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Pulsarit ovat neutronitähtiä, jotka pyörivät itsensä ympäri parhaimmillaan satoja kertoja 

sekunnissa lähettäen samalla sähkömagneettista säteilyä. Havaitun säteilyn periodi vetää 

tasaisuudessaan vertoja atomikelloille ja tekee pulsareista siten avaruuden majakoita, 

joiden avulla voi navigoida. 

Navigoinnin tarkkuuteen vaikuttavat sekä yksittäisen pulsarin ominaisuudet, että 

käytettyjen pulsarien välinen geometria. Tarkkuutta kuvataan ”dilution of precision” 

(DOP) –nimisellä suureella. 

Tämän diplomityön tavoitteena on selvittää, mitkä pulsarit ovat kaikkein parhaita 

käytettäväksi navigoinnissa, kun niitä kuunnellaan radiotaajuuksilla. Ongelma on 

ratkaistu luomalla lista eri pulsariyhdistelmistä ja laskemalla, millä yhdistelmällä on 

kaikkein pienin DOP-arvo. 
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Pulsars are rotating neutron stars that emit electromagnetic radiation and can spin 

around themselves up to hundreds of times per second. The stability of the radiation 

pulse’s period matches that of atomic clocks, making pulsars reliable beacons in space. 

Both the properties of an individual pulsar and the geometry between observed pulsars 

affect the accuracy of a navigation solution. The accuracy is described with a measure 

called dilution of precision (DOP). 

The objective of this thesis is to find the pulsars that are optimally suited for navigation 

while observing them on radio frequencies. The presented solution is a list of sets of 

three pulsars, ranked by their DOP values. 
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1 Introduction 
It is in human nature to explore the environment we live in. During the thousands of 

years of known human history, there have been limits to how far the world has been 

charted. Explorers could have then ventured out into the unknown to expand those 

limits. In doing so, they have had to know where to go and how to get back home. In 

other words, they have needed navigation, which is here defined as the process of 

planning the movement of a vehicle to its destination. 

As navigation methods have evolved, new regions on Earth have been found, charted, 

explored and inhabited. Now, beginning from the middle of the 20th century, we are 

reaching out into space as the surface of our planet has been fully explored. As we set 

out to travel in this new environment, we need new means of navigation that 

ultimately cannot be dependent of Earth. One promising and widely studied field is 

pulsar navigation. 

The objective of this thesis is to choose the best set of three pulsars for navigation 

purposes when observing radio frequencies. This thesis focuses on the pulsar selection 

and therefore, to keep the equations simple, several assumptions and simplifications 

have been made. Most importantly, the receiver is considered to be a dot in space and 

the error caused by the receiver’s movement during the measurement is ignored. Also, 

the terms that result from the general and special theory of relativity have been left 

out from the calculations. 

All known pulsars are first ranked based on how suitable their individual properties are 

for the task. A combination of three pulsars is then selected and the geometry of the 

set is evaluated. The intention is to minimize the so called dilution of precision (DOP). 

To account for situations where the signals from some pulsars are unavailable, the best 

pulsar sets are presented in a ranking list. The navigation system of the receiver can 

then try to use the set with the highest rank, but if some of the pulsars in that set are 

not available, it moves on to the next rank. 

Chapter 2 explains the context of pulsar navigation. In Section 2.1 the current state 

and future demand of navigating in space is discussed. Section 2.2 aims to explain 

what pulsars are in sufficient detail that is required to understand the contents of this 

thesis. The principles of pulsar navigation, from detecting the signal to determining the 

state of the observer, are presented in Section 2.3. 

The effects of geometry and pulsar properties on navigation performance are 

discussed in Chapter 3. Section 3.1 explains the aforementioned DOP and how to 

minimize it. Filtering and amplifying the signal from a pulsar is in itself outside the 

scope of this thesis, but the effort of time and equipment it takes must be taken into 

account. The significant properties of individual pulsars are examined in Section 3.2. 
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In Chapter 4, the methods for selecting the best pulsars are discussed and the results 

are presented. Section 4.1 covers the formulation of the novel pulsar quality factor as 

well as the calculation of the optimal pulsar geometry and the DOP value. The results 

of applying these methods to the known pulsar data is presented in Section 4.2. In the 

first case, the receiver is in deep space and nothing obstructs its view of the pulsars. In 

the second case, the receiver is at a specific location on Earth, which means that only 

roughly half of the sky is visible. 

Finally, conclusions are presented in Chapter 5.  
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2 Context 

2.1 Navigating in space 

It is drastically different to navigate a spacecraft in the close vicinity of Earth when 

compared to, say, navigating near Jupiter. This is because the further the spacecraft is 

from Earth the more difficult it is to utilize Earth-centered navigation methods.  

2.1.1 Satellites orbiting Earth 

There are more than 1000 operational satellites in orbit around Earth at the time of 

writing this thesis (UCS 2014). If a satellite or any other spacecraft cannot be located, 

they will soon become useless. Many of them even require active control for 

maintaining their orbit, so navigation is an essential part of spacecraft operations. 

There are a variety of systems for tracking the satellites, most of which include a 

ground antenna. For determining the position and velocity of a satellite, the Doppler-

shift or the turn-around delay of the signal sent and received can be used. With 

Doppler measurements, a velocity accuracy of 1 mm/s can be reached. The positioning 

systems achieve an accuracy of 2-20 m. When ultimate precision is required, a laser 

measurement can be used to achieve position accuracy in the order of centimeters. 

(Montenbruck & Gill 2001, pp. 8-9) 

If the tracking of a satellite is based purely on ground stations, measurements can be 

made for only a fraction of the orbit from one station. The closer to the ground the 

satellite travels, the smaller part of its orbit an individual ground station can see. Even 

if the satellite would orbit Earth infinitely far, it could only be seen from half of the 

globe at one time. To counter this problem, other satellites can be used to relay the 

signal between the spacecraft in question and the ground station. Also, GPS-based 

navigation can be used in space as well to give position information independently of 

ground stations (Montenbruck & Gill 2001, p. 9). The positions of the GPS-satellites 

themselves are known with the accuracy of a few centimeters (Springer et al. 1998). 

2.1.2 Interplanetary missions 

When operating far from Earth, such as on a mission to Mars, an international array of 

giant radio antennas known as the Deep Space Network (DSN) can be used for 

navigation. It consists of three stations that are nearly equidistant from each other – in 

California, in Spain and in Australia (Deep Space Network 2014). The idea with the 

positioning is that wherever a spacecraft is, at least one station can see it. The 

standard method is that DSN is used together with an on-board camera that provides 

optical data during encounters with solar system bodies (Becker et al. 2013). The 

downside is that the DSN requires extensive operations on Earth and is accurate only 

on the axis directly away or towards Earth (Sheikh et al. 2006). 

The distance from the ground station to the spacecraft is obtained by measuring the 

time it takes for radio signals to reach the spacecraft and back again. Measuring the 
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signal’s Doppler shift gives the velocity along the line-of-sight. The distance error is 

only around 1 m and the radial velocity error 0,1 mm/s (Maddè et al. 2006). The errors 

in the axis perpendicular to the Earth-spacecraft line are much larger and they increase 

as the distance from Earth increases. By using two of the DSN antennas at the same 

time, a concept known as delta-differential one-way ranging (delta-DOR), an angular 

accuracy of 25 nrad is reached, which corresponds to about 4 km per astronomical unit 

(James et al. 2009). Therefore at the most distant part of Pluto’s orbit the position 

error perpendicular to the Earth-spacecraft line is around 200 km. 

2.1.3 Future demand 

It is hard to imagine the number of satellites and space missions going anywhere but 

up in the future. Considering this expected growth of space traffic and the currently 

required ground operations for positioning, an autonomous navigation method would 

be important in improving performance, making it more reliable and reducing costs. 

Using other satellites for acquiring navigation information as mentioned earlier makes 

the method only semi-autonomous (Ning & Fang 2006). Also, the satellites are man-

made and countless scenarios can be thought of where their signal will become 

unavailable, such as solar flares or intentional jamming (Buist et al. 2011). 

Solutions for the high demand of an autonomous navigation system are widely 

studied. One promising candidate is pulsar navigation, which was originally suggested 

already in the 1970s (Becker et al. 2013). It is entirely passive, its accuracy will not 

decline with time, it is robust to interference and it can be used anywhere 

independent of Earth (Liu et al. 2010). To understand the concept, one must first know 

what pulsars are. This is explained in the following section.  
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2.2 What are pulsars? 

Pulsars are rapidly rotating neutron stars that emit electromagnetic radiation from 

their magnetic poles in the shape of a narrow cone. An observer on the path of the 

cone sees the incoming radiation pulsating at an interval that is equal to the rotation 

period of the star, provided that the spin axis is not aligned with the magnetic field axis 

(Lorimer 2001). An illustration of a typical pulsar is presented in Figure 1. The search 

for new pulsars is constantly carried out and at the time of writing this thesis there are 

over 2300 pulsars in the Australian telescope national facility (ATNF) pulsar catalogue  

(Manchester et al. 2005). 

For some pulsars, the spin period P is in the order of milliseconds and is extremely 

stable. They form a subsection of pulsars called millisecond pulsars (P < 20 ms). Around 

10 % of known pulsars fit this description. (Becker et al. 2013) For some of them, their 

pulse arrival times (TOAs) can be measured up to a precision of 50 ns, they can be 

predicted accurately for decades and their rotation is expected to remain stable for 

billions of years. Therefore a pulsar-based time scale has been proposed. (Hobbs et al. 

2010) However, state-of-the-art artificial clocks outperform pulsars in terms of stability 

over a period of a few years. Pulsars have the advantage only on longer time periods 

(Hartnett & Luiten 2010, Matsakis et al. 1997). 

 

Figure 1: The Profile of a pulsar (Sheikh et al. 2006). 
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The pulsars found so far emit radiation in the wavelengths of radio, infrared, visible 

light, ultraviolet, x-ray and gamma-ray (Sheikh et al. 2006). Up until recently the focus 

in pulsar navigation studies has been on x-ray pulsars, because those wavelengths are 

more energetic and thus more easily detectable. The possibility of using radio pulsars 

was long neglected, since the signal strength was thought to be too weak to be useful. 

With current technology, however, it has become feasible to detect the radio waves 

and utilize them in navigation and thus interest on radio pulsars has awakened. (Buist 

et al. 2011) 

Even though an effective radio antenna might inconveniently be around 20 m in 

diameter, the x-ray equivalent is not without its downside either. An x-ray receiver can 

easily weight at least 40 kg (Sheikh 2005, p. 582). Also, a vast majority of known 

pulsars is detectable at radio wavelengths, whereas the ones detectable at x-ray, 

optical or gamma-ray wavelengths are much fewer in numbers (Sheikh et al. 2006). In 

addition, Earth’s atmosphere absorbs x-ray wavelengths completely so their use in 

navigation is restricted to outer space or planetary bodies without an atmosphere, 

while the signal strength of radio waves is only slightly affected by the atmosphere 

(Buist et al. 2011). 

Even though pulsars are extremely stable, their spin slowly decays as the rotational 

energy is transformed into radiation. To approximate the energy stored in their 

rotation, we will look at the Crab pulsar as an example. Pulsars in general are assumed 

to have a radius R of 10 km. The Crab pulsar has a mass m of 1,4 times the Sun (2,8 * 

1030 kg) and a rotation period P of 33 ms. The moment of inertia is             

           . The rotational energy is then        
                        

       , which is comparable to the thermonuclear burning of the Sun in a hundred 

million years. For the Crab pulsar, the spin decay rate is relatively fast,             -13 s 

s-1, meaning that the decrease in rotational energy is  ̇       
   ̇        

        . (Becker et al. 2013) However the spin-down energy is not equally 

distributed over the wavelengths. Only a very small, seemingly insignificant portion of 

it is converted into radio emission. Most of it is converted into high-energy radiation, 

magnetic dipole radiation and pulsar wind. (Lorimer & Kramer 2005, p. 59) 

It is not just the pulse period that distinguishes one pulsar from all the others. The size 

and structure of the emission beam as well as the angle between the line of sight and 

the beam center affect the shape of the integrated pulse profile (Lorimer & Kramer 

2005, p. 9). Figure 2 illustrates the geometry of the pulsar emission beam. 
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Figure 2: Geometry of the pulsar emission beam. ζ is the angle between the pulsar’s rotation axis and magnetic 
axis, γ is the cone’s opening angle, φ is the pulsar’s rotation phase, β is the smallest angle between the observer’s 
line of sight and the center of the emission cone and ψ is the position angle of the linearly polarized emission. 
(Liu et al. 2013, Lorimer & Kramer 2005, p. 68) 

By applying spherical geometry on the example in Figure 2, the pulse width W in 

longitude of rotation may be measured with the equation (Lorimer & Kramer 2005, 

p.67) 

 
    (

 

 
)  

    (   )      (   )

         (   )
  (1) 

 

A non-exhaustive set of different kinds of pulse profiles is presented in Figure 3. 
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Figure 3: Examples of different kinds of pulse profiles at 1,4 GHz. The data is taken from the European Pulsar 
Network (EPN) database. 

The simplest form of a pulse profile is a single narrow peak which is essentially 

Gaussian, as shown for the pulsar B1933+16. Some pulsars exhibit a double-peaked 

structure like B1702-19. As can be seen in the case of B0826-34, some pulsars may 

even emit over the whole pulse period, which suggests that their magnetic and 

rotational axes are aligned and that our line of sight remains inside the emission cone 

at all times (Lorimer & Kramer 2005, p. 10).  
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2.3 The principles of pulsar navigation 

Because the absolute positions of satellites relative to a coordinate frame are known 

and the satellites can be communicated with, the distance between a satellite and a 

receiver can be calculated simply by measuring the time difference between sending a 

signal and receiving the signal back. Multiplying the time difference with the speed of 

light gives the distance. (Buist et al. 2011) This method does not work with pulsars. 

Their absolute positions are not known accurately enough for a feasible distance 

measurement and we obviously cannot send a signal to them and expect them to 

answer. And even if they would, they are so far away that the time difference would 

be decades at best. 

However, the problem is solvable, as the distance information to the transmitter is not 

mandatory. A suitable model can be created with information on the pulsars’ angular 

coordinates only. Unlike in the case of satellites, the distances to the pulsars are so 

great that even if we traveled from one end of our solar system to the other, the 

angles to the pulsars would not change by a meaningful amount. For example the 

pulsar J0437-4715 is closest to us with a distance s of approximately 0,16 kiloparsecs 

or 4,937 * 1018 m (Manchester et al. 2005). The diameter of Neptune’s orbit DN is 

roughly 60 astronomical units or 8,976 * 1012 m (Karttunen et al. 1995, p. 278). If an 

observer moves as much as Neptune’s orbit diameter on a direction perpendicular to 

the line of sight to the nearest pulsar, the angle ε to the pulsar would change by only 

0,0001 degrees. This example is illustrated in Figure 4. 

 

Figure 4: An illustration of how the angle to the pulsar closest to us changes when an observer in our solar system 
moves as much as Neptune's orbit diameter on a direction perpendicular to the line of sight to the pulsar. (Not on 
scale.) 

s 

DN 
ε 

Sun Pulsar 
J0437-4715 

𝑡𝑎𝑛ε  
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𝑠

 

ε        ° 
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Figure 5: The celestial sphere model which shows the directions of all known pulsars. Earth is at the center of the 
sphere. It is clearly seen how the majority of the pulsars are concentrated along the galactic plane of the Milky 
Way. The angular coordinates of the pulsars are from the ATNF Pulsar Database (Manchester et al. 2005). 

The pulsars can be imagined as being attached to a very large celestial sphere with our 

solar system at the center as illustrated in Figure 5. Assuming no change in the relative 

angles, the receiver does not need to calculate in real time which pulsars are optimal 

for navigation at the specific moment. 

For navigation based on pulsars to work, the system will need a detector for the pulsar 

photons, a clock to time their arrival and a database containing models for the 

observed pulsars (Sheikh et al. 2006). Selection of the antenna and other related 

equipment is outside the scope of this thesis. 

First the receiver has to lock on to a specific pulsar signal and determine its time of 

arrival using an initial estimate on the receiver’s state (time, attitude, velocity, 

position). Then the measured pulsar signal is compared to a corresponding model, 

which shows the pulsar timing at a specific location. The solar system barycenter (SSB) 

is commonly used as a reference frame. Assuming that the receiver is not at that exact 

location, there will be an offset in the TOA. The offset information is used to calculate 

a new estimate for the receiver’s state. The process is then repeated with the newly 

acquired estimate as the initial estimate. (Sheikh 2005, p. 178, Becker et al. 2013) The 

concept of this iterative process is illustrated in Figure 6. The required steps in the 

navigation process are examined in more detail in the following sections. 
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Figure 6: The working principle of a pulsar-based navigation system. 

 

2.3.1 Detecting the signal 

Pulsars are very weak radio sources. Individual pulses are detectable only from the 

strongest ones, so signal processing is required. Epoch folding method is most 

commonly used, but a more sophisticated match filtering method has also been 

introduced. 

Since the pulse period is so stable, a signal from one source can be observed for 

hundreds of periods, always summing the period to the accumulated stack and finally 

averaging it. If the noise is random, as it mostly is, it will eventually cancel itself out. 

This way it is possible to detect weak pulses that would individually be 

indistinguishable from the background noise and a pulse profile for a specific pulsar 

can be created. This process is called epoch folding. Even though the shape of an 

individual pulse varies, the summed profile is usually very stable (Lorimer & Kramer 

2005, p. 8). The basic principle of folding is illustrated in Figure 7. 

Initial guess 
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No phase shift 

Phase 
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Figure 7: Folding of a simulated signal. For the purpose of demonstration, a pulse is created with amplitude 1 at 
time step 60. The signal is then covered with Gaussian white noise that is stronger than the signal. In this 
example the pulse is clearly distinguishable after only 30 folds. Applying more folds eventually nullifies the 
random noise. 

The first step in the folding process is de-dispersion of the signal. Dispersion means 

that pulses emitted at higher radio frequencies travel faster and thus arrive on the 

receiver earlier. This process broadens the pulse, reducing its signal-to-noise ratio 

(SNR). A simple way of de-dispersing the signal is to divide the frequency band into a 

large number of channels and apply appropriate time delays on each channel. (Lorimer 

& Kramer 2005, pp. 106,109) 

The next step is to create an array for storing the folded pulse profile. The pulse period 

is divided into equally spaced bins, which will be the elements of the array. (Lorimer & 

Kramer 2005. p. 165) During the folding process, the pulse period has to remain 

constant, which means that the velocity of the receiver has to be a known constant. In 

practice, the velocity is never known perfectly, which affects the folding. (Emadzadeh 

& Speyer 2011, p. 25) For simplicity, the effects of the velocity error will not be further 

discussed in this thesis. 

The samples are then taken from the time series and their phase relative to the pulse 

period is calculated. The sample is added into the bin whose phase is closest to that of 

the sample. Each bin is finally normalized by the number of samples accumulated in 

the bin. The resulting array is known as the integrated pulse profile. (Lorimer & Kramer 

2005, p. 166) 
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The amount of time the folding process requires before the pulse can be detected 

depends mostly on the SNR and the pulse period. The relation can be expressed with 

the equation (Buist et al. 2010) 

 
    √     (

     
    

)
√ (   )

 
  (2) 

 

where tobs is the observation time, B is the signal bandwidth (MHz), Tpeak is the 

amplitude of the pulse peak, P is the pulse period, W is the pulse width and Tsys is the 

system noise temperature. With the same principle, the minimum flux density a pulsar 

must have to be detected can be calculated in units of millijansky by (Smits et al. 2009) 
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where G is the telescope gain (K / Jy), which depends on the effective area A of the 

antenna. It is formulated with the equation (Lorimer & Kramer 2005 p. 263) 

 
  

 

  
  (4) 

 

where k is the Boltzmann constant (1,38 * 10-23 W Hz-1 K-1). Assuming an antenna 

whose effective area is 10 m2, the telescope gain would be approximately 0,0036 K/Jy. 

For comparison, The Five hundred meter Aperture Spherical Telescope (FAST) 

currently in construction in China has an expected gain of 16,5 K/Jy (Smits et al. 2009). 

Heusdens et al. (2012) proposed a new approach based on matched filtering to reduce 

the time and processing power it takes to detect the pulsar signal by epoch folding. A 

matched filter is an optimal linear filter that maximizes the SNR when there is additive 

stochastic noise present. It is obtained by correlating the observation with a template 

of a known signal to detect its presence. In principle, the improvement to epoch 

folding is that the a-priori knowledge of the pulse shape is used in the detection 

scheme. 

Heusdens et al. (2012) compared the matched filtering approach with epoch folding 

and concluded that with very weak signals and sufficient bandwidth matched filtering 

performed better. However, for simplicity, matched filtering will not be discussed 

further in this thesis. 

2.3.2 Determining pulse time of arrival 

Pulsar navigation is fundamentally all about determining the pulse time of arrival at 

the detector. The pulses arrive into our solar system with such accuracy and 
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predictability that the arrival of each pulse can be modeled. (Sheikh 2005, p. 95) These 

models can be used to predict the pulse arrival times at a particular epoch in a 

particular location in the solar system (Becker et al. 2013). 

The received pulse profile is created by detecting photons from the pulsar at the 

receiver, initially using a “guess” on the vehicle state. The arrival time of each photon 

is recorded in reference to a system clock, whose precision is at least in the order of 1 

µs (Sheikh et al. 2006). As discussed in the previous section, an individual pulse is 

indistinguishable from the noise, so the observed pulse profile is created by folding, 

which requires knowledge of the pulsar model. Since the pulsar signal is periodic, the 

state estimate cannot be completely off. If the error is greater than half of the pulse 

period, the offset between the measured TOA and modeled TOA is incorrectly formed 

(Deng et al. 2013). 

After a large number of photons have been recorded during the observation time, 

their individual arrival times are converted to their equivalent arrival time in a frame of 

reference for which the pulse profiles are known, such as the SSB (Sheikh et al 2006). 

In the SSB frame, the origin is at the solar system’s center of mass and barycentric 

dynamic time (TDB) is used as a time coordinate (Karttunen et al. 1995, p. 72). 

If there is a difference between the estimated state of the receiver and its true state, 

the pulse profiles will have an offset. This way the position and velocity estimates of 

the spacecraft can be adjusted in an iterative process until the TOA matches the 

expected one with a reasonable accuracy. (Becker et al. 2013) 

To determine the phase offset, any point in the phase can be selected as the zero 

point, but there are two commonly used conventions. Either the peak is the zero point, 

or the profile is aligned so that the phase of the fundamental component of its Fourier 

transform is zero. The latter is preferred since it is more precise and generally 

applicable. (Sheikh et al. 2006) The relationship between the observed pulse profile 

p(t) and the template profile y(t) is given by (Sheikh 2005, p. 93) 

  ( )     [ (     )]   ( )  (5) 
 

where b is the bias, q is a scale factor, Δts is the shift of time origin and η(t) is random 

noise. The offset between the template and the observed profile is illustrated in Figure 

8. 
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Figure 8: The pulse profile of Crab Pulsar (PSR B0531+21) in the x-ray band (1-15 keV). On the left-hand side is the 
template profile on epoch 51527.0 MJD. Two cycles of the pulse are visible for clarity. There is a main pulse and a 
smaller secondary pulse. In the template, the peak of the main pulse has been made the zero point. On the right-
hand side is an observed profile of the same pulsar. It can be seen from the x-axis that the offset between the 
pulses is roughly 0,45 cycles. (Sheikh 2005, p. 92) 

If there is no phase offset between the observed profile and the template profile, or in 

practice, if the difference falls below a set threshold, it means that the state estimate 

used in that iteration step was correct and the actual state of the receiver is known. If 

there is a phase offset, the estimate is adjusted for the next iteration step. 

The range difference Δx along the line-of-sight to the observed pulsar can be 

calculated from the phase shift as (Becker et al. 2013) 

      (    )  (6) 
 

where c is the speed of light, P is the pulse period, Δϕ is the phase shift and n = 0, ±1, 

±  … which takes into account the periodicity of the pulses.  

2.3.3 Determining vehicle state 

Navigation consists of determining the accurate absolute time at a given instance, the 

orientation of the vehicle, the location of the vehicle and the velocity of the vehicle. In 

so called absolute navigation, a vehicle could determine its position without any a 

priori information. In relative navigation, the position is determined relative to another 

object, such as a planet or another vehicle. (Sheikh 2005, p. 159) 

2.3.3.1 Time 

An accurate clock is an important part of a spacecraft’s navigation system. Even 

though pulsars cannot provide a direct measurement of absolute time, their long term 

stability matches that of atomic clocks (Matsakis et al. 1997). Because of their 

precision, they can be used to stabilize an onboard clock in the spacecraft. Assuming 

that most of the offset between the measured TOA and predicted TOA is timing error, 

individual pulse arrival times can be used to adjust the time of the on board clock, 

whose model is known. The true time can be represented as (Sheikh 2005, pp. 161-

163) 
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where τc is the spacecraft clock time, τ0 reference time, bc, qc and jc are initial estimates 

of clock bias, scale factor and jitter respectively and ηc is random noise. The difference 

between the measured time and clock time is input to a Kalman filter or a similar filter 

that updates the clock parameter values. The difference is (Sheikh 2005, p. 163) 

                

        (     )  
 

 
  (     )

   
(8) 

 

where τp is the predicted pulse arrival time from one or several pulsars and random 

noise is ignored. 

2.3.3.2 Attitude 

In order to detect a specific pulsar, the sensor needs to be pointed in its direction. To 

do that, knowledge of the attitude is required. However, to determine the attitude 

with pulsars, they need to be detected first. This creates a circle of need and supply. 

The problem can be solved by using an external sensor for attitude determination. Let 

us assume that on board the spacecraft there is a sensor with a specific field of vision 

(FOV). We will also assume that once a proper signal source enters the sensor’s FOV, 

the system is able to identify it. These sources can be for example celestial x-ray 

sources, other than pulsars, that have a low variability in their intensity. Pulsars could 

also be used if they could be identified in the observation time window. 

When the sensor detects a (x-ray) source, it compares the signal to known sources in a 

database. Once it has been identified, the image of the source on the detector plane 

determines in what angles it lays in the sensor coordinate frame. Since the sensor’s 

position relative to the spacecraft is known, the spacecraft’s angles relative to the 

source can be determined. (Sheikh 2005, p.164) This method depends on pointing the 

sensor in a direction where there are identifiable sources, so a movable sensor would 

be preferred. Otherwise it might take a long time for a source to enter the FOV of the 

sensor, or, if the spacecraft would not rotate at all, it might never happen. 

Another simple way of determining the attitude would be to mount two sensors on 

the vehicle. A pulse would arrive at a slightly different time to both of them and the 

angle ξ along the line of sight to the pulsar could easily be determined by 

 
     

  

 
    (9) 
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where d is the distance between the two sensors and Δx is the sensors’ difference in 

distance to the pulsar along the line of sight. This principle is illustrated in Figure 9. 

 

Figure 9: Illustration of the principle of measuring attitude with two sensors 

There is no danger of ambiguity because even with the shortest pulse period the 

distance between two pulses (0,00156 s * 299 792 458 m/s ≈ 468 km) is much larger 

than any vehicle.  Assuming that the pulse time of arrival can be measured with the 

accuracy of 1 ns, achieving the accuracy of 0,5° requires the distance between the 

detectors to be 33 m, which can be imagined to be within reasonable bounds for 

future spacecraft (Sheikh 2005, p. 241). 

2.3.3.3 Position 

For determining the absolute position of a receiver in a reference frame, the slow 

decay of the pulse period and basic geometry are used. It is necessary to know which 

individual pulse period is detected (Sheikh 2005, p. 172). For any moment in time, the 

phase ϕ of arriving pulses can be calculated with the pulsar spin equation (Sheikh et al. 

2006) 

 
 ( )   (  )  
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where observation time t is in TDB coordinate frame and P is the pulse period. The 

pulse period at a reference point can be approximated fairly accurately by (Kestilä et 

al. 2010) 

          ̇    (11) 

 

where P0 is the pulse period at the last moment of time when a decay model has been 

calculated for the pulsar at the same reference point and Δt is the time elapsed since 

Pulsar 
signal 
 Δx 

d Detector 2 Detector 1 

ξ 
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that moment. If an observer is stationary at another point in the same reference 

frame, the difference in pulse period between the receiver and the reference point is 

               ̇       (12) 

 

where tdiff is the difference of time it takes for the pulse to reach the observer and the 

reference point, which is simply the difference in distance divided by the speed of 

light. Using this information the difference of distance to the pulsar between the 

observer and the point of reference can be expressed as 

 
   

   

 ̇
  (13) 

 

where c is the speed of light. Theoretically, doing the calculation for three pulsars 

provides a three dimensional solution (Kestilä et al. 2010). However, if the on-board 

clock needs to be calibrated, a fourth pulsar is required. The fourth measurement can 

also be used to solve the problem of ambiguous solutions that may occur because of 

the periodicity of the signals. (Becker et al. 2013) This process is illustrated in Figure 

10. 

It is assumed here that the observer is stationary with respect to the frame of 

reference. In reality, this is of course never the case. Movement of the receiver can be 

taken into account in these calculations, but it is outside the scope of this thesis. 

 

Figure 10: An illustration of how the number of pulsars affects the ambiguousness of the navigation solution. The 
colored lines represent signals from different pulsars and the black dots represent possible solutions. Only two 
dimensions are displayed for simplicity. (Becker et al. 2013) 

Pulsar 1 
Pulsar 2 

Pulsar 3 
Pulsar 4 
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2.3.3.4 Velocity 

Velocity may be determined by using the Doppler shift of a pulsar’s signal. As the pulse 

period is very stable, an observer moving towards the pulsar detects the pulse at 

slightly smaller intervals than is modeled in the reference frame. Correspondingly, 

when moving away from the source, the pulse interval is observed as being longer. 

From these observations a velocity along the line-of-sight to the pulsar can be 

determined by comparing the pulse interval to a known pulse interval in a frame of 

reference. In an ideal situation, observations from three pulsars are enough to 

determine the exact speed of the receiver. In practice, a fourth pulsar is always needed 

due to the clock error, just like was mentioned in the previous section. In this thesis 

three pulsars are considered adequate for simplicity. The difference of the pulse 

interval may be written as (Montenbruck & Gill 2001, p. 199, Kestilä et al. 2010) 

 
  
  
 

  
 ̅   ̂
 

  
 ̇
  
(    )

  (14) 

 

where P0 is the pulse period observed by a receiver at rest relative to the frame of 

reference and Pr is the period observed at the receiver whose velocity is being 

measured, c is the speed of light,   the pulse decay,  ̅ the velocity,  ̂ the unit attitude 

vector towards the pulsar, t0 the initial time and t the time passed. The equation has 

been simplified so that it does not have the terms that result from the general and 

special theory of relativity. From Equation 14, velocity along the pulsar-spacecraft line 

can be expressed as 
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(    )))  (15) 

 

Velocity can also be determined by using successive position estimates. The estimated 

distance traveled is divided by the time interval between the estimates. Also, the 

spacecraft’s position relative to the previous known position can be calculated with 

numerical integration after the velocity has been determined. However, these non-

direct methods have limited use, since the noise from the position measurements is 

amplified in the velocity calculation and the integration error accumulates over time 

(Sheikh 2005, p.166).  
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3 Navigation performance 
Two aspects have an influence on the quality of the combination of pulsars used in 

navigation. One is the geometry of the constellation and the other is the individual 

properties of the pulsars. Both of them have to be of high enough quality for the 

navigation solution to produce feasible results. A navigation solution will give poor 

results if it observes pulsars from only a small part of the sky. Just as well, even if there 

were pulsars in ideal directions, it would not do any good for the navigation solution if 

the receiver could not detect the signals due to their too low SNR. 

One problem in finding a geometrically satisfactory set is that known pulsars are 

strongly concentrated on the galactic plane as illustrated in Figure 5. There are plenty 

to choose from on the plane, but very few towards the galactic poles. 

Determining the optimal geometry of the pulsar combination and comparing them 

with a metric known as dilution of precision (DOP) is explained in Section 3.1. An 

overview of pulsar properties and their importance in navigation is presented in 

Section 3.2. 
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3.1 Dilution of precision 

The most popular metric for determining how good a satellite geometry is in GPS is a 

dimensionless single number called geometric dilution of precision, GDOP (Yarlagadda 

2000).  It is often used as a synonym with dilution of precision. To understand what it 

means, we will first, for simplicity, consider a two-dimensional system. 

 

Figure 11: Example of a positioning system with two transmitters and an infinitely accurate distance 
measurement. 

In the simplified example illustrated in Figure 11, the location of a receiver is calculated 

by the distances from two transmitters. Since the distances to both are known, the 

receiver must be where the circles intersect. There are two possible locations, but we 

can assume that the other one can be ruled out if, for example, the receiver would 

know its approximate location by any meaningful accuracy. If there are no errors in the 

measurement, the relative positions of the transmitters are of no concern. 

When there is an error in the distance measurement, as there always is in reality, the 

receiver’s location cannot be pin-pointed exactly to the intersection. Instead, the 

location is known to be somewhere within an area near the intersection as illustrated 

in Figure 12. As can be seen in the illustration, the areas on the left and right are of 

different sizes. 

On the left-hand side of Figure 12 the angle between the transmitters is nearly 90 

degrees and the area is very near the smallest it can be. On the right-hand side the 

angle is very small and the area is much larger. Even with the same individual 

measurement errors from the transmitters, the quality of the solution is greatly 

affected by the angle between them. An optimal geometry in this 2-D two transmitter 

case is when the transmitters are, from the receiver’s point of view, perpendicular to 

each other. 

 

 

transmitter 2 

transmitter 1 

  

transmitter 2 

transmitter 1 

receiver 
receiver 
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Figure 12: Example of a positioning system with two transmitters and an error in the distance measurement. The 
highlighted part represents the area where the receiver is known to be. 

3.1.1 Determining the value of geometric dilution of precision 

In this section, the formation of the GDOP value is discussed. There are only minor 

differences in the equations between GPS navigation and pulsar navigation. For 

comparison, both will be presented here. 

3.1.1.1 GPS 

First, let us consider a vector m from Earth’s center to a satellite and a vector u from 

Earth’s center to the receiver. The offset from the user to the satellite is vector r. The 

relation between these vectors is simply r = m – u. The range measurement will have 

an error because of clock offset and it is therefore called pseudorange. The 

pseudorange ρ is defined by 

   ‖   ‖     , (16) 
 

where c is the speed of light and tb is the clock offset. The pseudorange measurement 

is done for four satellites with the equation 

    √(     )  (     )  (     )       (17) 

 

where xi, yi and zi represent the position of the i:th satellite. ρ is a nonlinear function of 

the receiver and satellite coordinates. Using some initial estimate of the receiver’s 

position, the pseudorange equations can be linearized with Taylor series. (Yarlagadda 

2000, Langley 1999) The approximate position of the receiver is denoted as (x u   u   u). 

The difference between the estimated and measured pseudorange is then (Yarlagadda 

2000) 

         ̂  
                           

(18) 
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where the symbols have, for readability, been selected as follows: 
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(19) 

 

For satellite 1 the difference in the estimated and measured pseudorange can thus be 

expressed as 
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  (20) 

 

For all the four satellites, the pseudorange measurements of Equation 18 can be 

expressed in a more compact matrix form with the denotations made in (19) 

(Yarlagadda 2000): 
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By taking into account measurement noise, model errors and any unmodeled effects, 

we can write (Yarlagadda 2000, Langley 1999) 

         , (22) 
 

where e is the error vector and it is generally assumed to be zero-mean Gaussian. The 

least squares solution for Equation 22 is then given by (Yarlagadda 2000) 

    (   )      . (23) 
 

If cov(dρ) has non-zero elements outside its diagonal, the previous equation is not the 

optimal solution. Instead, a weighted least squares solution is better. (Yarlagadda 

2000)The weighted least squares solution would be (Langley 1999) 
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    (    )       , (24) 
 

where W is a weight matrix that characterizes the differences and possible correlations 

in the errors of the simultaneous measurements. For simplicity, the weight matrix will 

not be discussed here further. The covariance of the vector dx is (Yarlagadda 2000) 

    (  )   [     ] 
  [(   )    (     )((   )    ) ] 
 (   )       (  )((   )    )   

(25) 

 

Here it is assumed that the relative positions between the receiver and the 

transmitters remain fixed, which is a reasonable assumption in a satellite system for a 

short time interval. Assuming that the measurement and model errors are the same 

for all observations and that they do not correlate, the expression for the covariance 

may be simplified to (Langley 1999, Yarlagadda 2000) 

    (  )     , (26) 
 

where σ is the standard deviation of the pseudorange measurement error plus the 

residual model error, so σ2 is the user equivalent range error variance and D is a 

symmetric positive definite matrix whose elements are a function of only the receiver-

transmitter geometry. The diagonal elements of the covariance matrix are then the 

estimated variances of the receiver coordinates and clock-offset. The off-diagonal 

elements would tell the degree of the correlation between these estimates. (Langley 

1999) 
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The value for the geometric dilution of precision is then the trace of the covariance 

matrix divided by the standard deviation, representing the amplification of the 

measurements’ standard deviation onto the position solution (Langley 1999, 

Yarlagadda 2000) 
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The value is typically greater than 1 which means that the precision of the position 

determination is diluted (Langley 1999). For GPS purposes a GDOP value between 1 

and 3 is considered to be very good (Bronk & Stefanski 2007). 

3.1.1.2 Pulsars 

For three pulsars, the range measurements of Equation 21 become (Sheikh et al. 2006) 
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]     , 

 

(29) 

where  ̂ ,  ̂  and  ̂  are unit directions to the pulsars and r is the position of the 

spacecraft. K is referred to as the line of sight matrix. Unlike with the GPS, in the case 

of pulsars the range measurement accuracy is unique to every transmitter. These 

measurements are considered to be uncorrelated with zero mean. Therefore the 

covariance matrix for the range measurements can be expressed as (Sheikh et al. 

2006) 
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Since position is a three-element vector (r = {x, y, z}) and only three pulsars are 

observed, the position covariance matrix of Equation 25 is a 3 X 3 matrix: 
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] (31) 

 

The GDOP value can then be calculated from the trace of this matrix and in this case it 

is a direct estimate of the position accuracy rather than a scalar value (Sheikh et al. 

2006) 

 
            √             (32) 

 

3.1.2 Components of dilution of precision  

Geometric dilution of precision tells us about the quality of the overall solution. If we 

want to examine a specific component such as the 3-D receiver coordinates, horizontal 

coordinates, vertical coordinates, or the clock offset, we compare only selected 

diagonal elements of the covariance matrix to the standard deviation. (Langley 1999) 

The equations for position, horizontal, vertical and time dilutions of precision in GPS 

can be expressed as (Langley 1999, Yarlagadda 2000) 
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It can be seen that the different components relate as follows: 

       
         

         
  

       
         

         
  

3.1.3 Minimizing geometric dilution of precision 

Levanon (2000) showed that the optimal positioning in a 2-D system (providing the 

lowest GDOP value) is when the transmitters form a regular polygon with the receiver 

at its center. The lowest possible GDOP value is then  /√N, where N is the number of 

the transmitters. 

The same principle of positioning applies in a 3-D case. When tracking four satellites, 

the lowest GDOP value is achieved when they form a tetrahedron with one satellite at 

the zenith and three others equally spaced in azimuth (Langley 1999, Yarlagadda 

2000). The GDOP (and also the PDOP) value is inversely proportional to the volume of 

the tetrahedron the satellites form (Yarlagadda 2000). For the volume to be as large as 

possible, the three satellites not at zenith should all be at an elevation angle of -19,47 

degrees (Langley 1999). Since the receiver cannot obviously track satellites below the 

horizon, the best solution for GPS is when the three satellites are as close to the 

horizon as possible. 

Yarlagadda (2000) showed that 

      √  (34) 

 

for a system with four satellites. Increasing the number of satellites will only improve 

the GDOP value. Pulsars have unique signals and therefore their GDOP value is also 

affected by their signal properties, which will be discussed in the next section. 

Evaluating the geometry of a pulsar combination will be discussed in Section 4.1.2. 
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3.2 Pulsar properties 

If all pulsars were alike, selecting the optimal set would depend only on geometry. In 

reality, some pulsars are better suited for navigation than others. Even if the positions 

of some pulsars would be optimal, their signals might be completely unusable for 

example if the signal strength was too weak. Before thinking of the geometry, it is 

therefore meaningful to first exclude those pulsars whose signals do not meet the 

requirements. 

3.2.1 Reliability of the signal 

Pulsars are stable and predictable, but not perfectly so. Sometimes they exhibit 

glitches, meaning that their pulse frequency abruptly increases. The effect is often only 

temporary and the pulse period exponentially recovers to the modeled frequency. So 

far over 350 glitches have been observed in about 120 pulsars. Current theories are 

unable to explain why some pulsars exhibit a lot of glitches when other pulsars with 

similar characteristics do not exhibit them at all. (Yu et al. 2013) 

The glitches vary in intensity. The fractional changes in rotational period can be in the 

order of 10-6 for the Vela Pulsar whereas they are only in the order of 10-8 for the Crab 

pulsar (Sala et al. 2004, p. 5). Glitches are more often observed in young pulsars and 

very rarely in millisecond pulsars (Becker et al. 2013), which makes millisecond pulsars 

all the more attractive in terms of navigation. 

Another unpredictable phenomenon in pulsars is nulling. It means that the emissions 

from a pulsar temporarily cease, which causes the pulse decay to shift proportionally 

(Kestilä et al. 2010). The pulsar might be “switched off” for only a few pulse periods, or 

it might even be visible for only short bursts between nulls (Lorimer & Kramer 2005, p. 

16). Nullings have so far been detected in about 100 pulsars (Gajjar et al. 2012). 

The reliability of detecting the pulsar signal must be taken into account. If there are 

too frequent glitches or the nulling fraction is large, the signal is unsuitable for 

navigation. It must also be remembered that even if a glitch or a null has never been 

observed from a pulsar, it does not mean that the pulsar would never exhibit them. 

3.2.2 Signal-to-noise ratio 

The signal-to-noise ratio of a pulsar observation can be expressed as the ratio of 

average spectral power the antenna has received from the pulsar and the equivalent 

noise spectral power. The former, averaged over the pulsar period, is given by (Sala et 

al. 2004, p. 6) 

 
   

 

 
    (35) 
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where A is the effective aperture area of the antenna and S is the pulsar flux density 

average. The equivalent noise spectral power at the antenna terminals is (Sala et al. 

2004, p. 7) 

          , (36) 
 

where k is the Boltzmann constant and Tsys is the system noise temperature. The 

system noise temperature consists of the receiver noise temperature Tr and the sky 

temperature Ts , which accounts for the radiation the antenna receives from other 

sources than the pulsar. Ts has three components: the isotropic cosmic background 

radiation Tbg (2,7 K), the galaxy’s background radiation Tgal and radiation from solar 

system objects Tss. 

                      (37) 
 

The receiver noise depends on the observing frequency by (Sala et al. 2004, p. 7) 
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where v is the frequency of the signal. With the radio frequency of 1,4 GHz, the value 

for the receiver noise is approximately 30,4 K. The galactic background radiation also 

depends on the frequency, but also highly on the direction the antenna is facing. It is 

higher towards the galactic center and lowest towards the galactic poles. Its 

distribution is further discussed in Section 4.1.1. 

It is noteworthy that the Sun can be very bright at radio frequencies, resulting in a 

large value for Tss. When the main lobe of the antenna points at the sun, it is 

impossible to observe any pulsars. Even if it is pointing away from the Sun, the side 

lobes pick up some of the radiation. The Sun’s activity goes up and down in cycles of 11 

years. During the quiet periods the Sun’s effect on an antenna with an effective 

aperture of 10 m2 at 1 AU is only around 1 K. However, for a maximally active Sun, the 

temperature can go up to 180 K. When the distance to the Sun is under 10 AU, its 

active periods can significantly degrade the SNR. The effects of planets on the Tss is 

negligible at 1,4 GHz. (Sala et al. 2004, p. 8) 

With the system noise temperature known, the SNR of a single pulse can be 

formulated as (Sala et al. 2004, p. 6) 

 
    

  

   
  (39) 

 



29 
 

As one could intuitively imagine, a bigger antenna and a stronger emission from the 

pulsar contribute to a better SNR, whereas a higher noise temperature reduces it. 

Having a relatively low SNR is a disadvantage for radio pulsars when compared to the 

more widely studied x-ray pulsars. For the strongest pulsar in the 1,4 GHz frequency, 

Vela, when observed with an antenna whose effective area is 10 m2, the SNR for a 

single pulse is approximately 0,0001, which is equivalent to -40 dB. A much more 

common SNR on the 1,4 GHz frequency is around -70 dB. 

3.2.3 Folding time 

An important measure in pulsar navigation is the amount of time the folding process 

takes before required signal strength is achieved for a specific pulsar. With Equation 3 

one can calculate the minimum flux density that is required to reach a specific SNR in a 

specific time. By turning the thinking process the other way around, we can calculate 

the minimum time the folding takes for a specific mean flux density S. After 

straightforward algebra, Equation 3 can be expressed as 
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Let’s assume for example that the signal to noise ratio must reach a value of 5 and that 

the receiver bandwidth B is 20 MHz. As for W, a catalogue value of pulse width at 50 % 

of pulse peak amplitude will be used when available. Further in this thesis, when 

catalogued pulse width information is unavailable, it is assumed that the pulse width is 

5 % of the pulse period. The telescope gain G is calculated with Equation 4. We can 

then say for example that for an adequate pulsar with these assumptions, the time the 

folding takes must not exceed a specific time period, say, one hour. With these values 

and an antenna whose effective aperture is 10 m2, the integration time for the 

strongest pulsar, Vela, is 4,4 seconds. For a more average pulsar the time is measured 

in hours. For example for the pulsar J1850-0026 the integration time with these values 

is roughly 43 hours. 

3.2.4 Pulse period and period decay 

The most important a-priori information from the pulsars is their period, period decay 

and their angular coordinates (Kestilä et al. 2010). For all the pulsars that have been 

found at the time of writing this thesis, the pulse periods range from 0,0014 s to 11,79 

s. The period decays range from 1,17*10-21 to 5,49*10-10 and some pulsars even have a 

negative decay. (Manchester et al. 2005) Generally speaking the pulsars with a short 

period also have a slow decay. The correlation between these two properties is 

illustrated in Figure 13. 
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Figure 13: An illustration of the pulse periods and period decays of all known pulsars. The Vela pulsar is marked 
as a red diamond and the Crab pulsar is marked as a green square. 

An optimal pulsar would have a very short period and a reasonably high period decay. 

The shorter the period the faster the signal can be folded and the faster the decay the 

easier it is to detect changes in it and thus calculate the position. 

3.2.5 An example of comparing pulsar qualities 

It is convenient to create a formula for expressing the quality of a single pulsar with a 

comparable number. One such expression is the pulsar quality factor Q devised by Sala 

et al. (2004, p.6) which takes into account the pulsar’s SNR and the width of the pulse 

at 50 % T50 and 10 % T10 of peak intensity. 
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Here the value 754,8 comes from selecting the accuracy of      
    per       

samples. In the equation, σT,L is the standard deviation of the synchronization error for 

the given amount of L, c is the speed of light and P is the pulse period. 
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This is only one way of ranking the pulsars. The selection of the ranking method 

depends on the task. For example, radio astronomers value different pulsar properties 

than x-ray navigation systems in space. Sheikh et al. (2006) have created a figure of 

merit for x-ray pulsars. For the purposes of radio pulsar navigation, a novel pulsar 

quality factor is formulated in Section 4.1.1.  
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4 Selection of the pulsars 
In this chapter the methods for creating a list of best pulsar sets are discussed and the 

results of applying those methods are presented. The goal is to name the three pulsars 

a spacecraft should observe in order to get as accurate positioning information as 

possible. 

On radio frequencies the signals of the pulsars are generally the strongest around 400 

MHz. However, at that frequency the galactic background radiation becomes dominant 

on the galactic plane, reaching as high values as 900 K. Also, due to scattering and 

dispersion, the pulse width may become too large. Both of these effects are a lot 

weaker at higher frequencies and even though the flux densities are weaker, the 

resulting SNR is often better at the frequency of 1,4 GHz inside the galactic plane. 

(Lorimer et al. 2000) The galactic background radiation is further discussed in Section 

4.1.1. 

It might be justified to observe pulsars outside the galactic plane on frequencies near 

400 MHz and the ones inside the galactic plane on frequencies near 1,4 GHz, but, for 

simplicity, in this thesis the frequency of 1,4 GHz is used regardless of the angular 

coordinates. For the same reason the effects of scattering and dispersion are also not 

taken into account in the calculations. 

Section 4.1 covers the formulation of the novel pulsar quality factor and how to 

estimate the quality of the geometry of the pulsar set. The resulting ranking lists are 

presented in Section 4.2 in two different cases, depending on whether all pulsar signals 

are available.  
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4.1 Methods 

As mentioned in Section 2.2, there are over 2300 pulsars known today. As some of 

them are not suitable for navigation purposes at all regardless of their position, it is 

meaningful to first exclude those pulsars, based on their individual properties only. The 

remaining pulsars are then ranked according to their suitability for navigation. Then, 

using the top-ranked pulsars, the sets of three with best GDOP values are chosen. 

4.1.1 Ranking of individual pulsars 

Most pulsar properties are listed for every known pulsar in the ATNF Pulsar Catalogue 

(Manchester et al. 2005). In this thesis the following properties are relevant: name, 

angular coordinates, pulse period, period decay, mean flux density at 1,4 GHz, number 

of observed glitches, pulse width at 50 % of peak amplitude and nulling percentage. 

Pulsars that do not have data on pulse period, period decay and mean flux density will 

be excluded from the following calculations. Data on pulsar nullings is from the articles 

of Gajjar et al. (2012) and Wang et al. (2007). The number of known pulsars with all 

necessary data was 1505 at the time of writing this thesis. 

As explained in Section 3.2.4, the shorter the pulse period, the better. Also, to a 

reasonable extent, a faster period decay is preferred. However, because of the high 

correlation between these two qualities, they should not be considered individually. 

Instead, the ratio of the pulse decay and pulse period is used as a ranking quality. 

A higher mean flux density is always better, glitches and nullings are preferred to be as 

few as possible and, as can be seen from Equation 40, a narrow pulse is better than a 

wide one. The effect of angular coordinates on the other hand is more complicated. 

The system noise temperature was explained in Section 3.2.2 and the one component 

in it that was dependent on the direction of the pulsar was the galactic background 

radiation. Its distribution at 1,4 GHz is illustrated in Figure 14. 

In J2000.0 equatorial coordinates the north pole of the Milky Way is at 192,86° right 

ascension and 27,13° declination. To estimate the galactic background radiation in the 

direction of a specific pulsar it is convenient to use galactic coordinates instead of the 

equatorial coordinates. In galactic coordinates the galactic longitude is measured from 

the galactic center along the galactic plane counter clockwise. The galactic latitude is 

similar to declination, with the positive direction being towards the north galactic pole. 

In other words, the galactic center is at 0° longitude and 0° latitude. The galactic 

longitude l and galactic latitude b can be converted from equatorial coordinates with 

the formula (Karttunen et al. 1995, p. 43) 

        (    )         (    ) 
       (    )               (    )            

                 (    )            
(42) 
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where α and δ are the right ascension and declination of the equatorial coordinates 

respectively, lN = 123,0°  is the galactic longitude of the celestial pole and the direction 

of the galactic north pole is αP = 192,86°, δP = 27,13°. 

 

Figure 14: In the upper picture is a Mollweide projection of the Galactic background radiation at 1,4 GHz. The 
map is in galactic coordinates and the center is at l = 0, b = 0. The galactic longitude increases to the left, up to 
180°. The scale is cut off from the high end so that all areas above 5500 mK are marked with the same color. In 
the lower picture is the same data, but the galactic plane has been cut out at angles b < |5°|. In the rest of the sky 
the highest value for the galactic background radiation is 10 018 mK and thus the proximity of the galactic plane 
can be viewed in more detail. (La Porta et al. 2008) 

As mentioned in Section 3.2.2, the receiver noise at 1,4 GHz is approximately 30,4 K 

and the isotropic cosmic background radiation is roughly 2,7 K. They are the same for 

all pulsars and in this thesis they are approximated to be 33 K together. The noise from 
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the Sun is ignored in the following calculations since it can be dominant under some 

conditions and negligible under others and therefore cannot be generally estimated. 

The exact data behind Figure 14 could not be attained for this thesis and therefore an 

approximation of the galactic background radiation values had to be made based on 

the figure. As can be seen, the variations are at a reasonable accuracy within three 

kelvins outside the galactic plane and values higher than 5 K are mostly found towards 

the galactic center. Sala et al. (2004, p. 8) estimated the temperature towards the 

galactic center to be roughly 40 K at 1 GHz. In a 1420 MHz survey by Reich et al. (2001) 

the highest intensity was 82 K at the galactic center. In this thesis, the values listed in 

Table 1 are used for simplicity. Here the map is considered symmetrical over the 

galactic plane and also over the axis connecting the galactic poles. The denotation for 

absolute values is left out for simplicity. A more detailed approximation outside the 

galactic plane can be found for example in the article by La Porta et al. (2008). 

Table 1: An approximation of the values for galactic background radiation and their dependence on galactic 
coordinates. 

Longitude l (°) Latitude b (°) Tgal (K) 
all > 20 3 

all 5 – 20 5 

> 20 < 5 5 

< 20 < 5 40 

 

Calculating the observation times to reach SNR of 10 with the galactic background 

values of 0 K and 82 K for every pulsar reveals that there is a difference of one 

magnitude between the extremes. The observation time is roughly 10 times longer if 

the galactic background radiation is assumed 82 K in comparison to if it was zero. In 

the worst case scenario, if there was a pulsar right where the galactic background 

radiation was at its peak, there would be a 42 K difference in the true value and the 

approximated value. In that case the calculated observation time would be five times 

shorter than it should be. However there are only a few pulsars towards the galactic 

center where notable errors could arise. For nearly all of the pulsars the error is at 

most few kelvins, which results in observation time deviation of only few percent and 

thus the approximation here is justified. 

All the pulsar properties discussed so far affect the pulsar’s suitability for navigation 

either positively or negatively. The mean flux density, system noise and pulse width as 

a fraction of the pulse period all have an effect on the required integration time, which 

is an important measure. The ratio of spin decay and pulse period is another individual 

measure. It could be justified to exclude all pulsars that exhibit glitching or nulling 

behavior straight away, but here they are only considered as properties that impair the 

pulsar quality if they are not too frequent. 
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To make the different properties more easily comparable, they are normalized with 

pulsars that are among the best in terms of those specific properties. Since the Crab 

pulsar (B0531+21) has one of the best ratios of pulse decay and spin period, the ratios 

of other pulsars are normalized with Crab. The Vela pulsar (B0833-45), on the other 

hand, is by far the strongest source on the 1,4 GHz frequency with a mean flux density 

of 1100 mJy and thus has the lowest integration time, so the integration times are 

normalized with Vela. A simple way of ranking the pulsars can then be expressed as 

 
      

                 
(   ) (   ) 

  (43) 

 

Here μ, ω, χ and λ are constants whose values can be set to fit the preference of the 

task, g is the number of observed glitches per year and N is the percentage of time the 

pulsar’s signal is nulled. The multiplier 100 is used to make the numbers easier to read 

and compare. Pfactor and tfactor are as follows:  

        

 ̇
 

 ̇    
     

                                    
    

        
 

Equation 43 is only an example of how pulsars can be ranked. It takes into account the 

most important properties and allows them to be weighted suitably. If there was a 

known ranking to compare to, the equation could be chosen so that the resulting list of 

Q-values would correspond to the known ranking as accurately as possible. 

4.1.2 Finding the optimal geometry 

The geometry is relevant only for the three pulsars that provide the position estimate. 

The fourth pulsar, used for clock correction, can be in any direction. As mentioned in 

Section 3.1.3, the transmitters are optimally distributed when the volume of the space 

between them is the largest, assuming equal distances. Since the actual distances to 

the pulsars are not relevant, the volume can be calculated in the celestial sphere 

model. The angular coordinates of three pulsars on the sphere are known and the 

fourth point is the observer at the center of the sphere. The volume of the 

parallelepiped whose edges are defined by the unit vectors to the pulsars is acquired 

with the scalar triple product 

   |   (     )|  (44) 
 

where v1, v2 and v3 are the vectors from the origin to the pulsars. In the celestial 

sphere model the lengths of the vectors are always 1. In an optimal case, all three 

pulsars are perfectly perpendicular to each other, which results in a volume of 1 as the 

parallelepiped is a cube. The optimal geometry is illustrated in Figure 15. 
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Figure 15: The optimal geometry of a three pulsar constellation. 

It is worth noticing that the number of possible combinations of k pulsars grows super-

exponentially with the number of pulsars to choose from, n. The number of 

combinations is 

 
  

  

  (   ) 
  (45) 

 

For 1505 pulsars there are over 500 million different combinations of three. 

Calculating the volume for all of them would not be meaningful. Instead, only a small 

number of best individual pulsars should be included in the volume calculation. If the 

criteria for excluding unsuitable pulsars are demanding enough, the number of 

combinations is not a problem. 

4.1.3 Estimating range measurement accuracy 

Sheikh et al. (2006) demonstrated that the accuracy of a range measurement from a 

pulsar can be approximated by 

             , (46) 
 

where c is the speed of light and σTOA is the accuracy of the pulse TOA, which is 

estimated using the pulse width W with the equation 

 
     

 

 

 

   
  (47) 
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It can be seen from Equation 47 that the accuracy improves (error decreases) linearly 

as the SNR increases. As the SNR is proportional to the observation time, the 

dependence of range measurement accuracy and observation time can easily be 

plotted. These plots are presented in Figure 16 for the pulsars with the highest Q-

factors using constant values whose selection is explained in Section 4.2.1. 

 

Figure 16: The development of range measurement accuracies as the observation time increases for six top-
ranked pulsars. The pulsars are in ranking order in the legend with rank 1 being on top. 

The plots in Figure 16 show that the range measurement accuracy of the rank 2 pulsar, 

B0531+21, is two magnitudes inferior to rank 1 and rank 3 pulsars, B0833-45 and 

B1641-45. The Crab pulsar B0531+21 is ranked second because it has a top ratio of 

spin decay and pulse period. 

With the range measurement accuracies and unit directions known for all pulsars, the 

overall accuracy of a pulsar combination can be calculated. First, we insert Equation 30 

into Equation 25, which gives 

 

(   )    [

       
   

        
  

         
 

] ((   )    )  [

  
 

  
 

  
 

]  

 

(48) 

where K holds the unit directions for the three pulsars 

 

  [
 ̂  ̂  ̂ 
 ̂  ̂  ̂ 
 ̂  ̂  ̂ 

]  (49) 

 

Then we acquire the GDOP value from the result of Equation 48 by using the trace of 

the matrix as shown in Equation 32. 
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4.2 Results 

The results of using the methods explained in Section 4.1 are presented in this section. 

All pulsars are first ranked with Equation 43. The volumes are then calculated with 

Equation 44 for all combinations of a number of pulsars with the best Q-factors and 

the GDOP values for the combinations are finally formulated as explained in Section 

4.1.3. 

The situation can differ greatly whether the receiver is in deep space or on the surface 

of a planet, since the planet blocks the line of sight to about half of the sky. The 

simplest case, when all of the sky is visible, is presented in Section 4.2.1. A situation 

where the receiver is on an arbitrary location on the surface of Earth is presented in 

Section 4.2.2. 

4.2.1 Case 1: The receiver is in deep space. 

In the simplest case, the receiver’s FOV is unobstructed in all directions and thus, in 

principle, all pulsars are available as seen in Figure 5. The ranking list of best pulsar sets 

can then be exhaustively prepared in advance. If a specific pulsar would be temporarily 

unavailable, the navigation solution could select the best set that does not contain the 

unavailable pulsar. 

A single pulsar might, for example, have a very low integration time, but its rotational 

properties could make it more or less useless. The quality factor might be decent 

based on solely the low integration time contribution, even though it would in reality 

be completely unsuitable for navigation purposes. It is therefore necessary to exclude 

this kind of pulsars by assigning threshold values for the properties separately. The 

threshold values used in the following calculations are presented in Table 2. 

Table 2: Threshold values for pulsar properties. tSNR is the time it takes to fold the signal to a specific SNR. 

property threshold 

tSNR 3600 s 

Observed glitches per year = g 1 

Nulling percentage = N 10 % 

 

Here it is decided that if it takes over an hour to fold a pulsar’s signal to a required 

SNR, the pulsar is excluded no matter how good its other properties are. Also, if the 

pulsar exhibits glitches more often than once a year, or the pulsar is nulled over 10 % 

of the time, it is excluded. The value for tSNR has been chosen so that the number of 

remaining pulsars is small and only good ones are left. The values for g and N were 

selected to exclude the most unstable pulsars, but still allow Vela and Crab to be 

included. 

The Q-factors were calculated with Equation 43 for all pulsars that had data on all of 

their required parameters. The constants in the numerator were chosen so that the 
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integration time would be favored over the ratio of the pulse decay and spin period 

(μ=0,5 and ω=3). The constants in the denominator were left untouched as there was 

no information on what values would be justified (χ=1 and λ=1). They are included in 

the equation only to point out that the glitches and nullings can also be weighted. The 

antenna was assumed to be a high-gain antenna that can observe any part of the 

visible sky at any time and its effective aperture was assumed 100 m2. The receiver 

bandwidth was assumed 20 MHz and the required SNR was set to 10. With these 

values the number of pulsars that passed the criteria was 54. 

The resulting Q-factors of the best 10 pulsars are presented in Table 3 along with their 

relevant properties. All pulsars that passed the criteria are illustrated in Figure 17 in 

the celestial sphere model. A table with the properties of all 54 pulsars that passed the 

thresholds can be found in appendix 1a. 

Table 3: The best 10 pulsars, sorted by their Q-values. Name is the J2000.0 name if it exists and B1950.0 name 
otherwise. P is the pulse period (s), P' the pulse decay (s/s), l the galactic longitude (deg), b the galactic latitude 
(deg), S the mean flux density at 1,4 GHz (mJy), g the number of observed glitches per year, N the nulling factor, t 
the required integration time to reach SNR 10 (s) and σrange the range measurement accuracy (km) after 1000 
seconds of observation. 

 Q Name P P’ l b S g N t σrange 

1 223 B0833-45 0,0893 1,25E-13 263,6 -2,8 1100 0,37 0 0,11 0,33 

2 32,0 B0531+21 0,0331 4,23E-13 184,6 -5,8 14 0,57 0 2798 75 

3 29,3 B1641-45 0,4551 2,01E-14 339,2 -0,2 310 0,07 0 1,05 3,98 
4 26,4 B0329+54 0,7145 2,05E-15 145,0 -1,2 203 0 0 1,24 3,49 

5 5,9 J0437-4715 0,0058 5,73E-20 253,4 -42,0 149 0 0 5,58 0,16 

6 1,2 B0950+08 0,2531 2,30E-16 228,9 43,7 84 0 0 27 24 

7 0,76 B1727-47 0,8298 1,64E-13 342,6 -7,7 12 0,07 0,05 943 291 

8 0,58 B0906-49 0,1068 1,52E-14 270,3 -1,0 10 0 0 1481 51 

9 0,52 J1740+1000 0,1541 2,15E-14 34,0 20,3 9,2 0,07 0 3069 202 

10 0,47 B1933+16 0,3587 6,00E-15 52,4 -2,1 42 0 0,03 80 38 
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Figure 17: The 54 adequate pulsars illustrated in the celestial sphere model. A mild concentration on the galactic 
plane can be observed. 

As can be seen from Figure 17, not all of the best pulsars reside on the galactic plane. 

This is a good thing since it is therefore possible to make combinations with decent 

volume. Table 4 presents the 10 sets with the largest volumes. 

Table 4: The 10 pulsar sets with the largest volumes. Columns 2-4 contain the names of the pulsars and columns 
5-7 contain the ranks of the pulsars in the Q-factor list. 

Volume pulsar 1 pulsar 2 pulsar 3 p1 rank p2 rank p3 rank 

0,992 J0437-4715 B0950+08 B1556-44 5 6 11 

0,988 J0437-4715 B1556-44 J2145-0750 5 11 50 

0,983 J0437-4715 B0950+08 B1600-49 5 6 49 

0,980 J0437-4715 B0950+08 B1557-50 5 6 23 

0,979 J0437-4715 B0950+08 B1558-50 5 6 13 

0,979 J0437-4715 B1600-49 J2145-0750 5 49 50 

0,976 J0437-4715 B0950+08 B1530-53 5 6 48 

0,976 J0437-4715 B1557-50 J2145-0750 5 23 50 

0,975 J0437-4715 B1558-50 J2145-0750 5 13 50 

0,974 J0437-4715 B1530-53 J2145-0750 5 48 50 

 

These combinations are very close to optimal in terms of geometry. However, to find 

out what combinations really are the best in terms of navigation, the GDOP values are 

calculated. The observation time is assumed to be 1000 seconds. The 10 combinations 

with the smallest GDOP values are presented in Table 5. 
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Table 5: The top 10 pulsar combinations with the smallest GDOP values. The GDOP values and range 
measurement accuracies of the three pulsars in columns 4-6 are in kilometers. An observation time of 1000 
seconds and an antenna with an effective area of 100 m2 were used in the calculation. 

 GDOP Volume σrange_p1 σrange_p2 σrange_p3 p1 rank p2 rank p3 rank 

1 1,4 0,284 0,329 0,158 0,506 1 5 38 

2 2,8 0,415 0,329 0,158 1,784 1 5 46 

3 3,4 0,380 0,158 0,506 1,784 5 38 46 

4 3,7 0,676 3,490 0,158 0,506 4 5 38 

5 4,2 0,549 0,329 3,490 0,158 1 4 5 

6 4,2 0,611 0,329 3,983 0,158 1 3 5 

7 4,3 0,658 3,983 0,158 0,506 3 5 38 

8 4,3 0,212 0,329 0,506 1,784 1 38 46 

9 6,7 0,420 3,490 0,506 1,784 4 38 46 

10 6,9 0,970 3,490 0,158 5,840 4 5 50 

 

The GDOP value is the lowest when the volume of the pulsar combination is as large as 

possible and the individual range errors of the pulsars in the set are as small as 

possible. The best combination is illustrated in Figure 18. It is interesting that the best 

combinations have rather poor geometry. Only the 10th best set has a close to optimal 

volume. This is because the better the individual range measurements are the less 

effect bad geometry has. As can be seen in Figure 11, with perfect range measurement 

accuracy the relative angles between the pulsars would be of no consequence. 

The values presented here seem reasonable. Sheikh (2005, p. 248) calculated a GDOP 

value of 1,4 km when observing three strong x-ray sources for 1000 seconds. The best 

GDOP value calculated here is the same. 

 

Figure 18: The combination with the best GDOP value. 
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4.2.2 Case 2: The receiver is near a planet. 

When observing radio frequencies, the receiver can also be a traditional airplane, or 

even something on the surface of Earth. In that case only half of the sky is visible since 

the planet blocks the line of sight to half of the pulsars. 

To find out what pulsars are visible from a particular location at a particular time, the 

equatorial coordinates are convenient to convert into horizontal coordinates. Since the 

elevation of a star in horizontal coordinates means its angle from the horizon, all stars 

with a negative elevation are under the horizon and thus out of sight. Therefore only 

the elevation of the star needs to be calculated, which can be done with the equation 

(Karttunen et al. 1995, p. 36) 

                           , (50) 
 

where a is the elevation, h is the hour angle, δ is the declination and ϕ is the latitude 

of the observer. The hour angle is simply the right ascension of a star subtracted from 

the local sidereal time (LST) (Karttunen et al. 1995, p. 34) 

       (51) 
 

The local sidereal time θ is the hour angle of the vernal point, which means the 

direction of the sun as it passes the equator. It is also the direction of the intersection 

of the ecliptic plane and the celestial equator plane. (Karttunen et al. 1995, p. 41) 

As an example, let us consider an observer at latitude 30° at LST 0°. With this 

information and the right ascension and declination of every pulsar, we can use 

Equations 50 and 51 to calculate what stars are visible. In reality, stars very close to the 

horizon are also not visible even if their elevation was positive, so a suitable threshold 

above the horizon should be set. Here, stars whose elevation is below 5° are 

considered out of sight. The visible pulsars are presented in Figure 19. The difference 

between this case and case 1 can be seen by comparing Figures 5 and 19. 
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Figure 19: All pulsars visible (elevation above 5°) from latitude 30° at sidereal time 0°. 

With the variable values used in case 1, only 19 of the pulsars that passed the criteria 

are now visible. From here on the steps are the same as they were in case 1. The best 

visible pulsars are presented in Table 6. 

Table 6: The best 10 visible pulsars when observed from latitude 30° at sidereal time 0°. The values are presented 
as explained in Table 3. 

 Q name P P’ l b S g N t σrange 

1 32 'B0531+21' 0,0331 4,23E-13 184,6 -5,8 14 0,57 0 2798 75 

2 26,4 'B0329+54' 0,7145 2,05E-15 145,0 -1,2 203 0 0 1,24 3,49 

3 0,47 'B1933+16' 0,3587 6,00E-15 52,4 -2,1 42 0 0,03 80 38 

4 0,33 'B2021+51' 0,5292 3,06E-15 87,9 8,4 27 0 0 107 36 

5 0,26 'B0540+23' 0,2460 1,54E-14 184,4 -3,3 9,0 0 0 1756 123 

6 0,26 'B2020+28' 0,3434 1,89E-15 68,9 -4,7 38 0 0 138 67 

7 0,20 'B0355+54' 0,1564 4,40E-15 148,2 0,8 23 0,14 0 266 30 

8 0,20 'B2016+28' 0,5580 1,48E-16 68,1 -4,0 30 0 0 168 91 

9 0,08 'B2351+61' 0,9448 1,63E-14 116,2 -0,2 5,0 0 0 2449 244 

10 0,07 'B2255+58' 0,3682 5,75E-15 108,8 -0,6 9,2 0,02 0 2721 366 

 

The top 10 combinations are presented in Table 7 the same way as in case 1. 
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Table 7: The final list of the best 10 pulsar sets. The ranks do not correspond to the ones in case 1. 

 GDOP Volume σrange_p1 σrange_p2 σrange_p3 p1 rank p2 rank p3 rank 

1 9,4 0,668 3,490 0,506 5,840 2 15 19 

2 32,0 0,665 30,146 0,506 5,840 7 15 19 

3 54,3 0,674 3,490 36,283 5,840 2 4 19 

4 60,0 0,643 3,490 38,213 5,840 2 3 19 

5 66,6 0,676 36,283 30,146 5,840 4 7 19 

6 67,2 0,639 38,213 30,146 5,840 3 7 19 

7 78,9 0,314 36,283 0,506 5,840 4 15 19 

8 94,5 0,542 75,222 0,506 5,840 1 15 19 
9 95,5 0,777 75,222 36,283 5,840 1 4 19 

10 112,6 0,594 3,490 66,800 5,840 2 6 19 

   

Even though the number of pulsars to choose from is relatively small, a reasonably 

good combination can still be formed. The best GDOP is roughly seven times larger 

than the one in case 1. The combination with the smallest GDOP value is presented in 

Figure 20. 

 

Figure 20: The best combination of pulsars that meet the required criteria when observed from latitude 30° at LST 
0°. 

There might very well be a location and time on Earth’s surface when there are no 

decent pulsar combinations available. To check this, the calculations used here were 

applied on all latitudes and all local sidereal times with the precision of two degrees 

(latitude = -90°…90°, LST = 0°…358°). The results are presented in Figure 21. 

The results confirm that there indeed are locations on Earth where, at a bad time, 

there are only very poor pulsar combinations available. At worst cases the best 
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acquirable GDOP value is over 100 km (1000 s observation time and 100 m2 antenna). 

Specifically on latitudes above 30° the GDOP is very poor between approximately LST 

45° and LST 170°, which is equivalent to roughly 8 hours per day. This restriction must 

be taken into account if pulsar navigation is ever going to be utilized on Earth. 

 

Figure 21: The best acquirable GDOP values at different latitudes at different local sidereal times. The four maps 
on the top are viewed from the equator at LST 0°, 90°, 180° and 270°. The two maps at the bottom are viewed 
from the North Pole (LST 0° is downwards) and the South Pole (LST 0° is upwards).  
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5 Conclusions 
The objective of this thesis was to choose the optimal set of pulsars to observe on 

radio frequencies for navigation purposes. The method consisted of two parts: ranking 

the pulsars based on their individual properties and ranking the combinations based 

on their GDOP value. Several conclusions can be made after applying the methods on 

all available pulsar information. 

Although over 2300 pulsars are currently known, only few of them have properties 

that make them well suitable for navigation purposes. This poses a problem when the 

observer is near a planet and only part of the celestial sphere is visible. In some cases 

there are no good pulsar combinations available and the navigation solution fails to 

provide any useful results. 

The pulsars discovered so far are strongly concentrated on the galactic plane. The 

navigation accuracy would significantly increase if there was at least one good signal 

source towards either of the galactic poles. For this reason it would be beneficial to 

focus future pulsar searches on the direction of the galactic poles. Also, the galactic 

background radiation is much less dominant near the galactic poles, which improves 

the SNR of pulsars in those directions. 

The radio emissions from pulsars are weak and their detection in a reasonable amount 

of time requires a large antenna. Based on the calculations in this thesis, the antenna 

would have to have an effective area of at least 100 m2. Mounting an antenna of that 

size on a spacecraft is obviously difficult with current measures. In addition, the 

antenna would have to switch between targets at a reasonable pace. Moving the large 

antenna quickly could be avoided if there were more antennas on the spacecraft, so 

that each pulsar could be observed simultaneously. However, there is a limit to how 

many big antennas can be mounted on a single spacecraft. One solution would be to 

use several co-operative spacecraft, each carrying one antenna. 

Currently interplanetary navigation uses the DSN, whose accuracy perpendicular to the 

Earth-spacecraft axis suffers from the relatively small distance between the antennas, 

even though they are on different sides of the Earth. The accuracy would undoubtedly 

increase if the distance between the antennas could be increased by, for example, 

constructing an antenna on the Moon. With current developments in space technology 

it could soon be possible, but a simpler way to improve the accuracy could be to use 

pulsar navigation as a complementary system. 

The individual pulsar ranking list formulated in this thesis does not represent the 

absolute qualities of pulsars for navigation purposes. For future work, an expert with 

insight on the pulsar qualities in navigation on radio wavelengths should formulate a 

more accurate quality factor. 
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A better estimate of the range measurement from a pulsar would be obtained if the 

exact value for galactic background radiation in the direction of the pulsar was known. 

Also, the effect of the Sun was ignored in this thesis, but it can, under some conditions, 

become dominant and impair the SNR significantly. 

Considering all approximations and assumptions made in this thesis, the final list of 

GDOP values should be considered only as a rough estimate. However, the results 

show that with an antenna whose effective aperture is 100 m2 it is possible to reach 

position accuracy in the order of kilometers by observing pulsars for several minutes.  

Due to the uneven performance on the face of the Earth, pulsar navigation is better 

suited for interplanetary space missions. There needs to be enough time to observe 

the pulsars and since the good ones are so few in numbers, they need to be constantly 

available. 

The further the spacecraft gets from Earth, the more important an independent 

navigation system becomes. As mentioned in Section 2.1.2, with current measures the 

position accuracy is in the order of hundreds of kilometers near Pluto’s orbit and it 

degrades more when going even further away, whereas the accuracy of a pulsar-based 

navigation system is the same everywhere in the solar system. In addition, the farther 

the receiver gets from the Sun the better the SNR becomes. Therefore utilizing pulsar 

navigation should be considered at least when the spacecraft is supposed to travel 

outward in the solar system and several astronomical units away from Earth. 
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7 Appendices 

1a: List of all pulsars that meet the set requirements 
Table 8: Q is the quality factor, name the J2000.0 name if it exists and B1950.0 name otherwise. P is the pulse 
period (s), P' the pulse decay (s/s), l the galactic longitude (deg), b the galactic latitude (deg), S the mean flux 
density at 1,4 GHz (mJy), g the number of observed glitches per year, N the nulling factor, t the required 
integration time to reach SNR 10 (s) and σrange the range measurement accuracy (km) after 1000 seconds of 
observation. The requirements for pulsar properties are presented in Table 2. 

 Q name P P’ l b S g N t σrange 

1 223 B0833-45 0,0893 1,25E-13 263,6 -2,8 1100 0,37 0 0,11 0,33 

2 32,0 B0531+21 0,0331 4,23E-13 184,6 -5,8 14 0,57 0 2798 75 

3 29,3 B1641-45 0,4551 2,01E-14 339,2 -0,2 310 0,07 0 1,05 3,98 

4 26,4 B0329+54 0,7145 2,05E-15 145,0 -1,2 203 0 0 1,24 3,49 

5 5,9 J0437-4715 0,0058 5,73E-20 253,4 -42,0 149 0 0 5,58 0,16 

6 1,2 B0950+08 0,2531 2,30E-16 228,9 43,7 84 0 0 27 24 

7 0,76 B1727-47 0,8298 1,64E-13 342,6 -7,7 12 0,07 0,05 943 291 

8 0,58 B0906-49 0,1068 1,52E-14 270,3 -1,0 10 0 0 1481 51 

9 0,52 J1740+1000 0,1541 2,15E-14 34,0 20,3 9,2 0,07 0 3069 202 

10 0,47 B1933+16 0,3587 6,00E-15 52,4 -2,1 42 0 0,03 80 38 

11 0,42 B1556-44 0,2571 1,02E-15 334,5 6,4 40 0 0 82 26 

12 0,37 B0740-28 0,1668 1,68E-14 243,8 -2,4 15 0,17 0,10 818 73 

13 0,34 B1558-50 0,8642 6,96E-14 330,7 1,3 5,7 0 0 1562 148 

14 0,33 B2021+51 0,5292 3,06E-15 87,9 8,4 27 0 0 107 36 

15 0,26 B0540+23 0,2460 1,54E-14 184,4 -3,3 9,0 0 0 1756 123 

16 0,26 B2020+28 0,3434 1,89E-15 68,9 -4,7 38 0 0 138 67 
17 0,25 B1822-09 0,7690 5,25E-14 21,4 1,3 12 0,26 0 605 140 

18 0,25 B1642-03 0,3877 1,78E-15 14,1 26,1 21 0,16 0 123 22 

19 0,21 B1323-62 0,5299 1,89E-14 307,1 0,2 16 0 0 455 111 

20 0,21 B1356-60 0,1275 6,34E-15 311,2 1,1 7,6 0 0 3004 101 

21 0,20 B0355+54 0,1564 4,40E-15 148,2 0,8 23 0,14 0 266 30 

22 0,20 B2016+28 0,5580 1,48E-16 68,1 -4,0 30 0 0 168 91 

23 0,16 B1557-50 0,1926 5,06E-15 330,7 1,6 17 0 0 549 60 

24 0,16 B0959-54 1,4366 5,14E-14 280,2 0,1 6,3 0 0 1462 272 

25 0,11 B1449-64 0,1795 2,75E-15 315,7 -4,4 14 0 0 705 55 

26 0,09 B1054-62 0,4224 3,58E-15 290,3 -3,0 21 0 0 620 236 

27 0,08 B2351+61 0,9448 1,63E-14 116,2 -0,2 5,0 0 0 2449 244 

28 0,07 B0823+26 0,5307 1,71E-15 197,0 31,7 10 0 0 545 64 

29 0,07 B2255+58 0,3682 5,75E-15 108,8 -0,6 9,2 0,02 0 2721 366 

30 0,07 B0450+55 0,3407 2,37E-15 152,6 7,5 13 0 0 792 108 

31 0,07 B1702-19 0,2990 4,14E-15 3,2 13,0 8,0 0,03 0 2151 160 

32 0,06 B1323-58 0,4780 3,24E-15 307,5 3,6 9,9 0 0 907 108 

33 0,05 B1508+55 0,7397 5,00E-15 91,3 52,3 8,0 0,02 0 1154 175 

34 0,05 B1946+35 0,7173 7,06E-15 70,7 5,0 8,3 0 0 2207 430 
35 0,05 B2310+42 0,3494 1,12E-16 104,4 -16,4 15 0 0 631 105 

36 0,05 B0403-76 0,5453 1,54E-15 290,3 -35,9 14 0 0 860 250 

37 0,05 B1845-01 0,6594 5,25E-15 31,3 0,0 8,6 0 0 1968 357 

38 0,04 B1937+21 0,0016 1,05E-19 57,5 -0,3 13 0 0 789 0,51 

39 0,04 B0905-51 0,2536 1,83E-15 272,2 -3,0 9,3 0 0 3437 361 

40 0,03 B1900+01 0,7293 4,03E-15 35,7 -2,0 5,5 0 0 2502 235 

41 0,03 B0904-74 0,5496 4,63E-16 289,7 -18,3 14 0 0 1060 309 

42 0,03 B1648-42 0,8441 4,81E-15 342,5 0,9 16 0 0 3219 2958 

43 0,03 B1747-46 0,7424 1,29E-15 345,0 -10,2 10 0 0 1289 289 

44 0,03 B1911-04 0,8259 4,07E-15 31,3 -7,1 4,4 0 0 2603 181 

45 0,03 B1426-66 0,7854 2,77E-15 312,7 -5,4 8,0 0 0,03 2016 383 
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46 0,03 J1713+0747 0,0046 8,53E-21 28,8 25,2 10 0 0 1170 1,78 

47 0,03 B1952+29 0,4267 1,71E-18 65,9 0,8 8,0 0 0 1226 100 

48 0,03 B1530-53 1,3689 1,43E-15 325,7 1,9 6,8 0 0 1496 312 

49 0,03 B1600-49 0,3274 1,02E-15 332,2 2,4 5,5 0 0 2477 104 

50 0,02 J2145-0750 0,0161 2,98E-20 47,8 -42,1 8,9 0 0 1336 5,84 

51 0,02 B1804-08 0,1637 2,88E-17 20,1 5,6 15 0 0 1405 158 

52 0,02 B0538-75 1,2459 5,65E-16 287,2 -30,8 13 0 0 1871 1538 

53 0,01 B1700-32 1,2118 6,60E-16 351,8 5,4 7,6 0 0 3166 1040 

54 0,01 B1601-52 0,6580 2,56E-16 329,7 -0,5 13 0 0 3205 1583 

 

1b: The best 100 pulsar combinations 
Table 9: The 100 pulsar combinations with the smallest GDOP values after 1000 seconds of observation. The 
values for GDOP and σrange are in kilometers. 

 GDOP Volume σrange_p1 σrange_p2 σrange_p3 p1 rank p2 rank p3 rank 

1 1,4 0,284 0,329 0,158 0,506 1 5 38 

2 2,8 0,415 0,329 0,158 1,784 1 5 46 

3 3,4 0,380 0,158 0,506 1,784 5 38 46 

4 3,7 0,676 3,490 0,158 0,506 4 5 38 

5 4,2 0,549 0,329 3,490 0,158 1 4 5 

6 4,2 0,611 0,329 3,983 0,158 1 3 5 

7 4,3 0,658 3,983 0,158 0,506 3 5 38 

8 4,3 0,212 0,329 0,506 1,784 1 38 46 

9 6,7 0,420 3,490 0,506 1,784 4 38 46 

10 6,9 0,970 3,490 0,158 5,840 4 5 50 

11 7,2 0,422 3,983 0,506 1,784 3 38 46 

12 7,4 0,958 3,983 0,158 5,840 3 5 50 

13 7,4 0,565 0,158 1,784 5,840 5 46 50 

14 7,4 0,690 0,329 1,784 5,840 1 46 50 

15 7,6 0,853 3,490 1,784 5,840 4 46 50 
16 8,3 0,757 3,983 1,784 5,840 3 46 50 

17 9,2 0,286 0,329 0,506 5,840 1 38 50 

18 9,3 0,633 0,329 3,490 5,840 1 4 50 

19 9,4 0,668 3,490 0,506 5,840 4 38 50 

20 9,6 0,681 0,329 3,983 5,840 1 3 50 

21 9,7 0,652 3,983 0,506 5,840 3 38 50 

22 9,9 0,381 0,329 3,983 1,784 1 3 46 

23 10,3 0,366 0,329 0,158 5,840 1 5 50 

24 10,5 0,319 0,329 3,490 1,784 1 4 46 

25 11,1 0,344 0,506 1,784 5,840 38 46 50 

26 11,3 0,252 3,490 0,158 1,784 4 5 46 

27 21,9 0,143 3,983 0,158 1,784 3 5 46 

28 23,9 0,973 3,490 0,158 23,523 4 5 6 

29 24,6 0,771 0,329 22,043 5,840 1 18 50 

30 24,7 0,965 3,983 0,158 23,523 3 5 6 

31 25,3 0,862 3,490 23,523 1,784 4 6 46 

32 25,5 0,765 3,983 23,523 1,784 3 6 46 

33 26,3 0,062 0,329 3,490 0,506 1 4 38 

34 26,4 0,686 0,158 25,778 0,506 5 11 38 
35 26,7 0,988 0,158 25,778 5,840 5 11 50 

36 26,7 0,572 0,158 23,523 1,784 5 6 46 

37 27,4 0,671 25,778 0,506 5,840 11 38 50 

38 28,5 0,696 0,329 23,523 1,784 1 6 46 

39 28,6 0,182 3,983 3,490 0,158 3 4 5 
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40 28,8 0,578 0,329 0,158 25,778 1 5 11 

41 29,5 0,771 3,490 22,043 5,840 4 18 50 

42 29,9 0,476 0,329 0,158 22,043 1 5 18 

43 30,5 0,737 0,158 22,043 5,840 5 18 50 

44 30,7 0,505 0,158 22,043 0,506 5 18 38 

45 30,8 0,711 0,329 25,778 5,840 1 11 50 

46 31,6 0,669 0,158 30,146 0,506 5 21 38 

47 31,7 0,966 0,158 30,146 5,840 5 21 50 

48 32,0 0,665 30,146 0,506 5,840 21 38 50 

49 32,2 0,650 0,329 3,490 23,523 1 4 6 

50 32,3 0,765 25,778 1,784 5,840 11 46 50 

51 32,9 0,700 0,329 3,983 23,523 1 3 6 

52 33,4 0,467 22,043 0,506 5,840 18 38 50 

53 33,7 0,649 3,983 22,043 5,840 3 18 50 

54 34,1 0,570 0,329 0,158 30,146 1 5 21 

55 34,2 0,842 30,146 1,784 5,840 21 46 50 

56 34,3 0,689 3,490 23,523 0,506 4 6 38 

57 34,5 0,673 3,983 23,523 0,506 3 6 38 

58 35,2 0,992 0,158 23,523 25,778 5 6 11 
59 35,2 0,296 0,329 23,523 0,506 1 6 38 

60 36,4 0,051 0,329 3,983 0,506 1 3 38 

61 36,7 0,147 3,983 3,490 5,840 3 4 50 

62 36,9 0,779 0,329 23,523 22,043 1 6 18 

63 37,6 0,777 3,490 23,523 22,043 4 6 18 

64 37,9 0,122 3,983 3,490 1,784 3 4 46 

65 38,5 0,742 0,158 23,523 22,043 5 6 18 

66 39,1 0,970 0,158 23,523 30,146 5 6 21 

67 40,0 0,634 0,329 30,146 5,840 1 21 50 

68 40,3 0,774 23,523 25,778 1,784 6 11 46 

69 41,1 0,654 3,983 23,523 22,043 3 6 18 

70 41,8 0,851 23,523 30,146 1,784 6 21 46 

71 41,8 0,346 23,523 0,506 1,784 6 38 46 

72 42,3 0,376 25,778 0,506 1,784 11 38 46 

73 42,4 0,728 0,329 23,523 25,778 1 6 11 

74 42,5 0,436 30,146 0,506 1,784 21 38 46 

75 42,7 0,690 23,523 25,778 0,506 6 11 38 

76 42,9 0,354 0,329 0,158 23,523 1 5 6 

77 43,0 0,227 0,329 22,043 0,506 1 18 38 
78 46,0 0,686 23,523 30,146 0,506 6 21 38 

79 46,0 0,748 36,283 1,784 5,840 14 46 50 

80 48,3 0,758 22,043 30,146 5,840 18 21 50 

81 48,6 0,833 36,283 22,043 5,840 14 18 50 

82 48,8 0,727 3,983 36,283 5,840 3 14 50 

83 49,9 0,472 23,523 22,043 0,506 6 18 38 

84 50,1 0,435 3,983 22,043 0,506 3 18 38 

85 50,3 0,652 0,329 23,523 30,146 1 6 21 

86 51,1 0,153 3,983 3,490 23,523 3 4 6 

87 51,3 0,650 25,778 22,043 5,840 11 18 50 

88 51,7 0,429 3,490 22,043 0,506 4 18 38 

89 52,8 0,755 23,523 36,283 1,784 6 14 46 

90 53,5 0,699 3,490 0,158 38,213 4 5 10 

91 53,6 0,765 23,523 22,043 30,146 6 18 21 

92 53,8 0,403 0,329 3,983 22,043 1 3 18 

93 54,3 0,674 3,490 36,283 5,840 4 14 50 

94 54,9 0,841 23,523 36,283 22,043 6 14 18 
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95 55,6 0,121 3,983 3,490 22,043 3 4 18 

96 56,0 0,745 3,983 23,523 36,283 3 6 14 

97 56,3 0,656 23,523 25,778 22,043 6 11 18 

98 56,4 0,760 25,778 36,283 5,840 11 14 50 

99 57,4 0,910 55,385 1,784 5,840 25 46 50 

100 57,5 0,666 3,983 0,158 38,213 3 5 10 

 


