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In this work driven translocation of a polymer through a narrow pore in dilute
solvent is studied using computational methods. Stochastic rotation dynamics
(SRD) is used for simulating the fluid dynamics and molecular dynamics (MD)
for simulating the polymer. These methods were implemented in a parallel hybrid
algorithm. The results of the simulations are compared to previous theoretical
and computational studies.

Scaling of the translocation time τ ∝ NαF−β is found for polymers immersed in
either good or bad solvent up to the length of 1600 monomers. The simulations
are repeated both with and without hydrodynamic interactions, and the scaling
is observed for both cases. The scaling is observed for a wide range of driving
forces in good solvent, but only for small forces in bad solvent.

By studying the evolution of radius of gyration and local straightening during
the translocation process, it is shown that in good solvent polymer translocation
is a strongly out-of-equilibrium process. On the cis side the straightening of the
polymer is observed as tension propagates through the polymer backbone. On
the trans side monomers crowd near the pore exit as monomers leave the pore
faster than the polymer segment on the trans side relaxes into equilibrium. The
out-of-equilibrium effects are more perceptible when hydrodynamic interactions
are removed. In bad solvent the polymer maintains its globulous equilibrium
conformation during the whole translocation process.
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Tässä työssä tutkitaan laimeassa liuoksessa olevan polymeerin ajettua translo-
kaatiota kapean huokosen läpi laskennallisin menetelmin. Simulaatiot toteutetaan
rinnakkaistetulla hybridialgoritmilla, jossa nestedynamiikka toteutetaan käyttäen
stokastista rotaatiodynamiikkaa (SRD) ja polymeerin itsensä simulointi tapahtuu
molekyylidynamiikan (MD) menetelmiä käyttäen. Simulaatioiden tuloksia verra-
taan aiheesta aiemmin esitettyihin teoreettisiin ja laskennallisiin tuloksiin.

Translokaatioaika noudattaa skaalausta τ ∝ NαF−β sekä hyvässä että huonossa
liuoksessa 1600 monomeerin pituuteen asti. Simulaatiot toistetaan sekä hydrody-
naamisten vuorovaikutusten kanssa että ilman niitä. Skaalaus havaitaan molem-
missa tapauksissa. Hyvän liuoksen tapauksessa skaalaus havaitaan laajalla aja-
van voiman vaihteluvälillä. Huonossa liuoksessa skaalaus havaitaan vain pienillä
voimilla.

Transkolaatio osoitetaan voimakkaaksi epätasapainoprosessiksi tutkimalla gyraa-
tiosäteen muutosta ja polymeerin paikallista suoristumista translokaatioproses-
sin aikana. Cis-puolella polymeeri suoristuu jännityksen levitessä pitkin poly-
meeria. Trans-puolella havaitaan huokosen suun tukkeutumista, kun huokosesta
poistuu monomeereja nopeammin kuin trans-puolella oleva polymeerisegment-
ti ehtii relaksoitua tasapainoon. Epätasapaino on selvempää simulaatioissa, jotka
ajetaan ilman hydrodynaamisia vuorovaikutuksia. Huonossa liuoksessa polymeeri
säilyttää pallomaisen tasapainomuotonsa koko translokaatioprosessin ajan.

Asiasanat: polymeerit, translokaatio, ajettu translokaatio, laskennallinen
tiede, laskennallinen fysiikka, stokastinen rotaatiodynamiikka,
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Chapter 1

Introduction

Polymers are large macromolecules consisting of repeated subunits called
monomers. They are ubiquitous in nature and their study has spawned
a rich array of research in many areas of physics, chemistry, and biology.
Polymers such as DNA and proteins are fundamental building blocks of life.
Hence, understanding the dynamics of polymers is a key to understanding a
wide range of biological phenomena.

Out of the many interesting topics on polymer research, this thesis studies
polymer translocation, which means the moving of a polymer immersed in
solvent from one half-space, called the cis side, to another half-space, called
the trans side, through a narrow hole. For a sufficiently narrow pore the
long polymer chain can only squeeze through the hole one monomer at a
time. The pioneering work on polymer translocation was done in 1996 by
Kasianowicz et al. [1], who were the first to observe polymer translocation in
laboratory settings. Abundant experimental, theoretical and computational
research on polymer translocation has been done during the following two
decades.

This work is a continuation of that research. Computational methods are
used to investigate polymer translocation, especially the effect of hydrody-
namic interactions and the quality of the solvent the polymer is immersed in
on the dynamics of the process. Because a parallelized polymer simulation
algorithm was developed for this work, the simulated chains are longer than
is typical in related works.

To be able to successfully describe and understand polymer translocation,
basic understanding of polymer dynamics is essential. Therefore a short in-
troduction to polymer models and dynamics is given in the subsequent sec-
tions. In Chapter 2 experimental, theoretical and numerical approaches for

1



CHAPTER 1. INTRODUCTION 2

Figure 1.1: A freely-jointed polymer in equilibrium conformation in good
solvent.

studying polymer translocation are introduced, with emphasis on the com-
putational methods (stochastic rotation dynamics and molecular dynamics)
used in this thesis. Chapter 3 discusses the results obtained using the afore-
mentioned methods, designating the largest contribution on the subject by
the author. Finally, in Chapter 4 the conclusion of this work is presented in
a concise manner.

The results of this thesis will be published later [2]. The article is being
finished at the time of the completion of this thesis.

1.1 Polymer models

Detailed polymer models, such as full DNA molecules in biological cells,
are infeasible for analytical and computational work. In this section coarse
grained polymer models with varying levels of details are introduced.
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1.1.1 Freely-jointed chain

The simplest possible model for polymer chain in solvent is the non-interacting
freely-jointed chain (FJC) model. Freely-jointed chain simply consists of
N + 1 monomers (or beads) at positions ~x0, . . . , ~xN , connected by N inde-
pendent, rigid bonds of length b0. The bonds ~ri = ~xi− ~xi−1 are uncorrelated
and have no preferred direction. Thus

〈~ri〉 = 0 (1.1)

〈~ri · ~rj〉 = b2
0δij. (1.2)

Using these equations it is easy to see that the expectation value for the
end-to-end vector of the polymer, R =

∑
~ri, is

〈R〉 =
N∑
i=1

〈~ri〉 = 0, (1.3)

and that the second moment is

〈
R2
〉

= 〈R ·R〉 =
N∑

i,j=1

〈~ri · ~rj〉 =
N∑
i=1

〈
~r 2
i

〉
= Nb2

0. (1.4)

The magnitude of the end-to-end length 〈R2〉
1
2 characterizes the size of the

polymer in equilibrium. As seen in Eq. (1.4), the magnitude is proportional

to N
1
2 .

FJC is closely related to the concept of random walk [3]. Random walk is a
sequence of uncorrelated moves in a lattice, much like a freely-jointed chain
is a sequence of uncorrelated bonds. The statistical properties of random
walk resemble those of FJC, e.g. the expected squared displacement from
the origin after a walk is proportional to the number of steps.

Besides 〈R2〉
1
2 , several other quantities characterizing the size of the polymer

are in use. An important quantity that can be measured experimentally in
scattering experiments is the radius of gyration, defined as

R2
g =

1

N

N∑
i=1

〈
(~xi − ~xCOM)2〉 , (1.5)

where ~xCOM denotes the position of the center of mass of the polymer. For
the principles concerning the measurement Rg of macromolecules, see e.g.
Berne and Pecora [4, Ch. 8].
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It can be shown that the quantities given in Eqs. (1.4) and (1.5) are directly
proportional to each other [5]. Generally,

Rg ∝
〈
R2
〉 1

2 ∝ N ν , (1.6)

where ν is the Flory exponent characterizing the scaling of the polymer size
as a function of N (for FJC ν = 1

2
). The Flory exponent depends on the

properties of the polymer and the solvent in which it is immersed.

1.1.2 Other polymer models

The freely-jointed chain has several unphysical features, one of which is that
in nature the bonds between the atoms in a molecule are not independent of
each other. A bit more realistic model is the freely-rotating chain where the
angle between consequent bonds is fixed to θ. Hence,

〈~ri · ~ri+1〉 = b2
0 cos θ. (1.7)

It can be shown that the correlation between bonds separated by increasing
number of monomers decays exponentially [3]. Hence, at large scale the
freely-rotating chain resembles the freely-jointed chain, retaining the Flory
exponent ν = 1

2
for N � 1.

When deriving universal properties of polymer chains, it is sometimes useful
to disregard the small-scale bond correlations and only study segments of
length ` beyond which the local conformations are uncorrelated. We can
then consider that the chain consists of N freely-jointed segments of length `
(where each segment may contain a large number of actual monomers). Such
a chain model is called the Kuhn chain [5]. For the Kuhn chain, which is a
freely-jointed chain, 〈R2〉 = N`2.

Probability distributions for chains with rigid bond lengths involve delta
functions, making their mathematical treatment cumbersome. It is usually
easier to use the Gaussian chain model where the probability distribution
for bond length is a Gaussian function

P (~r) =

(
3

2πb

) 3
2

exp

(
−3~r 2

2b2

)
. (1.8)

The probability distribution gives 〈~r〉 = 0 and 〈~r2〉 = b2. Gaussian chain
model does not describe small-scale conformations realistically, but for ex-
ample large enough Kuhn chains can be treated as Gaussian, since it can
be shown that the end-to-end distance of a large enough polymer (or Kuhn
segment) is normally distributed [3].
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1.1.3 Excluded volume effects

The chain models described in Section 1.1.2 do not incorporate excluded
volume effects. Hence, they have the Flory exponent ν = 1

2
predicted by

properties of a simple random walker. In realistic systems the monomers
interact with each other due to excluded volume effects, van der Waals in-
teractions etc. The excluded volume effects cause swelling, which increases
ν.

Doi and Edwards [3], and de Gennes [6] describe several schemes for approxi-
mately estimating the Flory exponent. These theoretical approximations are
in good agreement with experimental [7] and computational [8] results. Flory
exponents for models with excluded volume interactions and weak attractive
potentials generally give ν ≈ 0.6, with ν = 0.588(1) often quoted in literature
[9, 10].

Self-avoiding walk (SAW) is a concept closely related to random walk [11].
Self-avoiding walk is a sequence of random moves in a lattice, where no lattice
site is visited more than once, meaning that self-avoiding walk includes “ex-
cluded volume effects”. Self-avoiding walks can be used to initialize polymer
conformations in computer simulations discussed in Section 2.3.

1.2 Polymer dynamics in dilute solution

Section 1.1 deals with different polymer models and their static properties.
When considering polymer translocation, the dynamical properties of poly-
mers in dilute solution are relevant.

This section gives overview of the mathematical formalisms used in polymer
physics. The mathematical properties of the equations are mostly ignored
but their implications in translocation dynamics are discussed in Section 2.2.
For a more profound treatment, see e.g. Doi and Edwards [3].

1.2.1 Brownian motion

The foundation of dynamical theories of molecules in a solvent were set in
the beginning of the 20th century when Einstein [12] presented his theory
of Brownian motion, i.e. the rapid random motion of macroscopic molecules
immersed in solvent.

The non-deterministic nature of Brownian motion arises from the fact that
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the solvent consists of a huge number of molecules for which it is impossible
to write (let alone solve) detailed equations of motion, but whose statisti-
cal properties are well known. Contemporary theories of Brownian motion
use general mathematical frameworks for treating stochastic systems, i.e.
Langevin equation and Fokker-Planck equation formalisms.

1.2.1.1 Fokker-Planck equation

The Fokker-Planck equation is a general formalism for predicting the evolu-
tion of the probability distribution of a random variable (for general theory
see e.g. Risken [13]). For a particle immersed in a solvent in an external
potential V in one dimension, the equation is written as

∂Ψ

∂t
=

∂

∂x

1

γ

(
kBT

∂Ψ

∂x
+
∂V

∂x
Ψ

)
, (1.9)

where Ψ (x, t) is the probability distribution of finding the particle in position
x at time t, and γ is a damping coefficient. The Fokker-Planck equation for
the position distribution of particles under Brownian motion is also known as
Smoluchowski equation [3]. It can be shown that if V is independent of time
and there is no probability flux at the boundary, Ψ approaches the canonical
ensemble distribution

lim
t→∞

Ψ (x, t) = exp

(
−V (x)

kBT

)/∫
exp

(
−V (x′)

kBT

)
dx′ . (1.10)

A polymer consists of N monomers, whose potential energy depend on the
external field as well as their relative positions. The general Smoluchowski
equation for N particles is given by

∂Ψ

∂t
=
∑
n,m

∇~xn ·Hnm · (kBT∇~xmΨ +∇~xmVΨ) . (1.11)

In the general equation the damping and the hydrodynamic interactions be-
tween the particles are incorporated in the tensors Hnm (each being a matrix
of dimension 3× 3 for a three-dimensional system). The choices of Hnm are
discussed in Section 1.2.2.

1.2.1.2 Langevin equation

Time evolution of a stochastic system can also be described in terms of the
Langevin equation. Unlike the Fokker-Planck equation that is a partial dif-
ferential equation for the probability distribution, the Langevin equation is a
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stochastic ordinary differential equation for the random variables themselves.
The non-deterministic behavior of the system is introduced by adding a ran-
dom variable term Γ to the equation. In particular, the equation of motion
for a massive particle in Brownian motion can be written in a form resembling
Newton’s second law of motion

M
d2x

dt2
= F − γdx

dt
+ Γ, (1.12)

where F is the sum of the external forces acting on the particle, γ is the
friction coefficient accounting for the damping due to viscous effects, and
Γ is a random force accounting for thermal fluctuations. Γ satisfies the
properties of white noise

〈Γ (t)〉 = 0 (1.13)

〈Γ (t) Γ (t′)〉 =
2γkBT

M
δ (t− t′) . (1.14)

The particular two-time correlation function is chosen so as to ensure that
the equipartition theorem 〈E〉 = 3

2
kBT holds. By integrating Eq. (1.12)

twice with F = 0 and using the statistical properties of Γ given in Eqs. (1.13)
and (1.14), the evolution of the first two moments of the position of a particle
under Brownian motion without external field are retrieved. In particular for
a massless particle the relations are those of normal diffusion,

〈x〉 = 0 (1.15)〈
x2
〉

=
2kBT

γ
t. (1.16)

For a detailed discussion of the Langevin equation, including the form of Γ
and the derivation of Eq. (1.16), see e.g. Reichl [14]. Equation (1.12), unlike
Eq. (1.9), is an equation for a massive particle.

The Langevin equivalent to Eq. (1.11) reads as [3]

∂~xn
∂t

=
∑
m

Hnm (−∇~xmV + Γm) +
1

2
kBT

∑
m

∇~xm ·Hnm. (1.17)

Equation (1.17) is for massless particles, that is, particles for which the fric-
tious effects outweigh the inertial ones. Their mutual interactions are incor-
porated in the tensor Hnm. In the case of a multi-particle Langevin equation,
the moments of Γm are given by

〈Γn (t)〉 = 0 (1.18)

〈Γn (t) Γm (t′)〉 = 2
(
H−1

)
nm
kBTδ (t− t′) . (1.19)

In Eq. (1.19), (H−1)nm refers to the inverse matrix of Hnm.
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1.2.2 Rouse and Zimm models

In realistic solvents, the interactions between the monomers do not include
only direct forces given by the gradient of V , but also hydrodynamic interac-
tions. Hydrodynamic interactions are interactions mediated by the solvent.

Equations (1.11) and (1.17) include the yet-undefined term Hnm that de-
termines the fundamental interactions between the monomers. The simplest
polymer model does not include hydrodynamic interactions between the par-
ticles. For this model, called the Rouse model, the coefficients are given by

Hnm =
I

γ
δnm. (1.20)

Note that Hnm = 0 for n 6= m. This means that there are no interactions be-
tween the particles besides those induced by the potential V (see Eqs. (1.11)
and (1.17)).

Hydrodynamic interactions are included in the Zimm model, where the Oseen
tensor is used for Hnm. The off-diagonal (n 6= m) terms of the Oseen tensor
are given by

Hnm =
1

8πη |~rnm|
[r̂nmr̂nm + 1] , (1.21)

where η is the viscosity of the fluid, ~rnm = ~xm−~xn is the displacement vector
between the monomers, and r̂nm is a unit vector pointing from the monomer
n to the monomer m. See e.g. Doi and Edwards [3, Ch. 3] for a derivation.

Equations (1.11) and (1.17) with Hnm given by Eq. (1.21) are highly non-
linear and tedious to solve. Hence, in computational polymer physics other
approaches such as stochastic rotation dynamics introduced in Section 2.3.2.1
are used to include hydrodynamic interactions between the monomers.



Chapter 2

Polymer translocation

Polymer translocation is a process, where a polymer, such as a single- or
double-stranded DNA molecule, passes from one chamber to another through
a narrow hole in a wall. In this chapter experimental, analytical and numer-
ical methods of extracting information about the translocation process are
discussed.

Because polymer translocation is a microscopic process and the time scales
involved are only from micro- to milliseconds [1], direct observation of a
translocation in vitro is difficult. That is why statistical quantities, such as
the expected translocation time τ as a function of the length of the polymer,
the potential difference between the chambers, are important for character-
izing the process.

Analytical calculations and dynamical computer simulations offer a more
in-depth picture of the details of a translocation process. Via computer sim-
ulations one is able to observe the evolution of the polymer conformation
during the translocation process, measure microscopic quantities etc. Natu-
rally there are limits to how complex and realistic systems can be studied by
analytical and numerical means.

2.1 Translocation experiments

Polymer translocation was first studied experimentally by Kasianowicz et al.
[1]. They drove single-stranded RNA and DNA molecules through an ionic
α-hemolysin channel in a lipid membrane using an electric field. In their
work, the detection of the translocation was based on the measurement of the
ionic current through the channel. While the polymer stays in the channel, it

9



CHAPTER 2. POLYMER TRANSLOCATION 10

blocks the current. By measuring the duration of the blockage they were able
to infer the translocation times. Similar techniques have been later utilized
[15–21] in experimental studies of polymer translocation.

The emphasis of this work is on computational modeling of polymer translo-
cation. Compared to the simplified models used as the basis of theoreti-
cal and computational studies, the systems found in nature or even those
prepared in a laboratory environment are very complex. The viscosities of
liquids in biological systems tend to be high. Hence, the translocation dy-
namics is often dominated by frictious effects and the translocation times are
linearly proportional to the number of monomers. Storm et al. [19] have per-
formed translocation experiments through solid state silicon oxide pore with
conditions (pore flexibility, friction) closely resembling the ones used in the
computational simulations performed in this work. They have found power-
law relation τ ∝ Nα with α = 1.27. An interesting potential application for
solid-state nanopores is their use for fast DNA sequencing [22–24].

2.2 Analytical treatment

Early theoretical treatments of polymer translocation were based on the con-
cept of entropic barrier [5]. As there are more conformations available for an
unconstrained polymer than there are for a partially translocated polymer,
the Helmholtz free energy is smaller before and after the translocation than
during it. Thus some driving force is usually needed to overcome the free
energy barrier.

In the following sections the translocation coordinate s is defined as the
number of polymers that have exited the pore to the trans side.

2.2.1 Entropic barrier

Early approaches for explaining the polymer translocation and especially pre-
dicting the translocation time τ as a function of the number of monomers N
in the polymer were based on concepts from equilibrium statistical mechanics
[25, 26]. Such approaches are still used in contemporary theoretical studies
[27].

In the works of Sung and Park [25] and Muthukumar [26] the translocation is
modeled as the evolution of the translocation coordinate s. By approximating
the partition function for the polymer as a function of s, one can calculate
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its free energy by using the common formula

A (s) = −kBT logZ (s) , (2.1)

where the partition function Z (s) is assumed to be a function of s only. The
evolution of s affects the free energy. The number of possible conformations
(and thus the entropy) is the largest for a polymer not constrained in the
pore. Hence, during the first half of the translocation (s . N

2
), the entropy

of the polymer decreases with increasing s, which increases the free energy
A of the polymer. The entropic barrier (or free energy barrier) caused by
this increase in the free energy results in a force given by

F (s) = −∂A (s)

∂s
. (2.2)

The translocation time is the time needed to overcome the entropic barrier. A
popular approach (including the one used by Sung and Park [25], Muthuku-
mar [26]) is to write Fokker-Planck equation (see Section 1.2.1.1) for the
translocation coordinate s under an external field given by Eq. (2.2). One
can then solve the time required for s to reach N . The predicted scaling for
the translocation time τ varies from τ ∝ N to τ ∝ N2 depending on the
parameters such as the difference of chemical potential between the cis and
trans sides [25, 26].

The problem with the entropic barrier formalism is that by writing the free
energy as in Eq. (2.1), it is assumed that the polymer is always in equilibrium.
More recent works, discussed in later sections, suggest that the translocation
is an out-of-equilibrium process, prompting alternative explanations for the
translocation process.

2.2.2 Non-equilibrium models

Kantor and Kardar [28] studied the driven polymer translocation as an
anomalous diffusion process, demonstrating with analytical and computa-
tional studies that the equilibrium assumption discussed in Section 2.2.1
breaks down for large polymers and forces. They used a simple argument,
without any reference to the entropic barrier, to demonstrate that the lower
bound for the translocation time in driven polymer translocation is given by
τ ∝ N1+ν/∆µ, where ∆µ denotes the difference of chemical potential be-
tween cis and trans sides. In the translocation model used in this work, the
chemical potential is implemented by a constant driving force of magnitude
F inside the pore, prompting to restate the prediction as τ ∝ N1+νF−1.
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F

x

g(x) ν

Figure 2.1: A translocating polymer in the trumpet shape

The tension propagation formalism introduced by Sakaue [29, 30] forms the
basis of several contemporary non-equilibrium theoretical models for polymer
translocation [31–34].

In tension propagation models the polymer is not in equilibrium as a whole.
Rather, it consists of several blobs that are small enough to be in equilibrium.
Near the pore the tension is the largest and consequently the blob sizes are
the smallest. The beads far from the pore are at rest and thus the blob
sizes increase far from the pore. As the translocation progresses, the tension
propagates along the polymer backbone and the blob sizes near the end of
the polymer decrease as the polymer is driven further out of equilibrium.

A dimensionless unit of force is used. The dimensionless force is defined as
f = Fa/kBT , where a is a microscopic length scale relevant to the system,
e.g. the mean distance of two monomers. The driving force is considered
small if f � N−ν and large if f � 1 [32].

The tension propagation models vary in details, but have a common funda-
mental idea. The impulse caused by the driving force of the pore on a single
monomer does not have an immediate effect on the beads further on the cis
side. Instead, for small to moderate driving force (f � 1) the translocating
polymer assumes a “trumpet” shape [31, 32] (see Fig. 2.1). The coordinates
are chosen so that the pore axis is parallel to the x axis and the pore lies at
the origin with the trans side on the positive x axis. The blob at x contains
g(x) monomers and thus has a diameter proportional to g(x)ν . Each blob
experiences three different forces: the tensions caused by the next and the
previous blobs, and friction. The translocation problem is then solved by
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writing continuity equations for the monomer flux through the blobs, taking
into account that the tensile and the frictious forces must be in balance for
each blob.

In the strong force regime (f � 1) the polymer assumes a “stem” shape. In
the stem shape the segment of the polymer affected by the force is completely
straightened [32]. In the transition regime the polymer assumes a “stem-
trumpet” shape, in which there is a trumpet at the end of the initial stem.

The relation derived for the translocation time τ varies for different assump-
tions and model parameters. E.g. Dubbeldam et al. [32] quote τ ∝ N2ν/F 1/ν

for Rouse chain in small driving force limit and τ ∝ N1+ν/F in large limit.
Rowghanian and Grosberg [31] quote τ ∝ N1+ν/F for Rouse chain and
τ ∝ N1+ν/F (2ν−1)/ν for Zimm chain under moderate driving force (N−ν �
f � 1).

2.3 Computer simulations

As discussed in Section 2.2, in order to simplify calculations, early analyt-
ical models of polymer translocation often assume that translocation is a
metastable process, i.e. that the relaxation time of the polymer is much
shorter than the translocation time. This assumption is used to justify the
treatment of the translocation problem using the formalism and the tools of
equilibrium statistical mechanics.

More recent studies suggest that the translocation time of a polymer is
shorter than the relaxation time, suggesting that the quasi-equilibrium as-
sumption is not justified [28, 35]. Hence, alternative methods such as com-
puter simulations are needed to study polymer translocation.

Computer simulation is an invaluable tool for studying the behavior of com-
plex out-of-equilibrium physical processes such as polymer translocation.
Some of the early and contemporary computer simulations used Monte Carlo
methods [36–41], effectively sampling polymer conformations from equilib-
rium distribution and thus disregarding out-of-equilibrium effects. More re-
alistic simulations have used dynamical models that include possible out-of-
equilibrium effects naturally [42–58]. See Lehtola et al. [59] for a comparison
of Monte Carlo, Kinetic Monte Carlo and Langevin dynamics (discussed in
Section 2.3.2.2) in polymer translocation.

Detailed simulation of polymer translocation with realistic amount of atoms
is infeasible, and thus computer simulations must resort to coarse grained
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models. The actual system of interest is the polymer. The polymer motion
is simulated using molecular dynamics algorithms described in Section 2.3.1.
Computational models for the solvent in which the polymer is immersed, are
introduced in Section 2.3.2.

2.3.1 Molecular dynamics

Molecular dynamics (MD) means numerical time-integration of Newton’s
equations of motion for atoms and molecules. The polymer is modeled as
a chain of interconnected, electrically neutral beads. Lennard-Jones (LJ)
potential [60, 61] is used to approximate interactions between all beads

VLJ = 4ε

[(σ
r

)12

−
(σ
r

)6
]
. (2.3)

The repulsive r−12 term accounts for excluded volume interactions and the
attractive r−6 term accounts for the van der Vaals interactions between the
molecules. The full form of Eq. (2.3) is used to model a polymer in bad
solvent. In bad solvent the polymer tends to have hydrophobic interactions
and collapse into globule. Good solvent can be simulated by truncating the
Lennard-Jones potential by setting VLJ = 0 for r > 2

1
6σ. In good solvent

the interactions are hydrophilic and the polymer swells. In this work good
solvent is abbreviated as GS and bad solvent as BS.

Using the LJ potential as an effective substitute for real hydrophobic or
hydrophilic interactions stems from the fact that the SRD model for fluid
dynamics used in this work does not incorporate the complex electrostatic
interactions between real solvent and polymer molecules. The effective ap-
proach has its limitations. Kapahnke et al. [55] demonstrated that it causes
artefacts in a system where a polymer translocates between different solvent
qualities.1 The systems studied in this work only contain one solvent quality
at a time, making the effective approach to solvent quality justifiable.

In addition to the Lennard-Jones potential, consequent beads in the chain
are constrained by the FENE potential [62] given by

VFENE = −H
2
R2

max log

(
1− r2

R2
max

)
. (2.4)

1Using the effective solvent quality approach in unforced translocation process was
shown to be biased in the direction of bad solvent, although good solvent is entropically
preferable. The bias was caused by the attractive force between the beads on the bad
solvent side.
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H is a parameter describing the strength of the constraining force. The force
due to the FENE potential prevents beads from moving beyond distance
Rmax from each other.

The motion of the beads follow Newton’s laws of motion. Velocity Verlet
algorithm [60] is used to integrate the velocities and the forces. Velocity
Verlet is a simple second order MD algorithm. The velocities and positions
are given by

~xi (t+ ∆t) = ~xi (t) + ~vi (t) ∆t+
~Fi (t)

2M
∆t2, (2.5)

~vi (t+ ∆t) = ~vi (t) +
~Fi (t+ ∆t) + ~Fi (t)

2M
∆t, (2.6)

where i indexes the particles.

Velocity Verlet is similar to the simple explicit Euler algorithm but the equa-
tion for updating velocity is different. In addition to being more stable than
Euler, velocity Verlet has the property of being reversible: when reversing
all velocities in an energy-conserving simulation, the system evolves into its
original state, if floating point arithmetics is assumed to be perfect. Velocity
Verlet is mathematically identical to the classical Verlet with the exception
that both the positions and the velocities are known at the same time, al-
lowing simultaneous calculation of both the kinetic and the potential energy
of the system.

The forces applied to each bead are the forces corresponding to the Lennard-
Jones potential between all beads and the FENE potential between the con-
sequent beads. The forces are conservative and calculated by applying

~F = −∇V (2.7)

to Eqs. (2.3) and (2.4), respectively.

In addition to the deterministic forces described above, a polymer in solvent
experiences interactions with the atoms of the fluid, which need to be taken
into account. The simulation of the solvent in which the polymer is immersed
is discussed in Section 2.3.2.

2.3.2 Computational solvent models

In most cases, including the studies presented in this thesis, the detailed
behavior of the solvent is uninteresting and the amount of molecules in a
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realistic solvent is far too large for a computer simulation to handle. Conse-
quently, polymer-solvent interactions are applied using some stochastic model
for solvent. Several models, including Langevin dynamics (LD) and stochas-
tic rotation dynamics (SRD), have been developed for this purpose.

This section has the emphasis on the SRD model that was used in the sim-
ulations whose results are described in Chapter 3. The advantage of SRD
over LD is that the former supports hydrodynamic modes. However, SRD is
not the only coarse-grained solvent model that support hydrodynamics. A
short reference of alternative methods – the Lattice-Boltzmann method and
dissipative particle dynamics – is given in Section 2.3.2.3.

In order to simulate longer polymer chains (up to 1600 beads), parallelized
versions of the molecular dynamics and SRD algorithms described in Sec-
tion 2.3.2.1 were used. The parallel algorithm was developed by the author.
The algorithm utilizes spatial decomposition of the SRD cell lattice into
smaller volumes and a particles-to-processes approach for molecular dynam-
ics. An in-depth description of the parallelization scheme with performance
analysis can be found in Ref. [63] by the author.

2.3.2.1 Stochastic rotation dynamics

Stochastic rotation dynamics (SRD) was first described by Malevanets and
Kapral [64] as a mesoscopic model for solvent. Instead of using realistic
amount of water molecules with detailed MD interactions, the interactions
between the beads and the solvent are approximated by stochastic rotations.
The system is coarse grained into cells of a regular Cartesian lattice. During
a single simulation step the solvent particles undergo a streaming step in
which each solvent particle is moved according to the equation

~xi (t+ ∆t) = ~xi (t) + ~vi (t) ∆t. (2.8)

After the streaming step the interactions of the solvent particles and the
polymer beads are simulated in the collision step in which the velocity of
each particle (both in the solvent and the polymer) in each cell is updated
according to

~vi (t+ ∆t) = ~vCOM (t) + Ω (~vi (t)− ~vCOM (t)) , (2.9)

where Ω is a random rotation matrix and ~vCOM is the velocity of the center
of mass of the particles in the cell. Every velocity vector is rotated by the
same angle θ but the rotation axes in different cells and simulation steps are
statistically independent.



CHAPTER 2. POLYMER TRANSLOCATION 17

After the rotation step the average energy of the solvent particles is set to
3
2
kBT by dividing the velocity of every particle by an appropriate factor.

Thus the solvent acts as a heat bath at temperature T . In equilibrium the
energy of a polymer in the heat bath fluctuates around its thermal average,
making the solvent-polymer system a canonical ensemble.

Malevanets and Kapral [64] proved that a fluid simulated using the SRD
method has several properties required for a feasible fluid. Equation (2.9)
is chosen in such a way that the momentum and the energy of the system
are conserved. The (discrete) velocity field of SRD fluid approximates the
solution of Navier-Stokes equation. There also exists an H theorem for the
model, which means that the entropy of the system can only increase during
the progress of the simulation.

SRD steps are performed considerably less frequently than MD steps. See
Table 3.1 for the simulation parameters used in this work.

The interaction between the solvent particles and the polymer beads are
responsible for both the damping and the fluctuations corresponding to the
second and the third terms of the right hand side of Eq. (1.12), respectively.
Kikuchi et al. [65] have calculated the corresponding parameters in Langevin
equation in terms of the SRD parameters. In particular, the damping factor
is given by

γ =
∞∑
n=0

e−ρρn

n!

mn

M +mn

M

∆t
(1− cos θ) , (2.10)

where ρ is the average number of the solvent particles in a cell, M is the
mass of a polymer bead and m is the mass of a solvent particle.

It was later pointed out by Ihle and Kroll [66, 67] that the original SRD
algorithm is not Galilean invariant. Due to the coarse-grained lattice, the
particles participating in the collision are different in stationary and moving
frames. This was shown to cause anomalies such as deviation of diffusion
coefficients along different coordinate axes in the presence of a flow field. In
order to restore Galilean invariance, Ihle and Kroll suggested an additional
random grid shift before each collision step, meaning that the cells (or equiv-
alently the particles) would be shifted by a uniformly random displacement
between [−0.5, 0.5] lattice distances along each axis before sorting the solvent
particles among the cells.

Hydrodynamic interactions can be removed from an SRD simulation by ran-
domly shuffling the velocities of the solvent particles after each collision step,
breaking any hydrodynamic modes in the fluid. In this work the simula-
tions with hydrodynamic interactions retained are denoted as “HD” and the
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ones with hydrodynamic interactions removed are denoted as “No HD”. This
makes it possible to pin down the effect of hydrodynamic interactions [43].

2.3.2.2 Langevin dynamics

In Langevin dynamics the thermal fluctuations due to the solvent are taken
into account by solving the discretized version of Eq. (1.12). The discretiza-
tion typically follows the approach by Ermak [68–70]. The positions and
velocities are updated according to

~xi (t+ ∆t) = ~xi (t) + c1∆t~vi (t) + c2∆t2
~Fi (t)

M
+ ∆~xG (2.11)

~vi (t+ ∆t) = c0~vi (t) + c1∆t
~Fi (t)

M
+ ∆~vG. (2.12)

The numerical coefficients account for damping and are given by

co = e−γ∆t (2.13)

c1 = (γ∆t)−1 (1− c0) (2.14)

c2 = (γ∆t)−1 (1− c1) . (2.15)

The stochastic forces enter the algorithm through the terms ∆~xG and ∆~vG.
They are sampled from bivariate Gaussian distribution derived e.g. in Allen
and Tildesley [70, p. 262].

Langevin dynamics does not support hydrodynamic modes, i.e. all thermal
fluctuations are uncorrelated in time and space. In real liquids the inter-
action between the solvent particles and the molecules of the liquid induce
hydrodynamic correlations to the system. Hydrodynamic interactions are
included in stochastic rotation dynamics introduced in Section 2.3.2.1.

2.3.2.3 Other fluid models

Besides SRD, there are several other mesoscopic fluid models which include
hydrodynamic interactions. Here, we briefly introduce Lattice-Boltzmann
method and dissipative particle dynamics.

Lattice-Boltzmann method (LBM) is a coarse-grained fluid model based on
discretization of the the Boltzmann equation [71]. Based on the lattice-
gas automata model [72], McNamara and Zanetti [73] and later Higuera et
al. [74–76] developed the method as an effectively parallelizable solution for
simulating hydrodynamics of fluids.
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Figure 2.2: Schematic presentation of the translocation geometry

LBM resembles SRD in the sense that the space is divided into a discrete
lattice populated by solvent particles, but the rules for updating the state of
the particles are different from those in SRD. For a detailed review on the
Lattice-Boltzmann equation, see Benzi et al. [77].

Dissipative particle dynamics (DPD) is another mesoscopic stochastic tech-
nique for simulating fluid dynamics, initially described by Hoogerbrugge and
Koelman [78, 79]. In DPD, the solvent particles undergo a streaming step
similar to SRD, after which they exchange momentum pairwise. The mag-
nitude of the antisymmetric momentum transfers are inversely proportional
to the distance of the particles. Because the interactions are not localized in
single cells, DPD implementations run slower than corresponding SRD and
LBM implementations. For a review of DPD, see Groot and Warren [80].

Both LBM and DPD have been applied to polymer translocation, see e.g.
Fyta et al. [45], Melchionna et al. [47] for LBM and Kapahnke et al. [55], Yang
et al. [57] for DPD.

2.3.3 Translocation geometry and dynamics

The simulation universe is divided into two half-spaces separated by an infi-
nite wall with thickness d. The half-space where most of the polymer resides
at the beginning of the simulation is called the cis side and the side to which
it is driven is called the trans side. The wall has a single cylindrical hole
with radius r through which the polymer translocates. See Fig. 2.2 for a
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schematic presentation of the translocation geometry.

The wall is inflexible and impenetrable. To ensure this, no-slip boundary
conditions for solvent particles and polymer beads are applied. Only the
polymer can pass through the pore, which means that there is no solvent
inside the pore. This assumption can be justified by noting that the pore
mimics narrow solid-state or α-hemolysin pore (see Section 2.1) that is so
narrow that hydrodynamic modes are suppressed inside. However, the pore
is still frictious and every bead inside the pore experiences a damping force
~F = −γ~v, where γ is chosen so that the damping inside the pore corresponds
to the damping caused by the solvent (see Eq. (2.10)).

To keep the beads from hitting the wall, there is a harmonic field inside the
pore. For every bead inside the pore the force ~F = −k~d is applied, where
k is the harmonic constant and ~d is the distance from the bead to the axis
(along a plane normal to the axis).

The translocations studied in this work are driven, meaning that a constant
driving force is applied to every bead inside the pore. The force driving the
beads from cis to trans side is parallel to the pore axis.

The pore model used in this work mimics holes in membranes in relevant
biological systems as closely as possible while being simple enough to allow
feasible numerical simulations. The driving force is applied only to the beads
inside the pore, i.e. the driving electric potential only drops inside the pore.
This assumption has been studied experimentally [24, 81], and while the
electric field tends to extend beyond the pore in actual physical systems, for
sufficiently narrow pore the electric field mainly exists inside the pore [82].

The polymer and the pore models in this work do not take into account the
complexities of the electrostatic interactions in the system, e.g. electric charge
of the DNA molecule and ionic currents through the pore, implemented in
other studies to a varying degree of details [57, 58].

2.3.4 Execution of translocation simulation

The actual simulation runs used to extract information about the translo-
cating polymer are performed by coupling the molecular dynamics of the
polymer described in Section 2.3.1 to the interactions of the polymer and the
fluid using stochastic rotation dynamics described in Section 2.3.2.1. The
polymer motion is restricted by a wall described in Section 2.3.3.

A simulation run consists of three phases:



CHAPTER 2. POLYMER TRANSLOCATION 21

1. An initial configuration for the solvent is randomly generated by as-
signing uniformly random initial positions and velocities to the solvent
particles. The solvent is equilibrated by applying Eqs. (2.8) and (2.9)
repeatedly.

2. An initial configuration for the polymer is generated. The bead in the
middle of the pore is placed into its correct position and the initial
configuration at trans and cis sides are generated by a self-avoiding
walk discussed in Section 1.1.3. In the initial configuration one bead
starts on the trans side and the rest of the beads inside the pore and on
the cis side. The solvent-polymer system is equilibrated by applying
MD and SRD steps repeatedly with the bead in the middle of the pore
grafted to its initial position.

3. After the solvent-polymer system is at equilibrium, the grafted polymer
is released. MD and SRD steps are performed until the polymer is
either fully translocated into the trans side or has slided back to the
cis side.

Equilibration of a long polymer is a time consuming process because the
time required for the polymer to reach equilibrium increases rapidly as the
number of beads increases. E.g. Doi and Edwards [3, Ch. 4] demonstrate that
for Rouse and Zimm chains in a good solvent the relaxation time increases
as

τr ∝ N2 (Rouse) (2.16)

τr ∝ R3
g ∝ N3ν , (Zimm) (2.17)

where the relaxation time is defined as the time constant τr in the autocor-
relation function

〈R (t)R (0)〉 ∝ e−
t
τr . (2.18)

Radius of gyration can be used to characterize if the polymer is in equilib-
rium. The time required to equilibrate the system was estimated by studying
moving averages of Rg.

2 The time average of Rg over the interval [t0, t1] is
denoted as

〈Rg〉t1t0 =
1

t1 − t0

∫ t1

t0

Rg (t) dt. (2.19)

2Although in Eq. (1.5) Rg is defined as an expectation value, here it is to be understood
as an instantaneous quantity.



CHAPTER 2. POLYMER TRANSLOCATION 22

0 125000 250000 375000
t0

0
12

50
00

25
00

00
37

50
00

t 1
−t

0

6.93
7.86
8.79
9.72
10.65
11.58
12.51
13.44
14.37
15.30

0 100000 200000 300000 400000
t1

11.0

11.5

12.0

12.5

13.0

13.5

14.0

14.5

15.0

R
g

(a) Good solvent

0 100000 200000 300000
t0

0
10

00
00

20
00

00
30

00
00

t 1
−t

0

2.896
3.058
3.220
3.382
3.544
3.706
3.868
4.030
4.192
4.354

0 100000 200000 300000
t1

2

4

6

8

10

12

14

16

R
g

(b) Bad solvent

Figure 2.3: Moving averages of 〈Rg〉t1t0 for a polymer in good and bad solvent.
The left-hand side plots show moving averages for several t0 and t1. The
right-hand side plots show moving average for t0 = 0 and varying t1. In good
solvent the moving averages converge slowly due to weaker interactions than
in bad solvent.
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In bad solvent the average 〈Rg〉t
1

0 quickly decays to 〈Rg〉. In good solvent
Rg is not stable even when the polymer is in equilibrium, because there are
no attractive interactions between non-consecutive beads. That is why the

moving average 〈Rg〉t
1

0 may not converge for a reasonable t1. Hence, for good
solvent it is considerably more difficult to estimate the proper relaxation time
by observing the moving average of Rg (or any other quantity). However,
as can be seen in Fig. 2.3, long enough moving averages remain stable over
reasonable time intervals.

For every chain length and each solvent quality the equilibration time was
chosen so that the moving average of Rg seemed to settle for long enough
averaging intervals. The equilibration times for the longest chains (N =
1600) were extremely large, up to 1.8× 106 timesteps (corresponding up to
one week of wall-clock time with 12 CPU cores). Because of the limited
computational resources, this limits the statistics that could be collected for
the longest polymers.

2.4 Capsid ejection

Capsid ejection is a process closely related to polymer translocation. Here
a polymer ejects from a confined space. Capsid ejection is a more appro-
priate model than polymer translocation for certain biological processes of
interest, e.g. ejection of a virus from its bacteriophage [83–88]. In a study by
Linna et al. [89], to which the author contributed, the dynamics of a poly-
mer escaping from a capsid was compared to the dynamics of a translocating
polymer.

The simulation of the polymer was based on Langevin dynamics. Executing
the simulation was done as described in Section 2.3.4. The geometry of
the simulation universe consisted of a spherical capsid placed at the origin of
the coordinate system. The ejection was possible only through a narrow pore
passing through the inner and the outer shells of the capsid. No-slip boundary
conditions were applied to simulate the interactions between the beads and
the capsid walls. A guiding force similar to the one described in Section 2.3.3
was applied to keep the polymer beads from hitting the pore wall. However,
the no-slip boundary conditions initially caused difficulties, the resolution to
which is described in Appendix A. See Fig. 2.4 for a schematic representation
of capsid ejection.

No driving force was applied to the beads inside the pore. In polymer translo-
cation neither cis nor trans side is entropically preferable and the probabil-



CHAPTER 2. POLYMER TRANSLOCATION 24

Figure 2.4: Snapshots of a polymer ejecting from a capsid [89]

ity for a successful non-driven translocation is consequently extremely small.
However, in capsid ejection the unconfined space outside the capsid is en-
tropically highly preferable, so the rate of successful ejections is reasonable
even in the absence of a driving force.

In further studies the effect of hydrodynamic interactions on capsid ejection
should be investigated. This requires e.g. the implementation of the SRD
algorithm for the capsid model.



Chapter 3

Results and discussion

In this chapter the computational model presented in Section 2.3 is applied
to extract information about polymer translocation. Section 3.1 introduces
briefly the hardware and the settings used in the simulations and in Sec-
tion 3.2 the results of the computational simulations are compared to theo-
retical models.

Most computational work on polymer translocation addresses translocation
of a polymer in good solvent without hydrodynamic interactions [33, 36–41,
44, 48, 52, 58]. Translocation has been studied with explicit hydrodynamics
to a lesser extent [45–47, 49–51, 53–55, 57]. The notable features of this work
are the inclusion of explicit solvent (and thus hydrodynamic interactions)
using the SRD model and comparison of the translocation dynamics in good
and bad solvent.

Another notable feature is the simulation of exceptionally large polymers
(up to N = 1600 beads), which was made possible by the implementation
of parallelized SRD and MD algorithms. Melchionna et al. [51] have studied
even longer polymers (up to N = 8000) in their work based on Lattice-
Boltzmann methods. However, in their work the molecular dynamics was
much coarser (∆tMD = 0.2) and the focus was on folded polymers instead of
polymer translocation through a narrow pore.

An important question this work addresses is to which extent a polymer
is driven into non-equilibrium during the translocation process in different
solvent qualities and when the process involves hydrodynamic interactions.
See Section 2.2.2 for a theoretical discussion of non-equilibrium phenomena.

25
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Table 3.1: Summary of the simulation parameters

Parameter Symbol Value

SRD cell dimension 1
Temperature kBT 1
Rotation angle θ 3

4
π

Solvent particle mass m 4
Polymer bead mass M 16
Solvent density ρ 5
Wall thickness d 3
Pore radius r 0.5
Harmonic constant in the pore k 100
Damping in the pore γ 10
LJ epsilon ε 1
LJ sigma σ 1
FENE strength H 30
FENE max distance Rmax 1.5
SRD timestep ∆tSRD 1
MD timestep ∆tMD 0.001

3.1 Hardware and settings

The dynamics of polymer translocation was studied by simulations of poly-
mers immersed in good and bad solvents. The numerical algorithms used are
described in Sections 2.3.1 and 2.3.2.1. The program used in the simulations
was implemented in C++ and was run on the Triton cluster owned by Aalto
University [90]. Polymers up to length N = 400 could be equilibrated and
the translocation simulated using the simulation program with one CPU core
only. Due to the increase of required CPU time when simulating longer poly-
mer chains (N ≥ 800), these simulations were run in parallel using 12 CPU
cores. The data points presented in the figures in the following sections are
averages over at least 200 translocations, except for the results concerning
polymers of length N ≥ 800. Due to the limited computational resources
these are averages over 50 runs.

The parameters used in the simulations can be found in Table 3.1. The
polymer length N and the magnitude of the driving force F across the pore
were varied in order to study the scaling of several quantities, in particular the
translocation time τ , as a function of N and F . The translocation geometry
and the execution of the simulation are described in Sections 2.3.3 and 2.3.4.
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Note that the reported driving forces denote the forces applied to each bead
inside the pore. Hence, the force applied to the whole polymer is the reported
force multiplied by the number of beads inside the pore, which on average
is d/σ = 3, where d is the thickness of the wall and σ is the mean distance
of the beads. Keeping this in mind, the driving forces considered in this
chapter are in the moderate to large regime (f = Fσ/kBT ≥ 1) according to
the definition in Section 2.2.2. Studying the small force region (f � N−ν)
would have been infeasible as the rate of successful translocations would have
been excessively small.

3.2 Results of the simulations

3.2.1 Qualitative description of polymer translocation

The most direct way of testing the validity of the theories described in Sec-
tion 2.2 computationally is the direct observation of the polymer confor-
mations during the translocation process. Theories based on the tension
propagation formalism discussed in Section 2.2.2 predict that the polymer
assumes a stem-trumpet or stem shape in the force region studied.

In Figs. 3.1 and 3.2 snapshots of polymer conformations during a typical
translocation process are presented. Stem shapes are observed for all simu-
lation parameters in good solvent. Crowding is observed at the trans side as
the beads exit from the pore faster than the polymer segment at the trans
side relaxes into equilibrium. The non-equilibrium effects (tension propaga-
tion and crowding) are more profound for simulations without HD and for
larger driving forces.

In bad solvent the polymer collapses into a globulous configuration main-
tained on both cis and trans sides during the whole translocation process.
The globulous conformation was maintained for all driving forces applied,
as well as both in simulations with and without hydrodynamic interactions.
Only a small straightening for the last beads could be observed for polymers
driven with largest driving forces, as can be seen in Fig. 3.2(d).

3.2.2 Scaling of translocation time

The most tested prediction in computational translocation simulations is the
behavior of the expected translocation time 〈τ〉 as a function of the poly-
mer length N . Many theoretical studies predict that the translocation time
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(a) HD, F = 1, snapshots at t = 0, 14 250, 115 038, τ = 143 724

(b) HD, F = 10, snapshots at t = 0, 10 020, 20 738, τ = 22 387

(c) No HD, F = 1, snapshots at t = 0, 24 357, 256 204, τ = 318 451

(d) No HD, F = 10, snapshots at t = 0, 20 135, 42 055, τ = 44 986

Figure 3.1: Snapshots of typical translocations in good solvent. The wall is
not shown but the pore is represented by the blue cylinder. N = 1600.
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(a) No HD, F = 1, snapshots at t = 0, 90 224, 153 731, τ = 154 608

(b) No HD, F = 10, snapshots at t = 0, 9737, 47 451, τ = 48 412

(c) No HD, F = 1, snapshots at t = 0, 125 414, 246 627, τ = 247 329

(d) No HD, F = 10, snapshots at t = 0, 8878, 18 070, τ = 18 117

Figure 3.2: Snapshots of typical translocations in bad solvent. The wall is
not shown but the pore is represented by the blue cylinder. N = 1600.
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Figure 3.3: The scaling 〈τ〉 ∝ Nα with different solvent qualities, and with
and without inclusion of hydrodynamic interactions. The forces are, from
top to bottom, F = 1, 3, 10. The measured scaling exponents can be found
in Table 3.2.



CHAPTER 3. RESULTS AND DISCUSSION 31

100 101
F

101

102

103

104

105

106

〈 τ〉

(a) Good solvent. Hydrodynamics.

100 101
F

102

103

104

105

106

〈 τ〉

(b) Good solvent. No hydrodynamics.

100 101
F

101

102

103

104

105

106

〈 τ〉

(c) Bad solvent. Hydrodynamics.

100 101
F

101

102

103

104

105

106

〈 τ〉

(d) Bad solvent. No hydrodynamics.

Figure 3.4: The scaling 〈τ〉 ∝ F−β with different solvent qualities, and with
and without inclusion of hydrodynamic interactions. The polymer lengths
are, from bottom to top, N = 25, 50, 100, 200, 400, 800, 1600. The mea-
sured scaling exponents can be found in Table 3.3.
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scales as 〈τ〉 ∝ NαF−β, where α = 1 + ν and β = 1 are often quoted (see
Section 2.2.2 for a more comprehensive summary of theoretical studies with
references). Computational studies report a wide range of scaling exponents,
suggesting that the translocation process is more complex than the theoret-
ical simplifications assume. The variety of scaling exponents obtained using
different computational methods and simulation geometries is unsurprising,
as even theoretical studies give several different scaling exponents depending
on the assumptions they make. See Milchev [91] for a review on theoretical
and computational results.

The scaling of τ was studied with the simulation setting described in Sec-
tion 3.1 using different polymer lengths and driving forces. The results are
presented in Figs. 3.3 and 3.4 and Tables 3.2 and 3.3. The time unit in
Figs. 3.3 and 3.4 is the simulation time unit. The expectation values given
are averages over all successful translocation runs. It was observed that es-
pecially for bad solvent and large forces there was a considerable tail in the
distribution of τ (see Fig. 3.5). Before calculating 〈τ〉 for each data point
in Figs. 3.3 and 3.4, the translocation times exceeding 5 ∗Median (τ) were
removed. For good solvent and smaller forces this procedure merely removed
the few outliers present in the data. For bad solvent and larger forces, how-
ever, truncating the tail means that the 〈τ〉 given in Figs. 3.3 and 3.4 can no
longer be considered a true estimate of the expectation value of the distribu-
tion.

The estimation of the parameters k and α in the relation τ = kNα was done
by applying the standard linear least squares fitting to the logarithms of k
and α. This is possible because log τ = α logN+log k. The fitting was made
via data points clearly retaining the scaling. The same method was used to
estimate β in the relation τ = kF−β.

The forces used in this work vary from F = 1 to F = 10. Using even larger
forces caused the average translocation times to increase and the scaling
τ ∝ Nα to break down due to beads getting stuck for extended periods of
time, an effect more likely attributed to the no-slip boundary condition than
physical grounds. Note that had a true estimate for 〈τ〉 been used instead of
the “truncated estimate”, the breaking of the scaling for F = 3 and F = 10
would have been even more profound. It is notable that the behavior of α
is non-monotonic as a function of F , increasing between F = 1 and F = 3
and then decreasing between F = 3 and F = 10. This is in contrast with
the work of Dubbeldam et al. [32], who predict that the scaling exponent α
increases as a function of F , and with several computational works [33, 52]
that argue that α monotonically decreases with increasing F .
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Figure 3.5: Distributions of the translocation times. N = 400.
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The scaling seen in good solvent (Fig. 3.3) is clear, and is retained even to
the longest polymers studied (N = 1600). The values of α presented here are
larger than the ones obtained by Lehtola et al. [53] using similar simulation
settings (SRD with MD, similar translocation geometry, etc.). In their work
the polymer was initially placed halfway in the pore, starting with equal
number of beads in equilibrium no the cis and trans sides. The initial beads
at equilibrium on the trans side decrease the initial entropic barrier and the
crowding near the mouth of the pore, thus accelerating the translocation.

Scaling was observed also for polymers in bad solvent. This result is not
in accord with Yang et al. [57], who studied polymer translocation under
hydrodynamic interactions with DPD method, and found no scaling of τ
with globulous configurations (bad solvent). In bad solvent the scaling breaks
down for larger force (F = 3, 10). The variance of the translocation times is
larger in bad solvent than in good solvent, as can be seen in Fig. 3.5.

As can be seen in Fig. 3.4, the scaling law τ ∝ F−β is observed to reasonable
accuracy. Hydrodynamic interactions do not have drastic effect on β whereas
the exponents for good and bad solvents differ (β ≈ 0.8 for good solvent and
β ≈ 1 for bad solvent).

In Fig. 3.6 the τ ∝ Nα relations are presented as comparison for different
solvent qualities and hydrodynamic effects. It can be seen that hydrodynamic
interactions accelerate the translocation. Similar effect was observed by Fyta
et al. [45] who used Lattice-Boltzmann method for fluid simulation, and
Lehtola et al. [53] who used stochastic rotation dynamics.

3.2.3 Radius of gyration

As discussed in Section 2.3.4, the radius of gyration of a polymer can be
used to determine whether or not it is at equilibrium. Rg of a polymer at
equilibrium should scale as Rg ∝ N ν . In Fig. 3.7 it can be seen that for
a polymer in good solvent ν ≈ 0.63 for small N . This result is in good
agreement with the theoretical calculations introduced in Section 1.1.3. A
polymer in bad solvent tends to collapse into globule, giving a considerably
smaller value ν ≈ 0.31.

Figures 3.8 and 3.9 show the “dynamic” Rg as a function of Ncis , the number
of beads on the cis side. Here the values of Rg are averages over conforma-
tions of translocating polymers, each for a fixed Ncis . Deviation from the
equilibrium Rg clearly demonstrates that translocating polymers immersed
in a good solvent are out of equilibrium during their translocation. However,
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Figure 3.6: Effect of solvent quality and hydrodynamics on translocation
time. Hydrodynamic interactions accelerate the translocation. Increasing
the force accelerates the translocation of small chains in bad solvent relatively
more than in good solvent, but the scaling breaks down for longer chains in
bad solvent.
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Figure 3.7: Radius of gyration of polymers in equilibrium. The Flory ex-
ponents are ν ≈ 0.63 for good solvent (upper plots) and ν ≈ 0.31 for bad
solvent (lower plots).

in bad solvent the polymers maintain their equilibrium conformations, except
for large driving force near the end of translocation (small Ncis).

In Section 3.2.1 it was observed that the polymers in simulations performed
without HD tend to assume the stem shape earlier and have the trans side
more crowded with beads than the corresponding polymers in simulations
performed with HD. To confirm this observation quantitatively, the evolution
of the dynamic Rg on the trans and cis sides is presented in Fig. 3.10. It
can be seen that Rg is slightly further from the equilibrium value (smaller
on the trans side and larger on the cis side) without HD than it is with HD.
Larger Rg on the cis side indicates that the tension has propagated further
and smaller Rg on the trans side indicates that a larger number of beads is
packed near the mouth of the pore. The difference in the magnitudes of the
deviation is smaller for F = 10 than for F = 1. In bad solvent the polymers
do not significantly deviate from the equilibrium on either side.

As the polymers simulated with HD resemble Zimm chains and the polymers
simulated without HD resemble Rouse chains, the explanation of the devi-
ation from equilibrium lies in the different relaxation times. Zimm chains
relax to equilibrium faster than Rouse chains of the same length (τr ∝ N3ν

for Zimm vs. τr ∝ N2 for Rouse, see Section 2.3.4), implying that the poly-
mers simulated with HD maintain conformations closer to equilibrium during
the translocation than the polymers simulated without HD. Note that the
faster relaxation for chains under HD compensates their increased transloca-
tion velocity (smaller translocation times), which would intuitively drive the
polymers further into non-equilibrium. The difference in dynamic Rg is not
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Figure 3.8: Radius of gyration of the translocating polymers on the cis
side in good solvent (dashed lines). The dynamic Rg deviates from the
equilibrium Rg (solid line). The chain lengths are, from bottom to top,
N = 25, 50, 100, 200, 400, 800, 1600.
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Figure 3.9: Radius of gyration of the translocating polymers on the
cis side in bad solvent (dashed lines). The dynamic Rg does not
deviate from the equilibrium Rg (solid line). The chain lengths are
N = 25, 50, 100, 200, 400, 800, 1600.
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Figure 3.10: Deviation of Rg on trans (increasing plots) and cis (decreasing
plots) sides from the equilibrium (black lines), as a function of the translo-
cation coordinate, with and without HD. N = 400.
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Figure 3.11: Drag distance

large and decreases as the driving force is increased.

3.2.4 Tension propagation

As explained in Section 2.2.2, tension propagates along the polymer backbone
during a forced translocation as the drag caused by the field inside the pore is
mediated to a growing number of beads. As tension propagates the polymer
straightens. For the first time this mechanism has been computationally
characterized by registering the number of moving beads by Lehtola et al.
[53, 59]. Here the process is investigated more precisely.

The local straightening of a polymer can be studied by measuring the distance
of two beads displaced by two positions (see Fig. 3.11). The straighter the
polymer is (θ close to π), the larger the distance. We define

di = ‖~xi+1 − ~xi−1‖ . (3.1)

In Figs. 3.12 and 3.13 every di (sampled once every SRD step and averaged
over all the simulation runs) are shown as a function of the translocation
coordinate s. Here s is defined as the index of the bead that last entered the
trans side.

Figure 3.12 shows that a polymer immersed in good solvent straightens as
the translocation proceeds. The straightening is clearer for stronger driving
force.

As demonstrated in Sections 3.2.1 and 3.2.3, a polymer immersed in bad
solvent maintains its globulous conformation throughout the whole translo-
cation process. It is thus expected that tension does not propagate through
the polymer backbone, as can indeed be seen in Fig. 3.13.

Tension propagation can be studied further by defining the number of beads
that are “in drag”, i.e. the number of beads affected by the pore force me-
diated by the polymer backbone. The distance di for a maximally dragged
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Figure 3.12: The drag distances of each bead as a function of the transloca-
tion coordinate. Good solvent. N = 400.
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Figure 3.13: The drag distances of each bead as a function of the transloca-
tion coordinate. Bad solvent. N = 400.
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Figure 3.14: Comparison of the number of beads in drag and the waiting
times as a function of the translocation coordinate in good solvent. The units
are arbitrary and chosen to visually match the plots of the two quantities,
in order to demonstrate their linear dependence (without HD) or the lack of
their linear dependence (with HD).
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bead is di = 2σ and the distance for a bead at rest is of the order di ≈ 2νσ
(see Section 1.1.2). Starting from the bead at s, an uninterrupted sequence
of beads for which di >

1
2
(2 + 2ν)σ (where ν = 0.588) are considered to be

in drag. The length of the sequence is denoted as ND. For F = 1 a smaller
threshold di > 1.65σ was used because it gave significantly better resolution
of ND than di >

1
2
(2 + 2ν)σ ≈ 1.75σ.

A clear connection can be seen between tension propagation and the dynam-
ics of a translocating polymer by comparing the number of beads in drag to
waiting times. Waiting time WT (n) of the bead n is defined as the differ-
ence WT (n) = τn − τn−1, where the translocation time τn is defined as the
moment when the bead n exits the pore to the trans side for the last time,
averaged over the simulations.

Comparing WT and ND as a function of s reveals that they are approximately
directly proportional to each other when hydrodynamics is removed from
the simulation (see Fig. 3.14). For simulation runs where hydrodynamics is
retained, the plots are considerably more dissimilar.

The linear correspondence of WT and ND can be explained with a simple
model. We consider the beads from s to s+ND to be the only non-stationary
beads affecting the translocation dynamics (the other beads being at rest).
Given ND, the driving force F must balance the friction experienced by ND
beads moving with constant velocity v towards the pore. The force balance
equation is F − NDγv = 0, or v−1 ∝ ND. Hence the time required for
the next bead to reach the pore is given by WT ≈ σ/v ∝ ND. The linear
proportionality is broken when hydrodynamic interactions are introduced due
to the friction no longer being directly proportional to the number of beads
in drag.

3.3 Comparison of polymer translocation and

capsid ejection

Capsid ejection discussed in Section 2.4 is a process with similarities and
differences to polymer translocation. These two processes were compared by
Linna et al. [89] in a study to which the author of this thesis contributed. The
simulation settings and geometry are described in Section 2.4. This section
briefly summarizes the conclusions of that study.

Both in capsid ejection and driven translocation the polymer is in an initial
state (in capsid ejection the polymer confined in the capsid and in driven
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translocation the polymer in located on the cis side) and during the pro-
cess moves through the pore to a space where it has lower free energy. The
difference is that while in driven translocation a driving force is caused by
difference in the chemical potential between cis and trans sides, in capsid
ejection the polymer naturally moves from the confined space to the entrop-
ically preferred unconfined space without any force bias.

The immediate cause for capsid ejection is the pressure induced by the
monomers inside the capsid on the monomers inside the pore. As demon-
strated by Linna et al. [89], the probability of a successful capsid ejection
is low unless the density of monomers initially inside the capsid (implying
larger pressure) is sufficiently high. An ejection is considered failed if all the
monomers initially inside the pore retreat into the capsid. While in driven
translocation the driving force is constant during the whole process, in capsid
ejection the pressure inside the capsid decreases as more beads escape from
it. Another notable difference is that due to the confinement, tension propa-
gation does not occur with small capsid sizes (or equivalently large monomer
densities).

Despite the differences in dynamics, scaling τ ∝ Nα of ejection time τ can be
observed also for capsid ejection. The scaling exponent is not universal but
depends on the monomer density ρ, defined as the number of monomers per
volume unit. The scaling exponents were the largest for low initial monomer
densities (e.g. α = 1.35 for ρ = 0.002 and α = 1.24 for ρ = 0.02). For high
enough densities the polymers were completely confined inside the capsid
(implied by Rg scaling of Rg ∝ N

1
3 when the density is fixed), lowest such

density being ρ ≈ 0.25. The scaling starts to break down in completely
confined initial conformations. However, a scaling exponent of α ≈ 1.15 was
obtained for short chains (N ≤ 100) for ρ = 0.5. The breaking of scaling
for completely confined polymers is similar to the breaking of scaling for
translocation in bad solvent, in which the polymer also assumes a globulous
initial conformation.

The guiding force near the pore mouth described in Appendix A was origi-
nally introduced in the capsid ejection simulations as a method to deal with
consequent beads getting drifted far apart from each other near the pore
mouth due to the no-slip boundary conditions. While inclusion of the guid-
ing force is not strictly necessary outside the capsid, its omission was observed
to have a dramatic effect on the ejection process. For low polymer density
of ρ = 0.001 the introduction of asymmetric pore caused the probability of
an ejection to increase from 0 to 0.962, while the exponent α for ρ = 0.5
decreased from 1.67 to 1.15. Hence, introducing asymmetrical guiding force



CHAPTER 3. RESULTS AND DISCUSSION 47

enabled ejection for even the lowest densities and accelerated ejection in the
density regions where ejection was possible for both symmetrical and asym-
metrical pores.

Undriven polymer translocation can be thought as the large capsid (or equiv-
alently low density) limit of capsid ejection. An asymmetrical guiding force
can also be introduced in translocation simulations as an alternative to an
explicit driving force. It was observed that for pore force f ≈ 0.83 the expo-
nents α for driven translocation and undriven translocation with asymmetric
pore coincide (α = 1.37 and 1.36 respectively).

The generic similarity of translocation and capsid ejection processes was also
studied by investigating the distribution of short transitions, or events, during
these processes. An event is defined as the distance a bead inside the pore
travels before changing direction. The study of event distributions is outside
the scope of this thesis. See Linna et al. [89] for further details.



Chapter 4

Conclusion

In this work the polymer translocation process was studied using a hybrid
method, where the fluid is simulated using stochastic rotation dynamics
(SRD) algorithm and the polymer is simulated using molecular dynamics
(MD) techniques. The computational results obtained were compared to
other computational and theoretical work. The simulations included hydro-
dynamic interactions mediated by explicit solvent particles, and the compar-
ison of the effect of different solvent qualities on the translocation process
was made. Due to the parallelization of the SRD and MD algorithms, long
polymer chains (N = 1600) could be equilibrated and their translocation
simulated.

Scaling of the expected translocation time in driven polymer translocation
was found to follow the power law τ ∝ NαF−β for polymer lengths spanning
at least two orders of magnitude (25 ≤ N ≤ 1600). The scaling exponent α
was not found to be universal, as it depends on the driving force F . Hydrody-
namic interactions were found to accelerate the translocation. Larger values
of α were obtained in simulations with HD removed compared to those simu-
lations in which HD was retained. Scaling was found for polymers immersed
in either good or bad solvent.

The power law was found to break down for large forces and long chains. For
a polymer in bad solvent scaling was observed only for driving force f = 1,
while for a polymer in good solvent scaling was observed up to f = 10.1 The
force f is a force experienced by a single bead inside the pore, making the
total driving force experienced by the polymer 3f .

1The forces denoted by lower case f are in dimensionless units, f = Fσ
kBT

, where σ is the
length scale parameter in Lennard-Jones potential (see Section 2.3.1). The σ parameter
gives a relevant length scale for the whole system.
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Besides studying the translocation times, translocation as a non-equilibrium
process was characterized. As a qualitative approach, snapshots of the actual
polymer conformations during the translocation were inspected. Quantita-
tive approaches included studying the evolution of the radius of gyration
and the straightening of the polymer as the translocation progresses. It
was found that a polymer in bad solvent maintains its globulous equilibrium
shape during the whole translocation process, while a polymer in good solvent
straightens during the translocation, allowing tension to propagate through
the chain. In good solvent, polymers simulated with hydrodynamic interac-
tions maintained conformations closer to equilibrium than those simulated
without HD. This result is slightly counter-intuitive because the polymers in
simulations with HD translocate faster than the polymers simulated with-
out HD, suggesting that they would be driven further into non-equilibrium.
It can be concluded that the shorter relaxation time with HD more than
compensates for their difference in translocation velocity.

The author hopes that the results presented in this thesis, and especially the
parallelized SRD and MD algorithms developed for running the simulations,
prove to be useful in further studies in the field of polymer dynamics.



Bibliography

[1] J. J. Kasianowicz, E. Brandin, D. Branton, and D. W. Deamer. Char-
acterization of individual polynucleotide molecules using a membrane
channel. Proc. Natl Acad. Sci. USA, 93:13770–13773, 1996.

[2] J. E. Moisio, R. P. Linna, and K. Kaski. Driven polymer translocation
in good and bad solvent. To be submitted for publication, 2014.

[3] M. Doi and S. F. Edwards. The Theory of Polymer Dynamics. Clarendon
Press, 1986.

[4] Bruce J. Berne and Robert Pecora. Dynamic Light Scattering with Ap-
plications to Chemistry, Biology and Physics. John Wiley & Sons, Inc.,
1976.

[5] Murugappan Muthukumar. Polymer Translocation. CRC Press, 2011.

[6] Pierre-Gilles de Gennes. Scaling Concepts in Polymer Physics. Cornell
University Press, 1979.

[7] J. P. Cotton. Polymer excluded volume exponent ν: An experimental
verification of the n vector model for n = 0. Journal de Physique Lettres,
41:231–234, 1980.

[8] F. T. Wall, S. Windwer, and P. J. Gans. Monte Carlo study of coiling
type modecules. I. macromolecular configurations. Journal of Chemical
Physics, 38:2220–2227, 1963.

[9] C. Domb. Self-avoiding walks on lattices. Advances in Chemical Physics,
15:229–259, 1969.

[10] D. S. KcKenzie. Polymers and scaling. Physics Reports, 27:35–88, 1976.

[11] Paul J. Flory. Principles of Polymer Chemistry. Cornell University
Press, 1953.

50



BIBLIOGRAPHY 51
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Appendix A

Capsid model

Capsid walls are inflexible and interact with the beads through no-slip bound-
ary conditions. While this is usually a sufficient approximation, it can cause
unphysical bond breaks between beads inside the pore and outside it (see
Fig. A.1(a)). A small guiding force can be applied to the two beads that are
next to enter and have previously left the pore.

Using the symbols from Fig. A.1(b), the guiding force is set to

~F = −αk~d, (A.1)

where k is the harmonic constant used for the pore force. The form of
Eq. (A.1) can be justified by noting that as α is the “fraction of the bond
inside the pore”, the force smoothly increases from zero to the full pore force
as the bead approaches the mouth of the pore.

Solving α and ~d is a straightforward task. For a capsid of radius R we have

‖(1− α)~xi + α~xj‖2 = R2

(1− α)2 ‖~xi‖2 + 2(1− α)α~xi · ~xj + α2 ‖~xj‖2 = R2 (A.2)

‖~xij‖2 α2 + 2(~xi · ~xij)α + ‖~xi‖2 = R2,

where ~xij = ~xj − ~xi.
Solving for α gives

α =
−~xi · ~xij ±

√
(~xi · ~xij)2 − ‖~xij‖2 (‖~xi‖2 −R2)

‖~xij‖2 , (A.3)

where the sign of ± is chosen to satisfy α ∈ [0, 1]. When ~xi is the bead inside
the pore and ~xj is the one outside it, minus sign is chosen for the beads
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(a) The bead outside the pore is stuck
due to no-slip boundary conditions
while the bead inside the pore is pulled
away from it due to the harmonic field
in the pore.

d

b

F

xij

(b) The problem can be avoided by ap-
plying a fraction of the pore-force to
the bead entering to or exiting from the
pore.

Figure A.1

entering the pore from the capsid and plus sign for the beads ejecting from
the pore.

The vector ~d is given by ~d = −(~b + α~xij), where ~b is a vector from the pore

axis to the bead at ~xi (see Fig. A.1(b)). The component of ~b parallel to the

pore axis does not need to be calculated as ~d is always projected so that it
is perpendicular to the axis. Substituting to Eq. (A.2) gives

~F = αk
(
~b− α~xij

)
(A.4)


