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Part I

Overview of the Dissertation





1. Introduction

Ladies and gentlemen,

From my first day in office, I have spoken out about climate change. It is the
defining challenge of our era. No issue is more fundamental to the global challenges
we face — reducing poverty ... maintaining economic growth ... ensuring peace and
stability. The evidence assaults us: melting ice caps, advancing deserts, rising sea
levels. We have a chance ... a real chance ... here and now ... to change the course
of history.

Mr. Ban Ki-moon, Secretary-General of the United Nations
Copenhagen (Denmark), 15 December 2009
Opening Remarks at UNFCCC1 COP 152 High Level Segment

This dissertation is about climate change — what tools could be offered

to help the world to change the course of history? In the above quotation

from Mr. Ban Ki-moon’s speech given at the United Nations Climate Change

Conference in Copenhagen, December 2009, high expectations of finding a

new, better course come across. As we now know, no binding agreements were

made in Copenhagen.

This first part of the dissertation gives an overview of Essays I–IV that

comprise the second part. We begin with the motivation and the objectives

of the dissertation. After that, a short overview of the essays is given. Then

we introduce the theory and the methods used in this dissertation, which

is followed by an introduction to the two main themes of this dissertation,

personal carbon trading and Lindahl equilibrium for global warming. Next,

some aspects of the policymaking process of climate change mitigation are

examined. Finally, a short review of the main contributions and findings is
1United Nations Framework Convention on Climate Change (UNFCCC).
2Fifteenth session of the Conference of the Parties (COP 15).
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given and implications and future research are discussed.

1.1 From Motivation to Objectives

Global warming is not a new issue: as early as 1896, Arrhenius [1] had already

quantified the contribution of carbon dioxide to the greenhouse effect. How-

ever, even though we have had many decades to react to the problem, it has

not yet been solved.

International climate negotiations have come up against a multitude of ob-

stacles, and it seems to be almost impossible to involve all countries in the

battle against climate change. There are many reasons for this: To begin

with, climate change is evolving slowly over decades, and some changes might

even at first be positive. Thus current problems, e.g., the financial crisis

from 2007 to the present, easily outweigh climate change in political decision-

making. Actions against climate change are investments for a better future,

but that better future is just too far away compared with the horizon of po-

litical decision-making, which is usually quite short.

In addition, it is not the rich countries but the undeveloped, poor coun-

tries that are the most vulnerable to climate change: the economies of the

developing countries typically rely on agriculture, which is dependent on cli-

mate. Thus, even though the current climate change is mainly due to the

past and present emissions in the rich, developed countries, these might not

have incentives to cooperate if climate change causes them only minor effects.

Therefore, win-win solutions between developed and undeveloped countries

have to be found.

Furthermore, the developing countries should be allowed to achieve the same

standard of living as the developed countries. This development is very likely

to mean higher greenhouse gas (GHG) emissions in the developing countries,

even if the development were to be implemented in a sustainable manner. This

objective is of course in conflict with the intention to mitigate GHG emissions.

However, despite these many problems, global cooperation is fundamental

in the context of global climate change. Without global cooperation, carbon

leakage and free-riding behaviour are likely to erode any attempts to slow

down climate change.

It is not good enough for countries to be involved; their citizens should be

involved, too. How might we involve consumers in the battle against climate

change? Current policy instruments for climate change usually restrict GHG

emissions from production, even though it is consumption that induces pro-

10



duction and thus the emissions.

All in all, the climate change problem is far from being solved. The choice

of policy instrument is one aspect of this entity. If the current instruments in

use have not succeeded in motivating global cooperation or consumer involve-

ment, could we change the viewpoint somewhat and try another approach?

This frustration with the current problems together with an eagerness to find

something else has been the main motivation for this study.

The dissertation focuses primarily on theoretical questions even if some prac-

tical considerations and numerical demonstrations are included. Therefore,

further research is definitely needed to address practice oriented research ques-

tions.

Firstly we concentrated on the current problems of how to get consumers

better involved in the attempts to slow down climate change, and how to pre-

vent carbon leakage. Recent programs have concentrated on controlling the

GHG emissions from production. However, this does not make the emissions

visible to the consumers: the cost of emissions is embodied in the total price of

the goods. In addition, as long as all countries are not implementing uniform

GHG policies, production-based regulation motivates carbon leakage because

there is an incentive to transfer production to those countries that do not

restrict emissions. However, consumption-based instruments do not substan-

tially distort international competition and thus induce any significant carbon

leakage: there is no strong incentive to transfer production3 because it is the

country where the commodities are consumed that is responsible for covering

the emissions induced by the production. These considerations led to the first

research question of this theses:

Research Question 1.1 What kind of consumption-based personal car-
bon trading system would be ideal in terms of
equity, efficiency, and effectiveness?

Generally, personal carbon trading refers to an emissions trading system

where individuals are, in one way or another, participating in carbon trading.

To our knowledge, there are no personal carbon trading systems in use.

The literature review in Essay I reveals that even though plenty of proposals

have been put forward for personal carbon trading, there have been only a few

theoretical treatments of this subject. Thus, we decided to concentrate on the

theoretical side of the problem by using input–output framework. This led to

the second research question:
3On the contrary, there is an incentive to transfer consumption to those countries
that do not restrict emissions. However, we expect that this incentive is not strong
enough to induce significant carbon leakage.
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Research Question 1.2 How can we present this ideal personal carbon
trading system in an input–output economy?

A personal carbon trading system is often considered to be too difficult or

too expensive to implement in practice, especially if the system covers more

than just energy-intensive systems [e.g. 16]. Thus, even if the focus of this

dissertation is on theoretical questions, we wanted to add some practical con-

siderations and numerical demonstrations. Therefore, the objectives related

to the first two research questions are:

Objective 1a to outline an ideal personal carbon trading instrument,

Objective 1b to present the instrument in an input–output economy,

Objective 1c to demonstrate the instrument numerically, and

Objective 1d to consider some practical aspects.

After considering personal carbon trading, we turned to the difficulties of

getting all countries involved in the battle against climate change. What kind

of instrument could attract heterogeneous nations to involve themselves vol-

untarily? The Lindahl equilibrium is sometimes considered as an attractive

framework in which to analyze cooperative agreements for climate change [e.g.

71]. This famous concept was first outlined by the Swedish economist Erik

Lindahl in 1919 [34]. Even though the realism of the Lindahl equilibrium is

in some ways questionable [see e.g. 36], there has been a wide variety of stud-

ies concerning it [e.g. 18, 38, 39, 45, 67, 68, 71]. Despite the criticism, the

Lindahl equilibrium concept is still useful in some respects: in such an equilib-

rium, each party finances the public good according to its marginal value for

the good, unanimity prevails on the level of the public good, and the equilib-

rium is Pareto optimal. However, the global warming case lacks one property

important for the original Lindahl equilibrium concept: the atmospheric GHG

concentration is a non-excludable good because no one can be prevented from

enjoying the consequences of GHG mitigation activities. Thus free-riding is

likely to occur. The literature review in Essay II shows that there seems to be

a confusion of concepts regarding the Lindahl equilibrium for climate change.

This finding motivated the following research question:

Research Question 2.1 What is the definition of the Lindahl equilib-
rium for global warming?

The first obvious objective arising from this research question is:

Objective 2a to clarify the concept of Lindahl equilibrium for global
warming.

12



In the course of the literature review, we found that Mäler and Uzawa [39]

had proposed a Lindahl mechanism involving permit trading. Because emis-

sion permit trading is a very useful way of implementing mitigation policies,

we wanted to put forward their idea in our setting. Thus, the second objective

related to Research Question 2.1 is:

Objective 2b to consider the implementation by emissions trading.

We wanted to first use our Lindahl equilibrium system in a single period

framework, which is our next objective:

Objective 2c to consider the Lindahl equilibrium in a single period
framework.

There are many single emission sources that emit multiple pollutants. These

pollutants might contribute to the same environmental problems, such as cli-

mate change; they might have different effects, e.g., climate change by carbon

and acid rain by nitrogen oxides; or each of the pollutants might have several

effects. Because the pollutants originating from the same sources are usually

released by the same process, the emissions are correlated. Thus controlling

one of these pollutants also affects the other.

The most typical case of this correlated emissions phenomenon is fossil fuel

combustion where, among others, GHGs, nitrogen oxides (NOX) and sulphur

dioxide (SO2) are released. GHG emissions are global, but NOX and SO2

emissions mainly affect the polluting country and its neighbours.4 However,

both NOX and SO2 emissions contribute to the global climate change problem,

but in different ways: SO2 produces a cooling effect, while NOX causes both

cooling and warming of which the net effect is unsure [25]. Even though

SO2 emissions are nowadays at a much lower level than in the 1970’s, these

emissions are still a problem in some areas. In the industrialized countries, the

lowering of NOX emissions has turned out to be more demanding task than

the lowering of SO2 emissions, partly because of the scattered loading of NOX,

as opposed to SO2 emissions originating from point sources. [e.g. 11]

Even though this phenomenon of correlated global and local externalities is

quite common, there is not much research concerning the problem. Among

the few exceptions, Yang [70] studies negatively correlated local and global

stock externalities as an optimal control problem. Caplan and Silva [9] study

the correlated externalities problem by examining joint tradable permit mar-

kets with redistributive transfers to control carbon emissions and correlated
4See, e.g., [26] for information about local effects of NOX and SO2.
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regional smog emissions. Caplan [8] compares emission taxes and permit mar-

kets as policy options to control correlated externalities. The setting is similar

to the joint tradable permit markets setting in Caplan and Silva [9]. Silva

and Zhu [60] study the pollution haven hypothesis and free-riding behaviour

under emissions trading of global and local pollutants. Legras [29] examines

the correlated emissions problem from the model specification point of view.

The problem of correlated externalities has also been studied, e.g., by Naoto

and Silva [40] and Legras and Zaccour [30].

However, there seem to be no studies on the correlated externalities problem

in which, besides the feature that both pollutants contribute to the global

externality, the local pollutant is allowed to be transboundary. In addition,

this problem has not been studied within the Lindahl equilibrium framework.

These subjects are addressed under the following research question:

Research Question 2.2 Is it possible to apply the Lindahl equilibrium
concept to a correlated emissions problem with
one global and one local pollutant, where both
pollutants contribute to the global externality
and the local pollutant is allowed to be trans-
boundary?

The objective related to this research question is:

Objective 2e to consider the correlated emissions problem in the Lindahl
equilibrium framework.

After considering the Lindahl equilibrium in a single period context, we

wanted to enlarge our view to time dependent cases. Thus the following ob-

jective was considered:

Objective 2f to extend the concept of Lindahl equilibrium for global
warming to a dynamic framework.

The socio-economic modelling of climate change faces a multitude of un-

certainties. These uncertainties are related to all parts of the models: to

the process of climate change itself, to the socio-economic impacts of climate

change, and to the general progress of socio-economics. Nevertheless, many

times these uncertainties are excluded, and thus the decision is to use only one

"best guess" scenario as, e.g., Nordhaus and Boyer [46]. Another approach is

to use several scenarios but deterministic modelling as, e.g., Groves and Lem-

pert [20]. In such an approach, the different scenarios might be given different

probabilities. Yet, this kind of approach ignores the effects the uncertainty

14



itself has on optimal policy decisions. A stochastic approach is capable of

taking into account these effects. These problems of uncertainties were con-

sidered within the Lindahl equilibrium framework under the following research

objective:

Objective 2g to consider uncertainty within the dynamic Lindahl model
concept.

Previous to this study, the concept of Lindahl equilibrium seems not to have

been implemented in a stochastic framework.

Numerical demonstrations do not give analytical results or theoretical proofs.

However, they are useful in demonstrating the theory in practice. Thus, Es-

says II–IV each include numerical demonstrations of the theory according to

Objective 2h:

Objective 2h to demonstrate the models numerically.

Many earlier studies state that the Lindahl equilibrium is in core [e.g. 18,

68]. However, as, e.g., Nishimura [45] shows, this is not generally true. In

some cases, the solution might become preferable to every party by using

side-payments. Nevertheless, this requires there to be enough synergy in the

cooperation to cover the possible losses of some participants, as compared

to the most beneficial other coalition. If there is no feasible side-payment

solution to the problem, some extra money is needed to create incentives for

cooperation. These external subsidies could be collected by multinational

organizations such as the United Nations. How much external money — if

any — is needed to keep all the regions in the same Lindahl coalition, i.e.,

to form a grand coalition? This question was studied under the last research

question in a single period, transferable utility setting, using data from the

RICE-99 model:

Research Question 2.3 Is it possible to form a voluntary global cli-
mate agreement based on the Lindahl equilib-
rium concept?

The corresponding final objective is:

Objective 2d to consider cooperative solutions by allowing side-payments
and external payments.

Essay I studies Research Questions 1.1 and 1.2 and Objectives 1a–1d; Essay

II concentrates on Research Questions 2.1 and 2.3 and Objectives 2a–2d, and

2h; Essay III on Research Questions 2.1 and 2.2 and Objectives 2a–2c, 2e, and
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2h; and finally Essay IV on Research Question 2.1 and Objectives 2a, 2b, and

2f–2h. The objectives and their relationships, as well as the essays in which

they are considered, are presented in Figure 1.1.

1b Presentation in an input–
output economy 

1d Practical  
considerations 

1c Numerical  
demonstration 

1a Outline of an ideal 
instrument 

2a Clarification of  
concept II–IV 

2b Implementation by  
emissions trading 

II–IV 

2c Single period II, III 

2d Cooperative  
solutions II 

2f Dynamic IV  

2g Uncertainty 
IV 

2h Numerical  
demonstration II–IV 

2e Correlated  
emissions III 

Essay I Essays II–IV 

Lindahl equilibrium for global warming Personal carbon trading 
RQ 1.1 What kind of consumption-
based personal carbon trading 
system would be ideal in terms of 
equity, efficiency, and effectiveness? 
RQ 1.2 How can we present this 
ideal personal carbon trading system 
in an input–output economy? 

RQ 2.1 What is the definition of the Lindahl equilibrium 
for global warming? 
RQ 2.2 Is it possible to apply the Lindahl equilibrium 
concept to a correlated emissions problem with one 
global and one local pollutant, where both pollutants 
contribute to the global externality and the local 
pollutant is allowed to be transboundary? 
RQ 2.3 Is it possible to form a voluntary global climate 
agreement based on the Lindahl equilibrium concept? 

 

Figure 1.1. Research questions (RQ) and objectives of the dissertation. The Roman numer-
als following Objectives 2a–2h refer to the essays in which the corresponding
objective is considered. The arrows illustrate the progression from the general
research problem to the specific objectives.

1.2 Overview of the Essays

In this section, short overviews of each of the essays are given. The methods

and the results now briefly mentioned will be discussed at a more detailed

level in the remaining sections. Table 1.1 presents an overview of the essays

in a condensed form.

The essays focus primarily on theoretical questions even if some practical

considerations and numerical demonstrations are included. Therefore, the

purpose of the data used in this dissertation was mainly to take the opportu-

nity to numerically demonstrate the theory, and in part of the cases, to use

the opportunity to compare the results with some existing results. Thus, it

was not the first priority to produce the best numerical estimates of reality.

Essay I concentrates on personal carbon trading. It addresses Objectives

1a–1d. In this research, we used input–output economy as our theoretical

framework when illustrating the outlined idealistic instrument Tradable Con-
sumers Quota (TCQ). Numerical modelling was used to demonstrate the in-

strument. For these demonstrations, we used data that loosely reflects the
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Table 1.1. Overview of the essays. RQ is an abbreviation for research question.

Essay RQs Objectives Theory &
Methods

Data Main
Contributions

I 1.1,
1.2

1a–1d Input–output
economy;
Numerical
modelling

Different
sources

Input–ouput
framework for
personal carbon
trading

II 2.1,
2.3

2a–2d, 2h Nonlinear
optimization;
Pareto
optimality;
Welfare
analysis;
Cooperative
game analysis;
Numerical
modelling

RICE-99 Single period
Lindahl
equilibrium for
global warming;
Cooperative
considerations

III 2.1,
2.2

2a–2c, 2e, 2h Nonlinear
optimization;
Pareto
optimality;
Numerical
modelling

Fictitious Single period
Lindahl
equilibrium for
correlated global
& regional
emissions

IV 2.1 2a, 2b, 2f–2h Nonlinear
stochastic
optimization;
Pareto
optimality;
Numerical
modelling

RICE-99 Dynamic
Lindahl
equilibrium for
global warming
in deterministic
and stochastic
contexts
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Finnish economy. The original data were collected from different statistical

sources,5 but rough generalization and integration of the data was carried out

to prepare them for modelling purposes. According to the findings of this

essay, the TCQ instrument reduces the total amount of emissions, and guides

consumption into less pollutive product qualities. The production changes

seem to follow the consumption changes: the production of relatively clean

commodities increases, while the production of relatively pollutive products

declines. The main contribution of this essay is the theoretical framework for

personal carbon trading in an input–output economy.

Essay II considers single period Lindahl equilibrium for global warming.

Game theoretical cooperative solutions to the problem are also considered.

The essay contributes to Objectives 2a–2d, and 2h. The methods used in

this essay include nonlinear optimization, Pareto optimality analysis, welfare

analysis, cooperative game analysis, and numerical modelling. We interpret

the single period model as describing only one period of a dynamic model. One

then tries to optimize the current decisions so that the utility is optimized over

time, given the effects the current decisions have in the future. For this reason,

in addition to consumption and emissions, also investments are added to the

utility function. In the numerical demonstrations of this essay, data from

the RICE-99 model by Nordhaus and Boyer [46] were used. The model was

used not only as a data source but also as a reference model. According to

the results of this essay, global cooperation within the Lindahl equilibrium

framework is not in every region’s interest. However, with quite reasonable

external subsidies, a global coalition could be formed. The main contributions

of this essay are the clarified concept of the single period Lindahl equilibrium

for global warming and the numerical cooperative game theoretical analysis.

Essay III studies the correlated emissions problem in a single period Lindahl

equilibrium framework. This essay contributes to Objectives 2a–2c, 2e, and

2h. To carry out this study, nonlinear optimization, Pareto optimality anal-

ysis, and numerical modelling were utilized. The data used in the numerical

demonstrations of this essay are purely fictitious, just to serve demonstration

purposes. The essay contributes to the existing literature in the following

ways: First, local and global emissions are correlated, but unlike in other

studies, two technology choices are available: the first option produces both

local and global emissions, but the second option produces local emissions

only. Second, while the global pollutant is fully transboundary (meaning that

the pollution affects every country), the local pollutant is allowed, but is not

5E.g. from Statistics Finland, http://www.stat.fi.
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required, to be transboundary. Third, both pollutants contribute to climate

change. However, unlike in Yang’s [70] setting, it is possible that the local

pollutant has either a cooling or a warming effect. Fourth, the problem is

considered in a single period Lindahl equilibrium framework, which has not

done before. Fifth, following Essay II, we interpret the single period model

as describing only one period of a dynamic model and therefore add also in-

vestments to the utility function. Finally, the results of this essay support

the findings of Yang [70] and Legras [29] in that taking the correlations of the

global and regional emissions into account in the model specification affects

the resulting emissions as compared to the situation where the correlations

are omitted.

Essay IV researches the dynamic Lindahl equilibrium for climate change

both in the deterministic and the stochastic cases. The objectives of this

essay are 2a, 2b, and 2f–2h. The methods applied include nonlinear stochastic

optimization, Pareto optimality analysis, and numerical modelling. In this

case, a financial sector is also needed. In addition, the state of the global

environment at each node is given by a vector, whose components include,

e.g., the GHG stock in the atmosphere. Thus, the current environmental

state is dependent on the preceding environmental state. In this essay too,

the RICE-99 model was utilized both as a data source and a reference model.

The main contribution of this essay is a dynamic Lindahl equilibrium model

for global warming under uncertainty.

According to the results, all the Lindahl equilibriums defined in Essays II–IV

can be implemented by emissions trading.
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2. Theory and Methods

In this section, we briefly review the theory and the methods used in this

dissertation. We begin with a short overview of input–output economy, opti-

mization, single period modelling, game theoretic analysis, and welfare analy-

sis. After that, the RICE-99 model by Nordhaus and Boyer [46] is discussed.

2.1 Input–Output Economy

Wassily Leontief (1905–1999) developed a simple input–output analysis frame-

work to represent a region’s economy in matrix form. In this model it is as-

sumed that there are a number of industries in a region. For each of these

industries, it is possible to use as input the output from all the industries,

including itself (see Figure 2.1). Since Leontief’s first study on input–output

analysis in 1936 [31],1 the analysis has established itself as one of the funda-

mental modelling frameworks in economics. We adopt here Intriligator’s [24]

presentation of an input–output economy, also discussed in Essay I.2

Consider an economy that produces J commodities using I primary factor

inputs. The total economy output of the commodity j is xj , j = 1, 2, . . . , J ,

and the total economy input of the primary factor i is ri, i = 1, 2, . . . , I. Let

aĵj ≥ 0 and bij ≥ 0 be the coefficients of production, that is the amounts of

commodity ĵ and primary factor i, respectively, required to produce one unit

of commodity j. It is assumed that at least one bij > 0, in other words, at

least one primary factor is needed in the production of each commodity.
1Leontief collected some of his writings on input–output analysis into the famous
book Input–Output Economics, first published in 1966 [33].
2In Essay I, the TCQ instrument is studied in an input–output economy. Environ-
mental extended input–output analysis [e.g. 32, 35] is the most conventional way of
treating the environmental externalities in an input–output framework. However, this
approach is most suitable for cases where there are some activities that try to reduce
the externalities. In our model, no such activities are included. For this reason, we
found the basic input–output economy the most suitable starting point for our model.
It was also straightforward to include personal carbon trading to the basic model. To
our knowledge, personal carbon trading has not been included into an input–output
economy before.
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Figure 2.1. Flow of inputs and outputs in an input–output economy. Industries are allowed
to use both primary factors (inputs in the figure) and produced commodities
(outputs in the figure), including their own commodities, as their inputs.

Define the nonnegative column vector of outputs x = (xj) ≥ 0, the J × J

matrix of coefficients of production A = (aĵj) ≥ 0, and the nonnegative

column vector of final demands c = (cj) ≥ 0. Balancing demand and supply,

the output of any commodity is used either as input for the production of final

commodities or for final consumption. The balance relation is written as the

Leontief equation

x = Ax + c. (2.1)

Let I denote the J × J identity matrix and assume (I − A) is nonsingular.

Then the output x from Equation (2.1) becomes

x = (I − A)−1 c. (2.2)

We note that a change of Δc in final demand requires a change of Δx =

(I − A)−1 Δc in the total output.

Let us next consider the primary factors. We begin by defining B = (bij) ≥
0, the I × J matrix of coefficients of production for the factors, and r = (ri),

the column vector of available primary factors. Given the overall outputs x,

the economy-wide demand for factors is Bx. The demand for factors cannot

exceed the supply of those factors. Thus we require

Bx ≤ r. (2.3)

It is assumed that all commodities and factors have positive prices and that

profit maximization is pursued in the production of all commodities. Com-

modity and factor prices in the economy are given by the row vectors p = (pj)

and w = (wi), respectively.
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Furthermore, it is assumed that the economy is competitive and hence all

actors are price takers. In a competitive equilibrium, profits are nonpositive.

Thus, the marginal cost of producing any commodity j must be greater than

or equal to the commodity price pj . Hence, we have pA + wB ≥ p. Collecting

terms yields

p (I − A) ≤ wB. (2.4)

2.2 Optimization

Optimization aims at finding the best solution from a set of feasible alterna-

tives. In this study, we use nonlinear constrained optimization in both single

period and dynamic contexts. In general, in a nonlinear optimization problem

either the objective function or the constraints, or both, contain nonlinear

parts. The study also uses nonlinear optimization in a stochastic setting.

Stochasticity in optimization means that some of the constraints and/or pa-

rameters are dependent on random variables.

In this section, we review those optimization topics that are essential in

the dissertation. First we go through the Karush–Kuhn–Tucker optimality

conditions. Then we distinguish the deterministic and stochastic cases. Fi-

nally, numerical optimization is introduced. See, e.g., Nemhauser [43] for a

comprehensive presentation on optimization.

2.2.1 Karush–Kuhn–Tucker Conditions

The Karush–Kuhn–Tucker conditions (KKT conditions, see, e.g., [27]) are the

necessary conditions for optimality in nonlinear optimization, given that cer-

tain regularity conditions are satisfied. Let us consider the following problem

of minimizing the function f(x) with l inequality constraints and m equality

constraints:

min
x∈Rn

f(x) (2.5)

subject to

gi(x) ≤ 0 ∀ i = 1, 2, . . . , l (2.6)

hj(x) = 0 ∀ j = 1, 2, . . . , m, (2.7)

where the functions f(x), gi(x) ∀ i, and hj(x) ∀ j are defined on R
n. They

are all functions from R
n to R, and they are continuously differentiable at
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point x∗. Suppose that x∗ is a local minimum that satisfies some regularity

conditions. Then there exists μi ∀ i = 1, 2, . . . , l and λi ∀ j = 1, 2, . . . , m such

that the following Karush–Kuhn–Tucker (KKT) conditions are satisfied:

Primal feasibility

gi (x∗) ≤ 0 ∀ i = 1, 2, . . . , l (2.8)

hj (x∗) = 0 ∀ j = 1, 2, . . . , m (2.9)

Dual feasibility

∇f (x∗) +
l∑

i=1
μi∇gi (x∗) +

m∑
j=1

λj∇hj (x∗) = 0 (2.10)

μi ≥ 0 ∀ i = 1, 2, . . . , l (2.11)

Complementary slackness

μigi (x∗) = 0 ∀ i = 1, 2, . . . , l (2.12)

The above conditions are called the KKT necessary conditions for optimality.

If the objective function f(x) is convex, the functions gi(x) are convex for

i = 1, 2, . . . , l, and the functions hj(x) are affine for j = 1, 2, . . . , m, then

the necessary KKT conditions are also sufficient for global optimality, given

suitable regularity conditions (Karush–Kuhn–Tucker Sufficiency Theorem).

2.2.2 Deterministic versus Stochastic Optimization

The major difference between deterministic and stochastic optimization is un-

certainty: in stochastic models, uncertainty is present while in deterministic

models no uncertainty is involved. The uncertainty in a stochastic problem

might occur, e.g., in one or many of the constraints of the problem, or in the

parameter values. Stochastic optimization is confined to cases where the prob-

ability distributions of the uncertainties, given by scenario trees, are known

or can be evaluated. In the deterministic case everything is known. In prac-

tice, deterministic models are often used even when some kind of uncertainty

is present in the modelled situation. Thus, deterministic models are then

interpreted as approximations of the uncertain reality.
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2.2.3 Numerical Optimization

Since analytical solutions are often impossible to obtain for such nonlinear op-

timization problems that are considered in this dissertation, numerical meth-

ods are needed to solve the problems. Numerical methods do not usually

guarantee absolute optimality, but the methods find optimum points that are

optimal within some tolerance limits.

In the numerical examples of this study, numerical optimization was used.

The problems and the parameter values were written into a text file in the

GAMS modelling language described in Brooke et al. [6]. The optimization

model and the data were processed in GAMS and fed to MINOS 5.4, which is

a solver for convex nonlinear mathematical optimization problems [37]. The

system can be used on most computer platforms.

2.3 What Does a Single Period Model Depict?

Single period models are widely used in economics, even if the phenomena they

are illustrating are usually dynamic by nature.3 What does a single period

model actually illustrate if the model is an approximation of dynamic reality?

Usually, this issue is not discussed but the single period models are taken as

given.

We think that there are three possible interpretations of single period models

in a dynamic context. Firstly, they can be interpreted as illustrating an average

picture of some phenomenon over time. Secondly, they can be interpreted as

illustrating one very long time step, e.g., two hundred years. In the case of

climate change, these two interpretations are not, however, very interesting if

we are trying to decide what we should do now to slow down global warming.

Thirdly, we can interpret the single period model as describing only one period

of the dynamic model. One then tries to optimize the current decisions so that

the utility is optimized over time, given the effects the current decisions have

in the future. We find this last interpretation to be the most relevant one,

and so we have decided to use it in our numerical demonstrations of Lindahl

equilibrium in Essays II and III.

3A single period model is a dynamic model with two time stages, where the length h
of the only period is h > 0.
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2.4 Game Theoretic Analysis

The situations analyzed in game theory need strategic behaviour. In these

situations, or games, the outcome of each player depends on the choices of

other players. Usually the outcome of a player is measured in terms of utility.

Because strategic behaviour occurs in a huge variety of economic phenomena,

game theoretic analysis has been widely used among economists. In this dis-

sertation, we implement the Nash equilibrium concept and cooperative game

analysis with the core concept. These concepts are now shortly discussed in

the following. See, e.g., Aumann [2, 3, 4] for more information on game theory.

2.4.1 Nash Equilibrium

In the traditional approach of game theory, the objective is to find an equi-

librium in which each player is unlikely to change their strategy. In non-

cooperative games, the most famous equilibrium concept is the Nash equi-

librium [41], named after its inventor John Nash. Suppose that each player

knows the equilibrium strategies of the other players. If no one can do bet-

ter by changing his or her strategy, given that the other strategies remain

unchanged, then the current set of strategies and payoffs constitute a Nash

equilibrium.

Formally, let (N, {Si} , {ui}) be a game with n players, where

N = {1, 2, . . . , n} is the set of players, Si is the strategy set for player i,

and ui is the payoff function for player i. Let s−i be the strategy profile of all

other players except player i. Then a strategy profile s = (s1, s2, . . . , sn) con-

stitutes a Nash equilibrium of the game if for every i = 1, 2, . . . , n, ui (si, s−i) ≥
ui (s′

i, s−i) ∀s′
i ∈ Si. [36]

2.4.2 Cooperative Game Analysis

In a cooperative game, single players may form cooperative groups called coali-

tions. It is assumed that the players are able to form binding commitments.

The game is then played between the coalitions, not between the individual

players. Next we briefly introduce some cooperative game concepts related to

the dissertation. In the dissertation, we use the core as our solution concept.

Coalition is a subset of players S ⊆ N = {1, 2, . . . , n} that are committed to

cooperate within the game.
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Characteristic function ṽ(S) defines the value of coalition S ⊆ N . ṽ (∅) = 0.

The value of the coalition is the value that the coalition S can make if it is

formed. For an explicit definition, see the example in Essay II.

Grand coalition is the coalition N , the largest possible coalition of the game

(N, ṽ) that involves all the players.

Transferable utility is a utility for which it makes sense to transfer utility

between the players. E.g., if individual utilities can be expressed in monetary

terms, the utilities are transferable.4

A transferable utility cooperative game (TU-game) (N, ṽ) is composed of

a finite set of players N and of the characteristic function ṽ. In a TU-game,

the utilities of the players are transferable.

Payoff distribution (xi)i∈N defines how the payoffs are distributed among

the players in a case that the grand coalition is formed. Let us define x̂(S) =∑
i∈S xi for a payoff distribution x = (x1, x2, . . . , xn) ∈ R

n and for a non-empty

coalition S ⊆ N . For a TU-game, a payoff distribution is

• efficient if x̂(N) = ṽ(N),

• individually rational if xi ≥ ṽ ({i}) ∀ i ∈ N , and

• coalitionally rational if x̂(S) ≥ ṽ(S) ∀ S ⊆ N .5

Core The core C (N, ṽ) of a TU-game (N, ṽ) is the set of all efficient and

coalitionally rational payoff distributions:

C (N, ṽ) = {x ∈ R
n|x̂(N) = ṽ(N) and x̂(S) ≥ ṽ(S) ∀ S ⊆ N} .

2.5 Welfare Analysis

Different policy choices affect the well-being of the whole economy and the

consumers. Welfare analysis aims at describing the welfare implications of

different policy choices. In this section, welfare analysis is only introduced.

For a thorough overview of the subject, see, e.g., Ng [44].

One way of ranking policy choices is to compare their efficiency, e.g., in terms

of Pareto optimality (Section 2.5.1). Pareto optimality is an important concept

4E.g., quasilinear utilities are transferable.
5Note that if a payoff distribution is coalitionally rational, it is also individually
rational.
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in welfare analysis because it helps to define the efficiency or inefficiency of

the instrument.

Another way to analyze the welfare implications of various policy choices is

to compare their distributional effects. The choice of social welfare functions

reflects the valuations of the interpersonal utilities, or the distributional effects.

Two extreme examples of possible welfare function choices are the utilitarian
welfare function and the max–min welfare function. In the utilitarian welfare

function, all the individual utilities are summed up to obtain the social welfare

function. Thus, it is only the total sum that matters, not the distribution of

the utility.6 On the other hand, in the max–min welfare function, the social

welfare is equal to the welfare of that individual whose utility is lowest. This

approach expresses the insight that the welfare of the society is only as much

as the welfare of its weakest link.

2.5.1 Pareto Optimality

Now we define the concepts of Pareto optimality (or Pareto efficiency) and

feasible allocations of goods. The notation here partly follows the presentation

given in Mas-Colell et al. [36].

Consider the situation of allocating some consumption goods between con-

sumers. If it is not possible to make someone better off without making some-

one else worse off, the allocation is Pareto optimal. Suppose that this is not

the case but that it is possible to make a so-called Pareto improvement: to

allocate the goods so that at least one person’s utility is improved without de-

teriorating anyone’s utility. If no such moves can be made, a Pareto optimal

allocation is reached.

Let us consider an economy with n consumers indexed by i and L

goods indexed by l. Consumers’ preferences over consumption bundles

xi = (xi1, xi2, . . . , xiL) are represented by utility functions ui (·). Suppose

that the total net amount of goods l available in the economy is ωl. Then an

allocation (x1, x2, . . . , xn) is a feasible allocation of goods if
∑n

i=1 xil ≤ ωl ∀ l.

A feasible allocation (x1, x2, . . . , xn) is Pareto optimal if there is no other

feasible allocation (x′
1, x′

2, . . . , x′
n) such that ui (x′

i) ≥ ui (xi) ∀ i and ui (x′
i) >

ui (xi) for at least one i. A Pareto improvement is a change where no one loses

but at least one gains in terms of utility.
6Sometimes utilitarian welfare refers to a more general case where the social welfare is
a weighted sum of individual utilities. By the term utilitarian social welfare function,
we refer to the case where each individual’s utility is equally weighted, or summed
up.
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Figure 2.2 illustrates the concept of Pareto optimality in a two-consumer

economy. The northeastern boundary of the grey area corresponds to the

Pareto optimal allocations.

�1

�2 Pareto optimal
allocations (�1, �2)

Figure 2.2. Pareto optimality in a two-consumer economy. On the x axis is the consumer
1’s utility u1 and on the y axis is consumer 2’s utility u2. All the possible
utility allocations are denoted by the grey area. The northeastern boundary
of the grey area corresponds to the Pareto optimal allocations (û1, û2).

2.6 RICE-99 Model

RICE (Regional Dynamic Integrated model of Climate and the Economy)

is an integrated assessment model of climate change developed by William

Nordhaus and his collaborators Joseph Boyer and Zili Yang.7 The first version

of the model, presented in Nordhaus and Yang [47], was constructed in the

early 1990’s. In this study, we use the model version RICE-99 that is published

and introduced in Nordhaus and Boyer [46]. The development of the model

is ongoing, and lately some new versions of the model have been announced.8

In the RICE-99 version of the model there are 8 regions, namely the United

States (USA), Other High Income states (OHI, includes e.g. Japan, Canada,

and Australia), OECD Europe (EUR, not including East European OECD

countries), Russia and Eastern Europe (EE), Middle Income states (MI, e.g.

Korea, Rep., Brazil, and Taiwan), Lower Middle Income states (LMI, e.g.

Mexico, South Africa, and Iran), China (CHI), and finally Low Income states

(LI, e.g. India, Indonesia, and Korea, Dem. Rep.). In the original RICE-99

model the time step is 10 years, which is also used in this study. A detailed
7See Essay IV, Section 7.1 for further information on RICE-99.
8See [71] and http://www.econ.yale.edu/~nordhaus/homepage/.
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description of the model is to be found in Nordhaus and Boyer [46].

The model contains two submodels: a geophysical model and an economic

model (Figure 2.3). The geophysical model describes the physical process

of climate change. It further includes submodels for carbon cycle, radiative

forcing and temperature cycle. The economic model, in turn, describes the

economical process of climate change: the economy operates to produce welfare

for its inhabitants, but as a side-effect, carbon emissions are emitted to the

atmosphere. The model includes regional welfare functions. In this model, the

welfare is dependent on consumption.

The geophysical and economic submodels are linked with each other in two

ways: Firstly, the economic model affects the geophysical model through car-

bon emissions.9 These emissions feed carbon into the carbon cycle, which then

further affects the other parts of the geophysical block. Secondly, the geophys-

ical model affects the economic model by a damage coefficient that accounts

for the regional effects of climate change. This damage coefficient has a direct

effect on production, which then mediates this effect to the other parts of the

economy.

We use the RICE-99 model both as a numerical data base and as a reference

model for our calculations in Essays II and IV.

9From GHG emissions only carbon emissions are endogenously included in the model.
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Figure 2.3. RICE-99 model structure. The model contains two parts: a geophysical model
and an economic model. These two models are linked by carbon emissions and
by a so-called damage coefficient that illustrates the effects of climate change
(Damage in the figure). Reprinted from Essay IV.
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3. Personal Carbon Trading

Personal carbon trading refers to an emissions trading system, where indi-

viduals are in one way or another participating in carbon trading. There

are many different personal carbon trading systems. Between these systems,

there are differences, e.g., in the following characteristics: 1) Allocation of
permits: What share of carbon permits is allocated to consumers? 2) Down-
stream versus upstream: Are the consumers or the producers responsible for

the GHG emissions? 3) Scope: What industries and products are included in

the system? 4) Participation: Who are participating in the emissions trading?

A literature review of the different proposals for personal carbon trading is

presented in Essay I.

Based on the literature review in Essay I, there seem to be several argu-

ments in favour of personal carbon trading:1 To begin with, personal car-

bon trading is capable of offering consumer–citizens an opportunity to control

emissions. Secondly, personal carbon trading is capable of including the res-

idential sector into emissions reductions. Thirdly, personal carbon trading is

capable of providing the necessary information, feedback, goals and rewards

that consumer–citizens need to improve their carbon capability2 and energy

efficiency. Fourthly, personal carbon trading is capable of offering an oppor-

tunity for an equal per capita allocation of permits. Finally, personal carbon

trading is capable of reducing carbon leakage in international trade.

Basically three different mechanisms for consumer–citizen participation in

emissions trading can be defined: Firstly, the emission permits might be allo-

cated to consumer–citizens partly or entirely. Such an allocation acknowledges
1As is reviewed in Essay I, there are a variety of different instruments that fall un-
der the category of personal carbon trading. Not all these instruments justify the
favouring arguments presented here.
2Carbon capability is a concept proposed by Seyfang et al. [58]. They defined the
concept as "the ability to make informed judgements and to take effective decisions
about behaviour so as to manage down the emission of greenhouse gases expressed
as carbon equivalents, through both individual behaviour change and collective action"
[58, p. 15]. Note the analogy between carbon capability and financial capability.

33



consumer–citizens’ property rights to nature. Secondly, consumer–citizens

might be allowed to buy and sell emission permits, even if these are allo-

cated to the producers. This form of participation views consumer–citizens

as pollution victims, and the objective is to give these victims the right to

tighten emission restrictions if they wish to do so. Finally, consumer–citizens

might be regarded as polluters. In this approach, consumer–citizens are re-

sponsible for the emissions their consumption induces, and they have to cover

these emissions by emission permits. Many of the existing proposals for per-

sonal carbon trading use all three mechanisms. However, nearly all theoretical

studies have concentrated on the second mechanism. The Tradable Consumer

Quotas (TCQ) instrument introduced in Essay I uses all three mechanisms.

Coase [10] underlined the importance of the proper definition of the prop-

erty rights. The ownership of environmental goods tends to be undefined by

origin. This leads to a situation where producers implicitly have the property

rights as they can pollute without restrictions. However, eventually the vic-

tims of pollution will claim their right to clean environment. By regulation,

the property rights are shifted towards victims — under idealized conditions

to the point where equilibrium is reached. In the equilibrium, the marginal

abatement costs and marginal benefits of emissions reductions are equalized.

The Coase theorem states that, under these idealized conditions,3 the initial

allocation of property rights does not matter in terms of efficiency, because

bargaining will lead to an efficient outcome. If these idealized conditions do

not hold, the initial allocation matters. [54]

However, in either case, the initial allocation of property rights defines

whether it is the "victim pays" principle or the "polluter pays" principle (in its

traditional form, where producers are seen as polluters) that applies. If the

property rights are fully allocated to the polluters, then victims are paying

to get a cleaner environment, and if the property rights are fully allocated to

the victims, then polluters are paying to be able to produce polluting prod-

ucts. [54] Thus, the initial allocation evidently has distributional effects, which

however are beyond the scope of this dissertation. In the TCQ instrument,

the property rights are allocated to the consumer–citizens to the extent of

the emissions quota defined by regulator. However, unlike in the traditional

systems, the consumer–citizens are considered as polluters.

There is actually a combination of public and private (i.e., consumer–citizens’)

property rights. The public property rights empower the regulator to set the
3It is assumed, e.g., that everyone has perfect information and there are no transaction
costs.
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overall emissions quota. Because of this combination of public and private

property rights, the emissions reductions are more efficient under this type of

regulation than under command-and-control regulation. [13]

3.1 Tradable Consumer Quotas

The TCQ instrument has basically the same idea as the Rate All Products

and Services (RAPS) scheme [62], namely, to include all goods and services

into the system. In our opinion, the TCQ instrument is ideal, particularly for

the four following reasons: 1) it takes into account consumer–citizens’ three

different roles as owners of property rights to nature, as pollution victims, and

as polluters; 2) it allocates emission permits according to the equity principle

on an equal per capita basis, which is suggested as being the best allocation

method in the long run [7],4 3) it covers all the GHG emissions in the economy,5

and 4) it reduces carbon leakage in international trade. In our view, the

world should aim for this kind of system in the long run. There are still two

other underlying principles behind this instrument: it is effective because the

instrument fulfils the emissions targets by definition, and it is efficient in terms

of utility. The composition of the TCQ instrument is presented in Figure 3.1.

There is basically only one type of actor involved in the TCQ instrument:

consumer–citizens (see Figure 3.1). In addition, the TCQ instrument needs

a regulator for overall monitoring of the system. The regulator has various

different duties as follows:

• allocation of emission permits to consumer–citizens;

• maintenance of a permit register system;

• monitoring of emissions;

• cancellation of permits after usage;

• implementation of sanctions for violation of the system rules; and

• monitoring the overall functioning of the system.

The permit market is open not only to consumer–citizens but to any party.

For example, certain environmental nonprofit organizations might be willing
4However, even this kind of instrument is not wholly equitable, because people have
different kinds of possibilities, e.g., to use less carbon-intensive energy forms [e.g. 63].
On the other hand, the TCQ instrument enables other allocation options as well, if
those are agreed to lead to better equity.
5Often, e.g., residential sector or international transportation is omitted. However,
also other instruments can be designed to cover all the GHG emissions in the economy.
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Figure 3.1. The composition of the TCQ instrument. The arrows illustrate emission permit
flows in the system, as follows: 1) All the permits are allocated to consumer–
citizens equally, that is, an equal number of permits is allocated to every
consumer–citizen. 2) Consumer–citizens are able to sell permits to the per-
mit market and buy them from the market. 3) Other actors might buy from,
and sell permits to the market. 4) Consumer–citizens surrender permits to the
regulator as needed to cover their consumption. Reprinted from Essay I.

to invest in permits in order to make retirements from the market and thus to

cut down on the total quantity of emissions in the economy.

In the TCQ instrument composition, emissions are controlled by tradable

emission permits. Assuming equal rights to consume the environment, the

regulator determines every consumer–citizen’s emissions quota on an equal

per capita basis.

Consumer–citizens spend emission permits every time they purchase some-

thing that during its production or usage emits greenhouse gases. The spent

permits are surrendered to the regulator. Consumer–citizens are able to sell

and purchase permits to or from the permit market. It is also possible to

retire permits by not using or selling them and thus to cut down on the total

quantity of emissions in the community. Banking of permits can be allowed

for future needs.
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4. Lindahl Equilibrium

We may begin by assuming that there are only two categories of taxpayers: one,
A, relatively well-to-do, and the other, B, relatively poor. Within each category all
individuals must pay the same price for their participation in public consumption.
The problem is the relative amount of the two prices, i.e. the distribution of the
total cost of the collective goods between the two groups.

Erik Lindahl 1919, Just Taxation – A Positive Solution

The famous concept of Lindahl equilibrium was first outlined by the Swedish

economist Erik Lindahl in 1919 [34]. The problem was how the total cost of

public goods should be distributed between the beneficiaries when the extent

of the public good is one of the variables of the problem. Lindahl considered

only one public good and two parties with differing preferences. He assumed

implicitly that the public good is excludable, so that only those who pay for

the good can enjoy it.1 Cooperation between the parties was expected. As

a result of the cooperative negotiations, unanimity prevails as to the quantity
of the public good, and the equilibrium solution is efficient. At equilibrium,

the personalized prices of the public good tend to correspond to the marginal

utilities of the parties. Figure 4.1 shows how the Lindahl equilibrium is found

in this simple case.

In an Arrow–Debreu equilibrium,2 all the consumers pay the same price for

commodites but the purchased quantites differ according to the consumers’

preferences. However, in the case of public goods, the quantity must be the

same. Because the consumers’ preferences differ, an equal price for all the

consumers is not a Pareto efficient solution. The Lindahl equilibrium is an

attempt to find a Pareto optimal solution for public goods. According to
1Usually public goods are considered non-excludable.
2An Arrow–Debreu equilibrium [15] is a Walrasian or competitive equilibrium in
which contingent commodities are traded. Contingent commodities’ delivery depends
on the realized state of the world. Thus an Arrow–Debreu equilibrium is an equilib-
rium under uncertainty. [36]
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Lindahl, the Pareto optimal solution is found by personalizing the price of the

public good according to the consumers’ preferences.

A’s Share

of Payment0 1

Quantity

A
B

Equilibrium

Figure 4.1. Lindahl equilibrium for one public good and two parties A and B. The x-axis
represents A’s share of payment, thus B’s share of payment is 1-A’s share of
payment. The two curves illustrate A’s and B’s demand on the public good as
a function of their share of payment. The Lindahl equilibrium is found at the
intersection of these two demand curves.

However, the realism of the Lindahl equilibrium is in some ways questionable

[e.g. 36]. To begin with, free-riding is possible in the Lindahl equilibrium for

two different reasons. Firstly, it is not always realistic to exclude consumers

from the use of the public good, even if some of them decide not to contribute

to the costs. Secondly, if the marginal benefits of the parties are not com-

mon information, the preference revelation problem arises.3 In other words,

Lindahl equilibrium is not incentive-compatible, which also causes free-riding.

In addition, the price-taking assumed in the Lindahl equilibrium is not likely

to occur, because, in these personalized markets, there is only a single agent

on the demand side. Furthermore, Lindahl himself criticized his equilibrium

concept because it assumes that everyone agrees on the nature of the public

good, which is certainly not the case in general: the most important deviating

factor is the political power of the parties, which often is not equal [34].

There has been much research concerning Lindahl equilibrium following Lin-

dahl’s original paper. As the most relevant studies for this dissertation, the

following could be mentioned: Foley [18] studies the Lindahl equilibrium with

an arbitrary number of consumers, public goods and private goods. Mäler [38]

uses Lindahl equilibrium as a basic concept in his survey of welfare economics

and the environment. In his setting, the Lindahl equilibrium is understood
3However, one might suggest that climate change impacts are not private informa-
tion. Therefore, the marginal benefits of GHG emissions reductions are more or less
common knowledge.
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as "the most natural correspondence in an economy with public goods to the
’competitive equilibrium’ in an economy without public goods" [38, p. 3–4].

Mäler and Uzawa [39, 67, 68] were one of the first who studied the Lindahl

equilibrium in the context of global warming. In his book, Yang [71] studies

different kinds of cooperative solutions in the RICE model4 framework, and

applies the Lindahl equilibrium as a possible cooperative solution concept for

the global warming problem. Finally, Nishimura’s [45] approach to Lindahl

equilibrium is probably that most similar to ours. A more extensive literature

review for the Lindahl equilibrium is presented in Essay II.

Many earlier studies state that the Lindahl equilibrium is in core [e.g. 18,

68]. However, as, e.g., Nishimura [45] shows, this is not generally true. In

some cases, the solution might become preferable to every party by using

side-payments. Nevertheless, this requires there to be enough synergy in the

cooperation to cover the possible losses of some participants, as compared to

the most beneficial other coalition. If there is no feasible side-payment solution

to the problem, some extra money is needed. These external subsidies could

be collected and distributed by multinational organizations such as the United

Nations. These questions are examined in Essay II.

4.1 Lindahl Equilibrium for Global Warming

We now present our clarified form of the Lindahl equilibrium for global warm-

ing. This definition is first introduced in Essay II and further studied in the

context of correlated externalities in Essay III. Essay IV studies the dynamic

Lindahl equilibrium for global warming in both deterministic and stochastic

contexts.

4.1.1 State Variables for a Single Period Model

When a single period model is interpreted as an illustration of a dynamic

model, state variables have to be defined. By definition, the state variables

describe the state of a dynamical system at such a detailed level that the

future behaviour of the system can be determined. The models concerning

the economic impacts of global warming have previously taken into account

only one state variable, namely the atmospheric concentration of the carbon

dioxide equivalent. However, in this study capital stock is also included. To

our knowledge, this has not been done in the current context before.
4See Section 2.6 for more information on RICE.
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Consider the world to be subdivided into n regions, i = 1, 2, . . . , n. In this

single period model, non-negative investments zi increment the capital stock

of region i. Due to depreciation, initial capital stock is reduced during the

period by a factor δk such that 0 < δk < 1. Hence the capital stock dynamics

of region i is given by

ki = δkk0
i + zi ∀ i ∈ N, (4.1)

where ki is the capital stock level at the end of the period and k0
i is the

exogenous initial capital stock.

The other state variable ē, the atmospheric concentration of the carbon

dioxide equivalent, is incremented by total GHG emissions. Also in this case

the stock depreciates over time. Thus the atmospheric emission concentration

is reduced during the period by a factor δē such that 0 < δē < 1. The emission

stock dynamics is given by

ē = δēē0 + e, (4.2)

where ē is the atmospheric concentration at the end of the period, ē0 is the

exogenous initial atmospheric concentration, and e is the total GHG emissions

level during the period.

Because a single period model is a one-period dynamic model (see Footnote

3), we are interested in the levels of the state variables at the end of this one

period. These levels depend on the exogenous initial levels and the endogenous

changes in the states during the one modelling period. Thus, in a single period

setting, the state variables can be substituted by the variables defining the

change in the states, in this case by emissions e and investments zi. The

results from the numerical demonstrations (Table 1 in Essay II) show that,

in this modelling framework, investment levels are important in addition to

emissions.

4.1.2 Regional Problem

Consider the world to be subdivided into n regions, i = 1, 2, . . . , n, and let

the set of regions be N = {1, 2, . . . , n}. Suppose that there is only one con-

sumption good, and the utility ui of region i depends on the consumption level

ci, the total GHG emissions level e, and the region’s capital stock investment

level zi:

ui (ci, e, zi) ∀ i ∈ N. (4.3)

Assumption 1 The utility functions ui (ci, e, zi) ∀ i ∈ N are differentiable in
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ci, e, and zi and increasing in ci.

The investment level zi affects not only the funds available for consumption

but also the capital stock level ki at the end of the horizon under considera-

tion, as defined by Equation (4.1). A higher capital stock will increase pro-

duction.5 Thus high investments ensure a high production level in the future,

too. This state variable nature of investments makes a positive contribution

to the marginal utility of investments, and thus the net effect might be either

positive or negative. Actually, utility is dependent on the capital stock level

ki. However, because by Equation (4.1) ki = δkk0
i + zi with exogenous initial

capital sock level k0
i , we use the investment level zi instead of ki. The capital

stock level ki at the end of the single period accounts for the aggregated utility

from the future periods.

Let yi denote the level of output in region i. We assume that yi is a function

of one endogenous attribute, namely the level of GHG emissions ei in the

region i. Thus yi = yi (ei) ∀ i.

Assumption 2 Production functions yi (ei) are concave and increasing in ei

with dyi
dei

approaching infinity as ei approaches zero.

For a Lindahl equilibrium, let P denote the price used to charge region i

for its emissions ei and Pi the price to compensate the region i for global

emissions e. Hence, the net budget effect of the charges and compensation for

region i is Pie − Pei. Lindahl prices P and Pi are determined by the Lindahl

equilibrium, and they are exogenous for regional optimization problems.

Taking into account consumption, capital stock investments, production, and

GHG emissions charges and compensations, the budget balance constraint is,

∀ i ∈ N ,

di : −Pie + Pei + ci + zi − yi (ei) = 0, (4.4)

where the parameter di denotes the dual variable of the budget balance con-

straint.

Consider positive parameters λi > 0 with
∑n

i=1 λi = 1. Subsequently, they

refer to the Negishi weights for the regions.6 We scale the utility of each region

i by weight λi > 0. Then, the regional problem i is as follows: Given Lindahl
5In our model, the capital stock is exogenous for the single period and thus it is
implicitly included in the production function.
6Negishi [42] proved the existence of a competitive equilibrium in a new way, by show-
ing equivalence between the Arrow–Debreu equilibrium problem and mathematical
optimization. This Negishi’s approach has then been utilized for computing equilibria
by maximizing a weighted social welfare function. The weights are such that there
are no transfers between the agents in the equilibrium.
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prices Pi and P , find ci, zi ≥ 0, ei, and e to

max λiui (ci, e, zi) s.t. (4.4). (4.5)

Lemma 1 For the regional problems (4.5), the weights λi with ∑n
i=1 λi = 1

can be chosen such that the optimal dual variables di are independent of region
i, that is di = d ∀ i.

Lemma 1 is needed to show that the Lindahl equilibrium is Pareto optimal.

4.1.3 Lindahl Equilibrium Conditions

The optimal level of global emissions e for a regional problem (4.5) is the

quantity which region i would prefer. In the Lindahl equilibrium, unanimity

prevails on this quantity. Additionally, for the compensations, payers must

exist. Therefore, Lindahl equilibrium requires that the sum of emissions com-

pensations is equal to the sum of emissions charges. Thus, an equilibrium

prevails if the Lindahl prices Pi and P are such that the optimal solutions of

(4.5) satisfy the following conditions:

n∑
i=1

ei = e (4.6)

n∑
i=1

Pi = P. (4.7)
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5. Policymaking Process

The threat of uncontrollable climate change is directing increasing attention

to the importance of both global and local management of environmental side-

effects. Scientific research has shown that climate change is best controlled

by greenhouse gas emissions reductions. The policymaking process of climate

change mitigation (Figure 5.1) starts from agreeing about the objective. At

present, the objective is to limit the rise in global average temperature below

2°C compared to the temperature in pre-industrial times. After defining the

objective, targets for limiting the GHG emissions are set, which is followed

by the burden sharing process. To achieve the targets, an appropriate policy

instrument must be chosen.

In this section, some aspects of this policymaking process are examined,

concentrating on the instrument choice. The motivation of this section is to

highlight the properties of the Tradable Consumer Quotas instrument (Essay

I), the Lindahl equilibrium for global warming, and the proposed emissions

trading mechanism based on the Lindahl equilibrium (Essays II–IV).

5.1 Target Setting and Burden Sharing

5.1.1 Local versus Global

The longstanding climate negotiations have shown that it is not an easy task to

establish a global climate agreement covering all countries. However, it would

be very important to get all involved in the fight against climate change.

The target setting might take place on different levels. Because climate

change is a global problem, global targets might be preferable. If targets are

set only on a local or regional level, global outcomes are unsure and free-riding

is likely to happen.
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Objective: 
limit climate change

Target: 
limit GHG emissions

Instrument Choice

Burden Sharing

Command-and-Control Economic

Figure 5.1. The policymaking process of climate change mitigation.

Burden sharing and target setting are often combined to the same negoti-

ation process. In a burden sharing agreement, the burden of emissions re-

ductions is shared with different parties, e.g., a global target with different

countries or unions of countries (e.g. EU). Not surprisingly, the burden shar-

ing process is very sensitive, demanding, and mainly political. On the one

hand, one should make sure that the overall target is achieved, but on the

other hand, one should also consider, e.g., equity issues, effects on interna-

tional competition, and make sure that every actor is committed to the burden

sharing agreement. The best choice would be a win-win solution where every

party benefits from the agreement.

In the TCQ instrument the burden sharing process is included in the system.

If the TCQ instrument is globally implemented, the allocation of the emissions

quotas takes care of the burden sharing. Conversely, if the TCQ instrument

is only regionally implemented, the burden sharing between different regions

must be negotiated separately. However, the TCQ instrument takes care of

the burden sharing within the region. The TCQ instrument allocates emission

permits on an equal per capita basis, which is suggested as being the best

allocation method in the long run [7], but it enables any other allocation

option as well, if those options are agreed to lead to better equity.

The Lindahl equilibrium for global warming offers another approach to the

burden sharing. In the equilibrium, each region’s emission level is optimal

for the region, given the Lindahl prices for emissions and compensations (see

Section 4.1). In addition, in the Lindahl equilibrium, unanimity prevails on
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the overall level of global emissions. Furthermore, for the compensations,

payers must exist. Therefore, the Lindahl equilibrium requires that the sum

of emissions compensations is equal to the sum of emissions charges. How-

ever, the Lindahl equilibrium solution is not generally in core. Consequently,

side-payments and external payments are needed to make the global Lindahl

equilibrium preferable to every party.

5.1.2 Production-Based versus Consumption-Based

The current international agreements aim at restricting production-based GHG

emissions. For this reason, the majority of climate policy instruments are

production-based. However, this approach fails to allocate international trans-

portation and there is potential for carbon leakage [e.g. 5, 28, 48, 51, 56, 59,

65]. Production-based instruments might also distort international competi-

tion. These problems could be addressed by using consumption-based restric-

tions instead. [52]

The flow of GHG emissions through international trade is substantial. E.g.,

Peters et al. [53] have shown that in 2008, 26% of CO2 emissions was embodied

in international trade, and the flow of CO2 emissions has been increasing in

average by 4.3% per year over the period 1990–2008. A consumption-based

instrument does not substantially distort international competition and thus

induce any significant carbon leakage: there is no strong incentive to transfer

production to those countries that do not restrict emissions1 because it is the

country where the commodities are consumed that is responsible for covering

the emissions induced by the production.

One of the favouring properties of the TCQ instrument is that it leads to

a consumption-based burden sharing. The Lindahl equilibrium concept for

global warming, as defined in Essays II–IV, implicitly assumes that the emis-

sions regulations are production-based. However, because the Lindahl equilib-

rium for global warming is a global equilibrium, the international transporta-

tion must be included and the potential for carbon leakage is diminished.

5.2 Instrument Choice

The choice of the climate policy instrument is important, although many good

options are available. In the following, some aspects of the instrument choice

are discussed from an economic point of view. However, even if there are many
1Recall Footnote 3 in Section 1.1.
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compelling approaches, the actual performance of the instrument depends crit-

ically on its design [e.g. 19]. Moreover, as Hepburn summarizes, "political
factors are more important than economic considerations in explaining why
particular instruments are employed for particular problems" [21, p. 243].

5.2.1 Command-and-Control versus Economic

The first step in the instrument choice process is to decide, whether a command-

and-control (e.g. technology or performance standards) or an economic, market-

based instrument (e.g. emission tax or tradable permits) is to be used. The

choice must be based on the level of information available. If the proper re-

sponse varies between the different regulated players and if the regulator has

imperfect information about the firm costs, it is useful to benefit the ability

of economic instruments to gather the information from the market. On the

other hand, if the regulator has very good information, if the risk of govern-

ment failure is low, and if the best strategy to achieve the targets is to set

similar requirements to all players, a command-and-control instrument should

be preferred. In the case of GHG emissions reductions, the regulator’s infor-

mation about emissions reduction costs is highly uncertain. [21] In addition,

Spulber [61] has shown that emission standards encourage excessive entry of

new firms, and as a result, total pollution exceeds the social optimum, even if

the firms are identical. Thus, an economic instrument seems to be preferable

for climate policy. For this reason, we concentrate on market-based instru-

ments.

5.2.2 Prices versus Quantities

The longstanding debate on prices versus quantities is still ongoing [14]. As

is well known, under several idealized assumptions, regulating prices leads to

the same outcome as regulating quantities. E.g., under an emission permit

system, the quantity is fixed, but the resulting emission permit price equals

the optimum price instrument, e.g., an emission tax. On the other hand,

under an emission tax, the price is fixed, but the resulting emissions reduction

equals the quantity under an emission permit system. Thus, assuming among

all that there is certainty about the benefits and costs, these two instrument

types are equal.

However, the reality is uncertainty. As was originally shown by Weitzman

[69] in a partial equilibrium setting, the choice of instrument should be based

46



on the relative steepness of marginal benefits compared to marginal costs: if

the marginal benefit curve is steeper than the marginal cost curve, then using

a quantity instrument is more efficient than using a price instrument, and vice

versa. In the case of climate change this means that if we suppose that the

marginal reduction cost of emissions increases rapidly (i.e., the curve is steep)

but assume that short period emissions have only a weak effect on climate

change damages (i.e., the benefit curve is relatively flat) because of the stock

pollutant nature of the GHG emissions, we should prefer price instruments

in climate policy. On the other hand, if we assume that the emissions in

next few years will have an enormous effect on damages (i.e., the benefit

curve is relatively steep), we should definitely choose a quantity instrument.

[21, 22, 23, 55]

Sometimes price and quantity instruments are combined to hybrid instru-

ments. Perhaps the most well-known example of a hybrid instrument is an

emissions trading system with a price floor and price ceiling. Roberts and

Spence [57] have shown that under imperfect information such a hybrid in-

strument may lead to higher expected welfare than a pure price or quantity

instrument.

In addition to the uncertainty, the reality is also international issues and

politics. Even if from a purely economic point of view it might be efficient

to have a global emission tax, the attempts to internationally agree on such

things have turned out to be very demanding. E.g., the process of harmonizing

value added taxes in EU have been cumbersome and very slowly progressing.

On the contrary, the European Union Emissions Trading Scheme (EU ETS)

has been in operation for years, which might reflect the general political appeal

of quantity instruments. Because the international targets to reduce GHG

emissions are quantitative by nature, it is obvious that quantity instruments

are appealing as they guarantee a fixed emissions reduction. For these reasons,

this work has concentrated on quantity instruments.

5.2.3 Upstream versus Downstream

The point of regulation is a very important decision. The most upstream choice

means that the emissions are regulated at the point where the fuels enter the

economy. The most common choice is to regulate producers somewhere in the

midstream (even if this is very often called an upstream choice). The most

often mentioned argument favouring this choice is the "polluter pays" princi-

ple, according to which the polluter pays the damages the pollution induces.
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However, it is not quite obvious that producers are the polluters: Without

consumption there would be no production and thus no emissions. For this

reason, the TCQ instrument focuses on consumption and makes consumer–

citizens responsible for the emissions created in the production–consumption

process. There are several arguments in favour of downstream schemes like

personal carbon trading (see Section 3 and Essay I).

However, it has been estimated that a downstream scheme like the TCQ

instrument is currently infeasible [64] because of its high administrative costs.

Not surprisingly, an effective emissions regulation system needs administration

and a monitoring system to control the actual emissions. E.g., to fully imple-

ment the TCQ instrument, all products and services should be carbon rated.

Therefore, one indisputable fact favouring upstream systems is that there are

much less points or actors to monitor and administer than in a downstream

system. However, in the long run, such barriers disfavouring downstream

schemes are surmountable. E.g., carbon labelling is becoming more common

[e.g. 12], so we have already taken steps to a status where all products and

services can be carbon rated.

5.2.4 One Sector versus Whole Economy

It is very common that different sectors are regulated by different policies, and

very often some sectors are not regulated at all. E.g., EU ETS covers only 45%

of emissions [17, 50]. Having a palette of policies aiming to reduce emissions

is likely to lead to unefficient emissions reductions. Thus, implementing one

instrument to all sectors might be preferrable. Both the TCQ instrument

and the Lindahl mechanism employing emissions trading are designed to be

implemented economy-wide.

5.2.5 Production Output versus GHG Emissions

The climate change is best limited by decreasing GHG emissions, and thus

the international negotiations aim at agreeing on how much emissions should

be restricted. Thus the most natural choice is to have instruments targeted

at emissions. However, for political or convenience reasons, sometimes the

climate policy is directed to production output. Yet, despite of the relative

easiness of output restricting policies, there are several arguments in favour of

policies restricting emissions directly. Firstly, one must be sure that the out-

put can be associated with the emissions correctly. Secondly, Spulber [61] has
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shown that an output tax results in a nonoptimal entry of firms into the regu-

lated industry and thus fails in terms of social optimality, whereas an emission

tax and tradable emission permits are efficient. Finally, Parag et al. [49] sug-

gest that such policies that draw people’s attention to carbon (e.g. carbon

tax) could increase both the willingness to reduce and the actual reductions

of energy consumption more than a policy restricting output. Therefore, both

the instruments considered in this work set restrictions directly to emissions.
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6. Recall the Objectives

In this dissertation, we have considered two different policy choices for cli-

mate change: personal carbon trading and the Lindahl mechanism employing

emissions trading. In addition to the theoretical contributions, we have nu-

merically tested the two instruments. In the following, the contributions and

main findings of the essays are considered from the point of view of our re-

search objectives. The first four objectives aiming to give answers to Research

Questions 1.1 and 1.2 were addressed in Essay I:

Objective 1a to outline an ideal personal carbon trading instrument

In Essay I we introduced a personal carbon trading instrument called Trad-

able Consumer Quotas (TCQ). This instrument has basically the same idea as

the Rate All Products and Services (RAPS) scheme [62], namely, to include

all goods and services in the system. In our opinion, the TCQ instrument

is ideal, particularly for the four following reasons: 1) it takes into account

consumer–citizens’ three different roles as owners of property rights to nature,

as pollution victims, and as polluters; 2) it allocates emission permits accord-

ing to the equity principle on an equal per capita basis, which is suggested as

being the best allocation in the long run [7], 3) it covers all the GHG emissions

in the economy, and 4) it reduces carbon leakage in international trade. In

our view, the world should aim at this kind of system in the future. There

are still two other underlying principles behind this instrument: it is effective

and efficient. The composition of the TCQ instrument was presented in more

detail in Section 3.1 and in Essay I.

Objective 1b to present the instrument in an input–output economy

After outlining the TCQ instrument, it was theorized in an input–output econ-

omy framework in Essay I. The existence and the effectiveness of the equilib-

rium were also proved. In this framework, emission permits are considered as

a factor needed in the production processes.
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Objective 1c to demonstrate the instrument numerically

The TCQ instrument was numerically tested in a simple economy with

input–output technology. It was assumed that the economy is creating only

two products, namely electricity and a composite commodity representing all

other goods. The two sectors of the economy are divided by the commod-

ity types. The electricity sector has an opportunity to use polluting and/or

nonpolluting technologies. Three production factors are needed: nonpolluting

fuel, polluting fuel and capital. In order to make the example more concrete,

the numerical values were chosen to loosely reflect the Finnish economy.

According to the results of this numerical experiment, the TCQ instrument

reduces the total amount of emissions, and guides consumption into less pollu-

tive product qualities. The production changes seem to follow the consumption

changes: the production of relatively clean commodities increases, while the

production of relatively pollutive products declines.

Objective 1d to consider some practical aspects

A system like TCQ is often treated as impractical. Even though the diffi-

culties are admitted, the brief consideration of the applicability of the TCQ

system showed that no completely new systems are needed to put it into prac-

tice. Consumer–citizens could have a personal account for emission permits,

and could pay the emission permits via a bank card. The GHG emissions rat-

ing of the products could be based on a system similar to the value-added tax

accounting system widely used all over the world. Thus, carbon footprinting

causes administrative needs similar to existing company management infor-

mation systems. There are already existing life cycle assessment protocols,

which are now further improved for carbon footprinting purposes [e.g. 66].

Objectives 2a–2h, considered in Essays II–IV, aimed to answer to Research

Questions 2.1–2.3:

Objective 2a to clarify the concept of Lindahl equilibrium for global
warming

Essay II suggested a clarified concept of Lindahl equilibrium for global warm-

ing in the single period context. This concept was then implemented to corre-

lated emissions in Essay III and to dynamic Lindahl equilibrium in determin-

istic and stochastic contexts in Essay IV. In the Lindahl equilibrium, there

is unanimity on the quantity of emissions, and the sum of compensation pay-

ments is equal to the sum of emissions charges. The Lindahl equilibrium model
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for global warming was presented in more detail in Section 4.1 and in Essays

II–IV.

Objective 2b to consider the implementation by emissions trading

In Essay II we presented a Lindahl mechanism that implements the Lindahl

equilibrium by emissions trading. This idea was further developed from a

proposition introduced in Mäler and Uzawa [39]. In this system, the emission

permits are allocated in proportion to Lindahl prices. Because of this allo-

cation method, the allocation is directly proportional to the marginal utility

loss due to emissions. Thus, the regions with severe marginal impacts get

more permits than the regions with lower marginal impacts. This implemen-

tation by emissions trading was also considered in Essay III for correlated

externalities and in Essay IV for a dynamic case.

Objective 2c to consider the Lindahl equilibrium in a single period
framework

The clarified concept of the Lindahl equilibrium for global warming was

first considered in a single period framework in Essay II. We interpret the

single period model as describing only one period of a dynamic model. One

then tries to optimize the current decisions so that the utility is optimized

over time, given the effects the current decisions have in the future. For

this reason, unlike in previous studies, the utility function was dependent not

only on consumption and emissions, but also on the level of capital stock

investments. Our numerical demonstrations showed that the level of capital

stock investments is also important. The Lindahl equilibrium conditions were

presented and the Pareto optimality of the system was proved. The existence

and computation of the Lindahl equilibrium for this single period case were

also discussed. Section 4.1 introduced the clarified Lindahl equilibrium concept

in a single period form.

Objective 2d to consider cooperative solutions by allowing side-payments
and external payments

In Essay II, the question as to whether a global win-win agreement could

be found by implementing the Lindahl equilibrium was addressed. A game

theoretic approach was used. We used a transferable utility model in a single

period setting and data from the RICE-99 model to consider this problem. In

this consideration, the world was divided into 8 regions by the RICE-99 model.

According to the results, global cooperation within the Lindahl equilibrium
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framework is not in every region’s interest. However, with quite reasonable

external subsidies, a global coalition could be formed.

Objective 2e to consider the correlated emissions problem in the Lindahl
equilibrium framework

Essay III concentrated on the correlated externalities problem, which was

studied in the following framework: One global and one local pollutant were

included. While the global pollutant was fully transboundary (meaning that

it does not matter where the emissions are released — it is only the total level

of emissions that counts), the local pollutant was allowed but not forced to be

transboundary. Both pollutants contributed to climate change. However, the

local pollutant could have either a cooling or a warming effect. In addition to

its contribution to climate change, the local pollutant also had local effects.

The Lindahl equilibrium framework was used as defined in Essay II. The Lin-

dahl equilibrium conditions were presented and the Pareto optimality of the

system was proved. The existence and computation of the Lindahl equilibrium

for the correlated externalities were also discussed.

Objective 2f to extend the concept of Lindahl equilibrium for global
warming to a dynamic framework

A dynamic form of the Lindahl equilibrium framework was developed in

Essay IV. This model is based on the single period model presented in Essay II.

In this case, a financial sector is also needed. In addition, the state of the global

environment at each node is given by a vector, whose components include, e.g.,

the GHG stock in the atmosphere. Thus, the current environmental state is

dependent on the preceding environmental state. For this model, too, the

Lindahl equilibrium conditions as well as the Pareto optimality, existence and

computation were considered. The model was presented in both stochastic

and deterministic forms.

Objective 2g to consider uncertainty within the dynamic Lindahl model
concept

A stochastic Lindahl equilibrium model to consider uncertainties was intro-

duced in Essay IV in a dynamic context (see the previous objective). The

Lindahl equilibrium conditions were presented and the Pareto optimality of

the system was proved. The existence and computation of the Lindahl equi-

librium in this case were also considered.

Objective 2h to demonstrate the models numerically
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All the Lindahl models were demonstrated numerically (Essays II–IV). The

single period, deterministic and stochastic versions of the model were demon-

strated with the data from the RICE-99 model, while a fictitious two-region

case was used to demonstrate the correlated externalities model. The numer-

ical single period Lindahl equilibrium results were very close to those of the

original RICE-99 model.

For the stochastic model demonstration, uncertainty concerning the effects

of climate change was added. Despite this uncertainty, the results did not

change dramatically from the original ones. Thus, the model based on RICE-

99 seems to be rather robust with relation to uncertainties.

The correlated externalities case was demonstrated with different values of

regression coefficient (defining the connection between the regional and the

global emissions). The level at which the regional emissions contributed to

climate change was also varied. These numerical demonstrations showed quite

expected, although sometimes dramatic results.
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7. Implications and Future Research

In this dissertation, we have concentrated on the climate change policy op-

tions that might have potential for future use. We have looked at the problem

from two different sides: personal carbon trading looked at the problem from

the micro side: how could we involve consumer–citizens with carbon trading

while acknowledging their different roles — while the Lindahl equilibrium con-

siderations took a macro-view: how to reach unanimity on emissions levels,

compensations and prices, and how to find possible cooperative solutions for

climate change.

The dissertation would seem to have some important theoretical and polit-

ical implications. We begin with the theoretical implications and after that

continue with the political implications. Finally we suggest some issues for

future research.

7.1 Theoretical Implications

More research on personal carbon trading should be done. In Essay I we concen-

trated on personal carbon trading. As the literature review in Essay I revealed,

there is not much theoretical consideration of this subject. We therefore sug-

gest that personal carbon trading should be more intensively studied in the

future.

Investments should be included in the utility function. Unlike in previous

studies, in our single period Lindahl model in Essay II and, based on this,

also in Essay III, the utility function was dependent not only on consumption

and emissions, but also on the level of capital stock investments. The results

showed that the level of investments was relevant. Thus, we recommend to in-

clude investments in the utility function in single period integrated assessment

models for global warming.

The concept of Lindahl equilibrium for global warming should be standard-
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ized. Essay II aimed to clarify the concept of Lindahl equilibrium for global

warming. Because of the different approaches found in the literature, it would

be beneficial to standardize the concept within the global warming field. We

suggest that a similar concept as that defined in Essay II could be used.

Implementation of Lindahl equilibrium by emissions trading should be con-
sidered. Lindahl equilibrium is often criticized as unrealistic and thus judged

as impracticable. One of the reasons for criticism has been that the Lindahl

prices are not visible in practice. However, in our approach, the Lindahl equi-

librium might be implemented by emissions trading. Thus, in this approach,

the prices are not invisible. Despite this approach, other problems do still

remain, e.g., the model assumes full information, which in practice is difficult

to attain.

The big picture should be kept in mind. In Essay III we considered the

correlated externalities case. Even though this correlation of some of the re-

gional emissions and GHGs is well-known, the common approach is to consider

the problems separately. The correlated emissions problem considered in this

study is only one aspect of the interconnectedness of the climate change prob-

lem with other issues. Another example is the interaction between emissions

reductions and climate-specific technological innovations shortly discussed in

Essay I. It is thus important to look at these interconnections one by one to

get the big picture and keep that in mind.

Stochastic modelling should be used. Essay IV concentrated on the uncer-

tainties within global warming in the dynamic Lindahl equilibrium context.

Although the model based on RICE-99 turned out to be rather robust against

uncertainties, in general we suggest that stochastic modelling should be used

to support decisions concerning current actions against climate change. The

often-used scenario modelling is useful, too, but stochastic modelling reveals

the effects generated by uncertainty itself.

7.2 Political Implications

Personal carbon trading should be implemented in the future. Earlier research

has shown that many consumers would be willing to participate in the battle

against climate change if they were allowed to participate. Various different

kinds of ecolabelling programs1 also indicate that there is a demand for partic-

ipation by consumers. It is important that the consumption choices and their

effects on climate change are made visible to everyone. In addition, consumers
1E.g. EU Ecolabel, http://www.ecolabel.eu.

58



need information about alternative consumption choices. Thus personal car-

bon trading could really help to include consumers in the battle against climate

change. As the TCQ instrument was proved to be an effective and efficient

way to reach emissions reduction targets, it might be considered as a useful

approach for personal carbon trading. We suggest that, in the long run, the

world should aim at a system like TCQ.

Global cooperation should be pursued. All the essays showed, implicitly or

explicitly, that global cooperation is very important within the global warming

problem. Without cooperation, the global climate change cannot be stopped.

Lindahl equilibrium should be considered as a basis for global negotiations.
In the Lindahl equilibrium, regions pay for a public good according to their

marginal willingness to pay. Thus the Lindahl equilibrium solution, even if it

is difficult to attain in the real-world case, might be considered as a basis for

global negotiations.

Potential side-effects should be considered. The distributional impacts of the

TCQ instrument or Lindahl equilibrium, impacts on labour mobility, or po-

tential for black markets are likely to be politically important. These impacts

are also likely to affect the political acceptability of the instruments. Thus,

these themes should be carefully considered before implementing either of the

instruments.

7.3 Future Research

In Essay I, the TCQ instrument was considered in a simple input–output

economy. While being a widely-used economical model, the input–output

model is far too simplistic. It would be interesting, therefore, to model the

instrument in a more complex and more realistic economy.

The data used in Essay I loosely reflect the economy in Finland. A natural

extension of this would be to model other countries, too.

The realism of the data, parameter values, and functional forms were not

the first priority in Essay I. In future more emphasis could be given to getting

realistic values and functional forms.

In this research, no welfare implications of the TCQ instrument were con-

sidered. However, it would be beneficial to compare the TCQ instrument with

other instruments in terms of welfare effects.

The numerical simulations in Essays II and IV utilized the RICE-99 model

as a data source, even though the data are from the 1990’s. Thus the data

used in these simulations is far from being up-to-date. In future work, it would
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be interesting to run the simulations with the latest available data.

In Essays II and IV, the division into regions was similar to that in the RICE-

99 model; that is, the globe was divided into 8 regions. Even though this is

well justified by similarities in economy and climate change vulnerability, a

more detailed division into regions would be interesting for research purposes.

Especially, it would be important that the countries within one region belong

to the same administrative territory. Of course, some regions in the RICE-99

model already fulfil this requirement.

The stochastic considerations in Essay IV are very preliminary: the struc-

ture of the scenario tree is simplistic and only one source of uncertainty was

considered. In future work we could use a more complicated scenario tree

structure and also consider other sources of uncertainty. Moreover, it could

be interesting to consider the effects of including catastrophic outcomes with

small probabilities to the scenario tree.

In Essay II, the cooperative game theoretical analysis for Lindahl equilib-

rium for climate change was made in a single period context. This could be

continued by analyzing the stochastic case within the cooperative game theory

framework.

Essay III analyzed the correlated externalities problem within the Lindahl

equilibrium framework. In the numerical demonstrations of the theoretical

model, fictitious data were used. An important next step is to fit the model

to reality.

In this dissertation, we did not examine, e.g., the distributional impacts of

the TCQ instrument or Lindahl equilibrium, impacts on labour mobility, or

potential for black markets. While these topics are beyond the scope of this

dissertation, they could provide interesting topics for future research.
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Abstract

The growing concern about climate change has led to the emergence of a va-
riety of environmental policy instruments aiming to decrease greenhouse gas
emissions. However, only a few studies have concentrated on personal carbon
trading, despite the many arguments in favour of this form of emissions trad-
ing. Theoretical studies on personal carbon trading seem in particular to be
very rare. The main purpose of this research is to consider a personal carbon
trading instrument, Tradable Consumer Quotas (TCQ), in an input–output
economy. According to the findings of this research, the TCQ instrument re-
duces the total amount of emissions, and guides consumption into less pollu-
tive product qualities. The production changes seem to follow the consumption
changes: the production of relatively clean commodities increases, while the
production of relatively pollutive products declines.

Keywords: climate change, emission permits, environmental policy, equilib-
rium model, equity, greenhouse gas emissions reduction, personal carbon
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1 Introduction

The threat of uncontrollable climate change directs increasing attention to the

importance of both global and local management of the environmental side-

effects. Scientific research has shown that climate change is best controlled

by greenhouse gas (GHG) emissions reduction. The growing concern about

climate change has thus led to the emergence of a variety of market-based

environmental policy instruments aiming to decrease greenhouse gas emissions.

The objective of these instruments is to make economic actors internalize the

environmental side-effects in their decision making, and to control these side-

effects cost-efficiently.

At the moment, there are several active emissions trading programs for dif-

ferent pollutants. These programs typically restrict the emissions of the pro-

ducers, thus being upstream emissions trading systems. One of the earliest

examples is the US SO2 cap-and-trade program directed at the electric power

industry. The program started in 1995. [30]

The US SO2 program has been a very important example for the European

Union Emissions Trading Scheme (EU ETS), which is the largest active green-

house gas emissions trading program. Like the US SO2 program, the EU ETS

is also an upstream cap-and-trade program. The first phase of the EU ETS

was in 2005–2007, and the ongoing third trading period is in 2013–2020. The

EU ETS covers approximately 45% of the greenhouse gas emissions in the EU.

[31, 68]

1.1 Arguments Favouring Personal Carbon Trading

To our knowledge, there are no personal carbon trading systems in use. How-

ever, several arguments favour personal carbon trading.

Firstly, personal carbon trading offers consumer–citizens themselves an op-

portunity to control emissions. Evidence from the US sulphur market [e.g.

39, 49, 52, 53, 81], the growing number of carbon offsetting organizations

[29, 78], and the emergence of green consumers [e.g. 9] show that there is a

real demand for pollution control from consumer–citizens. The Norfolk Is-

land Carbon / Health Evaluation (NICHE) trial in Australia1 and Carbon

Rationing Action Groups [45] have gone even further: they are very close to

be the first trials of (volunteer) personal carbon trading.

Secondly, personal carbon trading includes the residential sector into emis-
1http://www.norfolkislandcarbonhealthevaluation.com/
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sions reductions. Because a substantive part of greenhouse gas emissions is

produced in the residential sector,2 this sector must also be engaged.

Thirdly, personal carbon trading provides the necessary information, feed-

back, goals and rewards that consumer–citizens need to improve their carbon

capability3 and energy efficiency.

As Whitmarsh et al. [98] have concluded based on a survey in the UK, the

carbon capability is still limited. Much wasteful behaviour results from the

lack of knowledge of how much energy is being used for different functions

[23, 60]. Especially, provision of information about indirect energy use could

be beneficial [2]. Research concerning the UK public shows that, even though

awareness and concern about climate change is high, the emissions directly

connected to citizens continue to rise [4]. This is likely to be due to the fact

that most people do not realize what their contribution to the problem is, or

what they could do to reduce emissions. In addition, even though most people

admit that they are contributing to the climate change problem, they do not

believe that they have the responsibility to reduce their own emissions [76].

These findings are likely to hold in other countries as well. At present there is

an asymmetry of intentions and impacts to mitigate climate change [97], which

can partly be explained by incomplete understanding about which actions

are most effective in mitigating climate change [26]. Results from the field

of environmental psychology clearly show that consumers’ energy efficiency

increases with feedback [1]. Feedback has value as a learning tool as well:

without feedback it is impossible to learn effectively [23]. Combining goals

and feedback has proved to be a very efficient way of improving consumers’

energy efficiency [e.g. 60]. Especially a difficult goal with feedback is efficient

[11]. Rewards also encourage energy conservation, but do have rather short-

lived effects [see 1]. Parag et al. [67] studied people’s willingness to change

energy consumption behaviour under energy tax, carbon tax and Personal

Carbon Allowances (PCA, see Section 1.2). Their results suggest that such

policies that draw people’s attention to carbon (carbon tax and PCA in their

case) could increase both the willingness to reduce and the actual reductions

of energy consumption.

Consumer–citizens’ improved carbon capability and energy efficiency have

also indirect effects: they increase demand for low-carbon products, which
2E.g., in 2006 11.67% of EU27 greenhouse gas emissions [32] and 17.44% of US green-
house gas emissions [28] were produced in the residential sector.
3Carbon capability is a concept proposed by Seyfang et al. [82]. They defined the
concept as "the ability to make informed judgements and to take effective decisions
about behaviour so as to manage down the emission of greenhouse gases expressed
as carbon equivalents, through both individual behaviour change and collective action"
[82, p. 15]. Note the analogy between carbon capability and financial capability.
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promotes environmental technological innovations (see Section 3.5).

Fourthly, personal carbon trading offers an opportunity for an equal per

capita allocation of permits. This approach comes from the Contraction and
Convergence proposal [e.g. 96], in which not only a significant contraction of

anthropogenic CO2 emissions is required, but also an equitable per capita

distribution of the carbon budget (convergence). Since the early 1990’s, there

have been several global emissions reduction proposals that follow the idea of

Contraction and Convergence [e.g. 41, 84, 96]. The equity criterion is naturally

ethically founded, but in addition it is likely to bring greater international

cooperation. According to earlier research, greater cooperation in climate

change prevention is likely if the cooperation agreement is perceived to be fair

[e.g. 13, 63]. Equal per capita entitlements are most often mentioned in the

literature as a fair division criterion [e.g. 12, 55], and a gradual convergence

from sovereignty (permit allocation based on the status quo) to egalitarianism

(equal per capita allocation) has been suggested as a solution to the equity

debate [14]. However, personal carbon trading enables any other allocation

option as well, if those options are agreed to lead to better equity.

Finally, personal carbon trading reduces carbon leakage in international

trade. Many studies [e.g. 8, 54, 66, 70, 75, 85, 91] have shown that in a case of

limited participation to binding production-based climate commitments, the

problem of carbon leakage arises, which can harm the effectiveness of these

commitments.4 Unlike production-based instruments, the consumption-based

TCQ instrument with limited participation does not substantially distort in-

ternational competition and thus induce any significant carbon leakage: there

is no strong incentive to transfer production to those countries that do not

restrict emissions because, as a representative of its citizens to the interna-

tional community, it is the country where the commodities are consumed that

is responsible for covering the emissions induced by the production.

Retallack et al. [76] list the following issues as important when aiming for

a public behaviour change: As a first step, one must offer people convenient

and affordable alternatives. In addition, people’s sense of responsibility and

agency should be increased, e.g., by asking people to make public commit-

ments to change and by giving people feedback on attempts to change be-

haviour. Furthermore, the impact of what others are doing is very efficient.

Finally, communication is important in complementing and reinforcing other

interventions. A part of these suggestions could be fulfilled by personal carbon
4However, carbon leakage and competitiveness concerns can be addressed by border
adjustment measures [e.g. 48, 93].
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trading.

In 2008 a pre-feasibility study was conducted on personal carbon trading as

compared to other approaches to reduce individuals’ carbon emissions in the

UK [27]. Personal carbon trading was assessed as a potential policy option

in the future but currently ahead of its time, mainly because of challenges in

its public acceptability and in technology to reduce the costs of the scheme.

However, this opposing conclusion has been questioned by more favouring

studies [e.g. 16, 33, 94].

1.2 Existing Proposals for Personal Carbon Trading

Although Dales [22] already recommended including pollution victims in the

permit market, a surprisingly small number of studies have considered consum-

er–citizen participation in the process of decreasing emissions. The existing

proposals for personal carbon trading are shortly presented in the following

paragraphs. All these proposals have tradable permits and an authority that

sets a greenhouse gas emissions cap for a given period. The schemes differen-

tiate in participation, allocation of permits, and scope. Most of the schemes

reviewed here cover only greenhouse gas emissions from electricity and fuel

consumption and in some cases from aviation, thus excluding other goods and

services. The Personal Carbon Allowances scheme concentrates, however, on

direct emissions only, and leaves indirect emissions to some other system. The

Rate All Products and Services scheme is the only one that covers all emis-

sions. In addition to the following proposals, there is an emerging number

of schemes, e.g., green bonus systems and energy efficiency certificates, that

aim to reduce GHG emissions by involving consumer–citizens in one way or

another [see e.g. 69, 79].

Cap and Dividend Cap and Dividend, formerly known as the Sky Trust,
is an upstream cap-and-trade system, within which emission permits are auc-

tioned to fossil fuel suppliers, who surrender the permits when they sell fuel to

combusters. The revenues from the auction are invested in a trust that pays

dividends to every citizen on an equal per capita basis. [10]

Rate All Products and Services (RAPS) In the RAPS scheme, 100%

of emission permits are allocated to individuals on an equal per capita basis.

Individuals then surrender these permits whenever purchasing something; this

scheme covers all types of consumption. The surrendered permits cover the

direct and indirect emissions that the purchased product or service induces.
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This scheme is possible only when all products and services can be carbon

rated, which at least for the present is administratively too challenging. [90]

Ayres Scheme The Ayres scheme [6, 7] allocates 100% of emission permits

to individuals. However, only fuel and electricity are carbon rated, and all

end-users of these products, i.e., both producers and individuals, surrender

permits to cover their usage. End-user organizations must purchase the needed

emission permits from individuals.

Domestic Tradable Quotas (DTQ) DTQ and its variants are based on

Fleming’s idea in 1996 [35, 36, 37, 38]. Fleming has later renamed his instru-

ment Tradable Energy Quotas (TEQ). This system is intended for domestic

carbon trading only, and involves all individuals and organizations. 40% of the

overall carbon ration is allocated to adults free of charge on an equal per adult

basis, but children do not get any permits5 under this scheme. The remaining

60% of permits are issued by tender to dealers, who sell them to organiza-

tions in a secondary market.6 This scheme includes gas, electricity, coal, oil,

and road fuels. The register or accounts needed to administer the permits

are maintained by a separate specialized entity. All individuals and organiza-

tions have access to the market, and permits are surrendered in proportion to

carbon usage.

In recent years, the feasibility and appropriateness of DTQ have been studied

by the Tyndall Centre. They have included aviation in the scheme [77]. One

variant of the DTQ scheme is to recycle revenues from the tender on a lump

sum basis [90]. A recent study by Niemeier et al. [65] extends the DTQ scheme

by proposing a household GHG cap-and-trade (HHCT) system aimed

at emissions reductions in the residential sector of California.

Personal Carbon Allowances (PCA) The PCA scheme was introduced

by Hillman and Fawcett [44]. It covers only personal direct emissions from en-

ergy and public transport, and thus needs another system to become economy-

wide. Emission permits are allocated on an equal per capita basis for adults,

but children get smaller rations. Individuals surrender rights covering emis-

sions from energy and public transport. This scheme is considered as an inter-

mediate stopping point on the road to RAPS ([88]: Mayer Hillman, personal

communication, 27 November 2006).

5In the TEQ instrument, emission permits are called carbon units [35, 36, 37, 38].
6The ratio of permits allocated to adults and issued by tender to dealers might vary
depending on the energy demand of the residential and organizational sectors. Orig-
inally the ratio 45%:55% was suggested. [36]
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Cap and Share The Cap and Share scheme has been proposed in Ireland

by the Foundation for the Economics of Sustainability, Feasta, in 2005.7 In

this scheme, 100% of emission permits are allocated downstream to individ-

uals, who then sell permits upstream to energy suppliers. Energy suppliers

surrender permits when they sell fossil fuel to combustors: thus Cap and Share

enforces the cap at the upstream end. [18, 51]

Carbon Tax and Equal per Capita Recycling Carbon tax and equal

per capita recycling can be regarded as a theoretical equivalent of the Cap

and Dividend proposal under certain theoretical assumptions and for a given

emissions reduction. In this system the emissions are capped indirectly by a

tax, and the revenue raised from the tax is redistributed to the citizens on an

equal per capita basis. [90]

Tradable Transport Carbon Permits This system was originally sug-

gested in France [74] but has also been applied to the UK [43]. The system

caps private road transport emissions by allocating fully tradable allowances

to individuals or vehicle owners for free, but not necessarily on equal per capita

basis.

1.3 Theoretical Perspectives of Consumer–Citizens’ Participation

Only a few recent articles have examined consumer–citizen participation from

a theoretical point of view. Sansing and Strauss [80] study the interactions

between tax policies and the use of tradable SO2 emissions allowances. They

show that, if the market for allowances is characterized by oligopolistic be-

haviour, donating a portion of the permits to a nonprofit group that retires

them is a profit maximizing strategy. This is partly because retiring the do-

nated permits raises the value of the remaining permits. However, they remark

that, if the initial allocation of permits was socially optimal, the donations will

cause the emissions abatement costs to be inefficiently high.

Boyd III and Conley [15] study a permit market in which firms pay a single

price for the right to pollute, but consumer–citizens face personalized prices

as they purchase permits for retirement. They show that this permit market

system is efficient. Shrestha [83] contributes to the prices versus quantities

debate started by Weitzman [95] by allowing consumer–citizens to participate

in a permit market. Shrestha studies a permit market in which permits are

sold at a single price whether the permit is to be used or retired, but assumes
7The name Cap and Share was introduced in 2006.
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that all consumer–citizens are perfectly able to act jointly to retire permits.

In this context, the consequences due to the regulator’s assessment errors

when determining the overall pollution quota can be limited by revealing the

preferences of pollution victims by allowing consumer–citizens to purchase

permits and retire them until the optimal solution is realized.

Smith and Yates [86] analyze emission permit markets in which consumer–

citizens and firms purchase permits at a single market price, but some citizens

free-ride. They show that, in a dynamic context, the regulator allocates a

higher number of permits in the beginning than in a static context to increase

the probability of consumer–citizen participation. This participation reveals

information about the preferences, and thus enables the regulator to increase

welfare in the second period by selecting a cap that is closer to the optimal

pollution level.

Smith and Yates [87] study an emission permit market in which both firms

and consumer–citizens are allowed to purchase permits at a single market

price. They show that if consumer–citizens actually participate in the market,

then, because of free-riding, the equilibrium is not efficient. Thus the market

equilibrium is efficient only if the initial endowment of permits is efficient and

consumer–citizens are thereby priced out of the market.

Malueg and Yates [59] model consumer–citizen participation in permit mar-

kets by analyzing the trade-off between lobbying efforts and permit purchases

in a two-stage model with lobbying and market stages. Under the assumption

that permits are auctioned, they show that consumer–citizens will not pur-

chase permits but will rather expend resources to influence the endowment

of permits. However, the lobbying equilibrium is affected by the fact that

consumer–citizens are allowed to purchase permits.

Ahlheim and Schneider [3] present an emissions trading system where all

emission permits are initially allocated free of charge to households. The

households are then able to trade the permits on the permit market or to retire

some of them to reduce total pollution. This system seems to be equivalent to

the Cap and Share proposal discussed in Section 1.2. Ahlheim and Schneider

argue that households may have an incentive to retire some permits both

because of the pure public good effect and also because of the warm glow effect.

The public good effect refers to the fact that permit retirements decrease the

total level of emissions and thus have a positive effect on environmental quality.

Furthermore, the warm glow effect refers to the concept of the warm glow of

giving. The idea behind the latter effect is that an individual derives utility

from the mere act of giving [e.g. 5].
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1.4 This Study

Many arguments favour personal carbon trading (see Section 1.1). As the

above review of earlier research shows, only a few studies have concentrated

on this form of emissions trading. In particular, theoretical studies on personal

carbon trading seem to be very rare. The main purpose of this article is to

consider a personal carbon trading instrument, Tradable Consumer Quotas

(TCQ), in a theoretical framework with the help of the input–output modelling

approach.

Basically three different mechanisms for consumer–citizen participation in

emissions trading can be defined: Firstly, the emission permits might be allo-

cated to consumer–citizens partly or entirely. Such an allocation acknowledges

consumer–citizens’ property rights to nature. Secondly, consumer–citizens

might be allowed to buy and sell emission permits, even if these are allo-

cated to the producers. This form of participation views consumer–citizens as

pollution victims, and the objective is to give these victims the right to tighten

emission restrictions if they wish to do so. Finally, consumer–citizens might be

regarded as polluters. In this approach, consumer–citizens are responsible for

the emissions their consumption induces, and they have to cover these emis-

sions by emission permits. Many of the existing proposals for personal carbon

trading use all three mechanisms (Section 1.2). However, nearly all theoretical

studies have concentrated on the second mechanism (Section 1.3). The TCQ

instrument theoretically studied in this paper uses all three mechanisms.

The idea behind the TCQ instrument is the same as in the RAPS scheme

(see Section 1.2), but the name TCQ is introduced to emphasize the central

role of consumer–citizens. As mentioned earlier, it has been estimated that a

downstream scheme like TCQ is currently infeasible [90] because of its high

administrative costs. However, in the long run, such barriers are surmount-

able. E.g., carbon labelling is becoming more common [e.g. 20], so we have

already taken steps to a status where all products and services can be carbon

rated. There are already existing life cycle assessment protocols, which are

now further improved for carbon footprinting purposes [e.g. 92] We view the

TCQ instrument as ideal, mainly for the four following reasons: 1) it takes into

account consumer–citizens’ three different roles as owners of property rights to

nature, as pollution victims, and as polluters; 2) it allocates emission permits

on an equal per capita basis, which is suggested as being the best allocation in

the long run [14], 3) it covers all the greenhouse gas emissions in the economy,8

8Often, e.g., residential sector or international transportation is omitted. However,
also other instruments can be designed to cover all the GHG emissions in the economy.
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and 4) it reduces carbon leakage in international trade. In our opinion, the

world should aim for this kind of system in the future, and thus this scheme

deserves to be considered.

The rest of this paper is organized as follows: First, the TCQ instrument

is conceptually outlined. Second, the instrument is considered and is numeri-

cally demonstrated in the framework of input–output technology. Finally, the

findings are summarized and the conclusions are discussed.

2 Tradable Consumer Quotas

In this section the TCQ instrument is introduced. At the beginning, the

underlying principles of the instrument are discussed. This is then followed

by a presentation of the composition of the TCQ instrument and a short

discussion of the TCQ instrument with international trade.

2.1 Underlying Principles

As already mentioned, the TCQ instrument uses all the three mechanisms de-

scribed in Section 1.4 for consumer–citizen participation in emissions trading.

By doing this, the following three principles are revealed: the TCQ instrument

acknowledges consumer–citizens’ property rights to nature, regards consumer–

citizens as pollution victims, and conforms to the "polluter pays" principle by

interpreting consumer–citizens as polluters.

According to the first of these principles, the TCQ instrument grants prop-

erty rights to nature to consumer–citizens, for whom the environment is ac-

tually protected. This principle is implemented in the TCQ instrument by

allocating all the emission permits to consumer–citizens.

Coase [19] underlined the importance of the proper definition of the prop-

erty rights. The ownership of environmental goods tends to be undefined by

origin. This leads to a situation where producers implicitly have the property

rights as they can pollute without restrictions. However, eventually the vic-

tims of pollution will claim their right to clean environment. By regulation,

the property rights are shifted towards victims — under idealized conditions

to the point where equilibrium is reached. In the equilibrium, the marginal

abatement costs and marginal benefits of emissions reductions are equalized.

The Coase theorem states that, under these idealized conditions,9 the initial
9It is assumed, e.g., that everyone has perfect information and there are no transaction
costs.
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allocation of property rights does not matter in terms of efficiency, because

bargaining will lead to an efficient outcome. If these idealized conditions do

not hold, the initial allocation matters. [72]

However, in either case, the initial allocation of property rights defines

whether it is the "victim pays" principle or the "polluter pays" principle (in its

traditional form, where producers are seen as polluters) that applies. If the

property rights are fully allocated to the polluters, then victims are paying to

get a cleaner environment, and if the property rights are fully allocated to the

victims, then polluters are paying to be able to produce polluting products.

[72] Thus, the initial allocation evidently has distributional effects, which how-

ever are beyond the scope of this study. In the TCQ instrument, the property

rights are allocated to the consumer–citizens to the extent of the emissions

quota defined by regulator. However, unlike in the traditional systems, the

consumer–citizens are considered as polluters.

There is actually a combination of public and private (i.e. consumer–citizens’)

property rights. The public property rights empower the regulator to set the

overall emissions quota. Because of this combination of public and private

property rights, the emissions reductions are more efficient under this type of

regulation than under command-and-control regulation. [21]

The second principle, the consumer–citizen’s role as a pollution victim, is

recognized by allowing consumer–citizens to buy and sell emission permits

and hence to control the total amount of emissions. Consumer–citizens have

thus two options to reduce total emissions: they may retire emission permits

from the market 1) by not selling part of their permits, and 2) by buying

permits from the market. According to the third principle, the polluter pays

the damages the pollution induces. This principle is followed in the TCQ

instrument in a very strict manner. Without consumption there would be no

production and thus no emissions; for this reason, the TCQ instrument focuses

on consumption and makes consumer–citizens responsible for the emissions

created in the production–consumption process.

Many of the existing proposals for personal carbon trading at least partly

implement these principles, while theoretical studies on consumer–citizen par-

ticipation usually implement the second principle, and in addition the "polluter

pays" principle is adopted in the traditional way, by regarding the producers

as polluters.

In addition to these principles defining the consumer–citizen’s role, the TCQ

instrument has three further underlying principles: equity, effectiveness, and

efficiency. These principles are established as appropriate criteria for assessing
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environmental policy instruments [42]. Equity is implemented in the TCQ

instrument by giving every consumer–citizen an equal right to pollute. In

practice, an equal number of emission permits is allocated to every consumer–

citizen. However, even this kind of instrument is not wholly equitable, because

people have different kinds of possibilities, e.g., to use less carbon-intensive

energy forms [e.g. 89]. On the other hand, the TCQ instrument enables other

allocation options as well, if those are agreed to lead to better equity.

The last two principles, effectiveness and efficiency, can be regarded as mea-

sures of policy instrument goodness. Thus all instruments usually aim to

fulfil these principles. Effectiveness refers to the extent to which the instru-

ment achieves the agreed emissions reduction target. In the TCQ instrument,

effectiveness is assured by equalizing the allocated number of emission per-

mits to the emissions quota. The other criterion, efficiency, is the measure

of the monetary or other cost at which the emissions reduction is achieved.

The TCQ instrument aims to be utility-efficient. This means that emissions

permits trading will continue until the marginal disutilities of the emissions re-

ductions are equal among all consumer–citizens. It should be noted, however,

that utility-efficiency may differ from monetary cost-efficiency. For example,

in the case where consumer–citizens consider environmental friendliness to be

an important aspect of their consumption decisions, the marginal costs of the

emissions reductions might not be equalized among all consumer–citizens, even

if the marginal disutilities are. The earlier research suggests that in praxis, the

effectiveness and efficiency of the personal carbon trading might be deterio-

rated because of the strong likelihood of safety valves and high administrative

costs [57].

2.2 Composition

There is basically only one type of actor involved in the TCQ instrument:

consumer–citizens (see Figure 1). In addition, the TCQ instrument needs

a regulator for overall monitoring of the system. The regulator has various

different duties as follows:

• allocation of emission permits to consumer–citizens;

• maintenance of a permit register system;

• monitoring of emissions;

• cancellation of permits after usage;
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• implementation of sanctions for violation of the system rules; and

• monitoring the overall functioning of the system.

The permit market is open not only to consumer–citizens but to any party.

For example, certain environmental nonprofit organizations might be willing

to invest in permits in order to make retirements from the market and thus to

cut down on the total quantity of emissions in the economy.

In the TCQ instrument composition, emissions are controlled by tradable

emission permits. Assuming equal rights to consume the environment, the reg-

ulator determines every consumer–citizen’s emissions quota simply by dividing

the overall target quantity of emissions by the number of consumer–citizens.

In practice, every consumer–citizen has a personal account for emission per-

mits, and the regulator just makes a deposit to the emission permits account,

free of charge. Thus, the regulator is able to keep emissions under control,

using a simple but nevertheless efficient mechanism.

Consumer–citizens spend emission permits every time they purchase some-

thing that during its production or usage emits greenhouse gases. The spent

permits are surrendered to the regulator. Thus, consumer–citizens face two

types of prices for each commodity: the normal monetary price and the price

of emissions in units of emission permits.10 This is explicitly shown in a case

of an input–output economy in Section 3.

The price of emissions could be paid with a bank card, which in this case

charges the emission permits account. This permit charging bank card could

be combined with the normal money charging bank card. Combined or not, the

payment event would not differ much from the current situation, even if then

two different prices were charged. Every consumer–citizen could administer

his or her emission permits account, e.g., via a netbank.

As already mentioned (Section 2.1), consumer–citizens are able to sell to, and

purchase permits from the permit market. It is also possible to retire permits

by not using or selling them and thus to cut down on the total quantity of

emissions in the community. Banking of permits can be allowed for future

needs.

Under the TCQ instrument, a complete greenhouse gas emissions rating of

all products is needed. This carbon footprinting information is essential to

get the system running. Product-related emissions have three components:

1) emissions from factors needed in production, 2) emissions from commodi-

ties used as input, and 3) emissions from the production process itself. All
10One permit is usually defined as 1 tCO2e, where CO2e refers to carbon dioxide
equivalent.
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producers should keep themselves aware of the emissions and publicize them

in connection with the sale of their products. The producers’ product-specific

emissions bookkeeping, i.e., how producers are able to register the emissions

related to their products correctly, is technically somewhat challenging. Pro-

ducers need to register all the greenhouse gas emissions related to every item

they buy or sell. After an agreed period, e.g., once a year, producers report

all these registered emissions to the regulator. The difference between the

emissions from selling and those from buying indicates the greenhouse gas

emissions’ value added in any given producer’s processes. During the ongo-

ing reporting period, producers could use the product-specific emissions rates

from the previous reporting period as the official emissions rates of their prod-

ucts. It would be worthwhile to keep the reporting period the same as the

normal accounting period: no extra work would then be needed to change the

bookkeeping from a cash basis to an accrual basis. In that case, e.g., inventory

changes would be easy to take into account.

The emissions related to fixed costs and overhead costs should be entered

into the emissions bookkeeping as well. These emissions can be thought of as

being implicitly included in the product emissions presented above.

Let us compare the TCQ instrument with the value-added tax (VAT) ac-

counting system from the bookkeeping and reporting points of view. Similar-

ities can be found: Firstly, in both systems, something related to each buying

and selling event must be registered. Secondly, after an agreed period, the

producers need to report these registered numbers to the regulator. Finally,

the difference between the registered numbers related to selling and buying is

proportionate to some kind of value added. To sum up, emissions bookkeeping

and reporting could be implemented in a similar way to that of value-added

tax bookkeeping and reporting, but in this case the "tax" is product-specific.

Because the value-added tax system is already widely used, it can be con-

sidered that the TCQ instrument is, in this respect, feasible, and no novel

systems are needed. Thus, carbon footprinting causes administrative needs

similar to existing company management information systems. There are al-

ready existing life cycle assessment protocols, which are now further improved

for carbon footprinting purposes [e.g. 92].

2.3 TCQ with International Trade

In an ideal case, all countries would implement the TCQ instrument and thus

the permit market could be formed at a global level. The resulting huge num-
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Figure 1. The composition of the TCQ instrument. The arrows illustrate emission permit
flows in the system, as follows: 1) All the permits are allocated to consumer–
citizens equally, that is, an equal number of permits is allocated to every
consumer–citizen. 2) Consumer–citizens are able to sell permits to the permit
market and buy them from the market. 3) Other actors might buy from, and sell
permits to the market. 4) Consumer–citizens surrender permits to the regulator
as needed to cover their consumption.

ber of actors on the global permit market would assure the liquidity of the

market and a globally efficient level of permit price. This worldwide implemen-

tation of the TCQ instrument would naturally be the most preferable situation

from the instrument’s point of view. In addition, from a global perspective, it

is important that all countries participate in the battle against climate change.

In the case in which all countries have common rules in this battle, in other

words all countries apply the same environmental policy instrument in a sim-

ilar manner, the free-rider problem does not exist. However, it is inevitable

that progress towards the global TCQ instrument would take time. TCQ is

nevertheless applicable to a smaller group of countries, or in an extreme case,

to one country only.

If the TCQ instrument is not globally implemented, there is a certain extra

challenge concerning imported and exported commodities. The flow of GHG

emissions through international trade is substantial. E.g., Peters et al. [71]

have shown that in 2008 26% of CO2 emissions was embodied in international

trade, and the flow of CO2 emissions has been increasing in average by 4.3%

per year over the period 1990–2008. However, because the TCQ instrument is

consumption-based,11 it does not substantially distort international competi-

tion and thus induce any significant carbon leakage: there is no strong incen-
11Many studies [e.g. 8, 54, 66, 70, 75, 85, 91] have shown that in a case of limited par-
ticipation to binding production-based climate commitments, the problem of carbon
leakage arises, which can harm the effectiveness of these commitments.
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tive to transfer production to those countries that do not restrict emissions12

because, as a representative of its citizens to the international community,

it is the country where the commodities are consumed that is responsible for

covering the emissions induced by the production. Let us now consider import

and export within the TCQ instrument. There are three different cases:

1. Both the countries doing business with each other implement the TCQ
instrument, and they use a joint emission permit market13 or separate
markets. In this case there is no need for any kind of extra measures:

the producers are obligated to track all the greenhouse gas emissions

induced by the commodities they produce.

2. Only the exporting country implements the TCQ instrument. In this

case the emissions from the production of exported commodities are not

restricted in either of the two countries.

3. Only the importing country implements the TCQ instrument. In such a

case there might not be a sufficient monitoring system for greenhouse

gas emissions in the exporting country. Thus, if no monitoring data are

available, the regulator estimates the emissions induced by the produc-

tion processes of the imported commodities.

As a consequence, from consumer–citizens’ point of view, there is no differ-

ence between domestic and imported commodities, but the commodity price

is always divided into two components: the normal monetary value and the

price of emissions in units of emission permits.

The TCQ instrument does not need any supplementary mechanisms to gov-

ern the greenhouse gas emissions in an economy. However, probably with some

loss of efficiency, it can also be used as a part of other mechanisms.

3 Equilibrium Model with TCQ

In this section we consider the TCQ instrument in an economy with an input–

output technology. If a convex production set is assumed, input–output tech-

nology is sufficient for considering any technology in the set. Convex combi-

nations of known technologies might be used.

We begin by adopting Intriligator’s [46] presentation of an input–output

12On the contrary, there is an incentive to transfer consumption to those countries
that do not restrict emissions. However, we expect that this incentive is not strong
enough to induce significant carbon leakage.
13Other countries can use the same market as well.
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economy.14 Thereafter, the treatment of emissions is introduced and the prop-

erties of the TCQ instrument are analyzed. Next, a numerical illustration of

the TCQ instrument is provided. Finally, incentives for technological inno-

vations, voluntary burden sharing and free-riding in the TCQ instrument are

considered.

3.1 Input–Output Economy

Consider an economy that produces J commodities using I primary factor

inputs. The total economy output of the commodity j is xj , j = 1, 2, . . . , J ,

and the total economy input of the primary factor i is ri, i = 1, 2, . . . , I. Let

aĵj ≥ 0 and bij ≥ 0 be the coefficients of production, that is the amounts of

commodity ĵ and primary factor i, respectively, required to produce one unit

of commodity j. It is assumed that at least one bij > 0, in other words, at

least one primary factor is needed in the production of each commodity.

Define the nonnegative column vector of outputs x = (xj) ≥ 0, the J × J

matrix of coefficients of production A = (aĵj) ≥ 0, and the nonnegative

column vector of final demands c = (cj) ≥ 0. Balancing demand and supply,

the output of any commodity is used either as input for the production of final

commodities or for final consumption. The balance relation is written as the

Leontief equation

x = Ax + c. (1)

Let I denote the J × J identity matrix and assume (I − A) is nonsingular.

Then the output x from Equation (1) becomes

x = (I − A)−1 c. (2)

We note that a change of Δc in final demand requires a change of Δx =

(I − A)−1 Δc in the total output.

Let us next consider the primary factors. We begin by defining B = (bij) ≥
0, the I × J matrix of coefficients of production for the factors, and r = (ri),

the column vector of available primary factors. Given the overall outputs x,

the economy-wide demand for factors is Bx. The demand for factors cannot
14Environmental extended input–output analysis [e.g. 56, 58] is the most conventional
way of treating the environmental externalities in an input–output framework. How-
ever, this approach is most suitable for cases where there are some activities that try
to reduce the externalities. In our model, no such activities are included. For this
reason, we found the basic input–output economy the most suitable starting point
for our model. It was also straightforward to include personal carbon trading to the
basic model. To our knowledge, personal carbon trading has not been included into
an input–output economy before.
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exceed the supply of those factors. Thus we require

Bx ≤ r. (3)

It is assumed that all commodities and factors have positive prices and that

profit maximization is pursued in the production of all commodities. Com-

modity and factor prices in the economy are given by the row vectors p = (pj)

and w = (wi), respectively.

Furthermore, it is assumed that the economy is competitive and hence all

actors are price takers. In a competitive equilibrium, profits are nonpositive.

Thus, the marginal cost of producing any commodity j must be greater than

or equal to the commodity price pj . Hence, we have pA + wB ≥ p. Collecting

terms yields

p (I − A) ≤ wB. (4)

3.2 Input–Output Economy with TCQ

In such a case in which the TCQ instrument is applied, emission permits are

considered as a factor needed in the production processes. Let w0 represent

the price of emission permits, r0 the supply, and ex
j the number of permits

needed for producing one unit of commodity j, that is, the specific emissions

of the commodity j.

The TCQ instrument gives a market value to the emissions induced by con-

sumption. Consumer–citizens face two commodity price components, the mon-

etary price and the emissions price in units of emission permits, separately, but

for computational reasons these two components are combined and measured

in monetary market value in this study. This combined commodity price is

from now on called the effective price:

pj = p̂j + w0ex
j , j = 1, 2, . . . , J, (5)

where p̂j is the commodity price without emissions and w0ex
j is the price

of emissions. Note that if the emission permit price w0 = 0, the effective

price is reduced to the commodity price without emissions, and thus the TCQ

instrument has no effect on the economy.

In the economy, there are G consumer–citizens, who own the factors. These

factors yield an income when sold on factor markets at given prices. Under

the TCQ instrument, it is possible to sell emission permits as well.

18



Let rg = (rg
i ) denote the vector of factor supply and cg = (cg

j ) the vector of

consumption by consumer–citizen g. Let Rg = (Rg
i ) denote the ultimate limit

for factor supply by g. Hence, we have

rg ≤ Rg. (6)

Market clearing constraints require that the demand and supply of any com-

modity or factor are equalized. Equilibrium on the commodity and factor

markets yields the following equations:

c =
G∑

g=1
cg (7)

and

r =
G∑

g=1
rg. (8)

The permit market must be cleared as well: thus the demand for permits

must equal the supply of permits. The total number of permits is subdivided

into two components: permits needed to cover the emissions from consumption

and permits for retirements. For consumer–citizen g these components are

excg and lg, where ex = (ex
j ) defines the specific emissions of the commodities

and lg is the quantity of emission permit retirements by consumer–citizen g.

Let the allocated number of emission permits for consumer–citizen g be

Qg. Summing over all consumer–citizens yields the permit market clearing

condition:

Q =
G∑

g=1
Qg = ex

G∑
g=1

cg +
G∑

g=1
lg = exc + l, (9)

where Q is the total amount of allowed emissions and l =
∑G

g=1 lg is the total

quantity of emission permit retirements. Thus the supply of emission permits

r0 = Q − l.

In an economy with an input–output technology, the total emissions of pro-

ducing commodities arise from input factors and input commodities, as well

as process emissions. Thus, to define the specific emissions ex
j of the commodi-

ties j, all these three terms must be considered. We know that the amount of

input commodities used in production is Ax and the amount of input factors

is Bx. Let er = (er
1 er

2 · · · er
I) ≥ 0 be the vector of specific emissions of factors

and ê = (ê1 ê2 · · · êJ) ≥ 0 the vector of process emissions of commodities.

Accordingly, the total specific emissions related to the production of the com-

modities are ex = erB + exA + ê. Let the row vector b0 = (b0j) denote both
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process emissions and emissions from input factors for commodities, i.e.,

b0 = erB + ê. (10)

Then we have ex = exA + b0. Assuming (I − A) is nonsingular and solving

for the specific emissions of the commodities yields

ex = b0(I − A)−1. (11)

To conclude, the specific emissions of the commodities are composed of emis-

sions from direct input factors, indirect input factors needed for input com-

modities, and direct process emissions.

Substituting Equation (11) into the permit market clearing condition (9)

yields15 Q = b0(I − A)−1c + l. Further, substituting Equation (2) into this

equation yields

Q = b0x + l. (12)

This form of the permit market clearing condition shows that emissions from

the factors used in production plus process emissions must equal the allowed

amount of emissions minus permit retirements.

Let us continue by considering the emission permit demand dg
0 = excg

induced by consumer–citizen g’s consumption. Employing (11), we obtain

dg
0 = b0(I − A)−1cg. From the Leontief equation (1) applied to the consumer–

citizen level we get (I − A)−1cg = xg, where xg is the production induced by

consumer–citizen g’s demand cg. Consequently, the emission permit demand

for consumption is

dg
0 = b0xg, g = 1, 2, . . . , G. (13)

This form clarifies the connection between emission permits and consumption:

every consumer needs to cover emissions induced by his or her demand for

commodities, that is, emissions induced by production xg needed to fulfil

consumption cg.

3.3 Equilibrium and Effectiveness

It is assumed that the economy is competitive and hence all actors are price

takers. The producers of the commodities are profit maximizers and consumer–

citizens are utility maximizers. Consumer–citizen g’s utility function is Ug =
15The first term on the right of this relation is similar to the definition of consumption-
based emissions in an input–output framework, which is often used in consumption-
based accounting of GHG emissions [e.g. 25, 70].
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Ug(cg, rg, lg), where cg ≥ 0 is the vector of consumption, rg ≤ Rg = (Rg
i )

is the vector of factor supply, and lg ≥ 0 is the quantity of emission permit

retirements by consumer–citizen g.

Given the market price vector p for commodities, w for primary factors, and

price w0 for emission permits,16 consumer–citizen g faces a budget constraint

pcg = wrg + w0(Qg − lg).17 Hence, the problem of consumer–citizen g is to

choose cg ≥ 0, rg ≤ Rg, and lg ≥ 0 to

max
cg , rg , lg

{ Ug(cg, rg, lg) | pcg = wrg + w0(Qg − lg) }. (14)

It is assumed that consumer–citizens might value the environmental friendli-

ness of the commodities as one attribute of the commodity. This possibility is

implicitly included in the general functional form of utility, as two commodi-

ties that would normally be treated as perfect substitutes but vary in their

emissions load are now considered separately. Consumer–citizen g’s demand

and supply functions cg, rg, and lg are obtained from the optimality condi-

tions of the utility maximization problem (14). The total demand and supply

functions are obtained by aggregating these individual demand and supply

functions.

Producers of commodities aim to maximize their profits by choosing x ≥ 0:

max
x

p (I − A) x − wBx − w0b0x (15)

Note that p is the effective price including the price of emissions w0ex, which

is not actually paid to the producer. This yields to an extra income term

w0ex(I − A) x. However, the extra income is cancelled out by the last term

−w0b0x, which by Equation (11) can be written in the form −w0ex(I − A) x.

The optimality conditions are nonnegative production levels x ≥ 0, nonposi-

tive marginal profits

p (I − A) − wB − w0b0 ≤ 0, (16)

16Note that we assume that both the consumer–citizens and the producers are price
takers, i.e., we assume perfect competition in all markets.
17Emissions trading is implicitly included in the budget constraint: If (Qg − lg) > dg

0,
i.e., if the allocated number of emission permits after emission permit retirements is
greater than the personal emission permit demand for consumption, then the excess
permits are sold to the permit market. On the other hand, if (Qg − lg) < dg

0, i.e., the
allocated number of emission permits does not cover the permit demand for retire-
ments and consumption, then extra permits are bought from the market to cover the
personal permit demand.
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and the complementarity condition

p (I − A) x − wBx − w0b0x = 0. (17)

A competitive equilibrium prevails with market prices p for commodities,

w for primary factors, and w0 for emission permits if the consumer–citizen’s

optimal choices cg, rg, and lg, and the producer’s optimal production levels x

satisfy the following balance equations for commodities, primary factors, and

emission permits:
G∑

g=1
cg − (I − A) x = 0, (18)

Bx −
G∑

g=1
rg = 0, (19)

b0x +
G∑

g=1
lg = Q. (20)

The following lemma concerns the existence of an equilibrium with strictly

positive prices. The proof is in Appendix A.

Lemma 1 Suppose that the input matrix A is nonnegative with (I − A) non-
singular and the columns of the primary input matrix B ≥ 0 are nonzero.
For all g, assume that the utility function Ug = Ug(cg, rg, lg) is separable and
twice continuously differentiable at cg > 0, rg < Rg, and lg > 0 and strictly
concave in cg, rg, and lg, increasing in cg and lg, and decreasing in rg, such
that Ug → −∞ as cg

j → 0, for some j, and lg → 0 or rg
i → Rg

i , for some i.
Suppose that an interior point solution x > 0, cg > 0, rg < Rg, and lg > 0, for
all g, exists for (18)–(20). Then a competitive equilibrium exists with strictly
positive prices and the equilibrium is Pareto efficient.

As was stated in Section 2.1, a policy instrument is effective if it achieves the

agreed emissions target. To show the effectiveness of the TCQ instrument in

an input–output technology framework, let us turn back to the permit market

clearing condition Q = (erB + ê)x + l (by Equations (10) and (12)). Because

the sum of emission permit retirements is l ≥ 0, the total amount of emissions

is (erB + ê)x = Q − l ≤ Q. Thus, the emissions target is definitely achieved,

and in the case that l > 0, the target is even tightened by consumer–citizens.
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3.4 Numerical Illustration

Let us next consider the TCQ instrument in a simple economy with an input–

output technology. Assume that the economy is producing only two products.

One of the products is electricity and the other is a composite commodity

representing all nonelectricity goods. Accordingly, there are two sectors in

the economy: an electricity sector and a composite commodity sector. The

electricity sector uses two different technologies in production. These two

technologies differ in their emissions intensity and are therefore called polluting

and nonpolluting technologies.

We assume that in the production processes, three factors are needed: non-

polluting fuel, polluting fuel and capital, which is a composite factor repre-

senting all nonfuel factors. The nonpolluting fuel has zero specific emissions.

In the case in which the TCQ instrument is in action, emission permits are

considered as an additional factor needed in the production processes.

In this simple example we assume that there is only one consumer–citizen

representing an aggregate supply of factors and aggregate demand for com-

modities. Therefore, the consumer–citizen superscript g is suppressed. In

addition, there is only one firm that represents the aggregate supply of com-

modities and aggregate demand for factors.

In this case the vector x = (xj) defining production has three components:

x1 is the nonpolluting electricity output, x2 is the polluting electricity out-

put, and x3 is the composite commodity output. Thus, the consumption of

electricity may consist of both electricity types or only one type. For simplic-

ity, in this example it is assumed that the consumer–citizen does not value

the environmental friendliness of his or her consumption. Consequently, he or

she makes the choice between two commodities that differ only in their envi-

ronmental friendliness according to the total market value or effective price.

Thus in this case, it is only the total electricity consumption level that mat-

ters. Accordingly, the consumption vector is c = (ck), where c1 is the total

electricity consumption and c2 is the composite commodity consumption. The

corresponding commodity price vector is p = (pk). Note that in this example,

the effective equilibrium prices of both electricity types must be the same if

both electricity types are used.

The vector of the total amount of factor supply is r = (ri), where r1 refers to

nonpolluting fuel, r2 to polluting fuel, and r3 to capital, which is considered as

a composite factor representing all nonfuel factors. Let r0 denote the supply of

emission permits as before. The corresponding factor price vector is w = (wi).
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In this example, the specific emissions er
i = 0 for i �= 2 because only factor

2 is polluting. As a numerical value, we use er
2 = 0.34 MtCO2/TWh. For

simplicity, it is assumed that there is no process emissions, that is ê = 0.

Thus, the elements of the row vector b0 = (b0j) reduce to the form b0j =∑3
i=1 er

i bij + êj = er
2b2j . The matrix of commodity inputs A = (aĵj) and the

matrix of primary factor inputs B = (bij) are both 3 × 3 matrices.

In order to make this example more concrete, the numerical values are chosen

to loosely reflect the Finnish economy.18 The original data were collected from

different statistical sources,19 but rough generalization and integration of the

data was carried out to prepare them for modelling purposes. In the following,

the numerical values of the vectors and matrices defined above are introduced.

The matrices of commodity inputs and primary factor inputs are

A =

⎡
⎢⎢⎢⎢⎢⎢⎣

0.04 TWh
TWh 0 TWh

TWh 0.172 TWh
Ge

0 TWh
TWh 0.066 TWh

TWh 0.238 TWh
Ge

0.020 Ge
TWh 0.020 Ge

TWh 0.584 Ge
Ge

⎤
⎥⎥⎥⎥⎥⎥⎦

, (21)

B =

⎡
⎢⎢⎢⎢⎢⎢⎣

3.246 TWh
TWh 0 TWh

TWh 0.639 TWh
Ge

0 TWh
TWh 1.426 TWh

TWh 1.172 TWh
Ge

0.200 Ge
TWh 0.200 Ge

TWh 2.384 Ge
Ge

⎤
⎥⎥⎥⎥⎥⎥⎦

. (22)

By using B = (bij), we get

b0 = (b0j) = (er
2b2j) =

(
0

MtCO2

TWh
0.485

MtCO2

TWh
0.398

MtCO2

Ge

)
. (23)

We assume that the supply and demand functions have the same properties

as at a selected reference point throughout the consideration. The references

are

x̄ = (34.18 TWh 47.74 TWh 145.67 Ge)′, (24)

w̄ =
(

0.02
Ge

MtCO2
0.035

Ge

TWh
0.07

Ge

TWh
0.1

Ge

Ge

)
, (25)

p̄ =
(

0.16
Ge

TWh
1

Ge

Ge

)
, (26)

r̄ = Bx̄= (204.03 TWh 238.80 TWh 363.66 Ge)′, (27)

r̄0 = b0x̄= 81.19 MtCO2, and (28)

18This case resembles the Finnish situation around 2004.
19E.g. from Statistics Finland, http://www.stat.fi.
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l̄ = 0.05 × r̄0= 4.06 MtCO2 (29)

for production, factor price, commodity price, factor supply, supply of emission

permits, and emission permit retirements, respectively. The total amount of

allowed emissions is assumed to be Q = r̄0 + l̄ = 85.25 MtCO2. Note that

the total amount of allowed emissions is sufficient to cover the emission permit

demand for the reference production by Equation (28) and the emission permit

demand for the refererence level of retirements (29). Finally, the reference

levels of consumption are defined by the vector

c̄ = H(I − A)x̄, (30)

where H = (hkj) is a 2 × 3 matrix defining the markets k for the commodities

j. In our example

H =

⎡
⎢⎣ 1 1 0

0 0 1

⎤
⎥⎦ , (31)

because the consumer–citizen treats both electricity types as perfect substi-

tutes. Thus, c̄ = (17.68 TWh 58.96 Ge)′. From the reference electricity con-

sumption c1 = 17.68 TWh, 7.76 TWh is nonpolluting electricity and 9.92 TWh

is polluting energy.

The utility function is quadratic:

U(c, r, l) =
2∑

k=1

(
αkck + 0.5βkc2

k

)
−

3∑
i=1

(
αiri + 0.5βir

2
i

)
+
(
α0l + 0.5β0l2

)
.

(32)

The coefficients of the objective function are defined by

βk = 1
Ec

k

p̄k
c̄k

and αk = p̄k − βk c̄k for k = 1, 2;

βi = 1
Er

i

w̄i
r̄i

and αi = w̄i − βir̄i for i = 1, 2, 3;

β0 = 1
El

0

w̄0
l̄

and α0 = w̄0 − β0 l̄,

(33)

where Ec
k = −1 is the consumer–citizen’s price elasticity of the demand for

commodity k for k = 1, 2 at (p̄k, c̄k), Er
i = 1 is the consumer–citizen’s price

elasticity of the supply of factor i for i = 1, 2, 3 at (w̄i, r̄i), and El
0 = −0.5 is

the consumer–citizen’s price elasticity of the emission permit retirements at

(w̄0, l̄). The coefficients (33) of the objective function are chosen so that the

elasticities of the demands are as defined at reference levels.

The constraints for clearing the market are

Bx − r = 0, (34)
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b0x + l = Q, (35)

H(I − A)x − c = 0, (36)

for the factor markets, the emission permit market, and the commodity mar-

kets, respectively. In this example, an equilibrium solution is found by max-

imizing the social welfare subject to market clearing constraints. Because

there is only one firm and one consumer–citizen, the social optimum clearly

maximizes firm’s profit and the consumer–citizen’s utility.

The optimization program and the data described above were written in a

text file in the GAMS modelling language described in Brooke et al. [17].20

The optimization model and the data were processed in GAMS and fed to

MINOS 5, which is a solver for the solution of convex nonlinear mathemat-

ical optimization problems [64]. The system can be used on most computer

platforms.

Results
According to the modelling results shown in Table 1, the TCQ instrument re-

duces emissions by almost 4% compared with the initial state, even if the total

amount of allowed emissions Q = 85.25 MtCO2 would have been sufficient to

cover the initial level emissions. Demand of the nonpolluting fuel increases by

5.4% and demand of the polluting fuel decreases by 3.8%. However, total fuel

usage has remained nearly unchanged. The usage of capital has decreased by

1.3%.

A new restrictive system like the TCQ instrument might induce dramatic

changes in the consumption structure. In this case, however, the changes

are quite moderate. The electricity consumption decreases by 3.6% and the

consumption of the composite commodity decreases by 1.2%. However, the

ratio of the different types of electricity consumption changes drastically: non-

polluting electricity consumption increases by 92.8%, and polluting electricity

consumption decreases by 30.7%. Thus, even if the overall consumption change

is not very dramatic, the technology change is.

The production changes follow the consumption changes: Nonpolluting elec-

tricity production increases by 11.6% while polluting electricity production

declines by 9.8%. The total electricity production remains, however, close to

the initial level: the decrease is only 1.9%. The production of the composite

commodity declines by 1.2%, imitating the change in the consumption.

The factor and commodity prices are shown in Table 2. Factor prices reflect
20The GAMS code of the numerical example is available upon request. However, the
code is not documented.
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Table 1. The effect of the TCQ instrument: factor demand, consumption, and production
according to the modelling results. Recall that at the equilibrium, the factor
demand is equal to the factor supply by market clearing constraints (34) and (35).

Initiala TCQb Δc

Factor Demand
Emission permits (MtCO2) 84.4 81.2 -3.8%
Fuel (TWh) 441.8 442.7 0.2%

Nonpolluting 193.6 203.9 5.4%
Polluting 248.3 238.7 -3.8%

Capital (Ge) 368.2 363.5 -1.3%
Consumption

Electricity (TWh) 18.3 17.7 -3.6%
Nonpolluting 4.0 7.7 92.8%
Polluting 14.3 9.9 -30.7%

Composite commodity (Ge) 59.7 58.9 -1.2%
Production

Electricity (TWh) 83.5 81.9 -1.9%
Nonpolluting 30.6 34.2 11.6%
Polluting 52.9 47.7 -9.8%

Composite commodity (Ge) 147.4 145.6 -1.2%

aInitial refers to the initial state where the TCQ instrument is not applied, i.e., all
emission considerations are omitted from the model.
bTCQ refers to the situation where the TCQ instrument is applied.
cΔ is the change between the initial and the TCQ states.

supply and demand for factors. As the demand for nonpolluting fuel increases

and the demand for polluting fuel decreases, the factor prices change corre-

spondingly: the nonpolluting fuel price increases by 4.1% and the polluting

fuel price decreases by 5.0%. As the demand for capital decreases, the capital

price decreases as well, by 2.5%.

For the nonpolluting electricity, the monetary price component increases by

2.3% but it decreases by 4.3% for the polluting electricity. For the composite

commodity, the monetary price component decreases by 2.5%. In this exam-

ple, the effective commodity prices are described as relative to the effective

composite commodity price. The relative price of electricity increases by 2.6%.

3.5 Technological Innovations and TCQ

Technology plays a very important role in the battle against climate change. It

determines, what an achievable GHG level is in the future, as well as how large

emissions reductions are feasible and at what cost. Thus, technology policy

and climate policy analyses are increasingly combined. Ongoing research con-

centrates on two policy approaches: technology-push and demand-pull policies.
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Table 2. The effect of the TCQ instrument: factor and commodity prices according to
the modelling results. The commodity prices are shown with three entries: the
first number of each entry is the effective price, the second is the monetary price
component, and the third is the emissions price component in units of emission
permits. The last component is the same as the specific emissions ex

j of the
corresponding commodity j according to Equation (11). The stars in the title
rows refer to the factor and commodity units shown in parentheses.

Prices Initiala TCQb Δc

Factors
(
e
∗
)

Emission permits (tCO2) - 20 -
Nonpolluting fuel (MWh) 34 35 4.1%
Polluting fuel (MWh) 74 70 -5.0%
Capital (ke) 102 100 -2.5%

Commodities
(
e
∗ ; e∗ ; 10−2 tCO2

∗
)

Nonpolluting electricity (MWh) 156; 156; - 160; 159; 2.7 2.6%; 2.3%; -
Polluting electricity (MWh) 156; 156; - 160; 149; 54.7 2.6%; -4.3%; -
Composite commodity (ke) 1000; 1000; - 1000; 975; 128.2 0%d; -2.5%; -

aInitial refers to the initial state where the TCQ instrument is not applied, i.e., all
emission considerations are omitted from the model.
bTCQ refers to the situation where the TCQ instrument is applied.
cΔ is the price change between the initial and the TCQ states.
dThe effective commodity prices are described as relative to the effective composite
commodity price. Thus the effective composite commodity price remains unchanged.

Technology-push policies aim at stimulating research and development (R&D)

while demand-pull policies strive for increased demand for the low-emission

technology. [47]

The TCQ instrument is a demand-pull policy, which creates incentives for

climate-specific R&D via price incentives. Constraints (16) and (17) are pro-

ducers’ optimality conditions for the profit maximization problem. As can be

seen from these constraints, the producer will get a larger share of the price

of a nonpolluting commodity than of a polluting commodity. In addition, in

case of small price elasticity, the TCQ instrument increases the demand for

less pollutive product qualities.

There are two components in the incentives for R&D. The first component

is related to the increased efficient price due to the implementation of the

TCQ instrument. This price increase induces new nonpolluting innovations

and existing but previously unprofitable production methods.

The other component is related to the decreased demand due to the efficient

price increase. In case of large price elasticity, the demand for polluting com-

modities decreases dramatically when emissions get a price through the TCQ

instrument. This cut in demand will drive the producers to seek for new tech-

nological innovations to produce nonpolluting, low-priced commodities and

thus increase the demand.
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In praxis, however, TCQ might not provide sufficient incentives for envi-

ronmental R&D. Firstly, in addition to the market failure associated to GHG

emissions, there are market failures associated to technology, which might need

additional instruments. GHG emissions produce a negative externality, while

technology creates positive externalities, of which the most important is the

public good nature of knowledge.21 The new innovations create knowledge,

which might lead, e.g., to additional innovations. These knowledge spillovers

benefit the whole society, but not the innovator. Thus, without any technology

policies, R&D will not be at a socially optimal level.

Secondly, as Montgomery and Smith [62] argue, a policy tool like TCQ22 is

not able to provide a credible incentive for a sufficient technological change.

This is because of the problem of dynamic inconsistency in incentives. It means

that the governments cannot set environmentally meaningful GHG reductions

before new innovations have already been made. It would not be cost-effective

to try to achieve massive GHG reductions with the current technology, if

future technology is able to do the same reductions at a much cheaper price.

Only stringent GHG reductions would provide a sufficient incentive for R&D,

which, as seen above, is not the best strategy for governments.

Thus, many studies [e.g. 34, 40, 73] have concluded that the first-best policy

to reduce carbon emissions and to promote R&D is to have a portfolio of

instruments, including instruments targeted at emissions and R&D. However,

if no such portfolio is available, the second-best policy is to set a tighter climate

policy than in the first-best case, to increase demand for clean technology [40].

For the TCQ instrument, this suggests that the second-best policy is to cut

down on the emissions quota as compared to the first-best case.

3.6 Voluntary Burden Sharing in TCQ

In the TCQ instrument, the total emissions quota is defined by international

agreements. TCQ is a climate policy instrument with which these agreements

can be implemented cost-efficiently. The TCQ instrument enables also vol-

untary burden sharing: if consumer–citizens retire emission permits without

using them, the overall emission level will be reduced accordingly. The retired

permits may derive from the own quota or the permits might be purchased
21See [50] for further information on technology related externalities and, e.g., [24]
for further information on knowledge as a public good.
22Montgomery and Smith [62] studied cap-and-trade and carbon tax, but their result
applies also for TCQ, because in the TCQ instrument, the regulator defines the cap
of emissions before the allocation of emission permits to the consumer–citizens. Even
if the cap might be tightened by consumers, it is not probable that this will increase
the incentive for R&D sufficiently.
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from the permit market. Is there any evidence that this kind of voluntary

burden sharing would occur?

The environmental consciousness of consumers and the green consumerism

have increased during the last decades. Thus there have been preference

changes towards environmental friendliness. Therefore it is likely that some

consumers would be willing to voluntarily cut emissions. Evidence from the

US sulphur market [e.g. 39, 49, 52, 53, 81], the growing number of carbon

offsetting organizations [78], and Carbon Rationing Action Groups [45] show

that there is a real demand for voluntary burden sharing. There might also be

some spillover effects: the voluntary burden sharing might produce some pref-

erence change that induces more voluntary emissions reductions. However, we

do not expect that this voluntary burden sharing would tighten the emissions

reductions dramatically.

3.7 Free-Riding in TCQ

As long as GHG emissions are not globally restricted, free-riding is unavoid-

able under all climate policy instruments, including TCQ. However, under the

TCQ instrument, small scale free-riding is also likely to occur in the region

implementing TCQ.

This small scale free-riding occurs within the limits of the total emissions

quota. Because of the voluntary burden sharing, some consumer–citizens will

restrict the total emissions even more than necessary. However, this reduction

in GHG emissions benefits globally and is thus a form of free-riding, which

deteriorates the efficiency of the system.

As earlier discussed, Smith and Yates [87] showed in a simple pollution

permit setting that if consumers buy permits from the market to cut down on

the total emissions (that is, to retire these permits), the market equilibrium is

not efficient and the total permit endowment is too large. Even if Smith and

Yates did not consider a personal carbon trading system, their result holds

also for the TCQ instrument. Thus, the overall cap of emissions should be

tightened if permits are retired. However, we do not expect that this small

scale form of free-riding deteriorates the efficiency of the TCQ instrument

dramatically.
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4 Discussion and Conclusions

This final chapter summarizes the findings presented in this study. It also

discusses the conclusions that have been drawn, and considers the implications

that those conclusions would seem to have. Finally, it will suggest possible

areas of further research.

The threat of uncontrollable climate change is directing increasing attention

to the importance of both global and local management of environmental side-

effects. Scientific research has shown that climate change is best controlled

by greenhouse gas emissions reduction. The growing concern about climate

change has thus led to the emergence of a variety of market-based environ-

mental policy instruments aiming to decrease greenhouse gas emissions. The

objective of these instruments is to make the economic actors internalize the

environmental side-effects in their decision making, and to control the envi-

ronmental side-effects cost-efficiently.

Many arguments favour personal carbon trading (see Section 1.1). Never-

theless, only a few studies have concentrated on this form of emissions trad-

ing. Theoretical studies on personal carbon trading seem, in particular, to be

very rare. The main purpose of this research was to consider a personal car-

bon trading instrument, Tradable Consumer Quotas (TCQ), in a theoretical

framework with the help of the input–output modelling approach.

The current study was organized as follows: First, the TCQ instrument

was conceptually outlined. Thereafter the instrument was considered and was

numerically demonstrated in the framework of input–output technology.

According to the findings of this research, the TCQ instrument reduces the

total amount of emissions, and guides consumption into less pollutive product

qualities. However, to provide sufficient incentives for environmental R&D, an

additional instrument targeted at R&D might be needed.

The numerical experiments indicated that the TCQ instrument might reduce

the total amount of emissions, even if there would be no need to cut down

on the emissions because of a generous allocation of emission permits. This

finding suggests that consumer–citizens might well use their right to tighten

the emissions restrictions set by the regulator. In other words, a system that

allocates property rights to nature to consumer–citizens might be even more

effective than required by the regulator.

Furthermore, three consumption changes were observed from the numeri-

cal experiments: Firstly, the demand for polluting factors declines, while the

demand for clean substitute factors increases. Secondly, the demand for rela-
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tively clean end products increases, while the demand for relatively pollutive

end products declines. Thirdly, in the case where there exists a less pollutive

perfect substitute for the end product under consideration, the total demand

for these substitutes might not change much. On the whole, the total con-

sumption declines, but consumption changes seem to remain quite moderate.

The production changes seem to follow the consumption changes: the pro-

duction of relatively clean commodities increases, while the production of rel-

atively pollutive products declines.

The numerical experiments of the TCQ instrument indicated that factor

prices reflect supply and demand for the factors in the TCQ instrument: the

prices of relatively clean factors went up, while the prices of relatively pollutive

factors went down.

The TCQ instrument and similar mechanisms do not necessarily guide con-

sumption into less pollutive product qualities because, in order to stay within

the given emissions limits, consumer–citizens may reduce their total consump-

tion. This guiding effect thus depends on the price elasticity of the consump-

tion: for commodities with small price elasticity, the guidance effect may be

significant. However, in this study, the numerical analysis showed that the

consumption is likely to turn towards a less pollutive direction.

In an ideal case, all countries would implement the TCQ instrument, and

thus the permit market could be formed on a global level. The resulting huge

number of actors on the global permit market would assure the liquidity of the

market. This worldwide implementation of the TCQ instrument would natu-

rally be the most preferable situation from the instrument’s point of view. In

addition, from a global perspective, it is important that all countries partic-

ipate in the battle against climate change. However, even if implemented in

one country only, the TCQ instrument does not substantially distort interna-

tional competition because it is the consumption that determines the country

that is responsible for emissions.

The TCQ instrument does not need any supplementary mechanisms to gov-

ern the greenhouse gas emissions in an economy. However, probably with some

loss in efficiency, it can also be used as a part of other mechanisms. Accord-

ing to the system considerations of this study, the TCQ instrument is only of

moderate complexity, and does not require any technology that is not already

in use.

The current study would seem to have some important practical, theoretical,

and political implications. To begin with the practical implications, this study

seems to indicate that the TCQ instrument provides an effective and efficient
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way to reach emissions reduction targets. In our opinion it is ideal, mainly for

the four following reasons: 1) it takes into account consumer–citizens’ three

different roles as owners of property rights to nature, as pollution victims,

and as polluters; 2) it allocates emission permits on an equal per capita basis,

which is suggested as being the best allocation method in the long run [14],

but enables any other allocation option as well, if those options are agreed

to lead to better equity, 3) it covers all the greenhouse gas emissions in the

economy, and 4) it reduces carbon leakage in international trade. Therefore,

the TCQ instrument is worth considering for implementation in the future.

The main theoretical suggestion of this study is that personal carbon trading

should be studied more intensively in the future, because up to now theoretical

research has almost totally concentrated on the macro level.

Finally, consistent with the political implications of earlier studies, this re-

search underlines the importance of international cooperation in the battle

against climate change.

In this study, the research was concentrated on a simple input–output econ-

omy. The results obtained are thus valid in this simple economy only, and any

generalizing implications must be carefully considered. The critical question,

then, is certainly whether these findings remain unchanged in a more complex

economy. Further research is therefore needed concerning the TCQ instrument

in more complex economies. Moreover, a comparison of the welfare aspects

between different kinds of environmental policy instruments should be made.

The data used in the numerical illustration loosely reflect the economy of

Finland. A natural extension of this would be to model other countries, too.

In this study, we did not examine, e.g., the distributional impacts of the TCQ

instrument, impacts on labour mobility, or potential for black markets. While

these topics are beyond the scope of the current study, they could provide

interesting topics for future research.
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A Proof of Lemma 1

For notational convenience, we treat emission permits and primary inputs in

a unified manner. Append the row b0 of emission permit inputs to the input

matrix B and the emission permit price w0 to the primary input price vector

w. For each g, append the emission permit supply rg
0 = Qg − lg to the supply

vector rg and the allocated number Qg of emission permits to the resource

vector Rg. Then Equations (19) and (20) merge to

Bx −
G∑

g=1
rg = 0, (37)

with rg ≤ Rg. For all g, let Ug(cg, rg) denote the utility function.

Let Λ = {λ = (λg) | ∑G
g=1 λg = 1, λ ≥ 0 }. For each λ ∈ Λ, consider the

weighted problem of finding x ≥ 0, cg ≥ 0, and rg ≤ Rg, for all g, to

max U(λ) =
G∑

g=1
λgUg(cg, rg) (38)

subject to (37) and
G∑

g=1
cg − (I − A) x = 0. (39)

Let I(λ) = {g | λg = 0} be the set of consumer–citizens g with zero weight.

Employing the Brouwer Fixed Point Theorem, we show that there exists λ ∈ Λ,

with I(λ) empty, such that the optimal solution to the weighted problem is a

competitive equilibrium.

Under our assumptions, the set S of feasible solutions to the weighted prob-

lem is compact. By assumption, an interior point solution to the weighted

problem exists with an objective function value U∗(λ). Hence, in the set

S∗(λ) ⊂ S with U(λ) ≥ U∗(λ) > −∞, cg > 0 and rg < Rg for all g �∈ I(λ).

Consequently, S∗(λ) is nonempty and compact, and U(λ) is continuous in

S∗(λ). Hence, an optimal solution exists to the weighted problem. At an op-

timum, monotonicity assumptions for the utility functions imply that cg = 0

and rg = Rg for all g ∈ I(λ). Consequently, by strict concavity of Ug for

g �∈ I(λ), the optimal solution is unique.

For λ ∈ Λ, suppressing λ, let x, cg, and rg, for all g, denote the unique

optimal primal solution to the weighted problem. Let w and p denote the

optimal dual multiplier row vectors for (37) and (39), respectively. For g �∈
I(λ), cg > 0 and rg < Rg. Hence, given that A ≥ 0, (37) and (39) imply
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x > 0 and

p(I − A) − wB = 0. (40)

The optimality conditions for cg and rg for all g �∈ I(λ) are

λg∇cU
g − p = 0, (41)

λg∇rUg + w = 0, (42)

implying that the dual multiplier vectors w and p are uniquely determined

and strictly positive. Furthermore, as the feasible set S is bounded, there exist

vectors w∗ > 0 and p∗ > 0 such that w > w∗ and p > p∗ for all λ ∈ Λ. Given

prices w and p, let ξg = wrg − pcg denote the budget surplus for g. Then

(37), (39), and (40) imply
∑G

g=1 ξg = 0.

For Brouwer’s theorem, consider a function f mapping λ ∈ Λ to λ′ ∈ Λ such

that λ′
g = (λg + max{0, ξg})/(1 +

∑G
g=1 max{0, ξg}). We show below that f is

continuous in Λ. Hence, because Λ is convex and compact, a fixed point λ ∈ Λ

exists such that f(λ) = λ. At this point, because
∑G

g=1 ξg = 0, ξg = 0 for all

g, so that the individual budget constraints are satisfied. If λg = 0 for some g,

then ξg = wRg > 0. Hence, for a fixed point, λ > 0, the remaining individual

optimality conditions are satisfied by (41) and (42), and the assertion follows.

The Pareto efficiency of the competitive equilibrium is approved with positive

Negishi weights λ > 0.

Next, we show that the optimal primal and dual solutions of the weighted

problem are continuous in Λ. Consequently, the budget surplus ξg is continu-

ous for all g, and so is the mapping f .

To show continuity of cg and rg for g ∈ I(λ), consider a sequence {λk} in

Λ converging to λ. Let {ck
g} and {rk

g} for all g be the sequences of optimal

solutions with the sequence of weights {λk}. We wish to show that ck
g → 0

and rk
g → Rg for all g ∈ I(λ). For λk

g = 0, ck
g = 0 and rk

g = Rg. Hence, we

only need to consider the subsequence of all k such that λk
g > 0. Conditions

(41) and (42) imply λk
g∇cU

g = p > p∗ > 0 and −λk
g∇rUg = w > w∗ > 0.

Because λk
g → 0, each component of ∇cU

g and −∇rUg increases without a

limit. Hence, ck
g → 0 and rk

g → Rg, and continuity of cg and rg for all g ∈ I(λ)

follows.

For w, p, cg, and rg for g �∈ I(λ) we show continuity by employing the

Implicit Function Theorem (IFT). Let η be the vector composed of subvectors

λ, cg, and rg for all g ∈ I(λ). Let θ be the vector composed of subvectors p, w,

x, cg, and rg for all g �∈ I(λ). Let h(η, θ) be the vector valued function defined
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by the left sides of optimality conditions (37) and (39)–(42) for g �∈ I(λ). Let η′

and θ′ denote the unique optimal solution to the weighted problem at λ. Hence,

h(η′, θ′) = 0 and h is continuously differentiable near (η′, θ′). Then it follows

from IFT that optimal θ is continuous at λ if the Jacobian H = ∂h/∂θ|(η′,θ′)

is nonsingular. From the definition of h with Hessians Eg = λg∇2
cUg and

Dg = λg∇2
rUg for g �∈ I(λ), H has the following structure (for g = 1, 2):

B −I −I

−(I − A) I I

(I − A)T −BT

−I E1

−I E2

I D1

I D2

The lower right submatrix is negative definite, and hence nonsingular. Elim-

inating the upper right submatrix and denoting E =
∑G

g=1 E−1
g and D =∑G

g=1 D−1
g yields

D B

E −(I − A)

(I − A)T −BT

−I E1

−I E2

I D1

I D2

To show that the upper left submatrix is nonsingular, consider the system of

equations DwT +Bx = 0, EpT −(I − A)x = 0, and (I − A)T pT −BT wT = 0.

Because E and D are negative definite, we have equivalently wT = −D−1Bx,

pT = E−1(I − A)x, and [(I − A)T E−1(I − A) + BT D−1B]x = 0. Because

the matrix (I − A) is nonsingular, the matrix in square brackets is negative

definite so that the only solution to the system is x = 0, p = 0, and w = 0.

Hence, the upper left submatrix is nonsingular, and consequently, the Jacobian

H is nonsingular. �
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Abstract

Lindahl equilibrium is sometimes considered to be an attractive framework in
which to analyze cooperative agreements for climate change. However, there
seems to be some confusion of concepts: what is actually meant by Lindahl
equilibrium within the global warming framework? In this article, we propose
a definition of Lindahl equilibrium for a single period model of global climate
change. Such an equilibrium is characterized by emissions charges and com-
pensations. At equilibrium, the emissions charges cover the compensation pay-
ments, the world’s regions unanimously agree on the global emissions, and the
allocations are efficient (Pareto optimal). We discuss the existence of Lindahl
equilibrium and show how the equilibrium can be implemented in a decentral-
ized way by a Lindahl mechanism employing emissions trading. The approach
is tested using the RICE-99 integrated assessment climate model by Nordhaus
and Boyer. While the solution is not in core, the side-payment and external
payment conditions to implement the equilibrium are considered.

Keywords: single period Lindahl equilibrium, Lindahl mechanism, global
warming, climate change, emission permits, nonlinear optimization



1 Introduction

Lindahl equilibrium is sometimes considered to be an attractive framework in

which to analyze cooperative agreements for climate change [e.g. 27]. However,

the concept of Lindahl equilibrium seems to have many interpretations, and

the exact meaning of Lindahl equilibrium, especially within the global warming

framework, seems to be somewhat unclear. Thus, to clarify this conceptual

confusion, we propose a definition of Lindahl equilibrium for a single period

model of global climate change, and discuss the existence and efficiency of

such an equilibrium. We interpret the single period model as a description of

one period in a dynamic model. Thus, the state variables, i.e., the variables

that describe the state of the dynamic system, are relatively important. In our

model, both the atmospheric concentration of carbon dioxide and the capital

stock are considered as state variables, while in earlier studies only the former

is taken into account. This equilibrium can be implemented in a decentralized

way employing emissions trading.

The main objectives of this study are to 1) clarify the concept of Lindahl

equilibrium in the case of (negative) stock externalities, especially when ap-

plied to the climate change problem, and to 2) study the Lindahl equilibrium

in a single period case as a cooperative solution to the climate change problem.

The paper is organized as follows: Firstly, some earlier studies on the Lindahl

equilibrium are reviewed. Secondly, the meaning of a single period model is

discussed. Thirdly, the Lindahl equilibrium concept for a single period case is

presented, and the efficiency and the existence of this equilibrium are proven.

Fourthly, the emissions trading implementation is shown. Fifthly, the concept

is numerically tested with the RICE-99 model and the needed side-payments

and/or external subsidies to implement the Lindahl equilibrium are calculated.

Sixthly, the welfare properties of the Lindahl solution are briefly considered.

Finally, the results are discussed and summarized.

1.1 What Did Lindahl Mean?

The famous concept of Lindahl equilibrium was first outlined by the Swed-

ish economist Erik Lindahl in 1919 [13]. The problem was how to distribute

the total cost of public goods between the beneficiaries when the extent of

the public good is one of the variables of the problem. Lindahl considered

only one public good and two parties with differing preferences. He assumed

implicitly that the public good is excludable, so that only those who pay for
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the good can enjoy it.1 Cooperation between the parties was expected. As a

result of the cooperative negotiations, unanimity prevails as to the quantity

of the public good, and the equilibrium solution is efficient. At equilibrium,

the personalized prices of the public good tend to correspond to the marginal

utilities of the parties. In other words, the purpose of the Lindahl equilibrium

concept is to find a cooperative solution concerning the public goods such that

it is voluntarily accepted by all the parties.

However, the realism of the Lindahl equilibrium is in some ways question-

able [e.g. 14]. To begin with, free-riding is possible in the Lindahl equilibrium

for two different reasons. Firstly, it is not always realistic to exclude con-

sumers from the use of a public good, even though some of them decide not

to contribute to the costs. Secondly, if the marginal benefits of the parties are

not common information, the preference revelation problem arises.2 In other

words, Lindahl equilibrium is not incentive-compatible, which also causes free-

riding. In addition, the price-taking assumed in the Lindahl equilibrium is not

likely to occur, because, in these personalized markets, there is only a single

agent on the demand side. Furthermore, Lindahl himself criticized his equi-

librium concept because it assumes that everyone agrees on the nature of the

public good, which is certainly not the case in general: the most important

differing factor is the political power of the parties, which often is not equal

[13].

1.2 Earlier Interpretations Regarding the Lindahl Equilibrium

There has been much research concerning Lindahl equilibrium following Lin-

dahl’s original paper. In this section, only those studies subjectively evaluated

as the most relevant works for this study are reviewed.

Foley [8] studies the Lindahl equilibrium with an arbitrary number of con-

sumers, public goods and private goods. Each consumer owns an initial en-

dowment of private goods. Foley considers the Lindahl equilibrium as a spe-

cial case of public competitive equilibrium. In contrast to public competitive

equilibrium, in the Lindahl equilibrium the social welfare optimum is always

achieved. Following Lindahl’s implicit assumption, Foley considers excludable
1This type of public good is called a club good. Usually public goods are considered
non-excludable in accordance with Samuelson’s definition [22]. In addition to non-
excludability, these so called Samuelsonian public goods are also non-rivalry, which
means that the use of the good by one individual does not reduce the availability of
that good to other individuals.
2However, one might suggest that climate change impacts are not private informa-
tion. Therefore, the marginal benefits of GHG emissions reductions are more or less
common knowledge.
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public goods or club goods. Because of the excludability property, Foley is

able to show that the Lindahl equilibrium is in core.

Global climate is a public good which, however, has some properties contrary

to Lindahl’s original assumptions. Firstly, in the global warming case, the

public good is non-excludable. Secondly, as noted, e.g., by Chichilnisky and

Heal [7], this public good is "produced" by a finite number of countries, whereas

in Lindahl’s original case, the public good is produced by a single agent, only.3

Mäler and Uzawa [17, 24, 25] were among the first who studied the Lindahl

equilibrium in the context of global warming. Let N be a set of players

and S ⊆ N be a coalition, that is a group of players that are committed

to cooperate within the game.4 According to Mäler and Uzawa, the Lindahl

solution is in core and the core is always non-empty. However, they assume

that the coalition S and its complementary coalition N −S are balanced. The

balancedness of coalitions means that there exists a pair of positive utility

weights β = (βS , βN−S) such that [25, derived from Equations (55)–(56)]

θe∗
S = θSe∗, and (1)

θe∗
N−S = θN−Se∗ (2)

where

θS

θ
,
θN−S

θ
> 0, and (3)

θS + θN−S = θ. (4)

Further, e∗
S and e∗

N−S are the GHG emissions5 of the countries in coalitions

S and N − S, respectively, at the social (global) optimum weighted by β =

(βS , βN−S), e∗ = e∗
S + e∗

N−S is the total amount of GHG emissions in the

optimum, and θS , θN−S , and θ are the imputed GHG prices at the social

optimum. Uzawa [25, p. 2] defines the value of a coalition as "the maximum
of the sum of the utilities of the countries in the coalition, assuming that those
countries that do not belong to the coalition form their own coalition and try
to maximize the sum of their utilities. The value of a coalition S (S ⊂ N) is
defined as the sum of the utilities of the countries in S when coalition S and
the complementary coalition N − S are in equilibrium." To our understanding,
3This difference does not affect the applicability of the Lindahl equilibrium to the
global climate.
4See Appendix B for a list of symbols.
5Uzawa [25] considers CO2 emissions. However, the results are applicable to all GHG
emissions without any modifications, if carbon dioxide equivalent is considered.
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this means that the coalitions S and N − S are in Nash equilibrium of a

competitive game. However, as is shown in Appendix A, the balancedness

(Equations (1) and (2)) means that the solution cannot be a Nash solution.

Because the solution is not a Nash equilibrium, we find this approach quite

unrealistic.

Mäler and Uzawa [17] define the Lindahl equilibrium in the climate change

framework as an international equilibrium with tradable emission permits.

Even if we do not use the same kind of definition, we find emissions trading

very attractive as a method to implement the Lindahl equilibrium. We will

discuss this in more detail in Section 3.

Buchholz et al. [5] consider the conditions under which agents will prefer a

Lindahl equilibrium solution over a Nash solution to the voluntary contribution

game. They discovered that the income distribution of the agents or countries

is significant: if the countries are not homogeneous in terms of income, the

relatively poor countries may prefer the Nash solution. However, if the number

of countries is large, this phenomena is mitigated, and it is more likely that

all countries benefit from the move to a Lindahl equilibrium solution. They

conclude that this observation gives one explanation as to why a high degree of

participation in some cooperative arrangement is needed to make international

cooperation successful. If the countries are not homogeneous or the number

of countries is not large enough, transfers are needed to make the Lindahl

equilibrium applicable.

As mentioned above, the purpose of the Lindahl solution concept is to find

a cooperative solution that is voluntarily accepted. To be voluntarily accept-

able, the solution must be considered fair by the agents. Buchholz and Peters

[6] aim at highlighting the fairness of the Lindahl cooperation in a more un-

derstandable way. They conclude that the Lindahl solution concept might

improve our understanding of a fair agreement for public goods, e.g., in the

climate change context.

In his book, Yang [27] studies different kinds of cooperative solutions in the

RICE model framework.6 He uses a new version of the model with 6 regions.

Yang applies the Lindahl equilibrium as a possible cooperative solution concept

for the global warming problem. Yang states that Lindahl equilibrium without

endowment transfers is a cooperative game solution with a particular set of

regional utility weights with the core property.7 Thus, Yang takes as given

that the Lindahl equilibrium is in core, and reaches a solution for a numerical
6See Section 4.1 for more information on RICE.
7Yang has also considered the Lindahl equilibrium without transfers in [28].
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Lindahl equilibrium and for the coping ranges of the regional utility weights for

that equilibrium. However, this kind of definition, even if interesting because

of the core property, does not assure unanimity on the greenhouse gas (GHG)

emissions, which we find essential for a Lindahl equilibrium.

Mäler [16] uses Lindahl equilibrium as a basic concept in his survey of welfare

economics and the environment. In his setting, the Lindahl equilibrium is

understood as "the most natural correspondence in an economy with public
goods to the ’competitive equilibrium’ in an economy without public goods" [16,

p. 3–4]. Mäler uses this similarity to obtain closely related results to the

two basic theorems of welfare economics, namely the Pareto optimality of the

competitive equilibrium and the possibility of achieving any Pareto optimum

via competition.

In Mäler’s definition the Lindahl equilibrium has perfect markets for all

private goods including residuals that are of no use and thus have non-positive

prices. There is a special agency, e.g., an environment protection agency, that

is responsible for the provision of public goods. This agency also maximizes its

profits from selling waste disposal services and from the value of environmental

services (e.g. clean air and water). It is assumed that the agency can reveal

the preferences of all households and firms for environmental services and thus

is able to calculate the Lindahl prices for environmental services. Thus, there

are no real markets for the environmental services. All households are assumed

to be utility maximizing and all firms profit maximizing. The discharge of the

residuals into the environment and the treatment of the environment affects

the quality of the environment. There is a special production function for the

environmental agency which relates the flow of environmental services to the

net flow into the environment.

Mäler is able to show that, in his setting, any Pareto efficient state is a

Lindahl equilibrium, and the converse, i.e., any Lindahl equilibrium is Pareto

efficient. In our setting, only the Pareto efficiency of the Lindahl equilib-

rium is true. According to our understanding, this difference arises from two

properties of Mäler’s setting. First, there is no similar requirement to our

requirement that the sum of the environmental compensations is equal to the

sum of environmental charges. Second, the pseudo-competitive role of envi-

ronmental agency straightly assures the Pareto efficiency of the equilibrium

while keeping the equilibrium in a way competitive.

Nishimura’s [19] approach to Lindahl equilibrium in the climate change

framework is probably the most similar to ours: there is a close correspondence

between the basic setting of Nishimura’s model and our model. However, cap-
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ital stock is not considered as a state variable in Nishimura’s model. This is

an important difference from our model, which treats capital stock as a state

variable: as discussed later, we interpret the single period model as describing

only one period of a dynamic model. One then tries to optimize the current

decisions so that the utility is optimized over time, given the effects the current

decisions have in the future. The capital stock level at the end of the single

period accounts for the aggregated utility from the future periods.

Further on, Nishimura assumes that the utility functions are quasi-linear.

Perhaps along with Mäler and Uzawa [17], also Nishimura defines the Lin-

dahl equilibrium as an international equilibrium with emissions (or abatement)

trading.

Nishimura considers both sequential and simultaneous Lindahl equilibria.

He states that the Lindahl solution does not belong to the γ-core,8 and may

result in an unfair allocation of emission permits.

2 Theory

We now turn to the theory of the Lindahl equilibrium. We begin with a

brief consideration about a single period modelling framework. After that,

the state variables are introduced. Then the regional problem and the Lindahl

equilibrium conditions are considered, which prepares us to show the efficiency

and existence of the Lindahl equilibrium. Finally, a short comment on the

calculation of the equilibrium is made.

2.1 What Does a Single Period Model Depict?

Single period models are widely used in economics, even if the phenomena they

are illustrating are usually dynamic by nature.9 What does a single period

model actually illustrate if the model is an approximation of dynamic reality?

Usually, this issue is not discussed but the single period models are taken as

given.

We think that there are three possible interpretations of single period models

in a dynamic context. Firstly, they can be interpreted as illustrating an average

picture of some phenomenon over time. Secondly, they can be interpreted as

illustrating one very long time step, e.g., two hundred years. In the case of
8According to Nishimura’s [19] definition, an allocation belongs to the γ-core if it is
a Pareto efficient allocation that Pareto dominates the Nash equilibrium allocation.
9A single period model is a dynamic model with two time stages, where the length h
of the only period is h > 0.
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climate change, these two interpretations are not, however, very interesting if

we are trying to decide what we should do now to slow down global warming.

Thirdly, we can interpret the single period model as describing only one period

of the dynamic model. One then tries to optimize the current decisions so that

the utility is optimized over time, given the effects the current decisions have

in the future. We find this last interpretation to be the most relevant one,

and so we have decided to use it in our numerical demonstration of Lindahl

equilibrium.

2.2 State Variables

When a single period model is interpreted as an illustration of a dynamic

model, state variables have to be defined. By definition, the state variables

describe the state of a dynamical system at such a detailed level that the

future behaviour of the system can be determined. The models concerning

the economic impacts of global warming have previously taken into account

only one state variable, namely the atmospheric concentration of the carbon

dioxide equivalent. However, in this study capital stock is also included. To

our knowledge, this has not been done in the current context before.

Consider the world to be subdivided into n regions, i = 1, 2, . . . , n. In this

single period model, non-negative investments zi increment the capital stock

of region i. Due to depreciation, initial capital stock is reduced during the

period by a factor δk such that 0 < δk < 1. Hence the capital stock dynamics

of region i is given by

ki = δkk0
i + zi ∀ i ∈ N, (5)

where ki is the capital stock level at the end of the period and k0
i is the

exogenous initial capital stock.

The other state variable ē, the atmospheric concentration of the carbon

dioxide equivalent, is incremented by total GHG emissions. Also in this case

the stock depreciates over time. Thus the atmospheric emission concentration

is reduced during the period by a factor δē such that 0 < δē < 1. The emission

stock dynamics is given by

ē = δēē0 + e, (6)

where ē is the atmospheric concentration at the end of the period, ē0 is the

exogenous initial atmospheric concentration, and e is the total GHG emissions

level during the period.

Because a single period model is a one-period dynamic model (see Footnote
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9), we are interested in the levels of the state variables at the end of this one

period. These levels depend on the exogenous initial levels and the endogenous

changes in the states during the one modelling period. Thus, in a single period

setting, the state variables can be substituted by the variables defining the

change in the states, in this case by emissions e and investments zi. The results

from the numerical demonstrations (Table 1) show that, in this modelling

framework, investment levels are important in addition to emissions.

2.3 Regional Problem

Consider the world to be subdivided into n regions, i = 1, 2, . . . , n, and let

the set of regions be N = {1, 2, . . . , n}. Suppose that there is only one con-

sumption good, and the utility ui of region i depends on its consumption level

ci, the total GHG emissions level e, and the region’s capital stock investment

level zi:

ui (ci, e, zi) ∀ i ∈ N. (7)

Assumption 1 The utility functions ui (ci, e, zi) ∀ i ∈ N are differentiable in
ci, e, and zi and increasing in ci.

The investment level zi affects not only the funds available for consumption

but also the capital stock level ki at the end of the horizon under considera-

tion, as defined by Equation (5). A higher capital stock will increase produc-

tion.10 Thus high investments ensure a high production level in the future,

too. This state variable nature of investments makes a positive contribution

to the marginal utility of investments, and thus the net effect might be either

positive or negative. Actually, utility is dependent on the capital stock level

ki. However, because by Equation (5) ki = δkk0
i + zi with exogenous initial

capital sock level k0
i , we use the investment level zi instead of ki. The capital

stock level ki at the end of the single period accounts for the aggregated utility

from the future periods.

Let yi denote the level of output in region i. We assume that yi is a function

of one endogenous attribute, namely the level of GHG emissions ei in the

region i. Thus yi = yi (ei) ∀ i.

Assumption 2 Production functions yi (ei) are concave and increasing in ei

with dyi
dei

approaching infinity as ei approaches zero.
10In our model, the capital stock is exogenous for the single period and thus it is
implicitly included in the production function.
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For a Lindahl equilibrium, let P denote the price used to charge region i

for its emissions ei and Pi the price to compensate the region i for global

emissions e. Hence, the net budget effect of the charges and compensation for

region i is Pie − Pei. Lindahl prices P and Pi are determined by the Lindahl

equilibrium, and they are exogenous for regional optimization problems.

Taking into account consumption, capital stock investments, production, and

GHG emissions charges and compensations, the budget balance constraint is,

∀ i ∈ N ,

di : −Pie + Pei + ci + zi − yi (ei) = 0, (8)

where the parameter di denotes the dual variable of the constraint.

Consider positive parameters λi > 0 with
∑n

i=1 λi = 1. Subsequently, they

refer to the Negishi weights for the regions.11 We scale the expected utility

of each region i by weight λi > 0. Then, the regional problem i ∀ i ∈ N is as

follows: Given Lindahl prices Pi and P , find ci, zi ≥ 0, ei, and e to

max λiui (ci, e, zi) s.t. (8). (9)

The Karush–Kuhn–Tucker optimality conditions include the primal feasibil-

ity constraints (8) and zi ≥ 0, and the dual feasibility and complementary

slackness constraints. In this case, assuming that, in the optimum, all the

other decision variables except possibly zi are positive, the dual feasibility and

complementary slackness constraints can be written in the form

ci : λiu
ci
i − di = 0 (10)

zi : λiu
zi
i − di ≤ 0, (λiu

zi
i − di) zi = 0 (11)

ei : −diP + diy
ei
i = 0 (12)

e : λiu
e
i + diPi = 0. (13)

The corresponding primal variables are written before each dual constraint,

and uci
i = ∂ui

∂ci
, uzi

i = ∂ui
∂zi

, ue
i = ∂ui

∂e , and yei
i = dyi

dei
.

Lemma 1 For the regional problems (9), the weights λi with ∑n
i=1 λi = 1 can

be chosen such that the optimal dual variables di are independent of region i,
that is di = d ∀ i.

11Negishi [18] proved the existence of a competitive equilibrium in a new way, by show-
ing equivalence between the Arrow–Debreu equilibrium problem and mathematical
optimization. This Negishi’s approach has then been utilized for computing equilibria
by maximizing a weighted social welfare function. The weights are such that there
are no transfers between the agents in the equilibrium.
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Proof Condition (10) implies that weights λi, with
∑n

i=1λi = 1, can be cho-

sen such that di = λiu
ci
i = d, whereafter all optimality conditions are satisfied.

Scaling the original weights λ̄i by ηi > 0 for region i leaves the optimal pri-

mal solution unchanged. After scaling also the original dual variables d̄i in

(10)–(13) by the same constant ηi, (10)–(13) are satisfied; i.e., all optimality

conditions are satisfied. Thus, for any d̄i we can choose constants ηi > 0 such

that ηid̄i = d for all i and ηiλ̄i > 0, and d can be chosen so that
∑n

i=1 ηiλ̄i = 1.

�

2.4 The Lindahl Equilibrium Conditions

The optimal level of global emissions e for a regional problem (9) is the quantity

which region i would prefer. In the Lindahl equilibrium, unanimity prevails on

this quantity. Additionally, for the compensations, payers must exist. There-

fore, Lindahl equilibrium requires that the sum of emissions compensations is

equal to the sum of emissions charges. Thus, an equilibrium prevails if the

Lindahl prices Pi and P are such that the optimal solutions of (9) satisfy the

following conditions:

n∑
i=1

ei = e (14)

n∑
i=1

Pi = P. (15)

We call these conditions the Lindahl equilibrium conditions.

2.5 Efficiency of the Lindahl Equilibrium

Given positive weights λi > 0 with
∑n

i=1 λi = 1 ∀ i, consider the global problem

to find ci, zi ≥ 0, ei, and e to

max
∑n

i=1 λiui (ci, e, zi) (16)

s.t.

d :
∑n

i=1 (ci + zi − yi) = 0 (17)∑n
i=1 ei = e. (18)

The dual variable associated with the constraint is shown before the constraint

(17). The Karush–Kuhn–Tucker optimality conditions consist of the primal

constraints (17)–(18) and zi ≥ 0, and dual feasibility and complementary

11



slackness constraints. In this case, assuming that in the optimum the decision

variables, except possibly zi, are positive, and substituting e in (16) using

relation (18), the dual feasibility and complementarity slackness constraints

with the associated primal variables on the left can be written in the form:

ci : λiu
ci
i − d = 0 ∀ i ∈ N (19)

zi : λiu
zi
i − d ≤ 0, (λiu

zi
i − d) zi = 0 ∀ i ∈ N (20)

ei :
n∑

j=1
λjue

j + dyei
i = 0 ∀ i ∈ N. (21)

Lemma 2 Any Lindahl equilibrium is Pareto optimal.

Proof It suffices to show that the primal variables ci, zi, and ei from the

Lindahl equilibrium are optimal for the global problem (16)–(18) for some

weights λi > 0. To see the primal feasibility, budget constraints (8) and

equilibrium conditions (14)–(15) imply (17). For the dual requirements, based

on Lemma 1, choose weights λi such that di = d is independent of region.

Then (19)–(20) are identical to (10)–(11). Finally, (12), (13), and (15) imply

(21). �

2.6 Existence and Computation of the Lindahl Equilibrium

Theorem 1 Consider an optimal solution for the global problem (16)–(21)
with weights λi > 0 such that ∑n

i=1 λi = 1. For the regional problems, define

di = d ∀ i ∈ N, (22)

P = yei
i = −1

d

n∑
j=1

λjue
j , (23)

Pi = −λi

d
ue

i ∀ i ∈ N, and (24)

Δi = ci − yi + zi + Pei − Pie ∀ i ∈ N. (25)

Then if Δi = 0 ∀ i∈ N or if the utility function ui (ci, e, zi) is quasi-linear, the
optimal solution of (16)–(21) is a Lindahl equilibrium with a GHG emissions
price P , compensation prices Pi, and global emissions e =

∑n
i=1 ei.

Proof To show the assertion, we need to verify the Lindahl equilibrium con-

ditions (8) and (10)–(15). Condition (10) follows directly from (19) and (22),

condition (11) from (20) and (22), condition (12) from (21)–(23), condition

(13) from (22) and (24), condition (14) from (18), and condition (15) from

(23)–(24). Finally, condition (8) follows from (25) with Δi = 0.
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The computational procedure of finding a Lindahl equilibrium is very simple:

first the global problem (16)–(21) is solved with some Negishi weights λi > 0

with
∑n

i=1 λi = 1. Then Δi is calculated as defined in Equation (25). If Δi �= 0

for some i ∈ N ,12 the Negishi weights are updated, e.g., with the following

rule:

λ̂i = λi − min (Δi, 0) /α ∀ i ∈ N, (26)

where α > 0 is a scaling parameter. To ensure positive weights, (26) changes

only those weights for which Δi < 0. Note that
∑n

i=1 Δi = 0 by (14), (15),

and (17), and thus at least for one i Δi < 0, unless the Lindahl equilibrium is

already found and thus all Δi = 0. Finally, the updated weights are scaled to

sum up to one. Thus, the Lindahl weights for the next iteration are

λi = λ̂i/
n∑

j=1
λ̂j ∀ i ∈ N. (27)

If the utility function is quasi-linear, any weights λi lead to the optimal solu-

tion. The values for yi, zi, and ei in the Lindahl equilibrium are then already

solved by the global problem. The definitions (22)–(25) are used to calcu-

late P , Pi, and ci in the Lindahl equilibrium, which completes the procedure.

Otherwise an iterative procedure like the one described above is needed.

3 Lindahl Mechanism Employing Emissions Trading

In this section we show how the Lindahl equilibrium can be implemented by

a Lindahl mechanism employing emissions trading.

Let wi be the number of GHG emission permits initially allocated free of

charge to region i, and let θ denote the permit price in the international mar-

ket. If the GHG emissions level of region i is ei, then the cash flow associated

with emissions is θ(wi − ei), and the problem of region i ∀ i ∈ N under emis-

sions trade is as follows: For some weights λi > 0 such that
∑n

i=1 λi = 1, given

prices θ, and global emissions e =
∑n

i=1 wi,13 find ci, zi ≥ 0, and ei to

max λiui (ci, e, zi) (28)

s.t.

di : ci + zi − yi + θ (ei − wi) = 0 (29)

Again, the dual variable associated with the constraint is shown before the
12If Δi = 0 ∀ i, then the Lindahl equilibrium is found by Theorem 1.
13Note that global emissions e are exogenous for this problem.
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equation. For the Karush–Kuhn–Tucker optimality conditions, the primal

requirements are given by (29) and zi ≥ 0. Assuming that in the optimum

the decision variables, except possibly zi, are positive, the dual feasibility and

complementarity slackness constraints with the associated primal variables to

their left are as follows:

ci : λiu
ci
i − di = 0 (30)

zi : λiu
zi
i − di ≤ 0, (λiu

zi
i − di) zi = 0 (31)

ei : ye
i − θ = 0 (32)

At an equilibrium of the international emissions market, (14) is satisfied. The

following result mimics the result of Mäler and Uzawa [17]:

Lemma 3 Consider a Lindahl equilibrium with a GHG emissions charge price
P , compensation prices Pi, and global emissions e. Suppose that the amounts
wi of emission permits initially allocated to regions i satisfy

Pie = Pwi ∀ i ∈ N. (33)

Then the Lindahl equilibrium is an equilibrium of the international emissions
market with permit price θ = P .

Proof Given the assumptions, equilibrium conditions for (29)–(32) and (14)

follow directly from (33) and the Lindahl equilibrium conditions with θ = P .

�

4 Numerical Demonstrations

Now we turn to the numerical demonstrations of the Lindahl equilibrium. We

use the RICE-99 model as a numerical data base for our calculations. We

begin with a short description of the RICE-99 model, and following that we

proceed with the numerical demonstrations. Finally, the implementability of

this Lindahl equilibrium is considered by investigating the side-payments and

external subsidies needed to induce the grand coalition stay together.

All the numerical demonstrations were written in a text file in the GAMS

modelling language14 described in Brooke et al. [4].15 The optimization model

and the data were processed in GAMS and fed to MINOS 5.4, which is a solver
14The RICE-99 model is also written in the GAMS modelling language.
15The GAMS code of the numerical example is available upon request. However, the
code is not documented.
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for the solution of convex nonlinear mathematical optimization problems [15].

The system can be used on most computer platforms.

4.1 Short Description of the RICE-99

RICE (Regional Dynamic Integrated model of Climate and the Economy)

is an integrated assessment model of climate change developed by William

Nordhaus and his collaborators Joseph Boyer and Zili Yang. The first version

of the model, presented in Nordhaus and Yang [21], was constructed in the

early 1990’s. In this study, we use the model version RICE-99 that is published

and introduced in Nordhaus and Boyer [20]. The development of the model is

ongoing, and lately some new versions of the model have been announced.16

In the RICE-99 version of the model there are 8 regions, namely the United

States (USA), Other High Income states (OHI, includes e.g. Japan, Canada,

and Australia), OECD Europe (EUR, not including East European OECD

countries), Russia and Eastern Europe (EE), Middle Income states (MI, e.g.

Korea, Rep., Brazil, and Taiwan), Lower Middle Income states (LMI, e.g.

Mexico, South Africa, and Iran), China (CHI), and finally Low Income states

(LI, e.g. India, Indonesia, and Korea, Dem. Rep.). In the original RICE-99

model the time step is 10 years. A detailed description of the model is to be

found in Nordhaus and Boyer [20].

4.2 Single Period Lindahl Model Based on RICE-99

The RICE-99 model is a multiperiod model for which we consider T = 20

periods. For each region i, the utility function is an additive function of

consumption by period. For the optimal control problem of region i, the

state vector at the end of the first period is determined endogenously by first

period investments zi and total emissions e. Therefore, the optimal utility from

periods 2–T can be aggregated into a terminal value function vi = vi (e, zi),

which is determined by the state at the end of the first period and by optimal

choices in periods 2–T , given the initial state.

We now consider the single period regional problem (9) assuming that the

regional utility function is quasilinear ∀ i ∈ N :

ui = ci + vi (e, zi) . (34)

16See [27] and http://www.econ.yale.edu/~nordhaus/homepage/.
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This choice assures that utility is transferable. As stated above, we interpret

the single period model as describing only one period of a dynamic model.

Then the second term vi (e, zi), a terminal value function, is the part of the

utility that is related to the state variables at the end of the single (first)

period and thus accounts for the utilities in the following periods. Now the

dual feasibility and complementarity slackness constraints ∀ i ∈ N are:

ci : λi − di = 0 (35)

zi : λiv
zi
i − di ≤ 0, (λiv

zi
i − di) zi = 0 (36)

ei : diy
ei
i − P = 0 (37)

e : λiv
e
i + diPi = 0 (38)

Note that λi can be chosen as λi = 1 ∀ i. Thus the weighting is utilitarian in

this single period setting. The second term vi of the utility function (34) is

replaced by v̂i, the 2nd order Taylor approximation of vi at (e∗, z∗
i ),17 where

[ ]∗ refers to the original RICE-99 optimum solution at the first time step:

v̂i =αie + χizi +
1
2

(e, zi)

⎛
⎜⎝ a11,i ai

ai a22,i

⎞
⎟⎠
⎛
⎜⎝ e

zi

⎞
⎟⎠ , (39)

where

a11,i =
∂2vi

∂e2 (40)

a22,i =
∂2vi

∂z2
i

(41)

ai =
∂2vi

∂e∂zi
(42)

αi =
∂vi

∂e
− (a11,ie

∗ + aiz
∗
i ) (43)

χi =
∂vi

∂zi
− (a22,iz

∗
i + aie

∗) , (44)

where the derivatives are approximated at (e∗, z∗
i ). To evaluate the five pa-

rameters a11,i, a22,i, ai, αi, and χi from (40)–(44), we use the original dynamic

RICE-99 model. Function vi is approximated by calculating the optimal dis-

counted utilities of the periods 2–20 at the beginning of the first period. The

original discount factors are used. Standard numerical approximations are
17A constant term is omitted from the approximation.
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used to evaluate the derivatives in (40)–(44) at the reference point (e∗, z∗
i ):

∂vi

∂e
|e∗,z∗

i
≈ (vi (e∗ + Δe, z∗

i ) − vi (e∗ − Δe, z∗
i )) /2Δe (45)

∂vi

∂zi
|e∗,z∗

i
≈ (vi (e∗, z∗

i + Δzi) − vi (e∗, z∗
i − Δzi)) /2Δzi (46)

∂2vi

∂e2 |e∗,z∗
i

≈ (vi (e∗ + Δe, z∗
i ) − 2vi (e∗, z∗

i ) (47)

+vi (e∗ − Δe, z∗
i )) / (Δe)2

∂2vi

∂z2
i

|e∗,z∗
i

≈ (vi (e∗, z∗
i + Δzi) − 2vi (e∗, z∗

i ) (48)

+vi (e∗, z∗
i − Δzi)) / (Δzi)2

∂2vi

∂e∂zi
|e∗,z∗

i
≈ (vi (e∗ + Δe, z∗

i + Δzi) (49)

−vi (e∗ + Δe, z∗
i − Δzi) − vi (e∗ − Δe, z∗

i + Δzi)

+vi (e∗ − Δe, z∗
i − Δzi)) / (4ΔeΔzi)

Δe and Δzi are chosen to be 20% of the levels of e∗ and z∗
i , respectively. All the

needed values of vi were calculated with the RICE-99 model by constraining

the variables e and zi to the points needed in the approximation and then

optimizing the model once again. The approximated parameters are shown in

Table 1.

The production functions yi are taken from the original RICE-99 model [20,

Equations (A.5a) and (A.5b)]:

yi = Ωi

(
AiK

γ
i L1−βi−γ

i ESβi
i − cE

i ESi

)
, where (50)

ESi = ζiEi = ζi(ei − LUi). (51)

The symbols are as follows (Ex and En refer to exogenous and endogenous,

respectively):
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Ωi Climate change damage coefficient of region i (En)

Ai Total factor productivity including Hicks-neutral technological

change in region i (Ex)

Ki Capital stock in region i (En)

γ Elasticity of output with respect to capital (Ex)

Li Population in region i (Ex)

βi Elasticity of output with respect to carbon-energy in region i (Ex)

ESi Carbon-energy, energy services from carbon fuels in region i (En)

cE
i Cost of carbon energy in region i (En)

ζi Ratio of carbon energy to industrial carbon emissions in region i

(Ex)

Ei Industrial CO2 emissions18 in region i (En)

ei Level of CO2 emissions in region i19 (En), ei = Ei + LUi

LUi Carbon emissions from land-use change in region i (Ex)

In this single period model we need these values from the first time step only.

All the other parameter and variable values are taken directly from the first

time step of the original RICE-99 optimal run except the total regional CO2

emissions ei, which are among our endogenous variables.

Now we are ready to solve the single period Lindahl equilibrium correspond-

ing to the RICE-99 optimal run. The Lindahl equilibrium is solved from the

system of equations (8), (14)–(15), and (35)–(38). The results are shown in

Table 2. As can be seen, the results of our single period model are very close to

the results of the RICE-99 optimal run. However, slight differences do occur.

The consumption tends to be somewhat smaller in the constructed Lindahl

solution, except in region LI where the consumption is 0.56% higher. How-

ever, all the differences are small, the largest deviations being in regions CHI

(-3.14%) and EE (-2.28%). On the other hand, the level of investments tends

to be slightly higher in the constructed Lindahl solution than in the original

solution.

18In RICE-99 model, endogenous emissions are limited to industrial CO2 emissions.
19In general, ei is the level of GHG emissions in region i.
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Table 1. Approximated parameters. The parameter units are as follows: [ai] =
10−5a2/GtC 1012USD, [a11,i] = 10−5 (a/GtC)2 , [a22,i] =

(
a/1012USD

)2
, [αi] =

10−3a/GtC, and [χi] = a/1012USD. Index i refers to region.

Region ai a11,i a22,i αi χi

USA -0.3489 -1.5590 -0.2841 -0.2863 1.4125
OHI -0.2272 -2.0167 -0.4300 0.1758 1.4129
EUR -0.3126 -2.5835 -0.2645 -2.3621 1.4088
EE -1.0544 -0.5983 -2.0941 0.0487 1.4645
MI -0.0505 -0.0905 -0.8928 -0.9451 1.4473
LMI -0.4518 -0.3626 -1.1569 -0.11514 1.4778
CHI -1.5296 -0.6107 -2.0995 -0.1849 1.4861
LI -0.1341 -0.4984 -1.1217 -2.7112 1.4881

4.3 Side-Payments and External Subsidies

In a cooperative game, single players may form cooperative groups called coali-

tions. It is assumed that the players are able to form binding commitments.

The game is then played between the coalitions, not between the individual

players. Next we briefly introduce some cooperative game concepts used in

this article. See, e.g., Aumann [1, 2, 3] for more information on game theory.

Coalition is a subset of players S ⊆ N = {1, 2, . . . , n} that are committed to

cooperate within the game.

Characteristic function ṽ(S) defines the value of coalition S ⊆ N . ṽ (∅) = 0.

The value of the coalition is the value that the coalition S can make if it is

formed. For an explicit definition, see the example below.

Grand coalition is the coalition N , the largest possible coalition of the game

(N, ṽ) that involves all the players.

Transferable utility is a utility for which it makes sense to transfer utility

between the players. E.g., if individual utilities can be expressed in monetary

terms, the utilities are transferable.20

A transferable utility cooperative game (TU-game) (N, ṽ) is composed of

a finite set of players N and of the characteristic function ṽ. In a TU-game,

the utilities of the players are transferable.

Payoff distribution (xi)i∈N defines how the payoffs are distributed among

the players in a case that the grand coalition is formed. Let us define x̂(S) =∑
i∈S xi for a payoff distribution x = (x1, x2, . . . , xn) ∈ R

n and for a non-empty

coalition S ⊆ N . For a TU-game, a payoff distribution is
20E.g., quasilinear utilities are transferable (see Equation (34)).
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Table 2. The Lindahl equilibrium results as compared to the original RICE-99 model re-
sults. The upper table shows the Lindahl equilibrium results, the middle table
shows the original results from the RICE-99 optimal run, and the lower table
shows the differences between the results. [yi] = [ci] = [zi] = 1012USD/a, [ei] =
GtC/a; [Pi] = USD/tC. Index i refers to region.

Region Lindahl Equilibrium
yi ci zi ei Pi

USA 5.965 4.505 1.452 1.415 0.401
OHI 4.305 3.340 0.960 0.571 -0.032
EUR 7.211 5.677 1.546 0.836 2.548
EE 0.719 0.491 0.222 0.746 -0.004
MI 1.591 1.090 0.501 0.805 0.939
LMI 1.158 0.747 0.413 0.764 1.179
CHI 0.583 0.347 0.231 0.807 0.231
LI 1.032 0.607 0.435 1.062 2.677
SUM 22.563 16.803 5.760 7.008 7.938

Region Original Optimum
y∗

i c∗
i z∗

i e∗
i

USA 5.965 4.532 1.433 1.415
OHI 4.305 3.355 0.950 0.571
EUR 7.211 5.681 1.530 0.836
EE 0.719 0.502 0.216 0.746
MI 1.591 1.097 0.494 0.805
LMI 1.158 0.751 0.406 0.764
CHI 0.583 0.358 0.225 0.807
LI 1.032 0.603 0.428 1.062
SUM 22.563 16.880 5.683 7.008

Region Difference
yi ci zi ei

USA 0.00% -0.60% 1.31% 0.00%
OHI 0.00% -0.46% 1.11% 0.00%
EUR 0.00% -0.07% 1.01% 0.00%
EE 0.00% -2.28% 2.54% 0.00%
MI 0.00% -0.59% 1.35% 0.00%
LMI 0.00% -0.60% 1.64% 0.00%
CHI 0.00% -3.14% 2.87% 0.00%
LI 0.00% 0.56% 1.62% 0.00%
SUM 0.00% -0.46% 1.36% 0.00%
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• efficient if x̂(N) = ṽ(N),

• individually rational if xi ≥ ṽ ({i}) ∀ i ∈ N , and

• coalitionally rational if x̂(S) ≥ ṽ(S) ∀ S ⊆ N.21

Core The core C (N, ṽ) of a TU-game (N, ṽ) is the set of all efficient and

coalitionally rational payoff distributions:

C (N, ṽ) = {x ∈ R
n|x̂(N) = ṽ(N) and x̂(S) ≥ ṽ(S) ∀ S ⊆ N} .

Many earlier studies state that the Lindahl equilibrium is in core [e.g. 8,

25]. However, as, e.g., Nishimura [19] shows, this is not generally true. In

some cases, the solution might become preferable to every party by using

side-payments. Nevertheless, this requires there to be enough synergy in the

cooperation to cover the possible losses of some participants, as compared

to the most beneficial other coalition. If there is no feasible side-payment

solution to the problem, some extra money is needed. These external subsidies

could be collected and distributed by multinational organizations such as the

United Nations. Let us investigate how much external money — if any —

is needed to keep all the regions in the same Lindahl coalition. Because of

the transferable utility properties, we use the quasilinear utility function (34).

Then the definition of core introduced above can be implemented.

First, all the possible coalition combinations for the eight regions are pro-

duced. These coalitional structures form a set AA.22 A ∈ AA is the set of

coalitions S in the coalition structure,23 and S is the set of all the members

in the coalition.24 It is assumed that all the coalition strategies constitute a

Nash equilibrium.

To determine the characteristic function ṽ (S), we first consider the follow-

ing maximization problem ∀ S to define the value function φ (S|eN−S) given

21Note that if a payoff distribution is coalitionally rational, it is also individually
rational.
22E.g. AA = {{1, 2, 3}, {{1}, {2, 3}}, {{2}, {1, 3}}, {{3}, {1, 2}}, {{1}, {2}, {3}}} for a
set {1, 2, 3}.
23E.g. A = {1, 2, 3}, {{1}, {2, 3}}, {{2}, {1, 3}}, {{3}, {1, 2}}, or {{1}, {2}, {3}} for a
set {1, 2, 3}.
24E.g. S = {1} or {2, 3} in the second option of A in the former example.
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exogenous emissions eN−S of regions i ∈ N − S:

φ (S|eN−S) = max
ci,zi≥0,ei,e|i∈S

∑
i∈S

(ci + vi (e, zi)) (52)

s.t.

f :
∑
i∈S

(ci + zi − yi (ei)) = 0 (53)

∑
i∈S

ei + eN−S = e, (54)

where f denotes the dual variable of the constraint (53).

The Karush–Kuhn–Tucker optimality conditions include the primal feasibil-

ity constraints (53)–(54) and dual feasibility and complementarity slackness

constraints. In this case, assuming that in the optimum the decision variables,

except possibly zi, are positive, the dual feasibility and complementarity slack-

ness constraints can be written in the form, substituting e in (52) using (54):

ci : f = 1 ∀ i ∈ S (55)

zi : vzi
i − f ≤ 0, (vzi

i − f) zi = 0 ∀ i ∈ S (56)

ei :
∑
j∈S

ve
j + fye

i = 0 ∀ i ∈ S (57)

The primal variables are written before each dual constraint.

Next, for all A ∈ AA such that S ∈ A, we consider a Nash equilibrium among

coalitions in A. In a Nash equilibrium, the primal constraints (53)–(54) with∑
S′∈A

∑
i∈S′ ei = e in (54) and the dual constraints (55)–(57) are satisfied for

all coalitions in A. Let ω (S, A) denote the value φ (S|eN−S) in such a Nash

equilibrium.

Finally, because there usually are more than one A ∈ AA such that S ∈ A,

we define the characteristic function ṽ (S) as the maximum25 of the utilities

ω (S, A) over all A ∈ AA such that S ∈ A.

The minimum side-payments or external subsidies needed are solved from

the following problem:

min
si

∑
i∈N si (58)

s.t. ∑
i∈S si + ZS ≥ ṽ (S) ∀ S ⊆ A ⊆ AA, (59)

25This leads to a conservative estimate (upper bound) of the sum of the subsidies.
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where si is the subsidy of region i that is needed to ensure that the region

joins the global (grand) coalition and ZS is the coalitional sum of the utilities

in the global Lindahl solution. Additionally, different optimal solutions to the

problem (58)–(59) were sought by minimizing and maximizing each region’s

subsidy subject to the constraints (59) and subject to a constraint that restricts

the sum of the subsidies to be no greater than the optimal objective value in

(58). These alternative optimal solutions were sought to find other possible

subsidy allocations that lead to the same total minimum sum of subsidies. In

particular, by minimizing and maximizing each region’s subsidy we obtain the

boundaries within which each region’s subsidy might vary.

The critical combinations of coalitions constraining the minimum sum of the

subsidies (Equation (58)) are shown in Table 3, and the different allocations

of the subsidies are shown in Table 4. These critical combinations of coalitions

comprise those combinations that define the level of subsidies needed in the

optimum. The utility constraints (59) of these coalitions are thus acting as

active constraints in the optimum. E.g., we see from Table 3 that the coali-

tion combination where USA and OHI form one coalition, EE forms another

coalition, and finally the rest of the regions form the third coalition, is nearly

every case critical (6th column in Table 3). The only exception is the case

where the subsidy of USA is maximized.

The results show that external subsidies are needed to make the global Lin-

dahl solution an acceptable choice for all regions. The minimum sum of the

subsidies is 25.2 109 USD, which can be regarded as a conservative estimate of

the total subsidy. However, the sum is small in the global scale. The different

allocations of the subsidies (Table 4) show that the subsidies of the regions

EE and CHI are constant in every case, and the subsidies of the regions USA

and OHI are almost constant. Thus differences in the allocations of subsidies

are in practice found between the regions EUR, MI, LMI, and LI. In nearly

every case, EUR is the net payer of subsidies. In a couple of cases, LMI and

LI would also become net payers. All the other regions are net receivers of

the subsidy. If this kind of subsidy allocation were to be implemented in re-

ality, the choice of the subsidy allocation plan would be a political question.

Thus we would probably not choose an allocation alternative in which the low

income countries in region LI would pay subsidies to the richer regions.

Tables 5 and 6 show the same results for the case in which the damage

coefficient functions are approximately rotated as shown in Figures 1–2 as

compared to the original RICE-99 functions. In this case the minimum sum
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of the subsidies is 79.3 109 USD. The subsidy allocation alternatives in Table

6 show that the subsidy level seems to be constant for regions USA, EE, MI,

and CHI. Thus the allocation changes are made between regions OHI, EUR,

LMI, and LI. Regions OHI and EUR are net payers of the subsidies, except

in two cases, where OHI gets a positive subsidy. All the other regions are net

receivers of the subsidy.

The rotated damage coefficient functions are primarily for sensitivity anal-

ysis purposes. However, the view that the economic damages might be more

serious than estimated by the original RICE-99 damage coefficient functions is

consistent with the updated scientific understanding of the economic impacts

of climate change.26 There is high agreement that aggregate economic dam-

ages accelerate with increasing temperature, but few quantitative estimates

exist [12]. Thus, the exact forms of the damage coefficient functions are not

known.

5 Welfare Properties

In this section we briefly consider the welfare properties of our Lindahl equi-

librium for the case that the equilibrium is implemented by emissions trading.

Uzawa [26] states in his book Economic Theory and Global Warming that the

tradable permits market equilibrium satisfying the Lindahl conditions is anti-

egalitarian because the initial allocation of emission permits is proportional

to the national incomes of the countries. According to Uzawa, the initial

allocations of emission permits are generally given in the form

wi

e
=
[
(1 + ε)

Li

L
− ε

yi

y

]
, (60)

where wi is the initial allocation of GHG emission permits for region i, ε ≥ −1

is the egalitarian index, Li is the population in the region i, L =
∑n

i=1 Li is

the global population, yi is the national (or regional) income, and y =
∑n

i=1 yi

is the global income. For ε = 0, the initial allocations are defined only by

population (egalitarian allocation). On the other hand, in this setting the

national income is a proxy variable of past emissions and thus, where ε > 0,

the second term is negative. If ε = −1, the allocation of emissions depends only

on the relative national incomes of the countries (anti-egalitarian allocation),

which is the case in the setting in Uzawa’s book [26]. However, in our setting,

this is not true, because the initial allocation of the permits takes into account
26Compare the assessments of economic impacts between the reports [9, 10, 11, 12]
of the Intergovernmental Panel on Climate Change.

24



a)

0.5
0.6
0.7
0.8
0.9

1
1.1

0 1 2 3 4 5 6U
SA

 D
am

ag
e 

C
oe

ffi
ci

en
t

Temperature Increase (oC)

b)

0.5
0.6
0.7
0.8
0.9

1
1.1

0 1 2 3 4 5 6

O
H

I D
am

ag
e 

C
oe

ffi
ci

en
t

Temperature Increase (oC)

c)

0.5
0.6
0.7
0.8
0.9

1
1.1

0 1 2 3 4 5 6EU
R

 D
am

ag
e 

C
oe

ffi
ci

en
t

Temperature Increase (oC)

d)

0.5
0.6
0.7
0.8
0.9

1
1.1

0 1 2 3 4 5 6

EE
 D

am
ag

e 
C

oe
ffi

ci
en

t

Temperature Increase (oC)

Figure 1. Damage coefficient functions for USA, OHI, EUR, and EE. The original RICE-
99 damage coefficient functions (solid line) and the rotated damage coefficient
functions (dashed line) for the different regions as a function of temperature
increase as compared to pre-industrial times.

25



a)

0.5
0.6
0.7
0.8
0.9

1
1.1

0 1 2 3 4 5 6
M

I D
am

ag
e 

C
oe

ffi
ci

en
t

Temperature Increase (oC)

b)

0.5
0.6
0.7
0.8
0.9

1
1.1

0 1 2 3 4 5 6

LM
I D

am
ag

e 
C

oe
ffi

ci
en

t

Temperature Increase (oC)

c)

0.5
0.6
0.7
0.8
0.9

1
1.1

0 1 2 3 4 5 6

C
H

I D
am

ag
e 

C
oe

ffi
ci

en
t

Temperature Increase (oC)

d)

0.5
0.6
0.7
0.8
0.9

1
1.1

0 1 2 3 4 5 6

LI
 D

am
ag

e 
C

oe
ffi

ci
en

t

Temperature Increase (oC)

Figure 2. Damage coefficient functions for MI, LMI, CHI, and LI. The original RICE-
99 damage coefficient functions (solid line) and the rotated damage coefficient
functions (dashed line) for the different regions as a function of temperature
increase as compared to pre-industrial times.
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Table 3. Critical coalition structures in the case of the original damage coefficient func-
tions. The upper part of the table presents those coalition structures that are
critical when defining the minimum sum of side-payments or external subsidies.
The different symbols *, blank, +, -, and / refer to the different coalitions. A crit-
ical coalition is marked with *. E.g., in the last column the illustrated coalition
structure is {USA, EE, CHI} (blank), {OHI} (*, critical coalition), {EUR} (/),
{MI, LI} (-), and {LMI} (+). The lower part of the table shows which of the coali-
tion structures presented in the upper part are critical in each case. E.g., the last
column shows that the coalition structure {USA, EE, CHI}, {OHI}, {EUR}, {MI,
LI}, {LMI} is critical in cases where the subsidy of USA is maximized (max sUSA)
and the subsidy of OHI is minimized (min sOHI).

Region Critical Coalition Structures
USA * * - - - - - - - - -
OHI * * - * *
EUR * * * * * * /
EE * - - - - - - - - - - - -
MI * * * * * * -
LMI * * * * * * +
CHI * * * * * *
LI * * * / * * -
Objective Occurrence
min

∑n
i=1 si x x x x x x x x

max sUSA x x x x x x x
min sUSA x x x x x x x
max sOHI x x x x x x x
min sOHI x x x x x x x
max sEUR x x x x x x x
min sEUR x x x x x x x
max sEE x x x x x x x
min sEE x x x x x x x x
max sMI x x x x x x x
min sMI x x x x x x x
max sLMI x x x x x x x
min sLMI x x x x x x x
max sCHI x x x x x x x
min sCHI x x x x x x x
max sLI x x x x x x x
min sLI x x x x x x x
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Table 4. The different optimal subsidy allocations found (109 USD) in the case of the
original damage coefficient functions. In each allocation (row) the sum of the
subsidies is the minimum value of 25.2 109 USD.

Objective Region
USA OHI EUR EE MI LMI CHI LI

min
∑n

i=1 si 8.789 4.821 -6.285 6.309 1.492 0.068 5.300 4.705
max sUSA 8.802 4.809 -6.285 6.309 1.492 0.068 5.300 4.705
min sUSA 8.789 4.821 -6.285 6.309 1.492 0.068 5.300 4.705
max sOHI 8.789 4.821 -6.285 6.309 1.492 0.068 5.300 4.705
min sOHI 8.802 4.809 -6.285 6.309 1.492 0.068 5.300 4.705
max sEUR 8.789 4.821 3.598 6.309 1.491 0.070 5.300 -5.178
min sEUR 8.789 4.821 -6.331 6.309 1.538 0.114 5.300 4.660
max sEE 8.789 4.821 -6.285 6.309 1.492 0.068 5.300 4.705
min sEE 8.789 4.821 -6.285 6.309 1.492 0.068 5.300 4.705
max sMI 8.789 4.821 -6.215 6.309 4.801 -2.000 5.300 1.397
min sMI 8.789 4.821 -6.204 6.309 1.411 0.150 5.300 4.624
max sLMI 8.789 4.821 -6.204 6.309 1.411 4.806 5.300 -0.032
min sLMI 8.789 4.821 -6.215 6.309 1.563 -2.000 5.300 4.635
max sCHINA 8.789 4.821 -6.285 6.309 1.492 0.068 5.300 4.705
min sCHINA 8.789 4.821 -6.285 6.309 1.492 0.068 5.300 4.705
max sLI 8.789 4.821 -6.285 6.309 1.492 0.068 5.300 4.705
min sLI 8.789 4.821 3.550 6.309 1.539 0.118 5.300 -5.226

the differing disutilities of the regions originating from the global greenhouse

gas (GHG) emissions.

Let us consider the egalitarianism of our Lindahl solution. As was stated

earlier, in our setting the initial allocation of the emission permits takes into

account the differing disutilities of the regions originating from the global GHG

emissions. In Figure 3 the ratios Li
L , yi

y ,27 and wi
e are presented for the different

regions. It can clearly be seen that the initial allocation of the permits is not

generally anti-egalitarian, i.e., the initial allocation of permits does not merely

depend on the relative national incomes of the countries.

Nishimura [19] shows that under his setting, the initial allocations of permits

in the Lindahl equilibrium are not always fair: If the price elasticity of the

demand of emission permits is less than one, a country suffering more from

emissions will get less initial permits, while a country with higher emissions

will get more initial permits. Let us next consider the welfare properties of our

setting. From Equations (10), (24), and (33) we see that the initial allocation

of emission permits is

wi =
Pi

P
e =

−λi
d ue

i

P
e =

−ue
i /uci

i

P
e.

If we now consider the initial permits allocation ratio between two regions i

27We assume that the output yi represents the national income of region i.
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Table 5. Critical coalition structures in the case of rotated damage coefficient functions.
The upper part of the table presents those coalition structures that are critical
when defining the minimum sum or different allocations of side-payments or exter-
nal subsidies. The different symbols *, blank, and - refer to the different coalitions.
A critical coalition is marked with *. E.g., in the last column the illustrated coali-
tion structure is {USA, OHI, EUR, MI, LMI, CHI} (blank), {EE} (-), and {LI}
(*, critical coalition). The lower part of the table shows which of the coalition
structures presented in the upper part are critical in each case. E.g., the last col-
umn shows that the coalition structure {USA, OHI, EUR, MI, LMI, CHI}, {EE},
and {LI} is critical in all other cases but not in the case where the subsidy of LI
is maximized (max sLI).

Critical Coalition Structures
USA * -
OHI * * * *
EUR * * * *
EE * - - -
MI * * *
LMI * * *
CHI *
LI * * *
Objective Occurrence
min

∑n
i=1 si x x x x x x x x

max sUSA x x x x x x x
min sUSA x x x x x x x
max sOHI x x x x x x x
min sOHI x x x x x x x
max sEUR x x x x x x x
min sEUR x x x x x x x
max sEE x x x x x x x
min sEE x x x x x x x
max sMI x x x x x x x
min sMI x x x x x x x
max sLMI x x x x x x x
min sLMI x x x x x x x
max sCHI x x x x x x x
min sCHI x x x x x x x
max sLI x x x x x x x
min sLI x x x x x x x
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Table 6. The different optimal subsidy allocations found (109 USD) in the case of rotated
damage coefficient functions. In each allocation (row) the sum of the subsidies is
the minimum value of 79.329 109 USD.

Objective Region
USA OHI EUR EE MI LMI CHI LI

min
∑n

i=1 si 12.106 -11.501 -9.358 29.517 17.693 4.993 24.627 11.252
max sUSA 12.106 -11.501 -9.358 29.517 17.693 4.993 24.627 11.252
min sUSA 12.106 -11.501 -9.358 29.517 17.693 4.993 24.627 11.252
max sOHI 12.106 16.254 -37.113 29.517 17.693 4.993 24.627 11.252
min sOHI 12.106 -11.501 -9.358 29.517 17.693 4.993 24.627 11.252
max sEUR 12.106 -11.501 -9.358 29.517 17.693 4.993 24.627 11.252
min sEUR 12.106 4.420 -37.113 29.517 17.693 16.827 24.627 11.252
max sEE 12.106 -11.501 -9.358 29.517 17.693 4.993 24.627 11.252
min sEE 12.106 -11.501 -9.358 29.517 17.693 4.993 24.627 11.252
max sMI 12.106 -11.501 -9.358 29.517 17.693 4.993 24.627 11.252
min sMI 12.106 -11.501 -9.358 29.517 17.693 4.993 24.627 11.252
max sLMI 12.106 -11.501 -21.193 29.517 17.693 16.827 24.627 11.252
min sLMI 12.106 -11.501 -9.358 29.517 17.693 4.993 24.627 11.252
max sCHINA 12.106 -11.501 -9.358 29.517 17.693 4.993 24.627 11.252
min sCHINA 12.106 -11.501 -9.358 29.517 17.693 4.993 24.627 11.252
max sLI 12.106 -11.501 -15.804 29.517 17.693 4.993 24.627 17.698
min sLI 12.106 -11.501 -9.358 29.517 17.693 4.993 24.627 11.252
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Figure 3. Relative output, relative population and relative emission permits allocation by
region in the Lindahl equilibrium. The squares indicate the ratio of the regional
output to the global output yi/y, the triangles show the ratio of the regional pop-
ulation to the global population Li/L, and the crosses represent the proportion
of emission permits allocated to the region.

30



and j, we get
wi

wj
=

−ue
i /u

ci
i

P e

−ue
j/u

cj
j

P e

=
ue

i /uci
i

ue
j/u

cj

j

=
ue

i

ue
j

u
cj

j

uci
i

. (61)

Assume that ue
k < 0 and uck

k > 0 for k = i, j. Then the following proposition

holds:

Proposition 1 Under a Lindahl equilibrium, (i) for i and j such that ue
i = ue

j,
wi > wj iff uci

i < u
cj

j , and (ii) for i and j such that uci
i = u

cj

j , wi > wj iff
|ue

i | > |ue
j |.

Proof The results follow from (61).

Suppose that ∂2uk

∂ck
2 < 0 for k = i, j and that uci

i = u
cj

j iff ci = cj . Then the

first part of the proposition states that region i will get more permits than j

only if the consumption in region i is higher than in region j. This part of the

proposition is contrary to our intuition of a fair compensation.

The second part of the proposition states that the region i will get more

permits than j only if region i suffers higher marginal damage than region j.

This second part of the proportion could be considered fair.

6 Discussion and Conclusions

The main objectives of this study were to 1) clarify the concept of Lindahl equi-

librium in the case of (negative) stock externalities, especially when applied to

the climate change problem, and to 2) study the Lindahl equilibrium in a sin-

gle period case as a cooperative solution to the climate change problem. The

paper was organized as follows: Firstly, some earlier studies on the Lindahl

equilibrium were reviewed. Secondly, the meaning of a single period model

was discussed. Thirdly, the Lindahl equilibrium concept for a single period

case was presented and the efficiency and the existence of this equilibrium were

shown. Fourthly, the emissions trading implementation was shown. Fifthly,

the concept was numerically tested with the RICE-99 model and the needed

side-payments and/or external subsidies to implement the Lindahl equilibrium

were calculated. Finally, the welfare properties of our Lindahl solution were

briefly considered.

The Lindahl equilibrium is characterized by emissions charges and compen-

sations. At the equilibrium, the emissions charges cover the compensation

payments, the world regions unanimously agree on the global emissions, and

the allocations are efficient (Pareto optimal).
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While the solution is not in core, the side-payment and external payment

conditions to implement the equilibrium were considered. The results of these

considerations show that if side-payments and external payments are allowed,

the extra money needed to make the global Lindahl equilibrium preferable to

every party is quite reasonable.

What is actually the side-payment or extra money in this single period frame-

work? Because we understand this single period modelling framework as a

representation of only one period of a dynamic model, the side-payments and

extra money needed could be interpreted as a discounted sum of all future

payments needed to form a grand coalition. According to the Copenhagen

Accord [23], the developed countries will provide USD 30 billion for the years

2010–2012 for adaptation and mitigation in developing countries. The goal is

to provide USD 100 billion a year by 2020. On the other hand, in our study,

the discounted total money transfers are of order of USD 30 billion and even in

the severe damage case only USD 80 billion. Why is there so big a difference?

Firstly, the model averages the countries inside the regions. Even if the re-

gions are formed by grouping the same kind of countries, the grouping hides

the extreme cases. In addition, the countries belonging to the same region are

assumed to stay together without any side-payments. Thus, part of the real

side-payments or external payments are not shown in this modelling frame-

work.

Secondly, the model assumes that the climate change impacts are mainly

regional and the spill-over effects of the impacts are insignificant. However,

in practice, e.g., immigration due to climate change and even climate refugees

will transfer the impacts to other regions as well. It might be in the interests

of the other regions to pre-empt such global shifts of population by taking care

that the circumstances in the most vulnerable regions remain on an adequate

level. This means that the developed and relatively climate-robust regions

would be willing to pay more subventions to the most vulnerable regions than

shown by this model.

Thirdly, the model does not take into account the regions’ differing techno-

logical, economical and other capabilities to implement mitigation and adap-

tation measures. This is one reason that more money is needed to help the

low-income, developing countries to survive.

The short consideration of the welfare properties of our Lindahl equilibrium

showed that even if the solution cannot be considered as totally anti-egalitarian

á la Uzawa [26], the initial allocation of the permits is not always fair.

Even though the Lindahl equilibrium has been widely studied, there is still
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space for new studies, especially within the global warming context. Fur-

ther research topics could include, e.g., implementing the Lindahl equilibrium

in a more detailed modelling approach with updated parameters that better

correspond to the latest knowledge on climate change and its impacts, and

implementing the Lindahl equilibrium framework presented in this study in

the dynamic and stochastic cases. In this study, we did not examine the

distributional impacts of the Lindahl equilibrium or impacts on labour mobil-

ity. While these topics are beyond the scope of the current study, they could

provide interesting topics for future research.
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A Balancedness and Nash Equilibrium

In this appendix it is shown that the balancedness as defined by Mäler and

Uzawa [17, 24, 25] means that the solution cannot be a Nash solution. This is

shown for a cooperative game with a special class of non-transferable utility:

these utilities can be transformed to transferable utilities by multiplying them

with positive weights, following Uzawa’s approach [25]. However, the result

is applicable for transferable utility as well, because transferable utility is a

special case of non-transferable utility.

Let N = {1, 2, . . . , n} be a set of players and let S ⊆ N and N − S be two

coalitions, that is a group of players that are committed to cooperate within the

game. Let the non-transferable utility be ui (ci, e) ∀ i ∈ N , where e =
∑n

i=1 ei

is the total level of greenhouse gas emissions, and ci denotes consumption

level in region i. Following [25], non-transferable utilities are transformed to

transferable utilities by multiplying the non-transferable utilities with posi-

tive weights qi ∀ i ∈ N . The weights are such that the non-transferable and

thus incomparable utilities are scaled to be comparable [25]. The transferable

utilities are then given by

qiui (ci, e) ∀ i ∈ N. (62)

Assume that uci
i > 0 and ue

i < 0. The Nash equilibrium can be found by sep-

arately maximizing the utilities of both coalitions and then seeking a solution

that satisfies the optimum conditions for both coalitions. For coalition S the

optimization problem is

max
ci,ei|i∈S

∑
i∈S qiui (ci, e) (63)

s.t.

τ :
∑

i∈S gi (ci, ei) ≤ 0 (64)∑
i∈S ei + eN−S = e, (65)

where the parameter τ denotes the dual variable of the constraint, gi is the

function that defines the production constraints for region i, and eN−S =∑
i∈N−S ei. Karush–Kuhn–Tucker optimality conditions include the primal

feasibility constraints (64)–(65), and the dual feasibility and complementary

slackness constraints. Substituting e in (63) using (65), the dual feasibility
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constraints can be written in the form

ci : qiu
ci
i = τgci

i ∀ i ∈ S (66)

ei :
∑

j∈S qjue
j = τgei

i ∀ i ∈ S, (67)

where the corresponding primal variables are written before each dual con-

straint. Because uci
i > 0, we have τ > 0 so that (64) is binding at an optimum.

For the complement coalition N − S, the corresponding optimization problem

is

max
ci,ei|i∈N−S

∑
i∈N−S qiui (ci, e) (68)

s.t.

μ :
∑

i∈N−S g (ci, ei) ≤ 0 (69)∑
i∈N−S ei + eS = e, (70)

where the parameter μ denotes the dual variable of the constraint, and eS =∑
i∈S ei. The dual feasibility constraints are (assume ci > 0 and ei > 0

∀ i ∈ N − S in the optimum)

ci : qiu
ci
i = μgci

i ∀ i ∈ N − S (71)

ei :
∑

j∈N−S qjue
j = μgei

i ∀ i ∈ N − S, (72)

where the corresponding primal variables are written before each dual con-

straint. Again, uci
i > 0 implies μ > 0.

If the two coalitions are balanced, it means that the following optimization

problem yields Lindahl equilibrium, with 0 < βS < 1, such that Equations (1)

and (2) hold:

max
ci,ei

βS
∑

i∈S qiui (ci, e) + (1 − βS)
∑

i∈N−S

qiui (ci, e) (73)

s.t.

ν :
∑

i∈S gi(ci, ei) ≤ 0 (74)

ρ :
∑

i∈N−S gi(ci, ei) ≤ 0 (75)∑n
i=1 ei = e, (76)

where the parameters ν and ρ denote the dual variables of the constraints.

The Karush–Kuhn–Tucker optimality conditions include the primal feasibility

constraints (74)–(76), and the dual feasibility and complementary slackness

constraints. Substituting e in (73) using (76), the dual feasibility constraints

37



can be written in the form

ci : βSqiu
ci
i = νgci

i ∀ i ∈ S (77)

(1 − βS) qiu
ci
i = ρgci

i ∀ i ∈ N − S (78)

ei : βS
∑

j∈S qjue
j + (1 − βS)

∑
j∈N−S qjue

j = νgei
i ∀ i ∈ S (79)

βS
∑

j∈S qjue
j + (1 − βS)

∑
j∈N−S qjue

j = ρgei
i ∀ i ∈ N − S. (80)

Because uci
i > 0 ∀ i ∈ N , we have ν > 0 and ρ > 0 so that constraints

(74)–(75) are binding. Now we are interested whether the balanced solution is

a Nash equilibrium or not. Let us assume that it is. Then we can solve βS in

two different ways. On the one hand, from the pair of equations (66) and (77)

we get ν = τβS . Next we substitute this into the dual feasibility condition

(79) and get βS
∑

j∈S qjue
j + (1 − βS)

∑
j∈N−S qjue

j = βSτgei
i = βS

∑
j∈S qjue

j ,

where the last equality comes from the dual feasibility constraint (67). Then

(1 − βS)
∑

j∈N−S qjue
j = 0 ⇔ βS = 1 assuming ue

j < 0 ∀ j ∈ N − S.

On the other hand, from the equation pair (71) and (78)

we get ρ = (1 − βS) μ. Next we substitute this into the dual feasibility con-

straint (80) to get βS
∑

j∈S qjue
j + (1 − βS)

∑
j∈N−S qjue

j = (1 − βS) μgei
i =

(1 − βS)
∑

j∈N−S qjue
j , where the last equality comes from the dual feasibility

constraint (72). But then βS
∑

j∈S qjue
j = 0. Because ue

j < 0 ∀ j ∈ S, this

implies βS = 0, which is a contradiction. Thus, the balanced solution cannot

be a Nash equilibrium solution under very loose conditions. Uzawa and Mäler

must assume, that the two coalitions are governed by an external benevolent

regulator who maximizes the weighted sum of the coalition utilities so that

the resulting Pareto-optimal solution is also balanced.
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B Notation

Ex and En refer to exogenous and endogenous, respectively. A variable or a

parameter is defined as being endogenous if it is neither given by the user nor

found by a user-defined iterative procedure. Some of the variables or parame-

ters defined as endogenous might be exogenous, e.g., for regional optimization

problems.

Symbol Interpretation

[ ]∗ Value of [ ] in the optimum

α Scaling parameter for updating Negishi weights (Ex)

αi Parameter in 2nd order Taylor approximation of vi (En)

β = (βS , βN−S) Pair of positive utility weights for balanced coalitions S and

N − S

βi Elasticity of output with respect to carbon-energy in region i

(Ex in RICE-99)

γ Elasticity of output with respect to capital (Ex in RICE-99)

Δ Incremental change in a variable for numerical approximations

Δi Budget constraint imbalance of region i for computational

purposes (En)

δ Utility discount factor (Ex)

δē Depreciation factor of ē (Ex)

δk Depreciation factor of capital stock (Ex)

ε Egalitarian index

ζi Ratio of carbon energy to industrial carbon emissions in region i

(Ex in RICE-99)

ηi Scaling parameter of region i (Ex)

θ Marginal social cost (social disutility) of GHG emissions;

market price of emissions, emission permit price (En)

θN−S Marginal private cost (private disutility) of GHG emissions for

complementary coalition N − S; compensation price of

emissions (En)

θS Marginal private cost (private disutility) of GHG emissions for

coalition S; compensation price of emissions (En)

λi Negishi weight of region i,
∑n

i=1 λi = 1 (Ex)

λ̄i Original (unscaled) Negishi weight of region i,
∑n

i=1 λ̄i = 1 (Ex)

λ̂i Updated Negishi weight of region i (Ex)

μ Dual variable of the constraint (69) (En)

ν Dual variable of the constraint (74) (En)
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ρ Dual variable of the constraint (75) (En)

τ Dual variable of the constraint (64) (En)

φ (S|eN−S) Value function for the maximization problem (52)–(54) (En)

χi Parameter in 2nd order Taylor approximation of vi (Ex)

Ωi Climate change damage coefficient of region i (En in RICE-99)

ω (S, A) Optimal value φ (S|eN−S) in a Nash equilibrium of coalitions

A ∈ AA (En)

A Set of all the coalitions in the coalition structure

Ai Total factor productivity including Hicks-neutral technological

change in region i (Ex in RICE-99)

AA Set of coalitional structures of all possible coalition combinations

a11,i
∂2vi

∂e2 (En)

ai
∂2vi

∂e∂zi
= ∂2vi

∂zi∂e (En)

a22,i
∂2vi

∂z2
i

(En)

C Core of a TU-game

ci Consumption of region i (En)

cE
i Cost of carbon energy in region i (En in RICE-99)

d Dual variable of the budget balance constraints (8) and (17),

independent of region (En)

di Dual variable of the budget balance constraint (8) of region i (En)

d̄i Original (unscaled) dual variable of the budget balance constraint

(8) of region i (En)

Ei Industrial CO2 emissions in region i (En in RICE-99)

ESi Carbon-energy, energy services from carbon fuels in region i (En)

e Total GHG emissions level (En)

ē Atmospheric concentration of the carbon dioxide equivalent (En)

ē0 Initial atmospheric concentration of the carbon dioxide equivalent

(Ex)

ei Level of GHG emissions in region i (En)

eN−S GHG emissions by coalition N − S (En)

eS GHG emissions by coalition S (En in RICE-99)

f Dual variable of the coalitional budget balance constraint (53) (En)

gi Function defining production constraints for region i (En)

h Period length of the single period model (Ex)

i Index

J Objective functional in an optimal control problem

j Index

Ki Capital stock of region i (En in RICE-99)

k Index
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ki Capital stock level at the end of the single period in region i (En)

k0
i Exogenous initial capital stock level in region i (Ex)

L Global population, L =
∑n

i=1 Li (Ex)

Li Population in region i (Ex in RICE-99)

LUi Carbon emissions from land-use change in region i (Ex in RICE-99)

N Set of players (regions), N = {1, . . . , n}; the grand coalition

N − S Set of players not in coalition S (these players may form one or more

coalitions); set of players in a complementary coalition of coalition S

n Number of players (regions) in N (Ex)

P Lindahl emissions price (En)

Pi Lindahl compensation price to compensate the region i for global

emissions e (En)

q Vector of positive weights for utility scaling, q = (qi) |i∈N (En)

qi Positive weight for region i’s utility scaling (En)

S Set of players (regions) in a coalition, S ⊆ N

si Subsidy of region i needed to ensure that the region joins the global

(grand) coalition

ui Utility of region i (En)

uci
i ∂ui/∂ci (En)

ue
i ∂ui/∂e (En)

uzi
i ∂ui/∂zi (En)

ṽ (S) Characteristic function of coalition S (En)

vi Nonlinear utility term in a quasilinear utility function for region i;

terminal value function, which is the utility share related to the

utilities in the following periods (En)

v̂i 2nd order Taylor approximation of vi at (e∗, z∗
i ) (En)

ve
i ∂vi/∂e (En)

vzi
i ∂vi/∂zi (En)

wi Initially allocated GHG emission permits for region i (En)

x̂ (S) Sum of payoffs of coalition S, x̂ (S) =
∑

i∈S xi (En)

xi Payoff of region i (En)

(xi)i∈N Payoff distribution in a case that grand coalition is formed (En)

xt Control vectors in an optimal control problem (En)

y Global income, y =
∑n

i=1 yi (En)

yi National (regional) income of region i; level of output in region i (En)

yei
i dyi/dei (En)

yt State vectors in an optimal control problem (En)

zi Capital stock investment level of region i (En)
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Abstract

Many single pollution sources emit multiple pollutants, e.g., fossil fuel combus-
tion releases, among others, carbon and nitrogen oxides. Carbon contributes
to global climate change while nitrogen oxides have both global and local effects.

In this research, correlated global and local emissions are studied in the fol-
lowing framework: Local and global pollution are correlated, illustrating the
fact that they are partly originating from the same sources. While the global
pollutant is fully transboundary, the local pollutant is allowed, but not required,
to be transboundary. Both pollutants contribute to the global externality, e.g.,
climate change. However, it is possible that the local pollutant has either a
positive or a negative effect on the global externality. In addition to its contri-
bution to the global externality, the local pollutant also has local effects. The
model is implemented in the Lindahl equilibrium framework.

The main objectives of this study are 1) to advance research on the correlated
externalities problem by using a setting that has more options than previous
settings have had, and 2) to study the problem in a Lindahl equilibrium frame-
work, which has not been done before.

Keywords: global and local pollutants, correlated externalities, stock external-
ities, emissions trading, Lindahl equilibrium, Lindahl mechanism, global
warming, climate change



1 Introduction

There are many single pollution sources that emit multiple pollutants. These

pollutants might contribute to the same environmental problems, such as cli-

mate change, they might have different effects, e.g., climate change by carbon

and acid rain by nitrogen oxides, and each of the pollutants might even have

several effects. Because the pollutants originating from the same sources are

released by the same process, usually combustion, the emissions are corre-

lated. Thus controlling one of these pollutants usually also affects the others.1

The emissions might be correlated at three levels: at the source level, at the

abatement level, and finally at the response level [8].

The most typical case of this correlated emissions phenomenon is fossil fuel

combustion where, among others, greenhouse gases (GHGs), nitrogen oxides

(NOX) and sulphur dioxide (SO2) are released. GHG emissions are global, but

NOX and SO2 emissions mainly affect the polluting country and its neighbour-

ing countries. However, both NOX and SO2 emissions also contribute to the

global climate change problem, but in different ways: SO2 produces a cooling

effect, while NOX causes both cooling and warming of which the net effect is

unsure [5]. Even though SO2 emissions are nowadays at a much lower level

than in the 1970’s, these emissions are still a problem in some areas. In the

industrialized countries, the lowering of NOX emissions has turned out to be

a more demanding task than the lowering of SO2 emissions, partly because of

the scattered loading of NOX, as opposed to SO2 emissions originating from

point sources. [e.g. 4]

There are several local or regional effects of SO2 and NOX emissions [e.g. 6]:

• Dry deposition. The dry deposition of SO2 and NOX is harmful to flora.

• Acid rain. SO2 and NOX emissions produce acid rain, which causes soil

and water acidification.

• Corrosion. SO2 and NOX emissions cause corrosion of structures.

• Eutrophication. NOX produces eutrophication.

• Health impacts. NOX as such is detrimental to health in high concentra-

tions. In addition, NOX reacts in the troposphere and produces ozone,

which, among its other effects, is also detrimental to health.

In addition to the local or regional effects mentioned above, both NOX and

SO2 emissions have indirect effects on climate change [e.g. 5]:
1Even if the emissions reductions are implemented by abatement activities, these
activities usually also reduce other emissions that originate from the same process.
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• Tropospheric ozone. NOX produces tropospheric ozone, which is one of

the greenhouse gases.

• Aerosol formation. Both NOX and SO2 produce aerosols that increase

cloud formation. This has both cooling and warming effects, the net

effect being presumably cooling. SO2 is one of the main precursors of

sulphate aerosols that have a cooling effect in the atmosphere, mainly

because they reflect incoming solar radiation back into space.

Even though this phenomenon of correlated global and local externalities is

quite common, there is not much research concerning the problem. Among

the few exceptions, Yang [15] studies negatively correlated local and global

stock externalities as an optimal control problem. He derives the efficiency

conditions for this problem and shows that cogeneration and correlation of

the externalities shift the production of these externalities. Yang also studies

some policy-related scenarios of the negatively correlated local and global stock

externalities problem. In Yang’s setting, both local and global emissions are

dependent on the same variables and both contribute to the global externality,

global pollution by strengthening and local pollution by weakening it.

Caplan and Silva [3] study the correlated externalities problem by examining

joint tradable permit markets with redistributive transfers to control carbon

emissions and correlated regional smog emissions. They analyze the situation

by a three-stage game. At the first stage, each region’s carbon agency chooses

its total amount of carbon permits. At the second stage, a global authority

then chooses the levels of interregional income transfers. Finally, at the third

stage, each region’s smog agency chooses its total number of local pollution

permits or smog permits. A full-information, sub-game perfect solution con-

cept is used. According to them, such joint permit markets are Pareto efficient

and self-enforcing under jurisdictional competition. In their study, the local

and global pollutants are jointly produced and the abatement processes of lo-

cal and global pollutants reduce also the other type of pollution. The local

pollutant restricts to the region of origin and it does not contribute to global

externality (climate change). In this setting, the firms in each region face

Lindahl prices when they choose their emission levels.

Caplan [2] compares emission taxes and permit markets as policy options to

control correlated externalities. He studies both a three-stage tax scheme, with

taxes for both carbon and smog, and a three-stage hybrid scheme with carbon

tax and tradable smog permits. The setting is similar to the joint tradable

permit markets setting in Caplan and Silva [3]. Caplan shows that the sub-
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game perfect equilibrium for both the tax scheme and the hybrid scheme is

inefficient.

Silva and Zhu [13] study the pollution haven hypothesis and free-riding be-

haviour under emissions trading of global and local pollutants. According

to them, when both pollution permit markets are national, poorer countries

become pollution havens if local pollution damage functions are linear or if

equilibrium local pollution levels are not higher in the poorer countries. When

carbon permits are traded globally, the pollution haven phenomenon is present

if the convex local pollution damage functions are nonlinear.

Legras [7] examines the correlated emissions problem from the model speci-

fication point of view. She shows, among others, that ignoring the correlated

production of carbon and sulphur or their combined impact on climate change

induces underoptimal emissions regulation. The problem of correlated exter-

nalities has also been studied, e.g., by Naoto and Silva [11] and Legras and

Zaccour [8].

However, there seem to be no studies on the correlated externalities problem

in which, besides the feature that both pollutants contribute to the global

externality, the local pollutant is allowed to be transboundary. In addition,

this problem has not been studied in a Lindahl equilibrium framework.

This research examines the correlated externalities problem in a Lindahl

equilibrium. Our study contributes to the existing literature in the following

ways: First, local and global emissions are correlated, illustrating the fact that

they are partly originating from the same sources. However, unlike in other

studies, two technology choices are available: the first option produces both

local and global emissions, but the second option produces local emissions

only.

Second, while the global pollutant is fully transboundary (meaning that

the pollution affects every country), the local pollutant is allowed, but is not

required, to be transboundary. To our knowledge, this has not been allowed

in the former studies of correlated externalities.

Third, both pollutants contribute to climate change. However, unlike in

Yang’s [15] setting, it is possible that the local pollutant has either a cooling

or a warming effect. In addition to its contribution to climate change, the

local pollutant also has local effects.

Fourth, the problem is considered in a Lindahl equilibrium framework, which

has not done before. The Lindahl equilibrium framework is used as defined

in Virta [14]. In Caplan’s and Silva’s [3] setting, the firms in each region face

Lindahl prices when they choose their emission levels. Thus, their result is
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close to the Lindahl equilibrium concept but in a sub-game perfect setting and

with redistributive international transfers. Our setting, however, starts from

the Lindahl equilibrium concept, and this equilibrium could be implemented by

emissions trading that, apart from the initial allocations of emission permits,

has no other redistributive international transfers.

Fifth, we interpret the single period model as describing only one period of

the dynamic model. One then tries to optimize the current decisions so that

the utility is optimized over time, given the effects the current decisions have

in the future. For this reason, in addition to consumption and emissions, also

investments are added to the utility function, following Virta [14].

Finally, the results of our study support the findings of Yang [15] and Legras

[7] in that taking the correlations of the global and regional emissions into

account in the model specification affects the resulting emissions as compared

to the situation where the correlations are omitted.

The main objectives of this study are 1) to advance research on the cor-

related externalities problem by using a setting that has more options than

previous settings have had, and 2) to study the problem in a Lindahl equi-

librium framework, which has not been done before. This paper is organized

as follows: Firstly, the model is introduced and the efficiency, existence, and

computation of Lindahl equilibrium in this setting are discussed. Secondly, it

is shown how this Lindahl equilibrium could be implemented by two pollution

permit markets. Thirdly, a numerical example is given to demonstrate the

theory. Finally, a short conclusion of the study is given.

2 Theory

This section begins by defining the regional problem of correlated externalities.

Then the Lindahl equilibrium conditions of this correlated externalities case

are defined and the efficiency of the Lindahl equilibrium is shown. In the end,

the existence and computation of the correlated externalities Lindahl equilib-

rium are discussed. Some of the assumptions presented are not necessary for

the theory — such assumptions are made to define a conventional case and

thus to help the reader.
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2.1 Regional Problem

Consider the world subdivided into n regions, i = 1, 2, . . . , n and let N be

the set of regions.2 Suppose that there is only one consumption good, and

the utility of region i depends on the consumption level ci, the total global

GHG emissions level E, the regional emissions level Oi, and the capital stock

investment level zi. Then the utility function of region i is

ui (ci, E, Oi, zi) ∀ i ∈ N. (1)

Assumption 1 The utility functions ui (ci, E, Oi, zi) are differentiable in ci,
E, Oi, and zi, and increasing in ci.3

The investment level zi affects not only the funds available for consumption

but also the capital stock level ki at the end of the horizon under consideration.

Let us denote the exogenous initial capital stock of region i by k0
i ∀ i ∈ N . Due

to depreciation, capital stock is reduced during the single period by a factor δ.

Then the capital stock level at the end of the period is defined by the equation

ki = δk0
i + zi ∀ i ∈ N . A higher capital stock will increase production.4 Thus

high investments ensure a high production level in the future, too. This state

variable nature of investments makes a positive contribution to the marginal

utility of investments, and thus the net effect might be either positive or

negative. Actually, utility is dependent on the capital stock level ki. However,

because ki = δk0
i + zi with exogenous initial capital sock level k0

i , we use the

investment level zi instead of ki. The capital stock level ki at the end of the

single period accounts for the aggregated utility from the future periods.

Definition 1 The regional pollution in a region i is the net domestic regional
emissions5 plus the regional pollution spillover from the other regions.

Formally Definition 1 can be expressed in the form

Oi =
n∑

j=1
βjioj ∀ i ∈ N, (2)

where oj is the level of regional emissions originating from the region j, βji

with 0 ≤ βji ≤ 1 is the transboundary transfer coefficient that defines the
2See Appendix B for a list of symbols.
3Usually the utility functions are increasing in zi as well. However, the marginal
utility of emissions E and Oi might be either ≥ 0 or ≤ 0.
4In our model, capital stock is exogenous for the single period and thus it is implicitly
included in the production function.
5By net domestic regional emissions we mean those regional emissions that both
originate from and have an effect on the region under consideration.
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transboundary spillovers by defining what ratio of the emissions originating

from the region j will affect the region i.6 Thus, in a case of global emissions,

βji = 1 and Oi = Oj =
∑n

i=1oi ∀ i, j.

Assumption 2 Global and regional emissions are perfectly correlated7 accord-
ing to the following equation:

oi = ai + γiei ∀ i ∈ N, (3)

where ei is the level of GHG emissions originating from the region i, exoge-
nous slope parameter γi ≥ 0 is the regression coefficient between the global
and regional emissions, and endogenous ai is the part of regional emissions
originating from other sources than ei.

Note that the level of ai is connected to the technology choice in the region

i. There are two types of production in the model: the first type produces

both global and regional emissions, and the second type produces regional

emissions only. The level of production output is dependent on both of these

production types, as will be defined later.

Finally, it is assumed that regional emissions also have global effects:

Assumption 3 Regional emissions contribute to climate change.

Following Yang’s approach [15], the correlated effect of the global and regional

emissions is on the stock level. Thus, the global emissions E that affect the

global externality are

E = e + hO, where (4)

e =
n∑

i=1
ei, and (5)

O =
n∑

i=1
oi. (6)

O is the total level of regional emissions, and contributing parameter h defines

the level with which the regional emissions contribute to climate change. Note
6Transboundary transfer coefficients are a conventional way to express transboundary
spillovers. It is conventional to sum

∑n
i=1βji = 1. However, in this case we allow∑n

i=1βji �=1. Our approach allows the regional emissions to have very large area
effects, or in the extreme case, even global effects. In the extreme case of global
effects, βji = 1 for all i, j. Then obviously

∑n
i=1βji > 1. In some cases

∑n
i=1βji < 1.

For example, if a part of the emissions are, e.g., dissolved without causing any negative
effects, then it might be that

∑n
i=1βji < 1.

7The level of local emissions is an affine function of global emissions. Thus the
correlation coefficient between the local and the global emissions is either 1 or -1,
which indicates perfect correlation.
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that h can be either positive or negative. Note also that regional emissions O

in Equation (4) are considered now as contributing to global emissions E.

Let yi denote the level of production output in region i. We assume that yi

is a function of two endogenous attributes, namely the level of GHG emissions

ei, and the level of endogenous parameter ai in Equation (3). Parameter ai

defines the regional emissions originating from other sources than ei. Thus

yi = yi (ei, ai) ∀ i ∈ N .8 As in [14] also in this paper the only role of the

investments zi is to be the savings that contribute to capital stock for future

generations.

Assumption 4 Production functions yi (ei, ai) are continuous, differentiable,
and increasing in ei, and ai with ∂yi

∂ei
and ∂yi

∂ai
approaching infinity as ei or ai,

respectively, approaches zero.9

For a Lindahl equilibrium, let Pi denote the price to compensate the region

i for the global GHG emissions E, P the price used to charge region i for its

emissions ei +hoi, P̃i the price to compensate the region i for its total regional

emissions Oi, and P̃ i the price used to charge region i for its regional emissions

oi. Hence, the net budget effect of the charges and compensations for region

i is PiE − P (ei + hoi) + P̃iOi − P̃ ioi. Lindahl prices P , Pi, P̃ i, and P̃i are

determined by the Lindahl equilibrium, and they are exogenous for regional

optimization problems.10

Taking into account consumption, capital stock investments, production, and

GHG emission charges and compensations, the budget constraint for region i

is

di : −PiE +P (ei + hoi)− P̃iOi + P̃ ioi +zi + ci −yi (ei, ai) = 0 ∀ i ∈ N, (7)

where parameter di denotes the dual variable of the budget constraint.

Consider positive parameters λi > 0 with
∑n

i=1λi = 1 that subsequently

refer to the Negishi weights of the regions.11 We scale the utility of each

region i by weight λi > 0. Then, the regional problem i ∀ i ∈ N is as follows:
8Labour force is assumed to be exogenous in this model. Thus it is not explicitly
included in the production function.
9Note that due to this assumption, ei > 0 and ai > 0 in practice.
10The differentiated prices P̃ i illustrate the fact that the emissions have different kind
of impacts depending on the location they are originating from.
11Negishi [12] proved the existence of a competitive equilibrium in a new way, by show-
ing equivalence between the Arrow–Debreu equilibrium problem and mathematical
optimization. This Negishi’s approach has then been utilized for computing equilibria
by maximizing a weighted social welfare function. The weights are such that there
are no transfers between the agents in the equilibrium.
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Given Lindahl prices Pi, P , P̃i, and P̃ i, find ci, zi ≥ 0, ei, E, ai, oi, and Oi
12

to

max λiui (ci, E, Oi, zi) s.t. (3) and (7). (8)

Karush–Kuhn–Tucker optimality conditions include the primal feasibility

constraints (3) and (7) and dual feasibility and complementary slackness con-

straints for each of the primal variables ci, zi, ei, E, ai, oi, and Oi. In this

case, assuming that in the optimum the decision variables, except possibly zi,

are positive, and substituting ai using relation (3), the dual feasibility and

complementary slackness constraints can be written in the form:

ci : λiu
ci
i − di = 0 (9)

zi : λiu
zi
i − di ≤ 0, (λiu

zi
i − di) zi = 0 (10)

ei : −diP + diy
ei
i − γidiy

ai
i = 0 (11)

E : λiu
E
i + diPi = 0 (12)

oi : −diPh − diP̃
i + diy

ai
i = 0 (13)

Oi : λiu
Oi
i + diP̃i = 0 (14)

The primal variables are written before each dual constraint, and uci
i = ∂ui

∂ci
,

uzi
i = ∂ui

∂zi
, uE

i = ∂ui
∂E , uOi

i = ∂ui
∂Oi

, yei
i = dyi

dei
, and yai

i = dyi
dai

.

Lemma 1 For the regional problems (8), the weights λi with ∑n
i=1λi = 1 can

be chosen such that the optimal dual variables di are independent of region i,
that is di = d.

Proof Condition (9) implies that weights λi, with
∑n

i=1λi = 1, can be chosen

such that di = λiu
ci
i = d, whereafter all optimality conditions are satisfied.

Scaling the original weights λ̄i by ηi > 0 for region i leaves the optimal primal

solution unchanged. After scaling also the original dual variables d̄i in (9)–(14)

by the same constant ηi, (9)–(14) are satisfied; i.e., all optimality conditions

are satisfied. Thus, for any d̄i we can choose constants ηi > 0 such that

ηid̄i = d for all i and ηiλ̄i > 0, and d can be chosen so that
∑n

i=1 ηiλ̄i = 1. �

2.2 The Lindahl Equilibrium Conditions

The optimal levels of the global and regional emissions E and Oi for the

regional problem (8) are the quantities which region i would prefer. In the

12Recall that due to Assumption 4 and relations (2)–(4), all the emissions are positive
in practice.
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Lindahl equilibrium, unanimity prevails on these quantities. Additionally, for

the compensations payers must exist. Therefore, Lindahl equilibrium requires

that the sum of emission compensations is equal to the sum of emission charges.

For global emissions:

n∑
i=1

PiE =
n∑

i=1
P (ei + hoi)

= P

(
n∑

i=1
ei + h

n∑
i=1

oi

)

= P (e + hO)

= PE

by Equations (4)–(6). This condition is satisfied if P =
∑n

i=1Pi. For regional

emissions the assurance of compensation payers means

n∑
i=1

P̃iOi =
n∑

i=1
P̃ ioi.

By implementing Equation (2) and changing the index notation we get

n∑
i=1

P̃i

n∑
j=1

βjioj =
n∑

j=1
P̃ joj .

Then rearranging the terms yields the condition

n∑
j=1

(
n∑

i=1
P̃iβji

)
oj =

n∑
j=1

P̃ joj .

This condition is satisfied if P̃ j =
∑n

i=1P̃iβji.

Thus, an equilibrium prevails if the Lindahl prices Pi, P , P̃i, and P̃ i are

such that the optimal solutions of (8) satisfy Equations (2), (4)–(6) and the

following conditions:

P =
n∑

i=1
Pi (15)

P̃ j =
n∑

i=1
P̃iβji. (16)

Recall that in the Lindahl equilibrium, unanimity prevails on the levels of the

global and regional emissions E and Oi.
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2.3 Efficiency of the Lindahl Equilibrium

Given positive weights λi > 0 with
∑n

i=1λi = 1 ∀ i, consider the global problem

to find ci, zi ≥ 0, ei, E, ai, oi, and Oi to

max
n∑

i=1
λiui (ci, E, Oi, zi) (17)

subject to

d :
n∑

i=1
(ci + zi − yi) = 0 (18)

oi − ai − γiei = 0 ∀ i ∈ N (19)

E −
n∑

j=1
ej − h

n∑
j=1

oj = 0 (20)

Oi −
n∑

j=1
βjioj = 0 ∀ i ∈ N (21)

The dual variable associated with the constraint (18) is shown before the con-

straint. The Karush–Kuhn–Tucker optimality conditions consist of the primal

constraints (18)–(21) and the dual feasibility and complementarity slackness

constraints for each of the primal variables ci, zi ≥ 0, ei, E, ai, oi, and Oi. In

this case, assuming that in the optimum the decision variables, except possibly

zi, are positive, and substituting E, ai and Oi using relations (19)–(21), the

dual feasibility and complementary slackness constraints can be written in the

form:

ci : λiu
ci
i − d = 0 ∀ i ∈ N (22)

zi : λiu
zi
i − d ≤ 0, (λiu

zi
i − d) zi = 0 ∀ i ∈ N (23)

ei :
n∑

j=1
λjuE

j + dyei
i − γidyai

i = 0 ∀ i ∈ N (24)

oi :
n∑

j=1
λjuE

j h +
n∑

j=1
λju

Oj

j βij + dyai
i = 0 ∀ i ∈ N (25)

Lemma 2 Any Lindahl equilibrium with global and regional externalities is
Pareto optimal.

Proof It suffices to show that the primal variables ci, zi, ei, E, ai, oi, and Oi

from the Lindahl equilibrium are optimal for the global problem (17)–(21) for

some weights λi > 0. To see the primal feasibility, summing over i in (7) and

accounting for equilibrium conditions (2), (4)–(6) and (15)–(16) imply (18),
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and (3) is identical to (19). Equilibrium conditions (4)–(6) imply (20) and

(2) is identical to (21). For the dual requirements, based on Lemma 1, choose

weights λi such that di = d is independent of region. Then (22) and (23) are

identical to (9) and (10). Finally, summing over i in (11) and accounting for

(12) and (15) yields (24), and (12)–(16) imply (25). �

2.4 Existence and Computation of the Lindahl Equilibrium

Theorem 1 Consider an optimal solution for the global problem (17)–(25)
with some weights λi > 0 such that ∑n

i=1λi = 1. For the regional problems,
define

di = d ∀ i ∈ N, (26)

Pi = −λi

d
uE

i ∀ i ∈ N, (27)

P̃i = −λi

d
uOi

i ∀ i ∈ N, (28)

P = yei
i − γiy

ai
i = −1

d

n∑
j=1

λjuE
j , (29)

P̃ i = yai
i − Ph = −1

d

n∑
j=1

λju
Oj

j βij ∀ i ∈ N, and (30)

Δi = ci − yi + zi + P (ei + hoi) − PiE + P̃ ioi − P̃iOi ∀ i ∈ N. (31)

Then Δi = 0 ∀ i ∈ N implies that the optimal solution of (17)–(25) is a
Lindahl equilibrium with global emission price P , regional emission prices P̃ i,
compensation prices Pi and P̃i, global emissions E = e + hO with e =

∑n
i=1ei

and O =
∑n

i=1oi, and regional emissions Oi =
∑n

j=1βjioj.

Proof To show the assertion, we need to verify the Lindahl equilibrium con-

ditions (2)–(7) and (9)–(16). Conditions (2), (4), (5), and (6) follow directly

from the above definitions for Oi, E, e, and O, respectively. Condition (3) fol-

lows directly from (19), condition (9) from (22) and (26), condition (10) from

(23) and (26), condition (11) from (24), (26), and (29), condition (13) from

(25), (26), (29), and (30), condition (14) from (26) and (28), and condition

(16) from (28) and (30). Finally, condition (7) follows from (31) with Δi = 0,

and summing over i in (27) and accounting for (24) and (29) yields condition

(15). �

The computational procedure of finding a Lindahl equilibrium with global

and regional externalities is very simple: First the global problem (17)–(25)
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is solved with some Negishi weights λi > 0 with
∑n

i=1λi = 1. Then Δi is

calculated as defined in (31). If Δi �= 0 for some i ∈ N ,13 the Negishi weights

are updated, e.g., with the following rule:

λ̂i = λi − min (Δi, 0) /α ∀ i ∈ N, (32)

where α > 0 is a scaling parameter. To ensure positive weights, (32) changes

only those weights for which Δi < 0. Note that
∑n

i=1Δi = 0 by (2), (4)–(6),

(15)–(16), and (18), and thus at least for one i Δi < 0, unless the Lindahl

equilibrium is already found and thus all Δi = 0. Finally, the updated weights

are scaled to sum up to one. Thus, the Lindahl weights for the next iteration

are

λi = λ̂i/
n∑

j=1
λ̂j ∀ i ∈ N. (33)

If the utility function is quasi-linear, any weights λi lead to the optimal

solution. The values for yi, zi, ei, and oi in the Lindahl equilibrium are then

already solved by the global problem. Then the definitions (29)–(31) are used

to calculate P , P̃i, Pi, P̃ i, and ci in the Lindahl equilibrium, which completes

the procedure. Otherwise an iterative procedure like the one described above

is needed.

3 Lindahl Mechanism Employing Emissions Trading

In this section we show how the Lindahl equilibrium can be implemented by

a Lindahl mechanism employing emissions trading.

Let wi be the amount of GHG emission permits and w̃i the amount of re-

gional emission permits initially allocated free of charge to region i, and let θ

denote the price of global emission permits and θ̃i the price of regional emis-

sion permits in the international market. If the GHG emissions level of region

i is ei and the regional emissions level of region i is oi, then the cash flow as-

sociated with emissions is θ(wi − (ei + hoi)) + θ̃i(w̃i − oi), and the problem of

region i ∀ i ∈ N under emissions trade is as follows: For some weights λi > 0

such that
∑n

i=1λi = 1, given prices θ, θ̃i, global emissions E =
∑n

i=1wi, and

total regional emissions Oi =
∑n

j=1βjioj
14,15 with

∑n
i=1θ̃ioi =

∑n
i=1θ̃iw̃i, find

13If Δi = 0 ∀ i ∈ N , then the Lindahl equilibrium is found by Theorem 1.
14Note that global emissions E and total regional emissions Oi are exogenous in this
problem.
15Note that in most cases the square matrix β = (βji) is nonsingular and thus oi ∀ i ∈
N is uniquely defined if Oi ∀ i ∈ N is given. Suppose a case where the local pollutant
is not transboundary. Then β is a diagonal matrix and obviously nonsingular. If the
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ci, zi ≥ 0, ei, oi, and ai to

max λiui (ci, E, Oi, zi) (34)

subject to

di : ci + zi − yi + θ (ei + hoi − wi) + θ̃i (oi − w̃i) = 0 (35)

oi − ai − γiei = 0 (36)

Again, the dual variables associated with the constraints are shown to the left

of the equations.

For the Karush–Kuhn–Tucker optimality conditions, primal requirements

are given by (35)–(36), and substituting ai using relation (36), the dual fea-

sibility and complementary slackness constraints with the associated primal

variables to the left are as follows:

ci : λiu
ci
i − di = 0 (37)

zi : λiu
zi
i − di ≤ 0, (λiu

zi
i − di) zi = 0 (38)

ei : diy
e
i − diθ − γidiy

a
i = 0 (39)

oi : −diθh − diθ̃
i + diy

a
i = 0 (40)

At an equilibrium of the international emissions market, (2) and (4)–(6) are

satisfied. The following result mimics the result by Mäler and Uzawa [10], who

however consider a single pollutant case.

Lemma 3 Consider a Lindahl equilibrium with emission charge prices P and
P̃ i, compensation prices Pi and P̃i, global emissions E and regional emissions
Oi. Suppose that the amounts wi and w̃i of emission permits initially allocated
to regions i satisfy

PiE = Pwi and P̃iOi = P̃ iw̃i ∀ i ∈ N. (41)

Then the Lindahl equilibrium is an equilibrium of the international emissions
market with prices θ = P and θ̃i = P̃ i of emission permits.

Proof Given the assumptions, equilibrium conditions for (35)–(40) and (2),

local pollutant is transboundary, at least one off-diagonal element of the matrix β has
a positive but usually small value. Thus the matrix β typically remains nonsingular
also in this case. However, there are many examples of when the matrix β is singular.
E.g., suppose that βki = βli ∀ i ∈ N for regions k, l, which leads to the singularity
of the matrix β. Such regions k, l have a similar effect on total regional emissions
Oi ∀ i ∈ N , and thus only the sum ok + ol matters.
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(4)–(6) follow directly from (41) and the Lindahl equilibrium conditions with

θ = P and θ̃i = P̃ i. �

Thus in practice the Lindahl equilibrium could be implemented by emissions

trading. However, in this case we have two types of emission permits: one for

the global emissions E and one for the regional emissions Oi. Both the global

and regional emission permits are traded on a global market place. However,

in the regional emission permit case, conversion factors are needed to convert

the regional emission permits originating from one region to regional emission

permits for another region. This conversion is done by using the regional

emission permit prices θ̃i, i ∈ N . Suppose that region j buys regional emission

permits that originate from region i. Then these permits from region i are

converted to permits for region j buy a conversion factor θ̃i/θ̃j .

4 Numerical Example

In this section the theory is numerically demonstrated. First the setting of

the example is introduced and then the numerical results are considered and

discussed.

Suppose that there are only two regions i = 1, 2. Suppose that the regions

are identical in many terms. However, some differences exist: Region i = 1

(from now on region 1) is more vulnerable to the global and regional emissions

than region i = 2 (from now on region 2). Furthermore, region 1 has greater

elasticity of production both in terms of energy, measured in ei, and in terms

of the production factor inducing the uncorrelated part of regional emissions,

measured in units of ai. Finally, the transboundary spillovers of the regional

pollution are different: a greater fraction of the regional pollution originating

from region 1 affects the region itself than in the case of region 2.

Now the utility function of region i is

ui (ci, E, Oi, zi) = b1i ln (ci)+b2izi+b3iz
2
i +b4iE+b5iE

2+b6iOi+b7iO
2
i ∀ i ∈ N,

(42)

where bki for k = 1, 2, . . . , 7 are exogenous parameters. The production func-

tion of region i is of the form

yi = fia
g1i
i eg2i

i ∀ i ∈ N, (43)

where fi is the total factor productivity16 gli for l = 1, 2 are exogenous pa-
16The total factor productivity includes, among others, productivity from factors not
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rameters defining the elasticity of the production function. The default values

for the parameters h (Equation (4)), γ1, and γ2 (Equation (3)) are 0.1, 0.5,

and 0.5, respectively. The numerical model was run with different values of

h, γ1, and γ2, changing one or two parameters at a time and keeping other

parameters at their default values. The different values of parameters reflect

different technological solutions. Nevertheless, it is assumed that the pro-

duction function (43) is not dependent on these parameters. All the other

exogenous parameter values needed in the global problem (17)–(25) are listed

in Table 1.

Table 1. Parameter values used in the numerical example.

Parameter i = 1 i = 2
b1i 0.5 0.5
b2i 0.4 0.4
b3i -0.1 -0.1
b4i -0.04 -0.005
b5i -0.0003 -0.00005
b6i -0.06 -0.0075
b7i -0.0003 -0.00005
fi 7 7
g1i 0.1 0.05
g2i 0.1 0.05
β1i 0.8 0.4
β2i 0.6 0.6

The starting values for the Negishi weights are λ1 = λ2 = 0.5, and in the

iteration process, the scaling parameter α is 10. After solving the global

problem (17)–(25), the definitions (27)–(31) are used to calculate Pi, P , P̃i,

P̃ i, and Δi. Then, if Δi is not sufficiently close to zero (here the tolerance

10−8 is used), the Negishi weights are updated according to formulas (32) and

(33) and the next iteration is started by solving the global problem.

The problem and the parameter values were written in a text file in the

GAMS modelling language described in Brooke et al. [1].17 The optimization

model and the data were processed in GAMS and fed to MINOS 5.4, which

is a solver for convex nonlinear mathematical optimization problems [9]. The

system can be used on most computer platforms.

explicitly shown in the production function. Such factors are labour force and capital
stock, which is assumed to be in its initial level (recall that in this paper, the only role
of the investments zi is to be the savings that contribute to capital stock for future
generations).
17The GAMS code of the numerical example is available upon request. However, the
code is not documented.
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4.1 Results and Discussion

We now turn to the results of the numerical example introduced above. At the

beginning of this section the results are presented, after which they are briefly

discussed. The results are shown in Table 2 and in Figures 1–7 in Appendix

A.

Varying Parameter h

The contributing parameter h was varied from -0.3 to 1.8. An increase in

h increases effective global emissions e1 + ho1, e2 + ho2, E and GHG permit

allocations w1, w2 most dramatically (Figures 2, 4), while the actual emissions

contributing to climate change decrease a lot (Figures 2–3). The effective

regional emissions O1, O2 and regional permit allocations w̃1, w̃2 decrease

substantially as well (Figures 3–4). The Lindahl prices decline, more for region

1 than for region 2 (Figure 5). The Negishi weights are slighty changed and

they converge as a function of h (Figure 6). Consumption, production output,

investments and all the utilities decrease (Figures 1, 7).

Varying Parameters γ1 and γ2

The slope parameters γ1 and γ2 are varied separately and simultaneously from

0.0 to 1.0. If γ1 alone is varied, the emissions originating from region 1 are

substantially changed: GHG emissions e1 and effective global emissions e1 +

ho1 decrease while regional emissions o1 increse (Figures 2–3). However, the

regional emissions a1 originating from other sources than the GHG emissions

e1 remain nearly unchanged (Figure 3). All the emissions originating from

region 2 increase moderately (Figures 2–3). The total level of global GHG

emissions E decreases and the total levels of regional pollution O1, O2 affecting

regions 1 and 2 increase (Figure 4). The emission permit allocations change

in parallel with emissions changes (Figures 2–3). All the prices except the

regional emission compensation price P̃2 decrease (Figure 5). However, the

global emissions compensation price P2 remains nearly unchanged.

Consumption c1 decreases by 8%, investments z1 by 2%, and production

output y1 by 8% (Figure 1). The corresponding variables for region 2 increase

slightly. The Negishi weights converge (Figure 6). Utility u1 declines by 5%,

but u2 rises slightly, by 0.5% (Figure 7). Totally, the weighted sum of the

regional utilitites u declines by 2%.

In the case that the slope parameter γ2 increases, the changes in the variables

are relatively modest as compared to the other cases. The most dramatic

effects are on the emissions originating from region 2: GHG emissions e2

17



and effective global emissions e2 + ho2 decrease while regional emissions o2

increse (Figures 2–3). However, the regional emissions a2 originating from

other sources than the GHG emissions e2 decline only slightly (Figure 3). The

corresponding emissions of region 1 remain nearly unchanged (Figures 2–3).

The total global emissions E decrease, while the effective regional emissions

O1, O2 rise (Figure 4). In accordance with the emissions changes, allocated

permits for global emissions decrease (Figure 2), and allocated permits for

regional emissions increase (Figure 3).

The Lindahl prices for region 2 decrease, while the prices for region 1 and P̃ 2

remain nearly constant (Figure 5). Global emission price P decreases by 1%.

With respect to changes in consumption, production, investment, or capital,

in this case only c2, z2, and y2 change by more than one percent being slightly

decreasing (Figure 1). The Negishi weights λ1, λ2 diverge slightly as a function

of γ2 (Figure 6). As in every case, λ1 > λ2. The utilities u2 and u decrease

by 2% and 1%, respectively, while u1 remains nearly unchanged (Figure 7).

If both the slope parameters γ1 and γ2 are varied simultaneously18 from 0.0

to 1.0, the induced changes are roughly speaking the combined changes from

the cases where γ1 and γ2 are varied separately (Figures 1–7).

Discussion
In Section 2.1 and in Equation (4) the contributing parameter h is defined as

the level with which the regional emissions contribute to climate change. As

was stated, h can be positive or negative: If h is negative (positive), regional

emissions have a cooling (warming) effect. If h increases, then global emissions

E increase, which decreases the utility in both regions. Thus a new, utility-

maximizing Lindahl equilibrium must be found. In this new equilibrium, the

increasing contributing parameter h is partly compensated by lowering global

emissions ei and regional emissions ai originating from other sources than ei

and thus also regional emissions oi. However, these cuts in the production

factors inducing the emissions result in declining production output. This in

turn cuts the consumption levels ci which deteriorates the utilities u1 and u2.

Also the rising level of global emissions E lowers the utility. Even if the cuts

in ois lower Ois, which improves the utility, the overall effect of these changes

is that the utilities in both regions decrease.

As stated at the beginning of this study, γi is the regression coefficient be-

tween regional pollution oi and carbon emissions ei. If γi increases, the rate

of regression increases as well: in the case that γi increases, both oi and Oi

18I.e. γ1 = γ2.
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increase, too. Thus a new equilibrium needs to be found to maximize the

utility in the changed situation. This is found by compensating the rising oi

by lowering ei, which also decreases the level of E. However, because of lower

levels of ei, the production output decreases, which deteriorates the consump-

tion opportunities. Even if the declined level of E improves the utility ui, the

increased Oi and decreased ci lower it. As a combined effect, the utility ui

decreases as a function of γi.

As was shown by the results, the parameter changes have a stronger impact

on region 1 than on region 2. As compared to region 2, recall that region

1 is more vulnerable to the global and regional emissions and has greater

elasticity of production both in terms of the level of GHG emissions ei and in

terms of regional emissions component ai originating from other sources than

ei. Because of the vulnerability, the parameter changes have strong effects

on emissions in region 1. These changes in emissions then strongly affect

production, which again spreads the impact across the whole economy through

the budget constraint (7). To conclude, the more vulnerable the region is, the

stronger is the response to these kind of parameter, or technological, changes

in terms of emissions. In addition, the greater the elasticity of production

is, the stronger are the impacts of these vulnerability induced changes on the

whole society.

5 Conclusions

The main objectives of this study were 1) to advance research on the correlated

externalities problem by using a setting that has more options than previous

settings have had, and 2) to study the problem in a Lindahl equilibrium frame-

work, which had not been done before. This paper was organized as follows:

Firstly, the model was introduced and the efficiency, existence, and compu-

tation of Lindahl equilibrium in this setting were discussed. Secondly, it was

shown how this Lindahl equilibrium could be implemented by two pollution

permit markets. Thirdly, a numerical example was given to demonstrate the

theory.

This study is far too idealistic to be directly applicable in reality. Especially

the fact that the efficient solution presumes regionally dependent market prices

for regional emissions lessens the acceptability of this system, even if the dif-

ferentiated prices are easily arguable because of the differentiated effects of the

regional emissions. However, the study accounts for important characteristics

that are present in the problem of correlated externalities.

19



Global climate change is often acknowledged as the most important global

problem of our time. Nevertheless, climate change is not an isolated problem

that could be solved separately. The correlated emissions problem considered

in this study is only one aspect of the interconnectedness of the climate change

problem with other issues. However, it is important to look at these intercon-

nections one by one to clarify the big picture, and then to keep that big picture

in mind.

In the numerical demonstrations of the theoretical model, fictitious data

were used. Thus an important next step is to fit the model to reality.
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A Numerical Results

Table 2. Numerical results. Percentage changes of different variables when h varies form
-0.3 to 1.8 (column h), γ1 varies from 0.0 to 1.0 (column γ1), γ2 varies from 0.0
to 1.0 (column γ2), and both γ1 and γ2 vary from 0.0 to 1.0 (column γ1, γ2).

Variable Varying parameter
h γ1 γ2 γ1, γ2

c1 -18.93 -8.26 -0.14 -8.37
c2 -9.88 0.82 -4.39 -3.59
z1 -5.90 -2.30 -0.04 -2.33
z2 -3.94 0.31 -1.66 -1.36
y1 -16.24 -7.72 0.11 -7.61
y2 -9.11 0.88 -3.69 -2.84
e1 -42.30 -55.12 0.80 -54.71
e2 -40.03 9.59 -51.30 -46.52
e1 + ho1 457.66 -46.84 0.75 -46.39
e2 + ho2 882.74 9.47 -42.47 -36.90
w1 550.11 -33.26 -17.18 -43.60
w2 630.86 -26.87 -20.81 -40.91
a1 -70.54 -0.27 0.34 0.07
a2 -75.33 8.66 -3.30 5.07
o1 -63.98 54.99 0.47 55.58
o2 -68.61 8.89 44.97 57.62
w̃1 -65.63 37.84 11.69 55.83
w̃2 -62.75 42.18 13.57 63.82
E 557.16 -32.71 -17.51 -43.36
O1 -65.46 38.43 11.46 56.19
O2 -66.22 30.63 18.10 56.52
P1 -16.05 -9.08 -0.56 -9.56
P2 -5.62 -0.38 -4.92 -5.25
P̃1 -20.14 -7.79 0.04 -7.75
P̃2 -11.08 1.19 -4.17 -3.02
P -15.14 -8.34 -0.96 -9.18
P̃ 1 -19.73 -7.40 -0.16 -7.54
P̃ 2 -19.35 -7.03 -0.35 -7.34
λ1 -4.61 -4.05 1.93 -2.21
λ2 6.04 5.45 -2.40 2.90
u1 -10.36 -4.58 0.02 -4.56
u2 -5.55 0.51 -2.21 -1.70∑2

i=1 λiui -8.15 -2.36 -0.99 -3.30
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Figure 1. c1, c2, z1, z2, y1, and y2 as a function of a) h, b) γ1, c) γ2, and d) γ1 and γ2. The
default values for the parameters h, γ1, and γ2 are 0.1, 0.5, and 0.5, respectively.

23



a)

0

0.5

1

1.5

2

2.5

3

-0.3 0 0.3 0.6 0.9 1.2 1.5 1.8
h

b)

0
0.2
0.4
0.6
0.8

1
1.2
1.4
1.6
1.8

2

0 0.2 0.4 0.6 0.8 1

γγγγ 1

c)

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

0 0.2 0.4 0.6 0.8 1

γγγγ 2

d)

0
0.2
0.4
0.6
0.8

1
1.2
1.4
1.6
1.8

2

0 0.2 0.4 0.6 0.8 1

γγγγ 1, γγγγ 2

e1 e2 e1 + ho1 e2 + ho2 ◦ w1 ◦ w2

Figure 2. e1, e2, e1 + ho1, e2 + ho2, w1, and w2 as a function of a) h, b) γ1, c) γ2, and d)
γ1 and γ2. The default values for the parameters h, γ1, and γ2 are 0.1, 0.5, and
0.5, respectively.
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Figure 3. a1, a2, o1, o2, P , w̃1, and w̃2 as a function of a) h, b) γ1, c) γ2, and d) γ1 and
γ2. The default values for the parameters h, γ1, and γ2 are 0.1, 0.5, and 0.5,
respectively.
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Figure 4. E, O1, and O2 as a function of a) h, b) γ1, c) γ2, and d) γ1 and γ2. The default
values for the parameters h, γ1, and γ2 are 0.1, 0.5, and 0.5, respectively.

26



a)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

-0.3 0 0.3 0.6 0.9 1.2 1.5 1.8
h

b)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0 0.2 0.4 0.6 0.8 1

γγγγ 1

c)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0 0.2 0.4 0.6 0.8 1

γγγγ 2

d)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0 0.2 0.4 0.6 0.8 1

γγγγ 1, γγγγ 2

P1 P2 P̃1 P̃2 ◦ P ◦ P̃ 1 ◦ P̃ 2

Figure 5. P1, P2, P̃1, P̃2, P , P̃ 1, and P̃ 2 as a function of a) h, b) γ1, c) γ2, and d) γ1 and
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Figure 6. λ1 and λ2 as a function of a) h, b) γ1, c) γ2, and d) γ1 and γ2. The default values
for the parameters h, γ1, and γ2 are 0.1, 0.5, and 0.5, respectively.
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B Notation

Ex and En refer to exogenous and endogenous, respectively. A variable or a

parameter is defined as being endogenous if it is neither given by the user nor

found by a user-defined iterative procedure. Some of the variables or parame-

ters defined as endogenous might be exogenous, e.g., for regional optimization

problems.

Symbol Interpretation

α Scaling parameter for updating Negishi weights (Ex)

βji Transboundary transfer coefficient of regional emissions. Defines the

transboundary spillovers of emissions originating from region j and

affecting the region i. (Ex)

γi Slope parameter of region i; regression coefficient between the global

regional emissions (Ex)

Δi Budget constraint imbalance of region i for computational purposes

(En)

δ Depreciation factor of capital stock (Ex)

ηi Scaling parameter of region i (Ex)

θ Marginal social cost (social disutility) of GHG emissions; market price

of emissions, emission permit price (En)

θ̃i Marginal social cost (social disutility) of regional emissions originating

from region i; market price of regional emissions oi, price of the

regional emission permit w̃i (En)

λi Negishi weight of region i,
∑n

i=1 λi = 1 (Ex)

λ̄i Original (unscaled) Negishi weight of region i,
∑n

i=1 λ̄i = 1 (Ex)

λ̂i Updated Negishi weight of region i (Ex)

ai Regional emissions originating from other sources than ei (En)

bki Utility function parameters of region i in the numerical example;

k = 1, 2, . . . , 7 (Ex)

ci Consumption of region i (En)

d Dual variable of the budget balance constraints (7) and (18),

independent of region (En)

di Dual variable of the budget balance constraint (7) of region i (En)

d̄i Original (unscaled) dual variable of the budget balance constraint (7)

of region i (En)

E Total level of global GHG emissions (En)

e e =
∑n

i=1 ei (En)

ei Level of GHG emissions in region i (En)
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fi Total factor productivity of region i (Ex)

gli Region i’s output elasticity of regional emissions ai (l = 1) and GHG

emissions ei (l = 2) (Ex)

h Contribution parameter; defines the level with which the regional emissions

contribute to climate change (Ex)

i Index

j Index

k Index

ki Capital stock level at the end of the single period in region i (En)

k0
i Initial capital stock level in region i (Ex)

l Index

N Set of regions, N = {1, . . . , n}
n Number of regions in N (Ex)

O
∑n

i=1 oi (En)

Oi Effective regional emissions; total regional pollution level affecting region i

(En)

oi Regional emissions originating from region i (En)

P Lindahl price of global GHG emissions (En)

Pi Lindahl compensation price to compensate the region i for global GHG

emissions E (En)

P̃ i Lindahl price of regional emissions originating from region i (En)

P̃i Lindahl compensation price to compensate the region i for regional

emissions Oi (En)

ui Utility of region i (En)

uci
i ∂ui/∂ci (En)

uE
i ∂ui/∂E (En)

uOi
i ∂ui/∂Oi (En)

uzi
i ∂ui/∂zi (En)

wi Initially allocated GHG emission permits for region i (En)

w̃i Initially allocated regional emission permits for region i (En)

y Global income, y =
∑n

i=1 yi (En)

yi National (regional) income of region i; level of output in region i (En)

yei
i dyi/dei (En)

yai
i dyi/dai (En)

zi Capital stock investment level of region i (En)
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Abstract

Lindahl equilibrium is sometimes considered to be an attractive framework in
which to analyze cooperative agreements for climate change. However, previous
studies have been concerned primarily with static and deterministic models. In
this article we propose a definition of dynamic Lindahl equilibrium for global
warming in deterministic and stochastic contexts. We propose an iterative
method for computation, and show how the equilibrium can be implemented in
a decentralized way by a Lindahl mechanism employing emissions trading. A
variety of uncertainties may be considered, such as the impact of temperature
increase, technology development, population growth, deforestation, etc. The
approach is tested by developing and using a stochastic version of the RICE-99
integrated assessment climate model by Nordhaus and Boyer.
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1 Introduction

The socio-economic modelling of climate change faces a multitude of uncertain-

ties. These uncertainties are related to all parts of the models: to the process

of climate change itself, to the socio-economic impacts of climate change, and

to the general progress of socio-economics. Nevertheless, these uncertainties

are often excluded from consideration, and thus the decision is made to use

only one "best guess" scenario [e.g. 19]. Another approach is to use several

scenarios but deterministic modelling [e.g. 6]. In such a treatment, the dif-

ferent scenarios might be given different probabilities. However, this kind of

approach ignores the effects the uncertainty itself has on optimal policy de-

cisions. A stochastic approach is capable of taking into account the decision

making effects of the uncertainty itself.

Lindahl equilibrium is sometimes considered to be an attractive framework

in which to analyze cooperative agreements for climate change [e.g. 25]. This

famous concept was first outlined by the Swedish economist Erik Lindahl in

1919 [14]. Even though the realism of the Lindahl equilibrium is in some ways

questionable [see e.g. 24], there has been a wide variety of studies concerning

Lindahl equilibrium. However, the concept of Lindahl equilibrium seems not

to have been implemented in a stochastic framework.

Thus, in this study, a stochastic version of the Lindahl equilibrium model

is introduced. We assume that in this case the uncertainty can be quantified

into risk values or into probabilities. For this reason, we use a scenario tree as

our modelling framework. The existence and efficiency issues of the Lindahl

equilibrium are also discussed. This equilibrium can be implemented in a

decentralized way by a Lindahl mechanism employing emissions trading. The

stochastic Lindahl equilibrium is numerically demonstrated by developing and

using a stochastic version of the RICE-99 model [19].

The most important contribution of this study to the existing literature is

the introduction of a stochastic version of the Lindahl equilibrium model in the

context of climate change. To our knowledge, this has not been done before.

The original concept of Lindahl equilibrium, together with considerations of

how people have understood the concept, especially in the context of global

warming, are discussed in Virta [24]. In that study, the concept of Lindahl

equilibrium in the case of stock externalities was clarified. This study is based

on the clarified Lindahl equilibrium definition presented in Virta [24].

The main objectives of this study are 1) to introduce a stochastic version of

the Lindahl equilibrium and 2) to demonstrate this equilibrium numerically

2



with a stochastic version of the RICE-99 model. The paper is organized as

follows: In Section 2, the Lindahl equilibrium in a stochastic framework is

defined. In Sections 3 and 4, the efficiency, existence and computation of

the stochastic Lindahl equilibrium are discussed. Section 5 shows how the

stochastic Lindahl equilibrium might be implemented using emissions trading.

Section 6 introduces the deterministic version of the dynamic Lindahl model.

In Section 7, the stochastic version of the RICE-99 model is introduced and the

numerical example with the stochastic RICE-99 model is discussed. Finally,

in Section 8, the study is shortly summarized.

2 Defining Stochastic Lindahl Equilibrium

In this section we define stochastic Lindahl equilibrium in the context of global

warming. Firstly, the notation and concepts are introduced. After that, the

regional optimization problems are discussed. Finally, the Lindahl equilibrium

conditions are presented.

2.1 Preliminaries

We employ a discrete time approach, where the periods are defined by stages

t = 0, 1, . . . , T .1 Hence, the time horizon is subdivided into T periods. An

index t > 0 also refers to the period between stages t−1 and t. For notational

convenience, let the time span of period t be constant.

Exogenous uncertainty in our analysis may be related, for example, to tech-

nology, population growth, etc. Stochastic endogenous variables may include,

for instance, production, consumption, emissions, rate of interest, and market

prices of financial assets.

The realizations of uncertainties over time are depicted by a scenario tree

with V + 1 nodes. Let n = 0, 1, . . . , V denote a node of the scenario tree with

n = 0 referring to the root (Figure 1). For n �= 0, let n− denote the predecessor

of node n and let E be the set of terminal nodes appearing at stage T . For

all nodes n, let n+ denote an immediate successor node of n and let Sn be the

set of all such successor nodes n+. Hence, for all s ∈ Sn, we have s− = n. If

node n appears at stage t then the predecessor node n− is at stage t − 1, and

the successor nodes n+ ∈ Sn are at stage t + 1. For the terminal nodes n ∈ E,

Sn is an empty set. The probability of attaining node n is πn > 0 for all n.

1See Appendix A for a list of symbols.
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Figure 1. Notation. n denotes a node of the scenario tree, n− is the predecessor of node n
and E is the set of terminal nodes appearing at stage T . n+ denotes an immediate
successor node of n and Sn is the set of all such successor nodes n+.

2.2 Regional Models

We use a neoclassical optimal economic growth model (e.g. [5, 8, 13]; origi-

nally the problem was treated in [21]). When studying economic growth with

stock pollution, in a typical formulation the utility function is dependent on

two arguments, consumption and the stock of pollution [e.g. 3, 7, 23]2. The

production function is sometimes assumed to be a basic neoclassical produc-

tion function, where the output per worker is a function of capital stock per

worker, while other studies emphasize the substitution between capital and

emissions by expressing the production dependent on both capital stock and

emissions [3, 23]. In our study, the utility is dependent only on consumption.

However, the production function has three arguments: in addition to capital

stock3 and emissions, the production function is also dependent on the en-

vironmental state. This environmental state includes the emission stock but

might as well include other aspects that influence the environmental state.

Thus in our approach it is assumed that the level of emission stock does not

have a direct effect on utility. However, the emission stock affects the utility
2[7] reinterprets the model in [22].
3We use total production and total capital instead of per capita values in our pro-
duction function. Labour force is assumed to be exogenous in our model.
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indirectly through production function and budget constraint. This choice

reflects the aspect that warming climate affects the utility through the ecosys-

tem services. In this study, the level of ecosystem services are represented

by the environmental state, one of the input factors, in the production func-

tion. The approach of treating the ecosystem services as an input factor of

the production function is discussed, e.g., in [1].

Consider the world subdivided into N regions i = 1, 2, . . . , N . Considering

aggregate consumption as the only consumption good, the preferences of region

i are characterized by the expected utility of a stochastic consumption stream

over time. If vector ci = (cit) denotes a deterministic consumption stream,

such that cit is the level of consumption per period t, for t = 1, 2, . . . , T , then

an additive logarithmic utility function of region i is4

ui(ci) =
T∑

t=1
ρit log(cit) for i = 1, . . . , N, (1)

where the exogenous parameters ρit account for time preference, for instance.

For node n at stage t, let cin denote the level of consumption per period, and

define the weight ρin = ρit.

Let yin denote region i’s level of output of the consumption good per period

at stage n. We assume that yin is a function of three endogenous attributes:

region i’s level of greenhouse gas (GHG) emissions ein per period at node

n, the state vector xn of the global environment at node n, and the capital

stock kin of region i at node n. Hence, we denote yin = yin(ein, xn, kin) for

i = 1, 2, . . . , N and n = 0, 1, . . . , V.

Assumption 1 The production functions yin (ein, xn, kin) are concave, and
increasing in ein and kin, with ∂yin/∂ein approaching infinity as ein approaches
zero.5

At each node n, non-negative investments zin increment the capital stock
4Here cit is region i’s total consumption per period t. However, implicitly we as-
sume that the regional utility ui is dependent on consumption per capita cit/Lit
but that the population Lit of region i at stage t is exogenously defined. We can
write ui (cit/Lit) =

∑T
t=1 ρit log (cit/Lit) =

∑T
t=1 ρit (log cit − log Lit). Maximization

of this form of function can be reduced to maximization of function
∑T

t=1 ρit log cit
because the second term does not contain any endogenous variables. As is shown
later, the computational procedure for finding a Lindahl equilibrium also includes
maximization of a weighted sum of utility functions. Thus, in this context, the utility
function uit (cit/Lit) can be reduced to uit (cit).
5In a relevant case that the production function is decreasing in xn, concavity is
still possible. E.g., if the production function is an additively separable function
yin (ein, xn, kin) = y1,in (ein, kin) + y2,n (xn), then the production function yin is con-
cave if y1,in and y2,n are concave. A second example is a Cobb–Douglas production
function yin (ein, xn, kin) = aeα

in (xMAX − xn)β
kγ

in, where a, α, β, and γ are constants
and xMAX is the highest tolerable value of xn. In this latter case, the production
function is defined only if xn ≤ xMAX .
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of node n. Due to depreciation, capital stock at the predecessor node n− is

reduced during the period by a factor δk such that 0 < δk < 1. Hence the

capital stock dynamics of region i is given by

νin : kin − δkkin− − zin = 0 for i = 1, 2, . . . , N ; n = 0, 1, . . . , V, (2)

where kin− for n = 0 is the exogenous initial capital stock. Here νin denotes

the dual variable of constraint (2) in the regional optimization problem.

The state of the global environment at node n is given by the vector xn. The

components of xn include the GHG stock in the atmosphere, but may as well

include, for instance, the carbon stock in the oceans, the average atmospheric

temperature, and the average ocean temperature. Given the global GHG

emissions en =
∑

i ein, the state xn of the global environment is incremented by

fen, where f is a column vector. The impact of the preceding state xn− during

the period is given by a differentiable vector-valued function Mn = Mn(xn−)

so that the state dynamics is given by

μin : −xn + Mn(xn−) + fen = 0 for i = 1, 2, . . . , N ; n = 0, 1, . . . , V, (3)

where xn− for n = 0 is the exogenous initial state. xn represents equations

that define carbon and temperature cycles,6 and Mn(xn−) is a vector-valued

function that shows the impact of the preceding state xn− during the period

at node n. The parameter μin is the dual variable of constraint (3) of the

regional optimization problem.

For a Lindahl equilibrium, let Pn denote the price used to charge region i for

its emissions ein and Pin the price to compensate region i for global emissions

en. Hence, the cash flow of charges and compensation for region i at node n

is Pinen − Pnein. Lindahl prices Pin and Pn are determined by the Lindahl

equilibrium, and are exogenous for regional optimization problems.

Financial markets may include a single period risk-free asset (bank account),

which can be used for lending (saving) or borrowing. Additionally, depending

on the stage and state (node), there may be several risky assets. We assume

that the market is perfect. In this case there are no market frictions, such as

transaction costs, nonzero interest rate margin between borrowing and lend-

ing, or costs or restrictions on short positions. Additionally, assume that the

financial market is complete. To summarize:

Assumption 2 The financial market is perfect and complete.
6See Equation (79), which shows xn in the case of the RICE-99 model.
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If there are bn successor nodes of node n in the set Sn, then it follows

from Assumption 2 that there are at least bn assets for investment at node n.

These may consist of one risk-free asset and bn −1 risky assets, such as futures

contracts on emissions, for instance. For financial investments, let sin be the

column vector of endogenous investment positions (levels of investment) taken

by region i at node n. Let the row vector Bn denote the unit values (prices)

of assets at node n, and let the row vector Qn+ denote the unit values at the

successor node n+ ∈ Sn. Hence, given investment sin, the investment cash

flow at node n is −Bnsin and at node n+ ∈ Sn the resulting cash flow is

Qn+sin. Given investment sin− at the predecessor node of node n, the total

investment cash flow at node n is −Bnsin + Qnsin− .

Vectors Bn and Qn are determined by the market equilibrium, but in a

competitive market they are exogenous for regional optimization problems.

For example, if a single period risk-free asset exists at node n with total

return Rn, we may define its component in Bn to be equal to one, so that the

cash flow component in Qn+ is Rn for all n+ ∈ Sn. The total return Rn is

endogenously determined by an equilibrium.

As another example, suppose a single period futures contract on emissions

with futures price Fn is one of the risky assets at node n. Then its component

in Bn is equal to zero and the cash flow component in Qn+ is the difference

of the emission price at n+ ∈ Sn and the futures price Fn, both of which are

endogenously determined in an equilibrium.

Taking into account consumption, capital stock investments, production,

financial investments, and emission charges and compensation, the budget

(balance) constraint for region i = 1, 2, . . . , N is7

din : cin + zin − yin − Pinen + Pnein + Bnsin − Qnsin− = 0 (4)

for all nodes n. Parameter din denotes the dual variable of the budget con-

straint. For the root node n = 0, sin− is the exogenous initial financial invest-

ment position. We require the budget to be in balance over the entire horizon

of T periods. Therefore, for terminal nodes n ∈ E, we require

sin = 0 for i = 1, 2, . . . , N. (5)

Consider positive parameters λi > 0 with
∑

i λi = 1. Subsequently, they

7Note that in the numerical demonstration in Section 7 only industrial GHG emis-
sions are included in the budget balance constraint. However, in the calculation of
environmental state xn, all the GHG emissions are included. In the RICE-99 model,
endogenous emissions are limited to industrial CO2 emissions.
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refer to the Negishi weights for the regions.8 We scale the expected utility of

each region i by weight λi > 0. The regional problem i is then as follows:

Given Lindahl prices Pin and Pn, and financial market data Bn and Qn, find

cin, zin ≥ 0, kin, ein, en, xn and sin to

max λi

∑
n

πnρin log(cin) s.t. (2)–(5). (6)

Karush–Kuhn–Tucker optimality conditions involve the primal constraints,

one for each dual variable νin, μin, and din, and a dual requirement, including

complementarity, for each primal variable cin, zin, kin, ein, en, xn, and sin. The

primal constraints are already given by (2)–(5). Denoting yein
in = ∂yin/∂ein,

yxn
in = ∂yin/∂xn, ykin

in = ∂yin/∂kin, and Mxn
n+ = ∂Mn+(xn)/∂xn, the dual

requirements with the associated primal variables to the left are as follows for

i = 1, 2, . . . , N and n = 0, 1, . . . , V :9

cin : λiπnρin/cin − din = 0 (7)

zin : νin − din ≤ 0, (νin − din)zin = 0 (8)

kin : dinykin
in − νin + δk

∑
n+∈Sn

νin+ = 0 (9)

ein : yein
in − Pn = 0 (10)

en : dinPin − μinf = 0 (11)

xn : dinyxn
in + μin −∑n+∈Sn

μin+Mxn
n+ = 0 (12)

sin : dinBn −∑n+∈Sn
din+Qn+ = 0 (13)

Lemma 1 If Assumption 2 holds, then for the regional problems (6), weights
λi > 0 with ∑i λi = 1 can be chosen such that for all nodes n, the optimal
dual variables din = dn are independent of region.

Proof Condition (7) implies that weights λi with
∑

i λi = 1 can be chosen

such that din = λiρin/cin = dn for n = 0 and for all i. Condition (13) may be

rewritten as dinBn = d+
inQ+

n , where d+
in is the row vector of the dual variables

din+ such that n+ ∈ Sn and Q+
n is the matrix with rows Qn+ such that

n+ ∈ Sn. Assumption 2 implies that Q+
n has full row rank. Hence, the dual

8Negishi [17] proved the existence of a competitive equilibrium in a new way, by show-
ing equivalence between the Arrow–Debreu equilibrium problem and mathematical
optimization. This Negishi’s approach has then been utilized for computing equilibria
by maximizing a weighted social welfare function. The weights are such that there
are no transfers between the agents in the equilibrium.
9Recall that for the terminal nodes n ∈ E, Sn is an empty set.
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variables din+ for n+ ∈ Sn are uniquely determined by din and the financial

market data Bn and Qn+ . Inductively, if for the root node n = 0, din = dn is

independent of region, then for all nodes n, din = dn is independent of i. �

2.3 The Lindahl Equilibrium Conditions

The optimal level of global emissions en for a regional problem (6) is the quan-

tity which region i would prefer. In the Lindahl equilibrium, unanimity pre-

vails on this quantity. Additionally, for the compensations, payers must exist.

Therefore, Lindahl equilibrium requires that the sum of emission compensa-

tions is equal to the sum of emission charges. Finally, in financial markets, if

one borrows or buys, then another lends or sells. Hence, in the equilibrium,

the sum of financial positions over regions is equal to zero for each asset sep-

arately. Thus, an equilibrium prevails if the Lindahl prices Pin and Pn, and

financial market prices Bn and Qn are such that the optimal solutions of (6)

satisfy the following conditions for n = 0, 1, . . . , V :

∑
i

ein = en (14)

∑
i

Pin = Pn (15)

∑
i

sin = 0. (16)

3 Efficiency of the Lindahl Equilibrium

Given positive weights λi > 0 with
∑

i λi = 1 for all i, consider the global

problem to find cin, zin ≥ 0, kin, ein, and xn to

max
∑

i

λi

∑
n

πnρin log(cin) (17)

subject to10

dn :
∑

i(cin + zin − yin) = 0 for n = 0, 1, . . . , V (18)

νin : kin − δkkin− − zin = 0 for i = 1, 2, . . . , N ; (19)

n = 0, 1, . . . , V

μn : −xn + Mn
(
xn−

)
+ f

∑
i ein = 0 for n = 0, 1, . . . , V. (20)

10Recall that kin− and xn− for the root node n = 0 are exogenously defined.
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Here the dual variables associated with the constraints are shown before each

equation.

For the Karush–Kuhn–Tucker optimality conditions, the primal require-

ments are given by (18)–(20), and the dual requirements with the associated

primal variables to the left are as follows for i = 1, 2, . . . , N and n = 0, 1, . . . , V :

cin : λiπnρin/cin − dn = 0 (21)

zin : νin − dn ≤ 0, (νin − dn)zin = 0 (22)

kin : dnykin
in − νin + δk

∑
n+∈Sn

νin+ = 0 (23)

ein : dnyein
in − μnf = 0 (24)

xn : dn
∑

i yxn
in + μn −∑n+∈Sn

μn+Mxn
n+ = 0 (25)

Lemma 2 Under Assumption 2, any Lindahl equilibrium is Pareto optimal.

Proof It suffices to show that the primal variables cin, zin, kin, ein, and xn

from the Lindahl equilibrium are optimal for the global problem (17)–(20) for

some weights λi > 0. To see the primal feasibility, budget constraints (4)

and equilibrium conditions (14)–(16) imply (18), (2) is identical to (20), and

(20) follows from (3) with (14). For the dual requirements, based on Lemma

1, choose weights λi such that for all nodes n, din = dn is independent of

region. Then (7)–(9) are identical to (21)–(23). If we define μn =
∑

i μin, then

summing over i in (12) yields (25). Finally, (10), (11), and (15) imply (24). �

4 Existence and Computation of a Lindahl Equilibrium

Theorem 1 Consider an optimal solution for the global problem (17)–(25)
with some weights λi > 0 such that ∑i λi = 1. For the local problems (6),
define din = dn, μin to satisfy (12),

Pn = μnf/dn, (26)

Pin = μinf/dn, (27)

Δin = cin + zin − yin + Pnein − Pinen, (28)

and
ri =

∑
n

dnΔin (29)
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for i = 1, 2, . . . , N and n = 0, 1, . . . , V . Define price vectors Bn and Qn of
investment opportunities to satisfy requirements (13) such that Assumption 2
holds. Then ri = 0 for all i implies that the optimal solution of (17)–(25) is a
Lindahl equilibrium with emission prices Pn, compensation prices Pin, global
emissions en =

∑
i ein, and positions of financial investments sin satisfying

(4) and (5).

Proof To show the assertion, we need to verify the Lindahl equilibrium con-

ditions (2)–(5) and (7)–(16). Most of them follow directly from the optimality

conditions (18)–(25) together with the above definitions for din, μin, Pin, Pn,

Bn, Qn, and en. These conditions are (2), (3), (7)–(13), and (14). Summing

over i in (12) and accounting for (24) yields

∑
i

μin = μn for n = 0, 1, . . . , V. (30)

Hence, (26) and (27) with (30) yield (15). The remaining conditions deal with

the budget constraints (4) and financial investment requirements (5), (13),

and (16). To satisfy the set of budget restrictions (4) for region i, we aim

to find suitable investment positions sin. Using definition (28), the budget

constraints (4) are rewritten as11

−Bnsin + Qnsin− = Δin for i = 1, 2, . . . , N ; n = 0, 1, . . . , V. (31)

For redundant assets, which can be substituted by portfolios of other assets, we

fix the positions in sin to zero. For the non-redundant assets, given Assump-

tion 2, Equations (31) determine uniquely the investment positions satisfying

(5) and (31) for all nodes n �= 0. Consequently, if Equations (31) are multi-

plied by dn > 0 and summed over n, then by (13), the left side of the resulting

equation is zero. The right side is ri by (29), and if ri = 0, then (31) is sat-

isfied for the root n = 0 as well. Given that the positions of the redundant

assets are fixed to zero, condition (16) is met for all nodes n if and only if∑
i(−Bnsin + Qnsin−) =

∑
i Δin = 0. The former equality holds by (31) and

the latter follows from (14), (15), and (18). �

The computational procedure for finding a Lindahl equilibrium proceeds by

iterating over the Negishi weights λi as follows. Start with any positive weights

λi > 0 such that
∑

i λi = 1. Solve the global problem (17)–(25) and define

11Recall that sin− for the root node n = 0 is exogenously defined.
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δin = Δin − cin. Substitute cin = λiπnρin/dn using (21) and rewrite (29) as

ri =
∑

n

(λiπnρin + dnδin) for i = 1, 2, . . . , N. (32)

Solving for λi such that ri = 0 in (32), while keeping other parameters un-

changed, yields

λ̂i = −
∑

n

dnδin/
∑

n

πnρin for i = 1, 2, . . . , N,

where
∑

n dnδin = ri − λi
∑

n πnρin. Hence, we rewrite

λ̂i = λi − ri/
∑

n

πnρin for i = 1, 2, . . . , N. (33)

In order to ensure positive Negishi weights for the subsequent iteration, we

only employ (33) for regions i such that ri < 0. Consequently, redefine λ̂i by

λ̂i = λi − min(ri, 0)/
∑

n

πnρin for i = 1, 2, . . . , N. (34)

Note that
∑

i ri = 0 by (14), (15), and (18). Hence, unless ri = 0 for all i (in

which case, if Assumption 2 holds, a Lindahl equilibrium has been found by

Theorem 1), at least one of the residuals ri is strictly negative. Finally, scaling

the weights λ̂i in (34) to sum up to one yields the updated Negishi weights for

the subsequent iteration:

λi = λ̂i/
∑

j

λ̂j for i = 1, 2, . . . , N.

5 Lindahl Mechanism Employing Emissions Trading

In this section we show how the Lindahl equilibrium can be implemented by

a Lindahl mechanism employing emissions trading.

Let win be the amount of emission permits initially allocated free of charge

to region i at node n, and let θn denote the price of emission permits in the

international market. If the emissions of region i at node n are ein, then the

cash flow associated with the emissions is θn(win − ein), and the problem of

region i under emissions trade is as follows: For some weights λi > 0 such that∑
i λi = 1, given prices θn, global emissions en =

∑
i win, and financial market
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data Bn and Qn, find cin, zin ≥ 0, kin, ein, and sin to

max λi

∑
n

πnρin log(cin) (35)

subject to (5) and

din : cin + zin − yin + θn(ein − win) + Bnsin − Qnsin− = 0 (36)

νin : kin − δkkin− − zin = 0 (37)

for i = 1, 2, . . . , N and n = 0, 1, . . . , V . Here global emissions en determine

the environmental state xn by (3) to be used in the production functions yin.

Again, the dual variables associated with the constraints are shown to the left.

For the Karush–Kuhn–Tucker optimality conditions, the primal require-

ments are given by (36) and (37), and the dual requirements, with the as-

sociated primal variables to the left, are as follows for i = 1, 2, . . . , N and

n = 0, 1, . . . , V :

cin : λiπnρin/cin − din = 0 (38)

zin : νin − din ≤ 0, (νin − din)zin = 0 (39)

kin : dinykin
in − νin + δk

∑
n+∈Sn

νin+ = 0 (40)

ein : yein
in − θn = 0 (41)

sin : dinBn −∑n+∈Sn
din+Qn+ = 0 (42)

At an equilibrium of the international emissions market, (14) and (16) are

satisfied. The following result mimics the result of a static and deterministic

case by Mäler and Uzawa [16].

Lemma 3 Consider a Lindahl equilibrium with emission charge prices Pn,
compensation prices Pin, and global emissions en. Suppose that the amounts
win of emission permits initially allocated to regions i satisfy

Pinen = Pnwin for i = 1, 2, . . . , N ; n = 0, 1, . . . , V. (43)

Then the Lindahl equilibrium is an equilibrium of the international emissions
market with prices θn = Pn of emission permits.

Proof Given the assumptions, equilibrium conditions for (36)–(42), (14), and

(16) follow directly from (43) and the Lindahl equilibrium conditions with

θn = Pn. �
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6 The Deterministic Model

So far we have discussed the stochastic model of Lindahl equilibrium. The

dynamic deterministic Lindahl equilibrium can be considered as a reduced

stochastic model, where a very simple scenario tree with only one scenario

is used. Even though the stochastic model is as such implementable to the

deterministic case, in this section we will write out the reduced forms of re-

gional and global problems as well as the Lindahl conditions. There are two

main differences between the stochastic and the deterministic models: Firstly,

at each stage t there is only one node, which is now denoted by t. Secondly,

we need only one financial asset, the risk-free asset, to have a perfect and

complete financial market.

First we show the regional problem (6) for region i in a reduced form: Given

Lindahl prices Pit and Pt, and financial return data Rt (total return of the

risk-free asset), find cit, zit ≥ 0, kit, eit, et, xt, and sit to

max λi

∑
t

ρit log(cit) (44)

subject to

νit : kit − δkki,t−1 − zit = 0 (45)

for t = 1, 2, . . . , T

μit : −xt + Mt (xt−1) + fet = 0 (46)

for t = 1, 2, . . . , T

dit : cit + zit − yit − Pitet + Pteit + sit − Rt−1si,t−1 = 0 (47)

for t = 1, 2, . . . , T

siT = 0, (48)

where kit, xt, and sit for t = 0 are endogenously defined. The dual require-
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ments (7)–(13) are now:

cit : λiρit/cit − dit = 0 for t = 1, 2, . . . , T (49)

zit : νit − dit ≤ 0, (50)

(νit − dit)zit = 0 for t = 1, 2, . . . , T

kit : dity
kit
it − νit + δkνi,t+1 = 0 for t = 1, 2, . . . , T − 1

diT ykiT
iT − νiT = 0 (51)

eit : yeit
it − Pt = 0 for t = 1, 2, . . . , T (52)

et : ditPit − μitf = 0 for t = 1, 2, . . . , T (53)

xt : dity
xt
it + μit − μi,t+1Mxt

t+1 = 0 for t = 1, 2, . . . , T − 1

diT yxT
iT + μiT = 0 (54)

sit : dit − di,t+1Rt = 0 for t = 1, 2, . . . , T − 1

diT = 0 (55)

Next we turn to the Lindahl equilibrium conditions in the deterministic case.

The Lindahl equilibrium conditions (14)–(16) reduce to the following form for

t = 1, 2, . . . , T :

∑
i

eit = et (56)

∑
i

Pit = Pt (57)

∑
i

sit = 0. (58)

Finally we show the global problem (17)–(20) for the deterministic case.

Given positive weights λi > 0 with
∑

i λi = 1 for all i, consider the global

problem to find cit, zit ≥ 0, kit, eit, and xt to

max
∑

i

λi

∑
t

ρit log(cit) (59)

subject to

dt :
∑

i(cit + zit − yit) = 0 (60)

νit : kit − δkki,t−1 − zit = 0 (61)

μt : −xt + Mt (xt−1) + f
∑

i eit = 0 (62)

for i = 1, 2, . . . , N and t = 1, 2, . . . , T . The dual requirements with their
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associated primal variables to the left are as follows for all i:

cit : λiρit/cit − dt = 0 for t = 1, 2, . . . , T (63)

zit : νit − dit ≤ 0, (64)

(νit − dit)zit = 0 for t = 1, 2, . . . , T

kit : dty
kit
it − νit + δkνi,t+1 = 0 for t = 1, 2, . . . , T − 1

dT ykiT
iT − νiT = 0 (65)

eit : dty
eit
it − μtf = 0 for t = 1, 2, . . . , T (66)

xt : dt
∑

i yxt
it + μt − μt+1Mxt

t+1 = 0 for t = 1, 2, . . . , T − 1

dT
∑

i yxT
iT + μT = 0 (67)

All the proofs of the stochastic case also apply to the deterministic case. The

computational procedure of the Lindahl equilibrium as well as the implemen-

tation of the Lindahl equilibrium by permit trading as illustrated in Sections

4 and 5 are applicable to the deterministic case, too.

7 Numerical Demonstrations: Stochastic Lindahl Model Based on
RICE-99

Now we turn to the use of the RICE-99 model. In this section, we first give a

short description of the RICE-99 model and present the modifications needed

to include uncertainty. Then we introduce other modifications and assump-

tions we made for the numerical experiments. Finally, the numerical results

are considered.

7.1 The RICE-99 Model Adapted to Uncertainty

RICE (Regional Dynamic Integrated model of Climate and the Economy)

is an integrated assessment model of climate change developed by William

Nordhaus and his collaborators Joseph Boyer and Zili Yang. The first version

of the model, presented in Nordhaus and Yang [20], was constructed in the

early 1990’s. In this study, we use the model version RICE-99 that is published

and introduced in Nordhaus and Boyer [19]. The development of the model is

ongoing, and lately some new versions of the model have been announced.12

In the RICE-99 version of the model there are 8 regions, namely the United

States (USA), Other High Income states (OHI, includes e.g. Japan, Canada,

12See [25] and http://www.econ.yale.edu/~nordhaus/homepage/.

16



and Australia), OECD Europe (EUR, not including East European OECD

countries), Russia and Eastern Europe (EE), Middle Income states (MI, e.g.

Korea, Rep., Brazil, and Taiwan), Lower Middle Income states (LMI, e.g.

Mexico, South Africa, and Iran), China (CHI), and finally Low Income states

(LI, e.g. India, Indonesia, and Korea, Dem. Rep.). In the original RICE-99

model the time step is 10 years, which is also used in this study. A detailed

description of the model is to be found in Nordhaus and Boyer [19].

Even though the RICE-99 model is carefully constructed, there are a number

of uncertainties related to the model. The possibility of taking into account

the uncertainties concerning, e.g., parameter values and functional forms were

included by allowing different scenarios. The scenario tree form is not lim-

ited,13 and the different scenarios may have different probabilities. Note that,

in this case, the probabilities are subjective.

The model contains two main submodels: a geophysical model and an eco-

nomic model (Figure 2). The geophysical model describes the physical process

of climate change. It further includes submodels for carbon cycle, radiative

forcing and temperature cycle. The economic model, in turn, describes the

economical process of climate change: the economy operates to produce wel-

fare for its inhabitants, but as a side-effect, carbon emissions are emitted to

the atmosphere. The model includes regional welfare functions. In this model,

the welfare is dependent on consumption.

The geophysical and economic submodels are linked with each other in two

ways: Firstly, the economic model affects the geophysical model through car-

bon emissions.14 These emissions feed carbon into the carbon cycle, which

then further affects the other parts of the geophysical block. Secondly, the

geophysical model affects the economic model by a damage coefficient that

accounts for the regional effects of climate change. This damage coefficient

has a direct effect on production, which then mediates this effect to the other

parts of the economy.

The carbon cycle is modelled by a three-reservoir model. The reservoirs

are the atmosphere, the quickly-mixing reservoirs in the upper oceans, and

the deep oceans. The carbon cycle is defined by the following equations for
13The modified GAMS code allows different kind of scenario trees. However, in
practice, computational restrictions limit their form. Another approach is to consider
a receding horizon control problem [E.g. 18], which enables longer modelling period
considerations than a stable horizon approach.
14From GHG emissions only carbon emissions are endogenously included in the model.
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Figure 2. RICE-99 model structure. The model contains two parts: a geophysical model
and an economic model. These two models are linked by carbon emissions and
by a so-called damage coefficient that accounts for the effects of climate change
(Damage in the figure).

18



n = 1, 2, . . . , V [19, modified from Equations (A.13a)–(A.13c)]:15

MAT
n = 10 × ETn + φ11MAT

n− + φ21MUP
n− (68)

MUP
n = φ22MUP

n− + φ12MAT
n− + φ32MLO

n− (69)

MLO
n = φ33MLO

n− + φ23MUP
n− , (70)

where MAT
n , MUP

n , and MLO
n are the mass of carbon in the atmosphere, upper

reservoir, and lower oceans, respectively, at the end of the period at node n.

ETn =
∑

i (Ein + LUin) is the level of annual global carbon emissions at node

n, including both the industrial emissions Ein and the emissions from land-use

changes LUin. The coefficients φij are the transfer coefficients from reservoir i

to reservoir j. Index 1 refers to the atmosphere, index 2 to the upper oceans,

and index 3 to the lower oceans. The coefficient 10 in Equation (68) is due to

the length of the time step, which is 10 years, as mentioned earlier.

The increased atmospheric carbon stock level increases the radiative forcing,

as can be seen from the following equation [19, modified from Equation (A.14)]:

F̃n = η

⎧⎨
⎩

log
[
MAT

n (t)/MAT,P I
]

log 2

⎫⎬
⎭+ On for n = 0, 1, . . . , V, (71)

where F̃n is the increase in the radiative forcing as compared to pre-industrial

level, η is an exogenous parameter showing increase in radiative forcing due

to doubling of CO2 concentration from pre-industrial levels, MAT,P I is the

pre-industrial level of the mass of carbon in the atmosphere, and On is the

forcing from other greenhouse gases and aerosols (exogenous variable).

The increase in the radiative forcing is realized in increasing temperatures,

which is shown by the temperature cycle. The temperature cycle is a very

simplified box-advection model with two state variables: the globally-averaged

atmospheric temperature and the deep-ocean temperature. The temperature

cycle is defined by the equations [19, modified from Equations (A.15a) and

(A.15b)]

Tn = Tn− + σ1
{

F̃n − λTn− − σ2[Tn− − T LO
n− ]
}

and (72)

T LO
n = T LO

n− + σ3[Tn− − T LO
n− ] (73)

for n = 1, 2, . . . , V. Tn is the increase in the globally-averaged atmospheric

temperature, T LO
n is the temperature increase in the deep oceans, F̃n is the

15Note that these and the following equations differ from the original RICE-99 equa-
tions because of the stochasticity.

19



increase in the radiative forcing, λ is a feedback parameter, and σ1, σ2, and σ3

are the transfer coefficients. The above-mentioned increases are as compared

to pre-industrial levels.

The effects of the global warming are shown by a region specific damage

coefficient in the model. The damage coefficient Ωin is given by the following

equations for i = 1, 2, . . . , N and n = 0, 1, . . . , V [19, modified from Equations

(A.16) and (A.17)]:

Din = Θ1,iTn + Θ2,iT
2
n (74)

Ωin =
1

1 + Din
, (75)

where Θ1,i and Θ2,i are region specific parameters. This damage coefficient

has a direct influence on the production, as can be seen from the following.

In the economic model, production is described by a Cobb–Douglas pro-

duction function for i = 1, 2, . . . , N and n = 0, 1, . . . , V [19, modified from

Equations (A.5a) and (A.5b)]:

yin = Ωin

{
Ainkγ

inL1−βi−γ
in ESβi

in − cE
inESin

}
, where (76)

ESin = ζinEin, (77)

Ωin is the damage coefficient (Equation (75)), Ain is the total factor produc-

tivity including Hicks-neutral technological change, kin is the capital stock,

Lin is the population which is used here as an approximation of labour, γ is

the elasticity of output with respect to capital, βi is the elasticity of output

with respect to carbon energy services, and (1 − βi − γ) is the elasticity of

output with respect to labour. The term cE
inESin represents the costs of pro-

ducing carbon energy: that is, cE
in is the unit cost of extracting carbon energy

and ESin is the carbon energy used by industry. Finally, Equation (77) repre-

sents the relationship between the (carbon) energy inputs and outputs: Ein is

the input energy,16 which is converted to the amount ESin of energy services

by technology. The parameter ζin is the current level of carbon-augmenting

technology.17

The unit cost cE
in of extracting carbon energy is dependent on the cumulative

industrial carbon emissions which represent the cumulative usage of fossil fuels.

The cumulative industrial carbon emissions are [19, modified from Equation

16Ein is the input energy in CO2 emission equivalents.
17ζin is the ratio of carbon energy to industrial carbon emissions in region i at node
n.
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(A.11)]

CCAn = CCAn− + 10×En for n = 1, 2, . . . , V, (78)

where CCAn is the cumulative consumption of carbon energy in terms of

carbon emission potential at the end of the period at node n, and En is the

annual use of carbon energy in terms of carbon emission potential at node n.18

Capital stock kin is one of the endogenous production factors. As was men-

tioned earlier, the objective of region i is to maximize regional welfare, which

is dependent on consumption. The capital stock kin dynamics is described by

an equation comparable to Equation (2).

A budget balance constraint balances the disposable incomes and expendi-

tures and thus defines the mutual dependence between the different forms of

expenditures. In its basic form, production yin must be equal to investments

zin plus consumption cin, that is, yin = cin +zin for every i and n. Investments

are used to increase the capital stock by Equation (2).

Now that we have seen the functioning of both the geophysical and eco-

nomic models, the two-folded role of carbon is obvious: On the one hand, the

use of carbon energy increases production as a production factor (Equations

(76)–(77)). On the other hand, the use of carbon energy increases carbon in

the atmosphere, which then results in global warming (Equations (68)–(73)),

which has mostly negative impacts on regional production.19

7.2 Modifications and Assumptions

In this section, the modifications and assumptions made to form the numerical

stochastic Lindahl model are clarified.

Terminal Conditions To avoid the problems caused by the ending of the

modelling period, some special terminal conditions were established.

In the RICE-99 model, the cumulative industrial carbon emissions are de-

fined as the cumulative emissions at the beginning of each time step. However,

theoretically, then there are no dual variable values such that the optimality

conditions of the problem could be satisfied, except within some optimality

tolerance. To avoid this problem, the cumulative industrial emissions at a ter-

minal node are defined as the cumulative industrial emissions at the end of the

last period; thus the emissions at the terminal node are taken into account.
18Recall that the length of the time step is 10 years. Because of this the annual use
of carbon energy is multiplied by 10 in Equation (78).
19With a small temperature increase, the production impact of climate change might
be slightly positive in some regions (see the original RICE-99 damage coefficient func-
tions in Figures 4–5).
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The same problem arises when the atmospheric concentration of carbon is

calculated. The atmospheric concentration of carbon at node n is defined as

the concentration at the beginning of the period. Thus, to avoid the terminal

problems arising from this definition, we add the carbon emissions arising at

the terminal node to the definition of the atmospheric concentration of carbon

at the terminal nodes.

The terminal conditions for the financial market lay down that no lending

or borrowing and no futures contracts are allowed at the terminal nodes.

Objective Function The objective function is a log-function as also indicated

in Nordhaus and Boyer [19]. However, in the GAMS code in Nordhaus and

Boyer [19], a linear objective function was used.

Exogenous Parameter ρin The exogenous parameter ρin in the regional util-

ity functions (Section 2.2) in this numerical illustration is ρin = ρ′
nLit, where

ρ′
n is the social welfare discount factor and Lit is the population in region i at

stage t, which is the stage of node n.

Budget In this example, each region has an individual budget defined by

Equation (4).

State Dynamics Next, the vectors and functions related to the state dynam-

ics (Equation (3)) are presented.

In this case, the state vector xn of the global environment consists of the

following components: atmospheric concentration of carbon, concentration of

carbon in the upper reservoir, concentration of carbon in the lower oceans,

increase in the atmospheric temperature, increase in the deep ocean tempera-

ture, and cumulative industrial carbon emissions. Thus, xn is congruent with

Equations (68)–(73) and (78) that define the carbon and temperature cycles:

xn =
(
MAT

n , MUP
n , MLO

n , Tn, T LO
n , CCAn

)T
for n = 0, 1, . . . , V (79)

By Equation (3), xn = Mn
(
xn−

)
+ fen. Thus, Mn(xn−) is a vector-valued

function that shows the impact of the preceding state xn− during the period

at node n. The column vector f defines how the environmental state vec-

tor is affected by the carbon emissions during the period at the node under

consideration. In this case the column vector is f = (1, 0, 0, 0, 0, 1)T .20

According to the RICE-99 model, the state vector is actually
20Recall that CCAn is dependent on industrial emissions, only, while en includes both
industrial emissions and emissions from land use changes. We can take this difference
into account by defining the last component of Mn(xn−) so that the emissions from
land use changes are eliminated.
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xn = Mn
(
xn− , xn

)
+ fen because Tn is dependent on F̃n, which is depen-

dent on MAT
n , i.e., the first component of xn. Recall that MAT

n is dependent

on CO2 emissions en by Equation (68). Thus, there is a following effect chain

in the RICE-99 model: en increases MAT
n , which increases F̃n, which finally

increases Tn. This means that en increases the atmospheric temperature in-

stantly. In our theory we approximate, however, that the emissions affect the

atmospheric temperature not before the next period. Nevertheless, despite

this slight difference between the theory and the numerical model, we will

find a Lindahl equilibrium if we use the computational procedure described in

Section 4.

Scenario Tree In this numerical demonstration, a very simple scenario tree

was used. The scenario tree is shown in Figure 3. The a posteriori probabilities

of the scenario tree branches are purely subjective probabilities in this case.

The scenarios are formed by using the original and rotated damage coefficient

functions as explained below. Note that the scenario tree is deterministic from

2015 onwards. The optimization is done by maximizing the expected present

value of the utility. Because of the increased computer resource needs due to

the stochasticity, the modelling period was shortened from the original 200

years to 80 years.
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B
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D
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B
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D

A

1995 2005 2015 20352025 Year
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0.5

Figure 3. Scenario tree. The letters A–D refer to the different scenarios: A is the scenario
with the original damage coefficient function, while in scenarios B–D the original
damage coefficient function is rotated as shown in Figures 4–5. The numbers
in the scenario tree are the a posteriori probabilities of the branches. Only a
posteriori probabilities less than one are presented. All the probabilities are
subjective in this case.
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Capital Stock Dynamics As was stated in Assumption 2, the financial mar-

ket is assumed to be perfect and complete. This means that in this example,

because of the simple scenario tree structure, only two financial assets are

needed. These two assets are a risk-free asset and a one-period21 emissions

future, which has a value of zero at the beginning of the period. By arbitrage

pricing theory, the risk-free total return Rn is given by

Rn =
dn∑

n+∈Sn
dn+

∀n /∈ E, (80)

where dn is the dual variable of the global budget constraint (18) at node n.

The futures contract is to buy or sell emissions on the next time step at a

price Fn specified in the contract. By arbitrage pricing theory, the futures

price Fn is given by

Fn =
∑

n+∈Sn
dn+Pn+∑

n+∈Sn
dn+

∀n /∈ E, (81)

where Pn+ is the emissions price at node n+. For the buyer, the unit cash

flow of the futures contract is Pn+ − Fn, the difference between the realized

emissions price on the following time step after the contract and the risk-

neutral expected value of the emissions price.

Note that if the scenario tree is deterministic, only one financial asset is

needed, namely the risk-free asset. For this reason the number of futures is

zero from 2015 onwards.

Damage by Climate Change In the RICE-99 model, the climate change im-

pact is modelled as a function affecting the production output (See Equations

(74)–(75) for climate change impact and Equation (76) for production). In

this numerical example, the original damage coefficient function (scenario A)

was rotated as shown in Figures 4–5 (scenarios B–D). These differing, more

serious damage coefficient functions illustrate the uncertainty concerning the

realization of the climate change impact. The view that the economic dam-

ages might be more serious than estimated by the original RICE-99 damage

coefficient functions is consistent with the updated scientific understanding

of the economic impacts of climate change.22 There is high agreement that

aggregate economic damages accelerate with increasing temperature, but few

quantitative estimates exist [12]. Thus, the exact forms of the damage coeffi-

cient functions are not known.
21In this case one period is 10 years.
22Compare the assessments of economic impacts between the reports [9, 10, 11, 12]
of the Intergovernmental Panel on Climate Change.
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Production Function Basically all the parameter values needed in the pro-

duction function are taken from the original RICE-99 model. The only ex-

ception is the damage coefficient, in which rotated function values were also

used.

7.3 Results

The optimization program and the data described above were written in a

text file in the GAMS modelling language described in Brooke et al. [4].23

The optimization model and the data were processed in GAMS and fed to

MINOS 5.4, which is a solver for the solution of convex nonlinear mathemat-

ical optimization problems [15]. The system can be used on most computer

platforms.

The results of the numerical demonstrations are shown in Tables 1–7. In Ta-

ble 1, atmospheric temperature increase and relative global carbon emissions

are presented in the Lindahl equilibrium in the years 1995 (base year), 2025,

and 2055. Both variables are presented as the results from three different

modelling runs: 1) a deterministic modelling run with a probability-weighted

average scenario of scenarios A–D (column Average in Table 1), 2) a deter-

ministic modelling run where the original damage coefficient function is used

(column Original in Table 1), and 3) a stochastic modelling run with a scenario

tree as represented in Figure 3 (columns A–D in Table 1).

The other tables represent the region-specific results for production output,

consumption, investments, regional emissions, amount of futures (only for the

stochastic case), and amount of risk-free assets for the years 1995, 2025, and

2055. Table 2 presents the deterministic probability-weighted average sce-

nario modelling run, Table 3 the deterministic original scenario (scenario A)

modelling run, and Tables 4–7 the stochastic modelling run (scenarios A–D in

different tables, respectively).

The results show that if the damages turn out to be more serious (scenarios

B–D) than in the original version (scenario A), climate change will be slowed

down by slowing down the production growth and thus the carbon energy

needed in production. We first compare the results between the deterministic

average scenario modelling run (Tables 1, 2) and the stochastic modelling run

(Tables 1, 4–7). The results for the year 1995 are very close to each other in

both the stochastic and in the deterministic case. These results from the first
23The GAMS code of the numerical example is available upon request. However, the
code is not documented.
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Figure 4. Damage coefficient functions for USA, OHI, EUR, and EE. The original RICE-99
damage coefficient functions (black solid line, scenario A) and the rotated damage
coefficient functions (scenarios B–D) for the different regions as a function of
temperature increase as compared to pre-industrial times. Scenario B is plotted
with a grey solid line, scenario C with a black dashed line, and scenario D with
a grey dashed line.
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Figure 5. Damage coefficient functions for MI, LMI, CHI, and LI. The original RICE-99
damage coefficient functions (black solid line, scenario A) and the rotated damage
coefficient functions (scenarios B–D) for the different regions as a function of
temperature increase as compared to pre-industrial times. Scenario B is plotted
with a grey solid line, scenario C with a black dashed line, and scenario D with
a grey dashed line.
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modelling period show us how the uncertainty in the future affects the optimal

decisions of today. The comparison indicates that in this model, which is based

on RICE-99, uncertainty as such does not affect the results dramatically. Thus

the decisions are made on nearly a risk-neutral basis.

In the later years the differences are naturally larger: if the worse scenarios

C or D are realized, the level of production is lower than in the deterministic

case in order to limit the emissions. This lower output level in turn diminishes

all activity in the economy. On the other hand, if one of the better scenarios

A or B has been realized, the level of production and all other activity in the

economy is higher than in the deterministic average case.

The comparison of the deterministic original scenario (Tables 1–2) and sce-

nario A results from the stochastic modelling run shows how the results are

changed if the same scenario is realized but we have different expectations

beforehand: that is, in the stochastic case scenarios B–D might also realize.

From this comparison we see that the largest differences are at the begin-

ning of the modelling period: in the stochastic case the emissions are 11%

lower than in the deterministic case. This naturally raises the emissions prices

much higher than in the deterministic case. From the third stage onwards the

stochastic case is also deterministic (see the scenario tree structure in Figure

3). As a consequence, the scenario A results from both the deterministic and

the stochastic runs converge.

Table 1. Atmospheric temperature increase Tn (◦C above pre-industrial level) and relative
global carbon emissions erel

n (as compared to base year level in the original RICE-
99 modelling run) in the Lindahl equilibrium in the years 1995 (base year), 2025,
and 2055. Column Average refers to a deterministic, probability-weighted average
scenario of scenarios A–D, Original refers to a deterministic modelling run where
the original damage coefficient function is used, while columns A–D refer to the
different damage coefficient function scenarios in the stochastic case.

Year Deterministic Stochastic
Average Original A B C D

Tn

1995 0.43 0.43 0.43 0.43 0.43 0.43
2025 0.79 0.82 0.80 0.80 0.78 0.78
2055 1.38 1.45 1.43 1.40 1.36 1.34

erel
n

1995 0.88 0.99 0.88 0.88 0.88 0.88
2025 1.13 1.23 1.23 1.16 1.10 1.04
2055 1.36 1.37 1.37 1.36 1.36 1.35
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Table 2. Region-specific results from the deterministic probability-weighted average sce-
nario modelling run for 1995, 2025, and 2055: production output yit (1012 USD),
consumption cit (1012 USD), investments zit (1012 USD), regional emissions
eit (GtC), Lindahl compensation prices Pit and emissions prices Pt =

∑
i
Pit

(USD/tC), and amount of risk-free assets RFit (1012 USD). The probability-
weighted average scenario is derived from scenarios A–D.

Region Deterministic Average
yit cit zit eit Pit RFit

1995

USA 5.96 4.34 1.23 1.36 5.14 -3.95
OHI 4.30 3.22 0.82 0.55 2.95 -2.72
EUR 7.21 5.45 1.32 0.81 6.13 -4.55
EE 0.72 0.66 0.19 0.61 0.77 1.39
MI 1.59 1.30 0.43 0.79 2.58 1.38
LMI 1.16 1.05 0.35 0.69 2.46 2.47
CHI 0.58 0.62 0.19 0.66 1.06 2.46
LI 1.03 1.01 0.37 0.99 3.40 3.51
SUM 22.55 17.66 4.89 6.47 24.49 0.00

2025

USA 9.15 7.59 1.86 1.57 5.30 -17.18
OHI 5.73 4.90 1.07 0.54 3.01 -11.54
EUR 9.25 7.98 1.63 0.79 6.20 -18.83
EE 1.46 1.00 0.33 0.67 0.97 5.03
MI 3.67 2.70 0.85 0.95 3.15 5.17
LMI 3.35 2.35 0.79 1.09 3.37 10.30
CHI 1.75 1.10 0.45 1.03 1.52 11.06
LI 3.70 2.50 0.95 1.59 4.98 15.98
SUM 38.07 30.13 7.93 8.23 28.50 0.00

2055

USA 11.04 11.57 1.22 1.61 0.01 -16.20
OHI 6.37 6.86 0.67 0.49 0.00 -10.18
EUR 9.61 10.52 1.00 0.69 0.00 -16.84
EE 2.23 1.46 0.28 0.76 0.01 4.15
MI 5.74 4.53 0.72 1.09 0.00 4.09
LMI 5.84 4.08 0.74 1.53 0.01 9.04
CHI 3.31 1.71 0.46 1.41 0.02 10.42
LI 7.25 4.60 0.98 2.37 0.01 15.52
SUM 51.40 45.33 6.07 9.94 0.07 0.00

29



Table 3. Region-specific results from the deterministic original scenario (scenario A) mod-
elling run for 1995, 2025, and 2055: production output yit (1012 USD), consump-
tion cit (1012 USD), investments zit (1012 USD), regional emissions eit (GtC),
Lindahl compensation prices Pit and emissions prices Pt =

∑
i
Pit (USD/tC), and

amount of risk-free assets RFit (1012 USD).

Region Deterministic Original
yit cit zit eit Pit RFit

1995

USA 5.97 4.35 1.22 1.43 0.08 -3.90
OHI 4.31 3.22 0.81 0.58 -0.15 -2.73
EUR 7.21 5.45 1.30 0.85 1.17 -4.65
EE 0.72 0.67 0.19 0.80 -0.07 1.40
MI 1.59 1.30 0.43 0.81 0.41 1.39
LMI 1.16 1.05 0.35 0.79 0.43 2.47
CHI 0.58 0.63 0.20 0.86 0.00 2.48
LI 1.03 1.01 0.38 1.09 1.03 3.52
SUM 22.56 17.70 4.87 7.21 2.90 0.00

2025

USA 9.40 7.82 1.90 1.65 0.31 -17.39
OHI 5.87 5.04 1.09 0.56 0.11 -11.66
EUR 9.46 8.19 1.65 0.82 1.59 -19.21
EE 1.51 1.04 0.34 0.78 -0.01 5.00
MI 3.77 2.77 0.87 0.99 0.55 5.36
LMI 3.44 2.41 0.81 1.23 0.71 10.48
CHI 1.81 1.14 0.46 1.21 0.08 11.15
LI 3.80 2.57 0.97 1.74 1.59 16.26
SUM 39.05 30.97 8.08 8.98 4.93 0.00

2055

USA 11.64 12.20 1.29 1.63 0.01 -16.92
OHI 6.71 7.21 0.71 0.49 0.00 -10.57
EUR 10.09 11.05 1.05 0.70 0.00 -17.52
EE 2.35 1.56 0.29 0.77 0.01 4.23
MI 6.04 4.76 0.75 1.10 0.01 4.37
LMI 6.15 4.29 0.78 1.54 0.01 9.44
CHI 3.49 1.81 0.48 1.42 0.02 10.76
LI 7.62 4.83 1.03 2.39 0.02 16.21
SUM 54.09 47.71 6.37 10.03 0.09 0.00
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Table 4. Region-specific results with scenario A in the stochastic modelling run for 1995,
2025, and 2055: production output yin (1012 USD), consumption cin (1012 USD),
investments zin (1012 USD), regional emissions ein (GtC), Lindahl compensation
prices Pin and emissions prices Pn =

∑
i
Pin (USD/tC), amount of futures F UTin

(GtC), and amount of risk-free assets RFin (1012 USD).

Region Lindahl Equilibrium A
yin cin zin ein Pin FUTin RFin

1995

USA 5.96 4.34 1.23 1.36 5.16 0.01 -3.95
OHI 4.30 3.22 0.82 0.55 2.97 -0.00 -2.72
EUR 7.21 5.45 1.32 0.81 6.16 -0.02 -4.55
EE 0.72 0.66 0.19 0.61 0.77 0.01 1.40
MI 1.59 1.30 0.43 0.79 2.59 -0.00 1.38
LMI 1.16 1.05 0.35 0.69 2.47 -0.00 2.47
CHI 0.58 0.62 0.19 0.66 1.06 0.01 2.46
LI 1.03 1.01 0.37 0.99 3.41 -0.00 3.52
SUM 22.55 17.66 4.89 6.46 24.58 0.00 0.00

2025

USA 9.41 7.81 1.90 1.65 0.31 - -17.18
OHI 5.87 5.04 1.09 0.56 0.11 - -11.76
EUR 9.47 8.21 1.65 0.82 1.58 - -19.49
EE 1.51 1.03 0.34 0.78 -0.01 - 5.18
MI 3.77 2.77 0.87 0.99 0.55 - 5.27
LMI 3.45 2.42 0.81 1.23 0.71 - 10.44
CHI 1.81 1.13 0.46 1.21 0.07 - 11.36
LI 3.81 2.57 0.97 1.75 1.60 - 16.18
SUM 39.09 31.00 8.09 8.99 4.90 - 0.00

2055

USA 11.64 12.19 1.29 1.63 0.01 - -16.79
OHI 6.71 7.22 0.71 0.49 0.00 - -10.61
EUR 10.10 11.08 1.05 0.70 0.00 - -17.66
EE 2.35 1.54 0.29 0.77 0.01 - 4.33
MI 6.04 4.77 0.75 1.10 0.01 - 4.30
LMI 6.15 4.29 0.78 1.54 0.01 - 9.40
CHI 3.49 1.80 0.48 1.42 0.02 - 10.88
LI 7.63 4.85 1.03 2.39 0.02 - 16.14
SUM 54.11 47.73 6.37 10.04 0.08 - 0.00
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Table 5. Region-specific results with scenario B in the stochastic modelling run for 1995,
2025, and 2055: production output yin (1012 USD), consumption cin (1012 USD),
investments zin (1012 USD), regional emissions ein (GtC), Lindahl compensation
prices Pin and emissions prices Pn =

∑
i
Pin (USD/tC), amount of futures F UTin

(GtC), and amount of risk-free assets RFin (1012 USD).

Region Lindahl Equilibrium B
yin cin zin ein Pin FUTin RFin

1995

USA 5.96 4.34 1.23 1.36 5.16 0.01 -3.95
OHI 4.30 3.22 0.82 0.55 2.97 -0.00 -2.72
EUR 7.21 5.45 1.32 0.81 6.16 -0.02 -4.55
EE 0.72 0.66 0.19 0.61 0.77 0.01 1.40
MI 1.59 1.30 0.43 0.79 2.59 -0.00 1.38
LMI 1.16 1.05 0.35 0.69 2.47 -0.00 2.47
CHI 0.58 0.62 0.19 0.66 1.06 0.01 2.46
LI 1.03 1.01 0.37 0.99 3.41 -0.00 3.52
SUM 22.55 17.66 4.89 6.46 24.58 0.00 0.00

2025

USA 9.24 7.66 1.88 1.60 3.40 - -17.13
OHI 5.77 4.95 1.07 0.55 1.90 - -11.60
EUR 9.32 8.06 1.64 0.80 4.41 - -19.11
EE 1.48 1.01 0.33 0.71 0.60 - 5.09
MI 3.70 2.72 0.86 0.97 2.15 - 5.21
LMI 3.38 2.38 0.80 1.14 2.34 - 10.34
CHI 1.77 1.11 0.45 1.10 0.97 - 11.17
LI 3.74 2.53 0.96 1.65 3.66 - 16.02
SUM 38.40 30.42 7.98 8.51 19.43 - 0.00

2055

USA 11.23 11.76 1.24 1.62 0.01 - -16.35
OHI 6.48 6.97 0.68 0.49 0.00 - -10.30
EUR 9.76 10.69 1.01 0.69 0.00 - -17.11
EE 2.27 1.49 0.28 0.76 0.01 - 4.21
MI 5.83 4.60 0.73 1.09 0.01 - 4.16
LMI 5.94 4.15 0.75 1.53 0.01 - 9.15
CHI 3.36 1.74 0.47 1.41 0.02 - 10.56
LI 7.36 4.68 1.00 2.37 0.02 - 15.69
SUM 52.24 46.08 6.16 9.97 0.07 - 0.00
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Table 6. Region-specific results with scenario C in the stochastic modelling run for 1995,
2025, and 2055: production output yin (1012 USD), consumption cin (1012 USD),
investments zin (1012 USD), regional emissions ein (GtC), Lindahl compensation
prices Pin and emissions prices Pn =

∑
i
Pin (USD/tC), amount of futures F UTin

(GtC), and amount of risk-free assets RFin (1012 USD).

Region Lindahl Equilibrium C
yin cin zin ein Pin FUTin RFin

1995

USA 5.96 4.34 1.23 1.36 5.16 0.01 -3.95
OHI 4.30 3.22 0.82 0.55 2.97 -0.00 -2.72
EUR 7.21 5.45 1.32 0.81 6.16 -0.02 -4.55
EE 0.72 0.66 0.19 0.61 0.77 0.01 1.40
MI 1.59 1.30 0.43 0.79 2.59 -0.00 1.38
LMI 1.16 1.05 0.35 0.69 2.47 -0.00 2.47
CHI 0.58 0.62 0.19 0.66 1.06 0.01 2.46
LI 1.03 1.01 0.37 0.99 3.41 -0.00 3.52
SUM 22.55 17.66 4.89 6.46 24.58 0.00 0.00

2025

USA 9.06 7.51 1.85 1.55 6.73 - -17.12
OHI 5.67 4.85 1.06 0.53 3.84 - -11.45
EUR 9.17 7.90 1.62 0.78 7.49 - -18.63
EE 1.45 0.99 0.32 0.64 1.25 - 4.98
MI 3.63 2.67 0.85 0.94 3.89 - 5.14
LMI 3.32 2.33 0.79 1.05 4.12 - 10.24
CHI 1.73 1.09 0.44 0.99 1.93 - 10.95
LI 3.66 2.48 0.94 1.55 5.93 - 15.88
SUM 37.70 29.82 7.87 8.03 35.16 - 0.00

2055

USA 10.86 11.39 1.20 1.61 0.01 - -16.00
OHI 6.27 6.75 0.66 0.48 0.00 - -10.04
EUR 9.47 10.35 0.98 0.69 0.00 - -16.60
EE 2.20 1.44 0.28 0.76 0.01 - 4.09
MI 5.64 4.45 0.71 1.09 0.00 - 4.03
LMI 5.75 4.01 0.73 1.52 0.01 - 8.93
CHI 3.25 1.68 0.45 1.40 0.02 - 10.27
LI 7.14 4.53 0.97 2.36 0.01 - 15.32
SUM 50.59 44.61 5.98 9.91 0.06 - 0.00
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Table 7. Region-specific results with scenario D in the stochastic modelling run for 1995,
2025, and 2055: production output yin (1012 USD), consumption cin (1012 USD),
investments zin (1012 USD), regional emissions ein (GtC), Lindahl compensation
prices Pin and emissions prices Pn =

∑
i
Pin (USD/tC), amount of futures F UTin

(GtC), and amount of risk-free assets RFin (1012 USD).

Region Lindahl Equilibrium D
yin cin zin ein Pin FUTin RFin

1995

USA 5.96 4.34 1.23 1.36 5.16 0.01 -3.95
OHI 4.30 3.22 0.82 0.55 2.97 -0.00 -2.72
EUR 7.21 5.45 1.32 0.81 6.16 -0.02 -4.55
EE 0.72 0.66 0.19 0.61 0.77 0.01 1.40
MI 1.59 1.30 0.43 0.79 2.59 -0.00 1.38
LMI 1.16 1.05 0.35 0.69 2.47 -0.00 2.47
CHI 0.58 0.62 0.19 0.66 1.06 0.01 2.46
LI 1.03 1.01 0.37 0.99 3.41 -0.00 3.52
SUM 22.55 17.66 4.89 6.46 24.58 0.00 0.00

2025

USA 8.92 7.39 1.83 1.49 10.37 - -17.25
OHI 5.59 4.77 1.05 0.52 5.97 - -11.36
EUR 9.06 7.77 1.61 0.76 10.97 - -18.14
EE 1.42 0.98 0.32 0.58 1.97 - 4.87
MI 3.58 2.63 0.84 0.92 5.80 - 5.07
LMI 3.26 2.29 0.78 0.98 6.10 - 10.19
CHI 1.69 1.07 0.43 0.89 3.00 - 10.77
LI 3.61 2.44 0.93 1.45 8.47 - 15.85
SUM 37.13 29.34 7.79 7.59 52.64 - 0.00

2055

USA 10.53 11.05 1.17 1.60 0.01 - -15.73
OHI 6.09 6.55 0.64 0.48 0.00 - -9.82
EUR 9.21 10.04 0.96 0.69 0.00 - -16.12
EE 2.13 1.40 0.27 0.75 0.01 - 3.99
MI 5.47 4.32 0.69 1.08 0.00 - 3.90
LMI 5.58 3.89 0.71 1.52 0.01 - 8.74
CHI 3.15 1.63 0.44 1.40 0.01 - 10.02
LI 6.93 4.40 0.94 2.35 0.01 - 15.01
SUM 49.10 43.28 5.82 9.86 0.06 - 0.00
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8 Conclusions

The main objectives of this study were 1) to introduce a stochastic version of

the Lindahl equilibrium and 2) to demonstrate this equilibrium numerically

with a stochastic version of the RICE-99 model. The paper was organized

as follows: In Section 2, the Lindahl equilibrium in a stochastic framework

was defined. In Sections 3 and 4, the efficiency, existence and computation of

the stochastic Lindahl equilibrium were discussed. Section 5 showed how the

stochastic Lindahl equilibrium might be implemented using emissions trading.

Section 6 introduced the deterministic version of the dynamic Lindahl model.

In Section 7, the stochastic version of the RICE-99 model was introduced and

a numerical example with the stochastic RICE-99 model was discussed.

As the results show, the model based on RICE-99 seems to be rather robust

with relation to stochasticity. That is, the stochasticity does not affect the

results significantly.

However, if there is the possibility that worse damage coefficient functions

exist, the willingness to mitigate carbon emissions and thus climate change

increases. The differences are nevertheless small. Because of the slow car-

bon cycle, the cuts in emissions are realized only as minor decreases in the

atmospheric temperatures during the modelling run.

In the original RICE-99 model, the technological change is exogenous. Thus

the only option to mitigate carbon emissions as compared to the original case is

to cut down on production. If endogenous technological change were possible,

investments in technological change would provide opportunities to improve

the relation between carbon energy input and production output. Some studies

have already included endogenous technological change in the RICE-99 model

[e.g. 2].

The stochastic considerations made in this study are very preliminary: the

structure of the scenario tree is simplistic and only one source of uncertainty

was considered. In future work we could use a more complicated scenario tree

structure and consider other sources of uncertainty, too. Moreover, it could

be interesting to consider the effects of including catastrophic outcomes with

small probabilities to the scenario tree.
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A Notation

Ex and En refer to exogenous and endogenous, respectively. A variable or a

parameter is defined as being endogenous if it is neither given by the user nor

found by a user-defined iterative procedure. Some of the variables or parame-

ters defined as endogenous might be exogenous, e.g., for regional optimization

problems. Note that a lower index n refers to a stochastic case while t refers

to a deterministic case.

Symbol Interpretation

βi Elasticity of output with respect to carbon energy in region i (Ex in

RICE-99)

γ Elasticity of output with respect to capital (Ex in RICE-99)

Δin Region and node specific budget constraint imbalance for

computational purposes (En)

δin δin = Δin − cin (En)

δk Depreciation factor of capital stock (Ex)

ζin Ratio of carbon energy to industrial carbon emissions in region i at

node n; level of carbon-augmenting technology (Ex in RICE-99)

η Increase in radiative forcing due to doubling of CO2 concentrations

from pre-industrial levels (Ex in RICE-99)

Θ1,i A parameter of climate damage function Din for region i (Ex in

RICE-99)

Θ2,i A parameter of climate damage function Din for region i (Ex in

RICE-99)

θn Marginal social cost (social disutility) of GHG emissions; market price

of emissions, emission permit price at node n (En)

λ Feedback parameter in the temperature cycle equation (72) (Ex in

RICE-99)

λi Negishi weight of region i,
∑N

i=1 λi = 1 (Ex)

λ̂i Updated, unscaled Negishi weight of region i (Ex)

μin Dual variable of the environmental state dynamics constraint (3) in

the regional problem (6) of region i at node n (En)

μit Dual variable of the environmental state dynamics constraint (47) in

the regional problem (44)–(48) of region i at stage t (En)

μn Dual variable of the environmental state dynamics constraint (20) in

the global problem (17)–(20) at node n (En)

μt Dual variable of the environmental state dynamics constraint (62) in

the global problem (59)–(62) at stage t (En)
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νin Dual variable of the environmental state dynamics constraints (2), (20)

of region i at node i (En)

νit Dual variable of the environmental state dynamics constraints (46), (61)

of region i at stage t (En)

πn Probability of attaining node n (Ex)

ρin Utility weight; region and node specific exogenous parameter e.g. for

time preference

ρit Utility weight; region and time specific exogenous parameter e.g. for

time preference

ρ′
n Social welfare discount factor at node n (Ex)

σi Temperature cycle transfer coefficients (Ex in RICE-99)

φij Carbon cycle transfer coefficients from reservoir i to reservoir j (Ex in

RICE-99)

Ωin Climate change damage coefficient of region i at node n (En in RICE-99)

Ain Total factor productivity including Hicks-neutral technological change in

region i at node n (Ex in RICE-99)

Bn Row vector of the unit values (prices) of assets at node n (En)

bn Number of successor nodes of node n; number of members in set Sn (Ex)

CCAn Cumulative industrial carbon emissions at node n (En)

ci Consumption vector of region i, ci = (cit) (En)

cin Region i’s level of consumption per period at node n (En)

cE
in Cost of carbon energy in region i at node n (En in RICE-99)

cit Region i’s level of consumption per period t (En)

Din Climate damage as a fraction of net output yin in region i at node n

(En in RICE-99)

dn Dual variable of the budget balance constraints (4) and (18) at node n,

independent of region (En)

dt Dual variable of the budget balance constraints (48) and (60) at stage t,

independent of region (En)

din Dual variable of the budget balance constraint (4) of region i at node n

(En)

d+
in Row vector of the dual variables din+ such that n+ ∈ Sn (En)

dit Dual variable of the budget balance constraint (48) of region i at stage t

(En)

E Set of terminal nodes appearing at stage T (Ex)

Ein Annual industrial CO2 emissions in region i at node n; annual input

energy in CO2 emission equivalents. The input energy is converted to

the amount ESin of energy services by technology (En in RICE-99).

En Annual use of carbon energy at node n (En)
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ESin Annual carbon energy used by industry, annual energy services from

carbon fuels in region i at node n (En)

ETn Annual global CO2 emissions level at node n (En in RICE-99)

ein Region i’s level of GHG emissions per period at node n (En)

eit Region i’s level of GHG emissions per period t (En)

en Global GHG emissions per period at node n; en =
∑

i ein (En)

erel
n Relative global carbon emissions per period at node n; ratio of the

global carbon emissions to the base year carbon emissions level

in the original RICE-99 modelling run (En)

et Global GHG emissions level per period t; et =
∑

i eit (En)

Fn Futures price at node n (En)

F̃n Increase in the radiative forcing at node n as compared to

pre-industrial level (En)

f Column vector in the global environmental state dynamics equation

(3) (Ex). The column vector is defining how the environmental

state vector is affected by the carbon emissions during the period

at the node under consideration.

i Index

j Index

kin Region i’s capital stock level at node n (En)

kit Region i’s capital stock level at stage t (En)

Lit Population in region i at stage t (Ex in RICE-99)

LUin Annual carbon emissions from land-use change in region i at node n

(Ex in RICE-99)

MAT,P I Pre-industrial level of the mass of carbon in the atmosphere (Ex in

RICE-99)

Mn

(
xn−
)

A differentiable vector-valued function in the global environmental

state dynamics equation (3) giving the impact of the preceding

state xn− ; represents equations that define carbon and

temperature cycles (En)

MAT
n Mass of carbon in the atmosphere at node n (En)

MLO
n Mass of carbon in the lower oceans at node n (En)

MUP
n Mass of carbon in the upper reservoir at node n (En)

Mxn
n+

∂Mn+(xn−)
∂xn

(En)

N Number of players (regions) (Ex)

n Node index

n− Predecessor node of node n

n+ Successor node of node n
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On Increase in the radiative forcing from other than carbon based GHGs and

aerosols at node n as compared to pre-industrial level (Ex in RICE-99)

Pin Lindahl compensation price to compensate the region i for global emissions

en at node n (En)

Pn Lindahl emissions price at node n (En)

Q+
n Matrix with rows Qn+ such that n+ ∈ Sn (En)

Qn+ Row vector of the unit values (prices) of assets at node n+ ∈ Sn (En)

Rn Total return of a single period risk-free asset at node n (En)

Rt Total return of a single period risk-free asset at stage t (En)

ri Weighted sum of the budget constraint imbalances in region i;

ri =
∑

n dnΔin (En)

Sn Set of successor nodes n+

s Node index for the members of the set Sn

sin Column vector of endogenous investment positions (levels of investment)

taken by region i at node n (En)

sit Column vector of endogenous investment positions (levels of investment)

taken by region i at stage t (En)

T Number of time periods; the last stage (Ex)

Tn Increase in the globally-averaged atmospheric temperature at node n as

compared to pre-industrial level (En)

T LO
n Temperature increase in the deep oceans at node n as compared to

pre-industrial level (En)

t Time index

ui Utility of region i (En)

V Node count parameter; the number of nodes is V + 1 (Ex)

win Initially allocated GHG emission permits for region i (En)

xn The state vector of the global environment at node n at node n (En)

xt The state vector of the global environment at stage t (En)

yin Region i’s national (regional) income per period at node n; region i’s level

of output per period at node n (En)

yein
in ∂yin/∂ein (En)

ykin
in ∂yin/∂kin (En)

yxn
in ∂yin/∂xn (En)

yit Region i’s national (regional) income per period t; region i’s level of output

per period at stage t (En)

yeit
it ∂yit/∂eit (En)

ykit
it ∂yit/∂kit (En)

yxt
it ∂yit/∂xt (En)
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zin Region i’s capital stock investments per period at node n (En)

zit Region i’s capital stock investments per period t (En)
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