this simulation. The

spectral density of vZ was scaled by (RIc)
2/(kBZ0) to get total noise power referred to the

output. The noise added by the amplifier, as referred to the input, could be obtained by

dividing the result by G and subtracting the contribution of vsg. The equivalent noise power

of fluctuations entering the amplifier was calculated as the product of (RIc)
2/(4kBZ0) and

the spectral density of vsg. The subtracted amount equals

~ω
2kB

coth

(
~ω

2kBTin

)
≈ 90 mK. (22)

The intrinsic impedance of the Josephson junction, ZJ, could be estimated with steady-

state FFT analysis of voltage v and total current iJ+ iCJ. We denote the dynamic resistance

with Rd in equation
1

ZJ

= iωCJ +
1

Rd

(23)

which can be manipulated to obtain

Rd = − 1

ωCJ

· I{ZJ}
R{ZJ}

= −tanϕJ

ωCJ

. (24)

The phase difference between v and iJ + iCJ equals ϕJ.

II. ANALYTICAL METHODS

A. Direct noise

The direct noise is defined as the noise generated at the shunt resistor R in the signal

band. It is described by the current generator δi in parallel with R. We derived the linear

transfer function from fluctuating resistor voltage δvR = δi to output voltage vZ . The

transfer function has the shunt impedance Z1 in the denominator, see Figure 1. Exactly at

the shunt eigenfrequency, ω0 = 1/
√
LC, the direct noise becomes negligible as |Z1| → ∞.

After a small offset from ω0, the magnitude of the shunt reactance X1 is finite but much
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larger than R in the following equation:

Z1 = R + (1/(iωL) + iωC)−1 = R + iX1. (25)

We may thus approximate
1

Z1

=
R

X2
1

− i

X1

, ω ≈ ω0, (26)

and we obtain for the input-referred noise temperature

kBTdirect =
R|Rd|~ω
2X2

1

coth

(
~ω

2kBTshunt

)
, R2 ≪ X2

1

X1 =
ωL

1− ω2LC
. (27)

B. Down-mixed noise

Here we present an analytic treatment for the noise generated in the shunt resistor at

frequencies near the Josephson frequency and mixed down to signal frequency by Josephson

dynamics. We divide the fluctuating phase over the Josephson junction φ(t) into the three

parts. First, φs is the noise close to the signal frequencies at the bandwidth determined by

the frequency response of the environment, i.e., ZE(ω). Second, φj describes the noise in

the sidebands of the Josephson oscillation. Around the Josephson frequency, quantum noise

φn is generated by the shunt resistance R which is the main source of dissipation there.

In addition, the average phase varies as ⟨φ(t)⟩ = ωJt due to the voltage-driven Josephson

oscillation at the high bias limit. The total phase can be written as

φ(t) = ωJt+ φs(t) + φj(t) + φn(t). (28)

Functions φs, φj are effectively band-limited due to the frequency-dependent environment.

The simplest way to describe the noise spectra with narrow band is to use the envelope

and phase representation [7], which leads to sinusoidal time dependence with a fluctuating

amplitude and phase. For instance,

φs = r(t) sin(ωst+ ψ(t)). (29)

Using the sum rule of trigonometric functions, one can see that the random phase ψ(t) only

moves signal from one quadrature to the other, and this does not have any relevance for the
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splitting of power between different frequencies. The spread of r(t) is described by Rayleigh

distribution which has the probability density function

fR(r) =
r

δ2s
e−r2/(2δ2s) (30)

where the variance of φs, or average power, is δ2s . Thus, we have reduced the problem of

band limited noise to sinusoidal behavior with an approximately defined amplitude.

The impedance ZE(ω) seen by the signal frequency current fluctuation is given in our

case by

ZE(ω) =
RdZ

′
0(ω)

Rd + Z ′
0(ω)

(31)

where Z ′
0(ω) is the impedance in parallel to the junction (in our circuit Z0 transformed

close to |Rd| by the series L2C2 transformer). The resistance R of the bandstop filter is not

visible in the signal band. Using ZE(ωs) for the conversion between current and voltage

fluctuations at the signal frequency, we can easily calculate the input-referred noise temper-

ature kBTmix = Z2
EI

2
cSI (ωs) /(GZ

′
0), where the power gain G = |(Rd − Z ′

0) / (Rd + Z ′
0)|

2 is

responsible for the reduction to the input. We will move into the Fourier plane to obtain the

dimensionless noise current generator SI(ωs) in parallel to the junction. The phase fluctua-

tion φj in the Josephson band is assumed to be small: ⟨φ2
j⟩ ≪ 1. We expand the Josephson

current sinφ(t) (total phase is in Eq. (28)) and set cosφj ≈ 1, sinφj ≈ φj. The currents at

high frequencies and at the signal frequency become

ij(t) = cos(ωJt) sinφs + sin(ωJt) cosφs (32)

is(t) = φj cos(ωJt) cosφs − φj sin(ωJt) sinφs, (33)

respectively. The phase-to-current relation in the Josephson band reads

~φ̇j = 2eVJ (34)

−Icij(ωJ) = CJ V̇J + VJ/R, (35)

in which VJ is the high-frequency part of Josephson voltage V . The current generators

in parallel to the junction are −is and −ij. We adopt the Fourier transform convention

f̂(ω) =
∫
f(x)e−iωxdx. Since the Fourier transform of a product is a convolution, we obtain
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the transforms

îj=
1

2

(
ŝinφs(ω − ωJ)− iĉosφs(ω − ωJ) + ŝinφs(ω + ωJ) + iĉosφs(ω − ωJ)

)
=
i

2

(
−êiφs(ω − ωJ) + ê−iφs(ω + ωJ)

)
(36)

îs=
1

2

(
̂φj cosφs(ω − ωJ) + i ̂φj sinφs(ω − ωJ) + ̂φj cosφs(ω + ωJ)− i ̂φj sinφs(ω + ωJ)

)
=

1

2

(
φ̂jeiφs(ω − ωJ) + φ̂je−iφs(ω + ωJ)

)
. (37)

Eqs. (34) and (35) now yield for the signal and Josephson bands

i~ωφ̂s = −2eZEIcîs (38)

|ZE|2(ω) = |Rd|2|
√
G(ω)− 1|2/4 (39)

i~ωφ̂j =
2eRIc

1 + iωRCJ

(
−îj + în

)
, (40)

where in denotes the quantum noise from the shunt resistor; its spectral density reads

SI(ω) = 2~ω/(RI2c ) in the dimensionless form. The spectrum of cosφs consists of a dc

component and the even multiples of ωs, whereas the spectrum of sinφs contains all odd

harmonics of ωs. We assume that Josephson frequency is large: N = ωJ/ωs ≫ 1. We write

down explicitly the convolution in the first phase-to-current relationship:

îs =
1

4π

∫ (
êiφs(s)φ̂j(ω − ωJ − s) + ê−iφs(s)φ̂j(ω + ωJ − s)

)
ds (41)

φ̂j =
2eRIc

i~ω(1 + iωRCJ))

(
−îj + în

)
, (42)

where (after neglecting some terms containing 2ωJ)

îj(ω − ωJ − s) =
i

2
ê−iφs(ω − s) (43)

îj(ω + ωJ − s) = − i

2
êiφs(ω − s) (44)

φ̂j(ω − ωJ − s) =
2eRIc(̂in(ω − ωJ − s)− i

2
ê−iφs(ω − s))

i~(ω − ωJ − s)(1 + i(ω − ωJ − s)RCJ)
(45)

φ̂j(ω + ωJ − s) =
2eRIc(̂in(ω + ωJ − s) + i

2
êiφs(ω − s))

i~(ω + ωJ − s)(1 + i(ω + ωJ − s)RCJ)
. (46)

Here ω − s takes the values 0,±ωs,±2ωs,±3ωs, etc, all of which are small compared with

ωJ . We approximate ω ± ωJ − s ≈ ±ωJ in the denominators.

Let us consider downmixing and upmixing separately, using only the first pair of side-

bands. Then φ̂j has nonzero contributions around ωJ − ωs, ωJ , ωJ + ωs, and the corre-

sponding negative frequencies. We expand the exponentials of φs using Bessel functions of
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the first kind: exp(±iφs) ≈ J0(r) ± i(2J1(r)/r)φs. φs is in the time domain here, while

the Bessel terms are stochastic and will be time averaged later. Weak fluctuations in signal

band are characterized by r ≈ 0 and the exponential can be replaced by unity. In the

limit of very strong fluctuations, additional terms with J2(r), J3(r), and so on may be re-

quired. As r is Rayleigh distributed, we obtain expectation values ⟨J0(r)⟩ = exp(−δ2s/2)

and ⟨2J1(r)/r⟩ = (1− exp(−δ2s))/δ2s (see Eq. (30) and Ref. [1]). Upmixing is described by

φ̂j(ωJ + ω) ≈ 2eRIc [̂in(ωJ + ω) + iêiφs(ω)/2]

i~ωJ(1 + ix)

φ̂j(−ωJ + ω) ≈ 2eRIc [̂in(−ωJ + ω)− iê−iφs(ω)/2]

−i~ωJ(1− ix)
. (47)

Fourier transforming,

ê±iφs(ω) = 2πJ0(r)δ(ω)± i(2J1(r)/r)φ̂s(ω). (48)

The Josephson frequency is converted to dimensionless bias voltage vb via ~ωJ = 2eVb =

2eRIcvb. We note that x = ωJRCJ = βcvb where βc = 2eR2IcCJ/~. Downmixing is governed

by

îs(ω) =
1

4π

∫
[(2πJ0δ(s) + iαφ̂s(s))φ̂j(ω − ωJ − s) + (2πJ0δ(s)− iαφ̂s(s))φ̂j(ω + ωJ − s)]ds

(49)

where α equals 2J1(r)/r. In order to make the analysis self-consistent, we plug in φj as a

function of φs, see Eq. (47). After simplifying

φ̂j(ωs−ωJ)+φ̂j(ωs+ωJ) =
1

ivb

(
− în(−ωJ + ωs)

1− ix
+
în(ωJ + ωs)

1 + ix
− αφ̂s(ωs)

2

(
1

1 + ix
− 1

1− ix

))
,

(50)

we are left with

îs(ωs) =
J0

2ivb(1 + x2)

(
(1− ix)̂in(ωJ + ωs)− (1 + ix)̂in(−ωJ + ωs)

)
. (51)

By definition, the squared modulus of the Fourier transform is directly proportional to the

power spectral density. We are interested in one-sided (ω > 0) power spectral densities

which receive contributions from positive and negative frequencies:

SI(ω) ∝ |̂is(ω)|2 + |̂is(−ω)|2. (52)
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The total noise power from the sidebands is estimated by SI(ωJ−ωs)+SI(ωJ+ωs) ≈ 2SI(ωJ).

SI(ωs) =
J2
0

4v2b (1 + x2)
· 2SI(ωJ). (53)

Next, the stochastic term is time averaged: J2
0 → ⟨J2

0 ⟩. We take its expectation value with

respect to the Rayleigh distributed noise amplitude in Eq. (30):

⟨J2
0 ⟩ =

∫ ∞

0

J2
0 (r)

r

δ2s
e−r2/(2δ2s)dr. (54)

⟨J2
0 ⟩ will differ significantly from unity only if phase variance is large, δ2s > 1, which would

be a consequence of high gain. Interestingly, in the limit of vanishing capacitance (x =

ωJRCJ ≈ 0), high bias (vb ≈ Ib/Ic) and low gain (⟨J2
0 ⟩ ≈ 1) we arrive at the Koch-Clarke

formula [4] for down-mixed noise

SI(ω) =
I2cSI(ωJ)

2I2b
. (55)

We note that the DC current through the junction can be derived from the downmixing

equation (49). It is essential that shunt capacitor C is not visible at Josephson frequency,

otherwise the IV curve will change. Hence, we require ωJRC ≫ 1 and study the limit

ωs → 0:

îs(0)=
1

4π

∫ [
êiφs(s)

(
2πJ0δ(s)

2vb(1− ix)

)
+ ê−iφs(s)

(
2πJ0δ(s)

2vb(1 + ix)

)]
ds

=
J0
4vb

(
êiφs(0)

1− ix
+
ê−iφs(0)

1 + ix

)
=

J2
0 1̂

2vb(1 + x2)
. (56)

The DC current generator in parallel to the junction is −⟨is⟩ = −⟨J0⟩2/(2vb(1 + x2)). As a

consequence, the total bias current does not entirely flow through the shunt resistor. In the

limit of small phase fluctuations, ⟨J2
0 ⟩ ≈ 1, the dynamic resistance of the junction at signal

frequency will be

rd = Rd/R = (d⟨is⟩/dvb)−1 = −2v2b (1 + x2)2

1 + 3x2
. (57)

We note that this result agrees with a previous study where the authors used perturbation

theory to solve the IV curve for a resistively and capacitively shunted junction at high bias

[6]. The result reads vb = ib − [2ib(1 + β2
c i

2
b)]

−1. After differentiation,

rd =
1(

∂vb
∂ib

)−1

− 1
= −2v2b (1 + x2)2 + 1 + 3x2

1 + 3x2
(58)
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where v2b ≈ i2b . The two expressions for rd differ by a factor −1, which is negligible especially

when βc > 0. This is the first point where we observed discrepancy between the analytic

model and the Langevin simulation. In the limit of large phase fluctuations, ⟨J2
0 ⟩ < 1, the

IV curve at DC should change according to analytic Eq. (56), but we did not notice any

modification at variances up to δ2s = 1.2 in the simulation. We believe that the analytic

model fails due to the inclusion of a single sideband pair only. The amplitudes of higher

sidebands starting from ωJ ± 2ωs are considerably large at high Josephson frequency as well

as at large variance δ2s .

In the conversion of Eq. (53) to input noise temperature, we keep the ⟨J2
0 ⟩ modification

even though it appears to be incomplete in the limit of large phase fluctuations.

kBTmix =
eIc|Rd|
2vb

(
Gm − 1

Gm

)
⟨J2

0 ⟩
1 + (βcvb)2

. (59)

The maximal gain is Gm. In the limit of high gain, Gm ≫ 1, the term (Gm−1)/Gm ≈ 1 can

be dropped out. At intermediate gain, on the other hand, we consider a cascade of similar

amplifiers. Noise temperature from the Friis formula is

Tmix

(
1 +

1

Gm

+
1

G2
m

+ . . .

)
→ Tmix

1− 1/Gm

=
GmTmix

Gm − 1
. (60)

As a consequence, the gain dependence vanishes in a multistage cascade. Our dynamic

resistance for high bias (Eq. (57), vb ≥ 3) is inserted into Eq. (59), and we obtain

kBTmix

~ωs

=
Nξ(δ2s)

2

(
1 + β2

c v
2
b

1 + 3β2
c v

2
b

)
(61)

which represents the number of added quanta at N = ωJ/ωs ≫ 1. The suppression of

noise is included in the unknown function 0 < ξ(δ2s) ≤ 1 which equals ⟨J2
0 ⟩ when noise is

mixed down from the first pair of sidebands. It’s obvious from Eq. (61) that low Josephson

frequency and moderate junction capacitance improve the noise performance.

We have studied the breakdown of Eq. (61) at small N . The sideband pair will become

asymmetric in phase and its spectral density. A correction term can be derived by starting

from Eqs. (45) and (46) and retaining the antisymmetric ωJ−ωs and ωJ+ωs in the Josephson

band:
N2(1 +N2y2)(1 + (N2 + 3)y2)

(N2 − 1)(1 + 2(N2 + 1)y2 + (N2 − 1)2y4)
, (62)

where y = ωsRCJ . Eq. (61) must be multiplied by Eq. (62) which equals unity at high

N . The correction term is significant at small N , and later we will show that the stan-
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dard quantum limit, added noise of 1
2
~ωs, cannot be reached in the limit of small phase

fluctuations.

C. Bandwidth

The gain-bandwidth product of the SJA is |Γ(ωs)|∆ω−3dB. We postulate that the gain

function G(ω)− 1 has a peaked, Lorentzian form:

G(ω)− 1 =
Gm − 1

1 +
(

2Qs(ωs−ω)
ωs

)2 (63)

with the maximal gain of Gm. The full width at half maximum ∆ω−3dB, or FWHM, is

denoted by ωs/Qs where Qs is the quality factor at the signal frequency. The integral over

the Lorentzian peak equals∫ ∞

0

(G(ω)− 1)df =
1

2π

ωs(Gm − 1)

Qs

π

2
=
ωs(Gm − 1)

4Qs

. (64)

The quality factor arises from the resonator L,C +CJ which is loaded with the real part of

ZE.

Qs = R{ZE}
√
C + CJ

L
≈ ωs|ZE(ωs)|(C + CJ) =

1

2
|Rd|(

√
Gm − 1)ωs(C + CJ). (65)

The minimal shunt capacitance is set by the shunt resistance and the Josephson frequency:

R = αC · (ωJC)
−1, αC ≫ 1. Thus, we may write

C + CJ =
αC

ωJR
+ CJ =

~(αC + x)

2eR2Icvb
. (66)

By using the Q-factor in Eq. (65) and the representation of the capacitance, Eq. (66), we

obtain

|Γ(ωs)|∆ω−3dB =
4eRIc
~

( √
Gm√

Gm − 1

)
vb

|rd|(αC + x)
≈ Nωs

√
Gm√

Gm − 1
· 1 + 3x2

v2b (1 + x2)2(αC + x)
.

(67)

Eq. (67) indicates that high bandwidth is reached when the critical current is large and

the dynamic resistance |rd| is small; most effectively this is achieved by tuning down the

dimensionless bias voltage.
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D. Stability

In the stable operating mode of the amplifier, we do not allow zero crossings for the

Josephson voltage fluctuations around the steady-state bias vb. Instability of the amplifier is

characterized by a spontaneous pattern of the Josephson voltage v at the signal frequency as

well as extra harmonic content in the spectrum. We know that the origin of the fluctuations

is either (i) noise from the amplifier input, (ii) down-mixed noise, or (iii) direct noise from

the shunt resistor. We derive the variance of the dimensionless voltage noise for the first two

cases, σ2
in and σ2

mix, respectively. The direct noise, discussed in Ch. II A, is small and it is

neglected. Since these variances are uncorrelated and the standard deviation of the junction

voltage becomes σ =
√
σ2
in + σ2

mix. For stability reasons, there needs to be an operational

margin for voltage fluctuations, which we approximate as 3σ < vb. We will later observe

that this requirement leads to an upper bound for the available gain, since σ increases with

gain.

1. Input noise

The voltage transfer function from the input to the junction is given by∣∣∣∣ vvsg
∣∣∣∣2 = |Rd|(G− 1)

4Z0

. (68)

The power spectral densities, Sg at the input and Sv at the junction, are linked in a similar

fashion:

Sv = Sg ·
|Rd|(G− 1)

4Z0

. (69)

The quantum noise at the input has the form

Sg =
2Z0~ωs coth(~ωs/(2kBTinput))

R2I2c
. (70)

The variance of the junction voltage, σ2
in, equals the power given by the integral of Sv over

frequency, see Eq. (69).∫
Svdf = σ2

in =
~ωs|Rd|
2R2I2c

coth

(
~ωs

2kBTinput

)∫
(G(ω)− 1)df. (71)

The gain integral is evaluated in Eq. (64):∫
(G− 1)df =

√
Gm + 1

2|Rd|(C + CJ)
. (72)
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Finally, by combining the equations above,

σ2
in =

ωsevb(
√
Gm + 1)

2Ic(αC + βcvb)
coth

(
~ωs

2kBTinput

)
. (73)

The central conclusion here is that the critical current Ic cannot be made small.

2. Down-mixed noise

We derive the phase noise variance δ2s due to downmixing (cf. Eq. (51)) using frequency

domain integrals. We observe from Eq. (38) that ~2ω2Sφ = (2eZEIc)
2SI(ω) which can be

integrated with respect to frequency using Eq. (53) for SI(ω):

~ω2Sφ

2
=

(
eIc
2vb

)2 ⟨J2
0 ⟩ · 4Z2

E

1 + x2
SI(ωJ), (74)

~2ω2
s

2

∫ ∞

0

Sφ(ω)df =

(
eIc|Rd|
2vb

)2 ⟨J2
0 ⟩

1 + x2

∫ ∞

0

(
√
G(ω)− 1)2SI(ωJ)df (75)

In Eq. (75) (
√
G− 1)2 converges to zero more rapidly than a Lorentzian:∫ ∞

0

(
√
G− 1)2df =

∫ ∞

0

[
(G− 1) + 2(1−

√
(G− 1) + 1)

]
df <

∫ ∞

0

(G− 1)df. (76)

We define a correction factor κ to write the result of the above integral in terms of the result

of Eq. (64): ∫ ∞

0

(
√
G(ω)− 1)2df =

κωs(Gm − 1)

4Qs

. (77)

The correction factor κ, displayed in Fig. 2, approaches 1 at large gain, but at small gain

κ << 1. Thus, we may separate out the ratio of the variance δ2s to ⟨J2
0 ⟩:

δ2s
⟨J2

0 ⟩
=
κe3Ic|Rd|2(Gm − 1)

2Qs~2vb(1 + x2)ωs

=
4κe4R3I2c v

2
b(
√
Gm + 1)(1 + x2)

~3ω2
s(αC + x)(1 + 3x2)

. (78)

The variance is related to the voltage fluctuations via σ2 = ~2ω2
sδ

2
s/(2eRIc)

2. Considering

the limit ⟨J2
0 ⟩ = 1,

σ2
mix =

κe|rd|(
√
Gm + 1)

4IcRvb(C + CJ)(1 + β2
c v

2
b )

=
κe2R|rd|(

√
Gm + 1)

2~(1 + β2
c v

2
b )(αC + βcvb)

. (79)

Most importantly, σ2
mix grows linearly with R, which has to be taken into account in the

amplifier design.
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FIG. 2. Correction factor κ employed in expressing the integral Eq. (76) in terms of the result of

Eq. (64).

III. PRACTICAL CONSIDERATIONS IN THE SJA DESIGN

The constraints that limit the available range of device parameters are listed in Table I.

We extract some crucial relationships between R, Ic and CJ from the chapters above:

2eRIcvb = ~ωJ = N~ωs (80)

NωsRCJ = βcvb = x (81)

|Γ(ωs)|∆ω−3dB ∝ N(1 + 3x2)

v2b (1 + x2)2
(82)

σ2
mix ∝ Rv2b (

√
Gm + 1) (83)

σ2
in ∝ vb(

√
Gm + 1)

Ic
(84)

A. Limit of small fluctuations

The optimization in the case of small fluctuations δ2s ≪ 1 begins with studying the down-

mixed noise (Eq. (61) with ξ = 1). At low bias, the Josephson frequency is relatively small:

N has to be a fraction, e.g. 2.5 or 3.5, because sidebands of the Josephson frequency (and its
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TABLE I. SJA boundary conditions; ShuntR−L−C, Josephson frequency ωJ , junction capacitance

CJ , plasma frequency ωp, voltage bias vb, critical current Ic, βc = 2eR2IcCJ/~.

Requirement Solution

Shunt C not visible at ωJ αC = ωJRC = βcvbC/CJ > 1

ωp < ωJ
√
βcvb > 1

ωJ > ωs 2eRIcvb > ~ωs

Noise at ωJ is quantum 2eRIcvb ≫ kBTshunt

~ωJ is smaller than gap ~ωJ < ∆

Stability Ic is large enough, R is small enough

High bias vb ≥ 3

Minimal direct noise ωs ≈ 1/
√
LC

harmonics) must not coincide with the signal frequency. Eq. (67) reveals that the bandwidth

of the amplifier will suffer both from a small N and from a high βcvb (βc = 2eR2IcCJ/~).

Therefore, the noise optimization at δ2s ≪ 1 is in conflict with a high bandwidth. The

lower bound of vb is found by (i) considering stability, i.e., forbidding zero crossings for the

voltage fluctuations around vb, (ii) remembering that high Josephson frequency (in practise,

high vb) was assumed in the calculations of Ch. II. By fixing N , the bias gives the product

RIc from Eq. (80). Stability can be improved by selecting a low R and a high Ic, because

both σ2
in and σ2

mix will be decreased. Finally, fixing βc gives x and the product RCJ . The

disadvantages of a high RCJ will be discussed later. Guidelines for parameter selection are

listed in Table II

B. Noise compression limit

The ultimate limit of noise compression, i.e., the exact form of ξ(δ2s), is unknown to us.

It remains to be studied whether the standard quantum limit of added noise can be reached

by means of compression. The non-linearities of the SJA will begin to limit the gain and

alter the operation point when the variance of phase fluctuations grows beyond δ2s = 1. Here

we analyze the simplest compression model ξ(δ2s) = ⟨J2
0 ⟩, see Eq. (61). The ratio δ2s/⟨J2

0 ⟩

grows linearly with (
√
Gm + 1) as shown in Eq. (78). The procedure of estimating noise
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TABLE II. SJA parameters at low ωJ and δ2s . GBP is the gain-bandwidth product, σ2 is the

dimensionless variance of the Josephson voltage noise, and αC = ωJRC.

Parameter Advantages Disadvantages

Low R Down-mixed noise stability σ2
mix Poor impedance matching

High Ic Input noise stability σ2
in R becomes lower

Low N Low down-mixed noise Poor impedance mathing, low GBP,

shunt must be at low temperature

High βc Low down-mixed noise, ωp ≪ ωJ Poor impedance mathing, low GBP

High αC Stability, IV curve is accurate Low GBP, direct noise grows rapidly when

moving away from the shunt eigenfrequency

compression is numerical: there is a one-to-one correspondence between variance δ2s and the

ratio δ2s/⟨J2
0 ⟩. The latter is exactly known and we can read it from a graphical plot in Fig. 3,

where we also depict δ2s and ⟨J2
0 ⟩ separately. In the analytical modeling, we assume that

the fluctuations of φs conform to a Rayleigh distributed amplitude (see Eq. (30)), although

in the numerics there are observable deviations from this assumption. The compression

factor is plotted as a function of gain in the lowest frame of Fig. 3. This graph defines

the modification 0 < ⟨J2
0 ⟩ ≤ 1 of the input noise temperature obtained for the investigated

amplifier using linear models.

IV. RESULTS

A. Reproduction of the experimental findings in the noise compression regime

The bandwidth of the numerical simulation was 1 THz, and the input noise at Tin = 70

mK was bandpass filtered between 2.5 GHz and 3.5 GHz. The device parameters in the

simulation are given in Table I of the main paper. The temperature of the shunt was set to

Tshunt = 400 mK,

The dynamic resistance of the junction was −1370 Ω in the simulation and −1350 Ω

analytically. A 28.9 dB power gain was observed at high L2 (measured gain was 28.3± 0.2

dB). The gain-bandwidth-product was 42 MHz, and the added noise was 270± 30 mK (40
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FIG. 3. Top frame: the ratio δ2s/⟨J2
0 ⟩ as a function of phase noise variance δ2s in the signal band.

Middle frame: noise compression as a function of the variance δ2s . Lowest frame: the suppression

factor ⟨J2
0 ⟩ vs. gain for the parameters used in the experiments (this suppression factor was

employed in Fig. 5 in the main paper).

MHz and 220± 70 mK in the experiment, respectively). Altogether, the simulation was in

good agreement with the experiment.
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B. Quantum limited amplifier without noise compression

We minimized the down-mixed noise at low bias (vb ≥ 3) using Eqs. (61) and (62). In

the best configurations, 0.9 noise quanta per unit band are added by the SJA. The optimum

corresponds to vb = 3, βc = 0.3 − 0.5 and N = 2.1 − 2.6. The device parameters of the

best simulated amplifier are listed in Table III. The shunt eigenfrequency was 3.0 GHz and

the shunt temperature was set to 100 mK. The gain reached 14.5± 0.2 dB and the output

TABLE III. The best simulated SJA. For the parameter definitions, see Ch. I of this Supplementary

material. αC = ωJRC.

Parameter Value Parameter Value

Z0 2.5 Ω Ic 1 µA

R 5 Ω CJ 4.6 pF

C 45 pF ωp/(2π) 4.1 GHz

L 63 pH βc 0.35

C2 33 pF Ib 3 µA

L2 0.69 nH ωJ/(2π) 7.0 GHz

ωs 3.0 GHz αC 10

noise power was equivalent to 6.3±0.3 K. Our numerical simulation yielded 0.9±0.2 quanta

for the added noise, in excellent agreement with the analytic model. We also simulated six

other amplifiers at the bias vb = 3. It was found that high RCJ may be responsible for the

breakdown of the down-mixed noise model. The high RCJ modifies the phase differences

induced by upmixing and downmixing processes. Several quanta of noise were added in

some simulations at βc = 0.35 − 0.90, even though the analytic expectation was about 1

quantum. At βc = 0.1 the noise temperature was also very high, and we believe that this

resulted from high plasma frequency ωp > ωJ . Results consistent with our analytical model

are plotted in Fig. 4.
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FIG. 4. Analytic model, Eqs. (61) and (62), yields a lower bound for added noise as a function

of βc. Several SJAs with varying parameters were simulated at vb = 3. Gain was in the range

Gm = 11.2 − 24.5 dB and N = ωJ/ωs = 2.3 − 5.6. Our analytic model predicts accurately the

down-mixed noise contribution provided that ωJ > ωp and RCJ is small.
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