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Abstract 
A quantum computer would exploit the phenomena of quantum superposition and 

entanglement in its functioning and with them offer pathways to solving problems that are too 
hard or complex to even the best classical computers built today. The implementation of a 
large-scale working quantum computer could bring about a change in our society rivaling the 
one started by the digital computer. However, the field is still in its infancy and there are many 
theoretical and practical issues needing to be solved before large-scale quantum computing can 
become reality. 

  
In digital computers, data is stored in bits. The quantum equivalent is called a qubit (quantum 

bit) and it is basically a quantum mechanical two-level system that can be in a superposition of 
its two basis states. There are many different proposals for implementing qubits, but one of the 
most promising ones is to encode the qubit using electron spins trapped in semiconductor 
quantum dots. Singlet-triplet qubits are spin qubits where the two-electron spin eigenstates 
are used as the qubit's basis. The required one and two-qubit operations have already been 
demonstrated experimentally by several research groups around the world in this qubit 
architecture. The most severe factor limiting the implementation of larger systems of qubits is 
decoherence. The qubits are not isolated systems, they interact with their environment, which 
can lead to the loss of quantum information. 

  
Few-electron systems can be simulated accurately using first principle methods that become 

too taxing when the particle number increases. The topic of this thesis is the simulation of 
quantum dot singlet-triplet qubit systems using accurate exact diagonalization based methods. 
The emphasis is on the realistic description of qubit operations, both single-qubit ones and 
those involving the interaction between neighboring qubits. The decoherence effects are also 
discussed alongside with certain proposals to alleviate their effects. 
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1. Introduction

The invention of the digital computer and the subsequent rise of the infor-

mation technology have propelled our society and culture to an unprece-

dented new era. The technological advances and innovations done in the

last twenty years have been so enormous that even the wildest visions

imagined in the preceding decades cannot compete with the reality today.

This technological shift has altered all aspects of our every day lives in

profound ways.

The ever-accelerating progress in the computer age has been fueled by

the so-called Moore’s law, predicting an exponential rise in the capacities

of computers. It has held thus far, but there might be a limit to this ex-

ponential growth. Moore’s law is based on the ever-diminishing size of

computers’ microchips. The microchips cannot, however, shrink forever.

Today, we are approaching the point when the chips have become so small

that quantum mechanical phenomena can inhibit their functioning. In-

stead of considering the quantum effects as a mere error source, one could

also try to harness them. A fundamentally new kind of a computer, a

quantum computer, has indeed been a subject of intensive theoretical and

experimental research in the last couple of decades.

A quantum computer would exploit the phenomena of quantum super-

position and entanglement in its functioning and with them offer path-

ways to solving problems that are too hard or complex to even the best

classical computers built today. The implementation of a large-scale work-

ing quantum computer could bring about a change in our society rivaling

the one started by the digital computer. However, the field is still in its

infancy and there are many theoretical and practical issues needing to be

solved before large-scale quantum computing can become reality.

In digital computers, data is stored in bits. The quantum equivalent is

called a qubit (quantum bit) and it is basically a quantum mechanical two-
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Introduction

level system that can be in a superposition of its two basis states. There

are many different proposals for implementing qubits, but one of the most

promising ones is to encode the qubit using electron spins trapped in semi-

conductor quantum dots. These systems, the confinement of the electrons

in the quantum dots, can be defined and controlled accurately using elec-

tric pulses. There are many ways how the spin degree of freedom can

be used to encode qubits, but the one most relevant to this thesis is the

proposition to use the two-electron spin eigenstates as the qubits’ basis

states. Such qubits are often called singlet-triplet qubits and they offer

many advantages over the superficially simpler one-spin qubit.

The required one and two-qubit operations, including the initiation and

measurement of the qubit’s states, have already been demonstrated exper-

imentally by several research groups around the world with singlet-triplet

qubits. The basic pieces of the puzzle are in place, but there is still a lot

of what we do not understand, many problems to be solved. The most

severe factor limiting the implementation of larger systems of qubits is

decoherence. The qubits are not isolated systems, they interact with their

environment, which can lead to the loss of quantum information.

Solid theoretical understanding of the underlying phenomena is a req-

uisite for the successful experimental implementation of these qubit sys-

tems. Few-electron systems can be simulated accurately using first princi-

ple methods that become too taxing when the particle number increases.

The topic of this thesis is the simulation of quantum dot singlet-triplet

qubit systems with accurate exact diagonalization based methods. The

emphasis is on the realistic description of qubit operations, both single-

qubit ones and those involving the interaction between neighboring qubits.

The decoherence effects are also discussed alongside with certain propos-

als to alleviate their effects.

This thesis is organized as follows. Chapter 2 provides an overview to

the concept of a quantum dot, with emphasis being on the lateral gate de-

fined semiconductor dots that for the basis of in the singlet-triplet qubit

scheme. In Chapter 3, the topic is the fundamentals of quantum com-

puting using electron spins. The singlet-triplet qubit architecture is dis-

cussed with more detail, including the proposals and advances done in

this thesis. In Chapter 4, the computational and theoretical methods used

are reviewed. Chapter 5 summarizes the contents of this thesis.

10



2. Quantum dots

2.1 Basics

A quantum dot (QD) is an artificial structure that can be filled with either

electrons or holes. The dot can exchange charges with reservoirs coupled

to it through tunnel barriers, and its electronic properties can be mea-

sured using current and voltage probes [1, 2]. Having discrete spectra of

eigenstates, QDs are often described as artificial atoms. They allow the

study and application of few electron level physics in a controlled man-

ner [3].

The term “quantum dot” is quite loosely defined; there is a multitude

of different physical systems often called as quantum dots. QDs can be

realized using for example trapped molecules, different kinds of nanopar-

ticles, semiconductor systems, and carbon nanotubes [2]. All these dif-

ferent realizations, however, share the same essential properties. The

energy levels in a QD are discrete as the system is confined in all three

dimensions. The stronger the confinement is, the larger the separations

between energy levels are. The three-dimensional confinement also re-

sults in making the Coulomb interactions between electrons stronger. It

has been proposed that the strong correlations may allow the study of

many exotic physical phenomena, such as the fractional quantum Hall

effect [4–6], using QD systems.

QDs have several promising applications, for example in light emitting

devices [7, 8], solar-cells [9], and imaging in biological and medical sci-

ences [10, 11]. However, the one application at the heart of this thesis is

the use of QDs in quantum information. More specifically, the main focus

is on two-electron spins in semiconductor double QD devices being used

as qubits [12, 13]. The next sections concentrate on the definition and

11
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Figure 2.1. The formation of the two-dimensional electron gas in the heterostructure
of GaAs and n-doped AlxGa1−xAs. When brought in contact, the differing
Fermi-levels of the two materials are matched, resulting in their energy
bands bending and a potential well forming at the interface. Electrons oc-
cupying the bound states of the well are strongly confined in one direction
and the 2DEG is formed (figure adapted from Ref. [14] by Davies).

fabrication of the lateral gate defined dots and the experimental progress

made in this field.

2.2 Lateral gate-defined semiconductor quantum dots

In this thesis, the QDs discussed are all of the lateral semiconductor kind.

The name ’lateral quantum dot’ derives from the lateral gate geometry of

these electrostatically confined QD systems. In them, the movement of

electrons is first restricted to two dimensions, and a two-dimensional elec-

tron gas (2DEG) is formed. The actual QD is then created electrostatically

by gate voltages. A potential landscape is formed as different voltages are

applied to the lateral gates. Individual electrons can be trapped in the

minima of the electric potential and a few-electron QD is created. The

number of trapped electrons can be controlled reliably using suitable gate

geometries [2].

The 2DEG essential to this QD realization is formed at the interface

of certain semiconductor materials. The most typical choice of material

is the heterostructure of epitaxially grown layers of GaAs and AlGaAs,

where the latter is an alloy of AlAs and GaAs, with the chemical formula

AlxGa1−xAs. The AlGaAs-layer is doped with Si, creating free electrons in

the structure. When the two materials are connected, their Fermi-levels

are matched, resulting in their energy bands bending, and the dopants in

AlGaAs transferring to GaAs so that an electrical potential minimum is

formed at the interface. The excess electrons from the Si-dopants occupy

the bound states of the well. The electrons are strongly confined in the z-

direction (see Fig. 2.1), so strongly that their movement in that direction

can often be disregarded, and the 2DEG is formed.

12
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Figure 2.2. Left: a schematic of a lateral gate-defined quantum dot device. The 2DEG
(light gray) is formed between the AlGaAs and GaAs layers. Metal gate elec-
trodes (dark gray) define the potential of the dot and voltages applied to them
can be used to control the number of electrons in it (figure taken from Ref. [2]
by Hanson et al.). Right: A scanning electron micrograph of a lateral double
dot device by Elzerman et al. [17]. The gate electrodes are shown in light
gray, and the two white circles denote the locations of the dots. The electron
occupancy of the dots can be measured with the quantum point contacts.

The QD is created when the electrons are further confined in the direc-

tions of the 2DEG using gate electrodes (see Fig. 2.2). A suitable design of

the gate structure allows small islands of electrons to be separated from

the 2DEG. The dot is connected to electron reservoirs via low-resistance

leads and the current due to the transport of the electrons through the

dot can be used to measure its electrical properties. A nearby electrom-

eter, such as a quantum point contact (QPC) [15], can also be used to

detect the charge inside the dot, allowing a non-invasive probing of the

properties of the QD system. It should be noted that in order to access the

quantum phenomena discussed in this thesis, the GaAs/AlGaAs-system

has to be cooled below 1K [2]. The first experiments demonstrating a suc-

cessful implementation of a lateral few-electron QD device were done by

Ciorga et al. in 2000 [16].

Systems of multiple coupled QDs are often called QD molecules. The

first demonstration of a lateral double quantum dot (DQD) system was

done by Elzerman et al. in 2003 [17] (see Fig. 2.2). In their design, QPCs

were used to measure the electron occupancy of the dots. This particular

design has later become the standard in the field and is used by several

different research groups around the world in fabrication of DQDs. Sys-

tems larger than two dots have also been implemented. A triple dot was

first demonstrated by Gaudreau et al. in 2006 [18], and systems of two

DQDs have been used by several groups [19,20].

Single electrons can also be trapped from the 2DEG into the minima of

a surface acoustic wave (SAW). In piezoelectric materials, such as GaAs,

SAWs create a moving potential modulation that can then be used to

transport electrons between two QDs separated in space. This is a fea-

13
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ture that is by no means trivial as for distances larger than a few hundred

nanometers neither free propagation nor tunneling are viable transfer

methods [21]. SAW induced single-electron transport between two QDs

via a linear channel has been demonstrated experimentally [21,22]. SAW

transport can also be done through X or Y-shaped junctions [23–25].

14



3. Quantum computation with spin
qubits

3.1 Quantum computation

Despite the enormous leaps done in information science in the last few

centuries, many computational problems still greatly exceed the capabil-

ities of even the best supercomputers. A classical example of such an

immensely taxing problem is the prime factorization of very large integer

numbers that becomes relevant in the context of many cryptographic pro-

tocols. One possible way to solve some of these hard problems is to build

a completely new kind of a computer that exploits quantum mechanical

phenomena to enhance its computational power. The invention of the con-

cept of a quantum computer and the field of quantum information science

is often attributed to Richard Feynman and his 1982 paper [26]. The idea

was further developed by Deutsch in 1985 [27], when he presented the

first quantum algorithm showing that a quantum computer can indeed

perform certain tasks faster than its classical counterpart. The interest

in the field exploded with the famous Shor algorithm [28] which could be

used to solve the aforementioned prime factorization problem in polyno-

mial time, phenomenally faster than classical computers.

Classical computers encode data into bits; each bit has a value of either

0 or 1. The main idea behind a quantum computer is that the bits, called

qubits (quantum bit) in this context, are quantum mechanical two-level

systems spanned by the states |0〉 and |1〉. Due to the principles of quan-

tum mechanics, a quantum bit can then also be in a superposition of 0 and

1. This fact makes the quantum computer fundamentally different from

the classical one, as each qubit can be simultaneously 0 and 1 and every-

thing in between. A qubit can either be a true two-level system (like the

polarization angles of a photon) or an approximate one in which case the
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Quantum computation with spin qubits

low lying subspace of the states |0〉 and |1〉 should be separated in energy

from the rest of the eigenstates of the system or otherwise decoupled from

them. In addition to the spin qubits [12,13] that are the topic of this the-

sis, there are many other promising realizations for a qubit, for example

atoms and ions [29] and superconducting qubits [30].

A general state |ψ〉 of a qubit can be written as |ψ〉 = α0|0〉+α1|1〉, where

α0 and α1 are complex numbers satisfying the normalization condition,

|α0|2+|α1|2 = 1. The possible states can thus be represented as the surface

of a sphere. In this so called Bloch-sphere representation, a general state

of a qubit can be written as (up to a global phase that has no physical

meaning in this context),

|ψ〉 = cos

(
θ

2

)
|0〉+ eiφ sin

(
θ

2

)
|1〉, (3.1)

where θ ∈ [0, π] and φ ∈ [0, 2π] are the polar and azimuthal angles in the

spherical coordinates, respectively. The state |ψ〉 is thus equated with a

point defined by the angles θ and φ on the sphere’s surface and the basis

states |0〉 and |1〉 are represented by the north and south poles. In the

’equator’ of the sphere (called also the xy-plane), both qubit states 0 and

1 have equal occupations.

The most studied and thus best known model of quantum computation

is the so-called circuit model [31], although there are also other schemes

such as the one-way quantum computer [32] and adiabatic quantum com-

putation [33]. In the circuit model, the quantum computer works in prin-

ciple quite similarly to its classical equivalent. A single computation is

a specific sequence of quantum gates, reversible transformations on an

n-qubit register. An important requirement that a functioning quantum

computer should fulfill is universality, i.e. that given any classical re-

versible circuit, a quantum circuit consisting of certain basic building

blocks of gates can simulate it. There exists a theorem saying that a

quantum circuit consisting just of single-qubit rotations (see Sec. 3.4.2)

and a two-qubit gate, such as the complex phase (CPHASE) gate (see Sec.

3.4.3) can meet the requirements of universality [34]. The universality is

actually one of the five so-called Loss-DiVincenzo criteria, requirements

that have to be fulfilled in a physical implementation of a quantum com-

puter [35]. The criteria are: 1) a scalable physical system with well de-

fined qubits, 2) reliable state preparation, 3) much longer decoherence

times than the gate operation times, 4) universal set of quantum gates,

and 5) a qubit specific measurement capacity.
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The field of quantum information and computing is still in its infancy.

Although the principles are clear and a lot of progress has been made in

the last few centuries, there is still a long way to go until a functioning

large-scale quantum computer becomes reality. The biggest obstacles to

be overcome are issues related to scalability and decoherence. The former

means that any useful quantum circuit consists of an enormous number

of qubits and gates, while thus far researchers have been able to make

only very small number of qubits working together in a controlled and

reliable manner. Decoherence, on the other hand, is a very serious prob-

lem stopping much of the progress that would otherwise be made. The

interaction of the qubits with their environment results in the quantum

superpositions being short-lived and the qubit systems basically leaking

information out (see Sec. 3.4.4 for more on quantum decoherence). There

are some proposed remedies to the decoherence problem, but it’s still far

from being solved.

3.2 Entanglement

Entanglement is a quantum phenomenon that has no analogue in clas-

sical physics. Pairs or groups of particles can interact in ways that the

state of each particle or subsystem can no longer be described individu-

ally. Instead, the whole system behaves like single entity. Entanglement

was first ’discovered’ as an argument against the plausibility of the whole

quantum mechanics is the famous paper by Einstein, Podolsky, and Rosen

in 1935 [36]. The phenomenon was thought to be so peculiar and alien to

human understanding that Einstein et al. reasoned that the laws of quan-

tum mechanics predicting it must be wrong. Later on, it was discovered

that entanglement indeed is just a part of how the nature works in the

quantum scale. Entanglement is at the heart of the whole field of quan-

tum information, having numerous applications from quantum cryptog-

raphy and teleportation to actual quantum computing. For example, the

many-qubit gates required for universality in the circuit model of quan-

tum computation are entangling in nature [37].

An example describing the effects of entanglement involves a state |Ψ+〉 =
1√
2
(|01〉+ |10〉) of a system of two qubits, A and B. Here |01〉 = |0〉A ⊗ |1〉B,

i.e. a state with qubit A in |0〉 and qubit B in |1〉. Now, suppose the qubits

are separated by a large distance, and the state of the qubit A is mea-

sured. If the result is 0, |ψ〉 has collapsed to |01〉 and the state of the qubit
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B must be 1. Similarly, if A’s measurement yields 1, B will be in the state

0. Here, the measurement of the state of A seems to affect the state of B,

instantaneously regardless of where B is located in space. Einstein called

this phenomenon ’a spooky action in distance’.

The state |Ψ+〉 is indeed an entangled state, one of the so called four

Bell-states. These are defined as

|Ψ±〉 = 1√
2
(|01〉 ± |10〉), |Φ±〉 = 1√

2
(|00〉 ± |11〉). (3.2)

The Bell states are maximally entangled two-qubit states. Entanglement

can be thought of as a resource; generating it for a given task requires

a lot of effort, and in general it diminishes in the process of that task.

The amount of how much a given state is entangled can be determined

using an entanglement measure. There are many different kinds of such

measures, but the ones relevant to this thesis are concurrence for two-

qubit systems and its generalizations for a system of three qubits [37–39],

and these will be introduced in the next paragraphs.

First, define a general state |ΨNq〉 of Nq qubits as

|ΨNq〉 =
∑

k1,k2,...,kNq=0,1

αk1k2...kNq
|k1k2...kNq〉. (3.3)

Here, |k1k2...kNq〉 = |k1〉1 ⊗ |k2〉2 ⊗ ... ⊗ |kNq〉Nq and the αs are complex

numbers satisfying the normalization of the wave function |ΨNq〉. In the

case of two qubits, Eq. (3.3) becomes |Ψ2〉 = α00|00〉 + α01|01〉 + α10|10〉 +
α11|11〉. The concurrence can then be computed as

C = 2|α00α11 − α01α10|. (3.4)

Concurrence assumes values between 0 and 1, and the higher the value,

the more entangled the state. C = 1 corresponds to a maximally entan-

gled Bell state and C = 0 to an non-entangled state or a product state [37].

Entanglement in a three-qubit system is a more complex phenomenon

than the above two-qubit case, exhibiting several inequivalent classes

[37]. Any two qubits of the system can be entangled pairwisely, but there

exists also genuine three-qubit entanglement as well. Tn fact, there are

two different classes of it, the Greenberg-Horne-Zeilinger (GHZ) states

[40] and the W-states [37, 38]. The entanglement properties of a three-

qubit state can be characterized by using pairwise concurrences and the

three-tangle [38]. Given a general tripartite wave function of the form as

in Eq. (3.3), the three-tangle can be computed as

τ123 = 2
∣∣∣∑αijkαi′j′mαnpk′αn′p′m′ηii′ηjj′ηkk′ηmm′ηnn′ηpp′

∣∣∣ , (3.5)
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where the sum goes from 0 to 1 for all indices, with η01 = 1, η10 = −1, and

ηii = 0. The value of τ123 is between 0 and 1, and it is maximal for the

GHZ-states. Conversely, the W-class states have zero tangle [38,39].

The entanglement in a subsystem of two qubits (out of total three) can

be measured using pairwise concurrences. For example the pairwise con-

currence C12 of qubits 1 and 2 is obtained as C12 = max{√λ4−
√
λ3−

√
λ2−√

λ1, 0}, where the λs are the eigenvalues of the matrix

R12 = ρ12(Y ⊗Y)ρ̄12(Y ⊗Y) (3.6)

in an ascending order. Here, ρ12 is the reduced density matrix of the pair

1 and 2 obtained by tracing out the qubit 3 from the full 8 × 8 density

matrix of the system, Y is the y-Pauli matrix, and ρ̄12 denotes complex

conjugation. The W-states maximize all three pairwise concurrences, so

that C2
12 + C2

13 + C2
23 = 4/3. In the GHZ-states, the pairwise concurrences

are zero [38].

In the context of a general many-qubit system, the classification of dif-

ferent kinds of entanglement becomes more and more complex as the

qubit number is increased. The two-body Bell state and three-body GHZ-

state are actually special cases of a general class of highly entangled

many-qubit states called cluster states [41,42].

3.3 Spin qubits

Electron spin (and the spin of other particles such as protons and neu-

trons) is a relativistic property that arises as the fourth quantum number

describing the electron’s state (the other three correspond to the three

spatial dimensions) when solving the electron’s Dirac equation. The spin

of an electron is a quantum mechanical observable represented by the op-

erator Ŝ2 = Ŝ2
x+Ŝ2

y+Ŝ2
z . Here, Ŝx, Ŝy, and Ŝz are the projections of the spin

onto the three Cartesian coordinates. For all fermions (e.g. electrons), Ŝ

has the value h̄/2 = sh̄, with s = 1/2 being the spin quantum number. The

spin state of the electron usually means the eigenstates of the Ŝ2
z -operator,

corresponding to its two eigenvalues −h̄/2 and h̄/2 (or szh̄, with sz = ±1).

These eigenstates are often called the spin down and up states, and de-

noted with | ↓〉 and | ↑〉. The existence of this kind of a non-spatial degree

of freedom was first observed experimentally in the famous Stern-Gerlach

experiment in 1922 [43]. In the experiment, a beam of silver atoms was

split in two as it was led through a magnetic field. The reason for this is
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that the magnetic momentum of an electron is defined by its spin state.

Electron spins trapped in lateral gate defined QDs were proposed as

qubits by Loss et al. in 1998 [12]. In this qubit architecture, the |0〉 and

|1〉 states of the bits would be the | ↓〉 and | ↑〉-states of the spin of a trapped

electron. The spin state of the electron can be changed using a local mag-

netic field that couples to its magnetic momentum, and this procedure

can be used to create the one-qubit gates required for universality. In

this scheme, the coupling of two adjacent qubits is achieved by exploiting

the exchange interaction (more on this in Sections 3.4.1, 3.4.2, and 3.4.3)

arising from the overlap of the wave functions of the qubits’ electrons. Co-

herent oscillations of a single electron spin in a GaAs/AlGaAs-quantum

dot were demonstrated by Koppens et al. in 2006 [44].

Quantum dot spin qubits can also be realized using certain eigenstates

of the many-body spin operators Ŝ2 and Ŝz as the qubit’s basis states. For

N spin-1/2 fermions, these operators are defined as Ŝ2 =
∑N

i=1 Ŝ
2
i and

Ŝz =
∑N

i=1 Ŝz,i, where Ŝ2
i and Ŝz,i are the one-particle spin operators cor-

responding to particle i. The many-body Ŝ2 and Ŝz have the eigenvalues

s2h̄ and szh̄, respectively, with the quantum numbers s and sz satisfying

s ∈ {|σ1/2 + σ2/2 + ...+ σN/2| : σi = ±1 ∀i}, sz ∈ {−s,−s+ 1, ..., s}. (3.7)

If the qubit states |0〉 and |1〉 are encoded into the many-body spin, the

qubit consists of multiple electrons in several QDs. The most common

and widely studied case is the singlet-triplet qubit, i.e. two electrons in a

DQD, a qubit architecture first proposed by Levy in 2002 [13]. This qubit

realization is also the main topic of this thesis and it is discussed in detail

in the following sections. Three-electron qubits in triple QDs are another

possibility and one-qubit operations in them have been demonstrated ex-

perimentally [45–47]. There has also been proposals on many-electron

qubits in double dots [48,49].

The main advantage of the many-electron realizations over the single-

spin qubits is that the many-particle spin eigenstates sometimes have

natural protection against certain kinds of decoherence. This is true es-

pecially in the case of the nuclear spins of the host material that cause

a severe decoherence channel in GaAs-QD qubits [50, 51]. Both Ga and

As in GaAs/AlGaAs-heterostructures have non-zero nuclear spins. These

couple to the spins confined in the QDs via the hyperfine interaction and

result in an effective random magnetic field across the material. In case

of the single spin qubits, the effective field affects the energies of the qubit

states via the Zeemann-interaction and can lead to spin-flip errors in the
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qubit’s operation. The many-body spin states are often more weakly cou-

pled to the nuclear spins and the effects due to them are thus less severe.

Another possibility to mitigate the effects of the hyperfine coupling is to

move to host material that has zero nuclear spin (or a greatly smaller

number of non-zero spin host atoms). In silicon, the concentrations of

non-zero nuclear spin isotopes are low and silicon QD based qubits have

showed a lot of promise in the recent years [52–54].

3.4 Singlet-triplet qubits

3.4.1 Two-electron spin states

The two-electron spin operator Ŝ2 = Ŝ2
1 + Ŝ2

2 has four eigenstates, the

so-called singlet state (the spin part of the singlet’s wave function),

|S〉 = 1√
2
(| ↑〉1 ⊗ | ↓〉2 − | ↓〉1 ⊗ | ↑〉2) = 1√

2
(| ↑↓〉 − | ↓↑〉), (3.8)

that has sz = s = 0 and three triplet states,

|T−〉 = | ↓↓〉,
|T0〉 =

1√
2
(| ↑↓〉+ | ↓↑〉),

|T+〉 = | ↑↑〉, (3.9)

all having s = 1. Here, |T±〉 has sz = ±1, while in |T0〉, sz = 0. The spin

part of the singlet’s wave function is antisymmetric with respect to the

change of the particle indices, while those of the triplets are symmetric.

If there is no coupling between the spin and spatial degrees of freedom

in the Hamiltonian of the system, the total wave function of two particles

can be written as a product of the spin and spatial parts, Ψ = χΨS , where

χ is the spin part (e.g. one of the eigenstates in Eqs (3.8) and (3.9)) and

ΨS is the spatial part.

The total wave function of fermions is always antisymmetric with re-

spect to a change of particle indices. Hence, if the system is in a triplet

state (s = 1), ΨS must be antisymmetric and if it is in the singlet (s =

0), ΨS is symmetric. The different symmetry properties of the spatial

wave functions affect the behavior of the electrons. Electrons in the sin-

glet, having a symmetrical spatial wave function, behave effectively as

bosons. The so-called exchange force, a geometrical consequence of the

symmetrization of the spatial wave function, causes an attraction between
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the electrons in the singlet state whenever their wave functions overlap.

For the triplet state, the effect is the opposite, the overlap of the wave

functions results in an effective repulsive force between the electrons. The

difference in the energy of the singlet and the triplet |T0〉 is called the ex-

change energy.

A singlet-triplet qubit is defined by two electrons trapped in a lateral

DQD system. Logical basis states of the qubit are the singlet and the

sz = 0 triplet, i.e. |0〉 = |S〉 and |1〉 = |T0〉. In zero magnetic field, the three

triplet states are degenerate in energy. Adding a magnetic field Bz in the

z-direction (e.g. a homogeneous one) lifts this degeneracy as the states

|T±〉 have non-zero values of sz and couple to the magnetic field via the

Zeemann interaction, so that the energies of the states |T±〉 with respect

to |T0〉 are given as ±g∗μBBz (g∗ is the gyromagnetic ratio and μB the Bohr

magneton). If the field Bz is sufficiently strong (g∗μBBz >> J), the sz = 0

subspace is separated from the other two triplets and the system can be

regarded as two-level, spanned by the states |S〉 and |T0〉. The magnetic

field Bz also affects the energy splitting of the |S〉 and |T0〉-states. In zero

fields, the singlet is always the ground state. Increasing the magnetic

field will eventually cause the triplet to cross the singlet in energy and

become the lowest eigenstate [55].

3.4.2 Single-qubit operations

The requirements of universality in quantum computing can be met if the

qubit architecture contains a gate for a general one-qubit rotation and

an entangling two-qubit gate [12]. A general rotation means here that

a rotation around an arbitrary axis in the Bloch sphere can be achieved

by gate operation. Note that a general rotation can always be generated

using rotations around two different (non-parallel) axes.

In DQD singlet-triplet qubits, rotations around the z-axis (axis that goes

through poles, the |0〉 and |1〉 states) can be created by inducing an energy

splitting J = ET0 − ES between the basis states |T0〉 and |S〉 [13,56]. This

scheme was first demonstrated experimentally by Petta et al. in 2005

[57]. A singlet-triplet qubit is typically defined so that J ≈ 0 when there

is no potential energy difference between the minima of the two dots of

the qubit. This is achieved by making the tunneling barrier between the

dots is high enough that the overlap of the wave functions of electrons in

different dots is insignificant.

The exchange J can then be turned on electrostatically, by applying volt-
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Figure 3.1. The energies of the |S〉 and |T0〉 as functions of the potential energy difference
ε of the two dots in the DQD system. As the detuning is increased and it
overcomes the Coulomb repulsion of two electrons in a single dot, the singlet
will tunnel to the doubly occupied state S(0, 2). The exchange splitting J =

J(ε) driving z-rotations in the Bloch sphere is denoted in the figure in gray.

ages to gates defining the lateral DQD system, so that one of the dots

becomes preferable energetically. This procedure is called detuning the

qubit (See Fig. 4.1 in Section 4.1). As the detuning is increased, the sin-

glet starts to localize fully in the low-detuned dot, i.e. to tunnel into the

doubly occupied singlet state S(0, 2) (see Fig. 3.1), as the detuning over-

comes the Coulomb repulsion. Due to the anti-symmetric spatial wave

function of the triplet, it is energetically less preferable for it to tunnel

to T0(0, 2) and it will stay split between the two dots (until the detuning

is further increased significantly). This creates a splitting between the

energies of the qubit states. When the qubit system is then evolved un-

der exchange, the energy difference J causes a complex phase difference

between the states |0〉 and |1〉, i.e. increases the angle φ in Eq. (3.1).

This amounts to rotating the qubit’s state in the Bloch sphere around the

z-axis. The value of the exchange generally increases with increasing con-

finement of the electrons and the value is also affected by the magnetic

field strength Bz.

The so-called exchange gate then functions as follows. At first the qubit

is in the (1, 1)-charge state, one electron in both dots. A detuning pulse
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is then applied, turning the exchange splitting J on. The qubit is let to

evolve for a time T under exchange so that a phase difference of φ = JT/h̄

is accumulated between the singlet and triplet states (for example the

commonly used π-rotation around the z-axis is achieved with T = h̄π/J).

When the desired rotation angle is achieved, the detuning pulse ends and

the qubit returns to (1, 1), but now with the accumulated phase differ-

ence. The speed of the detuning pulses should be adiabatic in the time

scales on the inter-dot tunneling, or Landau-Zener type leakage errors

may occur [34, 58]. The charge state leakage in one and two-qubit sys-

tems is simulated in Publication II of thesis. The detuning pulses should

optimally be small and induce only small charge differences between the

singlet and triplet states. The larger the charge differences, the more sus-

ceptible the qubit will be to charge based noise and decoherence [34, 59]

(more on this in Section 3.4.4).

Rotations around x-axis in singlet-triplet qubits can be created by using

local non-homogeneous magnetic fields across the two dots [34,56]. When

the two spins are subject to different magnetic fields in the z-direction,

they obtain different phases in the time-evolution, which leads to the

qubit’s state precessing between |S〉 and |T0〉. The rate of the precession

is determined by the magnetic field difference ΔBz between the dots. The

magnetic field gradients required for the operation can be created using

nearby micromagnets or by exploiting the nuclear magnetic field of the

host material. In the latter method, the nuclear spins in the two dots are

aligned using a pumping scheme that transfers magnetic momentum from

the electronic system to the nuclear spins. Foletti et al. demonstrated

this method in 2009 experimentally [60]. They were able to achieve mag-

netic field differences of over 200 mT between the dots and, along with the

aforementioned exchange rotations, universal single-spin control.

The unitary operators (2 × 2 matrices) giving the rotations of the angle

α around the two axes are given as

Ux,α = e−iαg
∗μBΔBzX/h̄, Uz,α = e−iαJZ/h̄. (3.10)

The z- and x-rotations can be combined to produce a rotation around a

general axis. In the logical basis {|S〉, |T0〉}, the Hamiltonian describing

the qubit’s state

H =
J

2
Z+ g∗μBΔBzX, (3.11)

where X and Z are the x- and z-Pauli matrices. The axis of a general
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Figure 3.2. Single-qubit rotations on the Bloch sphere. Left: Pure x rotation with J ≈ 0

and a tilted rotation with J > 0. Right: A non-trivially time-dependent J(t)

(obtained with an oscillating detuning ε(t) = ε0 sin(2πft)) produces complex
contour on the Bloch sphere.

rotation in the Bloch sphere is then

n = J êz + μBg
∗ΔBzêx, (3.12)

and the frequency is

f =
√
J2 + (μBg∗ΔBz)2/h, (3.13)

where êi are Cartesian coordinate vectors and h is the Planck’s constant.

The single-qubit rotations on the Bloch sphere are demonstrated in Fig.

3.2. The plots are obtained using the continuum exact diagonalization

model (see Section 4.1) by projecting the wave function of two-electron

DQD-system onto the qubit’s basis states and plotting the evolution of the

state according to Eq. (3.1). The left figure shows simple rotations with

constant exchange and magnetic fields. Without detuning, i.e. exchange

set to (approximately) zero, the magnetic field gradient produces a pure

x-rotation, a contour that goes through the |S〉 and |T0〉-states at poles and

the | ↑↓〉 = 1/
√
2(|S〉 + |T0〉) state in the xy-plane. With detuning turned

on, the rotation axis becomes tilted as given by Eq. (3.12). The right

figure shows a more complex pulse sequence. Here, the detuning strength

is oscillating, ε(t) = ε0 sin(2πft), producing a non-trivially evolving J(t)

and a complicated contour on the Bloch sphere.

The qubit’s state can be measured using the same phenomenon respon-

sible for the z-rotations [56,57]. Detuning the dots of the qubit results in

the singlet tunneling to the doubly occupied state S(0, 2) while the triplet

stays in T0(1, 1). Now, placing a quantum point contact near one of the

dots allows the measurement of the singlet content in the qubit’s state.

This projective measurement could also be used in SAW based transport,
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Figure 3.3. SAW induced transfer of electrons through an Y-shaped junction. The sin-
glet state (denoted by S) is transferred to the Y-branch that is energetically
preferable due to a detuning potential, while the triplet state (denoted by two
spin-up arrows) is split into the two Y-branches.

as proposed in Publication I. If a two-electron system is led through an

Y-shaped junction in which one of the Y-branches is in lower potential, the

singlet will localize into that branch while the two electrons of the triplet

stay split (see Fig. 3.3).

3.4.3 Two-qubit operations

In the original paper by Levy on the singlet-triplet qubit architecture, the

two-qubit coupling was achieved using the exchange interaction [13]. In

this scheme, two singlet-triplet qubits are placed close to each other, sep-

arated by a tunneling barrier. Controlling the barrier height (or by apply-

ing detuning pulses), the wave functions of the neighboring electrons can

be made to overlap, turning on the exchange interaction between them.

These electrons start to entangle, which then results in the actual qubit

states to become entangled as well (the qubits are first initiated in a suit-

able product state), producing a two-qubit operation that meets the re-

quirements of universality.

A drawback in this scheme is however that, due to the non-zero tun-

neling between the qubits, leakage out from the two-qubit computational

space {|00〉, |01〉, |10〉, |11〉} is possible. Namely, the states |T+T−〉 and |T−T+〉
are coupled to the computational basis states via the inter-qubit tunnel-

ing. These states are in the four-electron sz = 0 subspace, so they cannot

be decoupled from the qubit states by a uniform magnetic field. However,

local micromagnets could be used to achieve this decoupling [61]. The effi-

ciency of the exchange coupling scheme could be improved by introducing
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Figure 3.4. The singlet and triplet states have differing charge densities under detuning
and the Coulomb repulsion between two neighboring qubits thus depends on
their states. Left: The computed charge densities of two qubits A and B in
the state |S〉A ⊗ |S〉B . Right: the density in the state |T0〉A ⊗ |T0〉B .

an intermediate quantum state via which the coupling is meditated [62].

Two-qubit exchange coupling has not yet been achieved experimentally.

The capacitative coupling based on the charge distribution differences

of the singlet and triplet states is the other proposed way of achieving a

universal two-qubit gate, namely the CPHASE gate [34, 56]. The scheme

works via the same principle as the projective measurement of the qubits

state, i.e. the doubly occupied singlet state becomes energetically prefer-

able when one of the qubit’s dots is detuned to low potential energy. As the

singlet and triplet states have different charge distributions, the Coulomb

repulsion between two neighboring qubits depends on their states (see

Fig. 3.4). This conditioning results in an entangling operation when two

nearby qubits are evolved under exchange. The capacitative coupling of

singlet-triplet qubits has been done experimentally by several research

groups [19,20].

As an example of this scheme, consider the CPHASE gate operation sim-

ulated in this thesis [58, 63, 64], i.e. two singlet-triplet qubits coupled ca-

pacitatively. Both qubits are initiated in the xy-plane of the Bloch sphere,

in the state | ↑↓〉 = 1√
2
(|0〉+|1〉). So that the state of the two-qubit system is

|Ψ2〉 = |ψ〉1 ⊗ |ψ〉2 = 1
2

∑1
k1=0

∑1
k2=0 |k1k2〉, i.e. all coefficients α in Eq. (3.3)

are 1/2. The detunings of the qubits are then turned on, lifting the degen-

eracy in the computational space {|00〉, |01〉, |10〉, |11〉}. As the qubits are

now evolved, keeping the detunings constant, each term in the two-qubit

wave function obtains a phase factor so that αk1k2 = 1
2e
−iEk1k2

t/h̄, where

Ek1k2 is the energy of the computational basis state |k1k2〉. Inserting these

coefficients into Eq. (3.4) gives the time evolution of the concurrence,

C(t) =
1

2

√
2− 2 cos (Ecct/h̄). (3.14)
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Figure 3.5. The evolution of the pairwise concurrences and the three-tangle in a system
of three qubits in a triangular geometry. The thick blue line shows the three-
tangle and the red line the squared sum of the pairwise concurrences. At
t = 0, all qubits are initiated in the xy-plane of the Bloch sphere with their
detunings on. The qubits are then let to evolve, and the pairwise concur-
rences and the three-tangle are computed at each time step.

Here, Ecc is the differential cross capacitance energy between the two

double-dot systems,

Ecc = |E00 + E11 − E01 − E10|. (3.15)

Ecc determines the speed of the gate operation and the frequency of the

entanglement oscillations. At time t when tEcc/h̄ is an odd multiple of π,

C(t) = 1 and the maximal Bell-state entanglement is achieved.

The cross capacitance energy Ecc, determined by the difference in the

Coulomb repulsion in the computational basis, is a measure of the cou-

pling strength of the qubits. If the charge distributions of the computa-

tional basis states are equal, Ecc = 0. Ecc assumes its maximum when the

singlet is fully in S(0, 2) but the triplet is still in (1, 1). As the detuning

is then further increased, the triplet as well starts to undergo the same

charge transition, and the value of Ecc starts to decrease. The detuning

dependence of Ecc is, however, problematic regarding actual implementa-

tion of the gates. The operational regions with high charge distribution

differences, i.e. with fast operation, are also the ones that are more sus-

ceptible to charge noise based decoherence [59] (see Section 3.4.4 for more
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on this). The value of Ecc is also affected by the geometry of the two qubit

system, as analyzed in Publication IV of this thesis. The closer the qubits

are, the more there is repulsion and the stronger the coupling is. The

orientation of the qubits also plays a role, for example there are certain

dead angles in the orientations that result in the coupling disappearing

completely, regardless of the charge differences. The largest values of Ecc

are obtained when the four QDs of the qubit are in a rectangular forma-

tion [64].

As a part of this thesis, in Publication III and Publication IV, also three-

qubit capacitative coupling is simulated. Coupling two qubits this way

allows the creation of Bell-states. Similarly, three-qubit coupling enables

the creation of maximally entangled GHZ-states. As an example, consider

three singlet triplet qubits placed in the corners of an equilateral trian-

gle [63]. The qubits are all initiated in the xy-plane of the Bloch sphere,

so that the full three-qubit state of the system is |Ψ3〉 = 1
2
√
2

∑
ijk=0,1 |ijk〉

and the detunings are switched on. The qubits start to interact capaci-

tatively and entangle with each other. The evolution of the three-tangle

and the pairwise concurrences are shown in Fig. 3.5. As seen in the fig-

ure, the system starts to oscillate between pairwise entanglement (the W-

state is not achieved though) and GHZ-type tri-body entanglement. The

maximally entangled GHZ-state is obtained, as evident from the tangle

obtaining the value τ123 = 1. Generally, coupling Nq qubits via CPHASE

gates enables the creation of cluster states, a class of highly entangled

states that the Bell-states and GHZ-states are examples of [41].

3.4.4 Decoherence

Large scale quantum computation requires long-lasting quantum states

that can be stored and used in qubit operations. The interaction of the

qubits with their environment poses a serious problem in this regard. It

leads to the qubits becoming entangled with the environment in complex

ways and their original states thus becoming destroyed in the process.

This phenomenon is called quantum decoherence. Mathematically speak-

ing, it means the decay of the off-diagonal elements in the density matrix

of the system. For quantum error correction schemes to be applicable, the

relevant gate-operation times must be considerably shorter than the life-

times of the states under decoherence. There are three important time

scales in this context. The relaxation time T1 means the average time

for the transition |0〉 → |1〉 to happen due to decoherence. The decoher-
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ence time T2 means the time it takes for the superposition 1/
√
2(|0〉+ |1〉)

to decay to |0〉 or |1〉. The dephasing time T ∗2 is the decoherence time

T2 obtained experimentally from an ensemble of measurements. It can

be shown that T2 ≤ 2T1, and T ∗2 is usually much shorter than T2 due

to destructive interference and damping caused by averaging over the

measurement ensemble [65]. The quantum decoherence and its measure-

ment was at the heart of the life’s work of the 2012 Nobel laureates Serge

Haroche and David Wineland (see e.g. Refs. [66, 67]). For example in

Ref. [66], Haroche et al. directly measured the decay of the off-diagonal

elements of the density matrix associated with quantum decoherence in a

cavity photon system.

In singlet-triplet qubits, the hyperfine interaction with the host ma-

terial’s nuclear spins causes precession around the x axis in the Bloch

sphere, similarly as in the x-rotation gate. An electron in a lateral GaAs

QD interacts with around 106 nuclear spins. The orientation of these spins

is basically random, and also fluctuates during an experiment, resulting

in randomness in the measurement’s outcome. The local differences in

in the hyperfine field give rise to an effective magnetic field gradient be-

tween the two dots of the qubits. This difference is typically in the order of

1 mT, and the z-directional gradient is the most important regarding the

decoherence effects. The random hyperfine fields cause random phase dif-

ferences in the qubit’s states between different measurements and lead

to relaxation and dephasing. The hyperfine dephasing time T ∗2 is typi-

cally in the order of 10 ns [34, 50, 68, 69]. The hyperfine decoherence is

mainly of concern in the (1, 1)-charge configuration. With large values of

the exchange, its effects are suppressed as the exchange term will then

dominate over the small magnetic field differences ΔBz in Eq. (3.11).

Spin orbit coupling (SOI) is a relativistic effect that couples an elec-

tron’s spin with its orbital motion. In materials with bulk inversion asym-

metry, the so-called Dresselhaus term of the SOI is present [70]. Struc-

tural inversion asymmetry, caused by asymmetric confining potentials in

the material, cause the so-called Rashba term of SOI [65]. The 2DEG

in GaAs/AlGaAs-heterostructures is subject to both of these effects. In

singlet-triplet qubits, the SOI effects cause decoherence by coupling the

singlet and triplet states. In GaAs, the hyperfine induced relaxation is

dominant though in the sub-ms time-scales [34]. In singlet-triplet qubits

implemented in materials without nuclear spin, the SOI can be the dom-

inant interaction channel with an electron spin trapped in a QD and its
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environment.

The electric environment of the QD presents another important deco-

herence source. There are several effects contributing in the electric deco-

herence, including fluctuations in the gate voltages and impurities and

charge traps in the QDs vicinity. In singlet-triplet qubits this charge

based decoherence is found to manifest itself dominantly as ε-noise, i.e.

as effective fluctuations in the qubits detuning ε [59]. The random differ-

ences caused by the qubit’s electrical environment lead to fluctuations in

the exchange and thus also to dephasing.

Pure dephasing by ε-noise is measured in a free induction decay (FID)

experiment, in which the qubit is initiated in the state |ψ〉 = 1√
2
(|S〉+ |T0〉)

and it evolves under the exchange J = J(ε). The charge environment of

the qubit causes an effective fluctuation δε in the detuning that in turn

results in a fluctuating of J : J(ε+ δε) ≈ J(ε)+ dJ
dε δε. This fluctuation leads

to decoherence in the form of a random phase accumulation between the

evolution of the singlet state and the triplet state: Δφ(T ) = 1
h̄

∫ T
0 dtdJ

dε δε(t)

as the qubit is evolved (for a time T ). It can be shown that, as a conse-

quence, the coherence between the |S〉 and |T0〉 states in a FID evolution

(of time T ) decays as

f(T ) = exp

(
−
(

dJ
dε

)2 ∫ ∞

−∞
dωS(ω)

sin2(ωT/2)

(ω/2)2

)
, (3.16)

where S(ω) is the spectral density of the detuning fluctuations [71, 72].

Assuming specific noise properties [i.e. the spectral density S(ω)], the

time dependence of the decoherence can be further analyzed. For example,

in the experimentally relevant case of low-frequency voltage noise (quasi-

static noise), the coherence decays as exp(−(T/T ∗2 )2), with the coherence

time

T ∗2 =

√
2h̄

dJ
dε εrms

, (3.17)

where εrms is the root-mean-squared fluctuation of the detuning [59,73].

The qubit’s sensitivity to charge noise is directly related to the differ-

ences in the charge densities of the singlet and triplet states. The larger

the differences are, the more severe the dephasing is. In case of the ε-

noise, it is evident from Eq. (3.16) that the effects of the noise are miti-

gated if one can minimize the derivative |dJ/dε|. In exchange gate opera-

tions, such operational regions that have high noise resistance are called

sweet-spots [34, 49, 59, 74]. One such region is found in the high detun-

ing regime where both the singlet and triplet are in the doubly occupied
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Figure 3.6. The asymmetric double quantum dot scheme. The energies of the singlet
(blue lines) and triplet (dashed red lines) are shown in the two dots [(0, 2)
and (2, 0)-configurations] as functions of the detuning of the dots ε. The ex-
change gate operations are done in the larger right dot so that both the sin-
glet and triplet are in the (0, 2)-configuration. The projective measurement is
conducted using the smaller left dot, with the singlet in (2, 0) and the triplet
in (1, 1).

states. In this region, the detuning and thus also ε-noise has in prin-

ciple no effect on the qubit’s operation. In Publication V, an exchange

gate implemented in the doubly occupied region of an symmetric double

dot system is proposed. With magnetic fields, one can set the exchange

J = ET0(0,2) − ES(0,2) to a value smaller than the intra-qubit tunneling

in the larger of the dots of the system, enabling good performance in the

gate operation. The smaller dot can then be used in the projective mea-

surement, as the J-splitting stays large enough there to make it possible

to distinguish the S and T0-states via charge-sensing techniques [75] (see

Fig. 3.6).

It should be noted that the densities of the qubits states still differ even

though they are both located in one QD. These differences will also con-

tribute to charge based decoherence, but they could be mitigated by mov-

ing to multi-electron singlet-triplet qubits [49, 76]. In Publication VI, the

charge-noise resilience properties of two and four-electron QDs are com-

pared. It is found that the charge noise has considerably smaller effects

in the four-electron dots. The charge noise is an especially severe decoher-

ence source in the two-qubit capacitative coupling, as there the coupling
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strength is directly related to charge differences.

If the fluctuations in the noise decohering the qubit are slow compared

to gate operation times (quasi-static noise), their effects can be greatly

mitigated by dynamically decoupling echo techniques [34,57]. These tech-

niques are based on the fact that if the noise does not fluctuate during an

experiment, one can cancel its effect by performing a π-rotation in the

middle of the experiment. The phases accumulated before this echo-pulse

and the ones after that are equal, but have opposite signs and add up to

zero. More echo pulses can be added to the pulse sequence, dividing the

phase accumulation to even shorter intervals. In the presence of quasi-

static noise, the echo techniques can greatly increase the dephasing times.

Times up to T echo
2 = 200 μs have been demonstrated experimentally in

singlet-triplet qubits [77].
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4. Simulation methods

4.1 Continuum model

4.1.1 Continuum Hamiltonian

The effective mass approximation can be used to describe electrons mov-

ing in the two-dimensional electron gas. In the approximation, only the

electrons localized into the lateral QDs are described. The surrounding

semiconductor material is taken into account by substituting the electron

mass me in the Schrödinger equation with the material dependent effec-

tive mass m∗ and the same for the Lande factor g∗.

The Hamiltonian for N interacting electrons confined in two dimensions

(in the effective mass approximation) is

Ĥ =
N∑
j=1

[
(p̂j + eA(rj))

2

2m∗
+ V (rj) + g∗μBB(rj) · Sj/h̄

]
+
∑
i<j

e2

4πεrij
. (4.1)

Here, rj is the coordinate of the j:th electron, V the external electric po-

tential, Sj = h̄
2 (Xj ,Yj , ¸Zj) the spin operator (with Xj ,Yj and Zj being

the Pauli-matrices corresponding to the electron j), and A the magnetic

vector potential. In this thesis, the main interest is in magnetic fields

perpendicular to the xy-plane where the electrons are confined. In par-

ticular, an uniform magnetic field in the positive z-direction and with the

field strength Bext is given by the vector potential A(r) = Bext
2 (−y, x, 0) as

Bext = ∇×A.

Typical GaAs-values for the parameters in Eq. (4.1) are: the effective

electron mass m∗ = 0.067me, the effective electron gyro magnetic ratio,

g∗ = −0.44, and the dielectric permittivity ε = 12.7ε0. It is important to

note that the electron-electron Coulomb interactions are taken into ac-

count exactly in Eq. (4.1). This allows for an accurate description of the
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effects arising from the electron-electron interactions and correlations.

In simulating QD systems, the individual QDs are usually simulated

as minima of the electric potential V (r). Quadratic potentials are a com-

mon choice for the form of the confinement. The actual form depends on

the gating of the QDs, but quadratic potentials are found to be a good

approximation to the exact solution to the Poisson’s equation in realistic

setups [74].

A confinement potential of n quadratic wells (located at the coordinates

{Rm}nm=1) can be written as

Vc(r) =
1

2
m∗ω2

0 min
1≤m≤n

{|r−Rm|2}, (4.2)

where ω0 is the confinement strength of the wells. In the above potential,

the derivative is discontinuous in the ridges between different QDs. This

is, however, found to cause no qualitative effects compared to cases where

the ridges are smoothed to obtain a continuous derivative. In Eq. (4.2),

the confinement strength is the same in all dots and the the dots are cir-

cular. Inhomogeneous confinement strengths and elliptical dots are also

possible.

In DQD singlet-triplet qubits, the electric detuning of the dots of the

DQD system plays an important role in for example exchange rotations

around the z-axis in the Bloch sphere. The detuning of the dots, a po-

tential difference between the dot minima, can be simulated with a step

function Vd that assumes constant values at each dot, so that the total

external potential in Eq. (4.1) is V (r) = Vc(r) + Vd(r), with the detuning

between dots k and l given by εkl = V (Rk)−V (Rl). It should be noted that

the step function causes a discontinuity in electric potential, that can be

smoothed out, if needed, although this is again found to have very little

effect in the physics of the system [58,64]. The confinement potential of a

DQD system as in Eq. (4.2) and the detuning are illustrated in Fig. 4.1.

The hyperfine interaction arising from the coupling of the electron and

the host semiconductor material’s nuclear spins acts as a decoherence

channel [50, 68, 78] but also as a means of qubit control [34, 60]. The

effect of the nuclear spin coupling can be taken into account as an effec-

tive magnetic field Bnuc so that the total magnetic field in the system is

written as B = Bext + Bnuc [34]. In the context of singlet-triplet qubits,

the difference in the magnetic field between the two dots plays a more im-

portant role than the actual values. The magnetic field difference drives

the rotations around the x-axis in the Bloch sphere, coupling the singlet
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Figure 4.1. A two-dot potential and the detuning. The potential of Eq. (4.2), with two
minima at R1 = (−40 nm, 0) and R2 = (40 nm,0) and with no detuning is
shown in the x-axis (the thick blue line). The confinement strength is h̄ω0 = 4

meV. A detuning potential Vd of ε = 6 meV is shown as the thin red line. The
detuning is a step function that is made continuous with a linear ramp. The
detuned potential is shown with the dashed black line.

state to the triplet, and can be simulated similarly to the detuning, as a

step function that assumes constant values at each dot.

4.1.2 Single-particle states

The single-particle eigenstates of the potential in Eq. (4.2) provide a con-

venient basis to be used in the diagonalization of the many-body Hamil-

tonian. The single particle part of the Hamiltonian in Eq. (4.1) (excluding

the Zeemann term) is

Ĥ0 =
(p̂+ eA(r))2

2m∗
+ V (r). (4.3)

The eigenstates of this operator can be solved numerically by writing Eq.

(4.3) as a matrix in a given basis, {|φi〉}Ng

i=1, so that the Hamiltonian and

the overlap matrix elements are given as

H0,ij = 〈φi|Ĥ0|φj〉, Sij = 〈φi|φj〉. (4.4)

Projecting the one-particle Schrödinger equation onto this basis thus yields

a generalized Ng ×Ng matrix eigenvalue equation

H0u = ESu. (4.5)
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Solving Eq. (4.5) gives the set of eigenvectors {un}Ns
n=1 (the set size being

Ns ≤ Ng) that contain the coefficients u
(n)
i of the single-particle eigen-

states, {|ψn〉}Ns
n=1 in the basis {|φn〉}Ng

n=1, i.e. |ψn〉 =
∑Ng

i=1 u
(n)
i |φi〉. Increas-

ing the basis size Ng results in better convergence of the eigenenergies

and -states.

In principle, the basis {|φi〉}Ng

i=1 can consist of any (complete) set of prefer-

ably smooth functions. When choosing the basis {|φi〉}Ng

i=1, one should con-

sider whether the Hamiltonian elements H0,ij can be computed analyti-

cally, specifically whether the potential integrals Vij = 〈φi|V |φj〉 can be

given in a closed form. However, these two-dimensional integrals can also

be computed in a relatively short time with numerical methods as they

are not that complex computationally.

A more demanding requirement comes from the Coulomb interaction

elements,

Vijkl = 〈φi|〈φj | 1

|r̂1 − r̂2| |φl〉|φk〉, (4.6)

as these integrals are four-dimensional and the size of the four-index ma-

trix Vijkl can thus be very large. The numerical computation of these

elements can be too time-consuming. In choosing the basis, it is prefer-

able that the elements in Eq. (4.6) can be computed (at least partially)

analytically. In this thesis, two such bases are used. The first option is

the Fock-Darwin states [48],

ϕn,l(r, θ) =

√
n!

π(n+ |l|)!r
|l|L|l|n (r2)e−r

2/2eilθ, (4.7)

where L
|l|
n is an associated Laguerre polynomial,

L|l|n (x) =

n∑
k=0

(−1)k

k!

(
n+ |l|
n− k

)
xk. (4.8)

Here, n and l are the radial and angular quantum numbers, respectively.

The second one is the multi-centered gaussian basis [74],

φi(r) =

√
2a

π
e−a|r−ri|

2
, (4.9)

where ri is the location of the gaussian and a the gaussian width.

When the Vijkl elements are computed analytically in the basis {|φi〉}Ng

i=1,

they can be transformed into the eigenbasis {|ψp〉}Ns
p=1 as

Ṽpqrs =
∑
ijkl

(
u
(p)
i

)∗ (
u
(q)
j

)∗
u
(r)
k u

(s)
l Vijkl. (4.10)

In case of an orthogonal basis, i.e. if 〈φi|φj〉 = δij , it holds that u
(p)
i =

〈φi|ψp〉. The transformed elements Ṽpqrs are used in the many-body com-

putations as discussed in the next section. The basis change of Eq. (4.10)
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becomes very taxing computationally as the basis sizes Ng and Ns are in-

creased (the complexity of computing just one element Ṽpqrs grows as N4
g ).

Fortunately, the computation of the above quadruple sum is easily paral-

lelized. It can be done with a graphics processing unit and CUDA [79], a

parallel programming model for Nvidia GPUs, greatly reducing its com-

putation time.

4.1.3 Exact diagonalization

In the basis of the single-particle eigenstates of Eq. (4.3), the second-

quantized N -body Hamiltonian is written as

Ĥ =
∑
p,σ

Epâ
†
p,σâp,σ +

∑
pq,σ

Vpq,σâ
†
p,σâq,σ

+
1

2

∑
pqrs,σ,σ′

Ṽpqrsâ
†
p,σâ

†
q,σ′ âr,σâs,σ′ , (4.11)

where pqrs are the orbital indices (running from 1 to Ns) and σσ′ are the

spin indices. In Eq. (4.11), the first term corresponds to the single-particle

Hamiltonian of Eq. (4.3), the second term contains any additional single-

particle operators V̂pert (such as the Zeemann term of Eq. (4.1)) so that

Vpq,σ = 〈ψp,σ|V̂pert|ψqσ〉, and the third is the electron-electron interaction.

Eq. (4.11) is diagonalized in the basis of fully symmetrized Slater de-

terminants, |Ψα〉 = |nα1, nα2, ..., nα2Ns〉, where nαk denotes the number of

electrons in the k:th single-particle state (here, states from 1 to Ns corre-

spond to the spin σ = −1/2 and the states from Ns + 1 to 2Ns to σ = 1/2).

The N -body Hamiltonian is cast into a matrix form by computing the ma-

trix elements

Hαβ = 〈Ψα|Ĥ|Ψβ〉 = 〈nα1, nα2, ..., nα2Ns |Ĥ|nβ1, nβ2, ..., nβ2Ns〉 (4.12)

that correspond to two different occupations α and β.

To reduce the size of the many-body basis, one can restrict the com-

putation to for example the unpolarized spin subspace, Sz = 0 (with Sz

being the z-projection of the N -body spin). Even so, the many-body ba-

sis size grows as Ns!
(Ns−N)!N ! , i.e. faster than exponentially. As several

single-particle states per electron are required for converged results, the

continuum method is limited to computations involving just a few elec-

trons. In this thesis, the method is used in two and four-electron compu-

tations. Systems larger than that are described with computationally less

demanding models.
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Even with small electron numbers, the size of the Hamiltonian matrix

of Eq. (4.12) usually becomes so large that it cannot be fully diagonalized

to obtain its eigenvalues and -states. Instead, a numerical method has

to be used. One such method is the Lanczos diagonalization [80, 81]. In

the method, given a Hermitian matrix H, the goal is to find a tridiagonal

matrix Tm = V∗
mHVm in m steps. In practice, the Lanczos algorithm

is just the Gram-Schmidt orthogonalization applied to the Krylov space,

K = {v,Hv,H2v, ...,HMv}, where v is a (random) starting vector and M

is the dimension of H. The advantage of the Lanczos method is that the

lowest eigenvalue of Tm is a good approximation to the lowest eigenvalue

of H even when m is relatively small compared to M (when m = M , H

and Tm are similar and have the same set of eigenvalues).

The Lanczos method is accurate only for the lowest eigenvalue. How-

ever, the excited states can still be obtained with the method iteratively.

The k:th eigenvector uk is obtained as the lowest eigenvector of the matrix

Hk = H+ δ
k−1∑
i=1

uiu
∗
i . (4.13)

Here, H is the original Hamiltonian matrix and δ > 0 is a penalizing

factor that moves the lower eigenstates {ui}k−1i=1 above the desired k:th

one in energy.

The dynamics in a QD system can be computed by propagation, as

ψ(t+Δt) = exp

(
− i

h̄
Ĥ(t)Δt

)
ψ(t), (4.14)

where ψ(t) is the state of the system at time t (ψ(0) is the initial state),

Δt the time step length, and Ĥ(t) the Hamiltonian at time t. In prac-

tice, computing the exponential in Eq. (4.14) involves the diagonalization

of the Hamiltonian matrix H, which, as described above, often becomes

too taxing computationally. Fortunately, the product exp
(
− i

h̄Ĥ(t)Δt
)
ψ(t)

can be computed using the Lanczos algorithm (without explicitly comput-

ing the actual matrix exponent). With small enough time steps Δt, the

number of Lanczos steps needed for accurate description of the dynamics

is much smaller than in the actual diagonalization, making the computa-

tion of the dynamics this way fast and efficient.

4.2 Extended Hubbard model

The continuum model, although accurate, is limited to small particle num-

bers due to its high computational cost. In addition, scanning large sets of
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different parameters of QD systems (e.g. dot distances and confinements)

is cumbersome, as each different realization requires the solving of the

single-particle Hamiltonian of Eq. (4.3) and the associated basis change

for the interaction matrix elements. A more flexible method for study-

ing systems of several S − T0 qubits is an extended Hubbard model with

the inclusion of a long-range Coulomb interaction (the regular Hubbard

model with just the on-site interactions will not usually suffice, as the

long-range repulsions play quite an important role, e.g. in the qubit-qubit

interactions).

In this model, a system consisting of Nq singlet-triplet qubits (N = 2Nq

electrons and QDs) can be described using the Hamiltonian,

Ĥ =
∑
iσ

Eiσâ
†
iσâiσ −

∑
ijσ

tijσâ
†
iσâjσ

+ U
∑
i

n̂i↓n̂i↑ +
∑
σσ′

∑
i<j

Uijn̂iσn̂jσ′ . (4.15)

Here, i and j are the site indices, and σ and σ′ the spin indices. Eiσ is the

on-site energies at site i with spin σ, tijσ the tunneling element between

dots, n̂iσ = â†iσâiσ the spin σ density operator at site i, and U the on-site

Coulomb repulsion. Uij is the long-range Coulomb-interaction between

sites i and j, and niσ the charge at site i with the spin σ. The long-range

interaction is given as

Uij =
C

|ri − rj | − η
, (4.16)

where C = e2/4πε is the Coulomb-strength, ri and rj are the locations of

the dots i and j. η > 0 is an extra constant conveying the fact that in

reality the wave functions have finite widths.

The parameters of the Hubbard model (U , tij , and η) can be fitted to

continuum model data in order to produce more realistic results. An ex-

ample of such fit is shown in Fig. 4.2 with the fit done to continuum data

corresponding to a two-qubit system (four QDs and electrons). The plot

shows the lowest energies of the system as a function of the detuning of

the qubits. A two-qubit fit like this contains information about both the

intra- and inter-qubit effects, and the parameters obtained from it can

thus be used to realistically describe larger systems of many qubits that

are unreachable by the continuum model.
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Figure 4.2. The lowest energies of a two-qubit system as a function of the detunings
of the qubits (both qubits in the same detuning ε). The thick black dashed
line shows the ED energies, and the red line the Hubbard energies with the
parameters tij = 27.8 μeV, U = 3.472 meV, and η = 0.43 nm.
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5. Discussion

The main topic of this thesis is singlet-triplet qubits in lateral GaAs quan-

tum dots. Specifically, the emphasis is on qubit control in these sys-

tems; the initiation, measurement and evolution of the qubits’ states.

The single- and two-qubit gate operations that are required for univer-

sal quantum computing are discussed and simulated. Concerning the

two-qubit gates, their entangling properties are also analyzed. Other im-

portant facets of quantum computing discussed here are decoherence and

schemes that could be used to alleviate it. The thesis is theoretical and

computational in nature. Small lateral QD systems are simulated us-

ing the accurate continuum model and configuration interaction methods

that take the Coulomb-repulsion between electrons into account exactly.

Larger systems of QDs can be simulated using a less taxing method, a

generalized Hubbard model with long-range interactions. The parame-

ters of the Hubbard model can be fitted to the data form the more accurate

continuum model to produce realistic results.

In Publication I, a scheme for measuring the state of a singlet-triplet

qubit during SAW-based transport is proposed. The method is based on

an electric potential splitting the qubits’ states due to the different sym-

metry properties of their spatial wave functions. When the qubit is let

to an Y-shaped junction via SAW-propagation, the singlet will localize to

the Y-branch with the lower potential while the triplet stays split between

the branches. The time-evolution of the qubit’s states is simulated in the

system using the continuum exact diagonalization model and the require-

ments for the scheme’s successful implementation, namely the adibaticity

of the charge transition, are discussed.

The charge state transitions in singlet-triplet qubit systems are also the

topic of Publication II. We simulated the charge transition to the dou-

bly occupied state of the low detuned qubit using the continuum exact
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diagonalization model. If the detuning pulse is too fast, a Landau-Zener

transition may occur so that a part of the wave function does not tunnel

to the doubly occupied state. This can results in errors in the measure-

ment of the qubit. The charge state leakage was also studied in the case

of two capacitatively coupled qubits, where it can result in errors in the

two-qubit gate operation.

The capacitative coupling is the main topic of Publication III and Pub-

lication IV. In the former, we propose a three-qubit generalization to the

capacitative CPHASE gate in which the qubits are placed in a triangu-

lar formation. The entanglement properties of the gate are discussed,

specifically, its ability to generate GHZ-type maximal three-qubit entan-

glement. The three-qubit systems are simulated using the extended Hub-

bard model. The analysis of three-qubit capacitative coupling is continued

in Publication IV, extending it to other geometries of the qubit locations.

The main point of this publication is the analysis of the effect of the ge-

ometry in the coupling of the qubits this way. It turns out that there are

certain optimal geometries allowing strong coupling while other, so-called

dead angle geometries, result in the coupling diminishing completely. A

strong coupling arising from the geometry would allow the use of smaller

charge distribution differences and hence also smaller susceptibility to

charge noise.

Publication V concentrates on mitigating the charge noise problem in

the case of the one-qubit exchange gate. In asymmetric double dot sys-

tems, the exchange energy in the doubly occupied region of the larger dot

can be squeezed to low enough levels for convenient exchange gate opera-

tions. The qubit is much more resilient to charge-based dephasing in the

doubly occupied region than in the transition region where the exchange

gates are conventionally operated. This is also justified in the paper by

configuration interaction calculations. However, the exchange splitting

still stays large enough in the smaller dot of the system so that the pro-

jective measurement can be done there.

The charge noise is also the topic of Publication VI. The proposition

for moving to many-electron singlet-triplet qubits in order to alleviate the

noise problem is discussed. Using the CI method, it is found out that

four-electron QDs are considerably better protected from the charge noise

than two-electron ones. Another main topic of the paper is the validity of

a shell filling model similar to the one in atomic physics in the context of

QDs. In the four-electron QDs, the shell filling picture justifies the singlet
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and triplet states having very similar charge densities and thus also weak

coupling to the charge environment.
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