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The distortion due to the mechanical stresses from manufacturing issues and the
operation of electrical machines are known to have adverse effect on the magnetic
properties of electrical iron core and due to the stress dependency of iron core
losses, it is therefore imperative that we account for the stresses from the different
conditions causing mechanical stresses in a rotating electrical machine.
This work presents a 2-D FE-analysis of the mechanical stresses due to shrink
fitting, centrifugal forces and the magnetic forces in a 4-pole, 3-phase synchronous
reluctance machine at rated frequency of 50 Hz. The stresses due to shrink fitting
and centrifugal forces were computed by solid mechanics method, while the stresses
due to magnetic forces were computed using both magnetic field method and
solid mechanics method. The total mechanical stress distributions from all stress
sources were obtained using a weakly coupled approach. It was found that shrink
fitting causes a very large tensile stress at the rotor core and compressive stress in
most part of the stator yoke, but have almost no effect at the stator teeth. The
centrifugal forces also contribute to the total tensile stress of the rotor core. The
magnetic forces have the least effect on the total stress distribution of the machine.
The combined stresses obtained are mostly tensile at the rotor core and compressive at most part of the stator yoke, while the stator teeth were under low tensile
stress due to the magnetic forces. The presence of flux barriers between flux
paths at the rotor core causes large stresses to distribute at the bridge between
flux barriers near the fit interface. Increase or decrease of the radial interference
and/or frequency increases or reduces the total mechanical stress distribution of
the machine.

Keywords: mechanical stress, shrink fitting, centrifugal force, magnetic forces,
solid mechanics, rotating machinery method, FE-analysis, weakly
coupled
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1
1.1

Introduction
Background

An electrical machine is a device which converts electrical energy to mechanical energy and vice versa. In rotating electrical machines, the energy conversion process
involves the use of magnetic materials which amplify and direct the magnetic flux
that act on the medium thereby producing torque and machine output.
In the past decades, several developments have been made in the optimization and
improvement of rotating electrical machine design and this trend has led to the
development of models that evaluate losses in electrical machines with the opt for
developing efficient model which enables the design of machine with minimum losses.
Several researches have been made and models have been developed which account
for the various contribution of losses in electrical machines. The computation of
the iron core losses is imperative in the evaluation of machine efficiency. Accounts
from recent research have shown that iron core losses are stress dependent and that
mechanical stresses have adverse effect on the magnetic properties of electrical iron
lamination sheet. The mechanical stresses in the iron core of a rotating electrical
machine can be caused by different manufacturing processes such as shrink fit or
force fit of the shaft to rotor core and the stator to the machine frame, cutting or
punching of the stator slots and the rotor slots in the case of induction machines,
stamping and other conditions such as centrifugal forces on the rotating rotor and
magnetic forces caused by the rotating magnetic field.
In this work, the 2-D finite-element analysis of the mechanical stresses due to shrink
fitting, centrifugal forces and magnetic forces in the rotor and stator core of a synchronous reluctance machine are investigated. The knowledge of these stresses is
important in the analysis of iron core losses. Iron loss is important issue in synchronous reluctance machine as it could result to the main source of power loss.
The problem of core losses has been an important subject in the design of electrical
machine and has led to several experimental investigations in attempt to develop an
efficient model for the computation of total iron core losses.
The magnetic properties of electrical machine are known to be affected by mechanical stresses. These stresses could result from manufacturing issues such as shrink
fitting, stamping, punching and cutting, or from centrifugal forces and magnetic
forces in a rotating electrical machine. The analysis of the total iron core losses is
important in the design optimization of electrical machines and because of the stress
dependency of iron core losses; the knowledge of the mechanical stress distribution
in the electrical machine is important.
The subject of magneto-mechanical effect on ferromagnetic material is also important subject which gives the purpose of this thesis a meaning. The subject describes
the change in the magnetization of magnetic materials resulting from a change in
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applied stress under a constant applied field. In the past decades, several experimental investigations have been made to demonstrate the stress dependency on
magnetization in ferromagnetic materials and also in the stress effect in iron core
losses. An overview of some of the researches on this subject shall be discuss in the
next section of this thesis.

1.2

Objective of this Work

The objective of this work is to develop a 2-D finite-element analysis of the mechanical stress distribution in a synchronous reluctance machine. The stresses should
account for the effect of shrink fitting from manufacturing process, the centrifugal
forces from the rotating shaft and rotor core and magnetic forces from the rotating magnetic field. Furthermore, the total mechanical stresses distribution due to
shrink fitting and magnetic forces at the stator core and that due to shrink fitting,
centrifugal force and magnetic forces at the rotor core and shaft are computed for
the synchronous reluctant machine.

1.3

Thesis Outline

Finite–element method (FEM) is an important tool in the field of engineering and
it plays an important role in predicting the characteristics of engineering materials.
In this work, finite-element-method is used in the numerical computation of the mechanical stress distribution and also predicting the stress distribution in a reluctance
machine model.
In this Section, we have introduced the purpose and objectives of this thesis and the
background of this work has been briefly discussed. Section 2 is the literature review
of some scientific work which plays important roles to the purposes and objectives of
this thesis. Section 3 will present a detailed description of the methods implemented
in this work while the results obtained from the investigation are presented in Section
4 with detailed interpretation of the findings. Finally, the results of the investigation
are discussed in Section 5 with statement of challenges encountered and how to
remedy these challenges for future investigation.
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2

Literature Review

The aim of this work is to predict the two-dimensional mechanical stress distribution
in a synchronous reluctance machine due shrink-fit, centrifugal forces and magnetic
forces by finite-element method. The knowledge of the stresses and the conditions
that cause the stress distributions are important in the computation of iron loss in
electrical iron sheet; owing to the stress dependency of iron loss. This knowledge
is also useful in the design optimization of electrical machines, such that the stress
dependent factors conditions (such as radial interference in shrink fitting) are implemented in design optimization to obtain a machine with minimal stress and core
losses.
In this section, researches which give important insights to the objective of this
thesis are discussed. This includes the magnetic and mechanical analysis, forces,
shrink fit, stress computation, iron losses and stress, magnetization curve and stress
and coupled magneto-mechanical analysis.

2.1

Magnetic Field Analysis

In the study of electrical machines, knowledge of the magnetic field is needed in
the machine design. The magnetic field may be solved from the Maxwell equations.
However, the solutions of field equations are laborious due to the complicated geometries and the nonlinearity due to the saturation of iron core. The magnetic field
is computed using finite element method in two-dimensions. In this work, the finite
element method used is based on the A–Φ formulation of the magnetic field.

Maxwell’s Equations
∂B
∂t
∂D
∇×H =J +
∂t
∇·D =ρ
∇·B =0
∇×E =−

(2.1)
(2.2)
(2.3)
(2.4)

In the work by (Arkkio, 1987), an electrical machine is treated as a quasi-static
magnetic system and the Maxwell’s equations are reduced to

∇×E =−
∇×H =J

∂B
∂t

(2.5)
(2.6)
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and the constitutive material relations are
H = νB
J = σ̄E

(2.7)
(2.8)

Using the magnetic vector potential A and electric scalar potential Φ given by
B =∇×A
∂A
− ∇Φ
E =−
∂t

(2.9)
(2.10)

The equations for the vector and scalar potential obtained are by substitution, these
are given as

∂A
+ σ̄∇Φ = 0
∇ × ν∇ × A + σ̄
∂t

∂A 
∇ · σ̄
+ ∇ · σ̄∇Φ = 0
∂t

(2.11)
(2.12)

The "Coulomb’s gauge" condition is commonly used for the sake of solution uniqueness. This condition is satisfied implicitly in two-dimensional cases and is given
by
∇·A=0

(2.13)

The possibility of a two-dimensional model, in which the geometry and material
properties are independent of the z-coordinate, makes the solution of field equation
much easier to obtain. The vector potential and current density are given by
A = A(x , y, t)e z
J = J (x , y, t)e z

(2.14)

Where x and y are Cartesian spatial coordinates and e z is a unit vector parallel to
the z-axis. The components of the flux density in two-dimensional field problems in
the Cartesian coordinate system are
∂A
∂y
∂A
By = −
∂x

Bx =

(2.15)
(2.16)
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The two-dimensional formulation for a voltage driven electrical machine connected
to the network with conductor of cross-section S has the voltage equation

u = RI + R

w
S

σ̄

∂A
· dS
∂t

(2.17)

This is solved simultaneously with equations (2.11) and (2.12). The complete derivation is given in (Arkkio, 1987). The equation for the vector potential obtained is
given by

∂A
σ̄
∇ × ν∇ × A + σ̄
= Ue z
∂t
l

(2.18)

Where U is the potential difference between ends of the conductor, σ̄ is the conductivity, l is the length of the conductor. The expression (2.18) is implemented in
finite-element methods to solve magnetic field problems in electrical machines.

2.1.1

Magnetic Forces Calculation

In this section, overviews of some methods used in the calculation of the magnetic
forces are discussed. The magnetic forces acting on a ferromagnetic material in
electrical machines are of two kinds: the magnetization forces and the J × B forces
(Kank et al., 2006). There exist several formulation for computing magnetic forces
which give the same total force acting on a machine surrounded by air (Carpenter,
1960; Bastos and Sadowski, 2003; Bianchi, 2005). These formulations are either
based on the solutions from the vector potential equations or the force density over
the magnetic surfaces. The methods used in the computation of magnetic forces
include
1. Maxwell stress tensor method
2. Virtual Work Method
3. Lorentz force method
In the computation of magnetic forces, the two methods that are often used today
are the Maxwell’s stress tensor method and the principle of virtual works method;
though there have not been any official agreements as to which formulation best
describe the mechanical effect of magnetism.
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2.1.1.1

Maxwell Stress Tensor Method

The Maxwell’s stress tensor permits the fast computation of the magnetic forces
acting on a body in an electromagnetic field. This method is extensively used in
computer programs for the numerical computation of magnetic field problems and is
applied in the calculation of magnetic forces acting on the rotor or stator of rotating
electrical machine.
In this method, the forces are calculated by first selecting the surface that encloses
the machine part e.g. rotor or stator of the machine. We then integrate over the
enclosed surface; in which the quantities are defined by the potential which describes
the domain. For a body characterized by permeability µ0 and flux density B, the
Maxwell’s stress tensor expressed in the Cartesian coordinate system is given as


1 2
2
B x By
Bx Bz 
Bx − 2B


1 

1 2
2
τ =
 B y Bx
By B z 
By − B

µ0 
2


1
2
2
B z Bx
Bz B y
Bz − B
2

(2.19)

Applying the divergence of the stress tensor gives the force density of the body.
The total force of the body is obtained by the volume integral of the force density
(Bastos and Sadowski, 2003; Belahcen, 2004). For an enclosed cylindrical surface Γ
in an air gap of a machine, the total magnetic force acting on the body reduced to
I
F =
Γ

1 2
1
Bn B −
B n
µ0
2µ0

!
dΓ

(2.20)

this is also expressed as
I
F =
Γ

1
1
(Bn2 − Bt2 )n + Bn Bt t
2µ0
µ0

!
dΓ

(2.21)

where n and t are the normal and tangential unit-vector outward to the differential
surface dΓ respectively. This method was implemented in the computation of the
forces on a rotor slot region in (Kank et al., 2006). It was found that the forces in
these region have two components: one due to the J × B force acting on the rotor
conductor while the other is the magnetization force which acts on the rotor core.
2.1.1.2

Virtual Work Method

This method uses the principle of virtual work for calculating magnetic forces. It
is based on the variation of the energy between two different positions and thus
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comparing the energy balance between two different position which correspond to
the virtual change of the object position in the direction of the force computation
(Bianchi, 2005). The Magnetic forces are obtained as a derivative of the energy or
co-energy versus the displacement of the moveable parts. For an electrical machine
with vector potential A, the magnetic energy is given by

W =

w  wB


H · dB dΩ

(2.22)

0

Ω

and the total magnetic force acting on the machine is given by

F =−

∂W
∂s

(2.23)

The methodology for theoretical and numerical computation of the global magnetic and electric force acting on movable electromagnetic devices are presented in
(Coulomb, 1983; Coulomb and Meunier, 1984).
2.1.1.3

Lorentz Force Method

This method is used to calculate the total force acting on a current carrying conductor due to magnetic field. The force density within the conductor is given by
J × B. The total force obtained by volume integration is given by

F =

w


J × B dV

(2.24)

V

Where J is the current density and B is the magnetic flux density.
The radial component (stress) and the circumferential component (shear) are obtained by separating the quantity inside the integral in equation (2.21). This replaces
the indices n and t with r and ϕ for a cylindrical rotor surface; we have

σr =


1  2
Br − Bϕ2
2µ0

(2.25a)

σθ =


1
B r Bϕ
µ0

(2.25b)
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2.2

Mechanical Analysis

The knowledge of the stress in a rotating electrical machine is imperative for machine efficiency evaluation; owing to the stress dependency of iron losses. The factors
which cause the losses in electrical machines could be attributed to the movement
of domain walls in the micro-structures due to mechanical or electrical processes.
The mechanical analysis of electrical machines describes the major transition caused
by mechanical processes involving the materials’ response to the forces: which could
be elastic properties causing mechanical stresses, deformation or loss energy as heat
from damping effect in the case of applied oscillatory or pulsing forces (Menard,
2002). The mechanical analyses of an electrical machine simply predict the changes
in the displacement field and properties of the iron core material when subjected to
an external applied load.
The change in the displacement field causes changes in the machine structural geometry which result to mechanical stresses. These stresses in rotating electrical
machines could be due to issues from manufacturing processes such as cutting or
punching of the winding slots, stamping and shrink fitting. They could also occur
in the operation of the electrical machine; as centrifugal forces at the rotating rotor
core and electromagnetic forces from the rotating magnetic field. Predicting the
mechanical stress distribution in a synchronous reluctance machine is the goal of
this work and in order to achieve this goal, it is important to understand how these
stresses are computed. This shall be discussed in the next section.
2.2.1

Stress Calculation

The effect of mechanical stress can be seen in any engineering structure or mechanism
which is subjected to an external force arising from the service condition or the
environment in which the component operates; for example, an electrical machine is
subjected to magnetic forces in a magnetic field. If the components or members are
in equilibrium, the resultant external force will be zero, but the reaction (internal
forces) set up within the material tend to deform the members. The deformation of
the member is the result of the force acting per unit area on the member. Thus
Stress σ = F/S

(2.26)

Where F is the force acting on the cross-sectional area S of the structure. The
stress acting on a component can be either tensile (positive) stress or compressive
(negative) stress.
Principal stresses
In the case of any stress tensor τ , there is a coordinate system where all offdiagonal components are zero (shear stress vanishes), whereas the diagonal com-
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ponents are non-vanishing. The remaining normal stress components are called
principal stresses. These stress components are


E
(1 − υ)x + υ(y + z )
(1 + υ)(1 − 2υ)


E
σy =
(1 − υ)y + υ(z + x )
(1 + υ)(1 − 2υ)


E
(1 − υ)z + υ(x + y )
σz =
(1 + υ)(1 − 2υ)
σx =

(2.27a)
(2.27b)
(2.27c)

These expressions are generally implemented in finite-element software for calculating the mechanical stresses in a geometry when the shear stresses are neglected.
2.2.2

Shrink Fitting

Shrink fitting is a manufacturing process which involves fitting of one cylinder over
another. It is usually done for two or more cylinders; the smaller cylinder with outer
diameter slightly larger than the inner diameter of the bigger cylinder as shown in
Figure 1. The bigger cylinder is heated until the inner diameter is expanded; subsequently, it is slide onto the smaller cylinder and allowed to cool to room temperature:
for which both the smaller (inner) and bigger (outer) cylinders attain a common radius c called the joint radius. The initial extra radial length on the outer radius of
the inner cylinder before the shrink fitting is known as the radial interf erence.

Figure 1: Geometry of inner (left) and outer (right) cylinders after shrink-fit.
The stress distribution due to shrink fitting result can be calculated analytically
from a simple expression known as the Lamé’s equation. This method neglects the
effect of temperature and it is easily applied when the contact pressure pc in the
shrink fitted geometry is known and the geometry is cylindrical and symmetric;
consequently there is no shearing stress in the transverse plane therefore setting the
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principle stresses on that plane (Hearn, 1997a,b). The radial and tangential stress
distribution as stated in (Takahashi and Miyagi, 2011; Hamrock et al., 1999; Özel
et al., 2005) for the inner cylinder are given by
 2

p c c2
a
−1
σr = 2
c − a2 c 2
 2

p c c2
a
+1
σθ = 2
c − a2 c 2

(2.28)
(2.29)

while for the outer cylinder, the stresses are given by

p c c2
σr = 2
1−
b − c2

p c c2
1+
σθ = 2
b − c2

b2
c2



b2
c2



(2.30)
(2.31)

σr and σθ are the radial and circumferential stress respectively and a, b and c are the
radii of the compound cylinder. The total radial interference for the shrink-fitted
geometry is given by
c 2 + a2
b2 + c 2
υo
υi
+
−
δ = cpc
+
2
2
2
2
Eo (b − c ) Eo Eo (c − a ) Ei



(2.32)

Ei , υi and Eo , υo are the Young’s Modulus and Poisson ratio of the inner and outer
cylinders respectively. These expressions are implemented in the solutions of the
analytical problems for shrink-fit computation in cylindrical geometries.
The stress distribution due to shrink-fit in a symmetric isotropic material can also
be obtained more accurately using the expression for a plain-strain condition given
in (Bickford, 1998). In this expression, the physical material properties are taken
into consideration in the stress calculations. Neglecting the effect of change in
temperature, the equation for the radial, tangential and axial stresses for a shrink
fitted cylindrical geometry are given as

σr =


E
(1 − υ)r + υθ
(1 + υ)(1 − 2υ)

(2.33)

σθ =


E
(1 − υ)θ + υr
(1 + υ)(1 − 2υ)

(2.34)

σz = υ σr + σθ



(2.35)
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r and θ are the radial and tangential strain.
Researches that have investigated the effect of shrink fitting on the magnetic properties of iron core in electrical machines are few. Some of the recent investigations
on this subject are discussed here.
Fujisaki et al. (2005) demonstrated experimentally the effected of shrink fit and
stamping on the mechanical stress and iron loss distribution on the electrical steel
of stator core. The investigation was accompanied by a numerical calculation of
the iron loss distribution in comparison to the experimental measurements (Fujisaki
et al., 2007). Data obtained reveal that iron loss decreases with a decrease in the
compressive mechanical stresses resulting from shrink fitting. The results also show
that the iron loss become larger as the width of shrink fit increases.
Takahashi et al. (2008) also investigated the effect of compressive stress from shrink
fit on magnetic properties of electrical motor core. The analysis examined shrink
fit, punching and the effect of eddy current loss on a permanent magnet motor;
comparing the finite-element method results with measurement results. The BH curve and iron loss of stator core of an actual shrink-fit motor were measured.
The stress effect of the shrink fitting was found to cause about 50% reduction in
permeability, while the iron losses were increased by 30% in comparison to the result
obtained without shrink-fit. Furthermore, Takahashi and Miyagi (2011) analyzed the
mechanical stress distribution due to shrink fit of motor core and also examined the
mechanical stresses in the circumferential and radial directions using strain gauges.
The experimental data shows that large compressive stresses develop at the stator
yoke due to shrink-fit. The effect of compressive stress in the longitudinal direction
of a non-oriented electrical steel lamination grade was also measured. Takahashi
found that at compressive mechanical stress less than 50 MPa the permeability
decreased and iron loss increased rapidly.
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2.3

Iron Losses and Stresses

The prediction of iron loss in electrical iron steel sheet has been a difficult and
challenging task in spite of the numerous numbers of researches done in the field of
electromagnetics and in electrical machines modeling. This has led to the development of several models for predicting iron losses in electrical steel sheets. In recent
years, several researches have been made which studied the stress dependency of
iron losses in electrical steel sheets; some of these literatures are reviewed here.
2.3.1

Theory of Iron Losses

The investigation of the losses in ferromagnetic laminations when supplied by a sinusoidal flux waveform was conducted by Steinmetz (1892) and Bertotti (1988). They
found that the losses approximately obeys certain power function of the magnetization frequency f and the peak flux density B̂. The total iron loss was separated by
Steinmetz into losses from magnetic hysteresis and eddy-currents expressed as
PFe = Ph + Pe
= kh f B̂ 1.6 + ke f 2 B̂ 2

(2.36)

kh and ke are coefficient that depend on material properties. Over the years, several
different modifications have been made on the so called loss separation approach.
Bertotti separated by statistical theory the total iron losses in soft ferromagnetic
material into hysteresis loss, classical loss and the excess loss with the frequency
and sinusoidal peak flux density expressed as
PFe = Ph + Pe + Pex
p
σ̄π 2 d2 2 2
f B̂ + 8 σ̄GSV0 f 1.5 B̂ 1.5
= kh f B̂ γ +
6

(2.37)

where V0 is a fitting parameter with dimensions of magnetic field describing microstructural features, d and S are the thickness and cross-sectional area of the lamination respectively, σ̄ is the conductivity of the lamination material, G = 0.1357
and γ is a Steinmetz coefficient which was found by Foster et al. (1982) in a measurement to study the B γ dependency of Ph give γ = 2 for oriented Si steels and 1.6
for other samples which is in agreement with Steinmetz.
In recent times, several authors have adapted the use of the statistical theory in
iron loss computation. On the other hand, Graham (1982) emphasized that losses
in conducting ferromagnetic materials is the joule heating caused by the flow of
eddy-current around moving domain walls and Zhang et al. (2011) developed a dynamic hysteresis finite-element model for core losses calculation for frequencies up
to 4000 Hz and thickness up to 0.635 mm based on Steinmetz formula but including

14
some physical phenomenon absent in Steinmetz formulation.
In view of the accuracy of the convectional loss separation technique, Zirka et al.
(2010) evaluation shows that the main reason for inaccuracy in analytical computation is by reason of the use of simplified equation for the classical eddy-current
loss. Leonardi et al. (1996) proposed a FEM technique for iron loss calculation in
synchronous reluctant machines.
Finally, Kaido (1991) developed a mechanical method of iron loss measurement in
a rotational field measured from induced torque and Stranges and Findlay (2000)
developed a method for measuring rotational iron loss in electrical sheet and results
obtained show that higher portion of the total iron loss is due to hysteresis.
2.3.2

Effect of Stresses on Iron Loss

The studies of the dependence of iron losses on mechanical stresses have been a
research of interest in the analysis of iron core loss computation. Some of the investigations which study the effect of stresses on iron core losses are reviewed here.
Foster (1984) studied the B γ dependence of the hysteresis losses of several electrical
steels over a flux density range of 0.4 T to 1.7 T as a function of applied stress up
to 7 MPa. Foster found that γ increases from 1.6 up to 2 for regular grain oriented
(RGO) and high permeability oriented (HGO) steel and up to 1.8 for non-oriented
silicon sample. The effect of radial compressive stress on flux distribution and power
loss was demonstrated on two different non-oriented low silicon stator cores of an induction motor by Moses and Rahmatizadeh (1989). Moses found by applying 4 MPa
stress on the stator lamination changes in the flux distribution which increases local loss mostly behind the stator teeth. Ali et al. (1997) developed a technique for
predicting the effect of mechanical stress on the iron loss density of laminated core
under alternating flux condition. Ali’s work revealed that the iron loss density is
most sensitive to the compressive stress, particularly at low flux density.
LoBue et al. (1999) and Permiakov et al. (2002, 2004) studies the effect of tensile and compressive stress on power losses of Fi-Si non-oriented electrical steels in
agreement with the statistical theory of loss separation. The losses calculation by
LoBue were done by means of the Dynamic Preisach Model and measurements were
made for stress ranges −50 MPa to 50 MPa under controlled sinusoidal induction
(0.5, 1.0, and 1.5 T) at 200 Hz. LoBue found that the hysteresis loss and excess loss
components increase drastically for applied compressive stress while tensile stress
causes some reduction in the losses.
Similarly, Permiakov investigated the variation of the hysteresis and excess losses
described by the hysteresis energy loss Wh and material parameter V0 respectively, at
applied uniaxial compressive and tensile elastic stresses and up to plastic deformation
under sinusoidal flux. The dependence of the hysteresis and excess loss on elastic
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Figure 2: Hysteresis loss (Wh ) and excess loss per cycle versus stress. (Permiakov
et al., 2004).
stress was found to be similar as depicted in Figure 2. The hysteresis and excess
loss increases drastically as compressive stress increase while at plastic deformation
all components of losses increase drastically.
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2.4

Magnetization Curve, Hysteresis loop and Stress

The magnetization curve of ferromagnetic materials has a fundamental importance
of describing the magnetic properties of the material. It is obtained by plotting the
intensity of magnetization I or the flux density B against the field strength H. The
behavior of ferromagnetic materials is also described by the permeability curve and
hysteresis loop. The permeability is described as the increase in flux caused by the
presence of magnetic material (Bozorth, 1993). The value of the field strength at
the negative magnetic field for which flux density is zero is the coercive force Hc
and the value of the flux density for which field strength is zero is the remanence or
residual flux density Br . Figure 3 shows a family of hysteresis loops with the magnetization curve (dash-lines) emerging from the locus of the tip of the hysteresis loop.

Figure 3: Magnetization curve and hysteresis loop. (Sen, 1997).
It is known that electrical iron sheets are subjected to mechanical stresses which may
result from manufacturing processes and operational processes for rotating electrical
machines. These stresses are known to affect the magnetic properties of the electrical iron sheet material. In recent years, several researchers have investigated the
effect of mechanical stresses on the BH-curve and hysteresis loop. These researchers
have greatly unfolded the importance of the knowledge of the total mechanical stress
distribution in an electrical machine core. Some of these are reviewed.
Yamamoto et al. (1998) studied the effect of shrink fitting (SUS304 stainless steel
(SUS) and aluminium (Al) frame) on magnetic properties of electrical iron core.
It was found that the compressive stressed induced by shrink fitting decreases the
permeability and increases the magnetic losses; explained by the increase of the
magneto-elastic energy due to compressive stress due to shrink fitting. Figure 4
shows the results of Yamamoto’s investigation for magnetization and hysteresis
curves behavior due to shrink fitting. The Young’s Modulus for Al and SUS are
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7.03 × 1010 Pa and 19.0 × 1010 Pa respectively. These results are in agreement with
LoBue et al. (1999) calculation done by means of Dynamic Preisach Model which
studies the effect of applied external stress on dynamic hysteresis loop for Si-Fe nonoriented lamination.

(a) Magnetization curve

(b) Hysteresis curve

Figure 4: Magnetic properties of iron core before and after shrink fitting (Yamamoto
et al., 1999)
Permiakov et al. (2002, 2003) investigated the effect of a range of unidirectional
applied mechanical stresses on the magnetic properties of non-oriented Fe-Si electrical steel under sinusoidal and distorted excitation. They found that at increasing
compressive stress the distorted BH-loops gradually become wider. Similar behavior was also obtained at increasing plastic strain for both distorted and sinusoidal
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BH-loops. The measurements conducted by Pulnikov et al. (2003) which study the
effect of applied tensile stresses on magnetic properties of Fe-Si non-oriented electrical steel show a gradual increase in the coercive field for increasing stresses and a
considerable rise at plastic deformation which agrees with the work by LoBue et al.
(1999).
The behavior of the relative permeability of 35A360 grade non-oriented electrical
steel sheet under compressive stress up to −150 MPa was investigated by Takahashi
and Miyagi (2008) and Miyagi et al. (2010). They found that the permeability
decreases rapidly even at small stress rate in both the rolling and transverse directions, while for stress larger than −50 MPa, the material anisotropy disappears.
The increase in coercivity due to stress causes an increase in the hysteresis loss.
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2.5

Coupled Magneto-mechanical Analysis

Coupled problems involve interaction of two or more interconnected phenomena either simultaneously or by post-processing. Coupled magneto-mechanical analysis
in electrical machines is primarily concerned with the interaction between the magnetic and mechanical fields problem. This presents problematic matters related to
stresses occurring or existing in rotating electrical machine lamination. These could
be electromagnetic forces, vibrations and noise from magnetostriction: the effect of
dimension change of substance when subjected to magnetic field.
2.5.1

Magneto-mechanical Coupling Methods

The solving of magnetic and mechanical problems have been implemented using
different coupling methods by different authors in past research. In view of modeling, material or structural behavior which defines different physical phenomena
can be modeled based on the objectives and goals of the model either as coupled or
uncoupled. These phenomena can also be classified either as global or local coupling.
The global coupling involves the conservative laws and set boundary conditions. The
coupling consists of coupled field solutions with or without constitutive equations.
On the other hand, the local coupling consists of coupled constitutive equations of
the materials; it requires a clear insight of the different microscopic mechanisms
responsible for the microscopic behavior of the materials during the interaction between the magnetic and mechanical phenomena. The numerical implementation of
these methods within the framework of finite-element-method has been exemplified
by (Hirsinger and Billardon, 1995).
The global and local coupling method was implicitly applied by Belahcen (2005) to
study the effect of magnetoelastic coupling on the vibration of the stator core of a
synchronous generator. Belahcen found that there is a 20% increase in the vibration
when compared to an uncouple problem. The local magneto-mechanical coupling
method was implemented by Belahcen and Arkkio (2006) as a stress dependency of
magnetization properties of lamination for an induction machine. The efficiency of
the machine was reduced; as such they suggested the need for bidirectional stresses
and measurement under rotating flux density for better computational accuracy.
Coupling can also be described as direct or indirect. Coupling is achieved using
iterative schemes which depends on the problem intricacy and formulated equations.
2.5.1.1

Direct Coupling

A direct coupling involves solving the magnetic and mechanical equations simultaneously by suitable dependencies. Knowledge of the interaction of the different
governing materials behavior is required, this is illustrated by the flowchart in Figure
5c. This method was implemented in the simulation of the effect of magnetostriction and electromagnetic stress in iron by (Fonteyn et al., 2010a), focusing on the
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suitability of the technique for vibration analysis in electrical machines. The 2D magnetic field and displacement were solved simultaneously without the use of
common "equivalent forces" approach. The accuracy of this method was validated
experimentally by Fonteyn et al. (2010b): it was implemented numerically to simulate the magneto-mechanical effect which study the actual influence of the Maxwell
stress tensor within iron cores.

(a) Direct coupling

(b) Weak coupling

(c) Strong coupling

Figure 5: Flow chart for different coupling methods.

2.5.1.2

Indirect Coupling

In indirect coupling, the magnetic, mechanical and other properties of the materials
are not in direct relationship to each other: these could either occur when the dependency between these properties is very small and is ignored or the exact relationship

21
between the properties is not known. Coupling between fields can still be done if
coupling between material properties is ignored. Indirect coupling are either a weak
or strong coupling.
Weak Coupling
In weak coupling, the effect of one field solution on another is unidirectional as
demonstrated in Figure 5b for a magneto-mechanical coupling. This method is
quite commonly used in conventional electrical machine designs. In this case, the
solved magnetic properties are used as input for the mechanical problem, but not the
other way around. The magnetic forces obtained from the solved magnetic field are
set as applied load in the mechanical analysis problem; and the solved mechanical
problem has no backward effect on the magnetic properties of the material.
The implementation of weak coupling in problem solving is usually done by a computer program. The magnetic field computation is first established from initial
conditions. From the field solution, the magnetic forces could be obtained by one
of the force computation method listed in Section 2.1.1. The forces obtained by the
magnetic analysis are then used as input in another computer program where the
mechanical problems are solved; this gives the displacement field from which other
quantities are obtained.
Belahcen (2004) implemented this method to compute the vibration of the stator
core in rotating electrical machine under the effect of magnetic and magnetostrictive
forces.
Strong Coupling
In strong coupling, the effect of the magnetic field is taken into account in the
mechanical analysis and the effect of the mechanical field is also considered in the
magnetic field analysis; this method is demonstrated by the flowchart in Figure
5a. This type of computation is implemented mostly in cases where the mechanical stresses are so large that it can cause a change in the magnetic properties of
the electrical machine material. Researches which implemented this methods in
magneto-mechanical problems solving are reviewed here.
In the analysis of magneto-mechanical problems, Besbes et al. (1996) implemented
a strongly coupled method in the computation of the magnetic force in a magnetostrictive material by virtual work principle. Gros et al. (1998) implemented this
method in the modelling of a magnetostrictive actuator, and for the reduction of
CPU time with respect to iterative processes. Yang et al. (2006) studied a magnetomechanical strongly coupled model to accurately calculate the performance of a
force sensor with giant magnetostrictive material and the results obtained was in
agreement with that of measurements.
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3

Methodology

In this section the methods implemented in the study of the mechanical stress distribution in a synchronous reluctance machine model are discussed. This work focuses
on the mechanical stresses due to shrink fit, centrifugal forces and the magnetic
forces acting on a synchronous reluctance machine. The stresses due to shrink fitting from the manufacturing process is a static stress type, while stresses resulting
from the centrifugal forces and the magnetic forces are dynamic stresses and only
exist when the machine is fed from a source and running.
The combined effect of the stresses could be obtained analytical by superposition
method; achieved by solving the separate stresses and summing up the total stress
components. To study the stresses due to shrink fitting and centrifugal forces, an
approximate expression was obtained for calculating the radial and tangential stress
distribution acting on a simple shrink fitted cylindrical geometry without rotor and
stator slots. Since it is difficult to compute the stress due to magnetic field analytically as a result of the complex geometry of the synchronous reluctance machine,
the stresses due to magnetic forces were only computed by finite-element method.
The numerical analysis was implemented in finite-element commercial software (COMSOL Multiphysics). The stress due to shrink fitting and centrifugal forces were computed based on the principle of solid mechanics, while the magnetic analysis was
obtained based on the principle of electromechanics. The magnetic forces obtained
in the magnetic analysis were weakly coupled to the solid-mechanics displacement
field of the geometry to give the combined stress distribution. The interaction between the magnetic analysis and mechanical analysis (displacement field or stresses)
in this investigation is unidirectional; this study the effect of the magnetic field on
the mechanical field but not the mechanical field on the magnetic field or properties.
To begin this analysis, a step-by-step approach used in the analytical computation
of the stresses due to shrink fit and centrifugal forces is described. Furthermore,
the methods used in the numerical analysis of the mechanical and magnetic field
computation in this study are discussed here.
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3.1

Analytical Method of Mechanical Stress

3.1.1

Shrink Fitting

Shrink fitting is a manufacturing process which involves overlapping one cylinder
over another. This is usually accomplished by fitting an outer cylinder with inner
diameter c onto another cylinder of outer diameter slightly larger than its inner diameter after expending the outer cylinder by heating or shrinking the inner cylinder
by cooling to freezing temperature. Figure 6 depict the amount δ by which the outer
diameter of the inner cylinder is larger than the inner diameter of the outer cylinder.
This extra radial length on the inner cylinder is known as the radial interf erence.

Figure 6: Shrink fit geometries for inner (left) and outer (right) cylinder.
The theoretical approximation used in the analytical calculation of the mechanical
stresses due to shrink fitting are given in (Bickford, 1998). The equations are used in
the stress calculation due to shrink fitting on a compound cylindrical geometry due
to a condition known as plane−strain. In this condition, the rotor and stator of the
synchronous reluctance machine are considered as cylinders in which the stresses in
the axial direction are radially dependent σz (r), thus preventing any axial displacement w = 0: this implies that the strain in the z-direction z = 0. The condition for
considering the plane–strain holds when the z–dimension or length of the electrical
machine is large when compared with outer radius of the cylinder.
The synchronous reluctance machine as in many other rotating electrical machines
is made of a solid shaft, rotor core, stator core and a body frame. The frame of an
electrical machine can be an Aluminium or Cast iron Frame. The equation which
describes the radial and circumferential stress in a cylindrical geometry is given by
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σr =

E Cj
E
B
Ci −
=
A
−
(1 + υ)(1 − 2υ)
1 + υ r2
r2

(3.1)

σθ =

E Cj
E
B
Ci +
=
A
+
(1 + υ)(1 − 2υ)
1 + υ r2
r2

(3.2)

Where r is the radius, Ci and Cj are constants, while σr and σc are the radial and
circumferential stresses in a cylinder respectively. A and B in the expression at
the right hand side of (3.1) and (3.2) are also arbitrary constants; the expression
is known as the Lamé’s equation discussed in Section 2.2.2. The equation which
defines the displacement in the cylindrical core obtained in (Bickford, 1998) is given
as
u = Ci r +

Cj
r

(3.3)

To obtain an approximate expression for shrink fitting between the rotor-shaft and
the stator-frame interface, the following assumptions were considered:

(a) There are no symmetric temperature and body force inputs.
(b) The core materials of the shrink-fitted geometry are linearly elastic and isotropic
materials.
The theoretical expressions obtained for the computation of the radial and circumferential stress distribution due to the rotor-shaft and stator-frame shrink fitting are
discussed in the following section.
3.1.1.1

Shaft-Rotor Fit

The expression for mechanical stress calculation due to shrink fit between the shaft
and rotor core is obtained using the expression (3.1) and (3.2) for both the shaft
and rotor core. If we assume both geometries to be cylindrical tubes as shown in
Figure 6, and for the shaft the value of a = 0 which demands that C2 must be zero
so that the displacement u is not infinity. The boundary conditions at the interface
are
Interface:
Outer boundary:

σri (c) = σro (c) and uo − ui = δ
σro (b) = 0
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Where σri and σro are the radial stresses at the interface of the inner and outer
cylinder respectively. ui and uo are the displacement at the interface of the inner
and outer cylinder respectively. The equations for the stresses are

σri =

Ei
C1
(1 + υi )(1 − 2υi )

(3.4a)

σθi =

Ei
C1
(1 + υi )(1 − 2υi )

(3.4b)

Where σri and σθi are the equations for the radial and circumferential stress distribution in the solid shaft (inner tube). In the case of the rotor core (outer tube), the
equations for the radial and circumferential stress distribution are

σro =

E o C4
Eo
C3 −
(1 + υo )(1 − 2υo )
(1 + υo ) r2

(3.5a)

σθo =

Eo
E o C4
C3 +
(1 + υo )(1 − 2υo )
(1 + υo ) r2

(3.5b)

The expressions for the constants in the above expression are given in Appendix A.
3.1.1.2

Stator-Frame Fit

Similar procedure implemented in the preceding section also applies here. In addition, since we have a hollow inner cylinder as shown in Figure 6. The boundary
conditions for solving the expression of the radial and circumferential stresses becomes
σrist (a) = 0

Inner boundary:
Interface:

st
σrist (c) = σro
(c) and uo − ui = δ
st
(b) = 0
σro

Outer boundary:

From the above boundary conditions the following expressions for the mechanical
stresses due to shrink fitting on the stator-frame interface are obtained

σrist =

E i C6
Ei
C5 −
(1 + υi )(1 − 2υi )
(1 + υi ) r2

(3.6a)

st
σθi
=

Ei
Ei C6
C5 +
(1 + υi )(1 − 2υi )
(1 + υi ) r2

(3.6b)
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st
Where σrist and σθi
are the equations for the radial and circumferential stress distribution at the stator core (inner tube). In the case of the Frame (outer tube), the
equations for the radial and circumferential stress distribution are

st
σro
=

E o C8
Eo
C7 −
(1 + υo )(1 − 2υo )
(1 + υo ) r2

(3.7a)

st
σθo
=

E o C8
Eo
C7 +
(1 + υo )(1 − 2υo )
(1 + υo ) r2

(3.7b)

The expressions obtained in this section are all cases of static stress calculation and
they are also valid for the computation of any compound cylindrical geometry under
the effect of shrink fit bounded by the assumptions stated earlier in this section. The
expressions for the constants in the above expression are given in Appendix A.
3.1.2

Stress due to Centrifugal Force

In operational rotating electrical machines, the rotor and shaft are subject to rotational motion from the rotating magnetic field. This rotational speed generates a
force on the rotating parts known as centrif ugal f orce. To obtain the mechanical
stress distribution due to centrifugal force by analytical method, the effect of the
rotational speed is included in the calculation. The equation which defines the force
acting on a cylindrical body having a rotational speed ω and density ρ as shown in
Figure 7 is given by
Fc = ω 2 ρr

(3.8)

The equations for the radial displacement of a cylindrical tube governed by the
assumption stated in the previous section and rotating at rotational speed ω are
given by
ui = C9 r +

(2υi − 1)
ρi ω 2 r3
8Ei (υi − 1)2
(3.9)

uo

C12
(2υo − 1)
= C11 r +
+
ρo ω 2 r 3
r
8Eo (υo − 1)2

The boundary conditions are give below
Interface:
Outer boundary:

∗
∗
σri
(c) = σro
(c) and uo − ui = 0
∗
σro
(b) = 0
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Figure 7: Rotating rotor-shaft assembly at constant rotational speed ω.
The equations for the radial and circumferential stress distribution given in (Bickford, 1998) for a shaft-tube compound cylinder at rotational speed ω are given by

∗
σri



ρi ω 2 r 2
Ei
1
C9 +
−2
=
(1 + υi )(1 − 2υi )
8
υi − 1

(3.10a)

∗
σθi



ρi ω 2 r 2
Ei
3
C9 +
+2
=
(1 + υi )(1 − 2υi )
8
υi − 1

(3.10b)

∗
σro



Eo C12 ρo ω 2 r2
Eo
1
C11 −
+
−2
=
(1 + υo )(1 − 2υo )
(1 + υo ) r2
8
υo − 1

(3.10c)

∗
σθo



Eo
Eo C12 ρo ω 2 r2
3
=
C11 +
+
+2
(1 + υo )(1 − 2υo )
(1 + υo ) r2
8
υo − 1

(3.10d)

The values of the the constants used in the analytical calculation of the mechanical
stress distribution are give in Appendix A.
3.1.3

Total Stress due to Shrink fit and Centrifugal force

The total mechanical stress due to shrink fitting from the static stress and the dynamic centrifugal stress are obtained by summing the individual stress components
of the rotational parts. This is because that mechanical stress obeys the law of
superposition. Therefore, the total mechanical stresses acting on the shaft are given
by
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σrit = σri + σri∗
(3.11)
t
∗
σθi
= σθi + σθi

Similarly, the total mechanical stresses acting on the rotor core are given by
t
∗
σro
= σro + σro

(3.12)
∗
t
= σθo + σθo
σθo

These expressions give the total mechanical stress distribution of a rotating electrical machine subjected to shrink fitting and centrifugal forces in the radial and
circumferential direction.
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3.2

2-D FE-Analysis of Sychronous Reluctance Machine

In this section, the methodology implemented in the two-dimensional finite–element
analysis of the mechanical stress computation are discussed. The various design
tools used and the methods applied in the achievement of the goal and objective of
this project are presented. The dimension of the synchronous machine type, machine parameters and the material properties are important input in this analysis.
The aim of this work as stated earlier is to study the two–dimensional mechanical
stress distribution due to shrink fitting from the manufacturing issues, centrifugal
forces resulting from the rotating rotor and shaft body mass and the magnetic forces
from the rotating magnetic field of the synchronous reluctance machine at 50 Hz.
The study also shows how changes in the radial interference dimension in the shrink
fitted parts affect the mechanical stress distribution. Furthermore, the effect of the
rotational speed on the stress distribution at different frequencies was computed.
The data obtained were ad hoc for comparing for the different stress parameters.
The machine investigated is a 400 V, 37 kW three-phase synchronous reluctance
machine at 50 Hz. The importance of this study is in prediction of the mechanical
stresses distribution. This stresses are known to have adverse effect on the magnetic
properties of electrical iron sheet. This analysis presents the effects of the various
conditions under study on the synchronous reluctance machine and the combined
stresses.
Model building
The numerical analysis was implemented using commercial finite-element software
(COMSOL Multiphysics). The 2-D model to be analyzed was created using Pro/Engineer
software and then imported to the COMSOL Multiphysics for the numerical investigation to be carried out.
Table 1: The main dimensions of the SynRM
Dimensions
D21
D22
H0
H01
B01
B02
B03
B04
lr
ls

[mm]
198.5
60.0
10.0
2.5
6.0
2.0
8.0
2.50
246
246

Dimensions
DS1
DS2
H1
H11
H13
B11
B12
B13
DF1
DF2

[mm]
310.0
200.0
23.9
1.0
17.5
3.5
6.5
8.8
310
350
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The main dimensions of the machine are given in Table 1, The slot type for this
synchronous reluctance machine is shown in Figure 8 and 9. The cross-section of
the 2-D geometry of the synchronous reluctance machine under study is shown in
Figure 10a.

Figure 8: Dimension of rotor geometry.

Figure 9: Stator slot and frame dimensions.
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Machine Parameters
The machine under study is a 400 V, 37 KW three-phase star-connected synchronous
reluctance machine with a rotational speed of 1500 rpm. The rated machine parameters are given in Table 2. Based on the torque obtained from the simulation in
Section 3.2.3, the maximum and minimum radial interference δ in the shrink fitted
were obtained in compliance with the interference fit standard (DIN 7190, 2001).
The maximum value of δ was obtained based on the rated torque value of the machine, while the minimum value is that value for which there is no slip in the fitted
contact.
The rotor and stator core are made of electrical steel lamination, the shaft is a structural steel grade while the frame is an alloy of Aluminium (Aluminum 6061). The
various properties of the synchronous reluctance machine materials used in this FEM
analysis are presented in Appendix B. The rated parameters of the synchronous reluctance machine are obtained by simulation using in-house software (FCSMEK).
The data obtained are given in Table 2; these are used as input in the magnetomechanical analysis. The simulation procedure is presented in Section 3.2.3.
Table 2: The SynRM machine parameters
Machine parameters
Power
Voltage
Current
Frequency
Power factor
Connection
Rotation angle

3.2.1

Values
37 kW
400.0 V
79.0 A
50 Hz
0.5768 Ind.
Star
-40 Elec. deg.

FEM Simulation in COMSOL Multiphysics

The pre-processing and post-processing of numerical computation of the mechanical
stresses was implemented in COMSOL Multiphysics. To begin FEM analysis of the
machine, a 2-D CAD model of the machine was created using Pro/Engineer CAD
tool. The model was then imported to COMSOL Multiphysics; where the numerical
analysis was carried out.
The model was slightly modified by creating contact pairs interface for the shrink
fitting study. These contact pairs define the rotor-shaft and stator-frame interface
with an overlapping radial length equal to δ. This permits the implementation of
the value of δ in stress calculation. It should be noted that in this simulation, the
computation of the mechanical stress distribution due shrink fitting is not dependent on the contact pressure at the interface, rather it is dependent on the radial
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interference at the contact interface as shown in Figure 6.

(b) The SynRM mesh
(a) The SynRM model

Figure 10: Machine geometry and mesh.
The numerical analysis of the mechanical stress distribution was done in two stages.
The first stage computed the mechanical stress due to shrink fitting and centrifugal
force using a mechanical analysis approach. The computation was carried out in a
solid-mechanics physics interface. The solutions were the stresses, strain and displacement field of the structural geometry. The second stage is a magnetic analysis
of the system. It was done in the rotating-machinery-magnetic physic and the solutions of this analysis are the vector potential from which the magnetic forces were
obtained.
The solution of the electromechanical computation was obtained based on a weakly
coupled approach. In this approach, the results from the magnetic field computation
were used as input for the mechanical analysis, but the results of the mechanical
analysis have no effect on the magnetic field computation.
3.2.2

Shrink Fitting and Centrifugal Force

The shrink fit computation was carried out using solid-mechanics physics in COMSOL Multiphysics. In the mechanical analysis, the following assumptions were taken
into consideration: The model is computed in a 2-D plane-strain condition, the material is isotropic and all the contact boundaries are considered initially free. The
shrink fit interfaces were modeled as an assembly of two free interfaces which overlap at the contact pairs. The equation which defines the solid-mechanics physics is
given by
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− ∇ · σ = FV

(3.13)

Where σ is the stress while F V is the volume force density. The displacement and
deformation of each domain resulting from the stresses are defined by 3.13 – 3.15.
Since shrink fitting is a manufacturing process and we are considering the effect of
the radial interference, the effect of the temperature changes due to the expansion
or shrinking of the machine parts are neglected. The dependent variable used in
this computation is the radial interference (interference displacement) given as δsr
and δsf for the rotor-shaft and stator-frame respectively.
The linear elastic properties of the materials in the analysis are defined by equation
3.13, while equations (3.14) and (3.15) give the total strain tensor in terms of the
displacement gradient and the Duhamel-Hooke’s law which relates the stress tensor
to the strain tensor and temperature. These equations are
=


1
(∇u)T + ∇u + (∇u)T ∇u
2

s − s0 = C :  − 0 − inel

(3.14)
(3.15)

where s0 and 0 are the initial stress and strain respectively. C is the 4th order elasticity tensor, u is displacement and ":" stands for the double-dot tensor product.
The variable inel = αθ and θ = T − Tref , where α is the thermal expansion tensor
and T and Tref are the current and reference temperature respectively.
The material properties were defined for each domain of the electrical machine
model. For the solid parts of the machine under study, the material properties
were defined based on the linear elastic material properties as expressed by equations 3.13 – 3.14. The shrink fitted interfaces were defined as contact pairs for both
the rotor-shaft and stator-frame domain. The initial contact pressure for the analysis was assumed to be zero. The domains surrounded by air were isolated in the
solid-mechanics analysis because air has no role in this stress computation.
To simulate the effect of the centrifugal forces on the rotating rotor domain, a body
load boundary was used to set a body force on the shaft and rotor domain. The body
force density which defines the body load of the rotating shaft and rotor domain is
defined by the centrifugal force given by
Fc = ρω 2 r

(3.16)

Where ρ, ω and r are the density, rotational speed and the radius of the rotating
body.
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The mesh of the synchronous reluctance machine used in the finite-element analysis
is fine at the contact boundaries and normal at the rest of the machine domains.
This is shown in Figure 10b.
In order to obtain a better understanding of the behavioral characteristic of the
mechanical stresses in the synchronous reluctance machine geometry, a study was
conducted for various values of δ at both the rotor-shaft and stator-frame interfaces.
The minimum value of the radial interference would only prevent the contact from
sliding and slipping. The maximum radial interference was obtained from the rated
torque defined in (DIN 7190, 2001). A parametric sweep was carried out for five
different values of the radial interference. The values of the radial interference obtained and the corresponding contact pressure are given in Table 3.
The analysis was also conducted to study the stress distribution due to centrifugal
forces at frequencies; 75 Hz and 100 Hz respectively. This gave an insight on how
the stresses change with increasing rotational speed or increasing centrifugal forces.
The results of analysis are presented in section 4.
Table 3: Interference displacement and contact pressure
Shaft–rotor δsr
4.181 · 10−4 (mm)
8.481 · 10−3 (mm)
1.654 · 10−2 (mm)
2.461 · 10−2 (mm)
3.267 · 10−2 (mm)
Stator–frame δsf
1.090 · 10−3 (mm)
6.978 · 10−2 (mm)
1.385 · 10−1 (mm)
2.072 · 10−1 (mm)
2.758 · 10−1 (mm)

3.2.3

Max. contact pressure
1.0 MPa
19.6 MPa
38.2 MPa
56.8 MPa
75.4 MPa
Max. contact pressure
0.05 MPa
3.4 MPa
6.7 MPa
10.0 MPa
13.4 MPa

Magnetic Forces Computation

To investigate the mechanical stress distribution due to magnetic forces in the synchronous reluctance machine, we use the machine parameters obtained from the
simulation done in the in-house software (FCSMEK). The physical values of the synchronous reluctance machine used in the simulation are given in the file cim.data;
this is given in Appendix C. The simulations follow the steps on the flowchart shown
in Figure 11
The first simulation step generates the mesh of the synchronous reluctance machine,
this was executed by using the program command M ESH. The second step was ex-
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Figure 11: The steps in the FCSMEK simulation.
ecuted by running the program SY DC, this requires the initial machine parameters
for the time stepping simulation e.g. supply source, connection type, rotation angle
of the rotor and temperature of the rotor and stator of the machine. The final step
requires running a time stepping simulation based on the initial values given. This
is executed using the program CIM T D; the inputs are the number of time-steps
per one period and the total number of time-step to be simulated.
The results of the simulation initiated by the program SY DC are stored in the file
sydc.tulos; this contains the machine parameters needed for the stress computation.
The results from the time-step simulation were stored in the file cim.losses; this
contains results from the time-step simulation such as the losses, current density in
slots e.t.c. The results obtained from this simulation were used as input parameters
in COMSOL Multiphysic for the study of the mechanical stress distribution due to
the magnetic forces.
The finite-element analysis of the mechanical stress due to magnetic forces was done
in a rotating-mechinery-magnetic physics in COMSOL Multiphysics. The equations
which defined the magnetic field computation in the rotating-machinery-magnetic
physics in the time-dependent study is given by

σ̄

∂A
+∇×H =J
∂t
B =∇×A

∇ · µ0 µr H = 0

(3.17)
(3.18)
(3.19)
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Where A is the vector potential, H is the magnetic field strength, B is the magnetic flux density and J is the current density. σ̄ is the conductivity of the material,
while µ0 and µr are the permeability in free space and the relative permeability of
the material respectively.
The computation of the magnetic forces and torque uses an approach which integrates the Maxwell’s stress tensor over the exterior surfaces of the set domains. The
expression which defined the magnetic force is given by

F =d

w

(n · τ ) dS

(3.20)

∂Ω

where F is the total force, τ is the stress tensor and n is a normal unit-vector.
The stresses due to the magnetic field are obtained by a weak coupling approach
solved by the rotating-machinery-magnetic physics and the solid-mechanics physic.
In this approach, the magnetic forces due to the Maxwell stress in the magnetic field
analysis were implemented as boundary forces in the solid-mechanics analysis; this
gives the mechanical stresses due to the magnetic forces on the rotor and stator core
of the machine.
The total stress distribution from the mechanical and magnetic analysis was obtained by super-positioning principle. It should be noted that this study does not
investigate the effect of the mechanical stress due to the solid mechanic analysis on
the magnetic field computation.
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4

Results of Analysis

In this section, the results from the analytical and numerical computation of the mechanical stresses which has been described in the preceding sections are presented:
these are given in the order of investigation.
We shall begin this section by interpreting the results of the analytical calculation
of the mechanical stress distribution due to shrink fitting, centrifugal forces and
the total stress discussed in the previous section. These results shall be compared
with that of the numerical solution obtained by finite-element method for the same
geometry; this comparison is a means of validating the computational accuracy of
the numerical method when used for rotor geometry without any slots.
The analytical solutions of the shaft-rotor shrink fitting was obtained for a shaft and
hollow cylindrical geometry with dimension: a = 0 mm, c = 40 mm, b = 99.25 mm
and δ = 3.267 · 10−2 mm.

Figure 12: Stress distribution in solid rotor-shaft shrink-fit computed analytically.
The maximum contact pressure obtained from both the analytic and numerical computation is pc = 101.6 MPa. We observed that the analytical method give a very
good result when compared to the solution of the numerical computation. It is
shown that the radial, hoop or circumf erential and axial stress in Figure 12 coincides with the simulated results: σr , σθ and σz shown in Figure 13. These results
imply that the stresses distributed at the inner cylinder are dominantly compressive,
while at the outer cylinder it is tensile.
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Figure 13: Stress distribution in solid rotor-shaft shrink-fit computed numerically.
Figures of the results from the other analysis presented in Section 3.1 for solid symmetric shaft-rotor fitting and their comparisons with the numerical solutions are
shown in Appendix D; the dimensions of the compound geometry are also given.
These results gives an idea of how the stress distribution would behave for a more
complex shrink fitted geometry: like the synchronous reluctance machine in this
study.

4.1

Effect of Shrink Fit

The results of the analytical solution discussed earlier in this section are for geometry without slots. The solutions of the analytical computation for the radial and
circumferential stresses are in agreement with the simulated results. The rest of this
section focusses on the results of the numerical analysis of the mechanical stresses.
The results obtained from the investigation of the effect of shrink fitting on the rotor
and stator of the synchronous reluctance machine described in Section 3.2.2 shall be
presented in this section. The mechanical stresses computed are for the maximum
radial interference values for the rotor-shaft δsr = 3.267 · 10−2 (mm) which gives a
maximum contact pressure 75.4 MPa and the sator-frame δsf = 2.758 · 10−1 (mm)
which gives a contact pressure 13.4 MPa.
The simulated results for the shrink fitted rotor core show that the stresses distribution is not symmetrically distributed at the interface due to the slots (flux barriers)
in the rotor geometry. The first principal stresses due to shrink fitting for the maximum values of radial interference obtained for both rotor-shaft and stator-frame
fitting are shown in Figures 14 and 15 respectively. The first principal stress distributions are mostly used by engineers to describe the distortion or deformation
of material domain due to resultant forces in the domain wall when in equilibrium
state; and this distortion is known to cause negative effect on the magnetic proper-
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ties of electrical iron core.

Figure 14: First principal stress due to shrink-fit at rotor core δsr = 3.267·10−2 [mm].

For the purpose of understanding the distribution of the stresses in the complex
(synchronous reluctance machine) geometry, the stresses were studied along three
paths A, B and C as shown in Figure 14. These stress distributions were investigated
for the five different radial interference values given in Table 3.

Figure 15: First principal stress due to shrink-fit at stator core δsf = 2.758·10−1 [mm].

The results of these studies along paths A, B & C for the different values of radial
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inferences show large differences in the stress distribution along these paths. This
difference can be ascribed to be as a result of flux barriers, width of the flux guide
and distance between consecutive flux guide and barriers along paths A & B.

Figure 16: Stress distriburion due to rotor-shaft shrink-fit along path A.

Figure 17: Stress distriburion due to rotor-shaft shrink-fit along path B.
The results obtained show that the stress distribution on the rotor core is mostly
tensile and it is very large at positions close to the shrink fitted interfaces, while
the shaft is under compressive stress. The stress distribution shows maximum compressive stress and contact pressure along path A. It is also observed that the stress
distribution due to shrink fit is almost zero in most parts of the rotor as shown in
Figure 16. These stress distributions are due to the axisymmetric nature of the rotor
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core due to the presence of slots (flux barriers).

Figure 18: Stress distriburion due to rotor-shaft shrink-fit along path C.
The stress distribution along path B in Figure 17 show a change in the stresses. The
compressive stress is reduced and the rotor has maximum tensile stress along this
path: these could be due to the length of the laminated core between successive flux
barriers. The stress concentration at the edges of the machine path B could also be
reduced by increasing the length of the bridge.

Figure 19: Stress distribution due to stator-frame shrink-fit computed radially across
stator teeth.
The stress distribution along path C shows a similar attribute as in Path B at the
shaft, while the stresses between flux barriers are drastically reduced. The stresses

42
can be seen to be dependent on the radial displacement as shown in Figure 16 to
19. Therefore, if the values of the radial interference are increased, the stresses due
to shrink fitting also increases, but when reduced the stresses decreases.
On the other hand, at the stator geometry the stresses due to shrink fit are symmetrically distributed. The result shows that most parts of the stator core are under
compressive stress, but not at the stator teeth; where the stress is almost zero as
shown in Figure 19.
In summary, based on the simulated results obtained, it should be noted that shrink
fitting causes very large tensile stress in the rotor core, while at the stator core
large compressive stresses are obtained. The largest compressive stress distribution
is seen at the shaft which plays no relevance to this investigation. Furthermore, it
must be noted that the stresses due to shrink fitting depend on the value of the
radial interferences. Therefore, when δ increases, the stress is increased. On the
other hand the stress is reduced when δ decreases.

4.2

Centrifugal Force Effect

The results of the numerical computation of the mechanical stresses due to centrifugal force shall be discussed here. The stresses were obtained at the synchronous
speed (1500 rpm) for the synchronous reluctance machine operated at a frequency
of 50 Hz.

Figure 20: FPS (MPa) distribution due to centrifugal force, f =50 Hz
The mechanical stress distribution obtained by simulation are low and tensile at
most parts of the rotor, except at the bridges between successive flux barriers near
the interface; where the stresses are large and tensile (up to 66 MPa) for a 50 Hz
machine. The study shows large tensile stresses concentration at the edges of slots
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and at bridges between flux barriers near the shaft as shown in Figure 20. This
analysis shows the effect of the centrifugal forces only for the synchronous reluctance
machine.

4.3

Centrifugal Force and Shrink Fit Effect

The results of combination of stresses due to shrink fitting and centrifugal forces on
the synchronous reluctance machine are discussed in this section. The results which
show the effect of centrifugal forces on the shrink fitted synchronous reluctance machine geometry at a frequency of 50 Hz, 75 Hz and 100 Hz shall be discussed here.
The effect of the centrifugal force at f = 50 Hz shows no relevant change in the stress
distribution on the rotor geometry in comparison to the effect of shrink fitting only.
The stress distribution at this frequency for shrink fitting and centrifugal forces is
presented in Figure 21 and Figure 22 respectively. The results of this analysis show
that the rated frequency (50 Hz) is obviously a suitable choice in the design of this
machine model this is because the maximum stresses along path A & B show no
relevant changes.

Figure 21: Stresses due to centrifugal force and shrink-fit along direction A at 50 Hz.

The machine was also investigated to study the stress behavior at three different
frequencies: 50 Hz, 75 Hz and 100 Hz. The results of the analysis show increase
in the tensile stress due to increasing frequency; the increase were observed to be
drastic at the edges of slot close to the shrink fit interface. The compressive stress at
the shaft also reduces at increasing frequency. At higher frequencies, this could be
a problem for this design as the contact pressure along path B & C tend to reduce
at the interface; which could cause plastic deformation of the material.
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Figure 22: Stresses due to centrifugal force and shrink-fit along direction B at 50 Hz.

From the results of the mechanical stress and shrink fit at 50 Hz frequency, it
can be inferred that for an interference displacement of 4.181 · 10−4 (mm) and
8.481 · 10−3 (mm), The contact pressure becomes very low. This could cause plastic
deformation of the material at the contact interfaces; thereby causing a reduction
in the machine life time. To avoid these disadvantages, the machine design should
be optimized for the best performance at reduced mechanical stress.

Figure 23: Stresses due to centrifugal force and shrink fit at different frequencies
along direction A.

45

Figure 24: Stresses due to centrifugal force and shrink fit at different frequencies
along direction B.

Figure 25: Stresses due to centrifugal force and shrink fit at different frequencies
along direction C.
In summary, a numerical analysis has been performed to study the effect of the
centrifugal forces on the shrink fitted rotor-shaft geometry. It was found that the
tensile stresses at the rotor core increase at increasing frequency. The stress distribution along path B at the bridge between successive flux barriers close to the
shrink fitted interface increases drastically at higher frequencies. For this reason,
it could be preferable to use a radial interference of δ = 3.267 · 10−2 (mm), if this
machine model was intended to be operated at 100 Hz via a control drive system;
else, a reduced value of radial interference could be used for a reduced mechanical
stress distribution. Simulated results for this along path A, B & C are shown in
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Figure 23 to Figure 25.

4.4

Magnetic forces Effect

The results of the mechanical stresses due to the magneto-mechanical effect that
have been presented in Section 3.2.3 shall be discussed here. As we have stated
earlier, the calculation of the mechanical stresses due to the magnetic forces is a
difficult task to achieve by analytical method, as such this analysis was carried out
by numerical method.
The principal stress due to the magnetic force on both the rotor and stator core of
the rotating machine at rated values are shown in Figure 26. It should be noted
that the magnetic forces which yield mechanical stress are dynamic in nature due
to the motion of the time-dependent magnetic field.

(a) The principle stress surface at (I)

(b) The principle stress surface at (II)

(c) FPS (MPa) and vector potential lines

Figure 26: Mechanical stress distribution due to magnetic forces on stator core.
The stress distributions are proportionally presented by the principal stress surface
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(arrow lines); while the z-component of the vector potential line has been used to
present the rotating magnetic field as shown in Figure 26. It is shown that the first
principal tensile stress (Red-arrow outward) dominates at the stator teeth which
imply that the stator teeth are subjected to tensile stresses. At the stator yoke,
the first principal tensile stresses and third principal compressive stress (Blue-arrow
inward) are sparsely distributed, this shows that the stress distribution due to the
magnetic forces at the stator yoke are negligibly small. These are clearly presented
in Figure 26a and Figure 26b.

(a) FPS (MPa) due to magnetic forces
t = 36 ms

(b) FPS (MPa) due to magnetic forces
t = 40 ms

Figure 27: The FPS (MPa) due to magnetic forces on rotor core
The result of the stress distribution shows quite large stresses at the edges of core
materials between successive flux barriers and tensile stress at most parts of the rotor rib. The behaviour of the rotor core at two time instant t = 40 ms and t = 36 ms
are shown in Figure 27. The differences in the stress distribution could be said to
be a result of the pulsating effect of the magnetic forces due to the torque ripple.

Figure 28: Radial stress (MPa) distribution at rotor surface t = 40 ms.
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Figure 29: Radial stress (MPa) distribution at stator teeth t = 40 ms.
It can be said that though the stresses due to the magnetic forces is low when compared to the effect of shrink fitting and centrifugal forces, the periodic change in
the stress distribution could adversely affect on the material properties of the core
when the stresses are large. The radial stress distribution at the rotor and stator
surface due to the rotating magnetic field are plotted in Figure 28 and Figure 29
for t = 40 ms. The radial stresses at the stator teeth are usually tensile and very low.

Combined Stress Effect
The results of the total mechanical stress distribution due to shrink fitting, centrifugal forces and magnetic forces are presented in this section. The stress obtained
from the combined stress show that there is radially distributed tensile stress at the
stator teeth due to the magnetic force acting radially outward on the stator teeth.
The combined stress distribution shows a unique behavior at the stator core: the
maximum stress was located behind the stator slots as depicted in Figure 30. The
compressive stress at the yoke can be reduced by decreasing the radial interference
in the design.
The stress distribution at the stator teeth due to the combined stress shows similar
stress distribution as that due to magnetic forces only as shown in Figure 29. This
is because shrink fitting has almost no stress effect at the stator teeth. In addition,
cutting issues such as punching are not considered in this study.

49

Figure 30: FPS (MPa) due to combined stress effect on stator core t = 36 ms.
The effect of the magnetic forces on the rotor core display a unique behavior at
different time instants as the stress distribution slightly changes as shown in Figure
31 to Figure 33. This behavior could be attributed to the effect of the pulsating
forces due to the torque ripple.

(a) Combined stress effect t = 36 ms

(b) Combined stress effect t = 40 ms

Figure 31: FPS (MPa) due to combined stress effect on rotor core.
The large difference in the radial stress shown in Figure 32 and Figure 33 at different
time instants (t = 36 ms and t = 40 ms) could be due to the numerous flux barriers
in the rotor core; which reduces the iron material in the core. As a result, a small
force applied at the surface generates large stress at the rotor surface. The width
between successive flux barriers should be optimized to obtain a maximum reactance
ratio and torque for the machine at a reduced mechanical stress.
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Figure 32: Radial stress (MPa) distribution at rotor outer boundary t = 36 ms.

Figure 33: Radial stress (MPa) distribution at rotor outer boundary t = 40 ms.
In summary, the total mechanical stresses due to shrink-fitting, centrifugal forces
and magnetic forces have been studied. The results of the analysis have shown quite
interesting behaviour due to the magneto-mechanical effects at both the rotor and
stator core. It has been found that shrink fitting issue has the largest stress effect
on the iron core of the synchronous reluctant machine.
To this end, the stress could be minimized by reducing the radial interferences
at the rotor and stator interface. The mechanical stress distribution due to the
magnetic force is low compared to the shrink fitting and centrifugal forces, but its
dynamic nature and how it affects the iron core material over time most especially
at large stresses could be detrimental to the machine life. All the stress issues should
be considered in the machine optimization in the design of synchronous reluctant
machine to minimize losses.
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5

Discussion

The mechanical stress distributions due to shrink fitting, centrifugal forces and magnetic forces in a synchronous reluctance machine model have been investigated by
finite-element methods. The analysis also included the use of analytical methods in
the computation of the radial and circumferential stresses for solid rotor geometry.
The results of the analytical model were validated by numerical methods.
The results of the analysis of stresses in the synchronous reluctant machine show
that the mechanical stresses are not symmetrically distributed at the interface of the
rotor and shaft fitting. The asymmetric behaviour of the stresses at this interface
was attributed to occur due to the flux barriers on the rotor geometry; this was not
an issue in the solid rotor geometry.
In the synchronous reluctant machine, the maximum contact pressure was obtained
along path A (the d-axis direction) and reduced along the q-axis due to the geometrical structure of the rotor core. The mechanical stresses at the rotor core were mostly
tensile for the three stress condition and total stress distribution. The maximum
tensile stress occurs at the bridge between flux barriers closest to the shrink fitted
interface. These stresses could be reduced by increasing the width of the bridges
between flux barriers. The shrink-fitting on the other hand causes uniformly distributed compressive stress at the shaft geometry.
The combined effect of the shrink fitting, centrifugal forces and the magnetic forces
on the mechanical stresses studied show that the shrink fitting issues have the largest
effect on the mechanical stress distribution, these stresses were found to be dependent on the radial interference: that is at large value of radial interference the
mechanical stresses are increased, but at reduced radial interferences, the stresses
at the rotor and stator geometry are reduced. On the other hand, the magnetic
forces have the least effect on the mechanical stress distribution of the synchronous
reluctant machine.
The method implemented in this study uses weakly coupled method to calculate the
total stress distribution: the magneto-mechanical analysis follow a unidirectional
approach. It does not account for the effect of the stresses due to shrink fitting and
centrifugal forces on the magnetic properties of the iron core used in the magnetic
field analysis, it only implements the effect of the magnetic force from the magnetic
field analysis on the geometrical structure used in total mechanical stress computation. In future analysis, the effect of these stresses on magnetic properties could
be implemented in the study to obtain better results. Experimental investigation
of these processes and how the stresses could affect the magnetic properties and
total losses in the synchronous machine could be very interesting and innovative for
machine designers.
In conclusion, it is imperative that designer take all the conditions causing mechani-
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cal stress issues into consideration in the design optimization of electrical machines.
In designs with multiple flux barriers, the operating frequencies should be such that
the total stress distribution at the edges of slots does not result in plastic deformation of the machine geometry.
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A

Values of Constants

Shaft-Rotor Shrink Fit
To solve the expression for the constants in the expression given in equation (3.4a)
to (3.5b). First, the conditions defined in Section 3.1.1.1 are considered giving the
interface displacements

ui = C1 r
uo = C3 r +

(A-1)
C4
r

(A-2)

By implementing the boundary conditions on equations for the shaft and rotor we
obtain
δ
(2υi − 1)(υi + 1)(b2 − c2 )
c
C1 =
i h
i
Ei h
2
2
2
2
(υo + 1)(b − c (2υo − 1)) − (b − c )(2υi − 1)(υi + 1))
Eo
C3 = h

δc(1 − 2υo )(υo + 1)
i
i Eh
o
(b2 − c2 )(2υi − 1)(υi + 1))
(υo + 1)(b2 − c2 (2υo − 1)) −
Ei

δb2 c(υo + 1)
C4 = h
i Eh
i
o
(υo + 1)(b2 − c2 (2υo − 1)) −
(b2 − c2 )(2υi − 1)(υi + 1))
Ei

(A-3a)

(A-3b)

(A-3c)

Stator-Frame Shrink Fit
In the case of the stator-frame shrink fit, the displacement is give by

ui = C5 r −

C6
r

(A-4)

uo = C7 r +

C8
r

(A-5)

By implementing the boundary conditions on equations for the stator and frame,
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the expressions for the constants obtained are
δc(b2 − c2 )(2υi − 1)(υi + 1)
C5 = h
i Eh
i
i
(b2 − c2 )(υi + 1)(a2 − c2 (2υi − 1)) +
(c2 − a2 )(υo + 1)(b2 − c2 (2υo − 1))
Eo
(A-6a)
C6 = h

C7 =

δa2 c(c2 − b2 )(υi + 1)
i Eh
i
i
(b2 − c2 )(υi + 1)(a2 − c2 (2υi − 1)) +
(c2 − a2 )(υo + 1)(b2 − c2 (2υo − 1))
Eo
(A-6b)

δc(a2 − c2 )(2υo − 1)(υo + 1)
i h
i
Eo h 2
(b − c2 )(υi + 1)(a2 − c2 (2υi − 1)) + (c2 − a2 )(υo + 1)(b2 − c2 (2υo − 1))
Ei
(A-6c)

δb2 c(c2 − a2 )(υo + 1)
C8 =
i h
i
Eo h 2
(b − c2 )(υi + 1)(a2 − c2 (2υi − 1)) + (c2 − a2 )(υo + 1)(b2 − c2 (2υo − 1))
Ei
(A-6d)

Centrifugal Forces
The expression obtained for the constants after implementing the boundary conditions defined in Section 3.1.2 are given below


ω 2 (υi + 1)(2υi − 1) ρi (c2 (υo − 1)2 (Ei χ1 − Eo χ2 )) − ρo (Ei (υi − 1)2 (χ3 + χ4 + χ5 ))


C9 = −
8Ei (υi − 1)2 (υo − 1)2 Υ1 + Υ2
(A-7a)
C11



ω 2 (2υo − 1)(υo + 1) ρi Eo χ6 + ρ0 (υi − 1)2 (Ei χ7 + Eo χ8 )


=−
8Eo (υi − 1)2 (υo − 1)2 Υ1 + Υ2

(A-7b)

C12



b2 c2 r2 ω 2 (υo + 1) ρi Eo χ9 + ρo (υi − 1)2 (Ei χ10 + Eo χ11 )


=−
8Eo (υi − 1)2 (υo − 1)2 Υ1 + Υ2

(A-7c)
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And the constants Υ1 , Υ2 and χ1 to χ11 are given as
Υ1 = Ei r2 (υo + 1)(b2 − 2c2 υo + c2 ))

(A-8a)

Υ2 = −Eo c2 (2υi − 1)(υi + 1)(b2 − r2 )

(A-8b)

χ1 = r2 (2υi − 3)(υi − 1)(υo + 1)(b2 − 2c2 υo + c2 )

(A-8c)

χ2 = c2 (2υi − 1)(b2 − r2 )

(A-8d)

χ3 = b4 c2 (4υo4 − 8υo3 − υo2 + 8υo − 3) + b4 r2 (−2υo3 + 3υo2 + 2υo − 3)

(A-8e)

χ4 = b2 c4 (1 − 2υo ) + b2 c2 r2 (2υo3 − 3υo2 − 2υo + 3)

(A-8f)

χ5 = c4 r2 (−4υo4 + 8υo3 + υo2 − 6υo + 2)

(A-8g)

χ6 = c4 r2 (2υi − 1)(υo − 1)2 (−2υi3 + 3υi2 + 2υi − 2)

(A-8h)

χ7 = b4 r2 (2υo3 − 3υo2 − 2υo + 3) + c4 r2 (1 − 2υo )

(A-8i)

χ8 = −c2 (b4 − c2 r2 )(2υi − 1)(2υo − 3)(υi + 1)(υo − 1)

(A-8j)

χ9 = −c2 (2υi − 1)(υo − 1)2 (−2υi3 + 3υi2 + 2υi − 2)

(A-8k)

χ10 = (2υo − 1)((−2υo3 + 3υo2 + 2υo − 3)b2 + c2 )

(A-8l)

χ11 = (b2 − c2 )(2υi − 1)(2υo − 3)(υi + 1)(υo − 1)

(A-8m)
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B

Tables of Material Properties COMSOL Multiphysics
Table B-1: Aluminium 6061 material properties

Table B-2: Copper material properties
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Table B-3: Iron core material properties

Table B-4: Shaft material properties
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C

FCSMEK files

(FCSMEK cim.data)
1
4
50.

Machine type
Number of poles
Frequency of the supply voltage

0.249
0.246
0.246
0.246

Effective (airgap) length of the machine
Length of the stator core
Length of the rotor core
Length of the permanent magnets

310.0E-03
200.0E-03
0
4
48

Outer diameter of the stator core
Inner diameter of the stator core
Index for the frame
Index for the shape of stator slots
Number of stator slots

23.90E-03
1.00E-03
0.0
17.50E-03
0.0
0.0
3.50E-03
6.50E-03
8.80E-03
0.0
0.0

H1 (Dimensions of the stator slots;
H11 see the maps of the slots)
H12
H13
H14
H15
B11
B12
B13
B14
B15

198.50E-03
60.00E-03
0.50
52
0
5
0
0

Outer diameter of the rotor core
Inner diameter of the rotor core
Moment of inertia of the rotor
Index for the shape of rotor poles
Index for the shape of damping bars
Number of damping bars per pole
Number of slots for the field winding
Every second pole-shoe is a mirror image? (0=No, 1=Yes)

10.00E-03
2.50E-03
0.0
0.0
0.0
0.0

H0 (Dimensions of the rotor pole;
H01 see the maps of the poles)
H02
H03
H04
H05
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6.00E-03
2.00E-03
8.00E-03
2.50E-03
0.0

B01
B02
B03
B04
B05

0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
4
0
4
0
4
1
11
0

H2 (Dimensions of the damping bars;
H21 see the maps of the bars)
H22
H23
H24
H25
B21
B22
B23
B24
B25
Material index for the stator core
Material index for the stator slot wedges
Material index for the rotor pole shoes
Material index for the opening of the damping bars
Material index for the rotor ring
Material index for the centre of the rotor
Material index for the stator coils
Material index for the damping bars

3
2
12
1
12
0.0645
0.0972
22.

Number of phases
Number of parallel paths in stator winding
Number of conductors in a stator slot
Number of layers of the stator winding
Coil pitch in slot pitches
Resistance of a stator phase
End-winding reactance of a stator phase at 50 Hz
Temperature associated with the resistance (C)

0.520
0.6
80.00E-03
55.00E-03
50.00E-03
15.00E-03

Half of the average length of a coil
Filling factor of a stator slot
H40 (Parameters of stator end winding)
H41
H42
H43
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FCSMEK sydc.tulus
Connection
E.M.F of the line

STAR
400.0 V

Terminal voltage
Terminal current
Power factor

400.0 V
79.0 A
0.5767 Ind.

Rotation angle
Rotation speed
Air-gap torque

-40.0 El.deg.
1500.0 rpm
199.5 Nm

Apparent power
Active power
Reactive power
Shaft power

54.7
31.6
44.7
31.3

Rotor voltage
Rotor current

0.0 V
0.0 A

kVA
kW
kVAR
kW

Parameters of two-axis model
Ldd
0.0254594

Ldq
0.0099718

Lqd
Lqq
0.0099718 0.0113283

Ldf
0.0000000

Ld
Lq
-0.0118465 0.0086629

Id
28.84

Fd
-0.3417

Iq
-107.89

Del
-68.62

Te1
191.5

Te2
0.0

Up
0.00
Fq
-0.9347
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D

Figures of Analytical Computation

The figures of the analytical computation are presented below for solid shaft-rotor
and stator-frame analysis. The computation assumed the rotor and stator geometry
are solid (without slots). The material properties are the same as those used in the
numerical analysis of the synchronous reluctance machine.

Figure D-1: Stress distribution computed for stator-frame shrink fitting from the
equations of Section 3.1.1.2.

Figure D-2: Stress distribution computed for shaft-rotor due to centrifugal force
without shrink-fit from the equations of Section 3.1.2.

