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Abstract—This paper describes a model-order reduction
(MOR) method to reduce an interconnect circuit with possibly
dense inductive and capacitive coupling. The method uses par-
titioning to divide the original circuit into small parts that can
be then approximated accurately with low-order reduced-order
models (ROMs). The use of low-order ROMs enables the use of
positive-valued macromodels with standard RLCK realization.
The coupling is reduced with a two-stage reduction separately
for the inductive and capacitive coupling. This allows for efficient
sparsification of the coupling effect. The method is verified with
test simulations of the 65-nm technology node and is shown to
produce good reduction results in terms of CPU speedup and
generated error.

I. INTRODUCTION

With advancing technology nodes of integrated circuits,

the interconnects between active elements and their non-ideal

parasitics play an increasingly important role for the signal

behavior. In a typical design flow, extraction tools are used

to generate a circuit netlist from the original chip topology

for the post-layout verification. To reach desired accuracy, the

interconnects and their parasitics need to be modeled with

high precision that generates huge RLCK netlists, which in

turn poses significant run-time and memory problems for the

design process. One avenue to speed up the verification step is

to apply model-order reduction (MOR) algorithms, (see, e.g.,

[1] for review) to the extracted netlists, attempting to model

the system with a reduced-size representation.

Partitioning is often a desirable feature in MOR methods [2].

By using partitioning, the original problem can be naturally

divided into smaller parts that can be processed separately.

In case of very large circuits (e.g., more than 108 elements),

processing a circuit without prior partitioning may be impos-

sible for many computers due to limiting memory resources.

Unfortunately, partitioning and reduction is problematic if the

circuit has considerable coupling or mesh-like structures, such

as in Fig. 1(a). If such a circuit is partitioned into subcircuits,

the resulting subcircuits typically have a high number of port

nodes that connect one subcircuit to other subcircuits. MOR

methods can not reduce these nodes easily, since the behavior

at each port needs to be communicated somehow to each other

port, and with large number of ports the resulting reduced-

order model (ROM) becomes large and inefficient.

The topic of this paper is to tackle the problem of partition-

ing and efficient reduction in the case of coupling between in-

terconnects. This is done by combining the reduction methods

for dense mutual inductive coupling [3] and dense capacitive

coupling [4] with a general-purpose partitioning-based MOR

for interconnect circuits, PartMOR [2].

II. REDUCTION FLOW

The concept of the reduction method presented in this paper

is presented in Fig. 1. The complete reduction algorithm is

described in Fig. 2.

The basic idea of the presented method is to approximate

the original circuit with a two-stage reduction. First, the

original circuit is considered at DC without the coupling as

separate interconnect runs and partitioned into subcircuits.

These subcircuits are reduced with PartMOR. Then, each

pair of subcircuits is considered again and the inductive

and capacitive coupling between the branches are reduced

separately. Inductive coupling is reduced by calculating the

total mutual coupling between the branches, and capacitive

coupling is reduced by calculating a low-order macromodel

for the new 4-port formed by the two branches. Afterwards,

the separate reductions are combined together. Since the

reduction is realized with positive-valued RLCK macromodels,

the method is also easily integratable to any typical design flow

[5].

Despite the low-order approximation per partition, high

accuracy can be obtained, if the partitions are small. Since the

subcircuits are recombined at the end of the MOR process, the

final order of the total ROM is (much) higher, depending on

the number of subcircuits used [2]. Thus, a trade-off between

accuracy and reduction efficiency can be adjusted: with smaller

subcircuits the total ROM is more accurate but larger, and vice

versa.

A. Partitioning

The partitioning process is done by considering the circuit

netlist at DC, where the capacitances and inductances of

the interconnects are reduced to open and short circuits,

respectively, and the partitioning is thus done only for the

separate main branches of the interconnects.
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The circuit netlist is described as a hypergraph [6] and

hMETIS [7] is used to generate a partitioning, where the

interconnect runs are partitioned into 2-port subcircuits. Since

the circuit is considered at DC, this partitioning describes

the subcircuits only for resistances (the hypergraph vertices).

However, after this initial partitioning, also the inductances

and capacitances can be easily added to the subcircuits, when

needed, to form the three different cases for the reduction of

main branches, mutual inductances, and coupling capacitances

(see Fig. 1). In practice, it is useful to have a data structure

which contains the main branch subcircuits and the separate

coupling blocks between the subcircuits.

B. PartMOR

The main branch reduction of the interconnects is done by

using PartMOR [2]. PartMOR is a partitioning-based RLC-in–

RLC-out MOR method that generates passive reduced-order

circuits with positive-valued RLC elements. The reduction is

performed by generating the y-parameter moment series (in

s-domain) for the subcircuit branch at DC and infinity,

Y(s) = M0 +M1s+M2s
2 + · · · , (1)

Y(s) = N0 +N1

1

s
+N2

1

s2
+ · · · , (2)

and matching the first few moments from both of the series

with RLC macromodels [2]. Since the method matches mo-

ments at both DC and infinity, good approximation can be

achieved over a wide frequency band. A typical PartMOR

reduction is shown in Fig. 1(b).

Regarding PartMOR, the main advantage of partitioning is

that small enough RLC interconnect circuit partitions can be

typically approximated using few moments with still sufficient

accuracy. The use of few moments, only, enables using numeri-

cally stable explicit matching with low-order macromodels. As

the macromodels in turn can be relatively simple, it is possible

to generate them using positive-valued RLC elements, only.

C. Reducing mutual inductances

The reduction of mutual inductances between the intercon-

nect branches is done by using [3]. Here, a pair of subcircuits

that have mutual inductive coupling is considered without

capacitances, as shown in Fig. 1(c). This reduction makes

the assumption that the current through the main branch stays

relatively constant along the branch, such that Iin ≈ Iout.

This holds for low frequencies, and the accuracy of the

approximation can be improved by decreasing the size of the

partitions. With the above approximation, the voltage over two

branches (a, b) and (c, d) in Fig 1(c) can be expressed

Ua,b(s)=
∑β

i=1
L
a,b
i Ia,bs+

∑δ
i=1

R
a,b
i Ia,b +

∑α
i=1

MiIc,ds

≡ L
a,b
Σ

Ia,bs+R
a,b
Σ

Ia,b +MΣIc,ds,
(3)

U c,d(s)=
∑γ

i=1
L
c,d
i Ic,ds+

∑ζ
i=1

R
c,d
i Ic,d +

∑α
i=1

MiIa,bs

≡ L
c,d
Σ

Ic,ds+R
c,d
Σ

Ic,d +MΣIa,bs,
(4)

where Ia,b and Ic,d are the currents running through branches

(a, b) and (c, d), and the branches have α mutual inductances,

β and γ self inductances, and δ and ζ resistances, respectively.

Now, the approximated total mutual coupling between the

branches, MΣ, can be added to the reduced macromodel

generated for the main branch. In case of, e.g., SPICE K

elements are used to realize the mutual inductive coupling (as

is done in this paper), the new coupling coefficient between

the inductances of the reduced partitions becomes

kred =
MΣ

√

Lab
red

Lcd
red

, (5)

where Lab
red

and Lcd
red

are the reduced inductances generated

with PartMOR, as shown in Fig. 1(b, c, and e).

D. Capacitive coupling reduction

The capacitive coupling between two subcircuits is reduced

using [4]. Here, the reduction is done by considering each

pair of subcircuits as a separate 4-port circuit, where the

original capacitive coupling between the two subcircuits is

re-introduced, but the mutual inductive coupling is omitted,

as shown for branches (a, b) and (c, d) in Fig. 1(d). Now, the

capacitive coupling between the two lines can be expressed

with y-parameters (1), newly calculated for the 4-port at s = 0
(DC). The series is then approximated by its first two terms.

The approximation is realized using a macromodel of a parallel

capacitance C
ij
red

and a resistance R
ij
red

(where i and j refer to

the indices of a matrix element), and the y-parameters of this

macromodel, ŷ
ij
red

, are expanded to a Taylor series at s = 0,

resulting in

ŷ
ij
red

= −
1

R
ij
red

− sC
ij
red

. (6)

By matching the series (1) for the new 4-port with (6), the

element values for the macromodel are obtained:

R
ij
red

=
−1

m
ij
0

, C
ij
red

= −m
ij
1
. (7)

In case of no conductive coupling between the interconnects

— which is assumed in this paper — the interconnect branches

have no DC connection, R
ij
red

≈ ∞, and the R
ij
red

element can

be omitted from the macromodel.

E. Discussion

1) Passivity: The elements generated by PartMOR and

the capacitive coupling reduction are of positive value, thus

resulting in passive and stable realizations. This is achieved

mainly by the low-order matching, which typically generates

positive-valued element values for the chosen macromodels.

In special cases, if negative elements would be generated, the

element can be either omitted from the realization or another

macromodel can be used to ensure positive-valued elements

[2], [4].

Since the mutual inductance reduction only preserves the to-

tal original coupling between two branches, it should result in

passive results by default. However, to guarantee the passivity,

it can be monitored that MΣ ≤

√

Lab
red

Lcd
red

[3].



Fig. 1. The reduction flow. a) The original circuit with mutual inductive and
capacitive coupling. b) Reduction of main branch subcircuits (without cou-
pling) by PartMOR. c) Reduction of mutual inductive coupling. d) Reduction
of capacitive coupling. e) The final macromodel for the two subcircuits and
their coupling.

2) Computational Complexity: The presented method is

computationally relatively light (see Sec. III for examples).

Thanks to partitioning, the memory requirements for the MOR

stay low regardless of circuit size, and the main branch reduc-

tion is fast [2]. For the coupling reduction, mutual inductance

reduction is very light, requiring mostly simple arithmetics

and bookkeeping for the element values. The capacitance

reduction is slightly more demanding, as the generation of the

y-parameter moments requires an LU-factorization for each

subcircuit’s system matrix and five matrix multiplications [4].

Thus, if the circuit has far-reaching capacitive coupling, the

MOR process takes more time.

3) Method Limitations: For reliable mutual inductance re-

duction, the circuit needs to be partitioned into 2-port sub-

1: Partition the circuit without coupling into 2-port sub-

circuits of main branches.

2: for each such subcircuit i do

3: Generate a reduced RLC macromodel for the (main

branch) subcircuit using PartMOR.

4: end for

5: for each unique pair of subcircuits (j, k) do

6: Calculate MΣ between subcircuit branches (j, k).

7: Calculate kred and generate the mutual inductance K

for elements Lab
red

and Lcd
red

.

8: Consider subcircuits (j, k) including also the capac-

itive coupling between (j, k) to form a new 4-port

circuit.

9: Calculate M0 and M1 for the 4-port.

10: Generate Cad
red

, Cac
red

, Ccb
red

, and Cbd
red

.

11: end for

12: Combine the reduced macromodels generated at steps

3, 7 and 10.

Fig. 2. The reduction algorithm.

circuits of main branches. This might present problems for

some circuit topologies. Similarly, if the interconnects have

considerable conductive coupling, additional heuristics need to

be used to distinguish the main branches from the coupling.

III. SIMULATIONS RESULTS

The method proposed in this paper was verified using

time-domain transient analyses to compare simulations of

original and reduced circuits. The simulations were performed

using three RLCK interconnects obtained using the Predictive

Technology Model [8], [9] to calculate element values for top

global layer interconnects of the 65-nm technology node.

The statistics for the original and reduced circuits are shown

in Table I for the number of ports, nodes, and circuit elements,

time used for the hMETIS partitioning (“hMETIS/s”) and the

whole reduction process (“MOR/s”, including partitioning),

error in transient analysis between original circuit and ROM

(“error/%”), transient analysis time (“simul./s”), and speedup

achieved with the MOR. As an example, Fig. 3 shows the

output curves of original and reduced ckt1. The transient

analyses were performed on the original circuits and ROMs

using APLAC [10] on a Intel(R) Core2 CPU 6700/2.66 GHz 4

GB RAM computer. The difference between the original and

reduced circuit (i.e., error) was calculated using (36) in [2].

with 501 time points.

A comparison of the system matrices of the original and

reduced circuits is also shown in Fig. 4. The original system

matrices in the figure show that the three test circuits ckt1–

ckt3 each contain different types of inductive and capacitive

coupling. On the other hand, the reduced matrices in Fig. 4

show that the presented method retains the block-sparsity of

the original system.

The reduction results show that the proposed method

achieves efficient reduction with reasonable accuracy and is

capable of generating significant simulation speedups. The

MOR prosessing time is not negligible, but compared to the

simulation times of the original circuit it is still relatively fast,

enabling also on-the-fly MOR applications.



TABLE I
TRANSIENT ANALYSIS RESULTS FOR THE ORIGINAL AND REDUCED CIRCUITS.

circuit ports nodes R C L K hMETIS/s MOR/s error/% simul./s speedup

ckt1
original 4 5997 1538 3536 1998 1538 - - - 608.12 -
reduced 4 228 152 2754 75 670 2.46 14.74 0.65 3.84 ×158.4

ckt2
original 8 20394 6796 8497 6796 1701 - - - 51.67 -
reduced 8 666 444 1489 220 316 8.49 19.7 0.86 1.82 ×28.4

ckt3
original 20 50983 16990 26225 16990 9235 - - - 368.08 -
reduced 20 1840 1228 12710 609 2953 23.5 94.98 0.96 33.61 ×11.0

For partitioning, the number of partitions was chosen such that the average partition size was 100 (R/L/C) elements.
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Fig. 3. Transient analysis of ckt1. The original and reduced circuit output
voltage curves at the end of the first interconnect line are shown with solid
lines (the curves are almost indistinguishable). The normalized error between
reduced and original simulation results is shown with a dashed line.

IV. CONCLUSION

Partitioning is often a desirable, sometimes even manda-

tory, processing step in MOR methods. If a circuit contains

dense mesh-like structures, such as coupling, partitioning

becomes difficult hampering the reduction considerably. Using

the method proposed in this paper, inductive and capacitive

coupling between interconnects can be sparsified, enabling

partitioning and efficient reduction.
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