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Electromagnetic characterization of 
metasurfaces, electrically thin sheet 
metamaterials, is the subject of the current 
thesis. Briefly, a metamaterial is a composite 
material with unusual electromagnetic 
properties offered by specific response of its 
constituents and their arrangement. The 
main goal in this thesis is to attribute some 
macroscopic parameters to metasurfaces. 
The basic definitions are discussed. A 
heuristic homogenization model of 
metasurfaces located on a dielectric 
interface is introduced. The general 
boundary conditions invariant on the 
polarization of the excitation field are 
derived and a general algorithm to retrieve 
the macroscopic characteristic parameters 
through two-dimensional reflection and 
transmission dyadics is presented next. A 
plenty of examples of metasurfaces are given 
in order to prove the applicability of the 
presented theory. Novel physical effects: 
such as substrate-induced bianisotropy, 
magnetic response, and the difference 
between periodic and amorphous 
metasurfaces are theoretically revealed. 
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Abstract 
Electromagnetic characterization of metasurfaces (MSs), electrically/optically thin sheet 

metamaterials (MMs), is the subject of the current study. Briefly, a MM is a composite material 
with unusual electromagnetic properties offered by specific response of its constituents and 
their arrangement. The main goal in this work is to attribute some macroscopic 
characteristic parameters to MSs. 

  
We first discuss the definitions and present a brief review of the electromagnetic  

characterization of MMs and MSs. We explain the failures of the traditional characterization 
approach when applied to MSs. We discuss two known approaches especially suggested for the 
characterization of MSs in 1990s-2000s. 

  
We continue to introduce a heuristic homogenization model of MSs located on a dielectric 

interface. Indeed, we derive the general boundary conditions invariant on the polarization of 
the excitation field. Then, we present the most general algorithm to retrieve the characteristic 
macroscopic parameters through two-dimensional reflection and transmission dyadics. 

  
We next present two explicit examples of MSs in order to prove the applicability of our theory. 

The first one is a periodic array of plasmonic nano-spheres while the second one is an array of 
coupled plasmonic nano-patches positioned in a disordered fashion on a flat surface. We show 
that our approach works for for both random and periodic MSs. Indeed, the restriction of our 
theory is a sufficiently small electrical/optical size of a unit cell (area per one particle). 

  
We finally present the main results of the thesis through functional MSs. We theoretically 

reveal and discuss novel physical effects and various functionalities. We present some 
discussions on the intrinsically bianisotropic and intrinsically magnetic MSs operating in the 
visible range. We also discuss the microscopic effect of substrate-induced bianisotropy for a 
substrated array of plasmonic nano-spheres. Moreover, we reveal the magnetic response 
within the framework of our homogenization model; i.e., retrieving some magnetic parameters. 
Furthermore, we obtain the perfect absorbance conditions for different topologies and discuss 
them in this chapter. Finally, we present a model which explains the different behavior of 
electric and magnetic resonant modes of MSs in transition from periodic to amorphous 
arrangements. 
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1. Introduction

Characterization, when applied in the materials science implies the use

of external techniques to probe into the internal structure and properties

of a material (see e.g. in [1]). Electromagnetic characterization of meta-

materials (MMs) has been the focus of many studies since the origination

of MMs in 2000-2001 in works [2, 3]. In the current study, by electromag-

netic characterization of any material including a MM, we mean finding

some macroscopic parameters that can be used to predict the response of

a material sample (e.g. a layer) to the electromagnetic waves. The defi-

nition of MMs is discussed below. However, we can briefly define a MM

as a composite material with unusual electromagnetic properties offered

by specific response of its constituents and their arrangement (see e.g. in

[4, 5, 6, 7]). Though the MM literature body has been growing since 2000,

recently, the priority on the bulk MMs’ studies started to be shifted to

their optically thin counterparts called metasurfaces (MSs), reviewed e.g.

in [8, 9]. MSs as well as bulk MMs, in the fields of plane electromagnetic

waves, behave as effectively homogeneous structures. Therefore, it is rea-

sonable to perform the characterization of an optically dense MS within

the framework of a homogenization model; that is, a model describing the

electromagnetic response of a MS in a condensed form. Indeed, we should

be able to assign some macroscopic parameters to the MS in order to pre-

dict its behavior in response to an external electromagnetic wave.

These parameters, firstly, must be measurable experimentally or cal-

culable numerically/analytically using available methods. Secondly, they

should not depend on the polarization of the incident wave (this is the

condition of the homogeneity). Moreover, these parameters would depend

on the topology of the constituents and their arrangement in the MS. Fur-

thermore, they may be frequency dependent and this dependence is, as a

rule, resonant. Of course, not all MSs can satisfy the second condition. It
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is clear that optically sparse planar arrays definitely do not belong to this

category [10]. As to optically dense arrays, those with resonant multipolar

response are also not effectively homogeneous (at least we are not famil-

iar with opposite examples). On the other hand, optically dense arrays

with electric and magnetic dipole responses may be homogenized, being

regular, aperiodic, random or even amorphous (see below). Therefore, we

concentrate on such – dipolar – MSs.

By taking the advantage of electromagnetic characterization, one may

predict the behavior of an array, consisting of many (theoretically of in-

finite number of) inclusions, in response to the electromagnetic fields in-

dependent of the complexity of each individual element and on their ar-

rangement. This way, within a reasonable accuracy, we drastically reduce

the calculation time and resources. It is especially important on the stage

of the optimization of a prospective MS.

In Chapter 2, we discuss the definitions and present a brief review of

the electromagnetic characterization of MMs and MSs. We explain the

failures of the traditional characterization approach when applied to MSs.

We discuss two known approaches especially suggested for the character-

ization of MSs in 1990s-2000s and select one of them (though the alterna-

tive approach is also involved). We conclude this chapter by claiming the

novelty of the current study.

The third chapter is devoted to the theoretical mainstay of the present

study. We start with the heuristic homogenization model of a metasurface

located on a dielectric interface. After the rather special boundary con-

ditions obtained for some MSs and separately for the transverse electric

(TE) and transverse magnetic (TM) incident cases, we derive the general

boundary conditions invariant on the polarization of the excitation field.

Next, we introduce relations between the surface polarizations and the in-

cident (one approach) or averaged (another approach) fields. In one case,

we perform the characterization in terms of so-called collective polariz-

ability dyadics. In another case, we deal with the surface susceptibility

dyadics. Then, we present the most general algorithm to retrieve the

characteristic parameters through two-dimensional reflection and trans-

mission dyadics.

In Chapter 4, we present two explicit examples of theoretically investi-

gated MSs in the previous chapter. The first one is a periodic array of plas-

monic nano-spheres. We retrieve its effective susceptibilities and show

their potential for predicting the reflection/transmission coefficients. The
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second one is an array of coupled plasmonic nano-patches positioned in a

disordered fashion on a flat surface. We show that our retrieval approach

for this random MS is as powerful as for a periodic MS. The restriction of

our theory is a sufficiently small optical size of a unit cell (area per one

particle).

We present the main results of the thesis in Chapter 5. This chap-

ter is dedicated to functional metasurfaces. Here, we theoretically re-

veal and discuss novel physical effects and various functionalities. We

present some discussions on the intrinsically bianisotropic and intrinsi-

cally magnetic MSs operating in the visible range. We then discuss the

microscopic effect of substrate-induced bianisotropy for a substrated ar-

ray of plasmonic nano-spheres. Indeed, this effect results in magnetic

response of a substrated MS which is neither bianisotropic nor magnetic

when located in a uniform host medium. We reveal the magnetic response

within the framework of our homogenization model; i.e., retrieving some

magnetic parameters. We also obtain the perfect absorbance conditions

for different topologies and discuss them in this chapter. Finally, with an

investigation of random and amorphous metasurfaces, we conclude our

study. Here, we present a model which explains the different behavior of

electric and magnetic resonant modes of MSs in transition from periodic

to amorphous arrangements.

In Conclusions we summarize our main results.
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2. Electromagnetic Characterization of
Metamaterials: A General Overview

2.1 Definitions, importance, and some notes

Before the historical investigation on the “electromagnetic characteriza-

tion of metamaterials”, we would like to first introduce and/or define each

word of the phrase separately. After that, we may have a better intuition

and understanding of what we are exactly seeking for and looking at. We

also draw your attention to the point that all definitions are in the con-

text of electromagnetic science which deals with the interactions of elec-

tromagnetic waves with matter1. Therefore, we exclude other branches of

science such as chemistry, mechanics, etc., from our consideration. Never-

theless, we know that all these branches may somehow be interconnected.

As a result, when we talk about “metamaterials”, we restrict ourselves to

“electromagnetic metamaterials” and present a brief historical overview

of their electromagnetic characterization. For other types of metamateri-

als, e.g., mechanical metamaterials, one may refer to [11, 12, 13, 14, 15].

2.1.1 Definition: metamaterials

The main word in the title of this section is “metamaterials” which is com-

posed of two sub-words; i.e., “meta” and “materials”. First, the Greek pre-

fix “meta”–“µετά” means after, beyond and also of higher kind [16]. Sec-

ond, “materials” according to the definition presented on the title page of

the famous journal of Nature Materials are substances in the condensed

states – solids (crystalline and amorphus media) and liquids (pure liq-

1The common classical definition of matter is anything that has mass and volume
(occupies space) [17] and exists in four fundamental states: solid, liquid, gas, and
plasma.
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uids, solutions, suspensions and colloids2) – designed or manipulated for

technological ends. Indeed, materials themselves composed of constituent

elements (atoms and/or molecules) which are put together with a specific

arrangement. Therefore, the properties of each element together with the

manner in which they are arranged are responsible for characteristics of

the material. With these definitions in hand, we may expect that “meta-

materials” should have a meaning composed of its two sub-words; i.e.,

“higher kind of ordinary materials”. However, it would be very prema-

ture to conclude with this very general meaning. This terminology was

introduced in the group of D. R. Smith at the beginning of the twenty-

first century [2, 3, 18] in order to share out so-called Veselago’s or doubly-

negative media from other engineered materials usually called composites.

The Veselago’s media if created in the optical range have promised an ex-

citing effect of the so-called perfect lens [19]. The development of their

microwave analogue in works [2, 3, 18] gave birth to the whole research

direction of metamaterials. Since that time, the definition of metamateri-

als has undergone many variations. In order to have a complete overview

of various definitions for this term one may refer to [20]. According to

[20], metamaterials should exhibit two essential properties common in all

definitions; i.e.,

• not observed in natural materials, e.g. in materials of their constitutive

elements;

• effectively homogeneous in their electromageric response.

After all, the most recent definition for the term “metamaterial” may be

given3 as following.

Metamaterial is an electromagnetically homogenous arrange-

ment of artificial structural elements, designed to achieve advan-

tageous and unusual electromagnetic properties.

To conclude, metamaterials generally are composed of smaller structural

elements which are preferably assembled together. These elements, in-

2A colloid is a substance in which microscopically dispersed insoluble particles
are suspended throughout another substance [21].
3According to the Virtual Institute for Artificial Electromagnetic Materials and
Metamaterials (METAMORPHOSE VI AISBL [22]) which is concentrating on
the research, study, and the promotion of artificial electromagnetic materials
and metamaterials.
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deed, play the same role as atoms and/or molecules do in ordinary matter.

However, the position and properties of each element may be desirably

engineered to fulfill a specific goal not usually met in nature. The concept

of a metamaterial prototype is illustrated in Fig. 2.1.

Constituent 

element 

Building Block 

(unit cell) 

Figure 2.1. The concept of metamaterial, building block, and constituent element. The
elements may generally be arranged amorphously. Also, the constituent el-
ements may be any kind of electrical circuit or any other type of inclusions
such as split-ring resonator, chiral particle, active element, etc. [23, 24]. Av-
erage size a of a building block may be defined as the cubic root of its volume
V ; i.e., a = 3

√
V .

2.1.2 Definition: electromagnetic characterization

The next term in the title is “electromagnetic characterization”. Charac-

terization is the way materials scientists examine the structure of a ma-

terial in order to describe its properties. In chemistry and physics, for

example, characterization depends on the molecular structural level we

are dealing with. These characteristics may refer to the melting point,

boiling point, tension, hardness, volumetric mass density, transparency,

crystallinity (a degree of structural order in a solid medium [25]), type of

atoms that materials are composed of, number of electrons of each atom,

etc. In electromagnetics, however, these characteristics either refer to

the constitutive (material) parameters or to macroscopic wave parame-

ters. Two most important macroscopic wave parameters are the wave

impedance relating the amplitudes of the electric and magnetic fields

and the refractive index relating the phase velocity of the wave in the
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medium to the vacuum speed of light c. Material parameters are also

macroscopic values, and may be introduced only for effectively homoge-

neous media (materials). They relate the electric and magnetic fields to

the corresponding polarization densities. These parameters for bulk ma-

terials are usually two tensors: permittivity and permeability. In some

materials called bianisotropic ones, there are two additional material ten-

sors; that is magneto-electric and electro-magnetic coupling tensors. For

reciprocal bianisotropic media these two parameters reduce to one tensor

which is usually split onto two simpler tensors; that is the so-called chi-

rality and so-called omega-coupling tensors. A comprehensive overview of

bianisotropic media can be found in [26].

We have stayed at this point because a significant portion of this disser-

tation is dedicated to bianisotropic surface metamaterials (metasurfaces).

Natural surface materials except recently synthesized graphene4 are not

known. However, surface metamaterials represent an important group of

metamaterials. To characterize them, one introduces either surface sus-

ceptibilities or surface impedances [9, 27, 28, 29].

2.1.3 Why are metamaterials and their characterization
important?

As it was implicitly mentioned earlier, there are different aspects which

make metamaterials beneficial. First, they are artificial and therefore

may be favorably engineered for a specific purpose using different con-

stituents and/or arrangements. Second, the arranging processes of struc-

tural elements is much easier on the element’s level in metamaterials

compared to natural atoms and molecules arranged in chemically syn-

thesized materials. Finally, the analysis of metamaterial performances is

easier and more precise, since the need for quantum calculations (which

are so difficult to combine with calculations of macroscopic fields) in their

structural level is alleviated. To know more about the advantages of meta-

materials one may refer to [20, 23, 24, 30]. These works also present re-

search directions, classification of metamaterials, and their applications.

The importance of the electromagnetic characterization of materials, in

general, and metamaterials, in particular, is that once we have found their

characteristic parameters, we can predict the behavior of the proposed

material in response to an arbitrary electromagnetic wave. That is, we

may identify how fast, with which power level, and in which direction an

4This thesis does not concern the electromagnetic characterization of graphene.
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electromagnetic wave propagates in the presence of the target material in

response to an incident wave.

2.1.4 Preliminary notes

There are some points regarding to the concept of metamaterials which

should be considered before the historical overview on their characteri-

zation. The first point is associated with the length scale in metamate-

rials. As we have discussed before, a natural material or an engineered

metamaterial is composed of many tiny constituent elements which are

particularly positioned in a host medium. Notice, each constituent ele-

ment may in turn be composed of many other sub-elements (see Fig. 2.1).

However, the constituent elements and their arrangements determine the

properties of the composite metamaterial. The size of each building block5

generally determines weather the material under study could belong to

the metamaterial category or not. Briefly saying, the building block size

“a” must be sufficiently smaller than the operational wavelength “λ” in

the host medium, however, not incomparably smaller. The idea is that

the resonance of an individual element manifests in the macroscopic elec-

tromagnetic response without the violation of the material homogeneity.

Of course, such materials should be characterized with dispersive effec-

tive parameters. At low frequencies, where the response of the build-

ing block is not resonant, the dispersion of the electromagnetic response

of the whole material does not differ from that of the natural medium

forming the building blocks. Most often, the dispersion of the constituent

materials in this range is negligible. Such artificial media refer to the

non-dispersive composite materials. These materials may be effectively

characterized using classical homogenization methods [see e. g. in [31]].

The frequency region where a composite of resonant inclusions behaves as

an ordinary composite (is not a metamaterial), is called the quasi-static

region. On the other side of the resonance band, the size of the building

blocks is in the order of the operational wavelengths (e.g. half-wavelength

or larger). Therefore, the electromagnetic response of the lattice can be

described using the well-known Floquet-Bloch mode expansion. Further-

more, the resonances of this response are related to the lattice unit cell

dimensions [32]. Photonic crystals also called photonic (in optics) or elec-

5In periodic arrangements, each element together with its local surrounding
medium is called unit cell. It is called building block in a general arrangement
(periodic, aperiodic, or amorphous arrangements), see Fig. 2.1 [see e.g. in [23]].

21



Electromagnetic Characterization of Metamaterials: A General Overview

tromagnetic (in radio science) band-gap structures (PBG/EBG) belong to

this category. Finally, in the range of the building block resonances, the

same structure is a metamaterial. Therefore, the same regular array of

resonant building blocks may be treated as three different types of me-

dia operating in three different frequency regions. More details on this

treatment may be found in [23, 32]. Figure 2.2 shows the classification

of regular artificial materials in term of the wavelength scale. Notice,

in both optics and radio engineering, one often uses composites of non-

resonant inclusions, which are also consistent with Figure 2.2 since these

materials are only applied in the lowest frequency region. Similarly, in-

trinsic PBG/EBG structures of non-resonant inclusions are only applied

in the upper frequency region, and their existence also does not change

the scheme. For non-regular matematerials the scheme changes: in the

upper frequency range, these metamaterials become turbid media and

practically do not transmit the electromagnetic waves.

No resonance 

 

Effective medium 

no dispersion 

 

Classical 

homogenization 

Resonant inclusions 

 

Dispersive effective 

medium 

 

Special 

averaging 

Resonant unit cells 

 

Not an effective 

medium 

 

Floquet-Bloch mode 

analysis 

a/l (length scale) ~ 0.5 ~ 0.05 

Figure 2.2. Composite materials in electromagnetics versus wave length scale: relation
between the materials’ terminology and length scale of their unit cells.

Surface metamaterials or briefly metasurfaces (see e.g. in [8, 9]) is the

next point. As it was already mentioned, metasurfaces are very thin6

sheets rather than bulk three-dimensional structures. In Figure 2.3,

different categories of metasurfaces – metafilms and metascreens – are

schematically depicted. The metafilm name has been coined to a surface

array of isolated elements (“cermet” topology shown in Fig. 2.3) while the

metascreen name has been assigned to a homogeneous sheet with iso-

lated apertures (“fishnet” topology shown in Fig. 2.3). Notice, there may

be metasurfaces with a mixture of these two extreme types [32]. In the

present dissertation, following to Refs. [8, 9], we refer to thin sheet meta-

6In the whole dissertation when we refer to the thickness we mean the optical
thickness – that normalized to the operational wavelength of the wave propagat-
ing in the surrounding medium. We will otherwise specify.
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n n 

Metafilm Metascreen 

Figure 2.3. General concept of metsasurfaces: metafilms and metascreens as two ex-
treme subcategories of metasurfaces. Notice, the inclusions and/or holes may
be periodically or amorphously arranged on/in a planar or curved surface and
n is the normal vector to the surface.

materials as “metasurfaces” while we mainly analyze the metafilm cate-

gory of metasurfaces. In order to see how our study is related to meta-

material composites and how metamaterials are connected with ordinary

materials one may refer to Fig. 2.4.

Material 

Natural 

Cryst-
alline 

Non-
crystalline 

Artificial 

Quasi-
static 

composite 
Metamaterial 

Bulk Metasurface 

Metafilm 
Meta-
screen 

EBG/ 

PBG 

Figure 2.4. Metafilm as a type of metamaterial. Metamaterial is here shared from in-
trinsically quasi-static composites and EPBG/PBG lattices on the basis of its
resonant constitutive elements. The dark brown color of some blocks show
how metafilm connects to general material.

This Figure demonstrates different material categories in the basis of

the arrangement of their constituent elements in various levels. Indeed,

it shows the connection between different classes of natural and artificial

materials.

With these notes, we are ready to start the discussion of the history

of electromagnetic characterization of metametarials related to their ho-
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mogenization models.

2.2 History: material/metamaterial characterization

Electromagnetic characterization of materials; i.e., measuring/calculating

their constitutive parameters dates back to the first half of twentieth cen-

tury. Prof. Hippel [33] in 1954, with the help of twenty-two contributors,

has collected a plethora of different methods for measuring permittivity

and permeability of various materials for a diverse frequency range, all

covering radio frequencies (below millimeter waves). He has divided the

measurement techniques into two categories; that is, techniques based on

lumped circuits comprising the materials under characterization for the

frequency range lower than 200 MHz and distributed circuits – for higher

frequencies. After that, in 1970s and with the advent of the computer and

automatic test equipments, Nicolson, Ross, and Weir (NRW) have devel-

oped time-domain and frequency-domain techniques for the measurement

of complex constitutive parameters. Their techniques are now between

the two most cited works [34, 35]. These traditional methods, in the be-

ginning of the twenty-first century, become the backbone of the initial

approach for characterization of metamaterials in terms of their effective

constitutive parameters. This simplistic approach was first applied for

metamaterials in work [27] by Smith et al.

According to this approach, one uses the reflection and transmission

data of a metamaterial slab (in which its thickness is only known) in order

to determine its effective permittivity and permeability as if it was a uni-

formly homogeneous bulk layer. Although this approach was appropriate

and successful for ordinary materials, for metamaterials it was subjected

to ambiguities related to the correct definition of the front and rear sur-

faces of the sample. While some methods have been used to resolve these

ambiguities [28], none of them were general. Indeed, they resulted in

non-physical frequency dispersion and wrong sign of the imaginary part

of some retrieved material parameters (see e.g. in [7]). Moreover, this ap-

proach resulted in unique electromagnetic material parameters only for

a sufficiently bulk metamaterial layer (five or more unit cells across its

thickness). When applied for thin metamaterial slabs, the NRW approach

fully failed; that is, the extracted material parameters strongly depended

on the thickness of the test slab [9, 27, 28, 29]. Since the popularity

of metasurfaces have grown due to their lower optical losses and easier
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manufacturing compared to their bulk counterparts, the lack of physi-

cally sound characterization techniques urged the specialists to search

novel ways.

The joint team guided by Profs. Holloway and Kuester was the first

group who did it. In work [9], they have shown the inapplicability of the

NRW approach to metasurfaces. First, they showed that the dependence

of the retrieved material parameters on the physical sample thickness is

conceptually related to cutoff modes excited at the junction of two differ-

ent waveguides; i.e., the physical thickness of the metasurafce is irrele-

vant for its characterization. They stated in [32] that: “The effective bulk

material properties, which are determined from the same modified NRW

approach used to analyze the bulk three-dimensional metamaterials, are

not uniquely defined for metasurfaces. While the geometry of scatterers

and the lattice constant (unit cell size) are uniquely defined, the thickness

of the equivalent layer is obviously not.”

They then suggested an alternative characterization approach initially

inspired by a classical work [36] which was the first known paper treating

the reflection and transmission of an incident plane wave for a crystalline

or liquid half-space in terms of both bulk polarization of the medium and

its surface polarization. In the review [8], the group of Holloway and

Kuester presents many further attempts towards the response of polar-

izable surfaces to incident waves. Even more detailed overview on the

history of this problem may be found in Publication I and Publication II.

In works by Holloway-Kuester’s team published during a decade (2003-

2013) [8, 9], a systematic analysis of a metasurface formed by resonant

electrically and magnetically polarizable dipole scatterers resulted in a

correct characterization technique. A magneto-dielectric metasurface was

described via Generalized Sheet Transition Conditions (GSTCs) earlier

introduced by Senior and Volakis [37, 38]. The presentation of meta-

surfaces using GSTCs are more physical than an effective-bulk-medium

model. Therefore, the metasurface after its homogenization in terms of

surface polarizations (electric and magnetic) acts as an infinitesimally

thin sheet of polarization currents which causes amplitude and phase

changes in the macroscopic electric and magnetic fields. As a result,

the electric and magnetic surface susceptibilities (polarizabilities per unit

area) that appear in the GSTCs were uniquely defined. These parame-

ters could serve as characteristic metasurface parameters since they were

obtained independent of the metasurface physical thickness. Moreover,
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these retrieved characteristic parameters turn out to be independent of

the polarization of the external excitation [8].

In our interpretation, metasurfaces can be electromagnetically homog-

enized via the averaging over each unit cell (Fig. 2.1), assumed to be

sufficiently small compared to the operational wavelength. Meanwhile,

the whole planar array is assumed to be extended enough in order to be

treated as an infinite metasurface. this way, its characteristic parameters

do not depend on the transversal sizes of the array.

Notice, even earlier than Holloway-Kuester’s group that started to de-

velop their characterization technique, in works of another joint team,

namely guided by Profs. Tretyakov and Simovski, an alternative model

of metasurfaces has been developing since 1997 [39, 40, 41, 42, 43, 44,

45]. This homogenization model was even more general than Holloway-

Kuester’s one since it took into account the possible bianisotropy of scat-

terers. It was based on the concept of so-called collective polarizabili-

ties of scattering particles. These polarizabilities relate the electric and

magnetic polarization of the unit cell with the incident electric and mag-

netic fields taken in the plane of the array. These polarizabilities, like

the surface susceptibilities entering the GSTCs, can be retrieved from the

reflection and transmission coefficients. Also, these polarizabilities were

related with the surface impedances [44, 45]. Unfortunately, this model

of metasurfaces was not sufficiently developed up to 2013; i.e., no feasible

and robust retrieval algorithm was created based on it. Below, for brevity

we refer this homogenization model as the ST model (described in works

of the group guided by Simovski and Tretyakov), whereas the model de-

scribed in works of the group guided by Holloway and Kuester will be

referred as the HK model.

In the following chapters, we are going to present the theory and re-

sults of the electromagnetic characterization of metasurfaces. Basically,

we generalize the HK model, though the ST model is also inspected, and

we discuss the difference between these two approaches in what concerns

the characterization of metasurfaces. The novelty of our theory compared

to the HK model results from:

1. The bianisotropy of metasurfaces under characterization;

2. The presence of the high-contrast substrate on which the scatterers are

located;
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3. The two-side incidence of plane waves (important for bianisotropic meta-

surfaces when the reflected and/or transmitted fields are not necessarily

the same for the illumination from different directions [[46], Publication

I]);

4. The possible randomness of the metasurface.

The novelty of our theory compared to the ST model results from:

1. The rather simple and reliable algorithm of characterization;

2. The presence of the high-contrast substrate;

3. The possible randomness of the metasurface.

In summary, in our theory, two significant drawbacks of both HK and ST

models, neglecting the influence of the substrate and the restriction to

only periodical arrangements of scatterers, are overcome. Moreover, we

show that the ST and HK models represent two mathematically equiva-

lent descriptions of the metasurface.

We start the next chapter from the general problem formulation and

methodology. We then obtain the boundary conditions for a general plane

wave excitation. We continue with the representation of the reflected and

transmitted fields in term of the incident (ST approach) or average fields

(HK approach) using Maxwell’s equations. We eventually establish a gen-

eral algorithm to retrieve the effective parameters of the metasurface

through the reflection and transmission coefficients. Finally, we study

functional metasurfaces and reveal a new physical effect; i.e., substrate-

induced bianisotropy which exists at both microsopic and macroscopic lev-

els.
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3. Theory

3.1 Problem formulation

The problem is to characterize an optically dense planar array of resonant

elements, with electric and perhaps magnetic dipole response to an elec-

tromagnetic field, with some macroscopic parameters. The array is sup-

ported by a semi-infinite dielectric substrate and after its homogenization

is considered as a metasurface. The macroscopic parameters should be

independent of the external excitation. They should only depend on the

frequency and physical parameters of the metasurface. These physical pa-

rameters e.g., the unit cell size and shape, the geometry of elements, and

the materials of the elements and of the top (superstrate, z > 0 in Fig. 3.2)

and bottom (substrate, z < 0 in Fig. 3.2) media, determine the frequency

dispersion of the electromagnetic response. However, this model should

be unique; i.e., independent on the excitation, for a homogeneous meta-

surface. The top medium for brevity is, in below, treated as free space,

however, in our derivations we keep its wave impedance η+ and refrac-

tive index n+ and it is easy to apply our results for two arbitrary isotropic

media on top and bottom of the metasurface.

Figure 3.1 shows a dense planar array of resonant particles which are

randomly arranged in the general case. The arrangement may be peri-

odic in the special case, however, as we will see below our characteriza-

tion model keeps valid even for amorphous (fully random) arrangements

of constituents. The metasurface is excited by an electromagnetic plane

wave which may impinge from either free space or substrate. With an

external excitation through an electromagnetic wave, we may induce cur-

rents on each element of the metasurface. Each element, therefore, may

re-radiate as a pair of electric and/or magnetic dipoles. Each dipole scat-
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Figure 3.1. Geometry of a metasurface composed of a dens planar array with an amor-
phous arrangement of its constituent elements which are located on top of
a substrate with the characteristic impedances “η−”. The free space charac-
teristic impedance is assumed to be: η+. Normalized vector n̄ is the normal
vector to the metasurface.

terer may interact with the other dipoles of the metasurface. According

to [8, 10], we replace the array by a homogenous sheet with an electric

and a magnetic surface polarization P̄ and M̄. Indeed, they represent the

metasurface response to the external excitation. As a consequence, we

have surface currents which cause the field discontinuity across the plane

z = 0.

In the next section, we derive the boundary conditions for such a meta-

surface. Indeed, we demonstrate how the fields are related to each other,

through the surface polarizations, on both sides of the surface z = 0. The

derivations are done for an arbitrary polarized electromagnetic wave. The

specific derivations for a transverse electric and/or a transverse magnetic

polarization of the incident field can be found in Publication I.

3.2 Boundary Conditions

The metasurface is considered as a homogenized thin sheet of an elec-

tric surface polarization (vector “P̄”) and a magnetic surface polarization
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(vector “M̄”) which is located at the interface of two half spaces with char-

acteristic impedances η+ =
√
µ+/ε+ (upper half space in Fig. 3.2) and

η− =
√
µ−/ε− (lower half space in Fig. 3.2). Here, ε± and µ± are the per-

mittivity and permeability of the corresponding media. First, the meta-
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d 

Medium I: h+ 

z > 0 

Medium II: h- 

z < 0 

Metasurface: P, M, h 
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Ei 
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k 

Figure 3.2. Two-dimensional homogenized representation of the metasurface shown in
Fig. 3.1. The homogenization model is assumed to be a sheet with the elec-
tric “P” and magnetic “M” polarizations and characteristic impedance η. Its
thickness is assumed to be at zero limit; i.e., d −→ 0. The metasurface is lo-
cated at the interface of two different media with characteristic impedances
η+ and η−. The sheet may be illuminated from forward (z > 0) or backward
(z < 0) direction. While n̄ is the normal vector to the metasurface, t is the
tangent to the same surface of the metasurface.

surface is assumed to have the finite thickness d which further vanishes:

d −→ 0. In order to make this assumption, the constituent elements of the

metasurface as well as the unit cell size (Fig. 2.1) need to be sufficiently

smaller than the operational wavelength.

We assume that the elements of the metasurface are located in a host

medium with the permittivity and permeability ε and µ, respectively. These

ε and µ are, in general, different from the upper and lower permittivities

(ε±) and permeabilities (µ±), however, may be either material parameters

of the top medium if the elements lie on the substrate or material param-

eters of the substrate if they are submerged.

Following to the procedure introduced in [10], we start from Maxwell’s

equations for total electric and magnetic fields and bulk electric and mag-

netic polarizations inside the homogeneous slab of thickness d:

∇×E = −jωµ
(
H +

M

µ

)
(3.1)
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∇×H = jωε

(
E +

P

ε

)
(3.2)

∇ · (εE + P) = 0 (3.3)

∇ · (µH + M) = 0 (3.4)

Here, E, H, P and M are, respectively, the electric and magnetic fields

and bulk polarizations inside the slab, averaged over the unit cell area.

Notice, the time dependence in (3.1)–(3.4) is assumed to be exp (jωt). Also

note the contribution of the electric and magnetic polarization terms P

and M which we have added to the Maxwell’s equations in comparison

with [10].

Now, we decompose the fields and polarizations into the normal and

transversal components in order to find the relation between the tangen-

tial electric and magnetic fields on two sides of the slab. We first define

the following relations between the transversal (t) and normal (n) compo-

nents of the fields (E, H) and polarizations (P, M):

E = Et + n̄En, H = Ht + n̄Hn,

P = Pt + n̄Pn, M = Mt + n̄Mn, (3.5)

and also the nabla operator ∇ [10]:

∇ = ∇t +
∂

∂z
n̄. (3.6)

In (3.6), without loosing generality, we have assumed that the normal

direction is along the z axis. Now we may decompose (3.1) and (3.2) us-

ing the definitions in (3.5) and (3.6). After simplifications, the Maxwell’s

equations reduce into two sets:

∇t × n̄En +
∂

∂z
(n̄×Et) = −jωµHt − jωMt, (3.7a)

∇t × n̄Hn +
∂

∂z
(n̄×Ht) = jωεEt + jωPt, (3.7b)

with the transversal components of the polarizations and:

n̄En =
1

jωε
∇t ×Ht − n̄

Pn
ε
, (3.8a)

n̄Hn = − 1

jωµ
∇t ×Et − n̄

Mn

µ
. (3.8b)

with their normal components. Now, substituting n̄En and n̄Hn from (3.8)

into (3.7) we obtain the following equations:

∂

∂z
(n̄×Et) = −jωµHt −

1

jωε
∇t ×∇t ×Ht − jωMt +∇t × n̄

Pn
ε
, (3.9a)

∂

∂z
(n̄×Ht) = jωεEt +

1

jωµ
∇t ×∇t ×Et + jωPt +∇t × n̄

Mn

µ
. (3.9b)
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We next cross-multiply (3.9a) by (−n̄) to find the following set of equa-

tions:

∂

∂z
Et = jωµ

[
¯̄It +
∇t∇t
k2

]
· (n̄×Ht) + jω (n̄×Mt)−∇t

Pn
ε
, (3.10a)

∂

∂z
(n̄×Ht) = jωε

[
¯̄It +

(n̄×∇t) (n̄×∇t)
k2

]
·Et + jωPt +∇t × n̄

Mn

µ
.

(3.10b)

Here ¯̄It is the two-dimensional unit dyadic; i.e., ¯̄It = ¯̄I − n̄n̄, and k is the

wave number inside the slab; i.e., k = ω
√
µε. Also, ∇t∇t and (n̄×∇t)(n̄×

∇t) are two-dimensional dyadics with the following representations:

∇t∇t =




∂
∂x

∂
∂y



(
∂
∂x

∂
∂y

)
=




∂
∂x

∂
∂x

∂
∂x

∂
∂y

∂
∂y

∂
∂x

∂
∂y

∂
∂y


 ,

and

(n̄×∇t)(n̄×∇t) =


−

∂
∂y

∂
∂x



(
− ∂
∂y

∂
∂x

)
=




∂
∂y

∂
∂y − ∂

∂y
∂
∂x

− ∂
∂x

∂
∂y

∂
∂x

∂
∂x


 .

Notice, for a plane wave solution, the dependence is exponential; that is,

exp (−jkt · r), and therefore we have ∇t = −jkt where kt is the tangential

wave vector. In the next step, we define

〈Et〉 =
1

d

∫ d

0
Etdz, 〈Ht〉 =

1

d

∫ d

0
Htdz. (3.11)

Now, we integrate equations (3.10) over the surface thickness assuming

that the field distributions inside the slab are locally quasi-static in the

the normal direction z (see e.g. [10]) which is true if the thickness of the

slab is electrically very small compared to the wavelength. On this stage

we introduce the surface polarizations:

P̄ = 〈P〉d, M̄ = 〈M〉d, (3.12)

In (3.12) it is denoted,

〈P〉 =
1

d

∫ d

0
Pdz, 〈M〉 =

1

d

∫ d

0
Mdz.

After the integration of equations (3.10) and tending the slab thickness to

zero (d −→ 0) we obtain the following vectorial forms of the generalized

sheet boundary conditions:

E+
t −E−t = jωn̄× M̄t −∇t

Pn
ε
, (3.13a)

n̄×H+
t − n̄×H−t = jωP̄t +∇t × n̄

Mn

µ
. (3.13b)
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In the above equations it is denoted:

P̄ = P̄t + n̄Pn, M̄ = M̄t + n̄Mn, (3.14)

and P̄ and M̄ have been defined in (3.12). Equations (3.13), relating the

jumps of transversal electric (E±t ) and magnetic (H±t ) fields across the

sheet to the surface electric (P̄) and magnetic (M̄) polarizations, do not

differ from the previously known GSTCs obtained in [8]. However, we

have not only proven them for the case of the optical contrast η− 6= η+, we

have also clarified the role of the substrate for the normal polarizations.

If the particles of the metasurface lie on top of the substrate, this com-

ponent of the polarizations enters the GSTCs in the same form as in the

conventional HK model. If the particles are submerged, this component is

additionally divided by the relative permittivity (electric polarization) and

permeability (magnetic one) of the substrate. If particles are encapsulated

by an optically thin layer of the third medium with material parameters

ε and µ, these components of the electric and magnetic polarizations are

divisible by these parameters, respectively. As to tangential polarizations,

they enters the GSTCs in the same way for all three cases (particles are

on top, submerged, or encapsulated). More importantly, in Section 3.4, we

show how the normal and tangential components of the surface polariza-

tions are related to the tangential average fields.

At this step, we are ready to search for the reflected and transmitted

fields in terms of these surface polarizations.

3.3 Transverse components of the reflected and transmitted waves

Let us now illuminate a metasurface that is functionalized of being elec-

trically and magnetically polarized with surface polarizations P and M,

by a plane electromagnetic wave (∇t = −jkt). We consider two cases: a)

illumination from the forward direction which is denoted by the upper

half space (z > 0) in Fig. 3.2 and b) illumination from the backward direc-

tion which is denoted by the lower half space (z < 0) in the same figure.

The upper half space has the characteristic impedance η+ (by default, free

space) while for the lower half space we have η− (by default, a dielectric

substrate). It is known from [10] that for a plane wave we have:

n̄×Ht = ∓Z
−1
± ·Et, (3.15)
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where the top

bottom
sign denotes the waves traveling in the direction ±z.

In (3.15), Z± is the dyadic impedance of the corresponding media and

denoted by [10]:

Z± = ZTM±
ktkt
k2t,±

+ ZTE±
(n̄× kt)(n̄× kt)

k2t,±
, (3.16)

and

ZTM± = η±

√
1−

k2t,±
k2±

, ZTE± =
η±√

1− k2t,±
k2±

, (3.17)

where

kn,± =
√
k2± − k2t,±, (3.18)

is the propagation constant of eigenwaves in the normal direction n̄, and

kt,± is the tangential wave number, and k± = ω
√
µ±ε±.

Let us now decompose the incident, reflected, and transmitted elec-

tric/magnetic fields into their transversal (Eit/Hi
t, Ert /Hr

t , Ett/Ht
t) and nor-

mal (Ein/H i
n, Ern/Hr

n, Etn/Ht
n) components as following:

Ei = Eit + n̄Ein, Er = Ert + n̄Ern, Et = Ett + n̄Etn, (3.19)

Hi = Hi
t + n̄H i

n, Hr = Hr
t + n̄Hr

n, Ht = Ht
t + n̄Ht

n, (3.20)

Then, for the transversal components, in the case of illumination from top

(forward direction), we have:

E+
t = Eit + Ert , E−t = Ett, (3.21a)

H+
t = Hi

t + Hr
t , H−t = Ht

t, (3.21b)

while, for the illumination from the bottom (backward direction), we have:

E+
t = Ett, E−t = Eit + Ert , (3.22a)

H+
t = Ht

t, H−t = Hi
t + Hr

t . (3.22b)

Using (3.15) in (3.21) and (3.22) and then substituting E±t and H±t in the

transversal boundary conditions (3.13) one may find the following two sets

for the illumination from forward direction:

Eit + Ert −Ett = jωn̄× M̄t + jkt
Pn
ε
, (3.23a)

Z
−1
+ ·Eit − Z

−1
+ ·Ert − Z

−1
− ·Ett = jωP̄t − jkt × n̄

Mn

µ
, (3.23b)
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and from backward direction:

Ett −Eit −Ert = jωn̄× M̄t + jkt
Pn
ε
, (3.24a)

−Z
−1
+ ·Ett + Z− ·Eit − Z

−1
− ·Ert = jωP̄t − jkt × n̄

Mn

µ
, (3.24b)

respectively.

The final step for finding the transversal components of the reflected

Ert and transmitted Ett waves is to separately solve two sets of equations

(3.23) and (3.24). Therefore, the results for the transversal components of

the reflected Ert and transmitted Ett electric fields read as:

Ert = −
(

¯̄It + Z∓Z
−1
±

)−1(
¯̄It − Z∓Z

−1
±

)
·Eit

−
(

¯̄It + Z∓Z
−1
±

)−1
·
[
jω
(
Z∓ · Pt ∓ n̄×Mt

)

∓j
(
kt
Pn
ε
± Z± · (n̄× kt)

Mn

µ

)]
,

(3.25)

and

Ett = 2

(
¯̄It + Z∓Z

−1
±

)−1
·Eit

−
(

¯̄It + Z∓Z
−1
±

)−1
·
[
jω
(
Z± · Pt ± n̄×Mt

)

±j
(
kt
Pn
ε
∓ Z∓ · (n̄× kt)

Mn

µ

)]
,

(3.26)

where top

bottom
sign denotes for the illumination from forward

backward
direction.

In a special case, when Z+ = Z− = Z, we have:

Ert = −1

2

[
jω
(
Z · Pt ∓ n̄×Mt

)
∓j
(
kt
Pn
ε
± Z · (n̄× kt)

Mn

µ

)]
, (3.27)

and

Ett = Eit −
1

2

[
jω
(
Z · Pt ± n̄×Mt

)
±j
(
kt
Pn
ε
∓ Z · (n̄× kt)

Mn

µ

)]
.

(3.28)

Notice, the equations (3.25), (3.26), (3.27), and (3.28) that present the re-

flected and transmitted fields in terms of the surface polarizations, are

general. They may be applied for any special case of incidences; for exam-

ple, TE or TM incidence or a superposition of these two. More importantly,

as we show later, all of these surface polarizations may be expressed in

terms of the transversal electric field Et.

In the next section, we are going to present the relations between the

surface polarizations P̄ and M̄ with the electromagnetic fields E and H.

Two different relations can be obtained: one corresponds to the HK ap-

proach, another – to the ST approach.

35



Theory

3.4 Effective polarizability/susceptibility tensors: characteristic
parameters of metasurfaces

The parameters which relate the fields to the surface polarizations are

called polarizabilities or susceptibilities depending on the definition of

the fields associated to the relations. Really, they are the constitutive

parameters which do not change with different conditions of the external

excitation and they only depend on the physical parameters of the meta-

surface; i.e., the shapes and sizes of the metasurface elements and unit

cells. In the HK model, we use the total fields whose different values on

two sides of the metasurface are averaged. In the ST model, we use the

incident field in the constitutive relations. Therefore, we may write the

following constitutive relations between the fields and polarizations in the

ST approach:

P̄ = ˆ̄̄αee ·Ei + ˆ̄̄αem ·Hi, (3.29a)

M̄ = ˆ̄̄αme ·Ei + ˆ̄̄αmm ·Hi, (3.29b)

where ˆ̄̄αee, ˆ̄̄αem, ˆ̄̄αem, and ˆ̄̄αmm are called collective polarizability tensors:

electric, magneto-electric, electro-magnetic, and magnetic ones, respec-

tively. They, indeed, relate the incident fields to the same surface polar-

izations as we introduced above. We may alternatively define another set

of characteristic parameters (the HK approach):

P̄ = ˆ̄̄χee ·Eave + ˆ̄̄χem ·Have, (3.30a)

M̄ = ˆ̄̄χme ·Eave + ˆ̄̄χmm ·Have. (3.30b)

Here, ˆ̄̄χ denotes surface susceptibility tensors. In (3.30), all vectors in the

form of Aave refer to the average fields, calculated as

Aave =
Ai + Ar + At

2
, (3.31)

where superscripts i, r, and t correspond to the incident, reflected, and

transmitted wave fields, respectively (all taken at z = 0). Notice, the nor-

mal components of the average fields can be expressed in terms of their

transversal components. Therefore, we are indeed performing the averag-

ing in the tangential direction.

At this point, we have all tools to calculate the two-dimensional reflec-

tion and transmission dyadics ¯̄r and ¯̄t as functions of effective polarizabil-

ity/susceptibility tensors; where Ert = ¯̄r · Eit and Ett = ¯̄t · Eit. One may

substitute the relations (3.29) into equations (3.25) and (3.26) to find the
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reflection and transmission dyadics as functions of the effective polariz-

ability tensors. Notice, when using (3.30) as constitutive relations, it is

easier to substitute them into the boundary conditions (3.23) and (3.24)

and then solve these equations for ¯̄r and ¯̄t, to find them as functions of the

effective susceptibility tensors.

Before presenting a general approach and algorithm, we draw your at-

tention to some important points related to calculations of the reflection

and transmission dyadics from the obtained boundary conditions. In the

presented equations (3.25) and (3.26), we need to find P̄t and M̄t in term

of the incident/average field Ei/Eave. Let us first consider an arbitrary

three-dimensional dyadic ¯̄A as following:

¯̄A =




Axx Axy Axz

Ayx Ayy Ayz

Azx Azy Azz


 . (3.32)

If we define the following dyadics, vectors, and scalar ¯̄Att, Ātn, Ānt, and

Ann from the initial dyadic ¯̄A as following:

¯̄Att =


Axx Axy

Ayx Ayy


 , Ātn =


Axz
Ayz


 , Ānt =

(
Azx Azy

)
, Ann = Azz,

(3.33)

then we may present any three-dimensional dyadics ¯̄A as a mixture of a

two-dimensional dyadic ¯̄Att, two two-component vectors Ātn and Ānt, and

a scalar value Ann; that is,

¯̄A =




¯̄Att Ātn

Ānt Ann


 . (3.34)

Now, using the definitions in (3.33) for effective polarizability tensors and

the definitions in (3.5) and (3.14) we may write the following relations for

the tangential and normal components of surface polarizations P̄ and M̄
from (3.29):

P̄t = ˆ̄̄αee
tt ·Et ∓

1

ωε±
ˆ̄αee
tnkt ·

(
Z
−1
± ·Et

)

± ˆ̄̄αem
tt ·

[
n̄×

(
Z
−1
± ·Et

)]
− 1

kn,±
ˆ̄αem
tn kt ·

[
n̄×

(
Z
−1
± ·Et

)]
,

(3.35)

Pn = ˆ̄αee
nt ·Et ∓

1

ωε±
α̂ee
nnkt ·

(
Z
−1
± ·Et

)

± ˆ̄αem
nt ·

[
n̄×

(
Z
−1
± ·Et

)]
− 1

kn,±
α̂em
nnkt ·

[
n̄×

(
Z
−1
± ·Et

)]
,

(3.36)
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M̄t = ˆ̄̄αme
tt ·Et ∓

1

ωε±
ˆ̄αme
tn kt ·

(
Z
−1
± ·Et

)

± ˆ̄̄αmm
tt ·

[
n̄×

(
Z
−1
± ·Et

)]
− 1

kn,±
ˆ̄αmm
tn kt ·

[
n̄×

(
Z
−1
± ·Et

)]
,

(3.37)

Mn = ˆ̄αme
nt ·Et ∓

1

ωε±
α̂me
nnkt ·

(
Z
−1
± ·Et

)

± ˆ̄αmm
nt ·

[
n̄×

(
Z
−1
± ·Et

)]
− 1

kn,±
α̂mm
nn kt ·

[
n̄×

(
Z
−1
± ·Et

)]
,

(3.38)

or we may express them in a simplified compact representation:

P̄t =

[
ˆ̄̄αee
ttZ± ∓

1

ωε±
ˆ̄αee
tnkt

]
·
(
Z

−1

± ·Et
)
±

[
ˆ̄̄αem
tt ∓

1

kn,±
ˆ̄αem
tnkt

]
·
[
n̄×

(
Z

−1

± ·Et
)]

,

(3.39a)

Pn =

[
ˆ̄αee
ntZ± ∓

1

ωε±
α̂ee
nnkt

]
·
(
Z

−1

± ·Et
)
±

[
ˆ̄αem
nt ∓

1

kn,±
α̂em
nnkt

]
·
[
n̄×

(
Z

−1

± ·Et
)]

,

(3.39b)

M̄t =

[
ˆ̄̄αme
tt Z± ∓

1

ωε±
ˆ̄αme
tnkt

]
·
(
Z

−1

± ·Et
)
±

[
ˆ̄̄αmm
tt ∓

1

kn,±
ˆ̄αmm
tn kt

]
·
[
n̄×

(
Z

−1

± ·Et
)]

,

(3.39c)

Mn =

[
ˆ̄αme
ntZ± ∓

1

ωε±
α̂me
nnkt

]
·
(
Z

−1

± ·Et
)
±

[
ˆ̄αmm
nt ∓

1

kn,±
α̂mm
nn kt

]
·
[
n̄×

(
Z

−1

± ·Et
)]

.

(3.39d)

In the transition from (3.35)–(3.38) to (3.39), one should be careful about

the vector and tensor products. Here, following to (3.33) all three dimen-

sional effective polarizability dyadics ˆ̄̄α are defined as:

ˆ̄̄α =




ˆ̄̄αtt ˆ̄αtn

ˆ̄αnt α̂nn


 . (3.40)

Again, in the above equations, the top

bottom
sign corresponds to the illumi-

nation from top

bottom
at z > 0

z < 0
.

In equations (3.35)–(3.39d), we have applied the following relations to

represent the normal electric, normal magnetic, and transversal magnetic

fields En, Hn, and Ht in terms of the transversal electric field component

(Et); i.e.,

En = ∓ 1

ωε±
kt ·

(
Z
−1
± ·Et

)
, (3.41a)

Hn = − 1

kn,±
kt ·

[
n̄×

(
Z
−1
± ·Et

)]
, (3.41b)

Ht = ±n̄×
(
Z
−1
± ·Et

)
. (3.41c)

Where Z± and kn,± are defined in (3.16) and (3.18), respectively. This

formalism makes the calculation of the reflected and transmitted electric
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fields general and compact. Moreover, all components of the surface polar-

izations including the normal ones are presented in terms of the transver-

sal electric field Et. In equations (3.35)–(3.39d), the transverse electric

field Et may be replaced by the incident field (Et ≡ Eit) for the ST model.

If we use the HK approach instead of the ST approach, we simply im-

ply dyadics ˆ̄̄α ≡ ˆ̄̄χ, and replace Et by the tangential average field; i.e.,

Et ≡ (Eit + Ett + Ert )/2.

The final step is to find the reflection and transmission dyadics relating

Ert and Ett to Eit. This can be done by substitution of the surface polariza-

tions found in (3.35)–(3.39d) into the formulas for the reflected (3.25) and

transmitted (3.26) electric fields. We omit the details of this procedure

since one may find them in Publication I, Publication II, and Publication

IV for different special cases. We next present the results for the general

procedure of parameter retrieval suitable for both sets of characteristic

parameters: collective polarizability and effective susceptibility tensors.

3.5 General methodology

So far, we have obtained the transversal components of the reflected and

transmitted fields Ert and Ett in terms of the incident/average field Eit/Eavet .

In this section, we present the general algorithm manifesting the advan-

tages of our method of metasurface characterization. As we have already

discussed, we emphasize that the presented formulas are suitable for the

general case of an arbitrary polarized incident wave and arbitrary optical

contrast between the medium of incidence and medium of transmission.

Moreover, our metasurface may be bianisotropic with arbitrary anisotropy

of electric, magnetic, and magneto-electric coupling tensors. Some special

cases are studied in Publication I, Publication II, Publication III, Publica-

tion IV, Publication V, and Publication VI. For simplicity, we adopt below

the notations of the ST approach. However, one may choose also the HK

notations as we did in Publication I and Publication II. The step-by-step

algorithm to characterize the metasurfaces, therefore, reads as:

1. We assume that the metasurface may be characterized by collective po-

larizabilities (electric: ˆ̄̄αee, magnetic: ˆ̄̄αmm, magneto-electric: ˆ̄̄αem, and

electro-magnetic: ˆ̄̄αme). These parameters relate the surface polariza-

tions P̄ and M̄ to the incident transversal electric field as in (3.39). We

may briefly describe these equations in the following form:
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P̄,M̄ = f( ˆ̄̄α,kt,Ei
t). (3.42)

Here f(·) means a function.

2. Then we use our generalized sheet boundary conditions (3.13) and re-

late the reflected and transmitted fields to the incident field and the

surface polarizations P̄ and M̄ as in (3.25) and (3.26). The simple rep-

resentation of these relations may be presented as:

Ert , E
t
t = g(Ei

t, P̄,M̄). (3.43)

Here g(·) denotes another function.

3. Next, combining the first two items, one finds the reflection and trans-

mission dyadics ¯̄r and ¯̄t as functions of the polarizability tensors and the

vectorial operator kt; i.e.;

Ert , E
t
t = h( ˆ̄̄α,kt) ·Ei

t, or ¯̄r, ¯̄t = h( ˆ̄̄α,kt) (3.44)

Notice, as we have mentioned earlier, in the plane wave representa-

tion ∇t = −jkt. This implies that in the normal illumination this de-

pendence vanishes while in the oblique incidence, reflection and trans-

mission dyadics are functions of the incident angle “θi”.

4. To characterize the metasurface, we have to present the characteris-

tic parameters ˆ̄̄α through reflection and transmission dyadics, inverting

equation (3.44). It is not so simple because each polarizability tensor is

a three-dimensional matrix which has generally 9 components, and we

generally need to determine 36 complex scalars. However, we may have

only 4 equations for each of the two-dimensional tensors ¯̄r and ¯̄t. There-

fore, with one incidence case we may totally have only 8 equations for 36

unknowns. Nevertheless, we may do the same experiment for different

incident angles, say for 5 angles, and obtain 40 numerical equations to

reliably solve for all 36 polarizability components which keep the same

for all incidence angles. Yet, in many practical cases, depending on the

physical shape of the metasurface elements and the excitation polar-

ization, many of these scalar polarizabilities are either negligibly small

or can be related to one another by the reciprocity conditions or due to

the symmetry of the structure. Therefore, we rarely need to solve 36

unknowns. For most important functional metasurfaces used for opti-
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cal applications (e.g. see Publication I, Publication II, Publication III,

Publication IV, Publication V, and Publication VI) we only need to solve

for 3 or 4 components from 36. Therefore, we only need to know the re-

flection/transmission coefficients for 2 or 3 incident angles. Finally, the

solution to the characteristic parameters ¯̄α read as:

ˆ̄̄α = h−1(¯̄r(θ), ¯̄t(θ),kt) (3.45)

Here h−1(·) represents the inverse of the function h(·). Two-dimensional

tensors ¯̄r(θ) and ¯̄t(θ) stand for the transversal reflection and transmis-

sion dyadics for an arbitrary incident angle θ.

5. The final step of the algorithm is to validate the solution. One may

put the retrieved polarizabilities from (3.45) into (3.44) in order to find

the reflection/transmission coefficients for other incident angles (differ-

ent from those we have used for our retrieval in (3.45)) and compare it

with reflection and transmission coefficients numerically simulated or

experimentally measured for these test angles.

Before going to the next chapter, it is worth to note here that we have

also developed a circuit model for substrated metasurfaces in Publica-

tion III. The drawback of the model from Publication III is its suitability

for only one-direction modeling (different circuits for the illumination in

the forward and in the backward directions). The equivalent circuit of

Publication III is Γ-shaped; i.e., comprises only two equivalent lumped

impedances, whereas the general circuit model applicable for both illu-

mination cases is either the T -shaped or Π-shaped schemes comprising 3

lumped impedances [47]. The general idea is to use the concept of volt-

ages and currents instead of the transversal electric and magnetic fields.

Besides, effective polarizabilities/susceptibilities must be replaced by the

effective sheet impedances and/or admittances. This may simplify the

study especially when we deal with finite-thickness substrates or with

piece-wise homogeneous (step inhomogeneity) metasurfaces.

In the next chapter, we consider some examples and show the applicabil-

ity of the proposed characterization technique. The examples correspond

to optical frequencies where the need in this technique is especially keen.

We only present final results and perform some physical discussions about

them. For detailed discussions one may refer to Publication I, Publication

II, Publication III, Publication IV, Publication V, and Publication VI.
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In the previous chapter, we presented a general approach to the charac-

terization of metasurfaces. However, solving equation (3.45) to find the

metasurface characteristic parameters (collective polarizabilities or sur-

face susceptibilities) in the general case, is very complicated and rarely

needed. It is reasonable to reduce the problem and simplify its solution.

In the upcoming sections, we present different examples and show how a

priori knowledge of the problem may simplify the study. In these exam-

ples we have adopted the HK model.

4.1 A planar array of plasmonic nano-spheres: a periodic
metasurface

Let us consider a dense planar periodic array of non-bianisotropic plas-

monic nano-spheres located in free space at z = 0 as in Fig. 4.1(a). This

array may be considered as a metasurface since the particles and the pe-

riod of the array are enough smaller than the operational wavelength;

that is, D = 0.1λ0 and a = 0.2λ0, where λ0 is the central operational wave-

length in the host medium (here, free space). Moreover, the response of

this composite is in the frequency band of its inclusions’ resonances which

implies a metasurface.

According to the geometry of the problem, the general susceptibility ten-

sors may be written as:

ˆ̄̄χee =




ˆ̄̄χee
tt

ˆ̄χee
tn

ˆ̄χee
nt χ̂ee

nn


 =




χ̂ee
xx χ̂ee

xy χ̂ee
xz

χ̂ee
yx χ̂ee

yy χ̂ee
yz

χ̂ee
zx χ̂ee

zy χ̂ee
zz


 , (4.1)

ˆ̄̄χem =




ˆ̄̄χem
tt

ˆ̄χem
tn

ˆ̄χem
nt χ̂em

nn


 =




χ̂em
xx χ̂em

xy χ̂em
xz

χ̂em
yx χ̂em

yy χ̂em
yz

χ̂em
zx χ̂em

zy χ̂em
zz


 , (4.2)
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Figure 4.1. (a) A planar periodic array of silver plasmonic nano-spheres positioned at the
xy–plane in free space, where ε0 and µ0 are the permittivity and permeabil-
ity of the free space, respectively. The array is excited by a TM-polarized
electromagnetic plane wave. The diameter of each sphere is D = 40 nm while
the cell size is a = 80 nm. (b) Tangential electric (c) Normal electric and (d)
Tangential magnetic effective susceptibility components of the metasurface
retrieved from the reflection and transmission data at θi = 0 and 10◦. (e)
Predicted and simulated results for the amplitude of the reflection coefficient
of the proposed metasurface for an incidence of θi = 45◦. (f) The same plot as
in (e) for the phase of the reflection coefficient. The material data for silver is
taken from [48]. Notice, the time dependence is assumed to be exp (−iωt) in
these calculations.

ˆ̄̄χme =




ˆ̄̄χme
tt

ˆ̄χme
tn

ˆ̄χme
nt χ̂me

nn


 =




χ̂me
xx χ̂me

xy χ̂me
xz

χ̂me
yx χ̂me

yy χ̂me
yz

χ̂me
zx χ̂me

zy χ̂me
zz


 , (4.3)

and

ˆ̄̄χmm =




ˆ̄̄χmm
tt

ˆ̄χmm
tn

ˆ̄χmm
nt χ̂mm

nn


 =




χ̂mm
xx χ̂mm

xy χ̂mm
xz

χ̂mm
yx χ̂mm

yy χ̂mm
yz

χ̂mm
zx χ̂mm

zy χ̂mm
zz


 . (4.4)

However, as we mentioned earlier, there are some physical insights

which may help to reduce the problem complexities. At this point, we

discuss these issues based on our prior knowledge about the proposed

problem:

1. We are going to analyze the metasurface in the resonance band of its

constituent elements; i.e., spheres. The particles are assumed to be
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made of silver which implies strong electric resonance. Therefore, the

magnetic resonance is negligible compared to the electric one; that is
ˆ̄̄χmm ≈ 0. However, we do not neglect the magnetic resonance to prove

this issue. Nevertheless, neglecting this magnetic resonance causes a

much easier solution.

2. There is no reason for bianisotropy in the structure. Therefore, both

bianisotropic tensors ˆ̄̄χem and ˆ̄̄χme must vanish.

3. The particles do not have any possibility to rotate the polarization of

the incident fields. This means that all cross components of the electric

and magnetic susceptibility tensors ˆ̄̄χee and ˆ̄̄χmm are zero; i.e., ˆ̄χee
tn =

ˆ̄χmm
tn = ˆ̄χee

nt = ˆ̄χmm
nt = χ̂ee

xy = χ̂mm
xy = χ̂ee

yx = χ̂mm
yx = 0. As a result, the cross

components of reflection and transmission tensors are also zero; that is

rxy = ryx = txy = tyx = 0.

4. The geometry of the structure and its excitation imposes some other

conditions on the susceptibilities. With the TM-polarization of the in-

cident field, there is no way to have nonzero y–directed electric compo-

nents and x/z–directed magnetic components of the susceptibility ten-

sors. This means that χ̂ee
yy, χ̂mm

xx , and χ̂mm
zz must be zero. To have these

components nonzero, one may use a TE-polarized wave as the incident

field.

5. Finally, the susceptibility components, which may arise in the case of

the TM-wave incidence, are only 3: χ̂ee
xx, χ̂ee

zz, and χ̂mm
yy . In general, it

is not enough since we need also χ̂ee
yy and χ̂mm

xx . However, the particles

have spherical symmetry and being arranged in a square array in the

xy-plane, possess an in-plane isotropic response. As a result, we need

to find only 3 components χ̂ee
xx = χ̂ee

yy, χ̂mm
yy = χ̂mm

xx , and χ̂mm
zz . Two first

ones can be found from the study of the normal incidence. The third

susceptibility χ̂mm
zz may be found applying an oblique TE incidence under

arbitrary angle.

Considering the above hints, one may reduce the complex vectorial form
of the equations (3.25), (3.26) and (3.39) to a scalar problem. Therefore,
the inverse problem of equation (3.45) may even be solved analytically as
we did in Publication I and Publication VI for the general case when a
metasurface is placed at the interface of two media with different permit-
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tivities. For a special case when the two surrounding media are the same,
the results read as:

r =
− iω

2 cos θ
[η0χ̂

ee
xx cos2 θ − η0χ̂ee

zz sin2 θ − χ̂mm
yy /η0]

1− (ω
2

)2[χ̂ee
xxχ̂mm

yy + η20χ̂
ee
xxχ̂ee

zz sin2 θ]− iω
2 cos θ

[η0χ̂ee
xx cos2 θ + η0χ̂ee

zz sin2 θ + χ̂mm
yy /η0]

,

(4.5a)

t =
1 + (ω

2
)2[χ̂ee

xxχ̂
mm
yy + η20χ̂

ee
xxχ̂

ee
zz sin2 θ]

1− (ω
2

)2[χ̂ee
xxχ̂mm

yy + η20χ̂
ee
xxχ̂ee

zz sin2 θ]− iω
2 cos θ

[η0χ̂ee
xx cos2 θ + η0χ̂ee

zz sin2 θ + χ̂mm
yy /η0]

,

(4.5b)

and the retrieval formulas are as follows:

η0χ̂
ee
xx =

−2i

ω

r0 + t0 − 1

r0 + t0 + 1
, (4.6a)

χ̂mm
yy

η0
=
−2i

ω

r0 − t0 + 1

r0 − t0 − 1
, (4.6b)

sin2 θη0χ̂
ee
zz =

χ̂mm
yy

η0
− 2i

ω

rθ − tθ + 1

rθ − tθ − 1
cos θ. (4.6c)

Notice, in the above formulas the time dependence is assumed to be

exp (−iωt). Also, r0,θ and t0,θ are, respectively, the reflection and transmis-

sion coefficients for θi = 0, θ. The susceptibilities are retrieved from ex-

actly simulated reflection and transmission data for two incident angles

θi = 0, 10◦. The susceptibility components are then plotted in Fig. 4.1(b,

c, d). As it is clear from the plots, the resonance amplitude of the mag-

netic susceptibility is two orders of magnitude smaller than those of the

electric susceptibilities. It is in agreement with what we have expected,

since there is no significant source for magnetic polarization in the meta-

surface. In order to examine whether these parameters are characteristic

or not, the reflection amplitude and phase are plotted in Fig. 4.1(e, f) for

a different incident angle (θi = 45◦) using the retrieved susceptibilities

from analytical formulas in (4.5) and (4.6). It is evident that the numer-

ical results using HFSS simulation tool [49] are very well matched with

the predicted results from our retrieval. Moreover, the retrieved suscep-

tibilities respect the constraints of causality and passivity [50]; that is,

the real parts of the susceptibility components are growing functions of

frequency far from resonance and the sign of their imaginary parts do

not change with the frequency and regarding to our assumption of the

time dependence are always positive. The causal and passive behavior of

the susceptibilities together with the correct prediction of reflection and

transmission (not shown here) prove the applicability of our characteriza-

tion model as well as its effectiveness.
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Another important point is that although the particles are spherical and

we may expect the normal and tangential susceptibility components (i.e.,

χ̂ee
zz and χ̂ee

xx) to be the same, they are not. This is true for both their reso-

nance frequencies and amplitudes. The reason is that these susceptibili-

ties are the effective ones and they account also for the interaction effects

between the particles in the array. Really, each sphere may be replaced

by a vertical and a horizontal dipole. Therefore, since the cumulative ef-

fect of normal and horizontal dipoles are different, then it respectively

influences on the effective susceptibility components. Generally, in our

formalism, the effective susceptibilities may be written as:

χ̂ = f(α, β), (4.7)

where χ̂ and α stand for the effective susceptibility and individual polar-

izability, respectively, while β stands for the effective interaction constant

of the other elements in the array on the individual element under study.

Therefore, while αxx and αzz are equal for all elements, the interactions

are different for horizontally or vertically oriented dipoles. It implies dif-

ferent effective susceptibilities for different orientations of the dipoles in

the array. One may refer to [10] and Publication III for more discussion on

the interaction effects in arrays. We discuss this issue in the last section

of the next chapter where we present the differences between amorphous

and periodic metasurfaces.

So far, we successfully performed the characterization for a periodic

metasurface. In the next section, however, we show that our character-

ization model is not restricted to periodic metasurfaces. This model even

works for metasurfaces with disordered arrangement of the inclusions. In

general, the applicability of our retrieval algorithm for disordered arrays

keeps as long as the arrangement of particles is optically dense every-

where (all interparticle distances in the random metasurface are suffi-

ciently smaller than the operational wavelength, see Sections 2.1.1 and

2.2 for more discussion).

4.2 A planar array of coupled plasmonic nano-patches: a
disordered metasurface

In this section we present a different example of a metasurface: now it

is composed of pairs of mutually coupled plasmonic nano-patches and the

arrangement of these inclusions in the array is disordered. Figure 4.2(a)
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demonstrates the geometry of such an array. One may refer to [51] to
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Figure 4.2. (a) A planar disordered array of gold plasmonic coupled nano-patches located
at the xy–plane on top of a fused silica substrate with the refractive index
of n = 1.5. The patches are separated by a dielectric spacer of MgO with
the refractive index of n = 1.72. The array is excited by a TM-polarized elec-
tromagnetic plane wave. (b) Tangential electric (c) Normal electric and (d)
Tangential magnetic effective susceptibility components of the metasurface
retrieved from the reflection and transmission data at θi = 0 and 45◦ from
numerical Finite Difference Time Domain method [52, 53]. (e) Predicted and
simulated results for the amplitude of the reflection coefficient of the pro-
posed metasurface for an incidence of θi = 30◦. (f) The same plot as in (e)
for the amplitude of the transmission coefficient. The average unit cell size
of the array is 510 nm. The material data for gold is taken from [48]. Notice,
the time dependence is assumed to be exp (−iωt) in these calculations.

understand how the positional disorder is generated (when the disorder

parameters varies from 0 to ∞ the array transits from strictly regular

to amorphous one). The effective susceptibilities are retrieved using the

same approach as in the previous example and are plotted in Fig.4.2(b,

c, d). This plot corresponds to an explicit value of the disorder parameter

corresponding to a quite strong randomness (adequately illustrated by the

drawing). Due to the different type of inclusions, in contrast with the pre-

vious example, the magnetic response [Fig.4.2(d)] is comparable with the

electric response [Fig.4.2(b, c)]. We will see later that the effective electric

response is much more vulnerable to the positioning disorder compared to

the magnetic response and the values of χ̂ee
xx are noticeably different from

those which were retrieved for a periodic analogue of this metasurface.
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Figures 4.2(e) and (f) show the prediction for the reflection and trans-

mission coefficients for and incident angle of θi = 30◦ obtained through the

retrieved characteristic parameters and directly by simulations. Indeed,

the predicted results are in quite good agreement with the numerical re-

sults [52, 53] which demonstrates the predictive power of our approach in

the characterization of disordered metasurfaces.

An important point is the anti-resonance behavior observed in the nor-

mal component of the electric susceptibility (χ̂ee
zz) at the frequency range

of the magnetic resonance (∼ 300 THz). This may be understood by re-

calling the averaged unit cell size of the array which is 510 nm at this

frequency; i.e., a/λ ≈ 0.5. The anti-resonant feature is also slightly mani-

fested in χ̂ee
xx at this frequency. To avoid the anti-resonance the high-order

evanescent modes of the array must be included into the model which are

out of the scope of our locally quasi-static study. More interesting is that

at higher frequency ranges – that of the electric resonance (∼ 400 THz),

the array acts as a homogeneous metasurface. That is, the passivity and

causality constraints hold while the correct prediction of the reflection

and transmission are also obtained. It is not very surprising, though the

effective homogeneity is respected at even higher frequencies. The con-

dition a/λ ≈ 0.5 which holds at the magnetic resonance is, in fact, that

of the spatial resonance of our array. At the corresponding frequencies

the features of strong spatial dispersion are obviously enhanced. These

features are non-Foster behavior of the real part and wrong sign of the

imaginary part of the retrieved material parameters. At the frequency

of the electric resonance (a/λ ≈ 0.7), the structure again becomes effec-

tively homogeneous for the waves propagating under small angles to the

normal. Beyond the lattice resonance and before condition of high-order

propagating modes (a/λ ≥ 1) holds, the strong spatial dispersion maybe

only because of the noticeable phase shift per unit cell. However, we re-

trieved our characteristic parameters from data for θ ≤ 45◦ and this shift

is still sufficiently small.

With these two examples, we showed the correctness and capability of

our approach for the characterization of metasurfaces. In the next chap-

ter, we characterize and discuss metasurfaces with different functionali-

ties. These functionalities include resonant magnetic response, resonant

bianisotropy, extraordinary absorption and high local field enhancement.

Moreover, in some of these examples the effect of the substrate becomes

crucial for the correct characterization of metasurfaces. Disordered ar-
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rangements of particles are also considered in more details. Notice, in

the following chapter the goal is not to prove the correctness of our ho-

mogenization approach but to illustrate some observable effects using our

characterization method.
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In this chapter we present metasurfaces with differen features. These

features may be physically explained using our characterization model.

There are wide ranges of applications for this class of surfaces and, as we

mentioned earlier, the applications of metasurfaces are rapidly developing

due to their versatility. Correct understanding of these structures, results

in taking more advantages out of them. With this aim, we unveil some

functionalities of metasurfaces utilizing our characterization model in the

following sections.

5.1 Metasurfaces with resonant magnetic response

If we apply an external electromagnetic field to a known natural atom,

then the interaction between the magnetic dipole moment of that atom

and the magnetic component of the external field is much weaker than

the interaction of its electric dipole moment [54] with the electric compo-

nent of the same field. This effect is increasing with the frequency and

lead to the absence of magnetic material in the optical frequencies for

known natural materials. However, magnetic materials could have many

potential applications if they would exist in optics. Faster data transmis-

sion, higher storage capacity, and device miniaturization are only a few

of them. Therefore, there are many attempts to obtain artificial magnetic

materials at this frequency range. In the last section of the previous chap-

ter, we presented an example of such composites with resonant magnetic

response using coupled plasmonic nano-patches. An alternative solution

may be the use of split-ring resonators [18]. The idea in all of these so-

lutions is to create an electric circulating current which has a magnetic

moment. We may put many of these elements together in an array to

get an effective magnetic response. To show that these two solutions may
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present effective magnetic response, we characterize two different peri-

odic metasurfaces; one composed of coupled plasmonic patches and the

other composed of split-ring resonators.

Figure 5.1(a) demonstrates an array of the same coupled plasmonic nano-

patches as in the previous example. However, the inclusions in this case
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Figure 5.1. (a) A planar periodic array of gold plasmonic coupled nano-patches at the
xy–plane at free space. The array is excited by a normally-polarized elec-
tromagnetic plane wave. (b) Tangential electric and (c) Magnetic effective
susceptibility components of the metasurface retrieved from the reflection
and transmission data. (d) Simulated results for the amplitude of the reflec-
tion and transmission coefficients of the proposed metasurface. The material
data for gold is taken from [48]. Notice, the time dependence is assumed to
be exp (−iωt) in these calculations.

are arranged regularly to create a periodic metasurface. Moreover, with

the goal of problem simplification, we have excited this array normally

rather than obliquely. This will be enough to show that the proposed

metasurface has an effective magnetic response. The tangential electric

and magnetic susceptibilities are calculated from the reflection and trans-

mission data using (4.6) and then plotted in Figs. 5.1(b, c). The magnetic

resonance at ∼ 300 THz is obvious. Two resonances are observable from

the reflection and transmission spectra shown in Fig. 5.1(d). However, it

is not possible to grasp the nature of these resonances using only its re-

flection/transmission data without characterization. With our characteri-

zation model, we demonstrate the type of each resonance; that is, electric

resonance at ∼ 400 THz and magnetic resonance at ∼ 300 THz.
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The next example of a metasurface which demonstrates the magnetic

response is sketched in Fig. 5.2(a). The metasurface is composed of split-
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Figure 5.2. (a) A planar periodic array of gold plasmonic split-rings at the xy–plane put
in free space. The array is excited by a normally-polarized electromagnetic
plane wave. (b) Tangential electric (c) Magneto-electric and (d) Magnetic ef-
fective susceptibility components of the metasurface retrieved from the re-
flection and transmission data. (e) Simulated results for the amplitude of
the reflection coefficients of the proposed metasurface for forward and back-
ward directions. (f) Simulated result for the amplitude of the transmission
coefficient. The unit cell size of the array is a = 175 nm. Other geometrical
dimensions of each inclusion are: g = 80 nm, t = 30 nm, and L = 170 nm.
The material data for gold is taken from [55]. Notice the factors 10 and 100
in front of magneto-electric and magnetic susceptibilities, respectively. Time
dependence is exp (−iωt).

ring resonators. It is normally excited through an electromagnetic wave

with its magnetic field vector Hi along the ring axis. This excitation,

creates a circulating current which in turn produces a net magnetic mo-

ment that causes a magnetic resonance response. Again, to reduce the

complexities of the problem and with the aim to prove the magnetic re-

sponse we have excited this array normally. An important point in this

example is the presence of magneto-electric coupling which produces a

bianisotropic magneto-electric response [χ̂em
xy in Fig. 5.2(c)]. Bianisotropic

metasurfaces are discussed in the next section and the retrieval formulas

for this problem are given there. Here, the goal is only to show the mag-

netic polarization and it is obviously resonant and is mainly resulting

from the magneto-electric susceptibility which is by one order of magni-
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tude higher than the magnetic one (normalized to η0) [see Fig. 5.2(c, d)].

Again, one may not explicitly claim a magneto-electric and magnetic re-

sponse from only the reflection or transmission data in Fig. 5.2(e) or (f).

The magnetic and magneto-electric responses are not distinguishable a

priori. To understand which of them is dominating one needs to correctly

characterize the metasurface. And this tool is given by our characteriza-

tion method. It turns out that the magnetic susceptibility of the array of

SRRs is pretty small. This result fits the known theoretical models which

show the saturation of the magnetic response of metal rings in the opti-

cal range due to the high kinetic inductance of the Drude electron gas (see

e.g. in [2]). However, the important and new thing is that the biansiotropy

of the split-ring results in a non-negligible magnetization of the metasur-

face (by electric field). On the contrary, an array of dual patches does not

possess bianisotropy and its magnetic response has the resonance magni-

tude much closer to that of the electric one (only five times smaller than

the latter normalized to η20).

Another issue regards the asymmetric reflection for the illumination

from forward and backward directions [Fig. 5.2(e)]. It will be discussed

in the next section. In the present case, when the optically contrast sub-

strate is absent, this asymmetry is related to the bianisotropy in the meta-

surface.

The last important issue is the difference between the resonances of

coupled patches and split-rings. The electric, bianisotropic and magnetic

resonances in the split-ring have the same resonance frequencies while

for the coupled patches the electric and magnetic ones are detached. Fig-

ure 5.3 schematically demonstrates what is happening for an individual

particle in these two designs when the particles are excited as in Fig. 5.1

and 5.2. Indeed, the different resonant behavior in the two cases corre-

sponds to the difference in the creation of the electric currents in these two

examples. In the split-ring, the electrical length (∝ LSRR) of the current

which is responsible for the electric and magnetic resonances fe and fm

are the same and are proportional to its total length [Fig. 5.3(a,c)]. How-

ever, in the coupled patches, the electrical length for the magnetic reso-

nance (∝ 2Lpatch) is roughly proportional to two times of that for the elec-

tric resonance (∝ Lpatch) [Fig. 5.3(b,d)]. This is why in the coupled patch

metasurface example, the magnetic resonance frequency fm is roughly

one half of its electric resonance frequency fe [Fig. 5.1(b, c) and Fig. 5.2(b,

d)].
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Figure 5.3. Schematic representation for the (a, b) electric and (c, d) magnetic modes for
an individual split-ring resonator of Fig. 5.2(a) and a single coupled patch
element of the array in Fig. 5.1(a). The total average length of the split-ring
resonator is demonstrated by LSRR and the length of each patch is denoted
by Lpatch.

As we promised, the next section is devoted to bianisotropic metasur-

faces where an array of split-rings will be revisited as realizing a specific

type of bianisotropy; i.e., omega-type bianisotropy. We then continue with

two design examples which mimic the bianisotropic response in metasur-

faces. After that, we present an important result of metasurfaces sup-

ported by a highly-refractive dielectric substrate. Therein, the effect of

substrate-induced bianisotropy is discussed. Finally, we conclude the sec-

tion with discussing an important advantage of this class of metasurfaces;

that is, perfect absorbance. In the whole upcoming process, our character-

ization model shows off in the proof of the bianisotropy in metasurfaces

under study.

5.2 Bianisotropic metasurfaces

As it is defined in the literature [26] and was mentioned in Section 2.2,

bianisotropy is briefly defined as the electric response of a material to
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a magnetic excitation field and, vice versa, its magnetic response to an

electric excitation field. This concept is formulated in equations (3.29)

and (3.30) as electro-magnetic and magneto electric effective polarizabil-

ity ( ˆ̄̄αme and ˆ̄̄αem) or susceptibility ( ˆ̄̄χme and ˆ̄̄χem) tensors as the charac-

teristic parameters of metasurfaces, respectively. Bianisotropic metasur-

faces may have many potential applications including wave polarizers,

absorbers, Huygens surfaces, non-reciprocal surfaces, and planar anten-

nas, to name only a few. Therefore, their analysis would be very impor-

tant and the milestone is to correctly characterize them in order to have

a perfect design. According to [26], there are four general types of bian-

isotropy in materials; that is, reciprocal omega, reciprocal chiral, non-

reciprocal Tellegen, and non-reciprocal “moving”. There are also many

approaches to design different type of bianisotropic elements and meta-

surfaces [56, 57]. However, in the present work we present one of these

four classes which is much easier to implement in optics; that is, recip-

rocal omega-type bianisotropy. In the tensor formalism, an omega-type

bianisotropy should have the following specifications [26]:

• The diagonal terms in ˆ̄̄χme and ˆ̄̄χem must be zero.

• If we decompose tensors ˆ̄̄χme and ˆ̄̄χem into symmetric and antisymmetric

parts; i.e., ˆ̄̄χsym = ( ˆ̄̄χ + ˆ̄̄χ)/2 and ˆ̄̄χasym = ( ˆ̄̄χ − ˆ̄̄χ)/2, then the symmetric

part must be zero.

• For reciprocal media, in general, we have: ˆ̄̄χme = − ˆ̄̄χem.

Physically, for an omega-type bianisotropic metasurface, it means that

the orientation of the magnetic moment which is induced by the electric

field is orthogonal to the induced electric moment by the same electric

field. For example, the split-ring resonators [Fig. 5.2(a)] have an omega-

type bianisotropy, since the induced magnetic polarization My and elec-

tric polarization Px are orthogonal.

5.2.1 Split-ring resonators make an omega-type bianisotropic
metasurface

We may consider all 36 susceptibility parameters to fully and correctly

characterize our metasurface of omega-type array of split-ring resonators.

However, this would be very complicated and make the problem diffi-
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cult to solve. Therefore, we make use of all our a priori knowledge in

making the problem as simple as possible with least unknown charac-

teristic parameters. According to the discussion in Section 4.1, the only

nonzero susceptibility terms associated with the specific excitation shown

in Fig. 5.2(a) would be χ̂ee
xx, χ̂mm

yy , and χ̂em
xy = −χ̂me

yx . In the mentioned ex-

ample of split-ring resonators and all of the other examples we are going

to present from now on, we put our particles in a way that we get the

same nonzero terms. Using our homogenization model, we may solve the

problem for normal incidence to get the reflection and transmission coef-

ficients as:

r± =
− iω

2 [η0χ̂
ee
xx ± (χ̂me

yx − χ̂em
xy )− χ̂mm

yy /η0]

1− (ω2 )2[χ̂ee
xxχ̂

mm
yy − χ̂me

yx χ̂
em
xy ]− iω

2 [η0χ̂ee
xx + χ̂mm

yy /η0]
, (5.1a)

t =
1 + (ω2 )2[χ̂ee

xxχ̂
mm
yy − χ̂me

yx χ̂
em
xy ]

1− (ω2 )2[χ̂ee
xxχ̂

mm
yy − χ̂me

yx χ̂
em
xy ]− iω

2 [η0χ̂ee
xx + χ̂mm

yy /η0]
, (5.1b)

Note that r+ and r− stand for the reflection from the forward and back-

ward directions, respectively, and t is the transmission coefficient. Also,

for our reciprocal omega-type bianisotropy χ̂me
yx = −χ̂em

xy . Also, due to the

geometrical asymmetry, the reflection coefficients are different when the

metasurface is illuminated from the forward and backward directions.

However, if we carelessly do not consider this asymmetry, then we may

neglect an important factor in the correct characterization. For example,

if we use the same characterization model as we did in the first exam-

ple of the previous section (identical coupled nano-patches), then we may

obtain nonphysical characteristic parameters. Moreover, even if we get

physical retrieved parameters from the forward data, they would not cor-

rectly predict the reflection of the metasurface for the backward direction

[58]. Therefore, we must add the bianisotropic terms χ̂em
xy and χ̂me

yx in our

characterization model in order to achieve physical results. Solving equa-

tions (5.1) for the susceptibility components leads to:

η0χ̂
ee
xx = −2i

ω

[
1−∆

(
1 + t− r+ + r−

2

)]
, (5.2a)

χ̂mm
yy

η0
= −2i

ω

[
1−∆

(
1 + t+

r+ + r−
2

)]
, (5.2b)

χ̂em
xy = −χ̂me

yx = −2i

ω
∆

(
r+ − r−

2

)
. (5.2c)
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In the above equations

∆ =
2

(1 + t)2 +
(
r+−r−

2

)2
−
(
r++r−

2

)2 . (5.3)

The retrieved susceptibility components for an array of split–ring res-

onators are given in Fig. 5.2(b, c, d). Notice, χ̂em
xy = −χ̂me

yx . The pres-

ence of the bianisotropic response is obvious from Fig. 5.2(c). Moreover,

the magnetic response in the present metasurface is mainly due to this

bianisotropic term. This is becaues the magnetic susceptibility χ̂mm
yy [Fig.

5.2(d)] is two orders of magnitude smaller than the electric susceptibility

χ̂ee
xx [Fig. 5.2(b)] and an order of magnitude smaller than the magneo-

electric susceptibility component χ̂em
xy [Fig. 5.2(c)].

An alternative design solution, for a bianisotropic metasurface, which

is more convenient for implementation in optics, is the topic of the next

section. More advantages associated with this design will be discussed

later in Section 5.3.

5.2.2 Nonidentical coupled plasmonic nano-patches: an
omega-type bianisotropic metasurface

Another topology which has the omega-type bianisotropy in metasurfaces

is shown in Fig. 5.4(a). Each element in the metasurface is composed

of two gold nano-patches with different lateral dimensions W1 and W2.

Notice that a similar topology was presented in Sections 4.2 and 5.1 in

Figs. 4.2(a) and 5.1(a). However, in those examples, the two coupled nano-

patches were identical. Therefore, although those metasurfaces resulted

in magnetic response, they could not offer bianisotropic response. The

asymmetry in the present geometry obviously results in asymmetric re-

flection coefficients for the forward and backward directions [Fig. 5.4(e)].

This is correctly characterized through a magneto-electric susceptibility

shown in Fig. 5.4(c). Again, note that in the present example in contrast

with the split-ring resonator [Fig. 5.2], the electric and magnetic reso-

nance modes are detached. This is, as discussed before, due to the dif-

ferent resonant lengths of these two modes in this structure. Beside its

easier implementation in optics, the present topology is capable of gifting

a perfect absorbance which is going to be discussed in Section 5.3. Fur-

thermore, the proposed absorber is not fully reflective out of its resonance

band from the opposite direction; that is, |r−| 6= 1 while the absorbance

is nearly perfect in the forward illumination direction. This is in contrast

with reflector-backed absorbers.
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Figure 5.4. (a) A planar periodic array of coupled plasmonic nano-patches of gold posi-
tioned in the xy–plane at free space. The array is excited by a normally-
polarized electromagnetic plane wave. (b) Tangential electric (c) Magneto-
electric and (d) Magnetic effective susceptibility components of the meta-
surface retrieved from the reflection and transmission data using equations
(5.2). (e) Simulated results for the amplitude of the reflection coefficients of
the proposed metasurface for forward and backward directions. (f) Simulated
result for the amplitude of the transmission coefficient. The unit cell size of
the array is a = 300 nm. Other geometrical parameters of each inclusion are:
g = 8 nm, t = 50 nm, W1 = 175 nm, and W2 = 250 nm. The material data
for gold is taken from [48]. Notice, the time dependence is assumed to be
exp (−iωt) in these calculations.

Before continuing the discussion on the absorbance, we first unveil an

important result of correct characterization of metasurfaces which deals

with bianisotropy. That is, substrate-induced bianisotropy which is a re-

sult of the contrast between the two media in which our metasurfaces may

be positioned in between. More discussions are going to be presented in

the following section.

5.2.3 Substrate-induced bianisotropy in metasurfaces

Metasurfaces including metafilms and metascreens (see Section 2.1.4) are

very thin sheets of resonant structures. As a result, for mechanical rea-

sons they need to be supported by bulk substrates or superstrates in order

to be practically applicable. However, refractive dielectric substrates cer-

tainly modify the properties of these resonant surfaces.

The problem of finding the reflection/transmssion of an electrically dense

58



Functional Metasurfaces

array of resonant dipoles located on a dielectric interface dates back to

nearly a century. The attempts to solve the problem in the quasi-static

regime started by Strachan in 1930s [36] and then completed by Sivukhin

in 1950s [59, 60]. Later, other researchers [61, 62, 63, 64, 65, 66, 67, 68,

69, 70] have tried to develop previous works. However, none of them suc-

ceeded to be satisfactory due to incomplete approaches by the authors. A

complete overview of the problem may be found in Publication I and Pub-

lication II. To sum up, the presented approaches either were not suitable

for resonant grids or they could not correctly predict the reflection coef-

ficient. More importantly, none of them were appropriate for substrates

with a high index of refraction.

The reason for unsuccessful attempts was neglecting the bianisotropy

associated with metasurfaces when supported by substrates. Indeed, all

metasurfaces independent of their type; that is, either bianisotropic or

non-bianisotropic ones, when put at the interface of two different media

would present a bianisotropic response. This is due to the contrast be-

tween the two media which surround the metasurface on its both sides.

This results in breaking the symmetry and, hence, introducing bianisotropy.

This implies a different characterization model. We refer this effect as

substrate-induced bianisotropy since it is an outcome of the modulation

of a resonant metasurface with a refractive substrate. This would not

happen if one of these two factors are absent; that is, metasurface or sub-

strate. But, what is really happening in the microscopic level?

Consider a plasmonic nano-particle on top of a refractive substrate with

the relative permittivity εr as in Fig. 5.5(a). Now, we apply an external

electromagnetic field to this particle. We assume that the particle size is

enough smaller than the wavelength of the applied field in the surround-

ing media. As it is well known [71], an electric polarization current Je is

induced on this particle that creates a dipole moment p. However, this

is not the whole story in the presence of a substrate. If we carefully look

at the local fields [see in Publication I] in the vicinity of the particle, a

field concentration is clearly observable partially in the particle, and to

some extent beneath the particle, in the substrate [Fig. 5.5(a)]. This con-

centration is often called hot spot. Therefore, in addition to the induced

Je in the particle, an electric current J′e is induced in the substrate. If

the moduli of the permittivity of the particle and the substrate are in the

same order then these two currents are comparable in amplitude. There

is a frequency range in which these two currents are in-phase. This is the
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Figure 5.5. (a) The creation of the hot spot for a plasmonic particle on top of a substrate
with refractive index n =

√
εr which is exposed by an electromagnetic wave

{Ei, Hi, k}. (b) The physical model which explains the bianisotropy induced
by the substrate for the proposed plasmonic particle in (a).

ordinary known electric mode region and the characterization leads to an

electric susceptibility χee
xx for an array of such particles.

However, there are some frequencies at which the induced electric cur-

rents Je and J′e are out of phase and comparable in the amplitude; that is,

Je ≈ −J′e. Notice, they would not be equal. This implies a nonsymmetric

circulating current Jtotal
e that creates a magnetic dipole moment m. How-

ever, due to the asymmetric origination of this current, an array of such

particles must be characterized by a bianisotropic response χme
yx . A dual

scenario is true for the magnetic field Hi and the birth of the induced

electric dipole moment p which results in χem
xy . Also, since the induced

magnetic moment m and the applied electric field Ei are orthogonal, this

results in an omega-type bianisotropy. Therefore, the same characteriza-

tion model as in omega-type bianisotropic metasurfaces of Section 5.2.1 is

applicable in this case. However, the formulation must be modified to con-

sider the effect of substrate. To elaborate the discussion, we present the

example of a planar array of plasmonic nano-spheres of Section 4.1 in the

following section. However, we put the proposed array on top a dielectric

substrate.
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A substrated metasurface of plasmonic nano-spheres

Let us consider the metasurface example of Section 4.1 at the interface of

two different media with the permittivity ε± (+ for z > 0 and − for z < 0).

According to our last discussions, this metasurface may be considered as

an omega-type metasurface. Applying our homogenization methodology

in Section 3.5 for the average field concept, the reflection and transmission

coefficients for the TM polarization in Fig. 4.1 read as:

r± =
Nr

∆
, (5.4a)

t±
cos θ±

√
ε+ε−

=
1 +

(
ω
2

)2 [
χ̂ee
xxχ̂

mm
yy − χ̂em

xy χ̂
me
yx

]
+ η2

ε±
sin2 θχ̂ee

xxχ̂
ee
zz

∆
, (5.4b)

where

Nr± = [ε± cos θ∓ − ε∓ cos θ±]

+iω

[
cos θ+ cos θ−ηχ̂

ee
xx −

ε+ + ε−
2

sin2 θηχ̂ee
zz

−ε+ε−
χ̂mm
yy

η
∓ (ε+ cos θ− + ε− cos θ+) χ̂em

xy

]

−
(ω

2

)2 [
(ε± cos θ∓ − ε∓ cos θ±)

(
χ̂ee
xxχ̂

mm
yy − χ̂em

xy χ̂
me
yx

)

− sin2 θηχ̂ee
zz{(cos θ± − cos θ∓) ηχ̂ee

xx − (ε± − ε∓) χ̂em
xy }
]
,

and

∆ = [ε+ cos θ− + ε− cos θ+]

−iω
[
cos θ+ cos θ−ηχ̂

ee
xx +

ε+ + ε−
2

sin2 θηχ̂ee
zz

+ε+ε−
χ̂mm
yy

η
+ (ε+ cos θ− − ε− cos θ+) χ̂em

xy

]

−
(ω

2

)2 [
(ε+ cos θ− + ε− cos θ+)

(
χ̂ee
xxχ̂

mm
yy − χ̂em

xy χ̂
me
yx

)

− sin2 θηχ̂ee
zz{(cos θ+ + cos θ−) ηχ̂ee

xx + (ε+ − ε−) χ̂em
xy }
]
,

In the above equations, top

bottom
sign refers to the illumination from forward, z > 0

backward, z < 0

(see in Fig. 4.1) direction. Also, θ denotes the incidence angle, and cos θ± =
√
ε± − sin2 θ. Notice, η is the characteristic impedance of the medium in

which we assume that the metasurface is put in. It would be not η+ nor

η−. Also note that the definition for the reflection/transmission is based

on the fields and not power; this is why t+ cos θ− = t− cos θ+. Another

important point is that equations (5.4) transit to our previous examples:

that is, in the case of a uniform host medium and when bianisotropy is ab-

sent (χ̂em
xy = 0), equations (5.4) and (4.5) are equal. Moreover, for the case
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of the normal incidence and uniform host medium and in the presence of

bianisotropy, equations (5.4) transit to (5.1).

Solving (5.4) for the susceptibility components in the general case is

cumbersome. However, we have suggested an algorithm in Publication I

to numerically solve these equations for the susceptibility components us-

ing two sets of reflection and transmission data for two different incident

angles. One may perform another simplification for a plasmonic grid of

nano-spheres. It is appropriate to neglect χ̂mm
yy , since we proved in Section

4.1 that its resonance amplitude is two orders of magnitude smaller than

those of the electric susceptibilities χ̂ee
xx and χ̂ee

zz [Fig.4.1(b, c, d)].

Next, we put the proposed metasurface on top of two different dielec-

tric substrates; one with ε− = εr = 2 and the other with ε− = εr = 12.8.

Notice, for both cases ε+ = 1, since it is assumed to be free space. The

most pronounced susceptibility components χ̂em
xy , χ̂ee

xx and χ̂ee
zz are retrieved

from two sets of reflection/transmission data at θ = 0 and 10◦ and then

the results are plotted in Fig. 5.6. As it is obvious from Fig. 5.6(e, f),

both cases represent a bianisotropic response in addition to their tangen-

tial electric [Fig. 5.6(a, b)] and normal electric [Fig. 5.6(c, d)] responses,

in their effective characterization modeling. However, this response is

two times stronger for the case of the higher permittivity substrate. It

is reasonable, since the bianisotropy effect is associated with the asym-

metry in the structure; that is, a more asymmetric structure (here the

contrast between the two surrounding media) results in a stronger effec-

tive bianisotropic response. This conclusion is more elaborated in Fig. 5.7

by predicting the reflection amplitude and phase for the incident angle of

θ = 45◦. As it is clear from the plots of this figure, the predicted reflection

coefficient is much more deviated from the simulated results when we ne-

glect the effective bianisotropy response (dashed lines) for εr = 12.8 than

for εr = 2. This proves that the bianisotropy should always be considered

when a metasurface is supported by a substrate which is different from

the superstrate. However, it may be neglected when the substrate permit-

tivity is not very high and should be certainly considered when the con-

trast between the substrate and the superstrate is high. This is why the

works by Yamaguchi et al. [68, 69, 70] and others [61, 62, 63, 64, 65, 66]

could not correctly predict the reflection/transmission behavior of plas-

monic arrays when supported by a highly refractive substrate.

There are also other situations when the effective bianisotropic response

may be neglected. For example, a plasmonic metasurface which is very
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Figure 5.6. Retrieved (a) tangential electric (c) normal electric and (e) tangential
magneto-electric effective susceptibility components of the metasurface in
the example of Section 4.1 [Fig. 4.1] when supported by a substrate with
the relative permittivity εr = 2. (b), (d), (f) similar plots for the case when
the substrate relative permittivity is εr = 2.

thin compared to the skin depth of the material which is used in the meta-

surface. Also, it is possible to cancel the intrinsic bianisotropy of a meta-

surface using substrate-induced bianisotropy concept. Indeed, adding the

substrate may reduce or increase the intrinsic bianisotropy in a general

bianisotropic metasurface, depending on the design. However, we do not

discuss this issue here. One may refer to [58] for more discussions on this

concept.

In the next section, however, we are going to take the advantage of bian-

isotropy concept (both intrinsic and substrate-induced) in order to get an

important regime called “perfect absorbance”. In this regime, no elec-

tromagnetic field may be transmitted through or reflected back from the
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proposed metasurface located on a substrate with εr = 2. (b), (d) Correspond-
ing results for as in (a) and (c) when the substrate relative permittivity is
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metasurface. Instead, it will be locally concentrated within and/or around

the metasurface. There are many works devoted to this class of metasur-

faces [9, 72, 73, 74, 75, 76, 77, 78, 79, 80]. Our contribution is to introduce

two design solutions for omega-type bianisotropic perfect absorbers. The

advantage of our bianisotropic metasurface is to provide an asymmetric

reflection for illumination from different directions. Moreover, in contrast

to the reflector backed metasurface absorbers, our proposal, does not re-

flect the whole incident waves out of the metasurface resonance band from

the opposite direction. This is very useful for applications where we have

many transmitting/recieving systems and we still need to use an absorber

for a particular frequency band without prohibiting the operation of other

systems.
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5.3 Perfect metasurface absorbers with bianisotropic responses

It is well known that the perfect absorbance regime (r = t = 0) in metasur-

faces may happen if both the electric and magnetic polarization currents

associated with the metasurface are excited together [81] when illumi-

nated by an electromagnetic wave. Notice, these two polarization currents

must be orthogonal to each other in reciprocal metasurfaces in order to be

capable of a perfect absorbance [46, 82]. The simplest metasurface design,

capable of achieving such a regime, is one which may be characterized by

two effective electric χ̂ee
xx and magnetic χ̂mm

yy susceptibilities in our formal-

ism. Notice, we assumed that the metasurface is located in the xy–plane

and is illuminated normally by an x-polarized plane electromagnetic wave

[see e.g. Fig. 5.8 and Fig. 5.10]. As it is shown in Publication IV, the con-

dition for perfect absorbance at normal incidence in terms of these two

susceptibilities read as:

ηχ̂ee
xx =

χ̂mm
yy

η
=

2i

ω
, (5.5)

where η is the characteristic impedance of the host medium surrounding

the metasurface. This condition is called “balance condition” for a meta-

surface without bianisotropy which is illuminated at normal incidence.

This insures zero reflection and transmission from the metasurface of iso-

lated particles (metafilm) for the illumination from both directions. How-

ever, we aim at bianisotropic metasurfaces with an additional degree of

freedom. Therefore, we need to add the extra term χ̂em
xy to our calcula-

tions. Notice, we are interested in omega-type bianisotropy which is the

only option in reciprocal metasurfaces that are capable of being perfect

absorbers. For a discussion on different types of bianisotropy and the

perfect absorbance one may refer to [46, 82]. Since we are dealing with a

bianisotropic metasurface, then it is important to distinguish between the

perfect absorbance from forward (r+ = t = 0, r− 6= 0 in equations (5.1)) or

backward (r− = t = 0, r+ 6= 0 in equations (5.1)) direction. Note that for

the reciprocal metasurface absorbers, the transmission coefficient must

be zero for both illumination directions. As a result, for an omega-type

bianisotropic metasurface located in a uniform host medium when illumi-

nated normally, the balance conditions according to equations (5.1), read
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as:

ηχ̂ee
xx =

2i

ω

[
1∓ (

ω

2i
) χ̂em

xy

]
, (5.6a)

χ̂mm
yy

η
=

2i

ω

[
1± (

ω

2i
) χ̂em

xy

]
, (5.6b)

χ̂em
xy = ±2i

ω
r∓. (5.6c)

Notice, the top

bottom
sign refers to the case of perfect absorbance for the

illumination from forward

backward
direction. These equations reduce to:

ηχ̂ee
xx =

(
1∓ ( ω2i) χ̂

em
xy

1± ( ω2i) χ̂
em
xy

)
χ̂mm
yy

η
, (5.7a)

χ̂em
xy = ±2i

ω
r∓. (5.7b)

in term of the magneto-electric term χ̂em
xy . It is very instructive to see that

parameter κ =
(
1∓( ω

2i
) χ̂em

xy

1±( ω
2i
) χ̂em

xy

)
may be considered as the correction factor to

the equation (5.5) for bianisotropic metasurfaces. This is an additional

degree of freedom in omega-type bianisotropic metasurfaces which offers

the possibility to have both regimes of perfect absorbance and asymmetric

resonant reflectance1 together.

At the next step, we present two different design solutions of nearly per-

fect bianisotropic absorbers. One of them is based on the intrinsic bian-

isotropy associated with the metasurface itself and approximately satis-

fies the balance conditions (5.7). On the other hand, the second one is

built up with the concept of substrate-induced bianisotropy which is im-

posed extrinsically to a non-bianisotropic metasurface through a refrac-

tive substrate.

5.3.1 Perfect absorber: an intrinsically bianisotropic
metasurface

Consider the same example as in Section 5.2.2. There, we had presented a

bianisotropic metasurface using non-identical coupled nano-patches with

different lateral dimensions of its coupled patches. Figure 5.8(a) shows

the same structure as in Fig. 5.4(a). However, we demonstrate here, that

optimizing the same structure presents the perfect absorbance regime.

This is possible by judiciously taking the advantage of the concept of

bianisotropy. As we may see from the balance condition (5.7a), the bian-

isotropic term χ̂em
xy is the key parameter. Therefore, we might justify this

1Absorbance is referred to the amplitude of the reflection coefficient in the cur-
rent text.
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Figure 5.8. (a) The schematic of the same array as in Fig. 5.4(a). (b) Tangential elec-
tric (c) Magneto-electric and (d) Magnetic effective susceptibility components
of the metasurface retrieved from the reflection and transmission data us-
ing equations (5.2). (e) Simulated results for the amplitude of the reflec-
tion/transmission coefficients of the proposed metasurface for forward and
backward directions. (f) Simulated result for the amplitude of the absorbance
coefficient for two illumination directions. W1 = 100 nm = 0.4 W2 and other
geometrical and material parameters are the same as in Fig. 5.4.

term to achieve the absorbance regime. Now, since we know that sym-

metry breaking is the seminal condition to create bianisotropy, we may

play with the asymmetry part of this structure. The asymmetry in this

structure is presented by the difference between the lateral lengths of the

two patches [W1 6= W2 in Fig. 5.8(a)]. We have studied different cases

and ended up with W1 = 0.4W2 which gives the maximum absorbance

of A = 92% in the proposed geometry for the illumination from forward

direction [see in Fig. 5.8(a),(f)]. Notice, the absorbance from the oppo-

site direction of illumination is only 9%. Also, note that the effective sus-

ceptibility components clearly show a bianisotropic response [Fig. 5.8(c)].

Moreover, the effective electric susceptibility in this case is one order of

magnitude smaller than those of magneto-electric and magnetic effective

susceptibilities. As it is obvious from Fig. 5.8(e), (f), both reflectance and

absorbance are asymmetric with respect to the illumination direction.

To examine the correspondence of the susceptibilities to the balance con-

ditions (5.6) one may refer to Table 5.1. This table shows the values of the

electric and magnetic susceptibilities in term of the magneto-electric one
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Table 5.1. Comparison between the desired and obtained effective surface susceptibilities
for the frequency of maximum absorbance (308 THz). For the desired values in
term of χ̂em

xy , we have taken the data of Fig. 5.8(c) [χ̂em
xy(@308THz) = (−7.27 +

i 8.04) × 10−16s] and then have substituted it into the equations (5.6a) and
(5.6b). The obtained values are taken from Fig. 5.8(b), (d).

Susceptibility (second) Desired ×10−16 Obtained ×10−16

ηχ̂ee
xx 7.27 + i 2.30 0.84 + i 2.86

χ̂mm
yy /η −7.27 + i 18.37 −10.22 + i 19.33

which are calculated using equations (5.6a) and (5.6b). As it is clear, the

imaginary parts are in quite good agreement while the real parts specially

for the electric susceptibility are far from ideal and that is why we could

not get a 100% absorbance from this topology.

Next, before going to the second example, it is worth discussing a very

important issue at this point. According to equation (5.1b) for omega-type

bianisotropic metasurfaces, if

χ̂ee
xxχ̂

mm
yy − χ̂me

yx χ̂
em
xy = 0, (5.8)

the transmission coefficient never becomes zero and the total absorbance

regime is not possible. This relation holds for those classes of omega-

type metasurfaces in which the current distributions are continuous and

simple [84]. An example of this type of metasurfaces is given in Sec-

tion 5.2.1 as a metasurface composed of split-ring resonators. Fig. 5.9

demonstrates the difference between the two values χ̂ee
xxχ̂

mm
yy and χ̂me

yx χ̂
em
xy

for two different cases. In one case, the condition (5.8) holds; that is,

[χ̂ee
xxχ̂

mm
yy = χ̂me

yx χ̂
em
xy ] while in the other case, the condition (5.8) is violated;

that is, [χ̂ee
xxχ̂

mm
yy 6= χ̂me

yx χ̂
em
xy ]. While the former corresponds to the meta-

surface of split-ring resonators, the later regards to the metasurface with

non-identical coupled plasmonic nano-patches. In conclusion, Figs. 5.9(a),(c),

show that condition (5.8) clearly holds for the metasurface of split-ring

resonators while it is obviously violated for nonidentical coupled plas-

monic nano-patches [Fig. 5.9(b),(d)]. Therefore, it is not possible to achieve

the total absorbance using a metasurface composed of split-ring resonators.

With the above discussion we continue to present the second example

solution which can provide perfect absorbance. This is feasible using the

concept of substrate-induced bianisotropy.
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Figure 5.9. Comparison for the (a), (b) real and (c), (d) imaginary parts of χ̂ee
xxχ̂

mm
yy (solid

lines) and χ̂me
yxχ̂

em
xy (dashed lines) for two different metasurfaces. One com-

posed of split-ring resonators (righ plots) and the other composed of non-
identical coupled nano-patches (left plots). For the geometrical and material
parameters refer to Figs. 5.2 and 5.8, respectively.

5.3.2 Perfect absorber: an extrinsically bianisotropic
metasurface

As we mentioned earlier in Section 5.3, the key prerequisite to achieve

perfect absorbance at normal illumination is the simultaneous induction

of the electric and magnetic currents which are relaxed with the balance

condition (5.5) for non-bianisotropic and (5.7) for reciprocal bianisotropic

metasurfaces. In the example of this section, in contrast with the previous

section, we use the concept of substrate-induced bianisotropy to provide

the magnetic response for the metasurface and, hence, achieve the per-

fect absorbance regime. Therefore, since the bianisotropy is induced by a

substrate and is not provided intrinsically by the metasurface inclusions,

then we refer to this type as “extrinsic” bianisotropy. Fig. 5.10(a) demon-

strates such a solution. Indeed, in the present case, the effective magnetic

susceptibility χ̂mm
yy is negligible [see sections 4.1 and 5.2.3]. Therefore, the

metasurface may be characterized using only two components of effective
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Figure 5.10. (a) A planar periodic array of silver nano-spheres located on top of a silicon
substrate. (b) The amplitude of the reflection (from forward direction) and
transmission coefficients and the absorbance. (c) Normalized field distribu-
tion in one unit cell at the central frequency of the absorbance. The gap
between the metasurface and the substrate is s = 4 nm, each silver diame-
ter is D = 60 nm, and the array period is a = 120 nm. The data for silver
is taken from [48] and the substrate is amorphous silicon with the relative
permittivity εr = 12.8 + i0.1 in the resonance band.

susceptibility dyadics; that is, χ̂ee
xx and χ̂em

xy (notice, χ̂em
xy = −χ̂me

yx for omega-

type bianisotropy). As a result, the retrieved effective parameters for the

forward direction read as in Publication IV:

ηχ̂ee
xx =

4i

ω

1− r2 − nt2
(1 + r + t)2

, (5.9a)

χ̂em
xy =

2i

ω

1 + r − t
(1 + r + t)

, (5.9b)

where n =
√
εr. As a result, the condition for the perfect absorbance is:

ηχ̂ee
xx = 2 χ̂em

xy =
4i

ω
, (5.10)

Clearly, the above susceptibilities are idealized and hard to achieve. How-

ever, we may approach this limit by optimizing the proposed metasurface

of plasmonic silver spheres. After optimization at 830 THz, the obtained

values for the optimized metasurface with nearly perfect absorbance are
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Table 5.2. Comparison between the desired and obtained effective surface susceptibilities
for the frequency of maximum absorbance (830 THz).

Susceptibility (second) Desired ×10−16 Obtained ×10−16

ηχ̂ee
xx 7.7 (0 + i) 11.2 (0.20 + i)

χ̂em
xy 3.84 (0 + i) 4.52 (0.26 + i)

given in Table 5.2. A maximum absorbance of A ∼ 99% is achieved as

shown in Fig. 5.10(b). This absorbance is accompanied by a local field en-

hancement. In Fig. 5.10(c) we show the color map of the horizontal mag-

netic field. For its amplitude, the enhancement in the hot spot attains

one order of magnitude. For the electric field (also horizontal component)

the enhancement is several times higher: the electric energy density is

increased by 3 orders [see e.g. in Publication IV]. The birth of this hot

spot is obviously linked to the bianisotropy offered by the substrate as

discussed before in Section 5.2.3. Strong field enhancement may find ap-

plications in SERS and other schemes of modern optical sensing. More

detailed analysis about these issues may be found in Publication IV.

Now, we finish with the bianisotropy and revisit the random metasur-

faces. The last part of this chapter is dedicated to a discussion on dis-

ordered arrangements of inclusions and amorphous metasurfaces repre-

senting an important class of surface materials. We compare their re-

sponses to the plane electromagnetic waves with that of periodic meta-

surfaces.

5.4 Amorphous versus periodic arrangements in metasurfaces

At the end of this section we will see how a correct view on phenomena

will help to understand the true physics behind that. Let us first con-

sider a metasurface with a periodic arrangement of its inclusions. More-

over, we assume that the array may potentially provide both electric and

magnetic dipolar resonant modes in response to a plane electromagnetic

wave. This is feasible, for instance, with coupled plasmonic nano-patches

[see e.g. Section 5.1, Fig.5.1]. Recently, it was experimentally observed

that in transition from periodic to amorphous positioning of inclusions in

the proposed metasurface, the resonant responses would be broaden and

damped [51]. However, this observation was different for different res-

onant modes. It is not possible to understand the reason using only a

macroscopic homogenized model which does not provide any information
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about the interaction of the inclusions. Therefore, a complete understand-

ing is feasible only by probing into the microscopic behavior of the local

fields in the vicinity of inclusions. Here, we do not much go to the details of

the analysis, however, we supply some important prerequisites to make

the discussion understandable. More detailed discussion is provided in

Publication IV and [10].

As we briefly discussed in Section 4.1, an effective (macroscopic) sus-

ceptibility/polarizability component (χ̂/α̂) may be presented in terms of an

individual (microscopic) susceptibility/polarizability (χ/α) and an interac-

tion constant (β) [see equation (4.7)]. Indeed, the interaction constant

measures the contributions of the fields created by all other particles of

the array into the local field; i.e.,

Eloc = Ei + βp, (5.11)

that excite each polarizable particle. p is the induced electric dipole mo-

ment in each particle and Ei is the incident electric field. The dual rela-

tion holds for the magnetic fields {Hloc,Hi} and magnetic dipole moment

m. We are interested in normal illumination, since it is the simplest case

providing enough information to understand the issue. Therefore, we may

go back to our example of coupled plasmonic nano-patches at normal in-

cidence [Section 5.1, Fig.5.1]. It is shown in Publication IV that the re-

flection and transmission coefficients in a dense periodic array of electri-

cally small resonant inclusions at normal illumination (as in our example

[Fig.5.1]), read as:

re =
ik0a

2

1
ε0a3

αee
xx
− ε0a3β

, (5.12)

rm = − ik0a
2

1
µ0a3

αmm
yy
− µ0a3β

, (5.13)

r = re + rm, t = 1 + re − rm. (5.14)

Notice, the particles may be both electrically and magnetically polariz-

able. Here, αee
xx and αmm

yy are, respectively, the individual electric and

magnetic polarizability of each element when separated from other ele-

ments in the array, a is the unit cell size, and k0 = ω
√
ε0µ0 is the wave

number in the surrounding space. The two partial reflection coefficients

re and rm correspond to the fields created by the induced electric and mag-

netic currents, respectively. The normalized interaction constants are the

same for both electric and magnetic particles, and denoted as β:

ε0a
3βee = µ0a

3βmm = β. (5.15)
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Moreover, the individual electric and magnetic polarizability components

are written as:

ε0a
3

αee
xx

=

(
Ae

ω2
0e − ω2 + jωΓe

)−1
+ j

k30a
3

6π
, (5.16)

µ0a
3

αmm
yy

=

(
Am

ω2
0m − ω2 + jωΓm

)−1
+ j

k30a
3

6π
. (5.17)

In these relations a simple Lorentz-type resonant response model of indi-

vidual particles is assumed. This type of resonant response is very com-

mon and approximates very well the particles response near their reso-

nances. Therefore, Γe,m model the dissipation losses in the particle (in

respective modes), while the last imaginary term is due to the scattering

(re-radiation of power) loss [10].

In the case of a periodic array and when the array period is smaller

than the operational wavelength λ, the scattering loss of the individual

particles is suppressed by the interaction between the particles in the

array. Indeed, the imaginary part of the interaction constant contains a

term proportional to k0 which compensates the corresponding term in the

polarizabilities [10]:

βperiodic = Re(β) + j
k30a

3

6π
− j k0a

2
. (5.18)

The other imaginary term corresponds to the plane waves created by

the surface-averaged currents. In case of amorphous (on the wavelength

scale) arrays particles scatter individually, and there is no corresponding

term in the interaction constants, that is:

βamorph = Re(β)− j k0a
2
. (5.19)

We note that in the quasi-static limit Re(β) ≈ 0.36. If we now substitute

the interaction constants (5.18) and (5.19) for periodic and amorphous ar-

rays both with the Lorentz-model of the individual polarizabilities (5.16)

and (5.17) into the partial reflection coefficients (5.12) and (5.13), we end

up with the resonant curve widths:

2∆ωe,m periodic = Γe,m +
k0a

2

Ae,m

ω̃0e,m
(5.20)

for periodic arrays and

2∆ωe,m amorph = Γe,m + k30a
3 Ae,m

ω̃0e,m
+
k0a

2

Ae,m

ω̃0e,m
(5.21)

for amorphous arrays. Here ω̃0 denotes the resonant frequency shifted

due to the interactions between the particles in the array. Notice, we as-

sumed the case when electric and magnetic resonances occur at different
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frequencies. Now, it is easy to see from the comparison of (5.20) and (5.21)

that if

ω̃0e,m
Γe,m

Ae,m
+
k0a

2
� k30a

3

rπ
(5.22)

is satisfied, near the corresponding resonant frequency ω̃0e,m, the effect

of inclusion position randomness is negligible, and the responses of peri-

odic and amorphous structures are nearly the same. The above condition

shows that this is the case of high losses and low resonance strength. Also

we can note that the condition is easier to satisfy at low frequencies, when

the scattering amplitude proportional to k30 is smaller. From these results

we can conclude that the effect of strong widening of the resonant curve

of the electric-dipole mode and hardly any effect of array randomness on

the magnetic mode can be due to two reasons:

1. At the frequency of the magnetic resonance the array is practically

homogeneous on the wavelength scale (“totally random2”). Then the

scattering term cancels out just like for periodical arrays, and there is

no difference in the resonant curve widths for periodic and amorphous

metasurfaces.

2. At the magnetic resonance the particles are considerably more lossy

and weaker excited than at the electric resonance, that is, (5.22) is sat-

isfied near the magnetic resonance but not satisfied near the electric-

mode resonance. In this case the effect of additional scattering loss is

negligible in one of the modes but can be relatively significant in the

other.

In order to observe what really happens for the reflection and transmis-

sion in transition from periodic to amorphous arrangements, we may in-

troduce a disorder parameter rn to the different term between (5.20) and

(5.21); i.e.:

β = <{β}+ rn
jk30a

3

6π
− jk0a

2
. (5.23)

Here 0 ≤ rn ≤ 1, where unity corresponds to the case where the scat-

tering loss is completely compensated (periodic array) and rn = 0 means

that the scattering loss is not compensated at all (amorphous array, each

inclusion scatters individually).

2Totally random means a structure which appears uniform at the wavelength
scale.

74



Functional Metasurfaces

(m
3
) 

  3.0 

 

  1.5 

 
   0.0 

 
 -1.5 

× 10-19 

(s
ec

o
n

d
) 

  5.0 

 

 

  2.0 

 

   0.0 
 

 -2.0 

× 10-15 

x 

y z 

c 
mm 

yy 
50 h0 

200              400              600  
Frequency (THz) 

(c) 

(b) 
a 

ee 

xx 
(a) 50a 

mm 

yy 

imag 
real 

x 

y z 

200              400              600  

c 
ee 

xx h0 

Frequency (THz) 

(d) rn = 1 

rn = 0.75 

rn = 0.5 

rn = 0 

Figure 5.11. Individual (a) magnetic (b) electric polarizability for the coupled plasmonic
nano-patches shown in Fig. 5.12(a). (c) Effective magnetic susceptibility for
different arrays composed of the proposed coupled plasmonic nano-patches
with different disorder parameter rn. (d) Effective electric susceptibility for
the same situation as in (c). Notice, all the dashed lines are the imaginary
parts while the solid lines are the real parts.

Let us present a practical example to visualize the concept. Consider an

array of coupled plasmonic gold nano-patches [see e.g. Fig. 5.12(a)]. The

array may be periodic (rn = 1) or amorphous (rn 6= 1). In the periodic case,

the period of the array is a = 512 nm while in the amorphous state the

average distance between two inclusions is a = 512 nm. As we have seen

in a similar example in Section 5.1, both electric and magnetic polariza-

tion currents may be induced in such an array. Moreover, the resonances

are similar to Lorentz-type resonance. One may now find the individual

polarizabilities of an element of this array (two coupled patches) using

different methods [see e.g. in Ref. [85, 82, 83]. The individual polarizabil-

ities are obtained from induced electric and magnetic dipole moments p

and m; i.e.,
p =

∫
V rρ(r) dv,

m = 1
2

∫
V r× J(r) dv,

(5.24)

respectively. In (5.24), the induced charge and current densities inside
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Figure 5.12. (a) A planar array of gold plasmonic nano-patches located in free space with:
g = 30 nm, t = 45 nm, and W = 180 nm. (b) The amplitude of the reflection
coefficients for different disorder parameter rn. (c) The amplitude of the
transmission coefficients corresponding to the same reflection coefficients
as in (b). () The same plots for the amplitude of the absorbance coefficient.

an infinitesimal volume element dv are denoted by ρ(r) and J(r), where

r is the position vector of dv with respect to the Cartesian coordinate sys-

tem3 and V is the volume of the induced charge (current) distribution.

Using these definitions for the moments, one may numerically calculate

the individual polarizability components αmm
yy and αee

xx [86] as shown in

Figs. 5.11(a),(b).

In the next step, we apply our proposed model to arrays with different

arrangements of their inclusions. We first find the effective susceptibilities

in terms of individual polarizabilities and the interaction constant β. To

3The particle is assumed to be positioned in the center of the Cartesian coordi-
nate system in a way that the upper patch is positioned at g/2 and the lower one
is positioned at −g/2
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do this, it is easy to show from (5.1) that:

r = − 1

1− iω
2 η0χ̂

ee
xx

+
1

1− iω
2

χ̂mm
yy

η0

= re + rm, (5.25)

when χ̂em
xy = χ̂me

yx = 0. Now, comparing (5.25) with (5.12) and (5.13) results

in:

η0χ̂
ee
xx = −2i

ω

[
1− 2i

k0a

(
ε0a

3

αee
xx

− β
)]

, (5.26a)

χ̂mm
yy

η0
= −2i

ω

[
1− 2i

k0a

(
µ0a

3

αmm
yy

− β
)]

. (5.26b)

Therefore, one may calculate the effective susceptibilities from known in-

dividual polarizabilities and the proposed model for the interaction con-

stant β in (5.23) for different disorder parameters rn. The results are

shown in Figs. 5.11(c),(d). As it is evident from these plots, both res-

onances bear a broadening and damping in transition from periodic to

amorphous states. However, the change in the electric resonance mode

[Fig. 5.11(d)] is much more severe than in the magnetic resonance mode

[Fig. 5.11(c)]. This is, as we discussed before, due to the lower resonance

strength of the magnetic mode compared to the electric one (Am < Ae).

Indeed, condition (5.22) is satisfied for the magnetic resonance while it is

not satisfied for the electric one. This effect is observable in both the re-

flection and transmission coefficients which are shown in Figs. 5.12(b),(c).

Moreover, Fig. 5.12(d) shows the absorbance coefficient of the proposed

metasurface. It demonstrates higher losses at the magnetic resonance

than at the electric one; that is, Γm > Γe in condition (5.22). This is

again another reason of the different behavior between different resonant

modes in transition from periodic to amorphous arrangements. These

results nicely confirm the previous experimentally observed behavior in

amorphous arrays [51]. Therefore, they prove our correct modeling for

amorphous metasurfaces. Notice, in this last example we were not able

to explain the behavior of amorphous arrays without probing the meta-

surface at the microscopic level. That is, calculating the individual polar-

izabilities and their relations to the effective susceptibilities through the

interaction constant.

We finally conclude this section with the following statement: “Not al-

ways the correct characterization models help to grasp the naturae of

some phenomena in metasurfaces. But, we should sometimes dig deeper

into the microscopic level in order to get enough information for analysis

and correct explanation of the metasurfaces operations.”
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6. Conclusions

This thesis starts from the definition of the term electromagnetic char-

acterization of metamaterials. A history of the metamaterials’ research

field is briefly presented. After that, characterization is explained. Next,

the general concept of metamaterials and the place of metasurfaces are

presented in connection to the bigger categories of metamaterials and or-

dinary materials. A brief history of electromagnetic characterization of

materials is then given and the chapter is finished by the explanation of

the whole concept of electromagnetic characterization of metasurfaces.

Thereafter, we have reproduced the known criticism for the application

of the traditional bulk media retrieval procedures used for the charac-

terization of metasurfaces. We have commented on two alternative ap-

proaches: that based on the so-called Generalized Sheet Transition Con-

ditions and that based on the collective effects in arrays of electrically

resonant inclusions. Further, we have shown that both these approaches

are similar and mathematically equivalent. We have then given a gener-

alized formalism for characterization of a broad spectrum of metasurfaces

in terms of either surface susceptibilities or collective polarizabilities.

We have actually obtained the most general boundary conditions for a

general bianisotropic metasurface located at the interface of two different

media. We have next shown how the reflected/transmitted field vectors

are related to the incident/average fields through the effective polarizabil-

ity/susceptibility tensors and hence what would be the two-dimensional

reflection/transmission dyadics. Finally, we have developed a general al-

gorithm for the retrieval of the effective polarizability/susceptibility ten-

sors as the characteristic parameters of the metasurface under study.

We have studied several explicit examples of plasmonic metasurfaces.

Unlike previous studies, our generalized model covers bianisotropic meta-

surfaces, substrated metasurfaces, metasurfaces illuminated from two
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sides, and metasurfaces with disordered arrangements of inclusions. We

have studied all these types of metasurfaces as explicit examples. We

have also explained the differences between the magnetic resonant modes

in metasurfaces formed by solid scatterers (split-ring resonators) and cou-

pled nano-patches of plasmonic metals.

Indeed, we have considered a novel and interesting topic of bianisotropic

metasurfaces. As two important illustrations, we have presented meta-

surfaces composed of split-ring resonators and of non-identical pairs of

plasmonic nano-patches. We have then discussed the important differ-

ences between these two types.

Using our model, we have revealed an important phenomena of substrate–

induced bianisotropy. With both intrinsically bianisotropic and substrate–

induced bianisotropic metasurfaces, we have presented an important func-

tionality such as the perfect absorbance in metasurfaces. It is important

to note that the bianisotropic absorbers have the advantageous of asym-

metric reflectance. Moreover, they provide a weakly reflective surface out

of the resonance band. We have presented two different examples in order

to demonstrate a nearly perfect absorbance regime.

In the last part, we have discussed an important class of metasurfaces –

random and amorphous metasurfaces. There, we have explained what is

happening at the microscopic level. We have explained the differences in

the electric and magnetic interactions of inclusions in both periodic and

disordered metasurfaces. We have finalized our study by demonstrating

different resonant behavior of the electric and magnetic modes in transi-

tion from periodic to amorphous states.

With all of the above discussions, we are pleased to say that we have sig-

nificantly contributed to the characterization of a so popular class of meta-

materials; that is, metasurfaces. The recognition of this class of meta-

materials is rapidly increasing and the correct understanding is strongly

needed for developing the effective designs. Of course, although we did

our best in this stream, there are still many unsolved challenges.
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