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Abstract: CFD simulations of single-phase flows are regularly performed as steady-state utilizing closure models of
varying complexity. On the contrary, dense gas-solid flows
are usually computed as time dependent. These simulations commonly require a small time step and a fine mesh
resulting in costly and time-consuming computations. In
case of large industrial circulating fluidized beds (CFB),
the steady-state CFD modeling would be an attractive
alternative for the transient simulations, if reliable closure
models for the time-averaged transport equations were
available. The multiphase closure models developed for
time-dependent CFB computations are not as such applicable to the steady-state approach. For instance, the fraction of the momentum transfer expressed by the velocities
is significantly smaller in the steady-state models than in
the transient ones. Therefore, the steady-state simulations
rely more on the closure relations and especially on the
models for inter-phase momentum transfer and for the
Reynolds stress terms.
Several attempts to develop closure models for coarsemesh and steady-state simulations have been presented in
the literature. In this paper, a novel steady-state simulation approach for a CFB process and a corresponding CFD
model are introduced. A successful steady-state simulation for a test case is presented. Compared to the timedependent simulations, the computing time is reduced by
a factor of an order of 1000.
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1 Introduction
Today dense gas-solid flows are usually modeled as time
dependent. In order to obtain reasonably realistic results,
the transient simulations of a gas-solid flow require a
small time step and a fine mesh. The reason for this is the
complicated flow structure typical of a dense gas-solid
flow, which is characterized by large variations of a small
length scale in the local solid concentration and large
variations even in the gas and solid velocities. Typical
flow structures in a circulating fluidized bed (CFB) are illustrated in Fig. 1. The images show particle strands everywhere in the bed. The widths of the narrowest particle
strands shown in Fig. 1 are approximately 2 mm.
Since the CFD simulations of fluidized beds demand
significant computational resources, especially in the
case of large industrial CFB units, steady-state multiphase
modeling is an attractive alternative. Unfortunately, the
multiphase closure models developed for time-dependent
modeling are not as such applicable to steady-state simulations. Furthermore, additional terms resulting from the
time-averaging process have to be modeled. The closure
models are crucial for the accuracy of the simulations
since in steady-state simulations, a larger portion of momentum transfer is governed by closure models than in
transient simulations.
Several attempts to develop closure models for coarsemesh and steady-state simulations have been presented in
the literature, e.g. [1–8]. The suggested closure models are
based mainly on transient simulations in a fairly small
scale. Moreover, none of the suggestions fully cover all the
significant terms of the time-averaged multiphase equations. Thus, there is a need to develop a comprehensive
time-averaged model for the simulation of dense gas-solid
flows.
In the present work, closure models for the timeaveraged momentum equations were developed for the
CFB riser conditions. Data from a number of transient simulations of cases with varying dimensions, and particle
and gas properties were utilized in deriving the closure
models. The model has been successfully applied to reproduce the results of the time-dependent simulations for the
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Fig. 1: Images from a 0.4 m wide 2D CFB, illuminated from behind. The two images on the left: at the riser bottom ( y = 0.02–0.33 m), and the
two on the right at y = 1.14–1.45 m. The superficial gas velocity is 3.75 m/s and the particle diameter 0.44 mm.

Average solid vof

U0 (m/s)

ds (mm)

ρs (kg/m3)

ρg (kg/m3)

µg (kg/ms)

Ar

us, ∞ (m/s)

Re

0.0678

3.75

0.44

2480

1.225

1.789 ⋅ 10

8000

3.3

99

-5

Table 1: Physical parameters in the 2D test case (riser height 3 m and width 0.4 m).

cases studied. Moreover, the model has produced reasonable results for larger and industrial scale CFB units.
This paper concentrates on the verification and validation of the model in a 0.4 m wide and 3 m high 2D CFB
case introduced in Table 1. The next section summarizes
the time-dependent simulation of the case. The development of the steady-state model is described in Section 3.
The results of the time-dependent and steady-state simulations are compared in Section 4. A similar case with
0.385 mm particles was earlier studied experimentally at
Åbo Akademi University in a pseudo-2D CFB (distance
between walls 0.015 m) [9], where the measurements of
voidage and solid phase velocities were conducted as
described in [10]. Data from new measurements carried
out at the same 2D CFB unit at conditions listed in Table 1
are used in Section 4 for the comparisons with simulation
results.

2 Time-dependent simulations
The time-dependent simulation was carried out with the
Fluent 6.3.26 CFD software [11]. The computation was
based on the Eulerian two-phase and the kinetic theory of
granular flow models available in Fluent 6.3.26. The granular temperature was obtained from a partial differential
equation using the Syamlal et al. [12] model for the granular conductivity. The solid phase granular viscosity was
calculated from the model by Syamlal et al. [12]. The solids
bulk viscosity and solids pressure were calculated from
the formulas by Lun et al. [13]. The k-ε turbulence model
producing the local scale turbulent stress was the version
modified for multiphase flows (“dispersed turbulence
model”, [11]). For gas-particle interaction, a combination

of the Wen & Yu [14] (for the voidage above 0.8) and Ergun
[15] equations was used. The frictional solids stresses were
calculated from the model of Schaeffer [16].
The computational mesh comprises almost 32 000
quadrilateral cells. In the riser section, the mesh is regular
with 6.3 mm × 6.3 mm cells.
The air inflow velocity at the bottom was described
by a function that reproduces the locations of the eight air
inlet orifices in the experimental device. At the walls, the
partial slip model of Johnson and Jackson [17] was used
for the solid phase with the specularity coefficient equal
to 0.001. The free slip boundary condition was used for the
gas phase.
The first-order temporal discretization and secondorder spatial discretization schemes were employed. The
simulation time step was 0.2 ms. After a start-up period of
about 10 s in process time, the time-averaged values were
computed for a period of about 120 s in process time. Some
simulation results are shown in Figs. 5–8. The timeaveraged solid-phase velocities and solid-phase volume
fractions are compared with the experimental data in Figs.
9–10.

3 Derivation of the time-averaged
model
3.1 The transient model
The transient transport equations for gas-solid multiphase
flows are used as a basis in the derivation of the corresponding time-averaged equations. The continuity and
momentum equations used in transient multiphase simu-
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lations can be summarized for a phase of constant density
as follows:
∂α q
∂t

∂α q ρ q uq , i
∂t

+

+

∂α q uq , k
∂x k

=0

(1)

∂α q ρ q uq , k uq , i
∂x k
∂α qτ q , ik

∂α qτ M q , ik
∂p
∂p
+
+
- q δ qs
∂x i
∂x k
∂x k
∂x i
+ α q ρ q g i + ( -1)(δ qs +1) K gs (u g , i - us, i )

= -α q

(2)

where αq is the volume fraction, ρq density, uq, i velocity,
p pressure, ps solid pressure, Kgs inter-phase momentum
transfer coefficient, τq, ik the laminar stress, and τ M q , ik the
local scale turbulent stress.

3.2 Time-averaged equations
Time-averaged equations are developed by averaging the
corresponding time-dependent equations over time. As an
initial step, the instantaneous continuity and momentum
equations, Equations (1) and (2), are averaged over time.
The time average, also called the Reynolds average, of a
variable φ is denoted as φ . The instantaneous values are
thus written as φ= φ + φ′. This averaging procedure is used
for the volume fraction αq and pressure p.
Assuming constant material densities, the Favre
average or phase-weighted average is defined as
〈φ 〉 =α qφ /α q . The Favre averaging is applied to velocities
and we denote the average velocity by U q , i ≡ 〈 uq , i 〉. For the
instantaneous velocity we then have u=
U q , i + uq , i′′.
q, i
We obtain now time-averaged continuity and momentum equations for a phase q:
∂α q
∂t

∂α q ρ qU q , i
∂t

+

+

∂α qU q , k
∂x k

=0

(3)

∂α q ρ qU q , kU q , i

= αq ρq g i - αq

∂x k
M
∂p
∂p′ ∂α qτ q , ik ∂α qτ q , ik
- α ′q
+
+
∂x i
∂x i
∂x k
∂x k

+ ( -1)(δ qs +1) K gs (u g , i - us, i ) -

∂pq
∂x i

δ qs -

∂ρ q α q u′′q , k u′′q , i
∂x k

.

(4)

Equation (4) shows that the time-averaging of the transient equations gives rise to a number of new terms to be
modeled in the averaged equations because of the correla-
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tions between fluctuations in the velocities, voidage, pressure, and local stresses. The terms on the right hand
side in Equation (4) are, from the left, the gravitation,
pressure, pressure fluctuation, laminar stress, turbulent
stress, drag force, solid pressure, and the Reynolds stress
terms, respectively. The gravitation and pressure terms
can be calculated from the basic average flow properties
but for the rest of the terms closure relations have to be
developed.
To analyze the requirements for the equation closure,
the results from long transient simulations were timeaveraged to calculate the terms in Equation (4). In Kallio
et al. [18], the three largest terms in the time-averaged
momentum equation to be modeled were identified and
analyzed from a simulation of a CFB pilot unit. Later on,
the findings were confirmed by simulations of the small
2D CFB unit at Åbo Akademi. The largest terms are the
drag force, pressure fluctuation and Reynolds stress terms.
In addition to these three terms, a number of other
terms in Equation (4) require modeling. These terms are
the averages of the laminar and turbulent stress terms and
the average solid pressure. The analysis of transient simulations, however, showed that these terms are relatively
small in the major part of a CFB riser. In the dense bottom
and wall zones, the averages of the local solid stresses and
especially of the solid pressure can be significant in the
vertical solid phase momentum equation and even elsewhere in the horizontal equation. Thus, closure models
are also required for these terms.

3.3 Closure of the time-averaged momentum
equation
Closure relations can be derived by analyzing measurements and/or results from transient simulations. In this
work, to assist in the equation closure, a large number of
transient simulations were conducted with the Fluent [11]
software applying the same kinetic theory based hydrodynamic models as in [18] and summarized in Section 2. To
validate the models, the simulation results were compared
with experimental results [9]. No unexpected significant
discrepancies between the results for measurements and
simulations were observed as long as the computational
mesh in the simulations was fine, i.e., when the mesh resolution was of the order of 5 mm or smaller.
The results from transient simulations were time averaged to obtain the averaged velocities, voidage, pressure
and other flow properties as well as the correlation terms
resulting from the averaging of the fluctuations. These
results were then used in the development of closure
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models for the pressure fluctuation, drag force, solid
pressure, and Reynolds stress terms in the momentum
equation.
The closure models in the following are based on
the transient simulation results for the case defined in
Table 1. The time-dependent simulation is summarized in
Section 2.

3.3.1 The drag term
Typically the largest term in the solid phase momentum
equation to be modeled is the gas-solid drag force. In the
closure relations developed, the average drag force term
is modeled as follows (the notation {φ} refers to a timeaverage closure model of φ)
{ K gs (u g , i - us, i )}
= K *gs (U g , i - U s, i )

(5)

Appropriate correlations were developed for the representative time-averaged inter-phase momentum transfer coefficient K *gs from the transient simulation data using the
time-averaged velocity and volume fraction as parameters. Comparison in Fig. 2 shows that the vertical drag
force is well predicted by the developed closure relation
in the main part of the flow domain, and elsewhere the fit
is sufficient. The fit for the horizontal drag force is also
satisfactory.

Fig. 2: For the representative time-averaged inter-phase momentum
* (Equation (5)), the modeled values as a
transfer coefficient K gs
function of the time-averaged values of the time-dependent
simulation for cells above the bottom region.

3.3.2 The pressure fluctuation term
The pressure fluctuation term (the third term on the right
hand side in Equation (4)) calculated from the results of
the transient simulation showed a typical trend as a function of the solid volume fraction that somewhat resembled
the one of the drag term. Instead of plotting the pressure
fluctuation term as a function of the solid volume fraction,
we analyzed the ratio of it and the corresponding drag
component. In all the cases considered, this ratio seems to
be a fairly linear function of the volume fraction in a major
part of the flow domain. Furthermore, an even better
linear correlation was found between the pressure fluctuation term and the variance of the solid volume fraction σα
(Fig. 3). Thus, this term could easily be added to the drag
force and modeled by means of a linear relationship with
the equation
 ∂p′ 
α ′q
 = K SP σ α K gs (u g , i - us, i )
 ∂x i 

A linear function was fitted to the results of the timedependent simulations for the present simulation case.
The coefficient K SP determined is about 2.5.

Fig. 3: The ratio of the vertical component of the pressure fluctuation
term and the corresponding drag component as a function of the
variance of the solid volume fraction σα in the computational cells
close to walls (“Walls”) and elsewhere (“Centre”).
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3.3.3 Solid pressure

3.3.4 Reynolds stress terms

One potentially important term in the momentum equations is the solid pressure. It is most significant in the
dense wall layers close to the riser bottom. In the horizontal momentum balance equation, this term is also important at walls along the entire riser height. In the timedependent simulations, the time-averaged solid pressure
was determined for each cell. In Fig. 4, this value is plotted
as a function of the time-averaged solid volume fraction
for the current case. The solid pressure was modeled using
a power law fit

In addition to the drag force and the pressure fluctuation
term, the Reynolds stresses are significant in most part of
the flow domain. Fig. 5 illustrates the complicated character of the solid phase Reynolds stresses in the case
considered.
Transport equations for the Reynolds stresses can be
derived by starting from the instantaneous momentum
equations (2) and the time-averaged momentum equations
(4). The resulting balance equations can be expressed as
follows (e.g., [19])

{=
ps } Aα sB + Cα sD

(7)

Fig. 4: Time-averaged solid pressure in the time-dependent simulation as a function of the time-averaged solid volume fraction in the
computational cells close to walls (“Walls”) and elsewhere (“Centre”).

Fig. 5: Mass-weighted time-averaged Reynolds stress components for the solid phase in the time-dependent simulation. a) 〈u′′s, x u′′s, x 〉,
b) 〈u′′s, x u′′s, y 〉 and c) 〈u′′s, y u′′s, y 〉. (Unit: m2/s2.)
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∂ρ q α q u′′qi u′′qj

∂ρ U α u′′ u′′
+ q qk q qi qj
∂t
∂x k
= Pq , ij + Πq , ij + Dq , ij + M q , ij - ε q , ij + G g , ij + Fq , ij + δ qs Sq , ij

(8)

where Pq, ij is the production term, Πq, ij is the pressure-strain
covariance (or redistribution) term, Dq, ij represents the turbulent, pressure and molecular diffusion, Mq, ij arises from
the local-scale turbulence, εq, ij is the dissipation term, Gq, ij
is the phase interaction, Fq, ij is the turbulent mass flux
term, and Ss, ij is the two-phase term. Only the production
term Pq, ij can be calculated in a time-averaged simulation
directly from the time-averaged flow properties. All the
other terms require closure models.
Zhou and Zeng [20] wrote transport equations with
closure models for the Reynolds stresses in multiphase
flows. Their closure models for the diffusion, pressure
strain and dissipation terms are two-phase extensions of
the corresponding single-phase closure models. An additional term was included by Zhou and Zeng for the influence of particles on the gas-phase turbulence intensity.
The term is called the turbulence enhancement model for
the particle wake effect. For dense gas-particle flows, the
simulation results of Zhou and Zeng [20] indicate that the
particle wake effect both enhances the gas turbulence and
amplifies the particle fluctuations.
In the present work, a simpler model for the Reynolds
stresses was applied. As the Reynolds stress terms in the
gas phase momentum equations are relatively unimportant, only the solid phase stress terms are computed from
balance equations. In addition, transport equations are
solved only for the normal components.
The balance equations (8) for solid-phase normal
components are also simplified on the basis of an analysis
of the time-averaged values of the terms on the right hand
side in Equation (8). The terms Mq, ij, Fq, ij, and Ss, ij are
ignored as relatively unimportant. The phase interaction
term Gs,ii is assumed to be a function of the slip velocity
and volume fraction fluctuations. The diffusion term Ds, ii
is modeled with the expression
{ Ds, ii } =

∂ 
∂〈 u′′si u′′si 〉 
 c Ds, iiα s ρ sτ s, i 〈 u′′sl u′′sl 〉

∂x l 
∂x l 

(9)

where τs, i is the time scale of the solid velocity fluctuations
and cDs, ii is a model parameter. The dissipation term is represented as follows
{ε s, ii } = cε s, iiα s ρ s

〈 u′′si u′′si 〉 2/3
Ls , i

(10)

where Ls, i is the length scale of the solid velocity fluctuations and cεs, ii is a model parameter.

For the gas phase, the Reynolds stresses are evaluated
from the corresponding solid phase Reynolds stresses
applying correlations based on the data from the timedependent simulations.

4 Simulations with time-averaged
equations – Verification and
validation
The time-averaged closure models described above in
Section 3.3 were implemented in Fluent 6.3 [11] as userdefined functions. The same mesh that was applied in the
transient simulation (Section 2) was also utilized in the
steady-state simulations. The same boundary conditions
were used on the vertical walls, but the gas inflow was distributed evenly on the bottom.
The main results of the steady-state simulation are
presented in Figs. 6–8. In general, the steady-state model
is able to reproduce the important features of the CFB flow
characteristics including the core-annular flow pattern
with internal solid circulation.
Figs. 6–10 compare the results of the steady-state simulations to those of the time-dependent simulations. For
most of the quantities and for most of the domain, the
agreement is satisfactory. The differences are largest close
to the solid particle return and in the bottom section. The
largest relative differences are in the horizontal velocities
and especially close to the bottom. In this region, the horizontal Reynolds stress term is important (c.f. Fig. 5) and
an imperfect modeling of the term results in a discrepancy
in the horizontal velocity. On the vertical velocities, the
largest downward velocities in the transient simulation
results are at some distance from the vertical surfaces
(especially at the levels y = 0.8 m and y = 1.2 m in Fig. 9)
whereas in the steady-state simulation this phenomena is
not observed. This discrepancy is mainly caused by the
usage of the same boundary condition of the partial slip
model of Johnson and Jackson [17] with the same value of
the specularity coefficient. The time-averaged influence
of this boundary condition is different for a constant
(time-averaged) volume fraction than in the case of a
strongly varying volume fraction (transient simulation).
The simulation results are compared with the experimental data in Figs. 9 and 10. Regarding the experimental
results, the effect of the front and back walls may have
affected the flow at the riser bottom meaning that the
flow was not truly two dimensional. Regarding the transient simulations, a most significant discrepancy between
the simulation and experimental data is with the horizon-
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Fig. 6: Computed solid volume fraction. a) and d) instantaneous, b) and e) time-averaged result of the transient simulation, and c) and f)
result of the steady-state simulation. In a), b) and c) the contours are on the linear scale given in the middle whereas in d), e) and f) the
contours are on the logarithmic scale given on the right.

Fig. 7: Computed time-averaged mass-weighted horizontal velocities. a) time-averaged values of the transient simulation for the gas phase,
b) steady-state simulation result for the gas phase, and c) time-averaged values of the transient simulation for the solid phase, d) steadystate simulation result for the solid phase.

tal solid phase velocity at 0.4 m height. This discrepancy
is likely caused mainly by the fundamental assumption
of the two-fluid approach and differences in the solid
return.
The agreement of the steady-state simulation results
with the experimental data is in general as good as the
agreement of the time-dependent simulation data. In fact,
a direct comparison of the steady-state simulation and experimental results is not very relevant. Since the timeaveraged balance equations and closure models are based
on the equations and results of the time-dependent simu-

lation, the time-averaged model should be justified only
on the basis of a comparison with the time-dependent
simulation. However, by comparing the discrepancies of
the results of the steady-state model from those of the
time-dependent model, and on the other hand, from experimental data, we are able to evaluate the significance
of the approximations of the steady-state model in practical applications as well as the need and relevance of improvements. If a good agreement with the experimental
data had been our target, the steady-state model could
easily be tuned on a basis of the experimental data.
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Fig. 8: Computed time-averaged mass-weighted vertical velocities. a) time-averaged values of the transient simulation for the gas phase,
b) steady-state simulation result for the gas phase, and c) time-averaged values of the transient simulation for the solid phase, d) steadystate simulation result for the solid phase.

5 Conclusions
A novel closure method for a steady-state simulation of a
CFB unit was successfully developed. The time-averaged
momentum equations were closed utilizing data from
time-dependent simulations and/or experiments. In the
closure models, the fluctuations in the solid volume fraction have an important role.
A steady-state simulation of the CFB hydrodynamics
was found feasible. The test simulations show that the
steady-state model can largely reproduce the timeaveraged hydrodynamics of a corresponding timedependent simulation. The steady-state model also
produces many characteristic features of CFBs. Computationally the steady-state model is stable and significantly
faster than the time-dependent simulation (by a factor of
an order of 1000).
Compared to the time-dependent simulations, the
steady-state simulation model is an attractive alternative
especially when the reliability of the time-dependent
model is questionable, e.g., if the cell size is too large to
describe particle strands properly. In the steady-state
modeling, individual strands are not described and thus
the approach is less sensitive to mesh spacing. The developed simulation model can easily be extended on a basis
of experimental and/or transient simulation results to
new conditions and scales. After extending the model to
varying CFB conditions and all the processes involved in
industrial CFBs, CFD simulation could become one stage
in the development of new CFB processes. An efficient
computational tool would be especially advantageous in

designing and applying new CFB-based processes when
the process conditions or the process itself are new as in
the cases of enriched oxygen combustion, chemical
looping combustion and the gasification process for fuel
production.

Nomenclature
Ar
ds
gi
Kgs
K*gs
p
ps
Re
t
u
us, ∞
Uq, i
U0
x
y

Archimedes number
diameter of the solid phase particles
gravitational acceleration
inter-phase momentum transfer coefficient
representative time-averaged inter-phase momentum transfer coefficient
pressure
solid pressure
Reynolds number
time
velocity
terminal velocity of the solid particles
Favre-averaged velocity, U q , i ≡ 〈 uq , i 〉
superficial gas velocity
spatial coordinate
vertical spatial coordinate

Greek symbols
α
volume fraction
δqs
Kronecker delta
µ
viscosity
ρ
density
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Fig. 9: Experimental and computed time-averaged phase-weighted horizontal (Us, on the left) and vertical velocities (Vs, on the right) for the
solid phase at four height levels ( y = 0.23 m, y = 0.4 m, y = 0.81 m and y = 1.2 m; riser bottom at y = 0).
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Fig. 10: Experimental and computed time-averaged solid volume fractions at four height levels ( y = 0.23 m, y = 0.4 m, y = 0.81 m and
y = 1.2 m; riser bottom at y = 0).
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Subscripts
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gas phase
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coordinate index
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