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Symbol Description
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Nomenclature
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δW e Virtual work expression of a cell wall
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1. Introduction

Cellular materials, such as sandwich panels and wood (Gibson & Ashby

1997) are commonly used in engineering applications, where a good com-

bination of rigidity and weight are needed. The applications range from

construction to pulping and scales from hundreds of meters to parts of a

millimetre.

The elastic properties of cellular materials need to be known for effi-

cient use in the engineering applications. Making a reliable estimation

of rigidity based purely on physical experiments requires a large number

of experiments due to statistical description required (material properties

vary), and dependency on the measuring scale. Simulation experiments

give freedom of design so that scale, different features and their effect can

be studied separately.

Cell structure rigidity depends on multiple geometric and elastic fea-

tures. The geometric features include the geometry of the structure and

the thickness of the cell walls. The elastic features include the elastic

parameters of a cell wall. The descriptions can be either statistical or de-

terministic and include more and more parameters as the cell structure

becomes more complex.

Simulation on a cellular structure requires knowledge not only on the

effect of the important features but also of the features that are left out.

Knowing the effect it is possible to have an estimation on the error caused

by the simplifications used.

According to review by Mishnaevsky & Qing (2008) most micromechan-

ical models of wood are based on a cell structure, where a hexagonal cell

is repeated in a more or less regular manner (Gibson & Ashby 1997,

Zienkiewich & Taylor 2002). The method ignores completely the statis-

tical nature of the geometric and material parameters. The study by

Fazekas et al. (2002) describes an irregular cellular structure by a Voronoi

13



Introduction

diagram. Although this does contain the effect of geometric irregular-

ity, the Voronoi triangulation does not recognize some geometric features,

such as elongated cells, that have an effect on the rigidity of the structure.

A few references consider the irregularity of wood by tracing the scanned

image on a cell-by-cell basis (Persson 2000, Holmberg et al. 1999, Kahle

& Woodhouse 1994, Rafsanjani et al. 2012). Many of the studies consider

only earlywood (Gibson & Ashby 1997, Watanabe et al. 2002). According

to the reviews by Mishnaevsky & Qing (2008) and Hofstetter & Gamstedt

(2009) also different scales up to the growth ring are important to include

when modeling. The existing studies have different values for different

parameters as well, for example the material parameters of a cell wall

(Persson 2000, Jäger et al. 2011, Harrington et al. 1998, Sedighi-Gilani &

Navi 2007).

1.1 Objectives and scope

The aim of the present work was to quantify the effect of the cell struc-

ture geometry and cell wall properties on the effective rigidity of Nomex

and spruce materials. To add on the existing methods in literature the

following steps were taken

• Geometric model is developed for a description of a cell structure which

is used to generate statistically equivalent geometry.

• Computational homogenization method is adapted for cell structures to

find the compliance of non-regular and regular cell structures. A new

method is developed based on a particle model as the micromechanical

model.

• A preliminary study on a simplified model of wood, in this case Nomex,

is conducted. Beam model for the cell walls is validated by comparing

the physical and simulated results of two different Nomex structures.

• A statistical description and a beam model for the cell walls are used

to study the sensitivity of rigidity to variation in earlywood. A method

was developed for calculating the effective rigidity for any combination

of the geometric and cell wall parameters. The outcome is illustrated for

selected parameters.

14



Introduction

1.2 Dissertation structure

This thesis consist of a summary and four original research articles focus-

ing on the analysing and modelling cellular structures in different scales.

First in the summary a method for finding and analysing the geometry of

a cellular structure is presented (Publications I and II). Statistical sim-

ulation of rigidity based on beams is presented (Publications I and II). A

computational homogenization method applied to a regular geometry is

developed (Publications III and IV). The statistical simulation is applied

to Nomex, used here as a simplified model of wood, and the used beam

model is validated by comparing the results of two different cellular struc-

tures (Publication I). For the statistical simulation only spruce earlywood

is considered to find the effect of statistics on the rigidity (Publication

III). Finally the homogenization method is applied to spruce earlywood

and transition-/latewood to find the effective rigidity of spruce sample de-

pending on the used geometric and elastic cell wall parameters (Publica-

tion IV).

15



Introduction

16



2. Cellular structures

There exists many different types of cellular structures, both natural and

man-made (Gibson & Ashby 1997). Unlike an idealized cell structure,

most cellular structures have irregularities in their cell structure and ma-

terial properties. These are obvious in natural materials, but also occur

in manufactured cell structures. Irregularities have certainly effect on

strength and may affect also rigidity (Zhu et al. 2001, Silva & Gibson

1995).

2.1 Connectivity and structural element

In this study, a structural element, which may be one cell, collection of

cells or a part of a cell, is used as a basic building block for constructing a

cellular structure. The structural element, defined by geometric parame-

ters, is repeated and translated to form a cell structure. A regular struc-

ture is periodic and generated by repeating exactly the same structural

element.

Regular structures are shown in Figures 2.1a, 2.1b, and 2.1c. For a non-

regular structure some structural elements or parameters of the struc-

tural elements vary, examples of non-regular structures are shown in Fig-

ures 2.2a and 2.2b. An example of non-regular geometry with variation,

where the parameters of the structural elements are statistical quantities

is shown in Figure 2.2c.

The rigidity of a cellular structure may be contrary for different param-

eters of structural elements (Hohe et al. 1999). For example in Figure

2.1a and 2.1b the structural element is the same, only the parameters of

the structural element are different. The hexagon has similar properties

in all directions and the rectangle is very rigid in one direction and very

flexible in the other.
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(a) Hexagonal (b) Overexpanded (c) Rectangular

Figure 2.1. Different regular cell structures, from left to right: hexagonal geometry, over-
expanded hexagonal geometry with connectivity of three and rectangular ge-
ometry connectivity of four.

(a) Connectivity (b) Structural elements (c) Variation

Figure 2.2. Different non-regular cell structures, from left to right: varying connectivity,
varying structural elements and variation in parameters.

For varying structural elements, shown in Figure 2.2b, not all struc-

tural elements are the same, but some cells may be hexagons, some cells

triangles and some cells squares. Clearly, the whole geometry cannot be

described with a one type of a structural element. Either many type of

elements need to be used in the description, or one reference structural

element, that describes the geometry with a desired accuracy, is selected.

The connectivity of a cell structure tells how the structural elements

are connected to each other. Basically, it explains where the neighbours

of a structural element are located. Connectivity has also an effect on the

elastic properties of a cell structure. Examples of different connectivities

are shown in Figures 2.1b and 2.1c, where in the first case the structure

is very stiff in the vertical direction and in the second case the structure

is very stiff in both the vertical and horizontal directions. Varying connec-

tivity means that the neighbouring elements are connected in different

ways. For example in Figure 2.2a, either three or four cell walls are con-

nected to a vertex point.
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2.2 Nomex

Structural sandwich panels with cellular core are widely used in, for ex-

ample, aerospace and automotive applications, wherever high rigidity and

low weight are required simultaneously (Karlsson & Aström 1997). The

panels are composed of two skins separated by a lightweight core. Nomex

cellular core, an example is shown in Figure 2.3, is made of aramid fiber

paper (DUPONT Nomex or equivalent) coated with heat resistant pheno-

lic resin. A sheet of the material is manufactured by connecting strips of

paper to form a hexagonal structure.

Due to the fabrication method, the structure has double thickness (2t)

and single thickness (t) walls. In Figure 2.3 the double thickness walls

are vertical and all other walls have single thickness.

Figure 2.3. Nomex cellular structure. Double walls are vertically aligned. Cell centroids
in yellow and vertex/corner points in green colour.

2.3 Softwood

Wood is an abundant, moderately durable and economically feasible nat-

ural product. It is widely used in construction, furniture, paper and pulp-

ing, printing and packaging industries. Material and geometric features

of the cell and growth ring structures have significant roles when con-

sidering the rigidity of wood (Gibson & Ashby 1997). According to the

reviews Mishnaevsky & Qing (2008), Hofstetter & Gamstedt (2009) dif-

ferent scales up to the growth ring affect the rigidity.

There are structural differences between softwoods and hardwoods. For

example, rays in softwoods are more narrow and shorter than in hard-

wood. In softwoods the sap channels, apparent as very large cells, make
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Figure 2.4. Different scales of wood. From left to right, growth ring scale, cell structure
scale and cell scale.

up less than 3% of wood volume while in hardwood they can account

for as much as 55%. Growth rings are also different in hardwoods and

softwoods. Softwood growth rings consist of alternating circumferential

bands of thick and thin walled cells. In hardwood growth rings are formed

by bands of sap channels having large diameters and small diameters.

Norway spruce was selected for this study because in wood industry ply-

woods and pulpwood are made with softwood species as spruce, it is one

of the most common wood species in Finland, and softwoods have a more

regular structure than hardwoods (Gibson & Ashby 1997, Bergman et al.

2010, Hugh 1976).

When considering wood, there exists features in multiple scales from

cell wall level up to the whole trunk as shown in Figure 2.4. In each of

the scales there are different features that have an effect on the rigidity

of the next scale. The largest growth ring scale shows how wood grows

differently during spring and summer, forming growth rings consisting of

earlywood, transitionwood and latewood. In the beginning of year cells

are larger and become smaller as the year goes round and at the same

time also the cell walls become thicker. In the cell structure scale not

all wood cells are alike, but there are deviations in size and shape. The

wood cells are also longer in the transverse direction than in the radial

direction and form lines in the transverse direction.

Wood cell walls have a microstructure containing layers and fibres,

which makes the cell wall anisotropic and strong in the longitudinal di-

rection (Gibson & Ashby 1997). The orthotropic nature of the cell wall

is not taken into account if wood cell walls are modeled as beams as in

Publication II.
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3. Geometric model

The geometric model of the cell structure based on a structural element

and translation mapping can be written as

�r nm = �cm + �ρn (3.1)

in which superscript n identifies the vector belonging to the structural el-

ement, superscript m identifies the structural element, �cm is the transla-

tion vector of the structural element, and �ρn is the relative position vector

of the vertex points.

The model can be used to generate any regular structure, for example

the structures shown in Figure 2.1. The specimen domain is required to

fill completely, which limits the selection of the structural element and

determines the translations accordingly.

3.1 Mapping model

In the mapping model the relative position vector of Equation (3.1) is

given by

�ρn = �ρ0(n) ·
↔
H (3.2)

in which �ρ is the relative position vector of the reference structural ele-

ment,
↔
H is the mapping which does not depend on n. The mapping model

is illustrated in Figure 3.1.

To make the parameters of the mapping more physical, the rotation and

deformation parts of Hij can be separated by applying a polar decomposi-

tion

Hij = RikUkj (3.3)

in which Rik describes the rotation and Ukj describes the stretch and Ein-

stein summation convention is used for the repeated subscript indices,
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ρ
0  cm

ρ1 

X

Y

Figure 3.1. The mapping model, the reference structural element �ρ0(1), the translation
�cm and relative position vector �ρ 1.

which means that the repeated indices are implicitly summed over. The

parametrized matrix form of the rotation can be written as

R =

⎡
⎣cos θ − sin θ

sin θ cos θ

⎤
⎦ (3.4)

and the parametrized matrix form of the stretch as

U =

⎡
⎣1 + ε∗xx ε∗xy

ε∗xy 1 + ε∗yy

⎤
⎦ . (3.5)

Parameter θ describes the orientation and ε∗xx, ε∗xy, and ε∗yy the size and

shape differences relative to the reference structural unit. The parame-

ters are chosen such that their effect on the cell geometry is predictable.

Problem with applying the mapping model is that the same result may

be achieved with multiple different mappings. Especially with regular

hexagons, there exist symmetry every π/6 and the model cannot tell the

difference between these angles. Also, the mapping model does not recog-

nize certain geometric features as the number of parameters is only four.

For these purposes a more general method was developed for wood.

3.2 Parameter model

In the parameter model, the relative position vector of Equation (3.1) is

given by

�ρn = �g(n, ...) (3.6)

in which n identifies the vertex point of the structural element and the

dots stand for a list of geometric parameters defining the shape and size.
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Unlike for the mapping model, the parametrization is chosen specifically

for each case and defines the structural element directly.

3.3 Structural element

The structural element and the model should capture the important fea-

tures in spruce and Nomex and also allow for asymmetry without being

too complex. The element, used to produce the hexagonal cell collection

via translation mapping, consists of three relative position vectors �ρ(1),

�ρ(2), and �ρ(3), around one translation point or vertex point (shown on the

left in Figure 3.2). Since each vector has two components in the planar

case, the description of the geometry contains nine parameters including

the three cell wall thicknesses.

llit

Y

X

hlit

llitϕlit

ρ

ρ

ρ

Figure 3.2. Structural element of the model on the left, the generated cell collection in
the middle and a simplified model derived from the literature on the right.
The rigid body rotation, βlit, of the whole element is not shown.

A simplification of the model, referred to here as the literature case,

represents the common choice discussed by, for example Gibson & Ashby

(1997) is shown on the left in Figure 3.2. The problem with the simplified

representation is its inability to represent asymmetric cells, even though

asymmetry is known to have a large effect on rigidity (Watanabe et al.

2002). The detailed equations for calculating the parameters of the lit-

erature case from the three vector parameters are given in Publication

II.

Another selection for the parameters is illustrated on the right in Fig-

ure 3.3. In this model, the cross-sectional parameters are limited to five:

width, w, cell wall height h and the dimensionless quantities α, β and γ.

The rotation of the whole structural element is not included. The thick-

ness of the single cell wall t and depth of the cell, T , in the longitudinal

direction are also needed to form a complete geometric description of the
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w

βh

αw

h

γh

R

T

Figure 3.3. The geometric parameters of the cross section of the cell outer boundary ge-
ometry.

representative cell. These can be calculated from the parameters of the

structural unit shown in Figure 3.2.

3.4 Parameter estimation

To find the parameters of the geometry, a collection of structural elements,

for example in the middle of Figure 3.2, based on a specimen of Nomex and

spruce are analysed. In the case of Nomex, the mapping model is utilized

to find the parameters ε∗ij and θ by mapping all structural elements back

to a fixed reference structural element. For wood the parameters are the

six coordinates of the relative position vectors.

As in the conventional pattern recognition studies by Chung et al. (2010),

Bovik (2005), the separate cell regions are defined and their cell centroids

are determined. Cell vertices or translation points, shown as white points

in Figure 3.4 for spruce and as green points in Figure 2.3 for Nomex, are

detected as the intersections of the adjacent cells that are sorted based on

the nearest neighbour classification (Narendra & Fukunaga 1977, Khedr

& Salim 2008). The cell wall thickness t is obtained as the distance be-

tween a vertex point and its nearest white pixel.

The geometry extracted as explained above can be used as the image

geometry. Problem with these specimens is the limited number of cells

and thus only limited scales can be studied using directly the extracted
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Figure 3.4. The corner points and circles with radius of cell wall thickness (green circles)
for an earlywood specimen.

geometry. The image data can be processed further to find a more compact

and general description of the geometry. The structural elements of the

analysis are found from an image of the actual Nomex or Norway spruce.

Only the structural elements meeting the requirement of connectivity

are included, so that three and only three differently coloured walls are

connected to one vertex point as shown in Figure 3.2. For Nomex all struc-

tural elements filled the requirement. Depending on the image, approxi-

mately 10-20% of the cell walls were neglected for spruce earlywood and

the results varied by a few percentage points depending on how the selec-

tion was made. The selection is illustrated for a case in Figure 3.5.

Figure 3.5. The set of structural elements that meet the requirement of connectivity of
three and only three different coloured walls.

The found collection of values of structural elements can be used directly
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as the input for generating the geometry, but a distribution is utilized in

order to find a statistical representation. To avoid the negative values and

match the collection of values a log-normal distribution is used

pdf(a) =
1

a
√
2πκ

exp
ln a−λ2

2κ2 , (3.7)

in which pdf is the probability density function, κ and λ can be expressed

in terms of the mean value and standard deviation of data a. Then the

variation in the cell scale is included by considering the parameters of the

geometry as statistical quantities, which are defined by the mean value

and standard deviation of each parameter. If the variation is small within

a specimen, it can be assumed regular and described only by a single

structural element.

The statistical variation is included in a geometry by first considering

a regular structure and the variation is used to move the vertex points

accordingly. When used repeatedly, with random values of the parameters

from their distributions, the mapping creates slightly different geometries

that are identical in statistical sense.

3.5 Discussion

The geometrical models gave a compact description that included the vari-

ation of the geometry and the asymmetry of the cells. On the other hand,

the size and quality of the specimens was very limited and the method

ignored some features, such as rays. Also, the method did not take into

account the cell walls that did not meet the required connectivity.
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4. Simulation experiment on rigidity

A simulation experiment on strength or rigidity has design like a physical

one where a specimen is subjected to stress loading and the correspond-

ing strain is obtained by direct measurement. In rigidity simulation the

specimen is a collection of cells which is subjected to stress loading on the

specimen edges as shown in Figure 4.1. A set of equilibrium stress load-

ings are used to calculate the corresponding strains to find the compliance

of the material.

X

Y

σXXσXX

σYX

σYX

σYX

σYX

σYY

σYY

Figure 4.1. Specimen of cellular structure subjected to stress. Exterior points are marked
with hollow circles, interior points with black circles, and polygon domain
occupied by the specimen with a dashed line.

The compliance is obtained as a relationship between the strain εij of

the cell collection and the stress σij acting on the specimen. The rela-

tionship between the strain and stress components can be written with

the Einstein summation convention for linearly elastic material model as
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follows:

εij = Cijklσlk, (4.1)

in which i, j, k, l ∈ {X,Y, Z} and the compliance Cijkl characterizes ma-

terial. Assuming that the XYZ-coordinate system is also the orthotropy

coordinate system, the constitutive equation in terms of material param-

eters: Young’s moduli E, Poisson’s ratios ν, and the shear moduli G can

be written in Voigt notation as
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

εXX

εY Y

εZZ

2εY Z

2εZX

2εXY

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
EX

−νY X
EY

−νZX
EZ

0 0 0

−νXY
EX

1
EY

−νZY
EZ

0 0 0

−νXZ
EX

−νY Z
EY

1
EZ

0 0 0

0 0 0 1
GY Z

0 0

0 0 0 0 1
GZX

0

0 0 0 0 0 1
GXY

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

σXX

σY Y

σZZ

σY Z

σZX

σXY

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

, (4.2)

in which the elements satisfy the well known symmetry relationships so

that there are in total nine independent parameters.

4.1 Specimen geometry

The specimen of the simulation experiment is built out of the three wall

structural element on the left of Figure 3.2 with the mapping in Equation

(3.1). The specimen is defined by the exterior points i ∈ Iext having con-

nectivity less than three, meaning that less than three cell walls connect

to a vertex point. The exterior points are shown as hollow circles and poly-

gon edges are shown as dashed lines in Figure 4.1. The position vectors

of the exterior points �ri and outward directed lengths �Si associated with

these points are the important geometric quantities.

Directed lengths �Si are defined as the mean value of the directed lengths

of the edges of the polygonal domain having a vertex point i ∈ Iext in com-

mon. With this definition for the directed lengths the following equations

can be written ∑
i∈Iext

�Si = 0, (4.3)

∑
i∈Iext

�ri�Si = A
↔
I . (4.4)

In the latter relationship, A is the area of the polygonal domain and
↔
I

is the second-order unit dyad defined by conditions �a ·
↔
I =

↔
I · �a = �a ∀�a.

The geometric relationships described above and the particular definition
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of the directed lengths associated with the nodes are based on the Gauss

theorem applied to a polygonal domain. Further explanation of this can

be found in Publications II and III.

4.2 Compliance derivation

In the micromechanical model, the cell walls are considered as slender

bodies so that the force-moment-displacement-rotation interaction

between two vertices is described accurately enough by the Bernoulli beam

theory. Simulation with beams is used to find the force and displacement

dependency for a collection of cells, of which an example is shown in Fig-

ure 4.1. In the material xyz-coordinate system, the equilibrium equations

of beam are
�F ′ + �f = 0, (4.5)

�M ′ +�i× �F + �m = 0, (4.6)

where �f and �m are the external load vectors, and �F and �M are the stress

resultants acting on a beam cross-section. The prime symbol in �F ′ and
�M ′ is used to denote the derivative with respect to x. Assuming that

the x-axis coincides with the neutral axis of the beam, the constitutive

equations for beam stress resultants of a linearly elastic material are

�F = (EsAb u
′
x)�i−

(
EsIb u

′′′
y

)
�j, (4.7)

�M = (EsIb u
′′
y)

�k, (4.8)

in which ux, uy are the displacement components in the directions of the

x- and y-axes, and Es is the cell wall elastic modulus. The geometric prop-

erties of the beam cross sections are Ab = Tt and Ib = Tt3/12 in which

t is the cell wall (or beam) thickness and T is the depth of the cellular

structure.

Solutions to Equations (4.7) and (4.8) give the relationship between dis-

placements and rotations of the beam ends and the forces and moments

acting on the beam ends. The contribution of cell wall e to the virtual

work expression of the cell structure can be written as follows:

δW e = −
⎧⎨
⎩
δq1

δq2

⎫⎬
⎭

T ⎡
⎣ K11 K12

K21 K22

⎤
⎦
⎧⎨
⎩
q1

q2

⎫⎬
⎭ , (4.9)

where the matrix depends on the material, cross-sectional properties, and

length of the cell wall, an example is given per unit depth in Appendix A
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of Publication II. The generalized displacements of the beam ends, con-

sisting of displacements and rotations in the material coordinate system,

are

qi =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

uxi

uyi

θzi

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

�ie · �ui
�je · �ui
�ke · �θi

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

, (4.10)

in which �ie, �je and �ke are the basis vectors of the material coordinate

system of cell wall e and �ui, and �θi are the displacement and rotation of a

vertex point i. Virtual work expression of the cell structure,

δW = δW int + δW ext =
∑
e∈E

δW e +
∑
i∈Iext

⎧⎨
⎩
δ�ui

δ�θi

⎫⎬
⎭

T

·
⎧⎨
⎩

�F i

�M i

⎫⎬
⎭ , (4.11)

accounts for the interaction with the surrounding cells with forces �F i and

moments �M i in the second term. The sum in the second term is over the

exterior vertex points E that define the boundary of the specimen. The

forces and moments acting on the exterior points are expressed as follows:
⎧⎨
⎩

�F i

�M i

⎫⎬
⎭ = �Si ·

⎧⎨
⎩

↔
σ
↔
μ

⎫⎬
⎭ (4.12)

in which ↔
σ and ↔

μ are the given force stress and the couple stress, respec-

tively (Eringen 1999).

To exclude rigid body motion, the displacements and rotations of the

exterior points are taken to be
⎧⎨
⎩
�ui

�θi

⎫⎬
⎭ =

⎧⎨
⎩
�ri · ↔ε
�φ

⎫⎬
⎭ i ∈ Iext, (4.13)

in which ↔
ε is the constant symmetric strain and �φ the constant micro-

rotation. The couple stress does not affect the virtual work expression, as

deduced from Equation (4.11) combined with Equations (4.3), (4.12) and

the knowledge that �φ is constant.

The principle of virtual work gives the displacements and rotations of

the vertex points, uXi, uY i, and θZi, and the three independent strain

components, εXX , εY Y , and εXY , as functions of the three stress compo-

nents, σXX , σY Y , and σXY , of the planar case. The relationship between

the strain and stress components can be written as follows:
⎧⎪⎪⎪⎨
⎪⎪⎪⎩

εXX

εY Y

2εXY

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

=

⎡
⎢⎢⎢⎣

C11 C12 C13

C21 C22 C23

C31 C32 C33

⎤
⎥⎥⎥⎦

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

σXX

σY Y

σXY

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

, (4.14)
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in which Cij i, j ∈ 1, 2 are the components of the compliance. If the ma-

terial is orthotropic and the XY -coordinate system is also the orthotropy

system, the compliance can also be written in terms of Young’s moduli and

Poisson’s ratios as⎧⎪⎪⎪⎨
⎪⎪⎪⎩

εXX

εY Y

2εXY

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

=

⎡
⎢⎢⎢⎣

1
EX

−νXY
EY

0

−νY X
EX

1
EY

0

0 0 1
GXY

⎤
⎥⎥⎥⎦

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

σXX

σY Y

σXY

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

. (4.15)

4.3 Continuity

The generated statistical structure needs to be geometrically or mechan-

ically continuous. To generate a statistically equivalent geometry the lo-

cations of vertex points are found as random picks from the distribution

defined by Equation (3.7).

Geometrically continuous means that the neighbouring cell walls are

connected at the same vertex point. In practice, connectivity is enforced by

selecting a common point of the vertex points after generating the struc-

tural elements of the mapping. For Nomex, the common vertex point was

selected as a single random value for the connected vertex point. This

method does not necessarily preserve statistics but generates a continu-

ous structure.

Mechanically continuous structure, used for earlywood, requires only

that the neighbouring cell wall ends have the same displacements and ro-

tation but can be located at different points. In practice this is achieved

by generating the structural elements of the mapping and then enforcing

the points of common vertices to have equal displacements and rotations.

This method ignores the geometric connectivity, but retains connectivity

in what we call mechanical sense. A similar method is used in literature

for non-matching meshes in opposite sides of representative volume ele-

ments by connecting the displacement fields (Nguyen et al. 2012).

To validate the method, the rigidity statistics were calculated for a set of

structural elements, which were then scrambled and the rigidity statistics

were calculated again. As the rigidity statistics were found to match, it

can be concluded that the order of the structural elements does not affect

the outcome and mechanical connectivity is enough.
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4.4 Discussion

If the geometric parameters or the cell wall properties are statistical quan-

tities like in Figure 4.1, the compliance is also a statistical quantity. For

a reliable estimation of the population characteristics like mean values

and standard deviations of the effective elastic parameters, the experi-

ment is repeated on a random sample from the population. The variation

in a population depends on the population size, specimen size and on the

variation of the geometric and cell wall parameters.

The interactions with the surrounding material are modeled so that the

specimens of an non-regular structure deform in the same manner as they

would as part of a infinite collection of cells. To achieve a geometrically

repeating specimen, the statistical variation is restricted to the interior

structural elements and the exterior structural elements are regular. If

the requirement geometric connectivity of specimens would be relaxed to

mechanical connectivity on the borders of a non-regular specimen, the ef-

fect of borders could be reduced. As mechanical connectivity does not re-

quire geometrical continuity, the borders could be modeled as non-regular

as well.
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5. Computational homogenization

Computational homogenization characterizes a collection of methods to

calculate the effective elasticity of a regular cell structure. Homogeniza-

tion methods have been discussed, for example by Nguyen et al. (2012),

Gibson & Ashby (1997), Hohe & Becker (2000), Charalambakis (2010)

and Hassani & Hinton (1998). These include for example surface aver-

aging method, volume averaging method and two scale expansion. In this

study, a two scale expansion method, similar to the one by Hohe & Becker

(2000), is used.

Here the effective elasticity is calculated by matching the virtual work

expressions of two models, precise micromechanical model and effective

continuum model. The explained method is discussed in more detail in

Publications III and IV. The precise model describes the behaviour of the

collection of cells in a detailed manner and contains the geometry of the

structure and cell wall mechanical properties. The effective model is the

continuum model and assumes that the material is continuous and the

material properties are constant in the specimen.

In what follows the structural element in the precise model is a cell

modeled as long hollow prism built out of six cell walls. As the material is

considered regular, the cell collection can be generated by translating and

repeating a representative structural element.

5.1 Periodic elastic material

Again in what follows, Einstein summation convention is used and su-

perscripts identify cells. The stress-strain relationship of linearly elastic

material can be written in the form

σij = Eijklεlk, (5.1)
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in which Eijkl is the fourth order elasticity dyad, σij is the second order

symmetric stress tensor, and εkl is the second order symmetric strain ten-

sor. Elasticity dyad of linearly elastic periodic material satisfies

Eijkl(�c
n + �ζm) = Eijkl(�ζ

m), (5.2)

in which Eijkl(�ζ) is the elasticity dyad of the representative cell, �cn is the

translation vector and �ζm is the translation direction. Translation vector

�cn is a linear combination of �ζm with integer coefficients. The finite or

infinite collection of cells can be thought to be built by translating and

copying the representative cell, identified here by n = 0, as in mapping

(3.1).

X

Y

ζ

t

ζ

ζ

c
n

Figure 5.1. Cell wall thickness t, translation vector �cn and translation directions �ζ 1, �ζ 2,
and �ζ 3 of a representative cell as part of a cell collection.

5.2 Effective rigidity

In computational homogenization, the aim is to find the effective rigidity

E0
ijkl that describes the behaviour of an infinite collection of cells. The

precise model is based on Equations (5.1) and (5.2). The counterpart for

the precise model in Equation (5.1) can be written for the effective model

as

σ0
ij = E0

ijklε
0
lk (5.3)

in which σ0
ij is the effective second order symmetric stress tensor, and ε0lk

is the effective second order symmetric strain tensor.
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In practice, the elastic properties of the effective model are chosen so

that

δW − δW 0 = 0, (5.4)

in which δW and δW 0 are the virtual work expression for the precise

model and effective model, respectively. Virtual work expressions for the

cells of the non-bounded collection are assumed to coincide so that it is

enough to consider a representative cell only in Equation (5.4) under the

periodicity assumption on displacement.

Precise model virtual work expression of Equation (5.1) is

δW =

∫

Ω

(δεijσij)dV, (5.5)

which corresponds to the classical elasticity theory without external dis-

tributed forces. Above, Ω is the domain occupied by the representative

cell. Virtual work expression for the effective model is given by

δW 0 = δε0ijσ
0
ijV

0 (5.6)

in which V 0 is the volume of the representative cell. One may think that

the effective model strain ε0ij is a constant approximation to precise model

strain εij and σ0
ij is that to σij in the representative cell.

Displacements of the two models in a representative cell are related by

ui = u0i + εijkθ
0
jρk + ρjεji +Δui (5.7)

in which the first three terms on the right side of the equation repre-

sent the displacement of the effective model, εijk is the permutation sym-

bol, Δui is the remainder displacement by the precise model and trans-

lations u0i and rotation θ0j associated with the translation vector describe

the small rigid body motion of the representative cell. The corresponding

relationship for strains is

εij = ε0ij +Δεij . (5.8)

Due to the periodicity assumption of the solution, the remainder dis-

placements Δui need to be continuous on the cell structure. Therefore the

remainder displacement of the representative cell is subjected to

Δui(�c
0 +

1

2
�ζm) = Δui(�c

0 − 1

2
�ζm), (5.9)

for all translation directions, see Figure 5.1.
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5.3 Segregated solution method

In the variational problem for the effective elastic properties, Equation

(5.4) is enforced for all variations of the effective strain and remainder

displacement under the constraint in Equation (5.9). To be precise, the

aim is to find the remainder displacement, Δui, and effective strain, ε0ij ,

such that
∫

Ω

(δε0ij+δΔεij)Eijkl(ε
0
lk+Δεlk)dV −δε0ijσ

0
ijV

0 = 0 ∀δε0ij and ∀δΔui. (5.10)

To solve for the unknowns Δui and ε0ij , a two step segregated solution

method is used. First, the effective strain is considered known, so that

δε0ij = 0 and the variational problem in Equation (5.10) simplifies to find-

ing the remainder displacement Δui that fulfills
∫

Ω

δΔεijEijkl(ε
0
lk +Δεlk)dV = 0 ∀δΔui. (5.11)

Since the equation is linear in ε0lk, solution to the strain due to the remain-

der displacement can be expressed as

Δεij = Dijklε
0
lk. (5.12)

In the second step, the remainder displacement is considered as known,

so that δΔui = 0. As the outcome, the variational problem of Equation

(5.10) simplifies to
∫

Ω

δε0ijEijkl(ε
0
lk +Δεlk)dV − δε0ijσ

0
ijV

0 = 0 ∀δε0ij . (5.13)

As the effective strain ε0ij is constant in a representative element, the

solution to the effective stress is given by

σ0
ij =

1

V 0

∫

Ω

Eijmn(Inmkl +Dnmkl)dV ε0lk = E0
ijklε

0
lk (5.14)

in which Iijkl are the components of the fourth order unit dyad and

E0
ijkl =

1

V 0

∫

Ω

Eijmn(Inmkl +Dnmkl)dV (5.15)

is the effective elasticity dyad. The effective compliance C0
ijkl is the in-

verse of the effective dyad E0
ijkl of Equation (5.15). A simple formula is

obtained if Dnmkl is omitted in Equation (5.15). The upper bound for the

stiffness obtained in this manner is simply the volume average of the pre-

cise model compliance.
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5.4 Particle model homogenization

The homogenization method based on the precise and effective models

allows one to choose the pair to be matched quite freely. The above method

was based on a classical continuum model and linearly elastic material as

the precise model, but a similar method can be used for a particle model

based on forces and moments acting between the particles as the precise

model.

Virtual work expression of the effective model is given in Equation (5.6)

where V = AT , in which A is the area of the cell, chosen here as the struc-

tural element, and T is the depth of the cell. The virtual work expression

of the precise model can be written as

δW =
∑
e

δW e, (5.16)

in which sum extends over all the interacting particle pairs. The force-

moment interaction of particles is modeled by considering the cell walls

as slender Bernoulli beams. The expression of a single wall is given in

Equation (4.9).

Here the relationship between the displacements of the two models, cor-

responding to Equation (5.7), takes the form⎧⎨
⎩
uκi

θκi

⎫⎬
⎭ =

⎧⎨
⎩
u0i + rκj φj

θ0i

⎫⎬
⎭+ rκj

⎧⎨
⎩
εji

0

⎫⎬
⎭+

⎧⎨
⎩
Δuκi

Δθκi

⎫⎬
⎭ κ ∈ Iext, (5.17)

in which φj is the constant micro-rotation. The expression is similar to

Equation (5.12), but here both remainder displacement Δuκi and remain-

der rotation Δθκi need to be included.

5.4.1 Case study of planar structures

Figure 5.2 shows eight planar cell structures. Markers of the exterior

nodes indicate how the copies of structural elements are connected in a

structure. Points with the same markers have the same displacements

and rotations. Solid lines represent the cell walls; black line means that

the wall belongs to one structural element and grey that the wall belongs

to two structural elements when the structural elements are copied to

form cell structures. In practice, depth T/2 of a beam in gray color is half

of that indicated in black T , the cell walls are stacked on top of each other

to have matching rotations and displacements at the beam ends.

The effective elastic parameter expressions are given in Table 5.1. The

expression found for the equilateral triangle cell structure coincide with
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Figure 5.2. Cell type representative structural elements. Node connectivity is indicated
by markers. Cell walls are in grey and black solid lines.

the ones reported by Wang & McDowell (2004), Gibson & Ashby (1997)

and Gonella & Ruzzene (2008), although only the leading term in slen-

derness is accounted for. The square cell structure expressions match the

ones by Wang & McDowell (2004). The expressions for the regular, over-

expanded and re-entrant hexagon reported by Gibson & Ashby (1997) cell

structures coincide as well.

Table 5.1. Parameters of classical elasticity as functions of slenderness αs = t/h. For
lengthy expressions, only the leading term in αs is given.

Cell EX/Es EY /Es νXY νY X GXY /Es

Equilateral

triangle
2
√
3αs+α3

s
3+α2

s
2
√
3αs+α3

s
3+α2

s

1−α2
s

3+α2
s

1−α2
s

3+α2
s

√
3
4 (αs + α3

s)

Square
αs αs 0 0 1

2α
3
s

Regular

hexagon
4√
3

α3
s

1+3α2
s

4√
3

α3
s

3+α2
s

1−α2
s

3+α2
s

3−3α2
s

1+3α2
s

1√
3

α3
s

1+α2
s

Rhombus 4
√
3α3

s
1+3α2

s

4√
3

α3
s

3+α2
s

1−α2
s

3+α2
s

3−3α2
s

1+3α2
s

√
3
4 αs

Rectangular

supercell

√
2αs

√
2αs

√
2− 1

√
2− 1 1√

2
αs

Right angle

triangle

√
2αs

1+2
√
2

√
2αs 1 1

1+2
√
2

1
2αs

Overexpanded

hexagon
16α3

s
1+16α2

s
αs 0 0 4α3

s
5+α2

s

Re-entrant

hexagon
4
√
3α3

s
1+3α2

s

4α3
s

3
√
3(1+α2

s

−1+α2
s

3+9α2
s

−3+3α2
s

1+3αs

√
3αs

9+α2
s
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5.5 Discussion

The discussed two-scale homogenization method applies to any regular

structure and gives the effective rigidity of an infinite collection of cells

with a single representative element. Any type of a cell wall model can be

considered, for example the linearly-elastic material model or beam truss

discussed earlier.

Comparison with literature of the eight cases (Wang & McDowell 2004,

Gibson & Ashby 1997, Gonella & Ruzzene 2008) indicates that selection

of the structural element of the cell structure does not affect the outcome

as should be the case. The expressions of Table 5.1 assume that Young’s

modulus is the same for all the cell walls, thickness of the cell walls is

constant and the cell geometry is described by just one parameter h. The

expression become far more complicated for more complex cell structures

as shown in Publication III.

The application based on the particle model and cell-type structural ele-

ment gives a closed form expressions for the effective elastic parameters of

a regular cell structure consisting of beams. The effect of the parameters

is obvious from the closed form expressions. The drawback of the model is

the assumption of regular cell structure that ignores all irregularities of

the geometry and of cell wall parameters.
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6. Rigidity of Nomex

Nomex honeycomb, of which an example is shown in Figure 2.3, is made of

aramid material which is then coated with a phenolic resin. The relatively

thin cell walls have single or double thickness because the material is

fabricated by glueing strips of paper to form a cell structure.

An extensive literature survey on the theoretical and numerical stud-

ies on cellular cores or entire sandwich structures was conducted by Noor

et al. (1996) and more recently by Hohe & Becker (2002). Schwingshackl

et al. (2006) provided a quantitative evaluation of various available ap-

proaches for determining the properties of a cellular structure. In many

papers on the sandwich core, the emphasis is on the out-of-plane direc-

tion (Meraghni et al. 1999, Foo et al. 2008). The in-plane properties are

studied by for example Foo et al. (2007), Chen & Osaki (2009), and Chen

(2010), but these studies consider only regular hexagonal cells. The stud-

ies by Karakoç & Freund (2012) and Karakoç et al. (2013) consider also

non-regular cell structures.

Nomex is used as a simplified model of wood for which both physical

and simulation experiments are possible. The aim is to validate the beam

model for thin cell walls by comparing the physical and simulation results

of two different cell geometries. The simplified model problem is used

also to indicate how the cell wall properties can be estimated in cases

where direct measurements are non-reliable and irregularities in the cell

structure need to be taken into account.

6.1 Cell structure geometry

The Nomex material specimen, a part of which is shown in Figure 2.3, is

analysed to find the geometric parameters ε∗xx, ε∗xy, ε∗yy, and θ. The map-

ping model introduced in Section 3.1 is applied to a reference structural

41



Rigidity of Nomex

element, with |�ρ0(n)| = 1 mm and in even angles. Specimens used in ex-

periments are assumed to belong to the same population as they were cut

from the same sheet of Nomex cellular structure.

The mean values and standard deviations of the geometric parameters

are presented in Table 6.1. These describe the shape and size relative to

the reference structural element. The mean value of the rotation angle

describes the tilt of the whole specimen and so it is related to the position

of the specimen during the scanning. The variation of θ describes the

variation in the specimen and so is related to the population properties.

The statistically equivalent geometry can be created by applying these

parameters, for which an example is shown in Publication I.

Table 6.1. The mean value and standard deviation of the geometric parameters for cell
size 6 mm.

μ σ

ε∗xx 3.43 0.063

ε∗xy 0.020 0.062

ε∗yy 3.64 0.077

θ 0.51 0.016

Cell structure of Nomex material is relatively simple and variations of

the geometric parameters were small, meaning that the variations could

be ignored and the model could be simplified by a regular structure that

uses only the mean values of the geometry.

6.2 Cell wall parameters

As the cell walls are relatively soft, thin and made of two materials, the

cell wall thickness is difficult to measure accurately. Then also the Young’s

modulus cannot be easily determined by direct measurements as the ten-

sile test and the flexural test may give different results for the Young’s

modulus.

To avoid the unreliable thickness measurement, the Young’s modulus

and thickness of a cell wall are calculated by an indirect manner mini-

mizing the difference between the measured spring constant k from ex-

periments and the spring constant k from simulations experiment. The

experiment set-up is shown in Figure 6.1.

To find a combination of the Young’s modulus and thickness of a cell

wall, the best match between the simulation and physical experiment is
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Figure 6.1. Schematic representation of the rigidity experiment.

calculated. In practice this can be achieved by minimizing the function

Π(Es, t) =
∑
ϕ

∑
i

(kϕ,i − ki(Es, t, wN , lN , T, ε∗xx, ε
∗
xy, ε

∗
yy, ϕ))

2, (6.1)

in which i identifies the specimen number, ϕ is the material orientation

angle between the material WL and laboratory XY -coordinate systems,

and k is the measured spring constant of the cell material sample. The

simulated spring constant k depends on the Young’s modulus of a cell wall

Es, the thickness of a cell wall t, the shape parameters ε∗ij , orientation ϕ,

specimen width wN , specimen length lN , and core thickness T .

6.2.1 Physical experiments

Two samples of Nomex material, with nominal cell sizes 5 mm and 6 mm,

are used in the experiments. The experiments are carried out on Nomex

specimens in laboratory XY -coordinate system. The specimen is glued to

aluminium profiles that are attached to the frame. The upper section of

the specimen is pinned so that the line of action of P goes always through

point 1 as shown in Figure 6.1. For a stiffness measure k, a control point is

chosen at the rigid body region and vertical displacement uY of this point
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is measured as a result of force P .

The independent variables of the rigidity experiment are ϕ, and the load

magnitude P as illustrated in Figure 6.1. The dependent variable is the

simulated spring constant k. Specimen size used in the experiments had

the dimensions; width wN =150 mm, specimen length lN =300 mm, cell

depth T = 12 mm.

Uni-axial tension tests are conducted for orientations ϕ1 = 0, ϕ2 = π/6,

ϕ3 = π/3 and ϕ4 = π/2 relative to the laboratory coordinate system. Ex-

periments are repeated three times in each orientation for the two differ-

ent cell sizes 6 mm and 5 mm.

6.2.2 Simulation experiments

The simulation experiments are designed to match the physical experi-

ments. The specimens are generated by applying the geometry found by

geometric analysis and included the variation of the geometry. The thin

cell walls are modeled as Bernoulli beams, which makes both the Young’s

modulus and thickness as cell wall properties.

Solutions to equations (4.5), (4.6), (4.7), and (4.8) for the beams are con-

nected by continuity conditions for displacements and rotations at vertices

and the equilibrium of the points 1 and 2 shown in Figure 6.1. The upper

and lower boundary extremes (gray regions in Figure 6.1) are modeled as

rigid bodies so that displacement is

�ui = �u0 + �α0 × (�li −�l0), (6.2)

where �ui is the displacement vector, �α0 is the rotation vector, �li is the

position vector of a vertex point belonging to the boundary extreme, and
�l0 is the position vector for the translation point 1 or 2. For point 1 shown

in Figure 6.1 �u0 = 0 and �l0 is the position vector of point 1. For point 2 �u0

is the displacement vector of point 2 and �l0 is the position vector of point

2. External forces and moments acting on the left and right boundary

extremes vanish.

6.3 Results

The measured spring constants for different orientations in Table 6.2 are

used to obtain the sets of the hidden parameters Es and t as the minimiz-

ers of the equation (6.1). As expected the minimizer was not unique. The

set of minimizers are illustrated in Figure 6.2 in the reasonable range t
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∈ [0.05, 0.08] mm and Es ∈ [5, 15] GPa. These minimizers define a curve

that can be expressed in terms of bending stiffness and thickness of the

cellular structure as
EsI

T
= b, (6.3)

in which I = (Tt3)/12 and b is a constant, b = 201 Nm for cell size 6 mm

and b = 92 Nm for cell size 5 mm.

Figure 6.2. The relationship between Es and t as a result of minimizing the Equation
(6.1) for cell size 6 mm. Here, t = 10−5 m and E = 109 Pa.

Table 6.2. The effective spring constants and their difference for different material ori-
entations for cell size 6 mm.

Physical exp. Simulation exp. |k(μ)−k(μ)|
k(μ)

μ σ μ σ

ϕ = 0 805.4 89.2 913.6 0.3 12%

ϕ = π/6 1862.4 52.4 1653.4 0.9 13%

ϕ = π/3 1522.7 94.6 1619.9 1.1 6.0%

ϕ = π/2 922.6 36.7 957.9 0.4 3.7%

The spring constants of physical experiments and simulation experi-

ments for different material orientations are presented in Table 6.2 for

cell size 6 mm. Also given is the relative difference of the spring co-

efficients. The values of Young’s modulus and thickness that gave the
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best match between physical and simulation experiments are used to ob-

tain the simulated spring constants. The results show that the lowest

and highest values of the spring constants were obtained for ϕ = 0 and

ϕ = π/6, respectively. A larger difference was found between the mea-

sured and simulated spring constants at orientation ϕ = 0 and ϕ = π/6.

For the orientations ϕ = π/3 and ϕ = π/2 the difference was smaller.

6.4 Discussion

Rigidity of Nomex material depends on geometric and elastic parameters,

including the geometry, Young’s modulus and the thickness of the cell

wall as shown in Table 5.1 for hexagonal cell. The dependency is very

strong e.g. with thickness, which means that accurate measurements are

needed.

The model used for Nomex contained the variation of the geometric pa-

rameters. The effect was found to be relatively small as concluded from

the standard deviations of the simulation experiments in Table 6.2. This

means that the Nomex material could be assumed to be regular and the

effective rigidity of a cell structure could be found for equilateral cellular

sheet under regular hexagon in Table 5.1, when the elastic modulus is

known.

The hidden parameter concept was introduced for cellular structure mod-

eling. The method was used to match virtual and physical experiments to

find the rigidity of Nomex cell wall material and thickness of a cell wall.

Structural stiffness was used for finding the hidden parameters. As the

minimizers of the difference between the spring constants of the physical

and simulation experiments in the least square sense turn out to be non-

unique representing the value for the bending stiffness of the material to

be used for the cell walls.

The deviations between the physical experiments and the simulations

can be caused by the measuring error, for example the specimen align-

ment on the test frame. In the analysis of the geometry, the walls are

assumed to be straight and the vertex points are determined accordingly.

This can cause some geometric modeling error in the simulations.

In order to validate the method, two different nominal cell sizes 6 mm

and 5 mm were tested through physical and simulation experiments. The

different sheets were made with the same material, but slightly different

cell wall thicknesses. The Young’s modulus is assumed to be the same for
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both cases, the depth is the same, the relation of the wall thicknesses of

the two specimens was measured directly as t6/t5 ≈ 1, 27 and for the b

values in Equation (6.3) b6/b5 = (201/92)1/3 ≈ 1, 30. The results are very

close to each other which validates the used beam model.
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7. Rigidity of spruce

Spruce has a complex structure with many details that all have an effect

on rigidity. An example of cells, earlywood and growth ring structures

is shown in Figure 2.4. Cell walls consist of a primary wall and a three

layer secondary wall and two adjoining cell walls are connected by a mid-

dle lamella. The cell wall contains also structure strengthening fibres

oriented in different directions (Bergman et al. 2010, Persson 2000).

A variety of models exist for wood, starting from very simple models and

ending to models including tens of parameters. In the simplest model,

wood is considered as equilateral regular cell structure (Gibson & Ashby

1997). However, it is found that also the shape of the wood cell has an

effect on the anisotropy of the material (Kahle & Woodhouse 1994). In

some models only earlywood is considered (Gibson & Ashby 1997, Watan-

abe et al. 2002). According to the reviews by Mishnaevsky & Qing (2008)

and Hofstetter & Gamstedt (2009) also different scales up to the growth

ring are important. In many of the studies earlywood and latewood are

considered as separate and transitionwood is not included (Qing & Mish-

naevsky Jr 2010, Qing & Mishnaevsky 2011, Koponen et al. 1991, Modén

& Berglund 2008). A few studies include also the transitionwood (Wit-

tel et al. 2005, Holmberg et al. 1999, Persson 2000, Bergander & Salmén

2000, Astley et al. 1998). The effect of microfibril angle, moisture or other

parameters having an effect on the elastic properties of the cell wall have

been considered by Jäger et al. (2011), Koponen et al. (1991).

The aim of the study is to find the relative effect of different geometric

and material parameters on the rigidity, which gives insight into their

importance. Finally, a simple model including only the most important

parameters is developed that can be used to calculate the effective rigid-

ity for any combination of the parameters. The effect of parameters on

rigidity is illustrated by studying cell wall parameters, thickness and
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transition-/latewood separately.

7.1 Parameters of the model

The compliance and thus also the effective elastic parameters ER, ET , EL,

GRT , GRL, GTL, νRT , νLR, and νLT depend on the elastic parameters of the

cell wall material assumed orthotropic and geometric parameters of the

cell structure as

C = f (Ξ,Υ) , (7.1)

in which Ξ = {E1, E2, E3, G12, G13, G23, ν12, ν31, ν32} are the cell wall pa-

rameters, Υ = {t, �ρ(1), �ρ(2), �ρ(3), nu} are the geometric parameters, t is

the thickness of a cell wall, �ρ(1), �ρ(2), �ρ(3) define the structural element in

Figure 3.2, and nu is the size of the specimen. The geometric and elas-

tic parameters are considered as statistical quantities described by their

mean values and variations.

The effect of the parameters on the compliance, which is presented in

(4.14) or (4.2), is quantified by the sensitivity measure

e =
‖ C−Cref ‖

‖ Cref ‖ , (7.2)

in which C is the compliance, Cref is the reference compliance, and the

Euclidean matrix norm is used (Boas 1983). As the geometric and ma-

terial parameters are statistical quantities, Cref and C are also statisti-

cal quantities described by the mean value, μ(e), and standard deviation,

σ(e).

Including all possible details or parameters would make a very complex

model and require large computational effort. A parameter may however

be omitted if the relative effect to rigidity is small.

7.2 Cell structure geometry

The coordinate systems, an example of earlywood cell, and a collection of

cells are shown in Figure 7.1. The axes of the cell wall coordinate system

are as follows: index 1 is the direction of the cell wall thickness, 2 is the

direction of the cell wall length and 3 is the direction of the wall depth.

The axes of the cell coordinate system are chosen to follow the commonly

used notation in which R denotes radial direction, T denotes tangential

direction and L denotes depth direction. Although RTL-coordinate sys-
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tem is actually curvilinear, the effect is omitted due to small size of the

specimen relative to the radius of curvature of the growth ring.

Figure 7.1. The orientations of the cell wall and cell coordinate systems. Left to right:
wood cell wall, one wood cell and a specimen.

To find a statistical description of the geometry, ten specimens (s1–s10)

of spruce earlywood are analysed with the method in Chapter 3. The wood

specimens are from the same 60 year old Norway spruce stem grown in

Finland. All specimens were cut from mature wood to avoid the changes

in the cell geometry and microfibril angle during the first 10 growth rings

(Sarèn et al. 2001). Specimen s4 is presented in Figure 3.4.

The structural element utilized in the analysis is shown on the left of

Figure 3.2. The mean values and standard deviations of geometric pa-

rameters are given in Table 7.1 as components of �ρ(1), �ρ(2) and �ρ(3). As

the ρX(1) mean values differed from zero, the image is slightly rotated

and the XY -coordinate system of the analysis does not exactly match the

commonly used RT -coordinates.

The mean values of the geometric parameters of Figure 3.3 as calculated

from the mean values of Table 7.1 are given in Table 7.2. To calculate

the mean values of the geometric parameters of the ten specimens, the

results were rotated from the XY -coordinate system to the RT -coordinate

system.

7.3 Cell wall parameters

The orthotropic cell wall material has nine parameters; the elastic moduli

E1, E2, E3, the shear moduli G12, G13, G23 and the major Poisson’s ratios

ν12, ν31, ν32. The cell wall parameters vary in the specimen and from

specimen to specimen. There also exist variation in the parameters found

in the literature. The aim is to find the effective elastic parameters as

51



Rigidity of spruce

Table 7.1. The mean values and standard deviations of the structural element vectors
and the thickness of the cell walls.

[μm] ρX(1) ρY (1) ρX(2) ρY (2) ρX(3) ρY (3) 2t

s1 μ -1.80 16.6 -10.6 -4.24 11.4 -3.97 3.01

σ 1.82 3.54 5.11 1.30 4.95 1.31 0.977

s2 μ -0.498 16.6 -11.4 -4.03 9.66 -3.98 3.18

σ 1.72 4.91 3.71 1.20 3.90 1.11 1.11

s3 μ -1.13 15.0 -10.7 -4.78 10.7 -4.30 3.31

σ 1.37 4.83 4.59 1.35 3.74 1.17 1.26

s4 μ -1.11 16.1 -10.1 -4.04 10.7 -3.99 3.74

σ 1.56 2.40 3.29 0.992 3.36 0.980 1.20

s5 μ -0.159 16.2 -13.6 -5.04 12.1 -4.81 3.77

σ 1.48 4.80 4.72 1.44 4.59 1.36 1.17

s6 μ -0.740 16.3 -12.9 -5.25 12.0 -4.95 4.05

σ 1.66 4.56 5.13 1.77 5.63 1.47 1.20

s7 μ -0.155 18.4 -14.6 -4.81 12.8 -4.99 3.39

σ 1.96 4.86 6.64 1.78 7.99 0.321 1.03

s8 μ -0.738 20.8 -12.7 -4.97 11.6 -4.82 3.58

σ 2.30 3.05 5.71 1.64 4.70 1.50 1.13

s9 μ -0.421 17.7 -16.8 -5.19 11.5 -5.21 3.14

σ 1.93 5.00 6.42 1.87 5.66 2.09 0.927

s10 μ -2.01 17.6 -12.4 -5.08 12.9 -4.33 3.09

σ 1.65 3.48 4.43 1.23 5.95 1.18 1.01

Table 7.2. The smallest and largest values or a single value of geometric parameters.

Smallest Largest

w 0.0234 mm

h 0.0172 mm

α 0.524

β 0.241

γ 0.056

T 0.2 mm

t 0.0007 mm 0.0027 mm

52



Rigidity of spruce

function of the cell wall parameters in the range found from the literature.

The smallest and largest values found from literature are given in Ta-

ble 7.3 (Persson 2000, Jäger et al. 2011, Harrington et al. 1998, Sedighi-

Gilani & Navi 2007). The elastic modulus E3 is assumed constant as it

is always significantly larger than E1 and E2, there is no variation in the

cell in the depth direction, and the depth of the cells is clearly larger than

width. The shear moduli are assumed to be related by G13 = G23/0.92.

Table 7.3. The smallest and largest values of cell wall elastic parameters.

Smallest Largest

E1/E2 1 2

E3/E2 10

G12/E2 0.25 0.65

G23/E2 0.3 0.5

G13/E2 0.33 0.54

ν12 0 0.5

ν31 0 0.5

ν32 0 0.5

7.4 Sensitivity to parameter variation

The effect of geometric and cell wall material parameter variations and

size of the specimen is quantified by comparing the compliances as given

by six somewhat different models called here Reg (Regular), Lit (Liter-

ature), Ima (Image), Sta(t) (Statistical with respect to t), Sta(�ρ) (Statis-

tical with respect to �ρ), and Sta(�ρ, t) (Statistical with respect to �ρ and

t). Planar beam model, based on considering only earlywood with rela-

tively thin cell walls, is used for the cell walls in all cases so that the

parameters of the compliance in Equation (7.1) reduce to Ξ = {Es}, Υ =

{t, �ρ(1), �ρ(2), �ρ(3), nu}. All parameters are considered statistical quantities

defined by a mean value and a standard deviation which means that the

compliance and the sensitivity measure are also statistical quantities.

Two different sizes are studied to see the effect of specimen size when

modeling non-regular structures. The specimen sizes chosen for the sim-

ulations are nu = 15 × 12 and nu = 40 × 40 cells, referred to as the small

and large size, respectively. The specimen size nu affects the mean value

of the compliance and especially the variation of the compliance.
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The regular geometry (called Reg) based on the structural element shown

on the left in Figure 3.2 and mean values given in Table 7.1 are used to

calculate Cref in the sensitivity measure e in Equation (7.2). The compli-

ance of the regular structure using the mean values of the parameters is

given in Appendix B of Publication II for a planar case.

The cases defining C of the sensitivity measure in Equation (7.2) are

Lit, Ima, Sta(t), Sta(�ρ), and Sta(�ρ, t). The Lit case, for which geometry

is shown on the right in Figure 3.2, is based on the mean values of the

parameters and does not consider asymmetry. The compliance of Lit is

calculated as in Chapter 5 for a planar case. The Ima case is based directly

on the scanned image of spruce earlywood. The Ima case can only be

studied in the small size as larger size images are not available. Sta(�ρ)

considers only variation of the geometry. Sta(t) considers only variation of

the thickness. Sta(�ρ, t) considers both variation of thickness and geometry

together. The geometries of the non-regular structures (Ima and Sta) that

include variation are modeled as in Chapter 3 and the compliances are

calculated as in Chapter 4.

The sensitivity measures for the large size were given in Table 7.4 and

for the small size in Table 7.5. The Lit case had relatively small sensitivity

measures as asymmetry was not very large in the specimen. The effect of

thickness variation Sta(t) was found to be significant, at most 99%. The

effect of geometry variation Sta(�ρ) was relatively small, at most 13%. Also,

the effect of both the variation in the geometry and thickness Sta(�ρ, t) was

calculated; it was discovered that the total effect was smaller than with

only the variation in the thickness. This was to be expected due to the fact

that the dependencies of the compliance on the thickness and length of

the cell wall were somewhat opposite. The Image case had large variation

from specimen to specimen and was of the same magnitude as Sta(t). A

more detailed explanation and the sensitivity measure where Cref is for

Ima case can be found in Publication II.

In addition to the cell wall thickness and geometry, the effect of variation

in the Young’s modulus is also studied. If a standard deviation of 20% was

used for the Young’s modulus of the cell wall, defining C, the effect on the

difference measure, e, was under 5%.

In what follows the statistical variation of parameters is omitted. It

can be deduced that leaving out the geometry variation does not signifi-

cantly affect the compliance but simplifies the calculations. The impact

of the cell wall material and thickness parameter variation is clear when
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Table 7.4. Mean value of the sensitivity measure e compared to the Reg case in terms of
percentages for nu = 40× 40.

Lit Sta(t) Sta(�ρ) Sta(�ρ, t) Ima

s1 8.3% 73% 7.5% 56% -

s2 6.4% 88% 11% 64% -

s3 6.2% 99% 9.4% 72% -

s4 6.3% 74% 3.5% 65% -

s5 5.0% 78% 8.0% 58% -

s6 6.5% 72% 6.2% 70% -

s7 4.7% 70% 8.0% 50% -

s8 2.9% 67% 5.4% 55% -

s9 15% 64% 11% 43% -

s10 8.8% 78% 6.3% 62% -

Table 7.5. Mean value of the sensitivity measure e compared to Reg case in percentages
for nu = 15× 12.

Lit Sta(t) Sta(�ρ) Sta(�ρ, t) Ima

s1 8.3% 56% 9.6% 40% 51%

s2 6.4% 68% 13% 47% 39%

s3 6.2% 63% 11% 45% 60%

s4 6.3% 59% 4.8% 51% 39%

s5 5.0% 62% 8.8% 46% 48%

s6 6.5% 58% 8.3% 41% 53%

s7 4.7% 69% 11% 35% 61%

s8 2.9% 52% 6.9% 40% 49%

s9 15% 50% 13% 30% 33%

s10 8.8% 60% 8.2% 45% 77%
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considering Table 5.1, where effective elasticity is proportional to the first

power of the cell wall parameter Es and to the third power of the thickness

t. The cell wall material parameter variation can then be safely omitted.

Thickness variation is left out, as the effect of the variation can be taken

into account by using a thickness that differs from the mean value. This

takes into account that the compliance depends on the third power of the

thickness and μ(t)3 ≤ μ(t3).

7.5 Sensitivity to parameter mean values

To further simplify the spruce rigidity model, the sensitivity of the compli-

ance to the mean values of the cell wall material parameters is considered.

There, the specimen of either earlywood or latewood and the homogeniza-

tion method in Chapter 5 is used to find the effective rigidity of a regular

specimen. The cell walls are modeled as orthotropic with parameter val-

ues as in Section 7.3, the geometry as a three dimensional cell in Figure

3.3 and the specimen follows the coordinate systems of Figure 7.1. This re-

duces the parameters of the compliance to Ξ = {E1, E2, G12, G23, ν12, ν31, ν32}
and Υ = (t, w, h, α, β, γ, T ). The specimen size nu does not affect the results

for the regular specimen.

To find the sensitivity measure of the effective rigidity on the cell wall

parameters, the cell wall parameters are given smallest and largest val-

ues in Table 7.3, defining Cref and C, respectively. Then the sensitivity

measure describes the change in the compliance for the applied range of

values. All other parameters are given the mean values of Tables 7.2

and 7.3, excluding Poisson’s ratios that are given value 0.3. The non-zero

sensitivity measures calculated as in Equation (7.2) for the elastic param-

eters are given in Table 7.6.

Table 7.6. Sensitivity of the compliance to the cell wall elastic parameters.

e

E1/E2 0.11

G12/E2 0.11

G23/E2 0.54

ν32 0.0082

ν31 0.0160

ν12 0.0665
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The effect of the Poisson’s ratio was found to be fairly small at most

around 7% for the large range of values. Based on this, the Poisson’s ratios

were given values 0.3 for all cases. For other cell wall elastic parameters

the effect was found to be relatively large. This further simplifies the

elastic parameters of Equation (7.1) to Ξ = {E1, E2, G12, G23}.

7.6 Rigidity of a regular specimen

Using the same homogenization method as in the previous section, the ef-

fective rigidity can be calculated for any combination of the set of param-

eters Ξ = {E1, E2, E3, G12, G23, G23, ν12, ν31, ν32} and Υ = (t, w, h, α, β, γ, T ).

As computations require a single cell, the results have only a mean value

and are relatively easy to calculate.

7.6.1 Effect of cell wall elastic parameters

To illustrate the effect of the cell wall material parameters the Equation

(7.1) is approximated by a polynomial of the elastic parameters of the cell

wall. The dependency is determined for a range of values of the chosen

parameters Ξ = {E1, E2, G12, G23} given in Table 7.3. All other parameters

are given the mean values of Tables 7.2 and 7.3, excluding Poisson’s ratios

that are given value 0.3. The simplest possible fit is used that fulfills a

case dependent approximation error criteria, for which a more detailed

explanation is given in Publication IV.

For a dimensionless representation, a mean value of the modulus of elas-

ticity E2 is used as the reference quantities in the calculations. The effect

of the elastic parameters as linear function is⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
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. (7.3)

The polynomial relationship was found to give a representation within

a defined error, which was between 1% and 2% depending on the case.
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If a more accurate approximation is needed, the domain for the varied

parameters can be divided into several subdomains. By dividing the area

into eight subdomains and using a linear fit, the error could be decreased

to below 1%.

As would be expected, EL in the out-of-plane -direction νLR and νLT did

not depend on the cell wall material parameters. This follows the cell wall

material parameters where E3 > E2, E3 > E1.

7.6.2 Effect of thickness

The only varying parameter for this example is the thickness of a cell

wall for earlywood, which limits the parameters to Υ = {t}. Other pa-

rameters are again given their mean values. In the calculations a range

t ∈ [0.0007, 0.0027] mm is used. For a dimensionless representation, the

earlywood cell width we=0.0236 mm is used as the reference quantities in

the calculations. An example on the dependency of the rigidity on thick-

ness in earlywood is shown in Figures 7.2, 7.3, 7.4, and 7.5 for different

values of E1/E2.

0.04 0.06 0.08 0.10
t�we
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0.15

0.20

ER�E2

Figure 7.2. ER/E2 as function of t, shown for values E1 ∈ {1, 1.17, 1.34, 1.5, 1.67, 1.84, 2}
from lowest to highest curve.
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Figure 7.3. ET /E2 as function of t, shown for values E1 ∈ {1, 1.17, 1.34, 1.5, 1.67, 1.84, 2}
from lowest to highest curve.
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Figure 7.4. EL/E2 as function of t, coinciding curves are shown for values E1 ∈
{1, 1.17, 1.34, 1.5, 1.67, 1.84, 2}.
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Figure 7.5. GRT /E2 as function of t, shown for values E1 ∈ {1, 1.17, 1.34, 1.5, 1.67, 1.84, 2}
from lowest to highest curve.
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Third order polynomial of the thickness is selected, shown as the middle

line in Figures 7.2, 7.3, 7.4, and 7.5. The polynomial is⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
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Similar to material parameters, EL in the out-of-plane -direction was

linear in t and νLR and νLT were constant. The effective elasticity depen-

dency on thickness in earlywood shown for example in Figures 7.2, 7.3,

7.4, and 7.5 shows the effect of cell wall thickness. As expected, the effec-

tive RT -plane stiffness parameters were the most complex and depended

strongly on the thickness of the cell wall.

7.6.3 Effect of transition-/latewood parameter

The growth ring becomes important if wood is studied at a larger scale.

The cells become more narrow and the cell walls thicker in transition-

and latewood. To quantify this behaviour of the cell narrowing using just

one parameter with the structural element of three vectors is not possible.

This is why a hexagonal structural element shown in Figure 3.3 is chosen.

All geometric parameters affected by the transition-/latewood are tied to

the width of the structural element.

To find the effective rigidity in transition-/latewood, a parameter de-

scribing the location in the growth ring r is used. The structure of the

transition-/latewood is found from spruce specimens and literature (Hav-

imo et al. 2008, Persson 2000). Transition- and latewood are assumed to

take 20% of the width of the growth ring (Rafsanjani et al. 2012, Rosner

et al. 2007). The cell width and wall thickness of transition and latewood

w = we(3.36− 2.95 ∗ r) 0.8 ≤ r ≤ 1, (7.5)

t = te(−3.88 + 6.10 ∗ r) 0.8 ≤ r ≤ 1, (7.6)

are linear with respect to the relative radial cell location in the growth

ring r ∈ [0, 1]. The thickness is te = 0.0017 mm and width we = 0.0236 mm.
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The coefficients were calculated by analysing images of spruce growth

rings. Then the parameter of the rigidity is Υ = {r} and again all other

parameters are given their mean values. An example on the dependency

of rigidity in transition-/latewood is shown in Figures 7.6, 7.7, 7.8, and

7.9.
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Figure 7.6. ER/E2 as function of r, shown for values G12 ∈ {0.25, 0.32, 0.39, 0.45, 0.52,
0.59, 0.65} from lowest to highest curve.
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Figure 7.7. ET /E2 as function of r, shown for values G12 ∈ {0.25, 0.32, 0.39, 0.45, 0.52,
0.59, 0.65} from lowest to highest curve.
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Figure 7.8. EL/E2 as function of r, coinciding curves are shown for values G12 ∈
{0.25, 0.32, 0.39, 0.45, 0.52, 0.59, 0.65}.
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Figure 7.9. GRT /E2 as function of r, shown for values G12 ∈ {0.25, 0.32, 0.39, 0.45, 0.52,
0.59, 0.65} from lowest to highest curve.
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Third order polynomial was selected for the relative location in the growth

ring, r ∈ [0.8, 1] shown as the middle line in Figures 7.6, 7.7, 7.8, and 7.9.

The polynomial is
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The parameter r shows the combined effect of cell shape (width of the

cell) and thickness of the cell wall. For r in for example Figures 7.6, 7.7,

7.8, and 7.9, the values of rigidity had a larger range than the ones for

only thickness. Also the polynomial dependency was more complex for

r than t. This was probably due to cell walls becoming quite thick as r

approaches 1, which showed behaviour not present for smaller thickness

values.

7.7 Discussion

A spruce cell material was modeled with the methods of Chapters 3, 4 and

5. The aim was to find the effective rigidity of a spruce specimen as func-

tion of the geometric and elastic parameters. For a regular structure, the

method of Chapter 5 gives the rigidity for any combination of the geomet-

ric and cell wall parameters and thereby for any specimen of the growth

ring, for example in any point of the image on the left of Figure 2.4, as-

suming that the scale of variation of the parameters is slow compared to

the cell size. Also the relative effect of the parameters was studied to find

the most significant parameters.

The method of Chapter 3 was used to analyse and generate the geometry

of spruce. The method used a reference structural element and mapping

to find the geometry in a statistical sense. The requirement of connec-

tivity for the structural element made it impossible to include all vertex

points into the analysis, but on the other hand the method gave a short

description including the variation.
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Rigidity of spruce

The rigidity simulation method of Chapter 4 was used to study the effect

of variation to rigidity. The difference measures, e, for image case given in

Table 7.5 varied greatly from specimen to specimen. This could be due to

different kinds of organized features in the image geometry, such as rays,

which appear as a row on thicker cell walls or as a row of relatively large

or small cells. One problem was the small size of the wood images, which

restricted the size of the image specimens and gave quite large variations

for the parameters. Also, the problem for calculating the compliance of

the image case had to do with defining the boundaries of the domain.

Unfortunately, the size was so small that the boundaries had an effect on

the results for the image case.

The effect of the thickness variation Stat. (ρ) in Table 7.4 was found to

be particularly strong between 64% and 110% for large-sized specimens

and for Table 7.5 between 50% and 85% for small-sized specimens. There-

fore no variation and only the mean value of the thickness may give a

quite erroneous result. The use of the mean thickness in the simulations

underestimates the rigidity of the structure.

Computational homogenization method on a regular cell structure in

Chapter 5 was used to quantify the effect of cell geometry and cell wall

material properties on the effective rigidity properties. The sensitivity

calculations indicate that the important parameters to include were lim-

ited to five. With the method any combination of the parameters could be

used to calculate the effective rigidity.

The homogenization method assumes a regular structure but could in-

clude details such as the growth ring when calculated in pieces, assuming

that the change in the parameters is assumed much larger than the cell

size. The structures can be modeled as a change in the mean values of

the parameters and again the specimens forming the entire structure can

be assumed to be regular. For small variation or large specimens the ho-

mogenization model and the orthotropic cell wall material give the best

description of spruce.
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8. Conclusions

Rigidity of cellular structure depends on multiple geometric and cell wall

elastic parameters. The experimental effort in understanding the be-

haviour of cellular structures can be reduced if a qualitative understand-

ing on the behaviour is first obtained by simulation. Simulation tool is

also important when the cell wall properties are sought by an indirect ex-

perimental method where the parameters of simulation experiments are

tuned so that the effective properties match with physical experiments.

In addition, modeling offers the possibility of separating different param-

eters in an effort to recognize the most important ones.

For analysing non-regular geometries, a geometric model was introduced.

The starting point in finding the geometry was a scanned image of Nomex

or spruce from which the image geometry is found. A concept of struc-

tural element was used to analyse the geometry in a statistical sense.

The exactly same method can be used to generate a statistically equiva-

lent geometry for modeling.

Rigidity simulation was used to find the properties of a non-regular

structure. The method utilized a beam model for the individual cell walls

and gave the compliance of the structure. The drawback of the model is

the large computational effort required and effect of the boundaries.

A regular structure was considered by means of computational homoge-

nization. The method gave the effective rigidity of the regular cell struc-

ture for any type of structural element. Closed form expressions based

on particle model and cell-type structural elements were obtained which

illustrated the effect of individual parameters on rigidity.

A simplified model of wood, namely Nomex, was used to validate the

used beam model by comparing the results of two different cell structures.

Physical and simulation experiments on a large scale were matched to

find the elastic parameter of the cell wall in the micro scale.
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The variation of geometric and elastic cell wall parameters in spruce was

considered by using a rigidity simulation. A sensitivity measure of rigid-

ity was calculated for the variation. As a result, the effect of thickness

variation was found to be significantly larger than the effect of geometry

or cell wall parameter variation.

Computational homogenization method was applied to a regular spruce

specimen, where the structural element was a cell type prism with ortho-

tropic cell walls. As a result the rigidity of spruce could be calculated for

any values of the geometric and cell wall elastic parameters.

In order to see when Bernoulli beams can be used for different wall

thickness values, the homogenization method is used for both orthotropic

cell walls and beam cell walls. When the values are calculated for the

analytical method with elastic modulus E = E1 = 1.5 GPa and geometric

values given before. The values ET /E2 as a function of t or r are given

in Figures 8.1 and 8.2 for beam model in purple and linear-elastic model

in blue. The results show that a beam approximation may give relatively

accurate values for the rigidity of a wood cell structure for small thickness

values as in earlywood.

0.04 0.06 0.08 0.10
t�we

0.05

0.10

0.15

ET�E2

Figure 8.1. ET /E2 as function of t, the beam model in purple and the linear-elastic model
in blue. Material parameters are given mean values.

The method was limited by specimen size and ignored features such as

rays. In order to improve the method, omitted features could be included

and larger specimens with better accuracy could be used. This would

make it possible find data directly on whole growth rings.

In the present study, the finest level of modelling was chosen to be cell

wall of homogeneous orthoropic material. In step towards a more detailed

model, the layered structure of the cell wall could be included. The cell
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Figure 8.2. ET /E2 as function of r, the beam model in purple and the linear-elastic model
in blue. Material parameters are given mean values.

wall layers could be modeled for example as cellulose fibres embedded in

a matrix of hemicellulose and either pectin or lignin.

In order to improve the study of variation, two methods could be devel-

oped. One would use a quasi non-regular structure, where the structural

element of a regular structure would be a small non-regular specimen.

In this method the computational effort may become restrictive. Another

method would be to calculate the rigidity of a mechanically continuous

non-regular beam structure so that the effect of boundaries would be re-

duced. Comparing these results to the results of a regular structure would

give a better estimation on the accuracy of the different models.
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