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Scenario-Based Modeling of Interdependent
Demand and Supply Uncertainties

Anssi Käki, Ahti Salo, and Srinivas Talluri

Abstract—This paper develops a scenario generation framework
for modeling demand and supply uncertainties. This framework
is applied to a decision problem at an illustrative manufacturing
company facing risks caused by uncertainties in end product de-
mand and component availability. In particular, we focus on the
impact of interdependent demand and supply uncertainty. To eval-
uate analytically the impact of interdependence between these two
uncertainties, we analyze a simple newsvendor model with a bi-
variate normal distribution for demand and supply yield. Then, in
more complex settings, we use scenarios based on copula functions,
which can account for both linear and nonlinear dependences.
These scenarios are used in conjunction with stochastic program-
ming models to evaluate sourcing costs and risks under various
conditions. In particular, we study a decision problem faced by
a manufacturer which uses capacity reservation contracts in the
presence of an unreliable supplier and uncertain product demand.
Our results indicate that worst-case risks grow significantly when
the dependences in uncertainties about demand and supply yield
are stronger. We also highlight differences caused by linear and
tail-dependent dependence structures. Based on the results, we ar-
gue that using the proposed framework to model uncertainties and
their interdependences allows managers to better manage risks.

Index Terms—Interdependent uncertainties, inventory control,
newsvendor problem, scenario generation, stochastic optimization,
supply and demand.

I. INTRODUCTION

MANAGING demand and supply risks is an increasingly
important objective for sourcing [1], [2]. For example,

Hendricks and Singhal [3] present empirical evidence on how
demand–supply mismatches can damage company’s financial
performance and find that component shortages cause, on aver-
age, a 30% drop in the operating income. However, the appropri-
ate treatment of uncertainties also offersmajor opportunities [4].
For instance, the implementation of effective procurement risk
management strategies helped Hewlett–Packard improve com-
ponent availability and, at the same time, save more than $425
million in cumulative cost savings [5].
There is a growing need for models and methods that cap-

ture risks in sourcing and supply chain domain (see recent re-
views [6]–[9]). Earlier risk management models have taken un-
certainties into account, albeit in fairly simplistic settings. For
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example, many models for sourcing and procurement under un-
certainty consider a single component in one product. But in
reality, products typically contain several critical components,
of which some can be used in multiple products. In particular,
uncertainties pertaining to product demand or supplier capa-
bility may not be independent, in contrast to what is usually
assumed.
In this paper, we develop a scenario-based framework for

modeling interdependent uncertainties. We focus on operational
risks driven by demand and supply mismatches, which are be-
coming more common [3], [10]. In particular, we study the im-
plications of these uncertainties for evaluation and management
of risks and seek answers to following research questions.
1) How can interdependences between demand and supply
be modeled?

2) What is the impact of such interdependences on decision
making? For example, how do optimal sourcing strategies
differ under weak versus strong interdependences?

3) How do these impacts vary across different dependence
structures, such as linear and tail-dependent constructs?

4) What is the effectiveness of a specific risk mitigation strat-
egy in the presence of interdependent demand and supply
uncertainties?

We first consider a newsvendor case to demonstrate the im-
pact of interdependences in demand and supply uncertainties on
a simple sourcing decision. Subsequently, we analyze a more
comprehensive case where a manufacturer buys components
from an unreliable supplier and manages the consequent sourc-
ing risks with capacity reservation contracts from an additional
reliable supplier. The example is partly motivated by our collab-
oration with a global consumer electronics manufacturer, who
faces availability risks due to market turbulence. The uncertain
end product demand and stochastic supply yield are modeled
with scenarios, and the manufacturer’s cost minimization prob-
lem formulated as a stochastic programming model. The impact
of interdependent uncertainties is analyzed, leading to recom-
mendations on optimal sourcing decisions under a variety of
scenarios. We also touch upon a risk averse scenario, where the
decision maker still minimizes expected costs but with a risk
constraint.
In our numerical examples, we also evaluate the impact of

“heavy tails” caused by tail-dependences which, in the demand–
supply context, arise because the probability of supply problems
can grow when demand is particularly high. Our discussions
with the case company indicate that this phenomenon is very
relevant: in consumer electronics, spikes in semiconductor de-
mand can cause unpredictable supply problemswhen the overall
demand exceeds global supply capacity. Tail dependences are
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common in finance and there are many successful applications
of tail dependence modeling in the financial literature (see [11],
[12] and references therein), which further motivates our study.
This paper is structured as follows. Section II reviews ear-

lier approaches to uncertainty modeling in the sourcing domain
and Section III presents a newsvendor example that illustrates
the impact of interdependent demand and supply. Section IV
discusses the uncertainty framework and describes the scenario
generation procedure. Section V develops a stochastic program-
ming formulation for our example sourcing model and pro-
vides numerical results, along with the risk averse scenario.
Section VI extends the basic model to more realistic settings,
Section VII discusses the managerial implications of results,
and Section VIII concludes this paper.

II. UNCERTAINTY MODELING IN SOURCING

Optimization under uncertainty can be divided in two ap-
proaches: stochastic optimization and robust optimization.
Gupta and Maranas [13] further divide stochastic optimiza-
tion into scenario approach and distribution approach; we fo-
cus mostly on scenarios. Hochreiter and Pflug [14] character-
ize scenario-based decision making process with three phases:
1) gathering and processing of relevant background data and
judgmental knowledge; 2) creating a coherent set of scenarios;
and 3) building and solving a stochastic optimization model.
There are several ways to construct scenarios (phase 2); for
example, bound-based constructions, Monte–Carlo sampling,
and probability-metric based approximations have been studied
(see [14]–[16] and reference therein). We use a moment match-
ing method [17],which can capture judgmental knowledge about
uncertainties to scenario form. In applications, papers discussing
uncertainty estimation tend to focus on demand rather than sup-
ply. For instance, Gaur et al. [18] present a case study where
demand uncertainty is estimated based on variation in expert
forecasts. Supply uncertainties have received less attention, but
as an example, Tomlin [19] studies the effect of supply reliabil-
ity forecasting. Yano and Lee [20] provide a review of models
for supply yield uncertainty.
We use copulas to generate multivariate scenarios. The use

of copulas in scenario generation is not new [21], but to our
knowledge, this paper is the first one to utilize copulas to build
scenarios for uncertain demand and supply. In the operations
management literature, interdependent uncertainties are rarely
accounted for, and if they are taken into account, a linear model
is typically used. For example, Fu et al. [22] consider demand
and spot price correlation with a bivariate normal distribution,
and Tomlin andWang [23] use amultivariate normal distribution
for product demands. But even linear dependence models are
restrictive in some cases: as pointed out by Embrechts et al. [24],
correlation is just one form of dependence and often an unreal-
istic one. Dependences can be nonlinear: under normal condi-
tions, there may be no dependence, but if extreme conditions are
caused by a common cause, there can be high dependence in the
tail of joint distribution. This kind of tail dependence structure is
typical in, e.g., financial applications and can be modeled with
a copula function (for a review, see [12]). Copulas can be used

in operations management as well; a case study for supplier risk
assessment in automotive-industry can be found in [25].
Many approaches for modeling uncertainties have been sug-

gested, but the existing approaches also have some limitations.
For example, according to Tang [7] and Snyder et al. [8], only
few optimization models consider risk objectives. Wang and
Webster [26] present analytical results of a risk averse newsven-
dor model, and Gan et al. [27] discuss risk sharing contracts
for supply chain coordination when agents are risk averse.
Sodhi [28] and Sodhi and Tang [29] introduce Value-at-Risk
(VaR)-based measures “Demand-at-Risk” and “Inventory-at-
Risk,” and Tomlin and Wang [23] study supply risk mitigation
in risk-neutral and nonrisk neutral settings, using a Conditional-
Value-at-Risk (CVaR) minimization approach for the latter.
Quantitative studies of risk mitigation strategies for sourc-

ing under uncertain demand and supply include (but are not
restricted to) supplier diversification (see, e.g., [30]–[32]), con-
tract portfolios with SPOT-market [22], [33], [34], and individ-
ual procurement contracts [35], [36]. Specifically, we consider
a mixture of dual-sourcing and a capacity reservation contract,
which has been used, among others, in forecast sharing between
a manufacturer and a supplier [37] and, in the contract portfolio
context in the MIT procurement game [38] and a multiperiod
contract portfolio optimization study by Martı́nez-de-Albéniz
and Simchi-Levi [33]. More specifically, our example model
investigates optimal behavior under fixed contract terms, but
it resembles the game-theoretic study by Xia et al. [36], who
study demand and supply risk sharing in a decentralized sup-
ply chain with a two-stage model. Tomlin and Wang [23], too,
study a two-stage model and use it to evaluate sourcing setups
that contain combinations of flexibility and dual sourcing.

III. INTERDEPENDENT DEMAND AND SUPPLY UNCERTAINTIES:
A NEWSVENDOR CASE

To illustrate how interdependent demand and supply can im-
pact the optimal sourcing strategy, we first analyze a single-
period single-product newsvendormodelwith uncertain demand
and supply. We adopt the basic setting from [39], where the
newsvendor faces a random demand D, characterized by prob-
ability distribution function fD (pdf), cumulative distribution
function FD (cdf), and expected value μD . Before the demand
occurs, the newsvendor decides the order quantity q, of which a
random proportion Z · q will be delivered by the supplier. Z is
known as the stochastic yield and is described by pdf fZ , cdfFZ

and expectation μZ . The stochastic yield model is commonly
used because it is relatively simple and applicable to settings
where order quantities do not vary heavily between newsven-
dors [20]. It can also be unrealistic in some cases because the
yield is independent of the order size.
After the demand is realized, the newsvendor is exposed to

ordering costs Co , holding costs Ch (in case Z · q > D), and
shortage costs Cs (D > Z · q) with unit costs co , ch , and cs ,
respectively. In contrast to Inderfurth [39], who studies a pro-
duction problem, we assume that ordering costs only apply to
items actually delivered by the supplier. Demand and supply
yield are assumed nonnegative, with an upper limit of D+ and
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Fig. 1. Optimal (a) order quantities and (b) expected costs for varying costs (ξ) and dependence strength (ρ) with marginal distributionsN (100, 50) for demand
and N (0.5, 0.1) for the supply yield.

Z+ (typically Z+
= 1, but this is not a necessity). It is further

assumed (without loss of generality) that Z+ · q ≤ D+ , which
implies that both excess and inadequate orders are possible for
each realization of Z. (In the opposite case of Z+ · q > D+ , it
is possible to find order q that is always larger than demand.)
In this setting, the total expected cost of the newsvendor, Ct ,
consists of three separate components:

Ch(q) = ch · E[min(Z · q − D)
+
] =

ch

2
· (E[|Z · q − D|]

+ q · μZ − μD )

Cs(q) = cs · E[(D − Z · q)+
] =

cs

2
· (E[|D − Z · q|]

+ μD − q · μZ )

Co(q) = co · μZ · q

⇒ Ct(q) = Ch(q)+Co(q)+Cs(q) =
ch + cs

2
· E[|Z · q − D|]

+ q ·
(

ch − cs

2
+ co

)
· μZ +

cs − ch

2
· μD .

Above, (◦)+
= max{◦, 0}. The optimal order quantity q∗ can

be found by setting the first-order differential of the total costs
to zero:
∂Ct

∂q
= 0 ⇒ ∂

∂q
E[|Z · q − D|] =

cs − ch − 2 · co

ch + cs
· μZ .

(1)
The expected (absolute) difference between the delivered or-

der and demand can be expressed using the joint distribution
function fZD (z, d) = f(z, d). Differentiating with respect to q
yields the equation for the optimal order quantity:

E[|Z · q − D|] =

∫ Z +

0

(∫ z ·q

0

(z · q − d)f(z, d)dd

+

∫ D+

z ·q
(d − z · q)f(z, d)dd

)
dz

⇒ ∂

∂q
E[|Z · q − D|]

=

∫ Z +

0

z

(∫ z ·q

0

f(z, d)dd −
∫ D+

z ·q
f(z, d)dd

)
dz

= μZ − 2 ·
∫ Z +

0

z

∫ D+

z ·q
f(z, d)dddz

(1)⇒
∫ Z +

0

z

∫ D+

z ·q ∗
f(z, d)dddz =

ch + co

ch + cs
· μZ = ξ (2)

where ξ is fixed when cost parameters and expected value of
supply yield are known. Note that (2) corresponds to optimum
in [39], if f(z, d) = fZ (z) · fD (d), i.e., D and Z are assumed
independent.
We consider now the casewhere demand and supply yield fol-

low a bivariate normal distribution: (D,Z) ∼ N(μ,Σ), where
μ = (μD , μZ ) and Σ the covariance matrix. The left side of (2)
for optimal order quantity can now be expressed as∫ Z +

0

z

∫ D+

z ·q ∗

1

2πσD σZ

√
1 − ρ2

exp

(
− 1

2 · (1 − ρ2)

×
[
(d−μD )

2

σ2

D

+
(z−μZ )

2

σ2

Z

− 2 · ρ(d−μD )(z−μZ )

σD σZ

])
dddz

which is a function of both the optimal quantity q∗ and the
parameter ρ, which is the correlation coefficient betweenD and
Z. With other parameters fixed, the value of integral is constant
(ξ) and, therefore, changes in ρ lead to changes in q∗. To study
the relationship between ρ and q∗ in more detail, we solved (2)
for the binormal case with numerical integration. The results
can be used to illustrate how changes in dependence strength
change the optimal newsvendor solution.
The optimal orders and change in expected costs for varying

ξ and ρ are in Fig. 1. Here, ξ ∈ [0.05, 0.45] with low values
indicating relatively high shortage cost and vice versa [see (2)].
For example, if order cost is fixed to 1.0 and holding cost to 0.2,
the shortage cost varies from 1.13 (ξ = 0.45) to 11.8 (ξ = 0.05).
The implications can be summarized as follows.
1) With low shortage cost, it is optimal to order more under

positive correlation.When the newsvendor expects to get
a high portion of the order when demand is high, she can
optimally prepare for high demands by placing a high
order, and if demand happens to be low, the delivered
order will be low as well. In Fig. 1(a), for ξ = 0.45, the
optimal order is 112 for strong positive dependence and 44
for strong negative dependence. In the opposite case (high
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demand implies poor supply capability), the newsvendor
should not place a high order, because in the worst case
of low demand and high supply yield, she would end up
with excessive order and holding costs.

2) With high shortage cost, it is optimal to order more un-
der negative correlation. In this case, the shortage cost
dominates the holding cost, and the newsvendor is forced
to large orders to prepare for high demand–low supply
yield combination. For example, with ξ = 0.05, the opti-
mal order is 289 for strong positive dependence and 381
for strong negative dependence.

3) With low shortage cost, the expected total costs do not
vary with dependence strength, but under high shortage
costs, negative dependence becomes expensive. The ex-
pected cost under strong negative correlation is only 3%
more of the cost with strong positive correlation when
ξ = 0.45. With high shortage cost, positive dependence
decreases costs significantly: for ξ = 0.05, the expected
cost is 146 with strong positive correlation and maximum
246 with strong negative correlation. Here, the newsven-
dor is forced to order more (see previous point), but in case
he is fortunate tomeet high demand, he can barely satisfy it
due to expectedly low delivered quantity. In the opposite
case of meeting disappointing demand, the newsvendor
ends up with an excessive inventory due to expectedly
high supply yield (and thus, oversized delivered order).

This example shows that interdependent demand and supply
uncertainty can have a significant impact on newsvendor’s de-
cisions. Yet most companies are not simple newsvendors, rather
they may use different supply contracts, can have multiple sup-
pliers for a component, and use same components in multiple
products. Also, many companies operate in an environment that
cannot be adequately described with independent, or even lin-
early dependent demand and supply uncertainties. Therefore,
to develop a more realistic approach to the analysis of interde-
pendent uncertainties and their implications for sourcing deci-
sions, we next develop a scenario-based stochastic optimization
approach for analogous, but more complex settings than the
above.

IV. MODELING INTERDEPENDENT UNCERTAINTIES
WITH SCENARIOS

We model demand and supply uncertainties with scenarios,
which can be considered as discrete approximations of distribu-
tion characterized by fZD . With scenarios, multiple uncertain-
ties can be readily accounted for, and this is often necessary: for
example, modular product structure implies component com-
monality, which means that several uncertain product demands
need to be aggregated when estimating component demand. On
the supply side, there can be several suppliers so that several
uncertain supply yields need to be considered.
We consider both the dependences between product demands

and between supplier yields, and the overall demand–supply
dependence. In the consumer electronics industry, this can be
exemplified as follows.
1) Dependence between supply yields can occur due to short-
age in scarce raw material, in which case supply yields

Fig. 2. Example demand–supply scenarios with correlation coefficient −0.5.
The dashed ellipse illustrates the area where density is higher in case of a
tail-dependent structure.

drop simultaneously (independent of demand). This indi-
cates a positive supply yield dependence.

2) Dependence between product demands can be explained
by product characteristics: products can exhibit positive
demand dependence, if they are sold in different market
segments but have the same technological feature that
appeals to consumers. A simultaneous decrease in sales
can occur if a competitor introduces a better product to
market.

3) Demand–supply dependence stems from the coupling of
overall demand and supply: growth in all consumer elec-
tronics demand creates a growing demand for material
such as semiconductor chips. If the global capacity is con-
strained or large demand causes process quality problems,
high overall demand can imply low overall supply yield,
thus causing a negative demand–supply dependence.

The scenario approach captures nonlinear dependences and,
in particular, makes it possible to model structures that ex-
hibit tail dependence. The difference between a linear and tail-
dependent structure can be exemplified as follows. Consider
negative dependence between demand and supply: if a growth
in demand is expected to decrease supply yield regardless of
the demand level, the dependence structure is linear. However,
if changes in demand do not impact supply yields under normal
conditions, but do so when demand is sufficiently high (exceed-
ing the global supply capacity, for example), demand and supply
yield exhibit tail-dependence. An illustration of such linear and
tail-dependent scenarios is in Fig. 2, and the details of generating
these scenarios are covered next.

A. Scenario Generation

Step 1: Estimating marginal distributions with moment
matching: In moment matching, the values and probabilities
of scenarios are specified by minimizing the distance between
the target moments of the constructed distribution and the de-
sired specifications [17]. In our examples, we consider expected
value (E), variance (VAR), and skewness (SKEW) as target
moments. Høyland and Wallace [17] propose a method where
target moments are defined based on percentile-based expert
estimates about the uncertainty distribution. We apply this
method in our numerical examples. In the examples of [17],
both scenario value and probability are treated as a variable; we
assume here equal probabilities for simplicity.
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Moment matching can be extended to include 1) higher target
moments, 2) other targets, such as minimum/maximum value of
the uncertain variable, and 3) unequal node probabilities. In prin-
ciple, it is possible to build a multistage, multivariate scenario
tree with dependences with moment matching, but modeling
nonlinear dependences could prove difficult and also compu-
tationally challenging. Hence, we utilize copulas to model the
interdependences.

Step 2: Generating joint scenarios with copula: Marginal
distributions can be combined into a multivariate distribution
using copulas. A d-dimensional copula is a distribution function
on [0, 1]

d , has standard uniform marginals, and can be used
in conjunction with arbitrary marginal distributions [11]. Sklar
[40] presented how copulas are used to build joint distributions.
Here, the key steps in copula-based distribution generation are:
1) determination of the dependence structure; 2) determination
of a suitable copula and its parameters; and 3) sampling from
the (multivariate) copula and creation of the (multivariate) joint
distribution.
In this paper, we focus on linear (or, elliptical) and upper tail

dependences (step 1). The latter are of particular interest due to
reasons already stated earlier: in demand–supply context, sup-
ply yields might not be strongly dependent on demand under
normal demand levels, but yield starts to drop (assuming nega-
tive dependence) only with particularly high demands. In step 2,
we model these tail dependences with a Gumbel copula which
is defined as

Cθ (u1 , u2) = exp{−((− ln(u1))
θ

+ (− ln(u2))
θ
)

1

θ } (3)

1 ≤ θ < ∞, ui ∈ [0, 1]

where θ measures the strength of dependence. For a definition
and proof of tail-dependence of Gumbel copula, see [11]. The
strength of dependence is measured by a subjective estimate of
the Pearson’s linear correlation; this defines the parameter θ.
For example, in the right-hand example in Fig. 2, θ = 1.5 corre-
sponds to ρ = −0.5. We employ both bivariate (see Section V)
and multivariate copulas (see Section VI).
We cover the details of sampling from Gumbel copula and

creating the joint distribution (step 3) in the Appendix. Use
of copulas has become quite straightforward, because many
common mathematical software (e.g., MATLAB, Mathematica,
and R) can be used to generate samples from copulas. Some
of them are, however, restricted, e.g., for exchangeable copulas
only (see the Appendix for clarification of the term).

V. SOURCING DECISIONS WITH ONE PRODUCT

We next consider the use of scenarios with a sourcing model
which is an extension of the earlier newsvendor case. We
consider a manufacturer who can 1) make fixed component-
specific orders from an unreliable supplier at a relatively low
unit cost (the newsvendor case) and 2) buy capacity reservation
options from a reliable supplier; this approach offers flexibil-
ity but is more costly. By utilizing capacity reservations, the
manufacturer can delay the decision on what to order (in mul-
ticomponent case), because capacity can be used for supplying
more than one type of component, and how much to order from
the reserved capacity. We assume that the unit cost for reserved

Fig. 3. Schematic description of the decision process.

TABLE I
NOTATION FOR THE STOCHASTIC OPTIMIZATION MODEL AND DETERMINISTIC

COUNTERPART

(unused) capacity is smaller than the order cost, but that the com-
bined cost of option (i.e., reservation+ execution cost) exceeds
the order cost for fixed order. As earlier, the manufacturer pays
only for the amount that is actually delivered. If the delivered
components do not meet the demand, there is a shortage cost.
Alternatively, the shortage cost can be thought as the cost of us-
ing an emergency supplier for the shortage quantity. A holding
cost (or, scrapping cost) applies for possible extra components
after the demand has been fulfilled. A schematic description of
the model is in Fig. 3.
Our setup resembles that of [36, Sec. 5.1], where a reliable

supplier can be used for fixed orders and unreliable supplier
for the capacity reservation options, but in our case the supplier
offering the option contract is a reliable one. Also, we assume
that the supplier maximizes profit by fulfilling as many orders
as it can.

A. Model Formulation

The order and reservation costs of the initial stage and the
expected costs of execution and shortage in the final stage are
minimized in the stochastic optimization problem. Using the
notation in Table I, the stochastic problem becomes

Min
q ,r

{
cr ·r︸︷︷︸

reservation

+ co ·E[Z] ·q︸ ︷︷ ︸
order

+ ce ·E[min{(D−Z ·q)+ , r}]︸ ︷︷ ︸
execution

+ cs · E[(D − Z · q)+ − min{(D − Z · q)+ , r}]︸ ︷︷ ︸
shortage

+ ch · E[(Z · q − D)
+
]︸ ︷︷ ︸

scrap

}
. (4)

The scenario-based approximation of this problem has two
cost components in the objective: the costs before demand oc-
curs (denoted with C0) and costs after demand is known (C1).
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It would be possible to express the option execution quantity
e as a function of q and r, but to keep the formulation more
tractable, we set the execution quantity in each scenario point
(e = [e1 , . . . , en ]) as a decision variable. With N scenarios of
equal probability (pn = N−1), the problem formulation is

Min
q ,r,e

{C0(r, q) + C1(e, q)} (5)

s.t.

C0 = cr r + coq (6)

C1 = N−1

N∑
n=1

[chI+

n + csI
−
n + ceen − (1 − Zn )coq] (7)

en ≤ r,∀n = 1, . . . , N (8)

In = Znq + en − Dn,∀n = 1, . . . , N (9)

In = I+

n − I−n ∀n = 1, . . . , N (10)

I+

n , I−n ≥ 0 (11)

r, q, en ∈ N. (12)

The objective function (5) contains the expected costs from
both stages, which are defined in the first two constraints: the
initial stage costs (6) consists of reservation and fixed order costs
and the final stage term (7) of scrap and shortage costs, capacity
execution costs, and returned costs for undelivered orders (due
to uncertain delivery capability). Constraint (8) ensures that the
executed capacity reservation does not exceed the reserved ca-
pacity. Constraint (9) defines the inventory, taking the uncertain
supply related to orders into account, and constraint (10) decom-
poses the inventory into surplus and shortage. Finally, constraint
(12) ensures that all decision variables are nonnegative integers.
The formulation (5) is a so-called sample average approxi-

mation of the “true problem” (4). Here, the objective function
is well defined and finite; in this case, when the scenario sam-
ple points 1 . . . N are independently identically distributed, it
can be shown that the optimal decision variable values and the
objective of (5) converge to the counterparts of (4) as N → ∞
with probability 1 (see, e.g., [41]). Deriving the optimum for (4)
is difficult, but we can compare the results from the newsven-
dor problem (2) of Section III to (5) by setting an additional
constraint r = 0, which disables the use of option. With costs
ch = 0.1, co = 5, and cs = 10 and bivariate normal uncertain-
tiesD ∼ N(100, 50) and Z ∼ N(0.5, 0.1) with correlation co-
efficient ρ = 0.5, the “true” optimal order quantity is 201 and
optimal expected costs 665. The convergence of (5) to these
values was studied by solving it 1000 times with samples from
the bivariate distribution above. As Fig. 4 shows, the solution is
unbiased and converges to the true optimum. Even with sample
size of N = 200, the optimal decision deviates only 0.5% on
average, and around 15% in the extreme cases.

B. Scenario Preparation and Cost Parameters

To build more realistic uncertainty scenarios, we first gen-
erated representative product demands with moment matching.
The percentile values (see Table II) were chosen to resemble

Fig. 4. Converge to optimum with different scenario point quantitiesN . Each
box is limited by 25th and 75th percentiles from 1000 runs, and the whiskers
extend to extreme points (outliers are denoted separately). The dashed line is
the optimum from the newsvendor model.

consumer electronics product demand: for example, Simchi-
Levi et al. [42] present cases where coefficient of demand vari-
ation is between 0.15 (soft drinks) and 0.90 (fashion clothing);
we used a rather conservative cv ≈ 0.35 to represent consumer
electronics, which we assume to lie in between soft drinks and
fashion clothes. For the supply side, we considered suppliers
with supply yieldZ > 0.60. The statistical target moments were
then derived from an empirical distribution, based on the per-
centile estimates. Fig. 2 presented earlier was generated using
the same values.
The cost scheme (see Table II) follows the values in [36] and,

though completely illustrative, it represents a plausible setup: a
typical premium payment for capacity reservation is relatively
small [2]. In our case, it is 20% of the execution price, leading to
33% extra payment if option is executed instead of a fixed order.
Holding (or, scrapping) cost is very low but positive (indicating
a negative salvage value) and the shortage cost is slightly over
two times the component price.

C. Results

Results of a single optimization run: Fig. 5 shows results of
a single optimization run based on the parameters described
in Table II. The results illustrate how costs vary significantly
between scenarios. Here, and in the rest of analysis, 2500 sce-
nario points were used; this should guarantee accurate results as
discussed earlier. Also, when discussing results, we use terms
expected costs and CVaR, even though they are only estimates
of the “real” values.
The cost distribution (left) shows that reservation costs are

fixed; order costs are quite stable with some variation due to
supply uncertainty; holding costs are negligible; and main vari-
ation in the costs is due to execution and shortage costs. In
the total costs (right), we are particularly interested in the pro-
curement risks as measured by the Conditional-Value-at-Risk
(CVaRα ) metric. CVaRα can be calculated by taking the mean
of 1 − α% most costly scenarios; we use α = 95%, which cap-
tures the average costs in the worst 5% of scenarios.
The expected costs are minimized at q∗ = 179 200, r∗ =

229 700 and average option execution of ē = 124 400. This
means that, on average, 60% of demand is supplied by the un-
reliable supplier (fixed orders) and 40% by the reliable sup-
plier (executed options). The total supply capacity is set to
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TABLE II
PARAMETER VALUES FOR THE EXAMPLE MODEL

Fig. 5. (Left) Cost distribution from 2500 scenarios, divided between different
costs (holding costs are too small to be observed). Demand and supply of each
scenario are ordered similarly (increasing costs). (Right) Overall cost histogram
and corresponding cumulative distribution. The expected value (1 730 000) and
CVaR at 95%-level (3 500 000) are denoted with dashed lines.

q∗ + r∗ = 408 900, which far exceeds the expected demand of
300 000. This is because surplus and shortage are not symmet-
rical, but the shortage is considered far more costly. It would be
possible to avoid shortages completely by setting r∗ ≈ 500 000,
but this is not optimal. Indeed, with the optimal strategy, the
amount of scenarios with shortages is as high as 18%. This
is clearly sensitive to value of shortage cost: for cs = 40 (four
times the original value), the amount of scenarios with shortages
drops down to 2.8%. The expected costs in this case would be
6% higher and CVaR95% 9% higher.

Results for varying dependence settings: For the compar-
ison between different dependence structures, the optimiza-
tion model was solved with varying dependence strength |ρ| ∈
{0.0, 0.1, . . . , 0.9} (we evaluate negative demand–supply de-
pendence) in scenarios generated by 1) the Gaussian copula and
2) the Gumbel copula (where parameter θ corresponds to depen-
dence strength ρ). Froma runwith identical scenario parameters,
one would expect optimization results that are similar; some
variations, however, occur in the outcomes due to randomness
in scenario sampling (see the Appendix for details). Therefore,
to achieve statistically significant results, we generated sets of
2500 scenarios and solved the optimization problem 500 times
for each set. Ten values for dependence strength ρwere used for
both copulas, yielding altogether 10 000 runs (with total com-
puting time of around ten hours with CPLEX 12 and a laptop
with dual-core Intel T5870 2.0 GHz processor, 3-GB RAM, and
Windows 7 OS).
The average expected value and CVaR95% from each simu-

lation set are in Fig. 6. We note that all scenarios are generated
from the same marginal distributions for demand and supply
yield, and hence, all differences are solely due to changes in the
dependence structure. In comparison of the copulas, we com-
pared pairwise identical dependence strengths as measured by

Fig. 6. Optimization results when demand–supply dependence varies: (left)
expected costs and (right) CVaR95% values.

Pearson’s linear correlation coefficient. Two qualitative results
deserve to be highlighted.
1) Dependence strength impacts sourcing strategy: Both ex-
pected sourcing costs and risk level rise when the (nega-
tive) dependence between demand and supply capability
strengthens, regardless of the copula used. Also the opti-
mal decisions change, when dependence strengthens (not
shown in the figure). For example, with Gumbel scenar-
ios, the optimal fixed order size decreases 9% (198 000→
181 000) and optimal option reservation increases 9%
(214 000→ 235 000), when ρ goes from 0 to 0.5.

2) Dependence structure impacts sourcing risks: The risk
level (CVaR95% ) is significantly higher for scenarios gen-
erated with a Gumbel copula. This is the case throughout
the dependence strength spectrum, except when ρ → 0.

D. Risk Averse Setting

Themodel (5) assumes a risk neutral decisionmaker.Next, we
extend it to a risk averse setting and provide some suggestive
results, which are based on adding a CVaR-constraint to the
model. The principles of minimizing CVaR are presented by
Rockafellar and Uryasev [43], who use a linear programming
technique that is applicable for scenario-based methods also.
We cover only the necessary additions to (5), but note that
our model fulfills the assumptions of Proposition 8 (CVaR for
scenario models) by Rockafellar and Uryasev [44], which is the
basis of the formulation below.
First, scenario-specific costs need to be established and

ranked. Thus, we introduce a scenario cost constraint:

kn = cr r + coq + chI+

n + csI
−
n + ceen − (1 − Zn )coq (13)

Then, we introduce two binary decision vectors: δ+ for the sce-
narios belonging to the “best” α% scenarios and δ− for the
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Fig. 7. Optimization resultswhen demand–supply dependence strength varies:
(left) expected costs and (right) CVaR95% values.

“worst” (1 − α)%. The inequality constrains that order the sce-
narios yield VaR, which is also a new decision variable in the
model

N∑
n=1

δ+

n pn ≥ α (14)

N∑
n=1

δ−n pn ≤ 1 − α (15)

δ+

n + δ−n = 1, ∀n = 1, . . . , N (16)

kn − (1 − δ+

n ) · M ≤ VaR, ∀n = 1, . . . , N (17)

kn + (1 − δ−n ) · M ≥ VaR, ∀n = 1, . . . , N (18)

where M is a large number. Here, we use such scenario quan-
tities that VaR is reached exactly at a specific scenario point,
i.e., (14) is equality. In this case, CVaR can be calculated as a
weighted sum of expected costs (Kn ) of the worst (1 − α)%

scenarios [44]

pnkn − (1 − δ−n ) · M ≤ Kn, ∀n = 1, . . . , N (19)

1

1 − α
·

N∑
n=1

Kn = CVaR. (20)

Minimization of (20) turns out to be computationally very
challenging. Here, the optimization model differs from, e.g.,
traditional portfolio optimization in that the cost of each scenario
(13) is dependent on the decision variables q and r. However,
by reducing the amount of scenarios and relaxing N to R+ in
(12), we are able to solve a CVaR-constrained cost minimization
problem in acceptable time (minutes).
To illustrate the changes in optimal costs and quantities, we

solved themodelwith 200 (Gumbel) scenario points and varying
dependence strength. The problem was first solved without a
CVaR constraint, and then by constraining CVaR to 99%, . . .,
95% of the unconstrained value using the same scenarios; this
was repeated enough times to reduce the randomness caused
by scenario generation. The resulting tradeoff between cost and
risk for varying dependence strength is in Fig. 7.
From the figure, it can be concluded that there is a clear cost-

risk tradeoff: a 5% decrease in CVaR95% can be achieved with
around 0.5% increase in expected costs. However, dependence
strength has very little impact on this tradeoff; this also applies
to decision variables q and o.

VI. SOURCING DECISIONS WITH TWO PRODUCTS

Real sourcing decisions involve multiple products, compo-
nents, or suppliers. This complicates decision making, but also
opens new risk mitigation possibilities. Component commonal-
ity mitigates demand risks, because abnormal demand of one
product can be smoothed by normal demand in other(s). While
this is reasonable, it is apparent that the dependence of demand
of such products has an impact on the effectiveness of risk mit-
igation. Also, because supplier capabilities can be dependent
due to a common cause such as availability of scarce raw ma-
terial, effectiveness of supplier diversification as a supply risk
mitigation strategy depends on uncertainty dependence as well.
To quantify these phenomena, we next extend our framework to
two components, which are used in two separate products and
supplied by two unreliable suppliers. Then, we compare three
different supply settings and the impact of interdependences in
them.

A. Multivariate Scenarios and the Sourcing Model

Scenarios with multiple uncertainties can be modeled with
multivariate copulas, or using a hierarchical copula structure.
We model the tail-dependence between two product demands
with a bivariate Gumbel copula and, similarly, the dependence
between two supplier capabilities with anotherGumbel bivariate
copula. These two are coupled with yet another copula, resulting
in a hierarchical structure for four variables (see the Appendix
for details). This enables modeling demand dependence, supply
yield dependence, and interdependence of demand and supply
separately, as illustrated in Fig. 8.
We extend our sourcing model to two unreliable suppliers

of two components with identical costs. The capacity options
of the reliable supplier can be utilized in sourcing of either
of the components. This is essentially the same model as in
Section V-A, with new decision variables for ordering and ca-
pacity executions of the second component, the inventory vari-
ables for the second component (i = 1, 2), and the supply option
from the second supplier. In this setting, the optimization model
becomes

Min
q1 ,q2 ,r,e1 ,e2

{C0(r, q1 , q2) + C1(e1 , e2 , q1 , q2)} (21)

s.t.

C0 = cr r + co(q1 + q2) (22)

C1 =

∑
n∈N

pn

[
ch(I+

1,n + I+

2,n ) + cs(I
−
1,n + I−

2,n ) (23)

+ ce(e1,n + e2,n ) − (1 − Z1,n )coq1 − (1 − Z2,n )coq2 ] (24)

e1,n + e2,n ≤ r, ∀n = 1, . . . , N (25)

Ii,n = Zi,n qi + en − Di,n , ∀n = 1, . . . , N, i = 1, 2 (26)

Ii,n = I+

i,n − I−i,n , ∀n = 1, . . . , N, i = 1, 2 (27)

I+

i,n , I−i,n ≥ 0, ∀n = 1, . . . , N, i = 1, 2 (28)

r, qi , ei,n ∈ N. (29)
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Fig. 8. Example of 2 × 2 uncertainties with Gumbel copula and |ρ| = 0.5, i.e., dependence strength in each sample is 0.5.

Fig. 9. Supply settings illustrated.

The model was optimized for varying dependence strength in
three different supply setups, illustrated in Fig. 9 and explained
below.
1) Separate components and suppliers (SS): As a reference
model, we consider two products that contain two sim-
ilar (but productwise different) components each; thus,
the demand for each component is exactly two times the
product demand. Components are procured from unreli-
able component-specific suppliers, i.e., we do not have the
reliable supplier with capacity options in use. In the op-
timization model, this is achieved by setting a constraint
r = 0.

2) Separate components and a flexible supplier (SF): This
corresponds to model (21)–(29), where two components
are sourced from two unreliable suppliers and a flexible
one that is capable of providing either of the components.
In this case, the manufacturer can expect to benefit from
supply flexibility in the form of decreased costs, since she
can now replace fixed orderswith relatively cheap capacity
reservations.

3) Common components and a flexible supplier (CF): In or-
der to obtain results that are comparable to the previous
setup, we now assume that both products contain one of
each component, which means that the overall component
demand is the same as before. However, the manufacturer
can now expect to benefit from having a common com-
ponent structure in the form of risk pooling. Technically,
the amount of products is treated outside the optimization
model, which means thatDi,n is constructed directly from
the scenarios, and in this case, the demand is simply a sum
of the demands for both products in a scenario.

The marginal distributions of Table II are again used for both
products and suppliers. For the cost parameters, we use the
same values with the exceptions of ce = 6.5 (instead of 4.5)
and cs = 20 (instead of 10). The reasoning is that the reliable
supplier now has flexible capacity to produce either of the com-
ponents, making it relatively more expensive. The shortage cost
is doubled in order to approximate the extra cost of running out
of a common component; we use this value for all setups to
maintain consistency between results.

B. Results

The results demonstrate how significant the changes in opti-
mal sourcing strategies and costs can be when sourcing setup
varies. In particular, the risk levels and optimal capacity reser-
vation quantities change tens of percents along with the depen-
dence strength. Fig. 10 shows the expected costs and risks, and
key insights are summarized in Table III.

VII. DISCUSSION AND MANAGERIAL IMPLICATIONS

The first implication of the analysis is that interdependence
between demand and supply uncertainties clearly matters: the
newsvendor analysis (see Section III) demonstrated the impact
of the dependence strength and, in more realistic settings (see
Sections V and VI), the numerical analysis showed how various
supply settings are impacted by interdependent uncertainties. By
comparing “No dependence” and “Strong dependence” columns
in Table III, it can be seen that when dependence strength
(positive between product demands, positive between supply
yields, negative between demand and supply) increases, both
the optimal sourcing strategies and the resulting costs and risks
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(a) (b)

(c) (d)

Fig. 10. (a) Expected costs; (b) CVaR95% (c) Optimal order q∗; and
(d) Optimal reservation r∗ of the two-product model in different supply set-
tings. X-axis is the dependence strength, which is positive within demands and
supply yields, and negative between overall demand and supply yield.

TABLE III
SUMMARY OF KEY RESULTS AND IMPLICATIONS FOR DECISION MAKING

change significantly. We also considered a risk averse decision
maker and found that there is a clear risk-cost tradeoff in the pre-
sented setting. However, this tradeoff seems to be present—and
have a similar impact—regardless of the dependence strength or
structure.

The use of capacity reservation options was considered as
an example of a risk mitigation approach. Indeed, a decision
maker who seeks to cut down costs and risks should consider
such options, for they can cut costs remarkably (around 15%
in our numerical study). We also found that the share of op-
tions should be increased significantly when dependences are
strong. As another risk mitigation strategy, manufacturers prefer
increasingly the use of common components to hedge against
demand uncertainty. Our results do not challenge this approach,
but we confirm the finding of, e.g., Tomlin and Wang [23] that
the benefit of demand-pooling decreases (increases) along with
positive (negative) dependence strength. In particular, the man-
ufacturer should understand that common components do not
mitigate demand risks if end products are expected to have
strong positive demand dependence; this is analogous to in-
vesting in multiple financial assets with positively dependent
values.
Major sourcing decisions can expose a company to severe

risks (such as the delay of a critical new product launch, or huge
excess inventory) which, at worst, may even lead to bankruptcy.
Toward this end, the structure of possible dependence between
demand and supply uncertainty can be crucial.When comparing
our results for linear (Gaussian) and tail-dependent (Gumbel)
structures, all other things equal, the differences are small but
not indifferent: the expected costs and optimal strategies are
almost identical, but the CVaR95% is clearly higher in case
of tail dependence. In the numerical example with CF supply
setting and strong dependence, the expected procurement cost
was 7.65million for both cases, but the corresponding CVaR95%

was 15.5 million (linear) versus 16.7 million (tail-dependent).
For a company with a credit limit of exactly 16 million, the
difference would be vital.
The numerical results are contingent on the chosen parame-

ter values and apply only for the example model with capacity
reservation options, which is just one possible sourcing strategy
among many others. This limits possibilities for making gen-
eralizable conclusions or suggestions based on the numerical
results. Instead, the optimal sourcing strategy depends case by
case and should be tailored considering all relevant factors. This
is in line with Snyder and Shen [45] who found that strategies
for coping with supply uncertainty are often the exact opposites
of those hedging against demand uncertainty. They, therefore,
stress the need to include both uncertainties when selecting a
sourcing strategy. Our results complement this finding by sug-
gesting that the dependence structure should be accounted for,
too.
The framework can be expanded into various dimensions.

First, in uncertainty modeling side, positive demand–supply
dependence may also occur: for some components, relatively
small demands can imply supply problems but when demand
reaches a high enough level, supplier becomes more reliable
because it starts prioritizing the high-demand item. Second, we
have only presented two examples of dependence structures:
the Gaussian and Gumbel copulas. They represent a small share
of possible structures that have been presented in the literature
(see [11] and references therein). Third, the numerical scenario
generation can also be applied to cover multistage scenario trees
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that can be used to solve dynamic optimization problems (see,
e.g., [14], [17]).
Models such as those presented in Sections III, V, and VI help

managers understand how uncertainties can change the outcome
of a certain sourcing strategy, a specific sourcing contract, or the
use of flexible but expensive supplier, to name a few examples.
On a more generic level, using scenario approach to support
decisions can increase organization’s capability to understand,
measure, and manage operational risks. Even though numerical
approach has its limitations (sensitivity to parameter values,
interpretation of results, and scalability issues), it helps address
realistic settings that are not analytically tractable.

VIII. CONCLUSION

We have presented a framework for modeling interdepen-
dent demand and supply uncertainties with scenarios and shown
how the framework can be applied for evaluation of risk man-
agement approaches. The importance of modeling demand and
supply dependence was motivated with a newsvendor model,
and then, the analysis was extended to a more complex set-
ting where a manufacturer has more risk mitigation possibili-
ties. Based on the results, the proposed approach of generat-
ing scenarios and using stochastic optimization models makes
it possible to: 1) model relevant uncertainties and their in-
terdependences, and 2) analyze expected costs and risk mea-
sures, such as CVaR. We argue that due to these features, our
framework can significantly improve sourcing decisions under
uncertainty.
Capturing uncertainties using moment matching to generate

initial scenarios and copula functions to model the dependence
structure is, to our knowledge, a novel approach in operations
management. While earlier models have addressed uncertain-
ties, they have not explicitly accounted for interdependences
or discussed the impact of tail dependences. In such models,
one key characteristic of uncertainties is neglected; both the
simple newsvendor example and the numerical results for more
complex settings indicate consistently that dependence strength
and structure do matter. The change in the expected cost of a
sourcing strategy can be well over 10% and the risk level con-
siderably more, all other things equal. The results applied in
different settings where product design and supplier flexibility
were varied.
Companies are increasingly focusing on risk management.

To this end, state-of-the-art models that account for these un-
certainties are essential tools. To further promote the uses of
such models, we identify potential research avenues based on
our work. More work is needed to empirically analyze what
kind of nonlinear dependence structures there exist in real-
ity. Our suggestion was that, for instance, demand and supply
yield can exhibit nonlinear dependence; a systematic empirical
analysis of this phenomenon would be very interesting. Also,
expanding the theoretical work toward models that consider
interdependent uncertainties and risks explicitly (e.g., risk min-
imization objectives) would be a valuable complement to our
analysis.

APPENDIX

GENERATION OF SCENARIOS

When generating a multivariate sample with a copula, we
utilize the following result (adapted from [46, Th. 2.1]):

If u is a random sample from U ∼ Unif(0, 1), X has distribu-
tion function F and the inverse cdf of X is denoted by F−1

(x),
then x = F−1

(u) is a random sample from F .
In our case, the distribution function F is a copula, and since

the copula marginal distributions are uniformly distributed, they
can be utilized together with the inverse cdf to generate a sample
from a joint distribution (result adapted from [11]):

Let U = [u1 ,u2 , . . . ,uQ ] be a random sample from a
multivariate copula C and F1 . . . FQ , the marginal distribu-
tions of uncertainties. Then, because ui ∼ Unif(0, 1),X :=

[F−1

1
(u1), . . . , F−1

Q (uQ )] is a random vector with marginal
distributions F1 , . . . FQ and multivariate distribution function
C(F1(x1), . . . , FQ (xQ )).
In the proposed framework, the marginal distributions

F1 . . . FQ are generated with the moment matching method,
but the random sample of multivariate copula is still required
for utilization of the result above. Sampling from multivari-
ate copulas is in general complex, but the sampling from the
Archimedean copula family (includes the Gumbel copula) is
rather straightforward. Marshall and Olkin [47] presented how
multivariate samples can be drawn from copulas using Laplace–
Stieltjes transformation of the copula function, which, in the
Gumbel copula case, is a function of variable following a stable
distribution. Omitting most details, the algorithm for generating
a multivariate Gumbel copula sample is:
1) sample independent uniform random variables

X1 , . . . , Xd ;
2) generate random sample V from stable distribution

St(1/θ, 1, γ, 0), where γ = cos(π/2θ)θ ;
3) return Ui = exp{−(−ln(Xi)/V )

1/θ}.
The algorithm above assumes exchangeable Gumbel copulas,

i.e., similar dependence strength between all variables (single
θ is required). McNeil [48] presents algorithms for sampling
from nonexchangeable, or nested archimedean copulas. These
samples can be based on varying dependence strengths. Multi-
variate copulas have a hierarchical structure, and the copulas in
the hierarchy are distinguished by copula parameters denoted by
θl,j , where l is the level in the hierarchy and j a distinct bivariate
distribution. Setting these parameters for a nested archimedean
copula has a technical restriction, namely θl+1,i < θl,j for all
l = 1, . ., L, j = 1, . . . , nl and i = 1, . . . , nl+1 . Samples from a
multivariate copula can then be drawn using [48, Algorithm 6].
To define the dependence parameter(s) for a Gumbel cop-

ula, rank correlations (copula-based dependence measures) can
be utilized. If Kendall’s tau coefficient ρτ (a measure for rank
correlation) is known, θ can be calculated with θ = (1 − ρτ )

−1 .
Rank correlation, though, is not very commonly used and, there-
fore, not necessarily the best choice for applications where de-
pendence needs to be assessed subjectively. It can be derived
from linear correlation coefficient ρ with ρτ =

2

π arcsin(ρ), so
also “standard” linear correlation coefficient can be used when
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defining Gumbel-copula parameters subjectively (see [11]). For
instance, Pearson correlation coefficient ρ = 0.9 corresponds to
θ = 3.5 and ρ = 0.1 to θ = 1.1.
To summarize, both marginal distributions and sample from

the desired copula are required to generate scenarios. Marginal
distributions are generated by the moment matching method,
and copula sampling can be done with the algorithm in [48]
for nested copulas, which allow varying dependence strengths
between variables. The dependence strength parameters can be
derived from Pearson’s correlation coefficient, which is prac-
tical if, e.g., expert knowledge is to be utilized. We also note
that simple linear transformations (translation, reflection against
the origin, and translation) can be applied for bivariate copula
samples to account for negative dependences, or lower tail de-
pendences as well.
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