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1. Introduction

“Thus there is no meaning in using the magnetic susceptibility from optical frequencies onward, and in discussing such phenomena we must put
µ = 1” reads the famous statement by Landau and Lifshitz [1]. This conclusion is further supported by the fact that all conventional optical materials, natural or artificial, respond essentially only to the electric-field
component of light. As a result, the optical response of the materials are
fundamentally limited. This prevents optical waves from being manipulated with the same degrees of freedom as radiowaves and microwaves,
for which a wide range of practical applications employing magnetic materials exists.
With the advent of nanotechnology, it has become possible to fabricate
artificial optical media composed of designed nanoscale scatterers. These
scatterers, being smaller in size than the wavelength, appear to light as
“artificial atoms”. Three-dimensional crystals composed of such scatterers are called optical nanomaterials, which can be considered as a special
class of metamaterials. In these artificial materials the properties of optical waves are determined not only by the properties of the constituent
materials, but also by the geometrical shape and arrangement of the scatterers. Despite being composed of non-magnetic constituents, artificial
nanomaterials can be made magnetic, meaning that their effective optical
response yields µ 6= 1. In this way, optical magnetism can be achieved
after all. Furthermore, if both the magnetic permeability and electric
permittivity can be made simultaneously negative, one can achieve the
phenomenon of negative refraction [2].
The horizons of optical nanomaterials are not limited to achieving optical magnetism and negative refraction, but they in general open up a
possibility to freely design the optical properties of matter. This potential
freedom has inspired investigations into novel optical applications that
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cannot be realized using conventional homogeneous materials. Some of
the most fascinating applications are perfect imaging [3] and invisibility
cloaking [4, 5]. However, in order to actually realize these applications, a
reliable and self-consistent theoretical basis enabling one to characterize
and design the optical response of nanomaterials must first be developed.
During the last ten years, the research activity on artificial electromagnetic materials has grown enormously. Despite the vast amount of studies performed, the theory describing such materials is still incomplete.
For example, artificial atoms are usually described in terms of electric
and magnetic dipole moments only. However, in electromagnetic scatterers composed of non-magnetic materials, the magnetic dipole and electric
quadrupole are interconnected electric current excitations of the same order and, therefore, they must be considered on equal grounds. This fact
has raised the question of possible contributions of electric quadrupoles
to the optical response of artificial media [6, 7]. Furthermore, spatial dispersion has been found to be an unavoidable property of such media at
optical frequencies [8–11]. In essence, the spatial dispersion implies that
the optical characteristics of the individual scatterers and the medium
composed of them depend on the light propagation direction. Although
one can calculate these characteristics for one propagation direction at a
time, the commonly used calculation procedure [12] assumes the same optical properties for waves propagating in different directions. Thus, this
and other similar procedures can only be applied to a restricted class of
materials composed of highly symmetric nanoscatterers.
One of the main goals of the work presented in the thesis is to tackle
the challenges in the design of spatially dispersive optical nanomaterials and develop an accurate theoretical approach to describe them. In
the theory developed in this work, higher-order multipole excitations and
spatial dispersion are naturally taken into account. These effects are common for optical nanomaterials and can therefore not be excluded from the
consideration. The thesis contains examples of nanoscatterers and nanomaterials that are judiciously designed to exhibit particular higher-order
multipoles and spatial dispersion. These nanomaterials exhibit optical
properties that cannot be obtained in conventional homogeneous media.
The thesis is organized as follows: Chapter 2 presents a theoretical basis
for the description of the interaction of optical waves with nanoparticles
and planar arrays of such particles. In chapter 3, the concept of designed
optical nanomaterials is presented along with a comprehensive theoreti-
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cal tool for the characterization of these materials. The application of this
tool is demonstrated in chapter 4 by designing various optical nanoscatterers and nanomaterials. Finally, chapter 5 summarizes the obtained
results and outlines possible directions for future research.
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2. Light interaction with nanoparticles

Light propagating in an optical nanomaterial is repeatedly scattered by
the nanoparticles that compose the material. In order to theoretically describe such propagation, it is first necessary to understand the interaction
between electromagnetic waves and individual nanoparticles. Thus, this
chapter presents the necessary theoretical basis for describing scattering
of light by a nanoparticle. Furthermore, the interaction between light and
planar arrays of nanoscatterers is also considered.

2.1

Light scattering by a small particle

Nanoparticles are, as the name suggests, solid objects that are smaller
than 100 nm in size. These particles are thereby smaller than the wavelength of visible light, which ranges from approximately 380 to 750 nm.
It is then clear that the wave nature of light must be taken into account
when describing the interaction between light and such particles. This
can be done by treating light as a classical electromagnetic field governed
by the Maxwell equations.
In matter that is linear and isotropic, time-harmonic electromagnetic
fields, oscillating at an angular frequency ω, satisfy the following Maxwell
equations [13]


∇ · ε(r)E(r) = 0,


∇ · µ(r)H(r) = 0,

(2.1)
(2.2)

∇ × E(r) = iωµ(r)H(r),

(2.3)

∇ × H(r) = −iωε(r)E(r),

(2.4)

where the electric permittivity ε and magnetic permeability µ are complexvalued material parameters. Here, the r-dependence of ε and µ implies
that the space can contain domains of different media. In Eqs. (2.1)-(2.4),
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E(r) and H(r) are the complex amplitudes of the electric and magnetic
fields, respectively. At any location r and time t, the physical field E(r, t)
is determined by the complex amplitude as

E(r, t) = Re E(r)e−iωt .

(2.5)

A similar equation holds for the magnetic field H(r, t).
Inside a homogeneous medium, the material parameters ε and µ are independent of r. However, these material parameters do depend on the frequency of the electromagnetic field. At optical frequencies, the permeability µ is approximately the same as in vacuum, i.e., µ ≈ µ0 . Consequently,
the optical properties of a homogeneous material are fully described by ε.
p
Alternatively, one can introduce a refractive index n = εµ/(ε0 µ0 ), where
ε0 is the permittivity in vacuum. At optical frequencies, the expression
p
reduces to n = ε/ε0 . For many materials, the values of ε or n can be

found in the literature [14–19].

Propagation of light in a homogeneous medium is conveniently described
in terms of electromagnetic plane waves. A plane wave is a time-harmonic
field that satisfies Eqs. (2.1)-(2.4) in an infinite host medium [ε(r) = εh ,
µ(r) = µh ]. For a plane wave, the complex amplitude of the electric field is
Epw (r) = E0 eik·r ,

(2.6)

where E0 is a constant vector and the wave vector k points in the direc√
tion of propagation. The length of the wave vector, k = ω εh µh , is called
the wave number. The magnetic field Hpw can be obtained from Eq. (2.3).
More complicated optical fields can always be expressed as linear superpositions of plane waves with different k and E0 .
In this thesis, elastic scattering of an optical plane wave by nanoparticles is frequently considered. Since the permittivity of a nanoparticle
deviates from that of the surroundings, the field cannot be expressed as
a plane wave in the vicinity of the nanoparticle. Instead, the electromagnetic field, which satisfies Eqs. (2.1)-(2.4), can be written as a superposition of the incident plane wave and a scattered field as
E(r) = Epw (r) + Esca (r),

(2.7)

H(r) = Hpw (r) + Hsca (r).

(2.8)

Far away from the nanoparticle, the scattered electric field can always be
expressed in spherical coordinates in the following form [20]
Esca (r) =

6

eikr
F(θ, φ),
r

(2.9)

Light interaction with nanoparticles

Figure 2.1. Scattering of a time-harmonic plane wave by a small scatterer, S. The wavefronts of the incident and scattered waves at a certain instant of time are
shown separately. The scattered far-field is a spherical wave that decays in
amplitude as 1/r away from the scatterer.

where r = 0 is the location of the nanoparticle and r · F = 0 holds. As
illustrated in Fig. 2.1, the total field that satisfies Eqs. (2.1)-(2.4) is a
superposition of the incident plane-wave field and a scattered field that
decays away from the particle as a spherical wave.
In order to calculate the scattered field for a certain nanoparticle, one
must take into account the standard electromagnetic boundary conditions [20]. For a homogeneous spherical scatterer, the scattered field was
solved analytically by Lorenz in 1890 [21] and later by Mie in 1908 [22].
The solution involves expanding the scattered field outside the particle,
and the total field inside the particle, in vector spherical harmonics [20].
Then, the incident plane wave, with k = kẑ and E0 = E0 x̂ for example,
is written as a superposition of these vector spherical harmonics. Using
the electromagnetic boundary conditions, analytical expressions for the
expansion coefficients of the scattered field are obtained [13]. Computer
codes that can be used to evaluate these coefficients are available [13, 23].
The solution for spherical scatterers can quite straightforwardly be extended to layered spheres, for which computation codes are also available [13, 24]. By employing spheroidal coordinate systems, the scattered
field can also be calculated for spheroidal scatterers [25, 26] as well as for
layered spheroids [27–29].
For light scattered by geometrically more complicated objects, no simple
analytical solutions exist. Fortunately, several numerical techniques [30],
such as the finite element method [31] and the finite-difference time-
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domain method [32], may be employed on modern computers to solve
nearly arbitrary scattering problems. Several commercially available computer softwares [33–43] (and also free ones [44–47]) are particularly suitable for calculating the optical scattering by small particles [48–56]. In
the research presented in Publications II-V, we used COMSOL Multiphysics [34] to calculate the scattering properties of nanoparticles and
nanoparticle arrays.
Once the field scattered by a particle has been obtained, one can characterize the scatterer by introducing interaction cross sections. These cross
sections depend on the characteristics of the field. For a spherical particle they depend only on the excitation frequency ω, but for more complex
particles they depend also on the propagation direction and polarization
of the incident wave, given by k and E0 in Eq. (2.6). One of the interaction cross sections is the scattering cross section Csca . It is equal to the
total power scattered by the particle divided by the intensity of the incident wave. It can thereby be interpreted as the area, from which the scatterer takes energy off from the incident light and converts it into scattered
light. In analogy, the absorption cross section Cabs describes the area from
which optical energy is absorbed. The third cross section, coined as the extinction cross section Cext , describes the total effect of both scattering and
absorption. The cross sections can be calculated by using the following
equations [13]
Csca
Cext

1
=
I0

Z

2π

Z

π

1
Re{r̂ · [Esca (r) × H∗sca (r)]}r2 sin θdθdφ,
2
0
0
Z
Z
1 2π π 1
= −
Re{r̂ · [Esca (r) × H∗pw (r)
I0 0
0 2
+ Epw (r) × H∗sca (r)]}r2 sin θdθdφ,

Cabs = Cext − Csca ,
where I0 =

√

(2.10)

(2.11)
(2.12)

√
εh |E0 |2 /(2 µh ) is the intensity of the incident plane wave in

a non-absorbing host medium. The absorption cross section can also be
obtained directly from the electromagnetic power dissipation inside the
scatterer as [20]
Cabs =

ω
2I0

Z

|E(r)|2 Im{ε(r)}d3 r.

(2.13)

Furthermore, an alternative way to calculate Cext is provided by the optical theorem [20]. For a plane wave propagating in the positive z direction
(k = kẑ), Cext can be expressed as
Cext =

8

4π
Im{F(θ = 0) · E∗0 }.
k|E0 |2

(2.14)

Light interaction with nanoparticles

Equation (2.14) demonstrates the important fact that extinction is caused
by the destructive interference between the incident wave and the forwardscattered wave. Using the two different ways to calculate Cext and Cabs
can serve as a check for the validity of the numerically calculated scattered fields.

2.2

Plasmonic nanoparticles

At optical frequencies, the scattering cross section of a typical dielectric
nanoparticle is only a fraction of its largest geometrical cross section. Noble metal nanoparticles, on the other hand, exhibit resonances at which
their interaction cross sections can be several times larger than their geometrical cross sections. Let for example a spherical nanoparticle with a
diameter of 80 nm and refractive index of 3 (as that of TiO2 [14]) be located
in a medium with a refractive index of 1.5 (SiO2 [14]). At a vacuum wavelength of λ0 = 500 nm, this nanoparticle has a scattering cross section
of Csca ≈ 0.26Cgeom (calculated using Ref. [23]), where Cgeom is the area
of the particle’s geometrical cross section. If this dielectric sphere is now
replaced by a silver sphere of the same size, the scattering cross section increases to Csca ≈ 8.34Cgeom (the refractive index of silver nAg = 0.05 + 3.13i
is taken from Ref. [16]). Note that the silver sphere also has a non-zero
absorption cross section of Cabs ≈ 0.50Cgeom at this wavelength.
The large interaction cross sections of noble metal nanoparticles are due
to a resonant coupling of light to collective oscillations of the metal’s conduction electrons at the particle’s surface [57]. The quantum of this type
of electron excitation is called a localized surface plasmon [58]. Because
of this, noble metal nanoparticles are often referred to as plasmonic nanoparticles. The applications of plasmonic nanoparticles in science and technology range from enhancement of transition rates of molecules [59,60] to
realization of ultrasensitive nanoscale biosensors [61–64]. In Publications
II-V, we have used the ability of subwavelength-sized plasmonic nanoparticles to provide strong scattering of light for the creation of nanostructures with new optical functionalities.
The localized surface plasmon resonance (LSPR) in metal nanospheres
can be qualitatively explained using a quasi-static model of light-particle
interaction. In this model, a spherical particle interacts with a timeharmonic electric field that is assumed to be uniform throughout the volume of the particle. The model thereby approximates the plane-wave scat-
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tering in the limit that the wavelength is much larger than the diameter
of the sphere. Applying the model, one finds that the electric field scattered by the sphere is equivalent to the near-field of an electric dipole with
an electric dipole moment [13]
p = 4πεh a3

εnp − εh
E0 .
εnp + 2εh

(2.15)

Here E0 is the incident electric field, a is the radius of the sphere, and
εnp and εh are the electric permittivities of the nanoparticle and the surroundings, respectively. For a typical transparent dielectric host medium
at optical frequencies, εh is a positive number in the range between 1 and
10. Considering a noble metal nanosphere, Re{εnp } is a large negative
number at infrared wavelengths. This number approaches zero when the
wavelength decreases towards the visible spectral range [16]. Thus, for
visible light of a certain wavelength one may have Re{εnp } = −2εh and,
consequently, the denominator in Eq. (2.15) becomes imaginary. This is
the LSPR criterion for a small metal sphere. If Im{εnp } is small, the dipole
moment given by Eq. (2.15) is large at the LSPR, which leads to a large
extinction cross section for the particle.
In Fig. 2.2, the extinction cross section of a small gold sphere is depicted as a function of vacuum wavelength λ0 . The LSPR peak in Fig. 2.2
is broadened due to a quite large value of Im{εnp } for the shorter wavelengths in the visible spectral range. This is a consequence of the interband transitions in gold atoms [65]. For silver, on the other hand, Im{εnp }
is relatively small throughout the whole visible spectral range [16], making it a better plasmonic material than gold.
The LSPR wavelength depends strongly on the geometrical shape of the
nanoparticle. This behavior can be illustrated by extending the previous
quasi-static model to ellipsoidal particles. As shown in Fig. 2.2, the geometry of an ellipsoidal particle is determined by three semiaxes a, b and d.
Due to symmetry, the electric field component along each semiaxis excites
an electric dipole moment along this axis. Aligning the Cartesian coordi↔

nate system as in Fig. 2.2, we can write p = α ·E0 , where the polarizability
↔

α is a diagonal dyadic with elements of the form [13]
αxx = 4πεh abd

εnp − εh
.
3εh + 3Lx (εnp − εh )

(2.16)

Similar expressions hold for αyy and αzz . In Eq. (2.16), the geometrical
factor Lx depends on a, b and d [13]. In the case of a spherical particle,
Lx = Ly = Lz = 1/3 and Eq. (2.16) reduces to Eq. (2.15). For ellipsoids,
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Figure 2.2. (a) Geometry of an ellipsoid (a ≥ b ≥ d). (b) Extinction cross section spectra
for gold nanoparticles in the quasi-static limit. In the green curve a spherical
nanoparticle (radius a1 ) is considered, whereas in the blue and red curves
√
the nanoparticle has a spheroidal shape (a = 1.3a1 , b = d = a1 / 1.3). For
the spheroid, the response to an incident electric field polarized along the x
axis and y axis are shown with the red and blue curves, respectively. A host
medium with h = 2.250 is assumed.

there are separate LSPRs for each semiaxis. For example, assuming a ≥
b ≥ d, the geometrical factors obey Lx ≤ Ly ≤ Lz < 1 [13]. Then, the LSPR

−1
conditions are Re{εnp } = −(L−1
x − 1)εh and Re{εnp } = −(Ly − 1)εh for the

x- and y-polarized components of the incident field, respectively. As can
be seen, a more negative value of Re{εnp } is required to obtain LSPR for
x-polarized light. Consequently, the LSPR for this polarization occurs at
a longer wavelength than for y-polarized light (see Fig. 2.2).
In Publications II-V, we have considered disc-shaped metal nanoparticles. A disc is geometrically quite close to a prolate spheroid (an ellipsoid with a = b > d) and, therefore, the disc can be expected to have only
two major resonances. Our nanoscatterer designs rely upon the LSPRs
occurring at the longer wavelengths.
The optical properties of plasmonic nanoparticles that are smaller than
10 nm in their effective linear dimensions cannot be accurately described
using the electric permittivity of a bulk material. In such particles, the
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optical response is affected by the intrinsic size effects such as limitation of the electron mean-free path and quantum confinement [65]. On
the other hand, for nanoparticles larger than 10 nm, the electric field of
visible light can no longer be assumed to be completely uniform across
the volume of the particle. Consequently, the quasi-static model does not
yield correct results. Instead, one has to use either exact analytical models for spheroidal scatterers or purely numerical techniques. For larger
nanoparticles three new effects appear that are not accounted for by the
quasi-static model. First, whereas the extinction of nanoparticles treatable within the quasi-static approximation is dominated by absorption,
the extinction of larger particles is dominated by scattering [66] (see also
the example in the beginning of this section). Second, the LSPR wavelength shifts towards longer wavelengths with increasing particle size.
Finally, the scattered field is no longer electric dipolar, but gets contributions from other electromagnetic multipoles.

2.3

Electromagnetic multipoles

In the previous section, it was noted that in the quasi-static approximation the field scattered by a spheroid is that of a point electric dipole. In
general, however, the field scattered by a nanoparticle can be quite different from the electric-dipole field. The scattered field, which depends on
the particle shape and composition, is most conveniently described using
the electromagnetic multipole expansion. This expansion expresses the
field outside the scatterer, in spherical coordinates, as [PI]
Esca (r) = E0

∞ X
l
X

il [π(2l + 1)]1/2

n1

 (1)

aE (l, m)∇ × hl (kr)Xlm (θ, φ)

k
o
(1)
+ aM (l, m)hl (kr)Xlm (θ, φ) ,
l=1 m=−l

Hsca (r) =

(2.17)

∞
l
n1
 (1)

E0 X X l−1
i [π(2l + 1)]1/2 aM (l, m)∇ × hl (kr)Xlm (θ, φ)
ηh
k
l=1 m=−l
o
(1)
+ aE (l, m)hl (kr)Xlm (θ, φ) ,
(2.18)
(1)

where Xlm are normalized vector spherical harmonics and hl

are spher-

ical Hankel functions of the first kind [20]. The wave number k, wave
p
impedance ηh = µh /εh and electric field amplitude E0 are parameters

describing the incident plane wave in the surrounding host medium. The
expansion coefficients aE (l, m) and aM (l, m) are the electric and magnetic
multipole coefficients, respectively. The integer l describes the order of
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(a)

(b)

z
x

y

(c)

Figure 2.3. Electric far-field distribution F(θ, φ) of (a) a z-polarized electric dipole, (b) a
z-polarized magnetic dipole, and (c) an xy-polarized electric quadrupole. The
fields are determined by the multipole coefficients (a) aE (1, 0), (b) aM (1, 0),
and (c) aE (2, −2) = −aE (2, 2).

the multipole, whereas the integer m describes the amount of the z component of angular momentum that is carried per photon. Therefore, the
case of l = 1 corresponds to a dipole field, l = 2 to a quadrupole field, l = 3
to an octupole field, and so on.
The expansion in Eqs. (2.17) and (2.18) is a complete [67] and general solution for the scattered field in the region r > r0 , where r0 is the radius of
the smallest sphere, centered at the origin, that can enclose the nanoscatterer. To describe the field inside this imaginary sphere, also spherical
Hankel functions of the second kind would be required [20]. The coefficients of the multipole expansion depend on the location of the origin of
the coordinate system. Thus, in order to minimize the set of multipoles
describing a nanoparticle, one should select the origin to lie symmetrically
at the center of the particle. Each term of the expansion in Eqs. (2.17) and
(2.18) has a unique far-field pattern F(θ, φ). As an example, three far-field
patterns, which correspond to an electric dipole, magnetic dipole and an
electric quadrupole, are shown in Fig. 2.3.
In order to fully appreciate the expansion in Eqs. (2.17) and (2.18), one
can reveal the connection between the scattered field and the actual excitations in the scatterer. As shown in Publication I, the source of the
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scattered field can be described with a scattering current density


Jsca (r) = −iω ε(r) − εh E(r),

(2.19)

where ε(r) is a function giving the permittivity at a certain coordinate r
and εh is the permittivity of the host medium. Note that the field E(r)
is the total electric field and that the incident plane-wave field satisfies
Eqs. (2.1)-(2.4) in the absence of a scatterer, i.e., when ε(r) = εh . Therefore, Eqs. (2.1)-(2.4) can be written in terms of only the scattered fields by
using Eqs. (2.7), (2.8) and (2.19) as
∇ · Esca (r) = −

i
∇ · Jsca (r),
ωεh

∇ · Hsca (r) = 0,

(2.20)
(2.21)

∇ × Esca (r) = iωµ0 Hsca (r),

(2.22)

∇ × Hsca (r) = −iωεh Esca (r) + Jsca (r).

(2.23)

Equations (2.20)-(2.23) are identified as the Maxwell equations describing
a current distribution Jsca that emits an electromagnetic field in a homogeneous space. Therefore, Jsca can be interpreted as the source of the scattered field. In Publication I, we have expressed the multipole coefficients
aE (l, m) and aM (l, m) in terms of Jsca . Consequently, if one knows the total
electric field inside a scatterer, one can calculate the current density Jsca ,
the multipole coefficients and, thereby, obtain the scattered field at any
point around the scatterer. The advantage of this approach is that it can
be applied to a scatterer regardless of the surroundings. Note that the
field scattered by a localized particle satisfies Eqs. (2.20)-(2.23) and can,
therefore, always be expressed through the multipole expansion. The influence of other scatterers is included self-consistently in Jsca . The total
scattered field is obtained by summing the individual contributions of all
the scatterers.
It is also possible to obtain the multipole coefficients directly from the
scattered field, as shown in Publication I. The coefficients aE (l, m) can be
calculated from the distribution of r · Esca or r × Hsca on any spherical
surface of constant r (r > r0 ). Likewise, the coefficients aM (l, m) can be
calculated from r · Hsca or r × Esca on this surface. There are thereby three
different ways to calculate each multipole coefficient, which allows one to
double-check the validity of the numerical results. While the approach
using the scattered field is simpler than the one using Jsca , it can only be
applied to the case of an isolated scatterer. The scattering and extinction
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cross sections of a scatterer can be obtained from the multipole coefficients
by using equations (20), (22) and (23) of Publication I.
In Publication I, the scattering current density Jsca (r) excited in a nanoscatterer has been expanded into point current multipoles. The first term
in this unconventional expansion is a current dipole that, in fact, coincides
with a time-harmonic point electric dipole
J1 (r) = −iωpδ(r),

(2.24)

where p is the electric dipole moment. The next order of current multipoles are current quadrupoles. Each current quadrupole is composed of
two current dipoles that oscillate in opposite directions. These dipoles are
separated by an infinitesimally small distance either parallel or perpendicular to the directions of the dipoles. The current-quadrupole term in
the expansion of Jsca (r) is written as

↔

↔

J2 (r) = iω Q · ∇ δ(r),

(2.25)

where Q is a dyadic representing the current quadrupole moments. By
including higher-order derivatives of the Dirac delta function in the decomposition of Jsca (r) we obtain all other higher-order current multipoles
[PI]. The current multipoles provide a complete orthogonal basis for characterizing electromagnetic excitations in an arbitrary nanoscatterer.
The terms in the expansion of Jsca (r), which contain the multipole moments, can be mapped onto the expansion coefficients of Esca (r), which are
the multipole coefficients. The mapping relations up to current octupoles
are derived in Publication I. These relations can be used in two ways.
First, for a scatterer with a fixed geometry, one can predict the most efficiently excitable current multipoles. The mapping relations then reveal
the distribution of the scattered field. Second, for a desired distribution of
the scattered field one can calculate the required multipole moments. The
geometry of the scatterer can then be designed such that these multipoles
will be easy to excite. This is often achieved when the scatterer geometry
resembles that of the most significant higher-order current multipole.
One can also map the current multipoles onto time-harmonic versions
of the conventional electric and magnetic multipoles that are frequently
used in electrostatics and magnetostatics. In this way one can confirm
that the three radiation patterns in Fig. 2.3 correspond to an electric
dipole, a magnetic dipole and an electric quadrupole. For example, the
↔

elements of the electric quadrupole moment q and the magnetic dipole
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↔

moment m are obtained from the current quadrupole Q in Cartesian coordinates as
1
qxu xv = (Qxu xv + Qxv xu ),
2
3
3
iω X X
uvw Qxv xw ,
mxu =
2

(2.26)
(2.27)

v=1 w=1

where uvw is the Levi-Civita symbol and the Cartesian components of the
quantities are labeled with x1 ≡ x, x2 ≡ y and x3 ≡ z.
It is worthwhile to notice that the multipole expansion can be seen as
a generalization of the Mie expansion that is used to analytically solve
the problem of scattering by a spherical particle. The Mie expansion can
be obtained from the more general Eqs. (2.17) and (2.18) by setting all
coefficients with m 6= ±1 to zero and requiring that aE (l, −1) = −aE (l, 1)
and aM (l, −1) = aM (l, 1). By comparing the two expansions, one can derive a connection between the Mie expansion coefficients al and bl (from
Refs. [13] and [23]) and the multipole coefficients aE (l, 1) and aM (l, 1). This
connection is
aE (l, 1) = −al ,

(2.28)

aM (l, 1) = −bl .

(2.29)

Thus, the multipole moments in a sphere can be obtained by first calculating the Mie coefficients, al and bl [23], and then using the relations
that map the multipole coefficients onto the multipole moments. For more
complex scatterers, one must first numerically solve the scattering problem and then calculate the multipole coefficients from either the scattered
field or the total field inside the scatterer.

2.4

Two-dimensional nanoparticle arrays

So far, only the case of light scattering by an isolated nanoscatterer has
been considered. However, in optical nanomaterials, nanoparticles are
arranged in densely packed arrays. In these arrays, each nanoscatterer
sees not only the incident light, but also the light scattered by all adjacent
nanoscatterers. Consequently, the multipole moments in each nanoparticle are influenced by the inter-particle interaction. In this section, the
scattering of a plane wave by a planar array of nanoscatterers is considered. This setup is illustrated in Fig. 2.4.
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Figure 2.4. A two-dimensional array of nanoscatterers is illuminated by an optical plane
wave. In such arrays, a nanoscatterer (blue sphere) interacts not only with
the plane wave, but also with the field scattered by adjacent nanoscatterers.

The effect of inter-particle interaction can be illustrated by using a dipolar interaction model [68–71], where small identical scatterers are placed
in a periodic square array in the z = 0 plane. The scatterers are considered to be small enough to be treatable within the quasi-static approximation. In this case, the scatterers are considered as point dipoles. The array
is illuminated by a normally incident plane wave (k = kẑ and E0 = E0 x̂)
that excites an electric dipole moment px = αeff E0 in each of the scatterers. Taking the interactions into account, the effective polarizability αeff
of each scatterer can be expressed in SI units as
αeff =

α0
,
1 − α0 S/(4πεh )

(2.30)

where α0 is the polarizability of an isolated particle that can be estimated
using quasi-static models [see, e.g., Eqs. (2.15) and (2.16)] or retrieved
exactly from the multipole expansion of the scattered field [72]. The array
factor S can be calculated from the expression
S=

X
j6=i

eikrij

h k 2 sin2 θ
rij

ij

+

(1 − ikrij )(3 cos2 θij − 1) i
,
3
rij

(2.31)

in which one chooses a certain dipole i and performs the summation over
all other dipoles j that are located at rij = rij (x̂ cos θij +ŷ sin θij ). The array
factor can also be calculated in the reciprocal space [73]. The inter-particle
interaction, provided by S in Eq. (2.30), shifts the resonance wavelength
in plasmonic nanoparticles and can produce spectrally sharp lattice resonances [71, 73, 74]. The dipolar interaction model can also be extended to
treat uniaxial anisotropic particles at oblique incidence [75] or spherical
particles in which electric quadrupole moments are excited [76].
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For large nanoparticles in an array, the field scattered by adjacent nanoparticles is no longer constant throughout the volume of the particle. Consequently, numerical techniques are required to treat periodic arrays of
such nanoparticles, especially if they are not spherical. Fortunately, the
scattering of a plane wave by such an array can be solved by employing
periodic boundary conditions, which simplifies the calculations. For example, considering a square array with a period Λ located at z = 0, it is
sufficient to numerically solve the Maxwell equations only in the region
(x, y) ∈ ([−Λ/2, Λ/2], [−Λ/2, Λ/2]). The periodic boundary conditions require that the solution at the surface x = Λ/2 differs from the solution at
x = −Λ/2 only by a factor of exp(ikx Λ), where kx is the x component of
the wave vector associated with the incident plane wave. Likewise, the
solution at y = Λ/2 differs from that at y = −Λ/2 by exp(iky Λ). When
the field is calculated, Jsca (r) can be evaluated inside the scatterers using
Eq. (2.19), which can then be used to directly obtain the dipole polarizability αeff , as well as the polarizabilities for all other multipoles (see, e.g.,
Publications IV and V).
While an individual nanoparticle scatters light in almost all directions,
the directions in which light is scattered by a periodic nanoparticle array
are considerably restricted. In an array, the multipole fields of adjacent
scatterers interfere to form plane waves that propagate only in certain
fixed directions. For example, consider a two-dimensional square array
of period Λ illuminated by a plane wave with a wave vector k. Assuming
the particles to be confined within the region z ∈ [−z0 , z0 ], the scattered
electric field outside this region can be expanded into plane waves as [77]
Esca (x, y, z > +z0 ) =

∞
X

∞
X

u=−∞ v=−∞
∞
∞
X
X

Esca (x, y, z < −z0 ) =

u=−∞ v=−∞



Euv exp i(kx,sca x + ky,sca y + kz,sca z) , (2.32)



0
Euv exp i(kx,sca x + ky,sca y + kz,sca z) , (2.33)
0

where u and v are integers, Euv and Euv are constant vectors, and kx,sca =
kx + u2π/Λ and ky,sca = ky + v2π/Λ. The periodicity thereby imposes that
the components kx,sca and ky,sca can differ from the incident wave vector
components only by an integer multiple of the reciprocal lattice basis vectors. The z components of the wave vectors satisfy


1/2

2
2
2
+ k 2 − (k 2
sign(z) for k 2 > kx,sca
+ ky,sca
,
x,sca + ky,sca )
kz,sca =
(2.34)



2
2 1/2 sign(z)
2 < k2
2
+i k 2
+
k
−
k
for
k
+
k
.
x,sca
y,sca
x,sca
y,sca

The incident plane wave interferes with the forward-scattered plane wave
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Figure 2.5. Scattering of a plane wave by a two-dimensional square array of nanoscatterers. The incident wave E0 is split into a transmitted wave (E0 + E0,0 ),
0
0
a reflected wave (E0,0 ), propagating diffracted waves (E−1,0 and E−1,0 ) and
0
evanescent waves (E1,0 , E1,0 and higher orders). Propagating and evanescent
waves related to the periodicity in y, such as E0,1 , also appear (not shown).
0

E0,0 to form the main transmitted wave. The wave E0,0 is the main re0

flected wave. The other waves Euv and Euv , which in addition satisfy
2
2
k 2 > kx,sca
+ ky,sca
, are the propagating diffracted waves. They carry

energy away from the array. Thus, the energy of the incident wave is
distributed among the transmitted and reflected waves, the propagating
diffracted waves and the dissipative excitations in the particles that ab2
2
sorb the field. The waves that satisfy the inequality k 2 < kx,sca
+ ky,sca

are evanescent, since kz,sca is imaginary, and do not carry energy away
from the array. Instead, they are localized at the array. The appearance
of reflected, diffracted and evanescent waves is illustrated in Fig. 2.5.
Equation (2.34) shows that, if k < π/Λ, all diffracted waves are evanescent. In this case, the nanoscatterer array only produces one transmitted
and one reflected wave. If only normal-incidence illumination is considered, i.e., kx = ky = 0, the condition k < 2π/Λ is enough to ensure that
there are no propagating diffraction orders. In the absence of propagating
diffraction orders, the array can be characterized by a single transmission
and reflection coefficient. The transmission coefficient can be defined as
0

τ = 1 + E0,0 /E0 and the reflection coefficient as ρ = E0,0 /E0 , where it is
0

assumed that E0,0 , E0,0 and E0 are either TE- or TM-polarized. These
coefficients naturally depend on both the polarization state and the prop-
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agation direction of the incident wave. In Publication II, we model twodimensional arrays of nanoparticles as infinitely thin sheets with certain
τ and ρ. This model turns out to be very efficient and accurate as long as
the evanescent waves have a short decay length.
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One could suppose that the optical properties of matter are limited by
the elements available in the periodic table and their molecular combinations. However, by structuring materials on the nanoscale, optical media
with new and sometimes very unusual optical properties can be created.
These media belong to the class of optical nanomaterials. In this chapter,
we introduce this peculiar type of matter and theoretically describe the
phenomenon of light propagation in such nanostructured materials.

3.1

Designed electromagnetic materials

In homogeneous condensed matter, the atoms and molecules are densely
packed on a scale much smaller than the wavelength of visible light. As a
consequence, light sees the material as a homogeneous medium that can
be described by macroscopic material parameters, such as the index of
refraction. In analogy, an assembly of nanoscatterers that are packed on
a subwavelength scale also appears as a homogeneous material to light.
In such nanomaterials, the scatterers behave as “artificial atoms”. We call
these materials as optical nanomaterials.
By using modern nanotechnology, one can create artificial nanomaterials, in which the scatterers are judiciously designed to provide the material with optical properties unavailable in conventional natural and artificial materials. These designed optical nanomaterials are often coined
as optical metamaterials and the nanoscatterers as meta-atoms [78]. The
possibility to create materials with derived optical properties has immense
potential for unprecedented applications in optics. The most well-known
application examples are the invisibility cloak [4, 5, 79–83] and perfect
lens [3]. Other interesting effects in metamaterials, which also may lead
to real-life applications, are repulsive Casimir force [84, 85], plasmon-
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(a)

(b)

(c)

(d)

Figure 3.1. Commonly used metallic scatterers in metamaterials: (a) traditional splitring resonator (SRR), (b) U-shaped SRR, (c) pairs of rods and (d) fishnet
structure. The red arrows depict the currents in the structure when the
metamaterial exhibits an artificial magnetic response.

induced transparency [86, 87], hyperlens and metalens focusing [88–97],
other subwavelength optical effects [98–104], various nanocircuitry phenomena [105–107], self-collimation of light [108] and metamaterial perfect absorbtion [109]. Electromagnetic metamaterials have also served as
an inspiration for the creation of other artificial materials, such as acoustic metamaterials [110–113] and quantum metamaterials [114–117].
The metamaterials research was initiated in 1999, when Pendry et al.
proposed that an artificial material composed of non-magnetic metal microstructures can respond to microwaves as a magnetic medium with
µ 6= 1 [118]. The magnetic response was seen to originate from the excitation of a loop-like current in the structures that were shaped as split-ring
resonators (SRR) of the type depicted in Fig. 3.1(a). Soon after, Smith et
al. introduced additional thin metal wires alongside the SRRs and showed
that the resulting microwave metamaterial would exhibit simultaneously
Re{µ} < 0 and Re{ε} < 0 [119]. Such materials can have a negative index of refraction, Re{n} < 0. Therefore, they are called negative-index
metamaterials (NIM). Simultaneously, the first application of NIMs, the
perfect lens that would be able to image objects beyond the diffraction
limit was proposed [3]. Then, within the next few years, several NIMs
operating in the microwave frequency range were realized [120–123]. Obtaining negative refractive index for visible light, however, was found to
be much more challenging [124].
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A simple scale-down of the SRRs to nanometer dimensions could not
lead to obtaining optical NIMs, since at optical frequencies the electromagnetic response of metals is completely different from that at microwave
frequencies [125, 126]. For example, the conductivity decreases and the
displacement current inside the metal becomes important [127]. Instead
one would have to come up with new designs for the meta-atoms that
would provide the required resonant response for obtaining negative refractive index. Artificial magnetism and negative refractive index was
subsequently demonstrated in the infrared by using noble metal metaatoms in the form of U-shaped split-ring resonators [128–131], pairs of
rods [132–134] and units of so-called fishnet structures [135–137]. These
meta-atoms are depicted in Fig. 3.1. The first NIM design in the visible
spectral range (at 780 nm wavelength) was based on the fishnet structure [138]. A major problem for optical NIMs is the large optical absorption in the metal. Typically, any light wave is nearly fully extinguished after propagation through just a few meta-atomic layers of the
material. Approaches to tackle this problem involve optimized meta-atom
designs [139–144], the use of dielectric meta-atoms [145–147] or opticalgain materials [148].
The prospects of designing optical nanomaterials go much further than
just the realization of negative refractive index. For example, optical
cloaking would require the use of an anisotropic metamaterial with spatially varying optical properties, without need of a negative refractive
index [5]. Even the negative refraction itself can be achieved without
resorting to the concept of negative refractive index [149, 150]. Furthermore, propagation of optical beams can be controlled in spatially dispersive nanomaterials, in which the optical properties depend on the propagation direction of the beam’s plane-wave components [151]. Also metamaterials with zero [152, 153] and “unnaturally high” refractive indices
[154] have been proposed for various optical applications. In Publications I and II we present a general theoretical approach to the characterization of optical meta-atoms and metamaterials, without limiting ourselves to a certain particular property, such as negative refractive index.
This approach is then applied to bifacial meta-atoms in Publications III-V.
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3.2

Theoretical description

Interaction of light with a nanomaterial is most conveniently described in
terms of optical plane waves that are incident onto a slab of the material.
Such slabs can be composed by stacking two-dimensional arrays of nanoscatterers in equidistant layers. Usually, these arrays are periodic, which
implies that the theory presented in section 2.4 can be applied to each
layer of the periodic material. The choice of a periodic arrangement of
scatterers is motivated by the ease of fabrication of such structures. They
are also most convenient to analyze through numerical calculations. In
Publication II, we have presented an interferometric theory that describes
the propagation of light through such a nanomaterial slab. In this theory,
each two-dimensional array of nanoscatterers is described as an infinitesimally thin sheet with certain plane-wave transmission and reflection coefficients τ and ρ. These coefficients depend on both the polarization and
propagation direction of the incident wave. The total transmission and
reflection of light by a nanomaterial slab can then be expressed in terms
of τ and ρ using a technique that resembles the description of the transmission of a Fabry-Perot interferometer.
In order to describe a nanomaterial slab as a stack of thin sheets, two
assumptions must be made. The first assumption is that k < π/Λmax ,
which means that all diffracted waves produced by the nanoscatterer layers are evanescent (see section 2.4). Here k is the wave number in the
host medium and Λmax is the largest lattice constant of the array. This
requirement is necessary for the nanomaterial to be treatable as a homogeneous medium. If the requirement is violated, the nanoscatterers form
a photonic crystal [155] rather than a nanomaterial. The second assumption is that the evanescent waves associated with the cut-off diffraction
orders do not transfer energy between the nanoscatterer layers. In practice, this requirement can be satisfied by ensuring that the gap d between
two nanoscatterers that belong to adjacent arrays is large compared to the
decay lengths of the evanescent waves. For the lattice shown in Fig. 3.2(a),
the 1/e amplitude decay length is [PII]
−1/2

2
2π
2
− kx − k
.
δ=
Λx

(3.1)

In typical nanomaterials with a cubic lattice, the condition d  δ is quite
easily satisfied as demonstrated by several examples in Publication II.
Usually, metamaterials are described in terms of effective material parameters that, similarly to the coefficients τ and ρ, also depend on the
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Figure 3.2. (a) Propagation of a plane wave through a stack of two-dimensional nanoscatterer arrays. The evanescent waves extend a distance of δ from each
array. Provided that δ  d, the interferometric theory can be applied, and
the stack can be described as (b) a slab of homogeneous nanomaterial with
effective refractive index neff and wave impedance ηeff that are independent
of the number of layers composing the slab.

propagation direction and polarization of the wave. For these parameters
one can select either the electric permittivity εeff and magnetic permeability µeff or the refractive index neff and wave impedance ηeff . Their values
are usually obtained by using retrieval procedures, in which the transmission and reflection coefficients of a metamaterial slab are fitted to those
of an equivalent slab of homogeneous matter [see Fig. 3.2(b)]. An appropriate retrieval procedure was originally introduced only for a wave that
is normally incident on a metamaterial slab [156, 157], but was later extended to cover arbitrary incidence angles [12]. In Publication II, we have
shown that the interferometric theory can be used to semi-analytically
calculate neff , ηeff , εeff and µeff for homogenizable materials. Provided that
the assumptions for the interferometric theory hold, the effective material
parameters do not depend on the number of the two-dimensional nanoscatterer arrays in the stack. On the other hand, if these assumptions are
violated, evanescent-wave coupling makes the retrieved material parameters depend on the slab thickness [158]. This prevents an unambiguous
definition of the effective material parameters, since they do not necessarily converge with an increasing slab thickness [159]. Actually, if the
assumptions in question are violated, a negative-index material can become a positive-index material just by changing the slab thickness [160].
In Publication II, we provide simple means to check whether the effective
parameters can be introduced for a certain nanomaterial design or not.
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The standard retrieval procedures are not general, since they either assume normal incidence illumination [156,157] or that the reflections must
be the same from both sides of a metamaterial slab [12]. However, the latter does not hold for optically bifacial nanomaterials, which are composed
of noncentrosymmetric nanoscatterers. In such materials, two counterpropagating waves “see” the medium differently. In Publication V, we
have used the interferometric theory to derive appropriate effective material parameters for such bifacial nanomaterials. In order to retrieve these
parameters, one must first numerically calculate the plane-wave transmission and reflection coefficients for a single two-dimensional array of
nanoscatterers. These coefficients depend on the wave vector k and polarization σ of the plane wave considered, i.e., τ = τ (k, σ) and ρ = ρ(k, σ),
where σ = ±1 for TE and TM polarization, respectively. The scatterers
are assumed to be non-chiral, such that the polarization σ is preserved
upon transmission and reflection by each nanoscatterer array. In this
case, each such array effectively interacts with only two waves: one propa0

gating with a wave vector k and the other with a wave vector k = k−2ẑkz .
This second wave is created by reflections from other arrays in the stack
as shown in Fig. 3.2(a). Thus, these two waves have equal kx and ky but
opposite kz .
0

For simplicity, we assume that τ (k, σ) = τ (k , σ), which always holds for
an array of uniaxial scatterers with the symmetry axis aligned along the
z axis. In this case, the effective refractive index neff and wave impedance
ηeff can be calculated as [PV]
[kx2 + ky2 + γz2 ]1/2
,
(3.2)
k0
 γ k σ ρ(k0 , σ) exp(ik Λ ) + {1 − τ (k, σ) exp[i(k − γ )Λ ]}
z
z z
z
z
z
ηeff (k, σ) = ηh
,
0
γkz ρ(k , σ) exp(ikz Λz ) − {1 − τ (k, σ) exp[i(kz − γz )Λz ]}

neff (k, σ) = ±

(3.3)
√
where γ = neff k0 is the length of the effective wave vector (k0 = ω ε0 µ0

is the wave number in vacuum). Here, the phase-matching conditions
γx = kx and γy = ky have been used. Equations (3.2) and (3.3) include γz ,
which can be calculated from
γz Λz = ± arccos(a/2) + 2πm,
0

(3.4)
0

a = exp(ikz Λz )[τ (k , σ) − ρ(k, σ)ρ(k , σ)τ (k, σ)−1 ]

(3.5)

+ [exp(ikz Λz )τ (k, σ)]−1 ,
with m ∈ Z. The values for the integer m and the signs in Eqs. (3.2) and
(3.4) are chosen as follows: One first calculates τ and ρ for a frequency
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that is considerably below the resonance frequencies of the nanoscatterers. At this frequency one has γz ≈ kz , which provides the correct signs
and the value for m. Then, one gradually moves towards higher frequencies, while choosing the signs and m such that continuous spectra of γz
and neff are obtained. In addition, for lossy nanoscatterers, one can require that Im{γz } > 0 and Im{neff } > 0.

0

For bifacial nanomaterials the inequality ρ(k, σ) 6= ρ(k , σ) holds and,
0

consequently, by Eq. (3.3) ηeff (k, σ) 6= ηeff (k , σ) is obtained. By reciprocity,
0

it follows that ρ(k , σ) = ρ(−k, σ) and therefore also ηeff (k, σ) 6= ηeff (−k, σ) =
0

ηeff (k , σ). This inequality means that two counter-propagating waves
“see” a different wave impedance. Obviously, the reflection of light by
a slab of such material depends on the side of illumination. The effective refractive index, however, must be the same for any two counterpropagating waves. This fact is seen from Eq. (3.5). It can be shown to
0

hold also in the case of τ (k, σ) 6= τ (k , σ) and be considered as a consequence of reciprocity for the waves propagating inside the material. It is
noteworthy that the parameters neff and ηeff depend on the propagation
direction of the wave, which is rarely the case for natural materials. Because of this, neff and ηeff are often called effective wave parameters [12]
and sometimes Bloch material parameters [161].
Using the retrieved neff and ηeff , Fresnel transmission and reflection coefficients can be introduced at a nanomaterial boundary. However, for
bifacial nanomaterials the standard Fresnel formulae [162] cannot be applied, since they are obtained by assuming that the material parameters
are independent of k. In Publication V, we have derived Fresnel coefficients that are generalized to include also bifacial nanomaterials with
uniaxial symmetry. Consider a wave propagating in a nanomaterial with
an effective wave vector (γx , γy , γz,1 ) and a wave impedance η1 . The wave
is incident on an interface with another material, at z = 0, giving rise to
a reflected and a transmitted wave. The reflected wave has a wave vector
0

(γx , γy , −γz,1 ) and impedance η1 , whereas the transmitted wave is characterized by (γx , γy , γz,2 ) and η2 . The Fresnel transmission and reflection
coefficients, τF and ρF , are then given by the following expressions [PV]
0

1/η1 + 1/η1
(γz,1 /γ1 )(σ+1)/2 (γz,2 /γ2 )(σ−1)/2 ,
τF =
0
σ
σ
(γz,1 /γ1 ) /η1 + (γz,2 /γ2 ) /η2
(γz,1 /γ1 )σ /η1 − (γz,2 /γ2 )σ /η2
ρF =
,
0
(γz,1 /γ1 )σ /η1 + (γz,2 /γ2 )σ /η2

(3.6)
(3.7)

where σ = ±1 for the TE and TM polarization, respectively. For spatially
0

non-dispersive materials, i.e., when η1 = η1 , these expressions reduce to
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the standard Fresnel coefficients. For example, the expressions for the
Fresnel coefficients in Ref. [66] are obtained from Eqs. (3.6) and (3.7) by
p
0
√
setting γj = µj εj k0 , ηj = ηj = µj /εj η0 and multiplying ρF with −1

for the TM polarization, since we define the reflected field to have its tangential component in-phase with the tangential component of the incident
field for a positive real-valued ρF .
Together, the effective material parameters in Eqs. (3.2)-(3.5) and the
generalized Fresnel coefficients in Eqs. (3.6) and (3.7) can be used to characterize the transmission and reflection by a bifacial nanomaterial slab
of an arbitrary thickness. This transmission and reflection can, however,
also be described without going through the effort of introducing effective material parameters. Given that the transmission coefficient τ and
reflection coefficient ρ of a single two-dimensional nanoparticle array are
known, the transmission and reflection coefficients t and r of a stack are
obtained as [PII]
t=

τ (k, σ) exp(ikz Λz )
,
GN − τ (k0 , σ) exp(ikz Λz )GN −1

r = ρ(k, σ)τ (k, σ)−1 GN t,

(3.8)
(3.9)

where the G-polynomial is calculated recursively as
G0 = 0,

(3.10)

G1 = 1,

(3.11)
0

Gj = aGj−1 −

τ (k , σ)
Gj−2 ,
τ (k, σ)

(3.12)

with a defined in Eq. (3.5). The results provided by Eqs. (3.8)-(3.12) are
identical to those given by applying the generalized Fresnel coefficients to
a homogeneous nanomaterial slab. This equality provides a way to verify
the calculations. For example, one can numerically calculate t and r for
just a two-layer nanomaterial and compare the results to those obtained
by using Eqs. (3.8)-(3.12). If they are in agreement, the effective material
parameters are physically reasonable and can be introduced to characterize the material.
Using the effective material parameters, one can directly obtain the
transmission and reflection at interfaces between the nanomaterial and
any homogeneous medium of interest. For example, an air-nanomaterial
interface may be of particular interest. As shown in Publication V, the
effective material parameters retrieved for a nanomaterial in an infinite
host medium of glass give the correct transmission and reflection coefficients for a nanomaterial slab in air.

28

Optical nanomaterials

Recently, optical metamaterials have also been analyzed in terms of
Bloch modes. The theory of optical Bloch modes was originally used to
describe the propagation of light in photonic crystals [163], and it can be
applied to periodic optical metamaterials as well. In the Bloch mode analysis, one considers an infinite three-dimensional periodic array of scatterers and solves for the eigenmodes of the crystal. The solution is thereby
forced to satisfy the Bloch periodicity condition in all directions, similarly
to what was required for the two-dimensional arrays in Eqs. (2.32) and
(2.33). The eigenmodes in the unit cell can be solved by using the Fourier
modal method [164]. Once the eigenmodes are solved, one must figure
out which of the eigenmodes are excited by plane waves at a boundary of
a semi-infinite metamaterial [165]. If the fundamental Bloch mode has
the lowest propagation loss in the bulk crystal and if, in addition, it is the
only mode that is excited at the metamaterial boundary, then the Fundamental Mode Approximation (FMA) can be applied to the considered
plane wave [159]. Only if the FMA holds, can one introduce effective wave
parameters that will be independent of the thickness of a metamaterial
slab [160]. It is evident that the FMA holds when there is no evanescentwave coupling between adjacent layers of nanoscatterers in the material.
Thus, to design a nanomaterial with thickness-independent effective material parameters, one must either verify that the FMA holds or ensure
that the evanescent-wave coupling is negligible. The latter can be verified
easily using the interferometric approach of Publication II.
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4. Design of nanoparticles and
nanomaterials

The optical properties of nanomaterials are determined by the shape,
composition and ordering of the nanoparticles that compose the material.
Thus, in order to be able to successfully design nanomaterials, both the
microscopic and macroscopic aspects of these materials must be considered. The first part of this chapter deals with the microscopic design of
individual nanoparticles. It utilizes the multipole theory presented in section 2.3. In the second part, the theory of section 3.2 is harnessed to design
the macroscopic optical properties of the nanomaterials. The chapter also
unveils the intricate connection between these properties and the multipoles, effectively revealing the connection between the nanoparticles and
the nanomaterials.

4.1

Designing the microscopic response

The response of nanoparticles to light, such as their scattering and absorption, fundamentally depend on the particles’ geometrical shape. As
shown in section 2.2, a deformation of a metal nanosphere into a nanospheroid can significantly change both the strength and the spectral location of its electric dipole resonance, thereby considerably altering its
optical response. Furthermore, the geometrical sizes of the nanoparticles
used in artificial materials are typically not negligible compared to the
wavelength of visible light. Consequently, one must also consider the
higher-order multipole excitations in the particles.
As described in section 2.3, the multipole excitations in a nanoscatterer
can be revealed by using the methods presented in Publication I. One of
them is based on a simple projection of the scattered field onto the terms
of the expansion in Eqs. (2.17) and (2.18). In particular, this method has
been used to analyze the scattering properties of individual plasmonic
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nanoparticles in the form of U-shaped split-ring resonators [166–169],
pairs of spheres [166], nanowires [170] and split-ball resonators [171].
The other method, introduced by us in Publication I, retrieves the scattering properties directly from the electric current excitation inside the scatterer and can be applied also to nanoparticle arrays. The multipole analysis is usually performed to reveal the influence of higher-order multipoles on the overall optical response of the particle, since these multipoles
can conceptually change the character of the interaction. Higher-order
multipoles originate from current excitations of higher complexity than
the electric dipole excitation. For example, the second-order multipoles
are current quadrupoles, which can be seen as coherent superpositions of
conventional magnetic dipoles and electric quadrupoles. In all the results
presented in this thesis and the related publications, it was verified that
a sufficient number of multipoles were taken into account to accurately
describe the scattering properties of the nanoparticles considered.
The importance of the higher-order multipoles can be illustrated by considering the concept of metamaterials with negative refractive index. In
these materials, light can resonantly excite both electric and magnetic
dipole moments in the unit cells. At frequencies above the central frequencies of these two resonances, the multipoles oscillate essentially out
of phase with the incident field. Thus, the meta-atoms can be seen to
exhibit effectively negative electric and magnetic dipole polarizabilities
[172]. If the resonances are strong enough, this can lead to negative real
parts of ε and µ, which can result in a negative refractive index [173]. In
many demonstrated negative-index metamaterials, however, the size of
the unit cell is still comparable to the wavelength. In this case, also the
size and shape of the unit cell influences the effective ε and µ [174]. Another example demonstrating the importance of higher-order multipoles
is given in Publication V, where we have shown that in order to suppress
optical reflection from a nanomaterial, higher-order multipoles must be
excited in the material’s unit cells.
The sizes and shapes of currently realizable meta-atoms are typically
such that only the two lowest-order current multipoles can be excited.
These multipoles are the electric dipole and the current quadrupoles. For
example, in the frequently used U-shaped SRR [see Fig. 3.1(b)], two distinct higher-order resonances can be observed [131]. The lower-frequency
resonance is a magnetic dipole resonance, whereas the one with higher
frequency is mostly of an electric quadrupole nature. However, in meta-
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E0 θ

z

Figure 4.1. Illustration of a nanodimer composed of two axis-aligned silver discs. For a
plane-wave excitation, the angle of incidence from the side of the smaller disc
is denoted by θ.

atoms made of pairs of metal rods [see Fig. 3.1(c)], the resonant excitation
is a pure Cartesian current quadrupole excitation that is composed of a
traditional magnetic dipole and electric quadrupole. In Ref. [6], the electric quadrupole was suggested to contribute to the optical properties of
metamaterials along with the magnetic dipole. In fact, both the electric
quadrupole and the magnetic dipole are second-order current excitations,
and neither of them should be neglected when considering the response of
a metamaterial to light.
The higher-order multipoles should not be thought of as mere corrections to the electric dipole. In fact, in Publication III, we demonstrate that
it is possible to design subwavelength-sized nanoscatterers that, within a
certain spectral range, scatter light as pure current quadrupoles. In this
range, the electric dipole excitation is suppressed, meaning that the multipole coefficients aE (l, m) in Eqs. (2.17) and (2.18) are equal to zero for
l = 1. The nanoscatterer described in Publication III is a disc nanodimer
composed of a pair of silver nanodiscs as shown in Fig. 4.1.
The suppression of the electric dipole moment can be explained as follows: One of the discs is chosen to have a smaller diameter, such that its
plasmon resonance occurs at a shorter wavelength than the resonance of
the larger disc. Qualitatively, each disc can be thought of as an oblate
spheroid and, using the results of section 2.2, one can conclude that the
larger disc must have a larger resonance wavelength. Thus, at a wavelength between the two resonances of the individual discs, the current
in the larger (smaller) disc oscillates out-of-phase (in-phase) with respect
to the exciting plane wave. By optimizing the nanodimer geometry, one
can obtain equal magnitudes for these two currents, which results in a
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(a)

(b)
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x
Figure 4.2. The scattered electric field distribution F(θ, φ) [see Eq. (2.9)] of (a) the nanodimer of Fig. 4.1 at the electric-dipole suppression and (b) an electric-dipolar
scatterer in the form of a disc.

zero net electric dipole moment. In our optimized design, both discs have
a thickness of 10 nm and they are separated by a gap of 10 nm. The
diameters of the smaller and larger discs are 30 nm and 40 nm, respectively. The surrounding host medium is assumed to have a refractive index of 1.5. When the nanodimer is illuminated by an optical plane wave
from the smaller-disc side (at θ = 0), the dipole suppression is observed at
a vacuum wavelength of λ0 ≈ 592 nm.
The field scattered by the nanodimer is a superposition of the electric quadrupole field [aE (l, m) with l = 2] and the magnetic dipole field
[aM (l, m) with l = 1]. The subwavelength size of the nanodimer ensures
that the multipole coefficients are not sensitive to the exact location of
the origin of the coordinate system. The fields scattered by the discs in
the directions perpendicular to the dimer axis destructively interfere. As
a consequence, the scattered radiation is highly directional, as depicted
in Fig. 4.2(a). For comparison, Fig. 4.2(b) illustrates the far-field of an
electric dipole, a typical field pattern for subwavelength-sized scatterers
of simple geometrical shapes.
Since the multipole coefficients can be retrieved from the electric field
distribution inside the particle [PI], the multipole decomposition of the
scattered field can be performed regardless of the surroundings. This possibility is often overlooked. For example, in Ref. [168], it is assumed that
the multipole approach cannot be applied to scatterers in close proximity
of other scatterers or interfaces. However, the electric dipole moments
of the individual discs composing the nanodimer were correctly obtained
from the field distributions inside the individual particles. The spectra of
these dipole moments are shown in figure 3 of Publication III.
In Publication IV, we present an analytical model for the multipole
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polarizabilities of a single nanodimer. The scattering characteristics of
the nanodimer are anisotropic and spatially dispersive, i.e., they depend
on the polarization and the angle of incidence θ of the incident wave.
Apart from truly spherical nanoparticles, nanoscatterers in practice always exhibit some degree of spatial dispersion at visible frequencies. In
the widely used U-shaped SRRs, for example, spatial dispersion is significant [11]. As a consequence, the polarizabilities of these particles must
also depend on the angle of incidence.
For optical characterization of the nanodimer, the current multipoles
form a much more convenient basis than the conventional electric and
magnetic multipoles. The electric dipole moment p and current quadru↔

pole moment Q that a plane wave excites in the nanodimer can be expressed as
↔

p(θ) = α(θ) · E0 ,

(4.1)

Q(θ) = β (θ) · E0 ,

(4.2)

↔

↔

↔

↔

where α and β are the spatially dispersive multipole polarizability tensors. In Publication IV, we have shown both numerically and by using
a simple analytical model that the elements of the polarizability tensors
can quite accurately be expressed as
αxx = αyy = a1 +

1 − cos θ
ã1 ,
2

αzz = a2 ,
1 − cos θ
b̃1 ,
2
1 − cos θ
= b2 +
b̃2 ,
2

(4.3)
(4.4)

βxzx = βyzy = b1 +

(4.5)

βzxx = βzyy

(4.6)

where the coefficients a1 , ã1 , a2 , b1 , b̃1 , b2 , b̃2 depend on the excitation
frequency, but are independent of the propagation direction.
Equations (4.1)-(4.6) provide a phenomenological model for the interaction of light with nanodimers. Similar models can be introduced also for
other meta-atom designs. For example, in Ref. [175], spatially dispersive
polarizabilities are obtained for a U-shaped SRR. The use of polarizabilities is insightful when characterizing not only individual nanoscatterers,
but also nanoparticles inside nanomaterials. For example, the nanoparticle interaction model presented in section 2.4 could be improved by including also quadrupole excitations in the particles. Thereby, Eqs. (4.1)(4.6) could be incorporated into the description of two-dimensional arrays
of nanodimers. A three-dimensional nanomaterial could subsequently be
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Figure 4.3. Electric current distributions in (a) a toroidal dipole and (b) an electric dipole.
In terms of current multipoles, the toroidal dipole is a current octupole. Each
arrow represents a time-harmonic current element. The fields created by the
toroidal and electric dipoles are indistinguishable from each other. Adapted
from Publication I, where the distribution in (a) is treated as a current octupole.

described in terms of the two-dimensional arrays, as will be shown in the
next section.
The expansion of a current excitation into conventional electric and
magnetic multipoles is incomplete, because in the third and higher order terms of the expansion the so-called toroidal multipoles [176] are neglected. In contrast, the expansion into electric current multipoles introduced in Publication I is complete and inherently includes all electric,
magnetic and toroidal multipoles. In particular, the third-order current
excitations (current octupoles) include electric octupoles, magnetic quadrupoles and toroidal dipoles. The toroidal multipole moments generate
electromagnetic fields that interfere with the fields of conventional electric and magnetic multipoles. As an example, a point toroidal dipole oriented along the z direction is shown in Fig. 4.3(a). The corresponding
current distribution



d d
d d
d2
d2
Jtor (r) = −2iωOxxz x̂
+ ŷ
− ẑ 2 − ẑ 2 δ(r)
dx dz
dy dz
dx
dy

(4.7)

contains four non-zero current octupole moments that satisfy the conditions Oxxz = Oyyz = − 21 Ozxx = − 21 Ozyy . The current distribution of a
z-oriented dipole [see Fig. 4.3(b)] is
Jdip (r) = −iωpz ẑδ(r).

(4.8)

This distribution is orthogonal to the distribution in Eq. (4.7). As shown in
Publication I, the currents in Eqs. (4.7) and (4.8) create exactly the same
dipole fields [see Fig. 4.2(b)] when pz = 2Oxxz k 2 .
In a nanodimer that consists of two plasmonic elements, one can efficiently excite the second-order multipoles. In analogy, nanoscatterers allowing the third-order multipole excitations can be constructed out of four
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Figure 4.4. (a) Illustration of a nanoquadrimer composed of four axis-aligned silver
discs. The radii and thicknesses of the four discs (labeled in the figure)
are [R1 , R2 , R3 , R4 ] = [30, 50, 50, 25] and [h1 , h2 , h3 , h4 ] = [20, 20, 15, 15] in nm.
The surface-to-surface separation in the z direction and the center-to-center
separation in the x direction are s1 = 100 nm and s2 = 130 nm, respectively.
(b) The absolute values of the dominant normalized multipole moments Ψ for
the case of a y-polarized incident wave propagating in the z direction with an
electric field amplitude of 1 V/m. The current quadrupole moments are multiplied with the wave number in the host medium k (refractive index n = 1.5).
The current octupole moments are multiplied with k2 .

plasmonic elements. Such a nanoquadrimer is depicted in Fig. 4.4(a). Let
us assume that a y-polarized plane wave propagating in a host medium
of refractive index 1.5 is incident onto this nanoquadrimer. Using the numerically obtained scattered field, we calculate the coefficients of the multipole expansion. Then, using the theory in Publication I, we map these
coefficients onto the current multipole moments. In general, 18 orthogonal current octupoles exist (9 electric octupoles, 6 magnetic quadrupoles
and 3 toroidal dipoles), but only 12 coefficients appear in the multipole
expansion. Therefore, in order to unambiguously determine the multipole
moments, one must use the geometry of the scatterer and eliminate weak
or symmetry-forbidden excitations. In the quadrimer, the incident wave
efficiently excites only the current octupoles Oyzx , Oyxx , Oyzz , Oxxy and
Oxyz . Consequently, we solve for these moments in addition to the current
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dipole and quadrupole moments. The excitations Oxxy and Oxyz turn out
to be rather weak and the excitations Oyxx and Oyzz are observed to be
essentially in phase across the whole visible spectral range. Among the
current dipoles and quadrupoles, only py , Qyz and Qyx are found to have
considerable values.
In Fig. 4.4(b) the absolute values of the most significant multipole moments are shown. In order for the multipoles of different orders to have
comparable magnitudes, the quadrupole moment is multiplied with k and
the octupole moment with k 2 . This normalization is based on the fact
that the electric far-field radiated by a current multipole of order l scales
with k l+1 . The electric current distributions of the multipole excitations
are illustrated in the insets of Fig. 4.4(b). From the spectra we see that
the excitation Oyxx + Oyzz , in which Oyxx = Oyzz , appears along-side with
the dipole moment py . The excitation Oyxx + Oyzz is explained by the
fact that the four current elements are displaced from the center of the
nanoquadrimer by a distance that is a considerable fraction of the wavelength. The superposition of py and Oyxx + Oyzz results in four current
elements that oscillate in phase. At wavelengths around λ0 = 605 nm,
this in-phase excitation is suppressed and the octupole Oyzx becomes more
significant. In an ideal Oyzx excitation, the currents in discs 1 and 4 oscillate out of phase with the currents in discs 2 and 3, and all four currents
have the same amplitude. However, the realistic currents are not so well
matched in amplitudes and phases and, therefore, current quadrupole
moments Qyz and Qyx appear in addition to the octupoles. The example of
the nanoquadrimer demonstrates that a rigorous description of the field
scattered by a complex meta-molecule in terms of the elementary current
excitations is possible.

4.2

Designing the macroscopic response

The design of functional optical nanomaterials can be greatly simplified
by using the analysis of the current multipole excitations in the material’s unit cells. These multipoles reveal the influence of the meta-atomic
geometry on the macroscopic optical properties of the materials. In the
light-nanomaterial interaction picture, the densely packed nanoparticles
interact with both the incident field and with the fields scattered by the
adjacent nanoparticles. Consequently, the multipole polarizabilities of the
scatterers are modified by the inter-particle interaction. Crystalline nano-
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Figure 4.5. (a) Illustration of a two-dimensional array composed of the silver nanodimers
of Fig. 4.1. The absolute values of the dominant normalized multipole moments Ψ are shown for (b) normal incidence and (c) a TE-polarized planewave incident at an angle of θ = 45◦ . The current quadrupole moments are
multiplied with k (refractive index n = 1.5). The incident wave has an electric
field amplitude of 1 V/m.

materials can be treated as stacks of two-dimensional periodic arrays, as
described in section 3.2. Using the theory reported in Publication I, one
can extract the multipole excitations in each two-dimensional array and
then use the results to characterize the whole three-dimensional nanomaterial.
Let us consider a two-dimensional array of the disc nanodimers treated
in the previous section (see Fig. 4.1). In this array, the dimers are arranged in a square lattice of period Λ = 50 nm in the z = 0 plane. This
configuration is shown in Fig. 4.5(a) and it is the same as that presented in
Publication III. The absolute values of the dominant normalized multipole
moments excited in the dimers are shown in Fig. 4.5(b). Here the array
is illuminated by a normally incident plane wave propagating in the positive z direction. The electric dipole moment px is suppressed at a wavelength of λ0 ≈ 618 nm. The suppression wavelength is red-shifted with
respect to that of the individual nanodimer, because of the inter-particle
interaction. At λ0 ≈ 618 nm, the Qxz current quadrupole is the dominant
excitation. The orthogonal quadrupole Qzx is much weaker. In Fig. 4.5(c)
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the multipole moments are shown for a TE-polarized plane wave incident
at an angle of θ = 45◦ . In this case, the strength of the dipole moment
is still suppressed below that of the current quadrupole moment, but it
is no longer completely cancelled. Furthermore, at λ0 ≈ 510 nm, an electric quadrupole resonance with Qxy = Qyx appears. The electric current
distributions of the significant multipole excitations are illustrated in the
insets of Figs. 4.5(b) and (c).
The incident wave will be partially transmitted and reflected by the array. The resulting waves are fully determined by the fields that the multipoles together radiate. For example, in Publication V, we have expressed
the normal-incidence transmission and reflection coefficients, τ and ρ, of
nanoparticle arrays in terms of the excited current multipole moments.
For the considered x-polarized incident wave, only the current multipoles
px and Qxz were needed to be considered, since py and Qyz would create a
y-polarized plane wave, which would be impossible for scatterers preserv↔

ing the light polarization state. The remaining 8 elements of p and Q are
such that they do not radiate in the ±ẑ directions.
In the following, the formalism in Publication V is extended to oblique
incidence. For simplicity, we only take into account the contribution of
px and Qxz , which are the dominant excitations in the nanodimer for TEpolarized incident light [PIV]. The field scattered by meta-atoms in a periodic two-dimensional square lattice that is located in the z = 0 plane can
be written as
Elat (r) =

∞
X

∞
X

u=−∞ v=−∞

E(r − uΛx̂ − vΛŷ) exp[i(kx x + ky y)],

(4.9)

where E is the field created by an individual particle, i.e., it satisfies
the multipole expansion in Eqs. (2.17) and (2.18). The exponential term
provides the phase-matching of the particle excitations with the incident
plane wave. Following the mathematical procedure of Ref. [77], Elat (r)
can be expressed in terms of the angular spectrum [66] of E(r) as
∞
∞
 2π 2 X
X
2π
2π
Ẽ± (kx + u , ky + v )
Elat (r) =
Λ
Λ
Λ
u=−∞ v=−∞



2π
2π
exp i(kx + u )x + i(ky + v )y + ikz,sca z ,
Λ
Λ

(4.10)

where ± denotes the angular spectra at z > 0 and z < 0, respectively. The
definition of kz,sca is given in Eq. (2.34). Only the term with (u, v) = (0, 0)
contributes to the transmitted and reflected waves when k < π/Λ. All
other combinations of u and v correspond to diffracted waves (see section 2.4) that are evanescent for any two-dimensional array composing a
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homogenizable optical nanomaterial. Thus, we can immediately express
the reflection and transmission coefficients for a given polarization state
of the incident field E0 as
 2π 2 Ẽ (k , k ) · (E − 2E · ẑẑ)∗
− x y
0
0
,
2
Λ
|E0 |
 2π 2 Ẽ (k , k ) · E∗
+ x y
0
τ =1+
,
Λ
|E0 |2
ρ=

(4.11)
(4.12)

where it is assumed that the exciting plane wave is incident on the array
from the z < 0 half-space. These coefficients are calculated with respect to
the plane z = 0. Equations (4.11) and (4.12) relate the angular spectrum
of the field scattered by an individual particle to τ and ρ.
The scattering by an individual particle can be characterized by using
the multipole expansion. For each multipole, we can calculate Ẽ± (kx , ky )
and thereby obtain τ and ρ. For an electric dipole, the vector potential in
the Lorenz gauge is [PI]
A1 (r) = −

i k 2 p exp(ikr)
.
ω 4πεh
r

(4.13)

Using the Weyl representation of a spherical wave [177], we can write
Z ∞Z ∞
1 k2 p
exp(iK · r)
A1 (r) =
dKx dKy ,
(4.14)
ω 8π 2 εh −∞ −∞
|Kz |
where




+ k 2 − (K 2 + K 2 ) 1/2 sign(z)
y
x
Kz =
1/2
  2

+i Kx + Ky2 − k 2
sign(z)

for k 2 > Kx2 + Ky2 ,

(4.15)

for k 2 < Kx2 + Ky2 .

The electric field follows from the vector potential as [PI]
n
o
1 
E(r) = iω A(r) + 2 ∇ ∇ · A(r) .
k

(4.16)

By inserting Eq. (4.14) into (4.16), we obtain the angular spectrum decomposition of E. If the dipole is x-oriented, the angular spectrum is
Ẽ1 (Kx , Ky ) =

 2

ipx
2
(k
−
K
)x̂
−
K
K
ŷ
−
K
K
ẑ
.
x
y
x
z
x
8π 2 εh |Kz |

(4.17)

In an analogous manner, we calculate the field originating from the current quadrupole Qxz . In this case, the vector potential is [PI]
A2 (r) =

i k 2 Qxz d exp(ikr)
x̂
.
ω 4πεh dz
r

(4.18)

Following the same procedure as for the electric dipole, we obtain the
angular spectrum of the field created by the current quadrupole Qxz to be
Ẽ2 (Kx , Ky ) =


Qxz Kz  2
2
(k
−
K
)x̂
−
K
K
ŷ
−
K
K
ẑ
.
x
y
x
z
x
8π 2 εh |Kz |

(4.19)
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The transmission and reflection coefficients are obtained by evaluating
the angular spectra at Kx = kx , Ky = ky and, consequently, Kz = ±kz in
the z > 0 and z < 0 half-spaces, respectively.
For the TE polarization, one can for example consider the case of k =
ŷky + ẑkz and E0 = E0 x̂. Assuming that the wave excites both px and Qxz
simultaneously, we use Eqs. (4.11) and (4.12) and obtain
i(px + ikz Qxz ) k 2
,
2εh Λ2 E0 kz
i(px − ikz Qxz ) k 2
=
+ 1.
2εh Λ2 E0 kz

ρTE =

(4.20)

τTE

(4.21)

For the TM polarization, we can choose, e.g., k = x̂kx + ẑkz and E0 =
E0 (x̂kz /k − ẑkx /k). In this case the coefficients are
i(px + ikz Qxz )
k,
2εh Λ2 E0
i(px − ikz Qxz )
k + 1.
=
2εh Λ2 E0

ρTM =

(4.22)

τTM

(4.23)

It can be noted from Eqs. (4.20)-(4.23) that, for a dipolar array, the coefficients are always connected as τ = 1+ρ. On the other hand, when the current quadrupoles are present, τ and ρ do not have a one-to-one correspondence. For example, the reflection coefficient can become equal to zero or
dependent on the direction of illumination [PV]. For normal-incidence illumination (k = kẑ), Eqs. (4.20)-(4.23) reduce to the expressions given in
Publication V. These expressions are
ik
(px + ikQxz ),
2εh Λ2 E0
ik
τ0 =
(px − ikQxz ) + 1.
2εh Λ2 E0

ρ0 =

(4.24)
(4.25)

The multipole moments calculated for the nanodimer array of Fig. 4.5
can be inserted into Eqs. (4.20)-(4.23) to obtain τ and ρ. The results can
then be compared to the results of direct numerical calculations, in which
the amplitudes and phases of the transmitted and reflected waves are
evaluated far away from the array. This comparison is shown in Fig. 4.6
for both TE- and TM-polarized waves incident at θ = 45◦ . For the TE
polarization, the agreement between the two calculations is essentially
perfect, as shown in Fig. 4.6(a). It is interesting that a small discrepancy
at λ0 = 510 nm is caused by the neglect of the weak electric quadrupole excitation with Qxy = Qyx , shown in Fig. 4.5(c). For the TM polarization, the
dipole moment pz that is omitted in Eqs. (4.22) and (4.23) is also excited.
Consequently, the calculated coefficients are not exact, which is seen in
Fig. 4.6(b). The individual complex-valued contributions of px and Qxz
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Figure 4.6. Intensity transmission and reflection coefficients of the nanodimer array in
Fig. 4.5 for (a) TE-polarized and (b) TM-polarized waves that are incident at
θ = 45◦ . The solid lines in (a) and (b) are obtained directly from the computed
far-field, whereas the stars are calculated from the multipole moments in the
unit cells by using Eqs. (4.20)-(4.23). The individual complex-valued contributions of px and Qxz to ρ are also shown separately (c,e) for TE polarization
and (d,f) for TM polarization.

to ρ in Eqs. (4.20) and (4.22) are shown in Figs. 4.6(c)-(f). The phases
of the contributions of px rapidly change in the spectral range of the
dipole suppression. This is explained by the fact that the net dipole moment reverses its direction when crossing the minimum at λ0 ≈ 618 nm.
For λ0 & 618 nm, the field produced by the larger disc, which oscillates
out of phase with the incident field, dominates. On the other hand, for
λ0 . 618 nm, the in-phase oscillating field radiated by the smaller disc
dominates. If necessary, the contribution of any higher-order multipole to
τ and ρ can be obtained by applying a similar derivation procedure as was
done for px and Qxz .
After choosing a desired two-dimensional array of nanoscatterers, one
can proceed to stack such arrays into a three-dimensional crystal that
can be treated using the theory of section 3.2. It only remains to choose
the longitudinal period Λz . This choice naturally influences the spatially
dispersive effective material parameters of the resulting nanomaterial. If
Λz is chosen to be too small relative to Λx and Λy , evanescent-wave cou-
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Figure 4.7. (a) Illustration of a nanomaterial composed of silver nanorings in a dielectric
host medium (see Publication II). The calculated (b) effective refractive index
and (c) wave impedance are shown for a TE-polarized wave incident at θ =
45◦ . The material parameters are shown for three different lengths of the
unit cell along the ring axis: Λz = 30 nm (blue lines), Λz = 50 nm (green
lines) and Λz = 100 nm (red lines). The real and imaginary parts are shown
by solid and dashed lines, respectively. The plotted wave impedances are
normalized to that of vacuum.

pling between the layers may take place and it will not be possible to
introduce unambiguous material parameters for the most of the relevant
metamaterial designs; either these parameters will depend on the material thickness or the material thickness will be too large for obtaining any
reasonably high optical transmission by the material. On the other hand,
Λz should be chosen small compared with the wavelength. Otherwise the
resulting crystal cannot be considered as homogeneous.
In order to demonstrate the influence of Λz on the optical properties of
nanomaterials, we consider a nanomaterial composed of silver nanorings
in a cubic lattice of 50 nm period, as shown in Fig. 4.7(a). This material
was introduced in Publication II. The effective material parameters neff
and ηeff are calculated by using Eqs. (3.2)-(3.5) with the coefficients τ and
ρ obtained for a single two-dimensional square lattice of such nanorings.
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Figure 4.8. Effective relative permittivity εeff and permeability µeff for the nanoring material of Fig. 4.7 with Λz = 50 nm. These parameters describe the particular
optical response of the medium to a TE-polarized wave incident at θ = 45◦ .
The real and imaginary parts are denoted by blue and green lines, respectively.

If the longitudinal period Λz changes, neff and ηeff change as well. For the
particular choices of Λz = 30, 50 and 100 nm, the spectra of the parameters neff and ηeff are shown in Figs. 4.7(b) and 4.7(c), respectively. The
wave is assumed to be TE-polarized and propagating at θ = 45◦ in the host
medium of refractive index 1.5. As seen from Fig. 4.7(b), a smaller Λz provides a stronger modification of the refractive index. This is a direct consequence of the increased density of nanoscatterers. The wave impedance,
shown in Fig. 4.7(c), red-shifts significantly with increasing Λz , which can
be used to adjust the impedance at a specified wavelength. The nanorings exhibit an electric-dipole resonance at λ0 = 810 nm, which strongly
influences both neff and ηeff for all choices of Λz . It can be verified that in
the spectral range from 600 to 1000 nm, all higher-order multipoles are
negligible in the nanorings and, consequently, the equality τ ' 1+ρ holds.
A relatively weak electric quadrupole resonance appears at λ0 = 550 nm,
which slightly modifies the material parameters at this wavelength. For
Λz = 50 nm, the nanomaterial is nearly perfectly matched to air in both
neff and ηeff at λ0 = 590 nm. At this wavelength the electric dipole excitations in the nanorings oscillate out-of-phase with the incident field, effectively canceling the field scattered by the host medium. Also for Λz = 30
and 100 nm, a decent refractive index and impedance matching occurs at
λ0 = 524 and 680 nm, respectively.
The refractive index and wave impedance evaluated for various wavelengths, propagation directions and polarizations completely characterize
the nanomaterial. However, one may also formally introduce the effective
relative permittivity εeff = neff η0 /ηeff and permeability µeff = neff ηeff /η0 .
For a cubic lattice of nanorings (Λz = 50 nm), the calculated εeff and µeff
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are shown in Fig. 4.8. We notice that even though the nanorings are
strictly electric dipolar scatterers, the effective permeability is modified
around the dipole resonance. This result is in conflict with the idea that
µeff 6= 1 must be related to the excitation of magnetic dipoles. Furthermore, µeff shows an anti-resonant behavior with the imaginary part being
negative at the resonance. Obviously, the fact that µeff differs from unity
originates from the finite size of the unit cell and from the ensuing impossibility to treat the material as an ordinary homogeneous material free
from spatial dispersion [174]. On the other hand, for designing a nanomaterial that exhibits higher-order multipole excitations, one cannot use
unit cells much smaller than considered here. When the size of the scatterer approaches the quasi-static limit, the fields created by higher-order
multipoles, including the magnetic dipole, become negligible compared to
the electric-dipole field. One can therefore conclude that εeff and µeff are
redundant parameters that do not always accurately reflect the microscopic multipole response of a nanomaterial.
The nanoring material is quite simple due to the centrosymmetric geometry of the nanoscatterers and the absence of higher-order multipole
excitations. More complex nanomaterials can be created, e.g., by breaking the centrosymmetry. The nanodimer considered previously is a noncentrosymmetric scatterer that can be used to construct optically bifacial
nanomaterials. In Publication V, we have considered nanodimers that
are larger than the ones in Fig. 4.5 and are made of gold instead of silver.
A larger size was chosen in order to enhance the contribution of the current quadrupoles and, consequently, make the material more bifacial. The
radii of the two discs are now 20 and 30 nm. Both discs have a thickness
of 20 nm and they are separated by a gap of 20 nm. In the nanomaterial,
the nanodimers are assembled in a cubic lattice of period Λ = 150 nm.
The host medium has a refractive index of 1.5. Since the effective material parameters are spatially dispersive, we separately considered the
parameters neff and ηeff for different propagation directions. The calculated parameters are shown in Fig. 4.9.
The fact that both neff and ηeff depend on the light propagation direction
leads to some interesting optical properties for the nanomaterial. For example, the nanomaterial can be impedance-matched to a desired medium
for a desired direction of light propagation. Thus, Figs. 4.9(c) and 4.9(d)
show that illumination of a nanomaterial slab from the smaller-disc side
(θ = 0) would yield no reflection at λ0 ≈ 650 and 630 nm at an interface
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Figure 4.9. Effective material parameters neff and ηeff for a bifacial nanomaterial composed of gold nanodimers (see text). The different colors correspond to different angles of incidence of light propagating in the host medium of n = 1.5.
The parameters are shown separately for (a,c) TE polarization and (b,d) TM
polarization. The real and imaginary parts are denoted by solid and dashed
lines, respectively. Adapted from Publication V.

of the material with air and glass, respectively. However, for illumination from the larger-disc side, significant reflection will be observed at
these wavelengths due to a large impedance mismatch. In principle, one
can construct a nanomaterial crystal for which different crystal cuts are
impedance-matched to different materials, e.g., one to air and the opposite
one to that of the used substrate.
The dependence of the refractive index on the light propagation direction means that the refraction of an optical beam does not obey Snell’s
law. Indeed, any beam can be considered as a superposition of plane
waves propagating in different directions. Then, even a small difference
between the refractive indices that these plane-wave components experience can change the effective refraction of the beam. As can be seen
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from Figs. 4.9(a) and 4.9(b), the refractive index can either increase or decrease with an increasing angle of incidence. One could therefore obtain
even negative refraction for a beam by properly designing the spatial dispersion. In essence, the spatial dispersion can alter the optical properties
of a nanomaterial in ways that are not possible in conventional homogeneous materials.
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In this thesis, we have developed a versatile theoretical basis for designing the optical properties of artificial nanomaterials. As spatial dispersion
and higher-order multipoles are often unavoidable in realistic designs of
such materials, we have appropriately taken into account their influence.
Our work is therefore expected to be of importance for the development
of optical nanomaterials in which these effects are considerable. Furthermore, in order to facilitate the practical applications of the presented theory, the equations in this thesis and the related publications are given in
forms that can easily be implemented in numerical calculations.
In the description introduced here, both the microscopic and macroscopic aspects of optical nanomaterials are considered. On the microscopic
scale, we use a specific electromagnetic multipole expansion to completely
characterize the optical response of the nanomaterial’s “atoms”. The coefficients of the expansion reveal the actual electric current excitations in
the particles, which can be exploited to design the unit cells of the material (Publication I). On the macroscopic scale, nanomaterials are characterized by spatially dispersive effective material parameters. We show
that these parameters are directly linked to the transmission and reflection coefficients of the planar arrays of nanoscatterers that compose the
medium (Publication II). Furthermore, these transmission and reflection
coefficients can be expressed in terms of the multipole excitations in the
material’s unit cells. Thus, our description provides the intricate connection between the microscopic and macroscopic optical properties of nanomaterials.
We have theoretically demonstrated a surprising phenomenon in which
light interacts with a subwavelength-sized pair of nanodiscs without exciting any electric dipole moment in it (Publication III). Instead, this nanodimer scatters light as a pure current quadrupole. In order to character-
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ize the nanodimer, we have calculated multipole polarizabilities that describe the nanodimer’s scattering properties for any propagation direction
and polarization of incident light (Publication IV). The polarizabilities calculated also reveal the bifacial nature of the dimers, i.e., the multipoles
excited in the particle by counter-propagating waves are different. Using this fact, we have designed an optically bifacial nanomaterial out of
gold nanodimers (Publication V). For its description, we have developed a
technique for obtaining the effective material parameters of spatially dispersive non-centrosymmetric media and have applied it to the nanodimer
material. We show that for two counter-propagating waves with the same
polarization, the wave impedances can be different, but the refractive indices are always equal.
Spatial dispersion provides optical nanomaterials with a unique sensitivity to the light propagation direction. Consequently, optical beams
propagating in such materials are not expected to obey Snell’s law, nor are
they expected to diverge as in natural homogeneous media. An interesting
question is then, to which extent the refraction and beam divergence can
be controlled by employing spatially dispersive nanomaterials. Moreover,
the effect of spatial dispersion depends not only on the orientation of the
individual nanoscatterer, but also on the chosen configuration of the lattice. Thus, the influence of the mutual orientation of the nanoscatterers
and the unit cells should be further investigated. In principle, the spatial
dispersion could be specially tailored by properly breaking the symmetries of the material’s unit cell. It would also be interesting to investigate
the impact of spatial dispersion on optical cloaking that is routinely considered without taking this effect into account.
The developed interferometric theory for optical nanomaterials implies
that, in the absence of evanescent-wave coupling between neighboring
layers of nanoparticles, the effective material parameters are independent of the mutual alignment of the layers. This would provide a clear
advantage for the bottom-up fabrication of optical nanomaterials, as the
nanoscatterer layers could be deposited on top of each other without requiring the neighboring layers to be perfectly aligned with each other.
An experimental verification of the interferometric theory and the assessment of the role of the evanescent-wave coupling is currently in progress.
It is evident that a comprehensive description of artificial optical media requires advanced theoretical methods. The multipole theory and the
interferometric description presented here form a solid basis for examin-
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ing the fundamental properties of optical nanomaterials. With this basis
at hand, we have obtained a powerful tool for designing these materials,
and are thereby one step closer to the practical realization of a variety
of functional optical nanomaterials and the astonishing applications that
can come along with them.

51

Conclusions and outlook

52

Bibliography

[1] L. D. Landau and E. M. Lifshitz, Electrodynamics of Continuous Media
(Pergamon Press, Oxford, 1984), 2nd edition.
[2] V. G. Veselago, “The electrodynamics of substances with simultaneously negative values of  and µ”, Sov. Phys. Usp. 10, 509–514 (1968),
doi:10.1070/PU1968v010n04ABEH003699.
[3] J. B. Pendry, “Negative refraction makes a perfect lens”, Phys. Rev. Lett.
85, 3966–3969 (2000), doi:10.1103/PhysRevLett.85.3966.
[4] U. Leonhardt, “Optical conformal mapping”, Science 312, 1777–1780
(2006), doi:10.1126/science.1126493.
[5] J. B. Pendry, D. Schurig and D. R. Smith, “Controlling electromagnetic
fields”, Science 312, 1780–1782 (2006), doi:10.1126/science.1125907.
[6] D. J. Cho, F. Wang, X. Zhang and Y. R. Shen, “Contribution of the electric
quadrupole resonance in optical metamaterials”, Phys. Rev. B 78, 121101
(2008), doi:10.1103/PhysRevB.78.121101.
[7] B. Kante, K. O’Brien, A. Niv, X. Yin and X. Zhang, “Proposed isotropic
negative index in three-dimensional optical metamaterials”, Phys. Rev. B
85, 041103 (2012), doi:10.1103/PhysRevB.85.041103.
[8] C. Menzel, T. Paul, C. Rockstuhl, T. Pertsch, S. Tretyakov and F. Lederer,
“Validity of effective material parameters for optical fishnet metamaterials”, Phys. Rev. B 81, 035320 (2010), doi:10.1103/PhysRevB.81.035320.
[9] C. Menzel, C. Helgert, J. Üpping, C. Rockstuhl, E.-B. Kley, R. B.
Wehrspohn, T. Pertsch and F. Lederer, “Angular resolved effective optical properties of a Swiss cross metamaterial”, Appl. Phys. Lett. 95, 131104
(2009), doi:10.1063/1.3238554.
[10] B. Gompf, J. Braun, T. Weiss, H. Giessen, M. Dressel and U. Hübner, “Periodic nanostructures: Spatial dispersion mimics chirality”, Phys. Rev. Lett.
106, 185501 (2011), doi:10.1103/PhysRevLett.106.185501.
[11] B. Gompf, B. Krausz, B. Frank and M. Dressel, “k-dependent
optics of nanostructures:
Spatial dispersion of metallic nanorings and split-ring resonators”, Phys. Rev. B 86, 075462 (2012),
doi:10.1103/PhysRevB.86.075462.

53

Bibliography

[12] C. Menzel, C. Rockstuhl, T. Paul, F. Lederer and T. Pertsch, “Retrieving
effective parameters for metamaterials at oblique incidence”, Phys. Rev. B
77, 195328 (2008), doi:10.1103/PhysRevB.77.195328.
[13] C. F. Bohren and D. R. Huffman, Absorption and Scattering of Light by
Small Particles (Wiley, New York, 1983).
[14] E. D. Palik, Handbook of Optical Constants of Solids (Elsevier, 1998), available at:
http://app.knovel.com/hotlink/toc/id:
kpHOCS000M/handbook-optical-constants (visited at 19.11.2013).
[15] D. R. Lide, CRC Handbook of Chemistry and Physics (CRC Press, Boca
Raton, 1996), 77th edition.
[16] P. B. Johnson and R. W. Christy, “Optical constants of the noble metals”,
Phys. Rev. B 6, 4370–4379 (1972), doi:10.1103/PhysRevB.6.4370.
[17] P. B. Johnson and R. W. Christy, “Optical constants of transition metals:
Ti, V, Cr, Mn, Fe, Co, Ni, and Pd”, Phys. Rev. B 9, 5056–5070 (1974),
doi:10.1103/PhysRevB.9.5056.
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