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PartMOR: Partitioning-Based Realizable

Model-Order Reduction Method for RLC Circuits
Pekka Miettinen, Mikko Honkala, Janne Roos, and Martti Valtonen

Abstract—This paper presents a robust partitioning-based
model-order reduction (MOR) method, PartMOR, suitable for
reduction of very large RLC circuits or RLC-circuit parts of a
non-RLC circuit. The MOR is carried out on a partitioned circuit,
which enables the use of low-order moments and macromodels
of few elements, while still preserving good accuracy for the
reduction. As the method produces a positive-valued, passive,
and stable reduced-order RLC circuit (netlist-in–netlist-out), it
can be used in conjunction with any standard analysis tool or
circuit simulator without modification. It is shown that PartMOR
achieves excellent reduction results in terms of accuracy and
reduced CPU time for RLC, RC, and RL circuits.

Index Terms—Circuit Simulation, Interconnect modeling,
Model-order reduction, RLC Circuits.

I. INTRODUCTION

IN order to analyze transistor-level behavior of integratedcircuits, extraction tools are typically used in the design

process to generate a circuit netlist from the original chip

topology for simulation purposes. To obtain an accurate de-

scription, also the various non-ideal parasitic layout effects

appearing at interconnect scale need to be modeled. Including

these complex characteristics on top of the original ideal

circuit design generates a large RC(L) netlist, which often

poses significant run-time and memory issues for the analysis

and simulation tools.

One avenue to speed up the simulations is to apply model-

order reduction (MOR) algorithms [1]–[17] to the extracted

netlists, which attempt to model the system with a reduced-

size representation incurring minimal loss in accuracy. By

using MOR, the post-layout verification phase of the design

can be speeded up substantially. As the complexity of the

industrial circuits increases along with a demand for even more

precise extraction tools, the MOR of interconnects requires

more sophisticated methods [18], ideally capable of reducing

any type of RLC circuit.

This paper presents a novel, (SPICE) RLC-netlist-in–RLC-

netlist-out-type Partitioning-based MOR method, PartMOR.

The basic idea behind the method proposed is to partition

the original circuit into small subcircuits, which can then
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be approximated individually with relatively simple low-

order macromodels and, later, combined together to obtain

a reduced-order model for the whole system. Thanks to

partitioning, the problem is naturally divided into smaller

sections, which can be accurately represented with low-order

approximations, thus also avoiding the possible numerical

instabilities related to direct higher-order explicit Padé-like

moment matching, such as with AWE [1]. By using partition-

ing, PartMOR can typically retain the (block-level) sparsity of

the original system, and also take advantage of possible hier-

archical structures of the circuit, which may greatly increase

the reduction efficiency [19]. Furthermore, a benefit inherent

to partitioning is that a circuit containing a large number of

external ports can still be reduced efficiently in most cases

[10]. After partitioning, for each subcircuit, between each pair

of ports, a macromodel is calculated by explicitly matching

up to three y-parameter moments. This use of partitioning and
low-order moments also makes the MOR process fast and easy

to manage with light computational load.

One often overlooked issue in the development of new MOR

methods is the realizability of the reduced-order models. If a

potential MOR method produces only a reduced mathematical

model of transfer function or state equations, instead of real-

izable circuit netlists, all downstream analysis and simulation

tools may need to be modified to handle these representa-

tions. Also the level of realizability is of essence; in [20],

the macromodel realizations for MOR are well studied, but

contain voltage-controlled current/charge sources in addition

to standard RLC elements. Depending on the design flow, this

may severely limit the utility and usability of MOR [5], [21],

[22].

Realizable R/L/C-in–R/L/C-out MOR methods are pre-

sented in [5]–[14]. Of these, [7] and [8] are efficiently usable

only for certain circuits satisfying strict nodal time-constant

constraints and a suitable resistance–inductance–capacitance

ratio [21], [23]. In [9], high reduction is achievable, but

the required MOR process is computationally intensive [21].

RLCSYN proposed in [21] is a macromodel-synthesis method

for structure-preserving Krylov-subspace-based MOR meth-

ods, e.g., SAPOR [3] and SPRIM [4]. Although it provides

the much-needed option of RLC realization for the projection-

based methods, it suffers itself from the fact that the matrices

generated are for the most part full. This greatly reduces the

potential MOR efficiency, as each matrix stamp is realized

with a circuit element. Additionally, the RLC elements gener-

ated are often negative in value (which may cause problems

for some analysis tools or circuit simulators), and the original

RLC circuit can not contain inductances connected to port

nodes.
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Partitioning-based MOR methods are presented in [10]–

[17]. In [15]–[17], projection-based methods were proposed

using partitioning, but lacking RLC realization. The concept

of realizable low-order macromodels via partitioning for RC

circuits was first presented in [10], matching the first two

moments of the y-parameters. This concept was further studied
in [11]–[13] and also in [14] (for R-only circuits). In PartMOR,

the MOR approach via partitioning and low-order macromod-

els is extended, using three moments of the y-parameters, to
cover an RLC circuit. This is made possible by calculating

moments at DC, and in addition, one or two moments at

infinity, which are used to carefully determine the properties

of the corresponding macromodel. By matching each small

macromodel partly at DC and partly at infinity, better accuracy

for the overall reduction can be achieved for RLC circuits,

than by matching the moments at only one of these point (as

shown by preliminary test simulations). Additionally, in the

absence of inductances and/or capacitances the method may

be simplified to RC/RL/R-in–RC/RL/R-out MOR to maximize

the application compatibility and reduction efficiency. Due to

these features, PartMOR may be easily used inside any design

flow that operates partially or entirely with RLC circuits.

Despite of its several beneficial features for processing RLC

circuits, PartMOR is not very well suited for processing dense

meshes. Similarly, the method is less efficient, if the original

circuit contains only few internal nodes between the ports.

These shortcomings are further discussed in Section II.

The handling of mutual inductances, K, is not discussed
in this paper due to space limitations. Reducing mutual in-

ductances with PartMOR between interconnect-type structures

is described in [24]. Here, since the mutual inductances are

not mapped directly into system matrices prior to MOR, it is

possible to process even a circuit with a denser mesh of mutual

inductances between interconnect lines with efficiency.

The method proposed can be conceptually divided into the

four main steps shown in Fig. 1: (a) The circuit is partitioned

into N -port subcircuits (described in Section II). (b) The y-
parameter moments are calculated for each subcircuit (Section

III). (c) From these, the macromodels are synthesized by

matching three y-parameter moments with the coefficients
of the Taylor expansion of the macromodel transfer function

(Section IV). (d) After generating the reduced macromodels

for each subcircuit, the macromodels are finally recombined

together (Section IV-D). Section V discusses further guide-

lines for generating the macromodels. Simulation results and

conclusions are given in Sections VI and VII, respectively.

II. CIRCUIT PARTITIONING

The PartMOR method presented in this paper uses three

moments of the y-parameters to generate a macromodel to
approximate a connection between two ports in each partition.

Since a transfer function of an arbitrary large RLC circuit

between two ports is typically too complex to be accurately

represented by a single low-order model, it is necessary to

perform a partitioning on the large RLC circuit prior to macro-

model synthesis. Therefore, the circuit needs to be divided into

smaller subcircuits (with new internal port nodes), which are

Fig. 1. The PartMOR method: (a) The circuit is partitioned into subcircuits
by hMETIS [27]. (b) For each subcircuit, the y-parameter moments are
calculated. (c) The macromodels of each connection for each subcircuit are
synthesized using three moments. (d) The generated macromodels replace the
original subcircuit and the process (b)–(c) is performed for each subcircuit.

small enough to be approximated with the preselected low-

order macromodels.

The size of the subcircuits generated by partitioning (mea-

sured in the number of RLC elements) is critical: if the

subcircuit is too large, the low-order macromodel used is not

accurate enough to model the subcircuit, and precision is lost.

On the other hand, if the subcircuit is too small, the replacing

macromodel is of the same size as the original subcircuit and

no actual reduction takes place.

By using partitioning to match small sections of the orig-

inal circuit with low-order approximations, the possible ill-

conditioning and numerical stability problems related to di-

rect high-order moment-matching approaches [1] are avoided.

When the subcircuits are combined together, the order of the

total reduced circuit is much higher, however, and better accu-

racy can be obtained depending on the number of subcircuits

(and macromodels) used between the original external port

nodes.

The order of a linear (RLC) circuit is the same as the num-

ber of linearly independent first-order differential equations

needed to describe it [25]. In an RLC circuit, these equations
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Fig. 2. A cascaded reciprocal 2-port system described with y-parameters.
In the figure, yA

k
= y11

k
+ y12

k
and yB

k
= y22

k
+ y12

k
, where k = 1, . . . , K.

are generated by the reactive elements, i.e., inductances and

capacitances, and thus, conversely, the order of the network is

the same as the number of independent reactive elements.

To illustrate the final order of reduction, a cascaded 2-port

system is shown in Fig. 2. This could be generated, e.g., from

a 2-port network that is partitioned into 2-port blocks and

reduced by PartMOR. Here, each y-parameter element may
contain linearly independent reactive elements that increase the

order of the circuit. For a transfer function y21(s) for the total
cascaded system, the terminal loads yA

1 and yB
K are ignored,

and the upper limit of the order (of reduction) is thus

q = (K × 3 − 2) × qp, (1)

whereK is the number of subcircuits between the two external
ports, and qp is the order of one y-parameter element in a
partition (in PartMOR, qp = 1, typically). For simplicity, it
was here further assumed that all the y-parameter elements
are of the same order.

Although (1) applies explicitly for a 2-port system, only, it

is obvious that the order of the circuit increases in a similar

manner when the number of cascaded blocks (subcircuits) is

increased in an N -port system, as well. Thus, when the circuit
is partitioned into small subcircuits, despite the low-order ap-

proximation per partition, high accuracy for the total reduction

can be reached, depending on the number of subcircuits used:

if more precise reduction is required, the original circuit may

be partitioned into even smaller subcircuits, for a higher-order

total reduction.

Since a macromodel is generated between each pair of ports

and ground, the reduction leads to a full block matrix between

the ports. However, due to partitioning and generation of new

external nodes for each partition (which are combined into

internal nodes when the partitions are recombined after MOR),

the reduction is capable of retaining the block structure of the

original system; for transmission-line-type circuits, e.g., this

results in a sparse, block-diagonal system matrix, where each

block corresponds to one partition. On the other hand, in the

case of a circuit with few internal nodes between each port,

the reduction is less efficient. Using partitioning to reduce the

number of ports per subcircuit typically helps [10], but as a

macromodel is placed between each pair of ports, in the worst

case this may result in more elements after MOR than before.

For the same reasons, the MOR via partitioning and low-

order approximation used by PartMOR is best suited to reduce

circuits with a sparse structure, such as interconnects and other

per-unit-length-type discretizations. If the original circuit is

a dense mesh (of non-trivial dynamic complexity), accurate

MOR becomes difficult. If a dense mesh is partitioned into

small partitions to reach good accuracy, a high number of ports

is typically generated, which in turn generates a high number

of elements, worsening reduction efficiency. On the other

hand, if large partitions are used (to generate less elements),

the low-order approximation may not be enough for accurate

approximation. In this case, the reduction becomes difficult,

and in the worst case, impossible. Meshes consisting of mostly

resistances can typically still be reduced efficiently, due to their

simple moment characteristics (see examples in Section VI) —

in this case, larger partitions can still be used with sufficient

accuracy (and sometimes even exact [14]).

In general, in this paper it is assumed that the original

circuit to be reduced is used to model phenomena that are

best described by a large number of circuit-element blocks

of relatively equal importance and complexity (such as a

transmission-line discretization). If this is not the case, the

complexity of the subcircuit’s transfer function has little re-

lation to its size in elements. In this case, the partitioning

should differ in the size of the partitions to enhance the

accuracy in the more complex regions of the original circuit

with smaller partitions (and thus higher-order local approxi-

mation). In PartMOR, this can be done by first partitioning

the circuit into subcircuits of equal size, and then partitioning

the subcircuits again into smaller and smaller pieces, until a

suitable level of accuracy has been reached per subcircuit. This

possible need for further partitioning can be monitored from

the characteristics of the calculated y-parameter moments to
some extent (see Sections V-B and V-D for details). However,

a general, a priori error estimate is not (yet) available, nor are

the subcircuit dynamics monitored from, e.g., dominant poles

and zeros or generalized eigenvalues. Thus, for more reliable

error and accuracy control, further processing might be of use.

This is beyond the scope of this paper, although a potential

topic of future research and improvement.

METIS [26] is an algorithm package for partitioning large

irregular graphs, partitioning large meshes, and computing fill-

in-reducing orderings of sparse matrices. The METIS algo-

rithms are based on multilevel graph-partitioning algorithms,

which first reduce the size of the graph by coarsening the

graph’s details. This takes the form of collapsing adjacent

vertices and edges. The smaller graph is then partitioned

and refined into the original graph. hMETIS is an extension

of METIS that uses hypergraphs instead of graphs [27].

This paper considers the hMETIS algorithm as a partitioning

method in the MOR flow (see Fig. 1).

As the hMETIS partitioning algorithms operate with the

reduced-size graph, they are extremely fast compared to tradi-

tional partitioning algorithms that compute a partition directly

on the original graph. In [26], extensive testing showed that

the partitions provided by METIS are consistently better (as

measured by the sizes of the cut sets) than those produced by

spectral partitioning algorithms.

The use of METIS and hMETIS algorithms especially in

circuit partitioning was studied in [28], where it was noted

that they both produced excellent partitionings of equal size.

PartMOR uses two criteria (via hMETIS) for generating the

partitioning:

1) The number of external nodes generated in the parti-

tioning should be low (i.e., the number of cut edges is
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minimized).

2) The size of the generated subcircuits should be (nearly)

equal.

The first criterion is used to produce partitions which

need the least number of macromodels for a realization. One

macromodel is placed between each pair of ports (external

nodes) and between a port and the ground, and if the partitions

have a high number of ports, the number of generated elements

escalates quickly, which decreases the reduction ratio, as noted

above.

The second criterion is used because hMETIS uses random-

number-based algorithms to generate the partitioning. The

random-number-based approach results in slight variations in

the partitions obtained at each different run and, thus, the MOR

results may also vary slightly between the runs. By demanding

that the partitions are of the same size, a strict new requirement

is placed on the partitioning. This gives more uniform results,

since the number of suitable solutions is greatly reduced, and

the fluctuations (also in MOR results) decrease. Moreover,

when the partitions are of equal size, the approximation is of

the same accuracy for each partition in case of, e.g., typical

transmission lines. Since the accuracy of a given partition is

not known beforehand (see above), a short iteration of partition

sizes may be helpful, in practice (see Section VI). Here, if the

partitions are of uniform size the overall MOR accuracy is

typically easier to monitor.

III. CALCULATION OF y-PARAMETER MOMENTS

In PartMOR, a connection between each pair of ports (i,j)
in a subcircuit is approximated with a low-order macromodel,

which matches three moments of the y-parameters. The macro-
model element values are obtained by matching the Taylor

expansion coefficients of the macromodel transfer function

with the y-parameter moments generated for each subcircuit.
For notational simplicity, the variables of different subcircuits

are not indexed separately; rather, the generic notation applies

to each subcircuit at a time.

The y-parameter moments are generated for two expansion
points: s = 0 (DC) and s = ∞ (infinite frequency).

A. Moments at s = 0: M0, M1, and M2

The time-domain modified nodal analysis (MNA) circuit

equations for a linear N -port RLC circuit can be expressed
as [2]







C
dxn(t)

dt
= −Gxn(t) + BuN (t),

iN (t) = LTxn(t),

(2)

where C andG are the susceptance and conductance matrices,

respectively; xn, uN , and iN denote the MNA variables

(nodal voltages and branch currents of inductances and voltage

sources), port voltages, and port currents, respectively. Here,

B = L is a selector matrix consisting of ones, minus ones,

and zeros.

The matrices C and G are positive semidefinite and are

defined as

C ≡

[

Q 0

0 H

]

, G ≡

[

N E

−ET 0

]

, xn ≡

[

v

i

]

, (3)

where Q, H, and N, are the matrices containing the stamps

for capacitances, inductances, and resistances, respectively.

E consists of ones, minus ones, and zeros, which repre-

sent the additional incidence stamps for branch currents and

nodal voltages generated for the MNA equations. The vector

xn contains the nodal voltages, v, and branch currents, i,

for inductances and voltage sources. For RLC circuits, the

dimension of the C and G matrix is thus n × n, with
n = ni+ne+nL+N , where ni, ne, nL, and N are the number
of internal nodes, external nodes, inductances, and ports (port

currents), respectively (typically, if ports are not between two

external nodes, N = ne). Taking the Laplace transformation

of (2), solving for the port currents, and defining

A ≡ −G−1C, R ≡ G−1B, (4)

the y-parameter matrix is given as

Y(s) = LT(I − sA)−1R, (5)

where I is the n × n identity matrix. The term (I − sA)−1

can be expanded into a Neumann series to obtain

Y(s) = M0 + M1s + M2s
2 + · · · , (6)

where Mi = LTAiR, having the dimension N × N . For a
typical interconnect-type subcircuit obtained by partitioning,

N is generally very small (N ≈ 2). Here, the moments Mi

are calculated by explicit matrix multiplication, and G−1 is

obtained by LU-factorization. Note that Y(0) = M0, i.e., the

zeroth moment describes the DC behavior exactly.

B. Moments at s = ∞: N0, N1, and N2

For some RC and RL circuits, and RLC circuits in general,

better accuracy can be achieved, if the describing macromodel

is matched also at s = ∞ in addition to (or instead of) s = 0.
To obtain this, a Neumann series in the form

Y(s) = N0 + N1
1

s
+ N2

1

s2
+ · · · (7)

needs to be formulated. Now, when s → ∞, 1/s → 0, such
that the behavior at infinity is given by Y(∞) = N0

This can be done by performing a high-pass–low-pass

frequency transformation (see Fig. 3(a)–(b)) [29] on the circuit

to be reduced. The origin is mapped to infinity

s →
1

ŝ
, (8)

which transforms each capacitance C of the original circuit
to an inductance L̂ = 1/C, and each inductance L to a
capacitance Ĉ = 1/L. As a result, a frequency-transformed
circuit is generated.

The new circuit is then read in and the element values

are parsed to form the MNA equations according to Section

III-A. Now, generating the Neumann series for the transformed

circuit results in a series of the form (6). However, due to

the the mapping (8), the series is of the desired form (7)

with respect to the original, non-transformed, circuit, and the

moments N0, N1, and N2 are obtained. Note that although

the (8) transformed circuit may have a different number of

unknown MNA variables, the size of Y(s) (and that of the
corresponding moments) is the same, since the number of ports

is unchanged.
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Fig. 3. High-pass–low-pass frequency transformation performed on the
circuit. (a)–(b): By projecting infinity to DC (and DC to infinity), the moments
at infinity can be calculated at (projected) DC. (b)–(c): MOR can be also done
on the transformed circuit (e.g., to avoid matrix-singularity problems at DC).
In this case, another transformation, (c)–(d), is needed to revert the frequency
response back to the original. Note that the frequency transformation is the
same in both directions.

Fig. 4. The RRC macromodel used to realize the admittance-matrix element

yij between ports i and j, when m
ij
1

< 0 or n
ij
1

< 0; or admittances to

ground from port i, yi0, when mi0
1

> 0 or ni0
1

> 0.

IV. MACROMODEL SYNTHESIS

For an N -port RLC circuit, the admittance between the ith
port and ground is noted yi0 and is given by the sum of the

elements of the ith row (or column) of Y(s). The admittance
connecting ports i and j is −yij . Thus, the circuit synthesis

problem amounts to synthesizing admittances between pairs

of ports (yij) and between a port and ground (yi0).

PartMOR uses two first-order macromodels, RRC and RRL,

shown in Figs. 4 and 5, respectively, to model the admittances

with lumped elements. The choosing of which macromodel to

use is made depending on the signs of the y-parameter moment
elements such that the resulting element values are positive

in order to ensure passivity. (See Section V for details.) The

macromodel is synthesized, for each subcircuit, between each

pair of ports and between each port and ground.

The particular macromodels were chosen because they

provide two easily adjustable admittance levels, at DC and

infinity, where the reactive elements are reduced to an open

or short circuit. In addition, of all possible (meaningful) 3-

element connections between two ports, the presented models

result in the simplest equations for the element values. If

more elements were used, a macromodel would typically use

Fig. 5. The RRL macromodel used to realize the admittance-matrix element

yij between ports i and j, when m
ij
1

> 0 or n
ij
1

> 0; or admittances to

ground from port i, yi0, when mi0
1

< 0 or ni0
1

< 0.

higher-order moments requiring more computational work to

determine the moments. Furthermore, using more complex

macromodels typically requires solving polynomials of (at

least) second order, which poses an additional requirement

for the moments, as the discriminant needs to be non-negative

to obtain meaningful element values. Thus, according to our

experiments, macromodels of higher order are considerably

more laborious to use in order to reliably obtain macromodels

with positive-valued elements. As on the other hand, better

accuracy can be typically achieved with finer partitioning, the

presented RRC and RRL macromodels seem best suited for

most cases.

The y-parameter yij calculated for the admittance of the

RRC macromodel between ports i and j is

yij(s) = −

1

Rij

2

+ (1 +
Rij

1

Rij

2

)Cijs

1 + Rij
1 Cijs

, (9)

and similarly, for the RRL macromodel,

yij(s) = −

1

Rij

1

+ 1

Rij

2

+ Lij

Rij

1
Rij

2

s

1 + Lij

Rij

1

s
. (10)

By expanding (9) and (10) into a Taylor series at s = 0
and/or at s = ∞ (i.e., at s = 1/ŝ = ∞, when ŝ → 0) and
matching the Taylor series coefficients with the elements of the

Neumann series moments (6) and/or (7), the element values for

the corresponding macromodels can be calculated. This means

that on the one hand, the y-parameter moments are generated
from the MNA equations for each subcircuit separately, and on

the other hand, the y-parameters are known for the preselected
macromodels. Now, by matching these two, the element values

for the macromodel are obtained. For example:

yij(s) = mij
0 + mij

1 s + mij
2 s2 + · · ·

≈ mij
0 + mij

1 s + mij
2 s2,

(11)

and

yij(s) = yij(0) + (yij)′(0)s +
1

2
(yij)′′(0)s2 + · · ·

≈ yij(0) + (yij)′(0)s +
1

2
(yij)′′(0)s2,

(12)
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where the derivatives of yij(s),

(yij)′(0) =
dyij(s)

ds









s=0

,

(yij)′′(0) =
d2yij(s)

ds2









s=0

,

(13)

are calculated with respect to Eq. (9) or (10). Combining (11)

and (12) results in

mij
0 + mij

1 s + mij
2 s2 = y(0)ij + (yij)′(0)s +

1

2
(yij)′′(0)s2.

(14)

The actual MOR happens here; the data describing a connec-

tion between two ports as an infinite series is truncated to three

moments, which are matched with a macromodel.

The possible Taylor series coefficients of yij(s) for the RRC
macromodel derived from (9) and generated at s = 0 are given
by

yij
(0)(0) =

−1

Rij
2

, (15)

(yij
(0))

′(0) =
dyij(s)

ds









s=0

= −Cij , (16)

(yij
(0))

′′(0) =
d2yij(s)

ds2









s=0

= 2(Cij)2Rij
1 , (17)

and for yij(ŝ) at ŝ = 0, where ŝ = 1/s (i.e., series generated
at s = ∞),

yij
(∞)(0) =

−1

Rij
1

+
−1

Rij
2

, (18)

(yij
(∞))

′(0) =
dyij(ŝ)

dŝ









ŝ=0

=
1

Cij(Rij
1 )2

, (19)

(yij
(∞))

′′(0) =
d2yij(ŝ)

dŝ2









ŝ=0

=
−2

(Cij)2(Rij
1 )3

. (20)

Here, the subscripts (0) and (∞) are noted to help distinguish
the coefficients generated at s = 0 and ŝ = 0, respectively.
Similarly, the cofficients for the RRL macromodel derived

from (10) at s = 0 are given by

yij
(0)(0) =

−1

Rij
1

+
−1

Rij
2

, (21)

(yij
(0))

′(0) =
dyij(s)

ds









s=0

=
Lij

(Rij
1 )2

, (22)

(yij
(0))

′′(0) =
d2yij(s)

ds2









s=0

=
−2(Lij)2

(Rij
1 )3

, (23)

and for yij(ŝ) (series generated at s = ∞),

yij
(∞)(0) =

−1

Rij
2

, (24)

(yij
(∞))

′(0) =
dyij(ŝ)

dŝ









ŝ=0

=
−1

Lij
, (25)

(yij
(∞))

′′(0) =
d2yij(ŝ)

dŝ2









ŝ=0

=
2Rij

1

(Lij)2
. (26)

Matching three elements of the moment series with three of

the Taylor series cofficients (15)–(26), e.g., as in (14), results

in a system of three equations, from which the RRC or RRL

circuit element values can be obtained.

In the following subsections, three different approaches of

matching a set of moments are described:

1) Straightforward matching of the first three moments at

DC (Section IV-A).

2) Matching of two moments at DC and one at infinity

(Section IV-B).

3) Matching of more moments at infinity (Section IV-C).

In this paper, the matching of two moments at DC and one

moment at infinity (Section IV-B) is considered as the general

approach. In special cases, such as RC/RL-only subcircuits,

or MOR with emphasis on high frequencies, the two other

approaches are used (see Section V for details).

A. Matching the first three moments: M0, M1, and M2

Matching the elements of (6) to (15)–(17), i.e., as in (14)

results in

mij
0 = yij

(0)(0), mij
1 = (yij

(0))
′(0), mij

2 =
1

2
(yij

(0))
′′(0),

(27)

mij
0 = −

1

Rij
2

, mij
1 = −Cij , mij

2 = (Cij)2Rij
1 . (28)

It is worth mentioning that the same equations also result

from solving the specific Padé approximant RL/M of order

(1, 1) [30] to the power series A(s) generated for each matrix
element of the Y(s) in (6), and the admittance (9) or (10) can
be matched with R1/1 to obtain the RRC or RRL macromodel

element values, respectively.

The RRC realization of the off-diagonal matrix elements

(i 6= j) can be calculated from (28),

Rij
2 =

−1

mij
0

, Cij = −mij
1 , Rij

1 =
mij

2

(mij
1 )2

. (29)

For diagonal elements yi0 (macromodels connected from port

i to ground) the circuit element values are

Ri0
2 =

1

mi0
0

, Ci0 = mi0
1 , Ri0

1 =
−mi0

2

(mi0
1 )2

,

mi0
k =

N
∑

j=1

mij
k , k = 0, 1, 2.

(30)

In an identical manner as in 27, the element values for the RRL

macromodel can be calculated using the first three moments,

except now, the equations (21)–(23), respectively, are used for

the Taylor series coefficients. For off-diagonal elements, this

results in

Rij
2 =

−mij
2

mij
0 mij

2 − (mij
1 )2

, Lij =
(mij

2 )2

(mij
1 )3

, Rij
1 =

−mij
2

(mij
1 )2

,

(31)

and for diagonal elements,

Ri0
2 =

mi0
2

mi0
0 mi0

2 − (mi0
1 )2

, Li0 =
−(mi0

2 )2

(mi0
1 )3

, Ri0
1 =

mi0
2

(mi0
1 )2

.

(32)
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B. Matching one moment at infinity: M0, M1, and N0

The matrix elements of the first two moments of Y(s),M0

and M1, are matched with the first two coefficients of the

Taylor series at s = 0 (DC) for the macromodel, as in the
previous subsection. In addition to this, the elements of the

first moment at infinity, N0, calculated in (7), are matched

with the first coefficient of the Taylor series at s = ∞ (ŝ = 0):

mij
0 = yij

(0)(0), mij
1 = (yij

(0))
′(0), nij

0 = yij
(∞)(0), (33)

where the Taylor series coefficients of yij are (15), (16), and

(18), respectively.

It is easily seen that at DC and infinity, the admittance

(9) is reduced to resistances (capacitances are open or short

circuits, respectively), and the zeroth moments at s = 0 and
s = ∞ are thus easily matched. The matrix elements of the

moment M1 are matched at s = 0, since the behavior at low
frequencies is generally more dominating a factor compared

to higher frequencies.

From (33), the RRC element values can be calculated:

Rij
2 =

−1

mij
0

, Cij = −mij
1 , Rij

1 =
−1

nij
0 − mij

0

,

Ri0
2 =

1

mi0
0

, Ci0 = mi0
1 , Ri0

1 =
1

ni0
0 − mi0

0

,

ni0
0 =

N
∑

j=1

nij
0 .

(34)

Here, mi0
0 is calculated as in (30) for k = 0.

Similarly for the RRL macromodel, (33) can be used, but

now the Taylor series coefficients used are (21), (22), and (24),

respectively. This results in the following element values:

Rij
2 =

−1

nij
0

, Lij =
mij

1

(mij
0 − nij

0 )2
, Rij

1 =
−1

mij
0 − nij

0

,

Ri0
2 =

1

ni0
0

, Li0 =
−mi0

1

(mi0
0 − ni0

0 )2
, Ri0

1 =
1

mi0
0 − ni0

0

.

(35)

C. Matching more moments at infinity

The matching of more moments at infinity can be done in a

similar manner as in the previous subsections, by matching

three moments at infinity, or by matching two moments

at infinity and one at DC. This is done by replacing the

corresponding DC moments of (6) with the infinity moments

of (7), and vice versa.

For three moments at infinity, the elements of N0, N1, and

N2 are matched to the coefficients (18)–(20) or (24)–(26),

for RRC or RRL macromodels, respectively, similarly as in

Section IV-A. For two moments at infinity and one at DC,

elements of N0, N1, and M0 are matched to the coefficients

(18), (19), and (15) or (24), (25), and (21) for RRC or RRL

macromodels, respectively, similarly as in Section IV-B.

Instead of the above description of the matching, the same

realizations can be obtained by performing a high-pass–low-

pass frequency transformation (8) (see Fig. 3) on the macro-

models, described next. In PartMOR, this approach is used in

order to reach a simpler algorithm flow (see Fig. 6).

First, the moments at infinity are treated as moments at DC,

and moments at DC as moments at infinity (momentsN0,N1,

and N2 replacing moments M0, M1, and M2, respectively,

and vice versa) for the purpose of generating the RRC or RRL

macromodels as in Sections IV-A and IV-B: i.e., matching the

DC behavior of the macromodels Taylor series coefficients

to the infinite moments’ elements (Fig. 3(b)–(c)). Then, a

high-pass–low-pass transformation (8) is used on the generated

macromodels, projecting the matching done at DC to infinity,

to reach the final macromodel and correct frequency response

(Fig. 3(c)–(d)).

D. Final recombination

After the macromodels for each subcircuit are formed, all

the external nodes generated by partitioning are merged to-

gether and the circuit is rebuilt from the subcircuits according

to the original circuit topology (see Fig. 1(d)). As a final step,

parallel resistances, inductances, and capacitances of adjacent

subcircuits can be combined to further reduce the number of

generated elements. The number of external nodes (ports) is

the same as in the original circuit.

It should be noted thatM0 describes the circuit’s DC char-

acteristics with precise accuracy. This leads to the result that

if the dominant elements in the circuit are mostly resistances,

the reduction is inherently more efficient. In the extreme case

of a resistance-only original circuit, the reduction is error-free

[14].

V. ENFORCING PASSIVITY AND CHOOSING THE

MACROMODELING METHOD

A linear RLC circuit is passive and thus stable, if all

element values in the circuit are non-negative [10] — this

is a sufficient (but not necessary) condition for passivity. In

PartMOR, passivity and stability is ensured by choosing either

the RRC or RRL macromodel, depending on the signs of

the moments used, to reach a positive-valued realization: if

mij
1 < 0 (or mi0

1 > 0), RRC macromodel is used, and if
mij

1 > 0 (or mi0
1 < 0), RRL macromodel is used. If mij

1 ≈ 0
(and nij

1 ≈ 0, see Section V-C), the connection is matched
with a single resistance, Rij

2 .

In some special (rare) cases, however, the equations for RRC

and RRL macromodel elements could produce negative-valued

elements, and the macromodels cannot be used directly (or the

system would lose stability). The detailed steps and conditions

for generating the macromodels are described in the following

subsections. The general PartMOR flow is summarized in

Fig. 6, where the typical processing path for a subcircuit

is emphasized with bold lines. In addition to the presented

flowchart, some basic heuristics are used in order to not

generate very small (series) or very large (parallel) elements

that would have negligible effect on the final reduced circuit.

Similarly, if Rij
1 is very large, the whole branch may be
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Fig. 6. Flowchart illustrating the PartMOR method. The typical path for
processing a subcircuit is emphasized with bold lines.

omitted. These cases are typically the result of numerical

noise or badly determined calculations (e.g., Rij
2 in (29) when

mij
0 ≈ 0).

Thanks to partitioning and generation of macromodels one

pair of ports at a time, a connection can be processed relatively

independently. Thus, e.g., RC/RL/R connections or blocks

inside the original circuit can be reduced more efficiently.

A. Matching M0, M1, and M2

Matching the first three moments is suitable for the MOR

of RC circuits, but results in less desirable approximation for

RLC circuits in general. However, if a subcircuit of a larger

RLC circuit contains RC-only blocks, the three first moments

typically provide an accurate approximation. In PartMOR,

moments M0, M1, and M2 of (6) are matched (at DC) in

case of pure RC circuits.

If mij
2 < 0 (or mi0

2 > 0) for RRC macromodel or mij
2 > 0

(or mi0
2 < 0) for RRL macromodel, the resulting element Rij

1

(or Ri0
1 ) would be negative, and is replaced by a short circuit.

Element Rij
2 may be negative for RRL macromodel, typi-

cally when mij
0 is small compared to mij

1 . A small value of

mij
0 indicates that the conductance of the connection (i,j) is
low at DC, where the matching is made. Because the con-

ductance is low, the element Rij
2 (modeling the corresponding

admittance together with Rij
1 at DC) may be omitted from the

macromodel, to avoid the negative Rij
2 , and causing only a

small absolutive error to the total admittance.

If |mij
2 | ≪ |mij

1 |, the effect of the third moment, mij
2 , to the

approximation is negligible. In this case, the MOR methods

matching only the first and/or second moment, presented in

[10] and [11], can be used with little loss in accuracy. These

methods, in turn, generate a passive RC macromodel of the

first or zeroth order (where 0-order approximation equals R-

only macromodels).

Similarly, if RC-in–RC-out MOR is required, connections

that would generate an RRL macromodel (i.e., mij
1 < 0 or

mi0
1 < 0) can be modeled with the methods [10] and [11].

B. Matching M0, M1, and N0

In PartMOR, matching M0, M1, and N0 of (6) and (7)

is used for the typical RLC-subcircuit case. If a matching

is done only at a single expansion point, the approximation

may be greatly erroneous if accuracy is expected over a larger

frequency band, which is often needed for RLC circuits. Thus,

by taking into account the fundamental behavior of the original

RLC (sub)circuit at both DC and infinity, a considerably better

macromodel and approximation can be obtained.

In case that nij
0 < mij

0 (or ni0
0 > mi0

0 ) for the RRC

macromodel, or nij
0 > mij

0 (or ni0
0 < mi0

0 ) for the RRL

macromodel, the resulting element Rij
1 would be negative,

and the RRC and RRL macromodel cannot be used. This

situation typically occurs, when the frequency behavior of the

subcircuit is more complex than what the low-order RRC or

RRL macromodels can approximate accurately. In this case,

the particular subcircuit needs to be partitioned again into

smaller subcircuits; see Section V-D for details.

C. Matching more moments at infinity

In PartMOR, matching more moments at infinity is used

for pure RL circuits, in cases where the subcircuit exhibits

stronger characteristics at high frequencies, or if the G-matrix

is (nearly) singular.
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In some circumstances, the characteristic behavior of a

circuit may be centered near s = ∞. This may take place if a
circuit contains high-pass-filter-type structures or the purpose

of the circuit is to model phenomena at high frequencies,

such as pure RL-circuit skin-effect models. In these cases,

to reach accurate enough MOR, more than one moment

should be calculated at infinity. For example, if a connec-

tion exhibits stronger characteristics at high frequencies e.g.,

|mij
1 | ≈ |mij

2 | ≈ 0, but |nij
1 | ≫ 0 and |nij

2 | ≫ 0, it is obvious
that more weight should be given to the moments at infinity.

Here, the modeling guidelines for RRL and RRC macromodels

presented in Section V-A and V-B apply now in a dual fashion,

depending on which moments are matched, with each mij
k

replaced by nij
k , and vice versa.

Matching more moments at infinity is especially useful, if

the system matrix G of a subcircuit is singular or nearly

singular. This may signify that the y-parameters are not well-
defined or are zero at DC. For RLC circuits, this may happen,

e.g., when the circuit contains nodes with connections to ca-

pacitances only, which is an uncommon, but possibly occuring

situation (which may happen when two circuit blocks are

connected that have only capacitances connected to port nodes

[22]). Auxiliary methods [31] for bypassing the singularities

may help, but in the worst case, the calculation of moments

becomes impossible and the MOR fails. By circumventing this

with the transformation (8), G is typically no longer singular,

and the MOR can be carried out as usual. Although this is

a rare measure, being able to handle also abnormal situations

brings added reliability to the method.

The method of avoiding a singular G with low-pass–high-

pass transformation is not essentially tied to the PartMOR

method (or even the y-parameter equation formulation), and
could be used as a stand-alone tool to benefit any other RLC-

in–RLC-out MOR method or analysis purpose. Note that the

subcircuit does not have to be strictly high-pass-type to benefit

from this approach, nor is the resulting circuit in this case

inevitably a low-pass-type; this is simply the name used for

the transformation.

D. Omitting elements from macromodels and excluding sub-

circuits from the MOR

In Sections V-A–V-C, if a negative element would be gener-

ated, it is sometimes removed from the macromodel. The same

applies also for very large- or small-valued elements that have

little or no significance to the resulting transient or frequency

behavior; e.g., resistances with values over R = 1012 Ω.
Also, a method matching fewer moments can be used to

ensure positive-valued elements. These practices decrease the

accuracy of MOR, but since the circuit is partitioned into

multiple subcircuits, the loss of accuracy caused by a single

subcircuit is small in the typical case for transmission line-type

circuits (see Section II). For circuits with varying complexity,

however, even a single partition may have a critical impact on

the overall behavior of the circuit.

Thus, if more precision is required, the following method

may be used instead: a subcircuit that would generate a neg-

ative element is repartitioned into further smaller subcircuits,

e.g., in two. Now, a macromodel generation is attempted for

each new subcircuit. If this too, would lead to a negative ele-

ment, one or both of the new subcircuits are again partitioned

in two, until negative elements are not generated. If the size

of a subcircuit in this process goes below a preset threshold,

the small new subcircuit is taken outside of the MOR process

completely. After MOR is finished, the excluded (not reduced)

subcircuit is combined with the reduced circuit.

In essence, this method attempts to localize the area that

generates the negative element, and then exclude this small

portion from the circuit. Since the progressive partitioning can

be done down to very small subcircuits, these problematic

areas can be isolated with precision and left out from MOR.

As a result, high accuracy is guaranteed with a passive and

still efficient reduction.

In the preliminary simulations, the method described above

proved very useful for RLC-in–RLC-out MOR, and is thus

used in PartMOR for RLC circuits.

Fig. 7. Circuit RLCclock forms four connected loops with 12 transmission
lines. The horizontal runs are metal 1 (R = 1 Ω/m, L = 218 nH/m, C = 134

pF/m) and the vertical runs are metal 2 (R = 1 Ω/m, L = 436 nH/m,
C = 268 pF/m). Each transmission line is modeled with 1000 RLC sections.

VI. SIMULATION RESULTS

The PartMOR method was implemented in C and Matlab.

In the following Section VI-A, simulation results showing

the performance of PartMOR with several test circuits is

presented. Then, in Section VI-B a simulation comparison to

an existing MOR method, SPRIM with RLCSYN, is given.

In the simulations, all the circuits were first reduced with

PartMOR (or SPRIM+RLCSYN) and then a time-domain

transient analysis was carried out on the original and reduced

circuits using APLAC [32] on a HP RX5670/1.3 GHz 4 GB

RAM computer — except RCbus7, which was simulated on

an Intel Core 2 Quad CPU Q9550/2.83 GHz 8 GB RAM due

to considerably larger memory requirements in the transient

analysis.

A. RLC, RC, and RL circuits

The method was verified by simulating several RLC, RC,

and RL circuits, of which Table I shows nine representative
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Fig. 8. Circuit RLCtree forms a tree-like structure with seven transmission lines of listed characteristics. Note that in the simulations, only the linear RLC
block without drivers at ports is simulated.

Fig. 9. Circuit RLCtree2 forms a tree-like structure with 21 transmission lines of various lenghts and characteristics.

samples.

The first five circuits are RLC-interconnect-type circuits

with different interconnect characteristics and topologies.

The circuit RLCbus3 is a simple two-port bus, whereas

RLCclock is a grid-type clock distribution circuit with four

connected loops (see Fig. 7), inspired by the RC circuit in [33].

The circuit RLCclock2 is otherwise identical to RLCclock,

except it has 1001 ports distributed evenly around the circuit,

and is shown as an example of a circuit with a large number of

terminals. The circuits RLCtree [20], [34] and the extension

of the previous, RLCtree2, form tree structures (see Figs. 8

and 9, respectively).

The circuits RCmem19 and RCmem92 are RC subcircuits

of an extracted netlist from a commercial memory chip,

characterized by buses between large meshes of resistances

and relatively fewer capacitances. The circuit RCbus7 is a

simple large two-port interconnect RC bus. Finally, the circuit

RLladder31 is a ladder-type construction with series and

parallel R and L elements in turn, used as a skin-effect model.

Table I shows the results of the PartMOR reduction with

transient simulation. Here, ports, part.size, nodes, R, L, C,
ǫtr, Ttr, ttr, and speed-up stand for the number of ports, the
approximate number of elements per one subcircuit (used as

the partitioning criterion), the number of nodes, resistances,

inductances, capacitances, the normalized transient-analysis

error, transient-analysis CPU time, relative transient-analysis

CPU time, and speed-up in CPU time (1/ttr), respectively.
The error is calculated as follows [19]:

ǫtr = 100% ·

√

√

√

√

1

nsampNout

nsamp
∑

k=1

Nout
∑

i=1

(

uk
i − dk

i

dmax,i − dmin,i

)2

,

(36)

where nsamp andNout stand for the number of time samples of

output voltages and number of output ports; uk
i , d

k
i , dmax,i, and

dmin,i stand for the voltage sample k of the reduced circuit,
voltage sample k of the original circuit, and maximum and
minimum voltage samples of the original circuit, at port i,
respectively. In these simulations nsamp = 301.

The table show the best results obtained after a short itera-

tion (of about 1–5 steps) in order to reach an approximately
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TABLE I
TRANSIENT ANALYSES ON REDUCED RLC, RC, AND RL CIRCUITS (BEST RESULTS REGARDING PARTITION SIZE).

circuit ports part. size nodes R L C ǫtr/% Ttr/s ttr speed-up

RLCbus3
original 2 - 1502 500 500 501 - 9.02 1.000 1.00
reduced 2 50 109 54 30 47 0.060 0.31 0.034 29.10

RLCclock
original 8 - 36018 12008 12008 12005 - 742 1.000 1.00
reduced 8 100 1649 795 493 663 0.363 4.78 0.006 155.23

RLCclock2
original 1001 - 36018 12008 12008 12005 - 740 1.000 1.00
reduced 1001 20 8742 2945 2902 3073 0.183 84 0.114 8.81

RLCtree
original 5 - 1081 363 360 371 - 3.3 1.000 1.00
reduced 5 30 207 84 63 81 0.211 0.49 0.148 6.76

RLCtree2
original 11 - 3155 1061 1052 1079 - 16.9 1.000 1.00
reduced 11 30 558 233 171 210 0.094 1.12 0.066 15.09

RCmem19
original 90 - 8678 40921 0 1675 - 61.0 1.000 1.00
reduced 90 1000 169 929 0 446 0.006 1.59 0.026 38.36

RCmem92
original 91 - 8719 40974 0 1696 - 23.6 1.000 1.00
reduced 91 1000 172 901 0 305 0.033 1.43 0.061 16.50

RCbus7
original 2 - 300001 299999 0 299999 - 9227 1.000 1.00
reduced 2 1000 601 1198 0 600 0.087 0.15 0.000 61513

RLladder31
original 3 - 23000 11499 11499 0 - 197 1.000 1.00
reduced 3 300 157 153 78 0 0.030 0.16 0.001 1231

TABLE II
COMPARISON OF PARTMOR TO SPRIM+RLCSYN IN A TYPICAL CASE. THE BENCHMARK CIRCUIT IS RLCtree2 USING ADDITIONAL 22 MOSFET
TRANSISTORS AS THE NONLINEAR CIRCUIT PART. SHOWING THE BEST RESULTS REGARDING THE ORDER OF THE REDUCED MODEL, q, AND PARTITION

SIZE.

ports q part. size nodes R L C MOSFETs ǫtr/% Ttr/s ttr speed-up MOR/s

original circuit 11 - - 3170 1071 1052 1089 22 - 26.63 1.000 1.00 -

SPRIM+RLCSYN
11 51 - 96 1281 29 836 22 1.341 4.99 0.187 5.35 3.01
11 56 - 106 1551 34 1051 22 0.486 9.32 0.350 2.86 3.12

PartMOR
11 - 20 714 305 209 291 22 0.170 5.50 0.207 4.83 1.52
11 - 40 635 256 194 238 22 0.459 2.87 0.108 9.26 1.31

TABLE III
COMPARISON OF PARTMOR TO SPRIM+RLCSYN IN A CASE WITH A LARGE NUMBER OF PORTS. THE BENCHMARK CIRCUIT IS RLCtree USING

ADDITIONAL 37 PORTS. SHOWING THE BEST RESULTS REGARDING THE ORDER OF THE REDUCED MODEL, q, AND PARTITION SIZE.

ports q part. size nodes R L C ǫtr/% Ttr/s ttr speed-up MOR/s

original circuit 42 - - 1081 411 362 368 - 3.65 1.000 1.00 -

SPRIM+RLCSYN
42 82 - 84 2542 1 820 8.635 1.80 0.493 2.03 1.12
42 87 - 92 2967 4 1035 1.648 3.06 0.838 1.19 1.23
42 92 - 105 3417 12 1275 0.809 10.43 2.858 0.35 1.53

PartMOR
42 - 20 433 179 146 134 0.098 1.37 0.375 2.67 0.56
42 - 40 333 146 113 101 0.281 1.20 0.329 3.04 0.68

suitable partition size; in MOR, the quality of the results

is always a trade-off between the error generated and the

reduction achieved (measured here in the reduction of the

transient-analysis CPU time, i.e., analysis speedup). Thus,

the best results are those that produce the largest reduction,

generating the minimum error. For PartMOR, this means

that by increasing the size of a partition, less elements are

generated and thus the reduction ratio improves, but the error

caused by the approximation increases. By contrast, if more

accurate reduction is required, finer partitioning should be

used. Naturally, the compromise between how much error

is tolerated and how much speed-up is required varies with

the design application. In Section IV-B the trade-off between

error and speed-up is demonstrated for modified RLCtree2,

where also the Pareto optimal [36] choices between the two

parameters can be easily seen.

Also, it is worth mentioning that since the hMETIS al-

gorithm operates using random seed for partitioning, the

partitions vary slightly with each run, which results in small

variations in the reduced circuits. In the (rare) cases where the

recursive partitioning described in Section V-D was needed, a

single re-partitioning was done (i.e., the threshold for mini-

mum partition size was half of the original partition size).

It is evident from Table I that PartMOR achieves excellent

results for RLC, RC, and RL reduction for all types of circuits

simulated. Figure 10 shows the simulation of original and

reduced RLCclock circuit along with the normalized error

between the two curves. Here, the two curves are almost

indistinguishable.

Note that for RC and RL circuits, PartMOR functions as an

RC-in–RC-out and RL-in–RL-out method, respectively.

B. Comparison to SPRIM and RLCSYN

The SPRIM [4] MOR method using the RLCSYN [21]

macromodel-synthesis method was implemented in C and

Matlab in a MOR flow similar to PartMOR for compar-

ison purposes. Additionally, after SPRIM, the congruence

matrix was also re-orthonormalized for improved accuracy

and efficiency [35]. In the following, two cases with different
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Fig. 10. Transient analysis of the reduced and original RLCclock are shown
with solid lines (the two lines are almost indistinguishable). Also shown is
the normalized error between the two curves (dashed line).

Fig. 11. Transient analysis comparison of PartMOR to SPRIM+RLCSYN
with various parameter values. For SPRIM q = {31, 41, 51, 56, 61, 71, 81}
and PartMOR part. size = {5, 10, 20, 40, 50, 60}. The arrows in the figure
show the progression of parameters values on the curve, from small to large.
Original circuit without reduction (i.e., the error is zero) is shown with a
cross. The circuit used is RLCtree2 with non-linear drivers at ports.

benchmark circuits are discussed: first, a typical interconnect

circuit including a nonlinear circuit part, then, an interconnect

circuit with a large number of external ports. Comparisons

between the two RLC-in–RLC-out MOR methods are shown

with transient simulations.

The first circuit is composed of a linear and nonlinear

part, where the linear part is RLCtree2 and the nonlinear

part consists of 11 CMOS inverters (22 MOSFET transis-

tors) used as drivers at the input and output ports. Addi-

tional capacitances and resistances were also connected to

the inverters. Figure 11 shows the comparison of PartMOR

to SPRIM+RLCSYN demonstrating the trade-offs between

accuracy and speed-up for the two methods. For SPRIM,

the expansion point is s0 = 0 and the order of the reduced

Fig. 12. Comparison of PartMOR (part. size = 20) to SPRIM+RLCSYN
(q = 51): for similar (approximately ×5) speed up in transient simulation,
PartMOR achieves more accurate results. The circuit used is RLCtree2 with
non-linear drivers at ports.

model is q = {31, 41, 51, 56, 61, 71, 81} (i.e., the size of the
model is q×q); for RLCSYN, the inductance-related parameter
tol = 10−7; for PartMOR, part. size = {5, 10, 20, 40, 50, 60}.
(These numbers were chosen for a fair comparison.) In the

figure, the arrow shows the progression of parameter values

from small to large. The best reduction results are the ones

closest to the origin: needing the least amount of time and

generating the minimum error.

The transient simulations marked with a star in Fig. 11 are

plotted in Fig. 12 (q = 51 and part. size = 20). Furthermore,
the details of the best two simulation results are shown in

Table II, where also the MOR algorithm CPU-time is listed

as MOR/s. From Figs. 11 and 12, and from Table II, it

can be seen that PartMOR achieves better reduction results

than SPRIM+RLCSYN, when comparing the best results. For

SPRIM+RLCSYN, to reach a desirable level of accuracy, a

relatively high q was required, and the (nearly) full matrices
generated by RLCSYN proved less efficient than PartMOR.

Also, other expansion points for SPRIM were tried (e.g.,

s0 = 50 × 106 rad/s, and s0 = 1 × 109 rad/s), but these did

not improve the results.

It is worth noticing that increasing partition size (and thus

decreasing the number of generated subcircuits) should affect

PartMOR by monotonously increasing error and decreasing

simulation time in general. However, in Fig. 11, this applies

only to the left portion of the curve. The reason for this is

that when the partitioning size is very small (approaching

the number of elements per macromodel), the error generated

by omitting elements may accumulate to noticeable size. In

Fig. 11, this generated error outweighted the benefit gained

by reducing the partitioning size — although the total error

remained acceptably small, below 1 %, in any case. Thus, the

error-to-time curve is strictly monotonous for PartMOR only

for larger partition sizes typical to larger circuits (part. size≫
3, the number of elements per macromodel).

The second benchmark circuit used for comparison between
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SPRIM+RLCSYN and PartMOR was modified RLCtree,

with additional 37 external nodes (for a total of 42 port nodes,

i.e., ≈ 4% of all nodes) added to the circuit. Here, the circuit
had to be modified slightly with additional resistances, so that

no inductances were directly connected to the ports, since

RLCSYN can not handle these. The results of the transient-

analysis simulations are shown in Table III, where it is evident

that the projection-based SPRIM+RLCSYN achieves poor

results compared to PartMOR. The purpose of this second

comparison is to show that the partitioning-based approach

is well suited even for cases where the number of ports is

relatively high — which, conversely, is a major problem for

many projection-based MOR methods.

By comparing the MOR algorithm CPU-times in Tables II

and III, it appears that PartMOR is computationally faster than

SPRIM+RLCSYN. However, the computational cost of Part-

MOR depends largely on the size of the subcircuits: for each

partition two LU-factorizations and 5–7 matrix multiplications

are needed in order to calculate the moments (one at DC and

one at infinity), and the size of the matrices regulates the speed

of the MOR process (finer partitioning is typically faster to

process). It should be noted that both of the MOR method

implementations were by no means optimized for speed (al-

though basic economical memory handling and sparse matri-

ces were used where possible) — PartMOR perhaps even less

so, due to considerably more complicated algorithm flow. Just

to give an indicative idea of the computational costs with larger

circuits and large partitions, for RCbus7 with 300001 nodes

(using Intel 2.66 GHz CPU with 4 GB RAM), PartMOR took

601 seconds with part. size 1000, while SPRIM+RLCSYN

took 3746 seconds (q = 52). For SPRIM+RLCSYN, it is fair
to mention that the re-orthonormalization of the split SPRIM

congruence matrix took most of the algorithm CPU-time, 2978

seconds. For PartMOR, the actual partitioning process with

hMETIS was very fast in each case, and negligible compared

to the total MOR algorithm CPU-time (< 0.01s for the circuits
in Table II and III).

From the perspective of required system memory, Part-

MOR is able to process larger systems more efficiently than

SPRIM+RLCSYN. As the system matrices can be analysed in

manageable partitions, the method requires less memory at a

time. Without partitioning, it is obvious that the computational

cost for very large systems becomes too large for efficient

processing for any computer at some point [19]. If more

efficient processing is required, partitioning also provides

a natural way to benefit from parallel processing, as each

partition may be processed separately on different processing

units.

In the two comparison simulations it seems that

SPRIM+RLCSYN balances between R and C elements with
fewer Ls, since the corresponding matrices for Rs and Cs are
mostly dense, whereas the matrix for Ls is diagonalized in
RLCSYN. In contrast, PartMOR seems to produce realizations

with relatively same numbers of Rs, Cs, and Ls, with block-
diagonal structure in the system matrices.

VII. CONCLUSIONS

In this paper, a new, efficient, and realizable partitioning-

and macromodel-based MOR method, PartMOR, was pre-

sented. PartMOR produces a positive-valued, passive, and

stable (SPICE) RLC netlist as an output, which all standard

simulators can process without any modification. Thus, Part-

MOR is easily integratable to any design flow operating with

RLC/RC/RL/R circuit blocks.

In addition to its RLC-netlist-in–RLC-netlist-out properties,

PartMOR includes the following beneficial features: Thanks

to partitioning, the method is efficient also for circuits with a

high number of ports, is typically able to preserve the sparsity

of the original system, and can further benefit from possible

internal hierarchical structures in the circuit topology. Thanks

to analysis at both DC and infinity, high MOR accuracy is

achieved, and a singularity of theG-matrix at either frequency

point can be avoided, increasing method reliability. Finally,

thanks to analyzing one subcircuit at a time, the MOR process

is computationally light, requiring relatively little memory.

The operation of PartMOR was verified with simulations

of several types of RLC, RC, and RL circuits. The results

were also compared to those obtained with a well-known MOR

method, SPRIM, and an available RLC-macromodel-synthesis

method, RLCSYN. It was shown that PartMOR achieved ex-

cellent reduction results and outperformed SPRIM+RLCSYN

for the cases shown.
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