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optimization problems that are invariant under the action of a group using semidefinite 
programming. In this thesis we apply these methods to additive number theory. In particular 
we set up a novel machinery for counting arithmetic progressions using real algebraic 
geometry. We prove several new results related to Szemerédi's theorem. We prove results for 
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methods or ergotic theory, which are the most commonly used tools in additive number theory. 
Instead of trying to prove existence of arithmetic progressions we do the most natural 
generalization: we count them. To our knowledge we give the first results on the form "There 
are at least W(k,G,d) arithmetic progressions of length k in any subset S of the elements of G 
with |S|=|G|d.", and we discuss how our results could possibly be improved in order to give a 
new proof of Szemerédi's theorem using real algebraic geometry. A similar type of results are 
theorems on the form "There are at least R(k,G,c) monochromatic arithmetic progressions of 
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Abbreviations and Notation

R[x] = R[x1, . . . , xn] denotes the set of all polynomials in the variables

x1, . . . , xn.

deg(f) denotes the degree of a polynomial f ∈ R[x].

LMI is short for linear matrix inequality, and we use the symbol � for

linear matrix inequalities.

LP is short for linear programming.

SDP is short for semidefinite programming.

φ(k) denotes the Euler phi function; φ(k) = |{t ∈ {1, . . . , k} : t, k coprime}|.
orb(x) denotes the orbit through x: orb(x) = {g · x|g ∈ G}.

Gx denotes the stabilizer of x; Gx = {g ∈ G|g · x = x}.

The conjugacy class containing g ∈ G is denoted Cl(g).

The centralizer of g is denoted CG(g).

The set of the first n positive integers are usually denoted [n] = {1, . . . , n}.

The symmetric group of degree n is denoted Sn.

If V and W are vector spaces then the set of all C-linear maps V → W is

denoted HomC(V,W ). When V = W we write EndC(V ) = HomC(V, V ).

The automorphism group of a vector space V is denoted Aut(V ).

Mn(C) denotes the set of all n× n matrices.

GL(n,C), the general linear group, denotes the set of all invertible n× n

matrices.

The trace of A is denoted tr(A).

The inner product of x and y is denoted 〈x, y〉.
The dimension of a representation is denoted dimV .

The principal representation is denoted 1G.

ker f denotes the kernel of f .

im f denotes the image of f .

We denote the set of G-morphism from V1 to V2 by HomG(V1, V2), and in

the case when V1 = V2 = V we write EndG(V ) = HomG(V, V ).
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Abbreviations and Notation

The character of a representation Θ : G → Aut(V ) is denoted χ. χ is also

called the character of V , and is occasionally denoted χV .

We denote the set of all irreducible characters of G by Irr(G).

The number of elements in a group G is denoted |G|.
co-lex order is the abbreviation of co-lexicographic order, which means

that strings are sorted by increasing value of their last symbol.

The crossing number of a graph G is denoted cr(G).

The kissing number in n-dimensional Euclidean space is denoted τn.

The (upper) density of a set S ⊆ N is denoted ρ(S).

W (k,G, δ) denotes the minimal number of arithmetic progressions of

length k in any set S ⊂ G with |S| = |G|δ of the finite group G.

R(k,G, c) denotes the minimal number of monochromatic arithmetic pro-

gressions of length k in any c-coloring of the finite group G.

We denote by N(k, δ) the smallest positive integer such that any subset

of {1, . . . , N(k, δ)} of cardinality δN(k, δ) contains an arithmetic progres-

sion of length k.

δ(N, k) denotes the smallest density such that any subset of {1, . . . , N}
of cardinality δ(N, k)N contains an arithmetic progression of length k.

h(x) = o(f(x)) is equivalent to that h(x)
f(x) → 0 as x → ∞ and g(x) =

O(f(x)) to that f(x)
g(x) → 0 as x → ∞ for polynomials f(x), g(x), h(x).

a ↑ b denotes ab, a ↑ b ↑ c denoted ab
c
= a(b

c).

σ(a; b0, b1, . . . , bn−1) is compact notation for a+
∑

i,j∈Zn
bj−ixixj .
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1. Introduction

1.1 Introduction to invariant semidefinite programming

Semidefinite programming dates back to the 1960s, and is closely linked

to real algebraic geometry by the connections between sums of squares

and positive semidefinite matrices. Starting with Hilbert’s 17th problem,

which asks if a positive polynomial can be written as a sum of squares of

rational functions and which was affirmed by Artin in 1927, several sum

of squares based certificates have been developed to guarantee positivity

of a polynomial f on a basic closed semialgebraic set K. Some impor-

tant contributions includes the Positivstellensätze by Krivine, Stengle,

Schmüdgen and Putinar. Both Schmüdgen’s and Putinar’s Positivstellen-

sätze are very useful in practice since they can be relaxed by bounding

the degrees to find lower bounds of f using an optimization problem on

the form max{λ : f − λ = relaxed certificate of positivity}. With Schmüd-

gens and Putinar’s Positivstellensätze the certificates are of a form such

that the optimization problem is a semidefinite program. The duals to

these problems are known to be within a special instance of the general-

ized moment problem. A hierarchy of relaxations to the primal and dual

problems is already known, and is referred to as the Lasserre hierarchy.

In the case when the semidefinite optimization problems arising from

the relaxation of Putinar’s Positivstellensatz are invariant under the ac-

tions of a group we can use ideas from representation theory to reduce

the dimension of the problem. Sometimes a block diagonalization is pos-

sible to further simplify the problem. Inspired by de Klerk, Pasechnik

and Schrijver we use methods from representation theory to simplify the

problem.

Many combinatorial problems can be formulated as invariant semidefi-
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Introduction

nite programs, and the best known bounds to many problems have been

obtained in this way. We show how the methods can be applied to count

arithmetic progressions, and provide several novel results.

1.2 Introduction to arithmetic progressions

One of the most challenging problems in additive number theory is to de-

termine the existence of arithmetic progressions in fixed density sets of

the integers. The first major contribution was when Roth in 1953 showed,

using exponential sums, that arithmetic progressions of length 3 exist in

any subset of the integers with positive density. In 1969 Szemerédi proved

the existence of arithmetic progressions of length 4, and in 1975 he gener-

alized the result and proved that subsets of integers with positive density

will contain arbitrary long arithmetic progressions. This theorem is one

of the most important theorems in combinatorics; nevertheless, the proof

is extremely complicated and does not provide a satisfactory lower bound

N = N(k, δ) such that S ∩ {1, . . . , N} contains an arithmetic progression

of length k when |S ∩ {1, . . . , N}| = δN . Using ergodic theory, Fursten-

berg gave a new proof of Szemerédi’s theorem in 1977. The proof is much

simpler, but does not provide better bounds. By generalizing Roth’s idea,

Gowers gave a third proof in 2001. Gowers lower bound for N is the cur-

rent optimal bound, which is doubly exponential in δ−1 and quintuply

exponential in k. The bounds when k = 3 and k = 4 are much sharper

than the results for general k, but it seems almost impossible to use any

of these methods to get better bounds for k ≥ 5. All the mentioned re-

sults were extremely difficult to prove, and to prove them a lot of Fourier

analytic methods were developed. On the strength of these results and

methods all the mentioned authors have been awarded with honorable

prizes, including the Fields medal and Abel prize.

Similar results hold for arithmetic progressions in Zn, and results for

other abelian groups can be carried out using Fourier-analytic methods.

But the methods do not apply in a non-abelian setting, and hence very

little is known about arithmetic progressions in non-abelian groups.

In combinatorial problems the ultimate goal is always to count, and re-

sults about existence is a first step that provides an understanding in

various limits when counting. Let R(k,G, c) denote the minimal num-

ber of monochromatic k-arithmetic progressions in a c-coloring of a finite

group G, and let W (k,G, δ) denote the minimal number of k-arithmetic

12



Introduction

progressions in any subset S of G with |S| = δ|G|. Szemerédi’s theorem

is equivalent to that for any fixed k ≥ 3 we have that limn→∞min{δ :

W (k,Zn, δ) > 0} = 0. A lot of current research is about finding upper and

lower bounds for R(k,G, c) and W (k,G, δ) for various inputs, and in this

thesis we provide several new results. It would be a major achievement

if one could find a lower bound to W (k,Zn, δ) that additionally implies

Szemerédi’s theorem. We discuss why such bound is theoretically possi-

ble due to Putinar’s positivstellensatz, and discuss the possibilities and

limitations in practice when the proposed methods are implemented.

1.3 Methods

In this thesis we develop methods that can count monochromatic arith-

metic progressions of length k in a 2-coloring of any finite group. Further

we develop methods that can count k-arithmetic progressions in any sub-

set of a finite group, which directly provides lower bounds for c-colorings.

These methods are applicable to any group, including non-abelian groups.

An arithmetic progression in G of length k is a set of k distinct element

{a, b · a, . . . , bk−1 · a} where a ∈ G and b ∈ G � {0}. Also, to clarify, when

the sum is taken over all arithmetic progressions, then {1, 2, 3}, {1, 3, 2},

{2, 1, 3}, {2, 3, 1}, {3, 1, 2} and {3, 2, 1} denote the same set and hence to

avoid double counting we only use one representative.

To count monochromatic arithmetic progressions in a 2-coloring χ : G →
{−1, 1}, let xg = χ(g) and fa,b,χ,k equal

(1 + xa)(1 + xb·a) · · · (1 + xbk−1·a) + (1− xa)(1− xb·a) · · · (1− xbk−1·a)
2k

.

Note that fa,b,χ,k = 1 if the k-arithmetic progression is monochromatic

under the coloring χ and fa,b,χ,k = 0 if it is not. In other words, counting

monochromatic arithmetic progressions can be translated into evaluating

polynomials. In particular

R(k,G, 2) = min
χ

∑
{a,b·a,...,bk−1·a}

fa,b,χ,k

where the sum is over all k-arithmetic progressions.

To count arithmetic progressions in a subset S ⊆ G let xg = 1 if g ∈ S

and xg = 0 otherwise. It follows that the monomial xaxb·a · · ·xbk−1·a is one

13



Introduction

if a, b · a, . . . , bk−1 · a ∈ S and zero otherwise. In particular

W (k,G, δ) = min
x∈{0,1}|G|

{
∑

{a,b·a,...,bk−1·a}
xaxb·a · · ·xbk−1·a :

∑
g∈G

xg = δ|G|}

where the sum is over all k-arithmetic progression.

The goal is to find as sharp and as general lower bounds as possible for

R(k,G, 2) and W (k,G, δ). To find lower bounds we use a combination of

results from real algebraic geometry, including Putinar’s Positivstellen-

satz and the Lasserre hierarchy, to reduce the problem to a semidefinite

programming problem. To solve the semidefinite programming problem

we first reduce the size of the problem using methods from representation

theory. From the semidefinite programming problem we get numerical

lower bounds to R(k,G, 2) and W (k,G, δ) for groups of low order, which

through hard work can be turned into algebraic certificates for infinite

families of groups in some cases.

14



2. Summaries of Publications

2.1 Summary of Publication I

In this publication we develop methods based on real algebraic geometry

to find lower bounds for the minimal number of monochromatic arithmetic

progressions of length 3 in a 2-coloring of cyclic groups, R(3,Zn, 2). We

also find good colorings for the cyclic groups, providing upper bounds for

R(3,Zn, 2). The lower and upper bounds we find are in many cases equal,

and in other cases they differ by a constant. We list the main theorem of

Publication I, and a corollary that follows:

The case n mod 24 ∈ {1, 5, 7, 11, 13, 17, 19, 23} had previously been shown

by Cameron, Cilleruelo and Serra in 2007. Their methods are purely com-

binatorial and the other cases cannot be obtained by those methods. All

other cases are new.

Theorem 2.1.1. Let n be a positive integer and let R(3,Zn, 2) denote the

minimal number of monochromatic 3-term arithmetic progressions in any

two-coloring of Zn. n2/8 − c1n + c2 ≤ R(3,Zn, 2) ≤ n2/8 − c1n + c3 for all

values of n, where the constants depends on the modular arithmetic and

15



Summaries of Publications

are tabulated in the following table.

n mod 24 c1 c2 c3

1, 5, 7, 11, 13, 17, 19, 23 1/2 3/8 3/8

8, 16 1 0 0

2, 10 1 3/2 3/2

4, 20 1 0 2

14, 22 1 3/2 3/2

3, 9, 15, 21 7/6 3/8 27/8

0 5/3 0 0

12 5/3 0 18

6, 18 5/3 1/2 27/2

It requires little work to see that the following result follows:

Corollary 2.1.2. Let n be a positive integer. Let R(3,Zn, 2) and R(3, D2n, 2)

denote the minimal number of monochromatic 3-term arithmetic progres-

sions in any two-coloring of Zn and D2n respectively. The following equality

holds

R(3, D2n, 2) = 2R(3,Zn, 2).

In particular n2/4 − 2c1n + 2c2 ≤ R(D2n; 3) ≤ n2/4 − 2c1n + 2c3 where the

constants can be found in the table of Theorem 2.1.1.

2.2 Summary of Publication II

In this publication we develop methods based on real algebraic geometry

to find lower bounds for the minimal number of monochromatic arithmetic

progressions of length 3 in a 2-coloring of finite groups, R(3, G, 2). The

lower bounds we find holds for any finite group G, including non-abelian

groups. We present the main result of Publication II.

The theorem holds for any finite group G, including non-abelian groups

for which very little is known about arithmetic progressions. The only

information that is needed to get a lower bound for a specific group G is

the number of elements of the different orders of G. The lower bound is

sharp for some groups, for example Zp with p prime, but is not optimal for

most groups. Lower bounds were previously just known for a few specific

groups, for example lower bounds for cyclic groups whose order is coprime

to six was found by Cameron, Cilleruelo and Serra in 2007, but the author

has not been able to find any theorem of this generality in the literature.
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Summaries of Publications

Theorem 2.2.1. Let G be any finite group and let R(3, G, 2) denote the

minimal number of monochromatic 3-term arithmetic progressions in any

two-coloring of G. Let Gk denote the set of elements of G of order k, N = |G|
and Nk = |Gk|. Denote the Euler phi function φ(k) = |{t ∈ {1, . . . , k} :

t and k are coprime}|. Let K = {k ∈ {5, . . . , n} : φ(k) ≥ 3k
4 }. For any G

there are
∑n

k=4
N ·Nk

2 + N ·N3
6 arithmetic progressions of length 3. At least

R(3, G, 2) ≥
∑
k∈K

N ·Nk

8
(1− 3

k − φ(k)

φ(k)
).

of them are monochromatic in a 2-coloring of G.

2.3 Summary of Publication III

In this paper we are interested in quantifying how many arithmetic pro-

gressions there are in any subset S of Zn of cardinality D = |S|. We let

W (k,Zn, D/n) denote the minimal number of arithmetic progressions of

length k in any of the subsets S ⊂ Zn of cardinality |D|.
We begin the study by considering small examples, and use a bubble

language to quickly run through all subsets of a given density in a given

cyclic group Zn with n ≤ 32. The results are tabulated in an appendix of

the article.

Going through all possible fixed sets of a given density is not possible for

larger cyclic groups, and thus we need to use other methods to get results

for higher n. Using methods based on real algebraic geometry we find the

first results that holds for any prime p. The paper also contains a discus-

sion how it might be possible to improve on the results. When doing so,

if the sharper bounds are strong enough a generalization of the famous

theorem by Szémeredi would follow. Even though it is theoretically possi-

ble to achieve such bounds, it might not be possible in practice with these

methods as the problem is very complicated. One of the main results of

the paper is the following theorem:

Theorem 2.3.1. Let p be prime. A lower bound to

W (3,Zp, D/p) = min{
∑

{i,j,k} A.P. in Zp

xixjxk : xi ∈ {0, 1},
p−1∑
i=0

xi = D}

is

λ =
D3 − (p+3

2 )D2 + (p+3
2 − 1)D

p− 1
.
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A certificate for the lower bound is given by:

∑
{i,j,k} A.P. in Zp

XiXjXk − λ =

p−1∑
i=0

σ1,iXi +

p−1∑
i=0

σ2,iXi + σ3(D −
p−1∑
i=0

X3
i )

+σ4(
∑
i �=j

X2
i Xj −D(D − 1)),

where

σ1,i =
1

p− 1

∑
0<j<k<(p−1)/2

(Xj+i −Xj+k+i −Xn−j−k+i +Xn−j+i)
2

σ2,i =
1

p− 1
(DXi −

p−1∑
j=0

Xj)
2

σ3 =
(D − 1)2

p− 1

σ4 =
4D − p+ 3

2(p− 1)
.

In fact, finding bounds sharper than those in Theorem 2.3.1 can be done

very efficiently for relatively small primes using a simple degree 3 relax-

ation. As shown in the following theorem we can reformulate a certain

relaxation as a linear program:

Theorem 2.3.2. Let r be a primitive root of the prime p. Let further

Vij =
∣∣∣{{0, 1, ri} : {0, 1, ri} = {0, rt, rj+t} for t = 0, . . . , p− 2

}∣∣∣
for all i, j ∈ {0, . . . , p− 1},

Cij = cos(
2π(i− 1)(j − 1)

p− 1
)

for all i, j ∈ {0, . . . , p− 1}

u = [u0, u1, . . . , u p−3
2
, u p−1

2
, u p−3

2
, . . . , u1]

T ,

u+ = 1Tu = u0 + 2u1 + · · ·+ 2u(p−3)/2 + u(p−1)/2

and

vi =

⎧⎨
⎩ 1 if ri = 2

0 otherwise.

for i ∈ {0, . . . , p− 1}.
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The following optimization problems attain the same optimal value:

(a)

max{λ :
∑

{i,j,k} A.P. in Zp

XiXjXk − λ = S}

where

S =

p−1∑
i=0

p−1∑
j=0

(

p−1∑
k=1

aijkXk)
2Xi + b

p−1∑
i=0

(DXi −
p−1∑
j=0

Xj)
2Xi

+c(

p−1∑
i=0

X3
i −D) + d(

∑
i,j

X2
i Xj −D(D − 1))

for aijk, c, d ∈ R and b ≥ 0.

(b)

max{ u+
p− 1

(D − 1− u0
u+

(p− 1))D(D − 1) : Cu ≥ 0, V u = v}.

Next we provide algebraic certificates for lower bounds to W (3,Zp, D/p)

for some small primes, which follow from 2.3.2. The reason we can find

nice algebraic bounds for p ≤ 17 has to do with that the trigonometric

functions in Theorem 2.3.2 are on a nice form. It would be possible to

find algebraic certificates for slightly larger p, but it would require more

work and the bounds would contain messy combinations of trigonometric

functions.

Theorem 2.3.3. There are algebraic certificates with polynomials up to

degree 3 giving the following bounds

W (3,Z5, D/5) ≥ D3 − 3D2 + 2D

6
,

W (3,Z7, D/7) ≥ D3 − 4D2 + 3D

8
,

W (3,Z11, D/11) ≥
√
5D3 + (15− 12

√
5)D2 + (−15 + 11

√
5)D

30
,

W (3,Z13, D/13) ≥ 21− 2
√
3

286
D3 +

28
√
3− 151

286
D2 +

5−√
3

11
D

and

W (3,Z17, D/17) ≥ 1

24
D3 − 1

4
D2 +

5

24
D.

As is shown in the paper (Proposition 2.4 in Publication III) it follows by
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Szemerédi’s theorem that

lim
n→∞min{δ ∈ R>0 : W (k,Zn, δ) > 0} = 0.

The following corollary which follows from Theorem 2.3.1 and Theorem

2.3.2 shows that there is room to improve the bounds further.

Corollary 2.3.4. Let p be prime, and denote the optimal solution to prob-

lem (a) in Theorem 2.3.2 by λp(D);

λp(D) = max{λ :
∑

{i,j,k} A.P. in Zp

XiXjXk − λ = S}

where

S =

p−1∑
i=0

p−1∑
j=0

(

p−1∑
k=1

aijkXk)
2Xi + b

p−1∑
i=0

(DXi −
p−1∑
j=0

Xj)
2Xi

+c(

p−1∑
i=0

X3
i −D) + d(

∑
i,j

X2
i Xj −D(D − 1))

for aijk, c, d ∈ R and b ≥ 0. For all p

⌈
p+ 3

4

⌉
≤ min{D ∈ Z+ : λp(D) > 0} ≤ p+ 3

2

It is highly non-trivial to find lower bounds for W (k,Zp, D/p) that gen-

eralizes Szemerédi’s theorem even for k = 3. In Publication III we discuss

how the problem of finding a sharper lower bound can be approached for

arithmetic progressions of length 3 as well as for longer arithmetic pro-

gressions.

2.4 Summary of Publication IV

In Publication IV we explain the methods we developed to prove the re-

sults in Publication I, Publication II and Publication III. These methods

are applicable to other combinatorial problems as well, so in the article

we aim to keep the methods as general as possible not to exclude any

possible applications. The article includes an extensive survey of how a

polynomial optimization problem can be solved using semidefinite pro-

gramming. The article further explores the theory of sums of squares,

and gives an overview of several Positivstellensätze that are useful for

polynomial optimization problems. It is also discussed how a polynomial
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optimization problem can be solved using the theory of moments, and how

this is dual to a sum of squares based approach.

Further, it is discussed how symmetries in the problem can be exploited

to reduce the size of the problem, and we highlight seven recent contri-

butions in which symmetry reduction has been used to improve results in

combinatorial problems through semidefinite programming.

The article discuss implementation of a polynomial optimization prob-

lem. Through a 3-step procedure the article highlights the main chal-

lenges of implementing the code. Through an example it is possible to see

how to make a degree 3-relaxation of the polynomial optimization prob-

lem, and the computational limitations are discussed.
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