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Abstract:

It is important to measure temperature fast and accurately in many experiments
in low-temperature physics and nanophysics. The accuracy of the measurement is
compromised by noise. A Josephson parametric amplifier (JPA) can provide us with
low-noise amplification in the microwave frequency range (300 MHz - 30 GHz) for,
e.g., radio frequency thermometry and radiation detection.

This Master’s thesis presents a lumped element JPA made in collaboration by
Aalto University and VTT and reports its reflection coefficient, gain, bandwidth, 1
dB compression point, noise temperature and quality factors. Experimental results
are compared with nonlinear circuit simulations done with APLAC, which gives us
information about component properties for fabrication of a new device.

Reflection coefficient measurement gives us the resonance frequency (642.0 MHz)
and the bifurcation frequency (640.2 MHz) of the JPA. Gain measurement reveals
the maximal gain (26.2 dB), the optimal operating frequency (641.3 MHz) and the
optimal pump power (-96 dBm). The gain-bandwidth product is simulated as a
function of coupling capacitance and pump power and it is observed to be lower
than what theory suggests.

The noise temperature of the JPA is measured to be between 1 K and 4 K in the
frequency range 639.25 MHz ... 640.45 MHz according to both the Y-factor method
and the signal-to-noise ratio (SNR) method, but according to the SNR method the
noise temperature is roughly 50 % lower than according to the Y-factor method.
When the pump generator is off, the noise temperature of the system is between 25
K and 80 K in the frequency range 639.15 MHz ... 640.30 MHz according to the
SNR method.
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Monissa kylmä- ja nanofysiikan kokeissa on tärkeää mitata tutkittavan näytteen
lämpötila nopeasti ja tarkasti. Mittauksen tarkkuutta heikentää kohina. Joseph-
sonin parametrivahvistimella (JPA) voidaan vahvistaa näytteen läpi kulkevaa
mikroaaltosignaalia (taajuus 300 MHz - 30 GHz) niin, että kohinaa syntyy
vain vähän. JPA:ta voidaan hyödyntää esimerkiksi radiotaajuuksilla toimivissa
lämpömittareissa ja säteilynilmaisimissa.

Tässä diplomityössä esitellään Aalto-yliopiston ja VTT:n valmistama keskite-
tyillä elementeillä toteutettu JPA ja raportoidaan sen mitattu heijastuskerroin,
vahvistus, kaistanleveys, kohinalämpötila ja 1 desibelin kompressiopiste. Lisäksi
työssä tehdään APLAC-ohjelmistolla epälineaarisia piirisimulaatioita, jotka tuot-
tavat samankaltaisia tuloksia kuin mittaukset ja antavat hyödyllistä tietoa uusien
vastaavien vahvistimien valmistamista varten.

Heijastuskertoimen mittaus kertoo JPA:n resonanssitaajuuden (642,0 MHz) ja bi-
furkaatiotaajuuden (640,2 MHz). Vahvistuksen mittaus kertoo suurimman vahvis-
tuksen (26,2 dB) sekä optimaalisen signaalitaajuuden (641,3 MHz) ja pumppute-
hon (-96 dBm). Vahvistus-kaistanleveys -tuloa tutkitaan kytkentäkapasitanssin ja
pumpputehon funktiona simulaatioiden avulla. Simulaatioiden mukaan tämä tulo
on pienempi kuin mitä teoria antaa olettaa.

JPA:n kohinalämpötilaksi saadaan sekä Y-kerroinmenetelmällä että signaali-
kohinasuhteeseen (SNR) perustuvalla menetelmällä 1 K ... 4 K taajuuskaistalla
639,25 MHz ... 640,45 MHz. SNR-menetelmä antaa kuitenkin noin 50 % mata-
lamman kohinalämpötilan kuin Y-kerroinmenetelmä. Vertailun vuoksi systeemin
kohinalämpötila on ilman JPA:ta 25 K ... 80 K taajuuskaistalla 639,15 MHz ...
640,30 MHz SNR-menetelmän mukaan.
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Chapter 1

Introduction

Many experiments in low-temperature physics would benefit from a fast and
accurate measurement of the temperature of various nanostructures [1]. For
this purpose, a radio frequency (RF) thermometer based on a normal metal-
insulator-superconductor (NIS) tunnel junction has been recently developed
in PICO group. Several measurements [1, 2] have demonstrated the potential
of this technique. Still, more work must be done to reduce microwave noise
that deteriorates temperature sensitivity.

The current-voltage characteristic of an NIS junction changes with tempera-
ture [3] and therefore, an NIS junction can be used as a thermometer. Com-
monly, Cu works as the normal metal, aluminum oxide AlxOy as the insulator
and Al as the superconductor at temperatures below its critical temperature
1.2 K [4]. The tunneling resistance of an NIS junction is high (typically in
the kΩ range) and the voltage scale for thermal signatures originating from
the Fermi-Dirac distribution is kT

e
, where k, T and e denote the Boltzmann

constant, temperature and elementary charge, respectively. Therefore, am-
plifiers are used to amplify the weak electrical signal which flows through the
junction. Parametric amplifiers provide us with low-noise amplification in
the microwave frequency range (300 MHz - 30 GHz). The frequency range
from 4 GHz to 8 GHz has been recently used for state readout of quantum
systems [5–9].

In optics, one often needs to mix different frequency components of light.
This can be done, e.g., by modulating the wave impedance of a nonlinear
refractive medium with a coherent pump field. This kind of process is called
parametric [10]. The frequency conversion is either a three-wave or a four-
wave mixing process. In a three-wave mixing process, one pump photon
whose frequency is fp is converted into two output photons of lower frequen-
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cies fs and fi. The output photons are called signal (subscript s) and idler
(subscript i). The sum of signal and idler photon frequencies is equal to the
pump photon frequency

fp = fs + fi. (1.1)

In a four-wave mixing process, two pump photons are converted into signal
and idler photons according to

2fp = fs + fi. (1.2)

The conversion from pump waves into signal and idler waves is stimulated
by already existing fields. This phenomenon is thus an amplification process,
and we call it parametric amplification [10].

The impedance of electrical circuits is the ratio of voltage and current and

therefore, in a lossless case, equal to
√

L
C

, where L and C are the inductance

and the capacitance of the circuit, respectively. Impedance must be mod-
ulated in order to realize parametric processes in electronics. This can be
achieved by varying a reactive parameter (L or C) in time. An inductive
parametric amplifier can be based on a ferrite [11]. A capacitive parametric
amplifier can be made utilizing the nonlinear voltage-capacitance property
of the p-n junction in a semiconductor diode [11]. Nowadays it seems most
convenient in low-temperature electronic transport measurements to utilize
Josephson junctions as the time-varying reactance [10], which results in a
Josephson parametric amplifier (JPA).

A Josephson junction consists of two superconducting leads that are coupled
by a weak link. The weak link can be a thin insulating layer, a short section
of non-superconducting metal, or a physical constriction which decreases the
superconductivity at the point of contact. These three typical cases are often
called S-I-S, S-N-S and S-c-S junctions, where the letters S, I, N and c denote
superconductor, insulator, normal metal and constriction [12]. An electric
current can flow via the tunneling of Cooper pairs across a Josephson junction
without any applied voltage. This phenomenon is known as the Josephson
effect.

Instead of one single Josephson junction, a JPA can use an array of SQUIDs
(superconducting quantum interference device) as the nonlinear component
[13]. We can achieve tunability of the resonance frequency by using SQUIDs
instead of single junctions, and then it is easier to match the band of am-
plification with the frequency of the signal to be amplified [10]. A SQUID
is a very sensitive magnetometer based on superconducting loops containing
Josephson junctions. SQUIDs can be used to measure extremely weak (order
of magnitude aT) magnetic fields.
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In this thesis, we characterize experimentally a JPA fabricated in collabo-
ration by Aalto University and VTT Technical Research Center of Finland.
The characterization is performed at temperatures between 35 mK and 300
mK. The characterization includes the measurement of the small-signal re-
flection coefficient, the power dependence of the reflection coefficient, the
gain, the 1 dB compression point, the increase in the signal-to-noise ratio
due to the device and the noise temperature. Matlab is used for analysis
and plotting of results. We also perform nonlinear circuit simulations with
commercial software suites APLAC and AWR that reproduce well the main
features of the measurement data.
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Chapter 2

Theoretical background

2.1 General properties of amplifiers

2.1.1 Gain

An amplifier is usually a two-port device which is used to increase the am-
plitude of an electrical signal. A quantitative measure of amplifying is given
by the power gain G of the amplifier, which is

G =
Pout

Pin

, (2.1)

where Pin is the input power which is fed into the amplifier and Pout is the
output power that comes out of the amplifier. In terms of voltage, we can
write

G =

(
Vout

Vin

)2

, (2.2)

where Vin and Vout denote voltages at input and output ports. Usually, the
gain is expressed in decibels. The relation (2.1) between Pin and Pout holds
for sufficiently small Pin, i.e., in the dynamic range of the component. At the
upper end of the dynamic range, Pout starts to saturate, which means Pout

no longer increases linearly with Pin.
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B

Figure 2.1: Gain of an amplifier with respect to frequency and the band-
width.

2.1.2 Bandwidth

Each amplifier works in a certain frequency range, and the gain depends
strongly on frequency. The width of the frequency range in which the ampli-
fier works is called the bandwidth. In this thesis, the bandwidth B is defined
as the frequency range in which the gain is more than a half of its maximum
value Gmax. This is illustrated in Figure 2.1.

2.1.3 Noise power and equivalent noise temperature

In electronics, noise is a random fluctuation in an electrical signal. Let us
consider a resistor whose resistance is R and temperature is T . The electrons
in the resistor move randomly because of thermal vibrations and quantum
fluctuations. This results in random voltage fluctuations at the resistor ter-
minals. The root mean square (rms) value of the noise voltage at frequency
f and noise bandwidth B is [14, 15]

vn =

√
4RhfB

ehf/kT − 1
≈
√

4kTBR, (2.3)
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Te

Noisy
amplifier

Pi

RTs = 0 K

Po

R

(a)

Noiseless
amplifier

RTe = Po/GkB 

Po = GkTeB

R

(b)

G

G

Figure 2.2: Definition of the equivalent noise temperature Te of a noisy
amplifier. (a) A noisy amplifier with source resistor at TS = 0 K. (b) A
noiseless amplifier with source resistor at Te = Po

GkB
. [15]

where h is the Planck constant and k denotes the Boltzmann constant. The
approximation in equation (2.3) is valid when hf � kT . When f = 600 MHz,
hf
k
≈ 29 mK, which means we can use the approximation in equation (2.3)

even at quite low temperatures. The noise power Pn that can be transported
by a transmission line of bandwidth B to another resistor of equal resistance
is then

Pn =
( vn

2R

)2

R = kTB. (2.4)

A more general measure of the noise of an RF component is given by its noise
temperature Te. Let us consider a noisy amplifier whose bandwidth is B and
gain is G, and let us match the amplifier to noiseless source and load resistors
R in both input and output, as shown in Figure 2.2. If the temperature of
the source resistor is TS = 0 K, the input noise power to the amplifier is
Pi = 0, and the output noise power Po results only from the noise generated
by the amplifier itself [15]. The same load noise power can be obtained by
driving a noiseless amplifier with a resistor whose temperature is

Te =
Po
GkB

(2.5)



2.2 Current, voltage and inductance in a Josephson junction 7

so that the output power is Po = GkTeB [15]. Then we call Te the equivalent
noise temperature of the amplifier [15].

2.2 Current, voltage and inductance in a

Josephson junction

The critical current IC of a Josephson junction is the maximum current that
the junction can support. A closely related quantity, the Josephson energy
EJ , is defined as

IC ≡ 2eEJ/~, (2.6)

where e is the elementary charge and ~ is the reduced Planck constant. EJ is
a measure of the energy associated with a tunneling process of a Cooper pair
from one island to the other. In most applications, the order of magnitude
of IC is from µA to a few mA [12].

The supercurrent flowing through an ideal Josephson junction is (see Figure
2.3)

Is = Ic sin φ, (2.7)

where φ is the gauge-invariant difference in the phase of the Ginzburg-Landau
wavefunction in the two superconductors [12]. The quantity φ depends on the
non-gauge-invariant phase difference ∆ϕ and the magnetic vector potential
A around the junction, and is defined as

φ ≡ ∆ϕ− (2π/Φ0)

∫
A · ds, (2.8)

where the integration contour is from one terminal of the weak link to the
other [12]. Here Φ0 is the magnetic flux quantum

Φ0 =
h

2e
, (2.9)

where h denotes the Planck constant.

If a time dependent voltage difference V (t) is maintained across the junction,
φ evolves according to [12]

dφ

dt
=

2eV (t)

~
. (2.10)

In the small-signal regime, where φ � 1, equation (2.7) can be linearized
using approximation sin φ ≈ φ to

Is = Icφ. (2.11)
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A BC

IS = IC sin ϕ

Figure 2.3: Diagram of a Josephson junction. A and B represent supercon-
ductors, and C is the weak link between them. There is a supercurrent IS
flowing from A to B.

By differentiating equation (2.11) with respect to time t and combining it
with equation (2.10) we get

dIs
dt

=
V (t)

LJ
. (2.12)

In equation (2.12) the quantity LJ is the Josephson inductance of this single
junction which is given by

LJ =
~

2eIC
. (2.13)

LJ and IC are therefore related through

LJIC = ϕ0, (2.14)

where ϕ0 is the reduced magnetic flux quantum

ϕ0 ≡
Φ0

2π
. (2.15)

Equation (2.12) tells we can obtain the desired time-varying inductance,
and thus reactance and impedance, by applying an AC current through the
Josephson junction. The inductance of a Josephson junction is nonlinear,
i.e., it depends on current. Alternatively, we can modulate the impedance
by varying the magnetic flux enclosed by a SQUID loop [16].
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2.3 Resonator as a Josephson parametric am-

plifier

It is possible to embed the modulated Josephson inductance in a resonator.
This provides us with higher amplification in a precise frequency band, and
conversely there is no amplification at frequencies outside this band [10].
A simple Josephson parametric amplifier consists of one Josephson junction
with a series inductance Ls, a shunt resistance R and a shunt capacitance
Cs, see Figure 2.4a. The circuit is grounded and coupled to a 50 Ω port by
a capacitance Ck. When ωCkZ0 � 1, this circuit is equivalent to a circuit
with general impedance

z̃0 =
1

ω2C2
kZ0

(2.16)

illustrated in Figure 2.4b. In the small-signal regime, where φ� 1, the array
of N SQUIDs can be treated simply as an inductor whose inductance is NLJ
where LJ is the inductance of a single junction. The critical current of the
SQUID array is equal to that of a single junction. The resonance frequency
fr of the circuit in Figure 2.4 is

fr =
1

2π
√

(Ls + LJ)(Ck + Cs)
. (2.17)

If the resonator is fed with energy close to its resonance frequency at a suit-
able phase, the energy of the resonance circuit increases. The quality factor
Q describes the frequency selectivity of the resonator and can be defined as
[14]

Q =
fr

2∆f3dB

, (2.18)

where ∆f3dB denotes the difference between fr and the frequency at which
the absorbed power is half of its maximum value, see Figure 2.5. The higher
the quality factor, the narrower is the frequency band in which power is
absorbed by the resonator.

In addition, the quality factor describes the power losses which occur in
the resonator. Let Qi denote the internal quality factor whose inverse 1

Qi

describes power losses inside the resonator. In practice, the resonator is
coupled to an external circuit as in Figure 2.4a. This introduces a second
quality factor, the coupling quality factor Qc, the inverse of which 1

Qc
decribes

power losses due to coupling. The total quality factor Q0 is then defined as

1

Q0

=
1

Qi

+
1

Qc

. (2.19)
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Cs R
Ls

LJ

Ck

Z0 = 50 Ω

      ͠z0 =         
1/(ω2Ck

2Z0)
CsCk R

Ls

LJ

(a) (b)

Figure 2.4: The circuit of a simple Josephson parametric amplifier.

Pl/Pl,max

1

0.5

fr-Δf3dB fr fr+Δf3dB f

Figure 2.5: Power absorbed by the resonator as a function of frequency.

2.4 Qualitative description of parametric am-

plification

Most existing parametric amplifiers operate in reflection mode. This means
we apply a probe signal which reflects from the amplifier, and then we get two
outgoing amplified waves which are called signal and idler waves [17]. In the
case of a lossless amplifier, all the incident power is reflected from the device.
Then the phase φ of the reflected probe field specifies totally the response of
the amplifier to the pump field [10, 12]. This phase can be measured with a
network analyzer. In a nonlinear system, φ depends on the frequency and the
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power of the probe signal [10]. At low probe powers the phase is constant,
but when the probe power increases the phase changes rapidly with respect
to the probe frequency [10]. The probe frequency determines whether we
get into a bistable regime where the phase has two stable solutions or into a
regime where only a unique solution exists [18, 19].

Let us consider linear amplification which occurs when the phase has a unique
solution [10]. If the amplifier is fed with a probe signal with a frequency
and power in the regime where φ is highly power-sensitive, the system will
strongly react to small perturbations. These perturbations can be a result
of, e.g., an additional small signal field [10], and they are converted into a
big change in the system response and thus amplification. The phase of the
probe signal relative to the pump signal determines whether the probe signal
is amplified or attenuated [10].

2.5 Important quantities

In this section we list some results derived in sections 4.2.1 - 4.2.3 of the
doctoral dissertation thesis of Christoph Eichler [10].

The coherent pump field has a steady-state solution which can be written as

1 = (δ2 +
1

4
)n− 2δξn2 + ξ2n3. (2.20)

Equation (2.20) determines the average number of pump photons in the
resonance circuit of the Josephson parametric amplifier and it introduces
many new quantities. The quantity n is the average number of pump photons
in the resonator per incident pump power. The quantity δ represents the
detuning between the pump frequency fpump and the resonance frequency fr.
For our resonator, δ can be written in terms of the quality factors as

δ =
QcQi(fpump − fr)
fr(Qi +Qc)

. (2.21)

The quantity ξ is the product of the pump power and the Kerr nonlinearity
K

ξ =
|α̃in|2K
κ+ γ

, (2.22)

with

|α̃in|2 =
Pin

~ω
κ

(κ+ γ)2
, (2.23)



2.5 Important quantities 12

K = −EJ
2~

(
ϕzpf
ϕ0

)2

N−2, (2.24)

ϕzpf =

√
~

2ωrCtot

, (2.25)

κ =
ωr
Qc

, (2.26)

γ =
ωr
Qi

, (2.27)

and
ω = 2πf. (2.28)

In equations (2.22) - (2.25) κ is the coupling rate to transmission line modes
and γ is the radiation loss rate. Pin is the pump power, N is the number of
SQUIDs in the chain (172) and Ctot is the total capacitance of the circuit.
Both δ and ξ are expressed in units of the total resonator linewidth κ + γ
(13.4 MHz for our JPA).

Equation (2.20) is a cubic equation in n and has always three roots in complex
plane among which at least one is real. We plot the highest real n of equation
(2.20) with respect to pump frequency in Figure 2.6. At the bifurcation power
Pbif n increases infinetely fast with respect to pump frequency. Then the
response of the parametric amplifier is extremely sensitive to small changes.
The system bifurcates in the regime where Ppump > Pbif.

The complex reflection coefficient S11 of the Josephson parametric amplifier
is defined as the voltage of the reflected probe signal divided by the voltage
of the incoming probe signal. These voltages depend on the reflected and
incoming probe powers, respectively. S11 can be evaluated as [10]

S11 =
κ

κ+ γ

1
1
2
− iδ + iξn

− 1. (2.29)

We plot the absolute value of S11 at Ppump = Pbif for various coupling ratios
κ

κ+γ
in Figure 2.7. When the coupling ratio is 1, the loss rate γ = 0 and all

the incident power is reflected from the amplifier. Then |S11| = 1. When
the coupling is critical, we have γ = κ and κ

κ+γ
= 0.5. In this case all the

coherent power is transmitted into the loss modes at resonance. The coupling
ratio 0.31 corresponds to our JPA.

The gain of a Josephson parametric amplifier is [10]

G∆ = |gS,∆|2, (2.30)
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Figure 2.6: The mean number of pump photons n in the resonator per
incident pump power with respect to the pump frequency.

Figure 2.7: Absolute value of the reflection coefficient |S11| with respect to
the pump frequency for coupling ratios κ

κ+γ
= 1.00, 0.80, 0.50 and 0.31.
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where

gS,∆ = −1 +
κ

κ+ γ

i(δ − 2ξn−∆) + 1
2

(i∆− λ−)(i∆− λ+)
(2.31)

with

λ± =
1

2
±
√

(ξn)2 − (δ − 2ξn)2. (2.32)

In equation (2.31) the quantity ∆ denotes the detuning between the probe
signal frequency and the pump signal frequency and it is expressed in units
of the linewidth κ + γ. The gain is maximal at zero signal detuning ∆ = 0.
We plot this maximal gain G0 with respect to pump frequency and pump
power in Figure 2.8. We can see that G0 increases with increasing pump
power in the frequency and power range considered here. The optimal value
of pump frequency, at which we reach G0 for a given pump power, decreases
almost linearly while pump power increases. We can get any desirable value
of G0 up to more than 40 dB by changing the pump frequency and the pump
power.

Once the pump parameters are chosen we can find out the bandwidth B
of the amplifier by investigating G∆ with respect to ∆. In Figure 2.9 we
plot G∆ with respect to signal detuning for the indicated pump powers and
the corresponding optimal pump frequencies. The gain increases and the
band of amplification becomes narrower as the pump power approaches the
bifurcation power. Let us define the bandwidth as the difference of the two
signal detunings for which G∆ reaches half of its highest value. Then we can
write √

G0B ≈ κ+ γ. (2.33)
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Figure 2.8: Maximal gain G0 as a function of pump frequency and pump
power for zero signal detuning ∆ = 0 and for κ = γ.
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Figure 2.9: Gain with respect to signal detuning; (a) fpump = 640.21 MHz
and Ppump = Pbif − 0.22 dB; (b) fpump = 640.28 MHz and Ppump = Pbif −
0.46 dB; (c) fpump = 640.42 MHz and Ppump = Pbif − 0.97 dB; and (d) fpump
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Chapter 3

Experimental and simulation
methods

3.1 Structure of the JPA

The Josephson parametric amplifier that we characterize in this thesis lies on
two chips on a commercially available sample stage made by Aivon Oy [20]
and shown in Figure 3.1. On the sample stage, there is a multi-layer printed
circuit board (PCB). The JPA consists of a capacitor chip (red square) and
a SQUID chip produced by VTT (blue rectangle). The capacitor chip is
connected to centre and ground conductors of the PCB by bonding wires
(orange lines) whose diameter is 25 µm. Three bonding wires connect the
capacitor chip to the SQUID chip. The bonding wires we use are of Al and
not of Au because we want them to be superconducting when we cool down
the device.

The JPA is illustrated in more detail in Figure 3.2. The capacitor chip has
a silicon substrate covered by approximately 300 nm of SiO2. On this chip,
there are six bonding pads whose dimensions are 200 µm × 200 µm. They
consist of several narrow fingers of 6 µm width. The finger width is kept small
to reduce trapping of magnetic flux at the superconducting transition. The
five bonding pads that appear as bright in the micrograph are made of a 200
nm layer of sputtered Nb. The dark bonding pad consists of a 50 nm layer
of evaporated Al. Inside the two red rectangles, there is 200 nm of sputtered
Nb on top of the Si/SiO2 substrate, 50 nm of amorphous aluminium oxide
grown with atomic layer deposition (ALD) on top of the sputtered Nb, and 50
nm of evaporated aluminium on top of the aluminium oxide layer. We thus
have two plate capacitors with sputtered Nb and evaporated Al as conductor
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plates and amorphous aluminium oxide as insulator. The total area of these
capacitor plates is 9 000 µm2. Between the capacitors in the dark area there
is 50 nm of evaporated alumimium on top of the Si/SiO2 substrate. On the
chip edges above and below the capacitors between the bonding pads, there
are two grey areas which consist of 200 nm of sputtered Nb on top of which
there is 50 nm of the same amorphous aluminium oxide as in the capacitors.

On the left side of the plate capacitors, there is a smaller capacitor (illustrated
as an orange rectangle) which couples the device to an external circuit. The
dimensions of the coupling capacitor plates are 6 µm × 70 µm, which gives
an area of 420 µm2.

The bonding pads on the left hand side on the capacitor chip are connected to
the centre and ground conductors of the PCB. The bonding pads on the right
hand side are connected to bonding pads which are on the SQUID chip. The
pink bonding pads of the SQUID chip and the bonding pads of the capacitor
chip are equally large (200 µm × 200 µm). On the SQUID chip, there are
172 SQUIDs in series.

Figure 3.3 shows the details of the SQUID chain. Figure 3.3a shows the whole
chain while Figure 3.3b shows a part of it. There are two superconducting
Nb electrodes (blue electrode at the bottom and purple electrode on top).
These electrodes are connected at certain lithographically defined sites by a
10 nm layer of Al and AlxOy and a 70 nm layer of Nb. Josephson junctions
(illustrated by red dots in Figure 3.3b) are formed at these points. In each
SQUID, there are two Josephson junctions perpendicular to the plane of
Figure 3.3. Figure 3.4 shows the superconducting electrodes and the thin
Al/AlxOy/Nb links between them more clearly.

Our JPA is thus a resonator whose circuit diagram is illustrated in Figure
3.5. Both the pump tone and the probe signal are coupled to port 1. The
inductance of the metal leads between the SQUIDs is captured by LS in the
circuit model. This inductance can be calculated precisely from the energy of
the magnetic field if we know the geometry of the SQUID chain. Before the
JPA measurements, a DC characterization of the SQUID chain without the
capacitor chip was made. This measurement yielded the total IC of the chain.
In the following, we assume all SQUIDs to be identical and in particular to
have the same IC . Then we can calculate the Josephson inductance LJ using
equation (2.13). The distributed capacitance between the centre conductor
and the ground level is denoted by C. It can be calculated from the energy
of the electric field. The parasitic inductance of bonding wires is modeled
by Lbond. The parasitic inductance is proportional to the length of the wire
and therefore, some inductance values are fractions of Lbond in the circuit
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diagram of Figure 3.5. CS denotes a specific capacitance which is given by

CS = ε0εr
A

d
, (3.1)

where ε0 is vacuum permittivity, d denotes the thickness of the aluminum
oxide layer (50 nm) and the surface area A is 1 µm2. The quantity εr is the
relative permittivity of amorphous aluminum oxide which we have assumed to
be approximately 7. However, εr ≈ 8 would be a more reasonable assumption
according to Ref. [21]. 9000 CS is the total capacitance of the two plate
capacitors that are on the capacitor chip. Finally, Ck denotes the coupling
capacitance.
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Figure 3.1: Josephson parametric amplifier lying on two chips on the sample
stage.

Figure 3.2: Our JPA in detail.
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Figure 3.3: (a) The chain of 172 SQUIDs. (b) Inset showing a part of the
SQUID chain and one single SQUID (black rectangle).

Figure 3.4: Cross-section of one SQUID (location marked with a black
line segment in Figure 3.3b). In one SQUID, there are two superconducting
Nb electrodes (upper and lower) and two Nb-Al tunnel junctions between
the upper and lower electrodes. The operation of the SQUIDs is based on
tunneling of Cooper pairs.
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port 1

Lbond/2Lbond/4

Lbond/2 Lbond

Ck = 420 CS

9000 CS C

172 SQUIDs
LS, LJ, IC

Figure 3.5: Equivalent circuit diagram of the experimentally characterized
JPA.

3.2 Low-temperature measurement setup

We illustrate our measurement setups in Figures 3.6 - 3.8. The JPA is on
the mixing chamber plate of a BlueFors BF-LD250 dilution refrigerator. A
generator (Agilent E8257C) produces a coherent pump signal and another
generator (Agilent E5061B) produces a coherent probe signal at room tem-
perature. The probe signal is slightly detuned from the pump signal and its
power is typically 60 dB smaller than the power of the pump signal. These
two signals are combined to the probe line (1) at room temperature with a
20 dB directional coupler (made by MiniCircuits, model number ZX30-20-
4-S+) whose 4th port is terminated with a matched load. The signal goes
down to the mixing chamber via this probe line. There is a total of 57 dB of
attenuation (XMA Corporation) in the probe line anchored to different tem-
perature stages before the signal goes to a 20 dB directional coupler (made
by MiniCircuits, model number ZNDC-20-2G+) in the mixing chamber. The
4th port of this directional coupler is terminated with a matched load, too.
The power that enters the coupled port (3) of the directional coupler exits
the device via the input port (1). The signal is reflected from port 1 of the
JPA back to the input port of the directional coupler, and then it exits the
directional coupler via the transmitted port (2). Then, the signal goes to a
custom-made circulator (serial number 15974001002, isolation more than 20
dB) which is on the still plate at 1 K temperature. In the present series of
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experiments, the circulator could not be placed at the mixing chamber stage
in the vicinity of the JPA due to the magnetic field created by the circu-
lator. The circulator directs the signal to a custom-made cryogenic HEMT
amplifier (made by QuinStar, model number QCA-U-550-30H, serial number
16264001001, noise temperature 6.5 K) which increases the amplitude of this
signal with 41 dB at 3 K stage. Then, the signal is attenuated by a 1 dB
attenuator (made by XMA) at 50 K stage.

At room temperature, the signal is amplified by two low-noise RF amplifiers
(the first from bottom made by MiniCircuits, model number ZX60-P103LN+;
and the second one by Wenteq, model number ABL0600-01-4345) before a
resistive power divider (MiniCircuits, model number ZFRSC-42+) splits the
power to a vector network analyzer (Agilent E8362B) and a spectrum ana-
lyzer (Rohde-Schwarz FSEM20). In our measurements, the JPA is pumped
through its input port (1). Pumping could be performed through the flux
bias line (3), too, which is connected to ports 3 and 4 of the JPA. Different
operation modes of the JPA may be used depending on the application, but
in this work only the current-pumped mode is considered.

The cables in which there is a temperature gradient (between temperature
stages; above the directional coupler and attenuators in line 4 in the mixing
chamber) are coaxial cables made of Nb-Ti because we want them to have
a low thermal conductance. Nb-Ti is a superconducting material at tem-
peratures below 10 K. Superconductors are poor heat conductors, and their
DC resistance is zero. Cu coaxial cables are used elsewhere in the mixing
chamber and inside all other temperature stages. The coaxial cables that
are between 3 K and 50 K stages are made of Be-Cu. At room temperature,
we use both Cu and Be-Cu cables. Be-Cu has a lower thermal conductance
than Cu. The outer diameter of all cables is 2.19 mm.

In our first cooldown (started on 14th August 2014, see Figure 3.6), we mea-
sure the reflection coefficient S11 and the gain of the JPA. When measuring
S11, we only use the probe generator. There are two bias tees (made by
MiniCircuits, model number ZFBT-4R26W+) in the bias line (3). This line
is terminated in a 50 Ω load at room temperature. Port 1 of the circulator
is connected to port 2 of the JPA sample box. Port 2 of the sample box is
not bonded to the JPA. Due to nonidealities of the circulator, some power
(less than 1 %) is transmitted in the circulator in counter-clockwise direction
from port 2 to port 1 and then to port 2 of the sample box. In addition, the
noise of the HEMT amplifier can now couple to the sample box. However,
the power that comes back to the sample box through port 2 is very small
because it is attenuated by 66 dB between port 1 of the circulator and port 2
of the sample box. It was necessary to thermally anchor the cable going from
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port 1 of the circulator down to the mixing chamber to the mixing chamber
plate.

In our second cooldown (started on 26th August 2014, see Figure 3.7), we
measure again S11 and the gain. For this measurement, we make a few
changes in the setup compared to our first cooldown. We add two bias tees
in the mixing chamber: one in the probe line (1) and the other between
port 2 of the circulator and port 1 of the JPA. Adding these two bias tees
provides us with a better thermalization which means that the JPA can be
colder than in our first cooldown. We also disconnect the line from port
2 of the sample box and decrease the attenuation of the line connected to
port 1 of the circulator down to 30 dB. The 30 dB attenuator is terminated
with a short at the mixing chamber plate. Besides the probe line, the pump
generator feeds also the RF line 2 that is used to provide a pump cancellation
tone to the input of the HEMT amplifier. This cancellation signal passes a
phase shifter (MiniCircuits ELS-450) and a tunable attenuator (MiniCircuits
ZX73-2500+) at room temperature and is attenuated by 1 dB at 50 K stage
and by 30 dB at 3 K stage. Then, this cancellation signal is combined by
a reactive power divider (MiniCircuits ZA2CS-600-10W-S) with the signal
that has passed the mixing chamber.

In our third cooldown (started on 9th October 2014, see Figure 3.8), we
measure, besides gain, the noise temperature of the JPA. We thus install a
copper can that contains a shorted 30 dB attenuator and a heater resistor
R and connect it to port 1 of the circulator. The heater resistor is made of
RuO2 and its resistance is 3 000 Ω. We remove all the bias tees from the
mixing chamber. The RF line 2 is again fed together with the probe line
by the pump generator, but the signal in line 2 is directed to the HEMT
amplifier by a directional coupler, not by a power divider.
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3.3 Noise measurements

3.3.1 Y-factor method

The equivalent noise temperature Te of our Josephson parametric amplifier is
measured by the Y-factor method whose principle is illustrated in Figure 3.9.
In this technique, we connect the amplifier (whose gain G and bandwidth B
are a priori unknown) to one of the two matched loads whose temperatures
are different, and we measure the output power for both cases [15].

When interpreting noise measurements performed on a JPA, it is crucial to
include also an idler gain in the analysis. Recall that the output of our JPA
contains an amplified copy of the input signal at the idler frequency

fi = 2fp − fs. (3.2)

Conversely, when presented with wideband noise at the input, the power
spectral density of the output at fs consists of amplified noise at both fs and
fi. Analysis can be carried out using Gs + Gi as the power gain for white
noise, which can be further simplified to 2Gs in the high-gain limit.

Let T1 be the temperature of the hot resistor, and T2 the temperature of
the cold resistor (T1 > T2), and let the respective powers measured at the
amplifier output be denoted by P1 and P2. The noise power at the amplifier
output is the sum of the noise power generated by the amplifier and that
from the source resistor. We can thus write [15]

P1 = (Gs +Gi)kB(T1 + Te) (3.3)

P2 = (Gs +Gi)kB(T2 + Te). (3.4)

Let us define the Y-factor as [15]

Y =
P1

P2

=
T1 + Te
T2 + Te

(3.5)

which is determined by the power measurements. The equivalent noise tem-
perature Te can then be solved from equation (3.5) as a function of the resistor
temperatures and the Y-factor. We get

Te =
T1 − Y T2

Y − 1
. (3.6)
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Figure 3.9: Setup for measuring the equivalent noise temperature Te of an
amplifier with the Y-factor method [15].

In our measurements, however, we use only one load resistor installed in the
copper can of Figure 3.8 and we heat it up in order to provide four different
input noise temperatures to the JPA. In principle, the cable from the load
resistor to the circulator port 1, the circulator, the cable from the circulator
port 2 to the directional coupler and the directional coupler attenuate the
noise signal but at the same time add noise according to their loss and phys-
ical temperature. Therefore, accurate determination of different T1 and T2

values requires accurate knowledge of the above mentioned losses and physi-
cal temperatures. However, if we assume the losses of the circulator (forward
direction) and the directional coupler to be negligible, we can use the load
resistor physical temperatures directly as input noise temperatures to the
JPA.

Similarly, Te is not the noise temperature of the JPA TN, JPA alone, but
it is the noise temperature of the whole chain which consists of the JPA,
the directional coupler in the mixing chamber (with loss LDC1 and physical
temperature Tphys, DC1 = 10 mK), the cable between this directional coupler
and the circulator, the circulator (with loss Lcirc and physical temperature
Tphys, circ = 1 K), the cable connecting the circulator to the directional coupler
at 3 K plate, this directional coupler (with loss LDC2 and physical tempera-
ture Tphys, DC2 = 3 K), and the HEMT amplifier whose noise temperature is
denoted by TN, HEMT. If GJPA denotes the gain of the JPA, we can write

Te = TN, JPA +
(LDC1 − 1)Tphys, DC1

GJPA

+
LDC1(Lcirc − 1)Tphys, circ

GJPA

+
LDC1Lcirc(LDC2 − 1)Tphys, DC2

GJPA

+
LDC1LcircLDC2TN, HEMT

GJPA

.

(3.7)
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3.3.2 SNR method

It is possible to estimate the noise temperature of the JPA by using a method
based on the comparison of signal power and noise power, too, provided that
the noise temperature of the next amplifier is known. The signal power
divided by the noise power is called the signal-to-noise ratio (SNR), and
therefore, this technique is called the SNR method. Let us assume that we
have a JPA whose gain GJPA is known, and there is a HEMT amplifier with
known noise temperature TN, HEMT in series with the JPA as in Figure 3.10.
When the pump generator is off, let us call the signal power P OFF

sig . Then,
the noise power of the chain is only due to the HEMT amplifier. When the
physical temperature of the system is near absolute zero and the losses of
cables are negligible, the noise power is

P OFF
noise = GHEMTTN, HEMT (3.8)

where GHEMT is the gain of the HEMT amplifier.

When the pump generator is on, the signal power is

P ON
sig = GJPAP

OFF
sig (3.9)

and the noise power is

P ON
noise = GHEMT(TN, HEMT + 2GJPATN, JPA). (3.10)

In equation (3.10) we take into account the fact that the JPA amplifies both
the signal wave and the idler wave as discussed earlier in relation to the Y-
factor method. Now we can calculate the signal-to-noise ratios for both cases
(pump on and off):

SNR OFF =
P OFF

sig

P OFF
noise

=
P OFF

sig

GHEMTTN, HEMT

(3.11)

and

SNR ON =
P ON

sig

P ON
noise

=
GJPAP

OFF
sig

GHEMT(TN, HEMT + 2GJPATN, JPA)
. (3.12)
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HEMTJPA

Figure 3.10: A Josephson parametric amplifier with noise temperature
TN, JPA and gain GJPA and a HEMT amplifier with noise temperature
TN, HEMT.

Their ratio is given by

SNR ON

SNR OFF

= GJPA
TN, HEMT

TN, HEMT + 2GJPATN, JPA

(3.13)

and when GJPA � 1 we can write it as

SNR ON

SNR OFF

=
TN, HEMT

2TN, JPA

. (3.14)

Note that in contrast to the Y-factor method, the SNR method can give a
too optimistic value for TN, JPA. This is the case, for example, if there are
some internal losses in the JPA that are present in both pump ON and OFF
cases.

3.4 APLAC simulations

We perform APLAC simulations [22] based on an equivalent circuit model
which is illustrated in Figure 3.11. APLAC simulations are based on Kirch-
hoff’s laws. Instead of an array of N = 172 SQUIDs, this equivalent circuit
contains one single Josephson junction with critical current IC and Joseph-
son inductance LJ , a transformer where the ratio of rounds in primary and
secondary coils is N , series resistances R1 and R2 and a series inductance
LS. R1 and R2 represent power losses in the circuit. In addition, we intro-
duce a new parameter Z, the general impedance of the circuit. Z models
the impedance level presented to the JPA that can differ from 50 Ω due to
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Figure 3.11: The equivalent circuit model used to simulate the JPA.

standing waves created by mismatches in the rest of the measurement net-
work. A non-zero imaginary part of Z is used to phenomenologically model
the asymmetry with respect to fr observed in the measurements following
Ref. [23]. Note that the real part of Z cannot be determined independently
of the rest of the circuit parameters. A current source feeds the amplifier,
and the signal that is to be amplified is reflected from port 1.

This equivalent circuit model describes well the SQUID chain if we make two
assumptions: The first assumption is that the amplifier is made using lumped
elements and there are no transmission lines. The second assumption is that
the SQUIDs are identical, i.e., if there is a voltage over the whole chain,
the voltage over one SQUID is the total voltage divided by the number of
SQUIDs in the chain. As the transformer effectively multiplies the impedance
of the single junction by N2, choosing IC = NIC, SQUID results in a circuit
that is equivalent to the original chain.

We simulate first the reflection coefficient S11, i.e., the amplitude and the
phase of the reflected probe signal as a function of its frequency and power.
The simulation circuit does not include the fixed attenuation and gain present
in the measurement network. The values of components in the JPA circuit
(LS, Lbond, IC , Z, R1, R2, CS, and C) are altered so that S11 (both amplitude
and phase) in the small-signal regime (low probe power, -115 dBm) becomes
identical to that we obtain from measurements.

The first step in tuning the simulation circuit is to get the same resonance
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frequency fr from the simulations as from the measurements. The reso-
nance frequency is the frequency at which the amplitude of the reflected wave
reaches its minimum, or the frequency at which the phase of the reflected
wave has shifted 180◦. We can change fr by altering the series inductance
LS, the inductance of the bonding wires Lbond, the critical current IC and
the specific capacitance of the capacitors CS.

The second step is to make the symmetry of the amplitude response around
the resonance frequency identical to that we obtain from measurements. This
can be done by changing the imaginary part of the general impedance Z of
the circuit. The third step is to match the external and internal quality
factor with the experimental values. The shape of the phase response curve
is related to the quality factor. The thicker the phase hysteresis curve, the
higher the quality factor. The external quality factor can be changed by
altering the value of CS or the real part of Z. The internal quality factor is
affected by the series resistance R1 that models internal power losses in the
JPA circuit. We also include a small resistance R2 in the circuit, as it was
observed to improve the speed and the stability of the simulator.

The fourth step is to get the same bifurcation frequency from simulations as
from measurements. The bifurcation frequency fbif is the frequency at which
the phase curve has an infinite slope at high probe powers. The bifurcation
power is affected by at least fr, the loaded quality factor and the ratio LJ/LS.
The total inductance of the circuit must be held fixed while matching the bi-
furcation frequency. We perform all simulations using a decreasing frequency
sweep, i.e., by simulating from higher frequencies to lower frequencies. It is
possible to get two solutions for S11 near the bifurcation frequency, and with
the decreasing frequency sweep we get the solution which corresponds better
to our measurements compared to the case of an increasing frequency sweep.

After we have found one set of inductances, capacitances, resistances and
impedances to match the simulation results of reflection coefficient to exper-
imental results, we simulate the gain of our Josephson parametric amplifier
with respect to probe frequency and pump power using the same parameters.
Finally, we investigate how the gain changes when we alter the coupling ca-
pacitance Ck to provide guidelines for new amplifier designs to be fabricated
in the future.
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Chapter 4

Results and discussion

4.1 Reflection coefficient

We measure the complex reflection coefficient S11 of probe power in our
Josephson parametric amplifier with respect to probe frequency. In our first
cooldown, the measurement is performed in the frequency range 638.5 MHz
... 643.5 MHz using a quasi-continuous sweep (1601 linearly spaced mea-
surement frequencies). We use 101 discrete probe powers which are between
-125 dBm and -85 dBm. No data is taken at probe powers between -100
dBm and -94 dBm. The measurement in our second cooldown is performed
in a broader frequency range (from 635 MHz to 645 MHz) and we make it
faster by reducing the number of measurement frequencies down to 401. We
use 137 probe powers in a narrower power range between -110 dBm and -88
dBm.

Once we have measured the reflection coefficient S11, we can get estimates for
the resonance frequency fr and the quality factors Q0, Qi and Qc by fitting
a theoretical model based on Kirchhoff’s equations [23–25]

S11(f) = 1− 2

(
Q0

QC
− 2iQ0

δf
fr

1 + 2iQ0
f−fr
fr

)
(4.1)

to the small-signal measurement data. The model defined by equation (4.1)
contains four fitting parameters fr, Q0, Qc and an asymmetry parameter δf .
The asymmetry parameter is needed to describe the asymmetry of S11 with
respect to fr observed in the experiment.

The manually-found component values for the APLAC simulation that best
describe the measurements are shown in Table 4.1. These parameter sets are
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Table 4.1: Properties of components in simulations corresponding to mea-
surements in cooldowns I and II.

quantity simulation I simulation II
LS [H] 0.498 0.543

Lbond [nH] 1.00 1.00
IC [µA] 17.3 17.37
Z [Ω] 40 - 12.5j 50 - 10j
R1 [mΩ] 9.5 9
R2 [µΩ] 1 1
CS [fF] 1.23 1.23
C [pF] 0.0987 0.0987

not unique sets, i.e., there are many ways to choose the simulation parameters
in order to obtain the same results. This means the simulation results are only
approximate, and there are many ways to design a JPA whose properties must
satisfy specific criteria. The parameters that we actually alter in simulations
are LS, IC , Z and R1. We get the value of CS from capacitor material
parameters and it is given by equation (3.1). The value of Lbond is an order-
of-magnitude estimate.

In Figure 4.1, we plot the small-signal |S11| with respect to probe frequency
according to our first measurement and the corresponding simulation. The
simulation curve has been shifted upwards by 3 dB. We fit the simple analytic
model of equation (4.1) to the experimental data. The fit gives us fr =
642.4 ± 0.0 MHz, Qc = 984 ± 14 and Qi = 433 ± 6. We can use equation
(2.19) to get Q0 = 301±4. The fact that Qi is lower than Qc means that there
are more power losses inside the resonator than due to coupling. This is bad
because big power losses inside the resonator decrease the gain and increase
the temperature of the device. Figure 4.2 shows the small-signal phase of S11

according to the first cooldown and the corresponding simulation. The slope
of the simulation curve has been made smaller by 23◦/MHz.

In Figure 4.3, we plot the small-signal |S11| with respect to probe frequency
according to our second measurement. In this measurement, we observe
a resonance peak and not a resonance dip and therefore we cannot fit the
model of equation (4.1) to the data. In addition, it is not reasonable to show
the simulated small-signal |S11| here because the simulation data contains a
resonance dip. An apparent increase of |S11| over the background level is
possible in the presence of standing waves at the input of the JPA. Although
we cannot quantitatively explain the resonance lineshape, the absence of a
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Figure 4.1: Small-signal |S11| with respect to probe frequency according
to measurement (cooldown I), corresponding simulation and theory. The
resonance frequency is denoted by fr, and Qc, Qi and Q0 are the coupling,
internal and total quality factors, respectively. Finally, df is the asymmetry
parameter.

Figure 4.2: Small-signal phase of S11 with respect to probe frequency ac-
cording to measurement (cooldown I) and corresponding simulation.
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Figure 4.3: Small-signal |S11| with respect to probe frequency according to
measurement (cooldown II).

Figure 4.4: Small-signal phase of S11 with respect to probe frequency ac-
cording to measurement (cooldown II) and corresponding simulation.
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clear resonance dip indicates that internal losses are much smaller than in
the previous measurement. The decrease in the dissipation can be a result
of better thermalization. Figure 4.4 shows the small-signal phase of S11

according to the second cooldown and the corresponding simulation. The
slope of the simulation curve has been made smaller by 6.6◦/MHz.

In Figure 4.5, we see the absolute value of the reflection coefficient |S11| with
respect to probe frequency and probe power according to our first measure-
ment and the corresponding simulation. There is a clear minimum in the
measured |S11| (see Figure 4.5a) at the lowest probe power at 642.0 MHz
frequency. We call this frequency the resonance frequency fr. At resonance,
|S11| is -10.2 dB at the lowest probe power. According to simulation (see Fig-
ure 4.5b), fr is the same as in measurement (642.0 MHz). At fr, |S11| is -10.3
dB at the lowest probe power. Simulating |S11| thus predicts a very similar
resonance features to what we get experimentally. However, the frequency
range of low |S11| values (say less than -7 dB) is much broader according to
the simulation than according to the measurement. When we observe |S11|
at frequencies far from resonance (say below 640 MHz), we can see that |S11|
is higher according to the measurement than according to the simulation.

Figure 4.6 shows the phase of S11 with respect to probe frequency and probe
power according to our first measurement and the corresponding simula-
tion. Phases of 0◦ and 360◦ represent the same phase. The measured phase
(see Figure 4.6a) decreases discontinuously with increasing frequency at the
highest probe power at 640.2 MHz frequency. We call this frequency the bi-
furcation frequency fbif. According to the simulation (see Figure 4.6b), fbif is
not visible. According to the measurement, the phase decreases nearly 360◦

when the probe frequency increases from 638.5 MHz to 643.5 MHz, i.e., the
phase of the reflected probe signal is almost the same at 638.5 MHz and 643.5
MHz frequencies. However, the phase does not make a whole circle in this
frequency range according to the simulation, and there is a phase difference
of 129◦ between reflected waves whose frequencies are 638.5 MHz and 643.5
MHz at the lowest probe power.

In Figure 4.7 we plot |S11| with respect to probe frequency and probe power
according to our second measurement and the corresponding simulation. We
cannot define fr by observing |S11| because of the resonance peak which is
between 640 MHz and 643 MHz at the lowest probe power. At 641.4 MHz,
|S11| is 3.5 dB at the lowest probe power. Below 641 MHz and above 643
MHz, |S11| is below 1 dB. The simulation (see Figure 4.7b) shows a clear
minimum in |S11| at the lowest probe power (fr) at 640.1 MHz, and then
|S11| is -7.7 dB. According to the simulation, |S11| is 0 dB at highest between
635 MHz and 645 MHz. The simulated |S11| is thus very different from the
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Figure 4.5: Magnitude of S11 with respect to probe frequency and power
according to (a) measurement in cooldown I and (b) corresponding simula-
tion.

Figure 4.6: Phase of S11 with respect to probe frequency and power ac-
cording to (a) measurement in cooldown I and (b) corresponding simulation.
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Figure 4.7: Magnitude of S11 with respect to probe frequency and power
according to (a) measurement in cooldown II and (b) corresponding simula-
tion.

Figure 4.8: Phase of S11 with respect to probe frequency and power accord-
ing to (a) measurement in cooldown II and (b) corresponding simulation.
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measured |S11|.

Figure 4.8 shows the phase of S11 with respect to probe frequency and probe
power according to our second measurement and the corresponding simula-
tion. Even though we cannot say anything about fr based on measured |S11|
(Figure 4.7a), we can determine fr as the frequency at which the phase has
shifted by 180◦. According to the measurement shown in Figure 4.8a, fr
is 640.8 MHz. The corresponding simulation (see Figure 4.8b) gives us the
same fr. The bifurcation frequency is 638.6 MHz according to the measure-
ment but significantly lower, 635.4 MHz, according to the simulation. The
measured phase makes practically a whole circle between 635 MHz and 645
MHz. However, according to the simulation, there is a phase difference of
more than 60◦ between reflected waves whose frequencies are 635 MHz and
645 MHz.

As we can see in Figures 4.5 - 4.8, there is a better correspondence between
experiments and simulations when we observe the phase of S11 than when
we observe the absolute value of S11.

4.2 Sensitivity analysis of reflection coeffi-

cient

So far, we have seen that the simulated S11 does not completely match with
the measured S11. It is thus important to know how the simulated S11 changes
when we alter the values of simulation parameters. Consider the simulation
which corresponds to the measurement in our first cooldown. If we increase
LS by 1 % up to 0.503 nH and keep other simulation parameters fixed, both
fr and fbif decrease by 0.3 MHz, and then fr is 641.7 MHz and fbif is 639.5
MHz. If we decrease LS by 1 % down to 0.493 nH, both fr and fbif increase
by 0.3 MHz, and then fr is 642.3 MHz and fbif is 640.1 MHz. Changes of 0.3
MHz in fr and/or fbif are already significant.

The resonance frequency fr and the bifurcation frequency fbif are even more
sensitive to changes in IC . When we increase IC up to 17.4 µA and keep other
simulation parameters fixed, both fr and fbif increase by more than 1 MHz,
and then fr is 643.1 MHz and fbif is 641.0 MHz. When we decrease IC down
to 17.2 µA, both fr and fbif decrease by 1.2 MHz, and then fr is 640.8 MHz
and fbif is 638.6 MHz. The Josephson inductance LJ is inversely proportional
to IC . We can thus increase fr and/or fbif by decreasing inductance, either
LJ or LS.
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Figure 4.9: Small-signal |S11| with respect to probe frequency with five
values of resistance R1 according to simulation I.

Figure 4.10: Small-signal S11 with respect to probe frequency with three
values of general impedance Z according to simulation I.
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Figure 4.9 shows how the small-signal |S11| behaves with different values of
resistance R1 when we keep other simulation parameters fixed. Increasing
R1 from 1 mΩ up to 81 mΩ gives a deeper and wider resonance dip. A wider
resonance dip is related to a lower quality factor which is a result of higher
power losses. In addition, the whole |S11| curve moves slightly downwards.
However, fr and fbif (the latter not shown in Figure 4.9) are not at all as
sensitive to changes in R1 as LS or IC . There is an increase of 0.1 MHz in
fr only when we increase R1 by almost 200 %, from 9.5 mΩ to 27 mΩ. A
similar behaviour of the small-signal |S11| can be observed when we change
the value of R2, but because of the transformer, the impact of R2 is 1722

(about 30 000) times greater than that of R1.

Figure 4.10 shows how the small-signal S11 behaves with different values
of imaginary part of general impedance Z when we keep other simulation
parameters fixed. The resonance frequency increases and the phase curve
shifts slightly to the right while Im{Z} increases.

4.3 Gain

We measure the gain of the JPA with respect to probe frequency and pump
power with the same setup which we used earlier to measure the reflection
coefficient (cooldown I). We use a quasi-continuous frequency sweep (1601
linearly spaced measurement frequencies) in the frequency range from 639.266
MHz to 643.266 MHz. We measure at 155 pump powers which are between
-99 dBm and -93 dBm. The pump frequency is 641.27 MHz. In Figure
4.11 we plot the measured gain which is 26.2 dB at highest when the probe
frequency is 641.3 MHz and the pump power is around -96 dBm. In Figure
4.13 we take a closer look at the area of the highest measured gain. The
gain remains quite high even if we increase the probe frequency or the pump
power. For example, we can still get a gain of 13.7 dB at 642 MHz frequency
and -95 dB pump power. However, decreasing the probe frequency and/or
the pump power from their optimal values makes the gain to vanish rapidly.

We try to produce the results of this measurement by simulation. The prop-
erties of components in the simulation circuit (see Table 4.1) are the same as
when simulating the reflection coefficient earlier corresponding to cooldown I.
We have the same quasi-continuous frequency sweep as in the measurement
and 155 pump powers between -95 dBm and -89 dBm. We simulate the
highest gain (21.5 dB) at 640.0 MHz probe frequency and -92.8 dBm pump
power, which is illustrated in Figure 4.12. The maximal gain is thus signif-
icantly lower in the simulation than in the measurement, and the optimal
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Figure 4.11: Gain with respect to probe frequency and pump power,
cooldown I.

Figure 4.12: Gain with respect to probe frequency and pump power, sim-
ulation I.
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Figure 4.13: Gain detail with respect to probe frequency and pump power,
cooldown I.

Figure 4.14: Gain detail with respect to probe frequency and pump power,
simulation I.
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frequency is 1.3 MHz lower in the simulation than in the measurement. In
addition, the area of high gain (say more than 15 dB) in the frequency-power
plane is significantly smaller in the simulation than in the measurement. The
simulation suggests that the gain decreases faster than in the measurement
when we change the probe frequency or the pump power in either direction.
In Figure 4.14 we simulate the gain in more detail in the area where the gain
is highest according to Figure 4.12. We have a continuous frequency sweep
between 639.5 MHz and 640.5 MHz (1601 simulation frequencies) and a con-
tinuous pump power sweep between -93.0 dBm and -92.5 dBm (155 pump
powers).

4.4 Gain-bandwidth relation

It is more interesting to know the value of the product of the square root
of the maximal gain times the bandwidth (see equation (2.33)) than the
maximal gain value alone. In principle, we can get an infinite gain at a
narrow bandwidth by adjusting the pump parameters. However, the product√
GmaxB should be a constant and it is an important figure of merit of an

amplifier. We investigate
√
GmaxB first by altering the value of the coupling

capacitance Ck in our simulation circuit (see Figure 3.11). We pick five
values of Ck, and we choose the values of pump frequency and pump power
individually for each Ck such that we get a gain of 20 dB with each Ck and
the pump power is as low as possible. The pump frequencies and pump
powers corresponding to each Ck are shown in Table 4.2. We simulate the
gain using a quasi-continuous frequency sweep from 638 MHz to 642 MHz.
We use the same simulation parameters as when simulating the gain, but we
have 0.496 nH as LS and 9 mΩ as R1. We notice that the gain is not affected
by changes in the probe power, so we run all simulations with -95 dBm probe
power.

Figure 4.15 shows the gain with respect to probe frequency at the values of
coupling capacitance, pump frequency and pump power shown in Table 4.2.
We notice that the band of amplification remains roughly constant when we
change Ck. The frequency of the highest gain changes with Ck and fpump.
In Figure 4.16 we plot

√
GmaxB with respect to the coupling capacitance.

The product
√
GmaxB is between 8 MHz and 9 MHz and it seems to increase

when Ck gets higher than 420 CS. This result is much smaller than what
can be expected according to theory (13.4 MHz), see section 2.5. However,
we should analyze

√
GmaxB at a greater number of coupling capacitance

values in order to make more significant conclusions about the behaviour of
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Table 4.2: Values of coupling capacitance and corresponding pump frequen-
cies and pump powers used to investigate the gain-bandwidth relation.

Ck [1.23 fF] fpump [MHz] Ppump [dBm]
410 640.55 -93.117
415 640.36 -93.055
420 640.15 -92.957
425 639.96 -92.887
430 639.76 -92.779

√
GmaxB as a function of Ck.

We test the gain-bandwidth relation again by simulating the gain at Ck =
420 CS with a huge number of linearly spaced pump powers (1541) between
-95 dBm and -89 dBm. A great number of pump powers is needed in order to
know accurately how

√
GmaxB behaves with respect to pump power. Again,

we use a quasi-continuous frequency sweep (1601 frequencies) between 638
MHz and 642 MHz, and the values of LS and R1 are 0.496 nH and 9 mΩ, re-
spectively. We plot the gain with respect to probe frequency at Ck = 420 CS
for five pump power values in Figure 4.17. The maximal gain decreases and
the bandwidth increases when the pump power increases from its optimal
value -92.58 dBm. However, the bandwidth does not increase as much with
decreasing maximal gain as according to theory, see Figure 2.9. Figure 4.17
shows that the highest gain does not necessarily occur at the pump frequency,
but the optimal frequency increases when the pump power increases from the
optimal value. The optimal frequency at which we get the highest gain is
640.05 MHz at -92.78 dBm pump power, then it goes down to 640.00 MHz at
-92.58 dBm pump power and finally it increases up to 640.24 MHz at -92.00
dBm pump power.

In Figure 4.18 we plot
√
GmaxB with respect to pump power. The product√

GmaxB is slightly below 3 MHz at -92.8 dBm pump power, and it increases
rapidly up to 15 MHz. Then,

√
GmaxB decreases down to roughly 8 MHz, and

it seems to be a constant at pump powers higher than -92.2 dBm. According
to equation (2.33), we should have

√
GmaxB ≈ 13.4 MHz, and therefore the

peak in Figure 4.18 is unexpectable. It is not possible to consider
√
GmaxB

at pump powers lower than -92.8 dBm or higher than -92 dBm, because the
gain peak is not high enough in order to define the bandwidth as the distance
between half gain frequencies.
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Figure 4.15: 20 dB gain at five values of coupling capacitance.

Figure 4.16: The product
√
GmaxB with respect to coupling capacitance.
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Figure 4.17: Gain with respect to probe frequency at various pump powers
at optimal coupling capacitance Ck = 420 CS.

Figure 4.18: Gain-bandwidth product with respect to pump power at op-
timal coupling capacitance Ck = 420 CS.
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4.5 1 dB compression point

We pump the JPA with -91.4 dBm power and we measure the gain with
respect to the probe frequency in the frequency interval from 635 MHz to 645
MHz at 1601 linearly spaced probe frequencies. We repeat the measurement
at 61 linearly spaced probe powers from -135 dBm to -105 dBm. We notice
that the gain is highest around the resonance frequency 640.1 MHz at all
probe powers. For example, we can see the behaviour of the gain with respect
to probe frequency at -125 dBm probe power in Figure 4.19. In the same
way, we simulate the gain at -92.82 dBm pump power and 639.99 MHz pump
frequency at 1601 linearly spaced probe frequencies between 635 MHz and
645 MHz and 81 linearly spaced probe powers between -155 dBm and -115
dBm.

We calculate the average value of the measured gain between 640.05 MHz and
640.15 MHz for all 61 probe powers and the average value of the simulated
gain between 639.95 MHz and 640.05 MHz for all 81 probe powers. We plot
these averages with respect to probe power in Figure 4.20. According to
the measurement, the maximal averaged gain is almost a constant (18.8 dB)
between -135 dBm and -123 dBm but it starts to decrease when the probe
power becomes higher than -123 dBm. When the probe power is -119.5 dBm,
the maximal measured gain is 1 dB below its small-signal value. This is the 1
dB compression point of our JPA and it is of the same order of magnitude as
in Ref. [26] even though the operating frequency of the JPA of Ref. [26] is 10
times higher than that of our JPA. According to the simulation, the maximal
gain is much higher at a very low probe power (for example 21.7 dB at -150
dBm), and it is therefore not meaningful to define the 1 dB compression
point according to the simulation.
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4.6 Noise temperature

4.6.1 HEMT noise temperature

We estimate the noise temperature of the HEMT amplifier with the Y-factor
method presented in Chapter 3. We measure the noise power at the amplifier
output at temperatures from 0.1 K to 2.6 K at two different frequencies (628
MHz and 643 MHz), and we fit a straight line to the measurement data. This
is illustrated in Figure 4.21. The temperature sweep was recorded during the
warm-up sequence of the cryostat. The temperature used for plotting of the
data and the linear fit is that of the mixing chamber plate, where majority of
the noise power incident at the HEMT input originates. Note, however, that
the network connected to the amplifier input contains components at different
temperature stages of the cryostat, and that the attenuation properties of the
chain might also be temperature-dependent. This adds some uncertainty to
the noise temperature estimate. The measured power spectral density with
respect to temperature nevertheless appears quite linear. The temperature
at which the extrapolation of the red line (see Figure 4.22) reaches zero
noise power is the opposite number of the noise temperature. Error bars
are determined from the uncertainty related to fitting a straight line to the
(noise power, temperature) points, and they are inside the black diamonds
in Figure 4.22. We thus get (16.15 ± 0.24) K as noise temperature at 628
MHz frequency and (14.86 ± 0.20) K at 643 MHz frequency. These noise
temperatures are much higher than what the manufacturer claims (6.5 K
at 550 MHz). However, it would have been surprising if we had measured
a lower noise temperature than the manufacturer as noise is an undesirable
phenomenon.

4.6.2 JPA noise temperature

We measure the noise temperature of the JPA with the Y-factor method and
the SNR method. Prior to the noise measurement, the frequency and power
of the pump tone are tuned to produce at least 20 dB of small signal gain, and
the attenuation phase shift of the pump cancellation line is optimized. In our
first noise temperature measurement (cooldown III), the JPA is connected
to a matched load whose temperature can be controlled independently of
the rest of the mixing chamber plate. The temperature of the load is first
T1 = 100 mK. The power spectral density at the amplifier output P1 is
measured. Then, the load is heated up to T2 = 260 mK, T3 = 470 mK and
T4 = 720 mK and the respective powers at the amplifier output P2, P3 and P4
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Figure 4.21: Measured noise power of the HEMT amplifier with respect to
temperature at frequencies 628 MHz and 643 MHz (blue dots). Red lines are
fitted to the experimental data.

0 0.2 0.4 0.6 0.8 1 1.2
−20

−10

0

10
628 MHz

T 
[K

]

0 0.2 0.4 0.6 0.8 1 1.2
−20

−10

0

10
643 MHz

T 
[K

]

noise power [arbitrary unit]

Figure 4.22: Extrapolation of the fitted red lines of Figure 4.21 down to
zero noise power (black diamonds) in order to find the noise temperature of
the HEMT amplifier.
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are measured. We have 23 distinct measurement frequencies between 639.85
MHz and 640.45 MHz. Figure 4.23 shows the noise power integrated over a
1 kHz bandwidth with respect to the temperature of the load at frequencies
639.95 MHz and 640.25 MHz. Straight lines are fitted to the measurement
data and extrapolated down to zero noise power. The temperature at which
the noise power is zero is the opposite number of the noise temperature.

Figure 4.24 shows the signal-to-noise ratios obtained in the same measure-
ment with pump generator on and off at 100 mK temperature in the fre-
quency interval 639.65 MHz ... 640.65 MHz. Finally, Figure 4.25 shows us
the noise temperatures as a function of frequency according to both the Y-
factor method (see Figure 4.25a) and the SNR method (see Figure 4.25b).
Error bars of Figure 4.25a are determined from the uncertainty related to
fitting a straight line to the (temperature, noise power) points. The SNR
method gives a significantly lower noise temperature (even less than 1 K)
than the Y-factor method at most frequencies. This can be a consequence
of, e.g., internal losses that are present both when the pump generator is on
and off.

We repeat the noise temperature measurement in the third cooldown by mea-
suring output powers at 35 mK, 280 mK and 710 mK. The data is analyzed
in a similar way as above. We have 25 distinct measurement frequencies
between 639.24 MHz and 640.24 MHz. Figure 4.26 shows the noise tem-
peratures with respect to frequency according to the Y-factor method (see
Figure 4.26a) and the SNR method (see Figure 4.26b). The data for the SNR
method is taken at 35 mK. Again, error bars of Figure 4.26a are determined
from the uncertainty related to fitting a straight line to the (temperature,
noise power) data. Also in this measurement, we observe the SNR method
to give a lower noise temperature value than the Y-factor method.

The ratio TN, JPA, Y-factor/TN, JPA, SNR = 2 = 3 dB is an estimate of the total
attenuation between the heated load and the JPA input plus the attenuation
due to internal losses of the JPA. The internal losses can be reduced by
avoiding the coupling to lossy materials and interfaces inside the JPA.

Finally, we can employ the SNR method in a reverse manner to evalute the
system noise temperature referred to the load resistor output with pump gen-
erator off, see Figure 4.27. This measurement shows that the system noise
temperature is around 50 K at 639.2 MHz and it increases with increasing
frequency up to more than 70 K, and then it decreases with increasing fre-
quency down to less than 30 K. This result clearly suggests it is worth using
the JPA as a pre-amplifier for low-temperature experiments. A straightfor-
ward application of the Y-factor method with the pump off does not give a



4.6 Noise temperature 54

reliable result due to the limited heating range of the load: Consider that
TN, HEMT ≈ 14 K from previous measurements, whereas the load could only
be heated to about 0.7 K. If we heat the load to a temperature which is
higher than 0.7 K, the base temperature of the cryostat (10 mK) starts to
increase. However, the quantity

TN, sys = 2TN, JPA
SNRON

SNROFF

(4.2)

is an estimate of the aforementioned noise temperature. TN, sys is sensitive to
all losses between the heated load and HEMT input, which we can estimate to
be TN, sys/THEMT, i.e., between 2.5 dB and 7 dB, depending on the frequency.
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Figure 4.25: Noise temperature of the JPA according to the Y-factor
method and the SNR method, measurement 1.
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Figure 4.26: Noise temperature of the JPA according to the Y-factor
method and the SNR method, measurement 2.
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Figure 4.27: Noise temperature of the system without the JPA according
to the SNR method, measurement 2.
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Chapter 5

Summary and outlook

This Master’s thesis has three main achievements. The first one is the de-
tailed description of the structure of the JPA made by Aalto University and
VTT. A new device can be fabricated based on such a detailed description.
The second achievement is the description of the characterization setup for
the JPA and a compact presentation of the experimental characterization
results. These results are the resonance frequency, the quality factors, the
gain, the 1 dB compression point and the noise temperature of the JPA. Ac-
cording to the noise temperature results, the JPA can reduce the noise power
in the readout signal of an external component, e.g., a radio frequency ther-
mometer, by more than one order of magnitude compared to a commercial
HEMT amplifier. The third achievement is the presented simulation work
which provides us with useful information about component properties for
fabrication of a new device.

Development of our JPA is still in progress. The next step in the development
is to achieve a tunable band of amplification. The usability of the device as
a general purpose pre-amplifier for low-temperature experiments would be
greatly enhanced if the gain peak could be moved by at least 10 MHz by
magnetic flux. For this purpose, we have already placed the JPA inside
a magnetic shield, which should allow it to operate away from the flux-
insensitive point. After that, we should decrease power losses by reducing
cabling between the heated load and the JPA. In addition, we should increase
the internal quality factor Qi of the JPA by reducing its internal power
losses. This can be done, e.g., by preventing the signal from coupling to
lossy components, materials and material interfaces. Also, the impact of
the coupling capacitance on the gain and the bandwidth could be analyzed
further, and we should aim at getting a higher value of

√
GmaxB. Finally,
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our JPA will be integrated into the radio frequency thermometer which is
being developed in PICO group.

In order to make accurate temperature measurements in RF technique, one
should consider purchasing a less noisy HEMT amplifier. The noise temper-
ature of a cryogenic HEMT amplifier at 20 K physical temperature should
obey the relation 1 K per 1 GHz of operating frequency plus 1 K [27]. That
is, an amplifier operating at 0.6 GHz could be expected to have a noise tem-
perature of 1.6 K. In addition, cooling the amplifier down to 3 K should
improve its noise properties further.
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Appendix A

APLAC models

This appendix contains the APLAC models and all simulation parameters
used in reflection coefficient and gain simulations.
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Figure A.1: APLAC model for simulating S11 (simulation I).
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Figure A.2: APLAC model for simulating the gain.
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