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1. Superconductivity in the multiband

Hubbard model

Superconductors are materials characterized by the ability to carry current
without resistance and by the Meissner effect, wherein the bulk of the
material expulses external magnetic fields. Superconductivity can have
a wide range of applications, for instance in computing, medicine, and
transportation. However, its application is hampered by the necessity
to cool the material below the often very low critical temperature which
marks the onset of superconductivity.
Superconductivity was initially discovered by Kamerlingh Onnes in 1911

in mercury cooled to a temperature of 4 Kelvin [1], but a microscopic
theoretical description was found only in 1957 by Bardeen, Cooper and
Schrieffer (BCS) [2]. The BCS theory [3, 4, 5, 6] describes superconductors
as a condensate of Cooper pairs formed between two electrons. The for-
mation of Cooper pairs is due to the Cooper instability: in the presence of
any non-zero attractive interactions, the Fermi sea becomes unstable and
electrons near the Fermi surface form two-body bound states that lower
the total energy of the system [7].
BCS theory describes so-called conventional superconductors, for which

the critical temperature Tc is typically low, at most a few tens of Kelvins.
Unconventional superconductors not described by BCS theory also exist,
with critical temperatures over 100 K at ambient pressure [8]. High-Tc

superconductivity was first found in cuprates in 1986 by Bednorz and
Müller [9]. The phase diagram of cuprates presents several peculiarities,
the mechanism of which is yet to be understood completely. For instance,
the normal state above the critical temperature presents a pseudogap, the
origin of which remains an open question despite great efforts [10, 11].
Some proposed explanations are the presence of preformed pairs, charge
density waves or nematic order. Other high-temperature superconductors
are for instance iron-based superconductors and heavy fermion supercon-
ductors [12]. At extreme pressures, some materials such as hydrides can
exhibit superconductivity at over 200 K [13, 14].
Flat bands, i.e. Bloch bands with a constant dispersion, show some

promise for reaching high critical temperatures, as they are predicted
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to increase Tc especially at small interactions due to their high density
of states [15, 16]. Flat bands occur in simple lattice models such as the
kagome and Lieb lattices, which can be created in experiments for instance
using optical lattices with ultracold gases [17, 18, 19], in lattices made by
atomistic control [20, 21] and photonic lattices [22]. More recently, flat
bands have attracted increased interest due to their relevance in moiré
materials, including magic-angle twisted bilayer graphene [23, 24, 25, 26,
27, 28]. Several materials are also good candidates to feature a non-trivial
flat band near the Fermi level [29].
Due to the absence of a kinetic energy on a flat band, even small in-

teractions are dominant. Superconducting [15, 16, 30, 31, 32, 33] and
magnetic [34, 35, 36, 37] phases can be enhanced as a consequence. More-
over, the lack of a Fermi surface on a flat band, which is one property
differentiating them from a dispersive band with a high density of states,
can in itself facilitate the formation of exotic correlated phases. For in-
stance, a typical Fermi liquid can not occur [38], and superconductivity
instead arises from an unconventional normal state, studied in Publica-
tion IV. As another example, the possibility for particles to occupy any
momentum state without energy cost can help stabilize spin-imbalanced
superconductivity through unconventional interband pairing [39, 40].
Even though a flat band can favor the formation of the Cooper pairs

essential for superconductivity, the infinite effective mass of particles
seems to preclude any possibility for superconducting transport. This
is indeed the case in single flat bands. However, in multiband models,
dissipationless transport is enabled by interband effects, captured by the
geometry of the Bloch states of the flat band, more specifically the quantum
metric [30, 32, 41].
In Publications II and III, the connection of quantum geometry to flat

band superconductivity was explored, and the role of the minimal quantum
metric was discovered. Publication IV considered the role of quantum
geometry in the conductivity of non-interacting flat bands. Publication
I, on the other hand, considered the non-Fermi liquid behavior in the
interacting normal state. The first part of this thesis presents theoretical
background on the BCS theory of superconductivity and the superfluid
weight. The second part will focus on quantum geometry and its role in
flat band physics. The final part will give an introduction to dynamical
mean-field theory and exact diagonalization, and summarize results from
Publication I.

1.1 The Hubbard model

Electrons in a crystalline solid experience a periodic potential, where the
location of each nucleus can be thought of as a lattice site corresponding to

2
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a local minimum of the potential. A real system is practically impossible
to study theoretically, as it consists of an immense number of particles and
nuclei that interact with one another. A simplified model which captures
many important aspects of many-body systems is the so-called Hubbard
model [6, 42]. In this simple model, the whole crystalline structure is
treated as a set of pointlike lattice sites, between which particles can move
with a certain hopping amplitude; in other words, particle positions are
approximated to only be at the local minima of the potential, and the
process of moving from one site to the other is described by a hopping
parameter. Moreover, the interactions are approximated by a two-body
short-ranged interaction. In the usual Hubbard model studied in this
thesis, these interactions occur only between particles on the same site.
In the extended Hubbard model, longer ranged interactions, for example
between nearest neighbor lattice sites, are introduced. The Hubbard model
can be used to describe either bosons or fermions. In this dissertation, we
focus on the fermionic model.
The Hubbard model, albeit highly approximated, captures important

aspects of many-body systems, such as the existence of superconducting,
magnetic and insulating states [6]. It can also be simulated for instance
in ultracold atom experiments [43, 44, 45, 46, 47], where the diluteness
of the gas makes two-body interactions dominant and the atoms can be
assumed to be in the lowest energy bands at sufficiently low temperatures.
Ultracold atoms experiments have the benefit of being highly tunable: op-
tical lattices can be used to simulate various lattice geometries, including
those featuring a flat band like the kagome [19] and Lieb [17] lattices.
Interactions can be tuned through Feshbach resonances. Due to its con-
ceptual simplicity, the Hubbard model also offers a good platform to gain
qualitative understanding of aspects of more complicated systems.
To derive the Hubbard Hamiltonian, we start from the Hamiltonian of

an interacting two-component gas of fermions, H = Hkin +Hint, where

Hkin =
X

�

Z
dr  †

�(r)

✓
� r2

2m�
+ Vext(r)� µ�

◆
 �(r),

Hint =
X

��0

Z
dr

Z
dr  †

�(r) 
†
�0(r

0)U��0(r � r0) �0(r
0) �(r),

(1.1)

where  †
�(r) creates a fermion with spin � at position r, Vext(r) is the

periodic external potential, µ� is the chemical potential of spin � and
U��0(r � r0) is a two-body interaction. Throughout this work, we use units
where h̄ = kB = 1. In order to go from this real-space description to one
where particles are moving in a lattice of point-like sites, we perform a
tight-binding approximation and expand the field operators  �(r)† in terms
of the Wannier functions, which are single-particle states localized at the
crystalline orbitals.
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The eigenstates  nk(r) of particles in a periodic potential are Bloch
waves,  nk(r) = un(r)eik·r, where k is the quasimomentum and un(r) is a
function with the same periodicity as the lattice potential [48]. The index
n labels the energy bands. The number of bands in a continuum is infinite,
but it is usually assumed that the set of Nb lowest bands is well-isolated
from the higher ones. If the interaction strength and temperature are low
enough, particles can be assumed to occupy only these lowest bands. For
instance, in studies of the square lattice, it is typical to consider a single
band. However, in the more complicated flat band lattices considered
in this work, it is essential to include multiple bands. The inclusion of
enough bands is also crucial when dealing with topologically nontrivial
bands, as otherwise for instance the Peierls substitution used to include
an electromagnetic field can be invalid [30, 49, 50].
States localized at crystalline orbitals, i.e. Wannier functions, can be

obtained as a linear combination of the Bloch states. However, because we
can add an arbitrary phase factor to the Bloch states, the definition of the
Wannier functions wi↵(r) is not unique. Instead, [51]

wi↵(r � ri↵) =
Vc

(2⇡)D

Z

B.z.
dDk e�ik·ri↵

norbX

n=1

Uk
n↵ nk(r), (1.2)

where Uk is a unitary matrix. The number of orbitals per spin in a unit
cell norb is equal to the number of bands Nb, and D is the dimension of the
system. The indices i and ↵ label the unit cells and orbitals per spin within
a unit cell, respectively. The position of the lattice site i↵ is ri↵. Depending
on the choice of U , the Wannier states can be more or less localized. Ideally,
we want to choose maximally localized eigenstates. While the Bloch states
are eigenstates of the non-interacting Hamiltonian, Wannier functions are
not. However, they are related to each other via a unitary transformation,
and both bases are complete.
Assuming that the particles are localized at the orbitals, we can ex-

pand the field operators in terms of the Wannier functions,  �(r) =P
i↵wi↵(r)ci↵�, where the operator ci↵� annihilates a particle with spin �

at the lattice site i↵. Then the many-body Hamiltonian given by Eq. (1.1)
can be rewritten as

H =
X

�

X

i↵,j�

t�i↵,j�c
†
i↵�cj�� �

X

�

X

i↵

µ�c
†
i↵�ci↵�

+
X

��0

X

i↵,j�
l�,m�

U��0(i↵, j�, l�,m�)c†i↵�c
†
j��0cl��0cm��,

(1.3)

where the hopping and interaction parameters are given by

t�i↵,j� =

Z
dr w⇤

i↵(r)

✓
�r2

2m
+ V (r)

◆
wj�(r),

U�,�0(i↵, j�, l�,m�) =

Z
dr

Z
dr0w⇤

i↵�w
⇤
j��0U��0(r � r0)wl��0wm��.

(1.4)
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This is the so-called extended Hubbard model: it consists of a tight-binding
model with added interactions between different spins and sites. The pa-
rameter t�i↵,j� describes the movement of particles with spin � from site j�

to site i↵, while U�,�0(i↵, j�, l�,m�) describes general two-body interactions.
In this thesis, only uniform on-site interactions are considered, and the
Hamiltonian reduces to the usual multiband Hubbard Hamiltonian

H =
X

�

X

i↵,j�

(t�i↵,j� � µ��i↵,j�)c
†
i↵�ci↵� + U

X

i↵

c†i↵"c
†
i↵#ci↵#ci↵". (1.5)

The interaction can be either repulsive (U > 0) or attractive (U < 0). In this
thesis, the focus is on the latter. Such interactions may seem unphysical
because of the Coulomb repulsion between charge carriers, but for instance
a phonon-mediated effective attraction is possible [3]: the electrons cause
deformations in the lattice that attract other electrons.
Even though this model is extremely simplified, a general exact so-

lution is usually not tractable. In Publication III, the superconducting
ground state and its excitations are solved analytically in isolated flat
bands in systems with uniform pairing, but such exact solutions are rarely
achievable. A common approximation is to use mean-field theory, which
neglects quantum fluctuations and describes the system as non-interacting
quasiparticles. This is the method used in Publication II, where super-
conductivity in flat bands is studied without the requirement of isolated
bands or uniform pairing. Numerical methods such as the density matrix
renormalization group (DMRG) [52, 53], quantum Monte Carlo methods
(QMC) [54], exact diagonalization (ED) [55] and dynamical mean-field the-
ory (DMFT) [56, 57, 58] are used to study the Hubbard model beyond the
mean-field level. Each method has its own limitations: typically, systems
studied with QMC or ED are quite small and the thermodynamic limit is
difficult or impossible to achieve, while DMFT takes only local fluctuations
into account. In Publication I, we studied the properties of the normal
state using DMFT and ED.

1.2 Multiband BCS theory of superconductivity

This section focuses on multiband superconductivity in the Hubbard model.
As mentioned above, an exact solution is rarely possible, and here we
resort to the simplest approximation of the Hubbard interaction, namely
mean-field theory. In this approximation, Hint takes a simple quadratic
form, and the system can be described as non-interacting quasiparticles.
Although fluctuations are ignored, mean-field theory has proved to give
quite reliable qualitative, sometimes even quantitative, predictions for
instance in the field of flat band superconductivity [59, 60, 61, 62, 63, 64].
The basic idea of mean-field theory is that when the fluctuations of an

operator, �A = A � hAi, are small, we can approximate AB ⇡ hAihBi +
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hAi�B + hBi�A, i.e. we neglect the terms quadratic in the fluctuations.
Then AB ⇡ hAiB + hBiA� hAihBi. In the case of the Hubbard model, we
want to approximate the interaction Hamiltonian in Eq. (1.5). This is a
product of four operators, and it is thus unclear which pairs should be
chosen as our A or B. To study superconductivity, the choice A = c†i↵"c

†
i↵#

seems judicious, as the superfluid is characterized by hc†i↵"c
†
i↵#i 6= 0. A more

rigorous method is to use Wick’s theorem to split the interaction into all
possible combinations of operators:

Hint ⇡ U
�
c†i↵"c

†
i↵#hci↵#ci↵"i+ hc†i↵"c

†
i↵#ici↵#ci↵" � hc†i↵"c

†
i↵#ihci↵#ci↵"i

�c†i↵"ci↵#hci↵#c
†
i↵"i � hc†i↵"ci↵#ici↵#c

†
i↵" + hc†i↵"ci↵#ihci↵#c

†
i↵"i

+c†i↵"ci↵"hci↵#c
†
i↵#i+ hc†i↵"ci↵"ici↵#c

†
i↵# � hc†i↵"ci↵"ihci↵#c

†
i↵#i

�
(1.6)

The first row contains the superconducting order parameters. The sec-
ond row is zero in our case. The last row consists of so-called Hartree
terms, which we discard in this dissertation by assuming that they can be
absorbed into the chemical potential. This is not always the case, since
the density hc†i↵�ci↵�i can depend on the lattice sites. For instance in the
sawtooth ladder, which does not have uniform pairing, the Hartree terms
should in principle be taken into account, although their effect at low
interactions is small [65].
The mean-field Hamiltonian studied here is then

HMF =
X

�

X

i↵,j�

(t�i↵,j��µ��i↵,j�)c
†
i↵�cj��+

X

i↵

✓
�i↵c

†
i↵"c

†
i↵# +H.c.� |�i↵|2

U

◆
,

(1.7)
where �i↵ = Uhci↵#ci↵"i is the superconducting order parameter. In the
typical BCS ground state, s-wave pairing is usually dominant and the
order parameter is independent of the unit cell, �i↵ = �↵. In a single-
band model, the order parameter is entirely uniform, but in multiband
models, it can still vary between orbitals. Taking this into account can
be crucial, as is shown in Publication II, where the superfluid weight is
computed.
Here, we will write the mean-field Hamiltonian in a form which allows

the order parameters to be modulated by a plane wave, �i↵ = �↵e2iq·ri↵ ,
where ri↵ is the position of site i↵. The wavevector q corresponds to a finite
momentum of the Cooper pairs. It is possible that q 6= 0 in the ground state
for instance in the presence of spin imbalance µ" 6= µ#, which corresponds
to a so-called Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) phase [66, 67, 68].
However, in the BCS ground state with µ = µ" = µ# studied in this
dissertation, q = 0, and q is only added in order to compute the superfluid
weight (see Sec. 1.3).
The Fourier transformation ci↵� = 1/(

p
Nc)

P
k e

ik·ri↵ck↵� allows us to
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write the Hamiltonian as

HMF(q) =
X

k

c†q,kHBdG(q,k)cq,k + Cq, (1.8)

HBdG(k, q) =

 
H"

q+k � µ1norb �(q)

�†(q) �(H#
q�k)

⇤ + µ1

!
, (1.9)

ck =
⇣
cq+k,↵=1,", . . . , cq+k,↵=norb,", c

†
q�k,↵=1,#, . . . , c

†
q�k,↵=norb,#

⌘T
, (1.10)

where Cq =
P

k Tr[H
#
k]�norbNcµ�Nc

P
↵ |�↵(q)|2/U . The matrices�(q) =

diag(�↵=1(q), . . . ,�norb(q)) contain the order parameters, whose depen-
dence on q is made explicit here. The matrix H�

k is the Fourier transfor-
mation of the single-particle Hamiltonian of spin �, defined as [H�

k ]↵� =P
i t

�
i↵,0�e

�ik·(Ri+�↵���), where Ri is the position of the i:th unit cell and
�↵ = ri↵ �Ri. Note that the choice of Fourier transformation used here ex-
plicitly includes the positions of the orbitals within a unit cell �↵. For many
physical quantities, such as the absolute values of the order parameters in
the BCS ground state, particle densities, Drude and superfluid weight etc.,
their omission should have no effect on the results. On the other hand, for
instance the intrinsic contribution to the anomalous Hall conductivity can
depend on their choice, and their inclusion is important [69]. In general,
including the positions of the orbitals is safer if there is no a priori way to
determine their impact on the results. Usually, ground state properties
should be independent on the choice of �↵.
The problem of finding the ground state is now essentially reduced to

diagonalizing HBdG: indeed, the full Hamiltonian can be rewritten as

HMF(q) =
X

k

�†
q,k"q,k�q,k + Cq, (1.11)

where �q,k = U †
k,qcq,k contains quasiparticle annihilation operators, with

HBdG(q,k) = Uq,k"q,kU
†
q,k and "q,k a diagonal matrix. The quasiparti-

cles obey Fermi-Dirac statistics, and as is evident from HMF, are non-
interacting with chemical potential zero. They are superpositions of par-
ticles and holes, and their excitations imply the destruction of Cooper
pairs [3]. In a single-band model, the excitation gap of the quasiparticles is
2|�|: the eigenvalues of HBdG are simply E± = ±

p
✏(k) + |�|2, where ✏(k)

is the energy dispersion. A large order parameter is thus an indication of
stable Cooper pairs, and is usually related to how high the temperature
can be increased before thermal fluctuations destroy the Cooper pairs. In a
multiband system, where there are multiple order parameters, this simple
picture no longer applies exactly, but larger order parameters are generally
indicative of a more stable BCS phase. Intuitively, it could be expected that
the gap protects pairs against fluctuations other than thermal ones, lead-
ing to more stable superconductivity, though it was shown in Publication
II that this is not always the case in multiband systems.

7



Superconductivity in the multiband Hubbard model

The order parameters can be determined by minimizing the grand poten-
tial ⌦ = � log(Tr[e��H ])/�, which reads

⌦ = � 1

�

X

k

X

i

log[1 + exp(��Eq,k,i)] +
X

k

Tr[H#
k]� nNcµ�Nc

X

↵

|�↵|2

U
,

(1.12)
where Eq,k,i = [✏q,k]ii is the i:th eigenvalue of the BdG Hamiltonian. In the
grand canonical ensemble, the order parameters in the ground state can
simply be solved for each fixed chemical potential µ. In the canonical en-
semble, when the particle number N = �@⌦/@µ needs to be kept constant,
one should instead minimize the free energy F = ⌦+ µN . In practice, one
then needs to solve the order parameters and particle numbers for a given
chemical potential, and tune the chemical potential until the solution with
the appropriate filling fraction is found: if the order parameters are �↵ in
the grand canonical ensemble at chemical potential µ, they also minimize
the free energy in the canonical ensemble at particle number N = �@⌦/@µ.
However, phase separation can take place in one ensemble but not the
other: for instance, if a first-order phase transition takes place in the
grand canonical ensemble, phase separation can occur in the canonical
ensemble [70].
The order parameters can equivalently be solved self-consistently from

the gap equation

�↵ = Uhc0↵#c0↵"i =
U

N

X

k

hc(q+k)↵#c(q�k)↵"i

=
U

N

X

k

X

ij

[U †
q,k]i,↵+norb [Uq,k]↵,jh�†i �ii

=
U

N

X

k

X

ij

[Uq,knF ("q,k)U
†
q,k]↵,↵+norb .

(1.13)

Both approaches to solving the order parameters yield the same result.
In fact, the gap equation can be derived from @⌦/@�↵ = 0. The order
parameters can depend on q, and should be solved self-consistently for
each value of q. When the ground state can have a nonzero Cooper pair
momentum q, the components of the momentum should be used as mini-
mization parameters. In our case, the nonzero q is applied to the system
to evaluate the response, but the ground state is always at q = 0.
The overall complex phase of the order parameters has no physical

meaning, i.e. all solutions ei�(�↵=0, . . . ,�↵=norb) are equivalent. This
can be immediately seen from the grand potential in Eq. (1.12), which
is unaffected under unitary transformations c†i↵ ! ei✓c†i↵, even if they
change the phase of the order parameters. In a system with time reversal
symmetry, which means that H"

k = (H#
�k)

⇤, there always exists a solution
where all the order parameters are real [30]. However, a nonzero q breaks
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time-reversal symmetry, and then the order parameters in a multiband
system can have different complex phases that cannot be removed by
simply adding an overall complex phase. A unitary transformation of the
form c†i↵ ! ei✓i↵(q)c†i↵ which makes all order parameters real still exists,
but one should be careful with its application when computing derivatives
of the grand potential, as was shown in Publication II.
The Cooper pairs are destroyed by thermal fluctuations at the BCS

critical temperature TBCS, where the system enters the normal state with
�↵ = 0 for all ↵. In a single dispersive band, BCS theory predicts TBCS /
exp(�1/(|U |⇢0(EF ))), where ⇢0(EF ) is the density of states (DOS) at the
Fermi surface. It is thus beneficial for ⇢0(EF ) to be as large as possible,
which is intuitive, since Cooper pairing takes place mainly near the Fermi
surface. The most extreme type of DOS singularity possible at the Fermi
energy is a flat band. In that case, ⇢0(EF ) is infinite, and BCS theory
predicts TBCS / |U | [16, 15], i.e. the critical temperature is proportional to
the interaction strength instead of exponentially suppressed. Especially
at low interactions, flat bands can thus have a much higher TBCS than
on a dispersive band. However, TBCS only tells us about the formation of
Cooper pairs, but not whether they can actually carry supercurrent. To
verify whether superconductivity is possible, it is necessary to calculate
the superfluid weight, which is introduced in the next section 1.3.

1.3 Superfluid weight

The BCS theory of superconductivity tells us about the formation of Cooper
pairs, but this is not yet sufficient for superconductivity. Indeed, also
dissipationless transport and the Meissner effect are needed. To study
these effects, a central quantity is the superfluid weight Ds, or superfluid
stiffness. It can be defined as the second derivative of the free energy with
reference to an added Cooper pair momentum, �(ri) ! �(ri)eiq·ri :

[Ds]µ⌫ =
1

V

d2F

dqµdq⌫

����
q=0

. (1.14)

For superconductivity to be possible, we need det(Ds) > 0, i.e. the equi-
librium of the system should be stable with reference to the Cooper pair
momentum. The superfluid weight is always positive semidefinite when
evaluated in the ground state. A negative-semidefinite Ds would indicate
that the q = 0 state is unstable, and that the true ground state of the
system occurs at nonzero q (or that at least, the free energy of the system
can be lowered by taking q 6= 0). In such cases, the derivative should be
evaluated at the appropriate q.
The superfluid weight can be equivalently defined as the q ! 0 limit of
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the current-current response function,

[Ds]µ⌫ = � lim
q?!0

�µ⌫(! = 0, qk = 0,q?), (1.15)

where hjµ(!,q)i =
P

⌫ �µ⌫(!,q)A⌫(!,q) is the average current in linear
response theory. The longitudinal and transverse components of q are
qk and q?, respectively. Note that q is not the same as the Cooper pair
momentum q. In a system with periodic boundary conditions, the Cooper
pair momentum q would instead correspond to a constant vector potential
A, which induces a nonzero flux non-contractible loops of the lattice, and
is thus not gauge-equivalent to A = 0.
The definition (1.15) makes the connection of the superfluid weight to

the Meissner effect clearer. For an isotropic material, [Ds]µ⌫ = Ds�µ⌫ .
Then, from the Maxwell equation r⇥B = µ0j, where µ0 is the vacuum
permittivity, we getr⇥r⇥B = �µ0DsB. By using the identityr⇥r⇥B =

r(r ·B)�r2B = �r2B, we obtain the London equation [4, 71]

r2B = µ0DsB, (1.16)

and we can identify the London penetration depth � = 1/
p
µ0Ds. This

describes how fast a magnetic field in the superconductor decays with
distance from the surface: if Ds = 0, � is infinite and the Meissner effect
does not occur, but if Ds > 0, the magnetic field decays exponentially.
In two-dimensional systems, the superfluid weight is additionally cen-

tral due to its relationship to the Berezenskii-Kosterlitz-Thouless (BKT)
transition temperature, TBKT. According to the Mermin-Wagner theorem,
continuous symmetries cannot be spontaneously broken with short-ranged
interactions and at finite temperatures in dimensions d  2 [72]. The su-
perconducting transition would be accompanied by a spontaneous breaking
of the U(1) symmetry corresponding to charge conservation. It thus seems
that superconductivity would be impossible in low dimensions. However,
quasi-long-range order can occur, and its onset is determined by TBKT,
which is the critical temperature of the Berezinskii-Kosterlitz-Thouless
transition [73, 74, 75]. This critical temperature in two dimensions is
related to the superfluid weight via the universal relation [76]

TBKT =
⇡

8

p
det[Ds(TBKT)]. (1.17)

In low dimensions, TBKT is a better estimate of the superconducting transi-
tion temperature than TBCS, as it takes into account the phase fluctuations
of the order parameters. Typically, the superfluid weight at zero tempera-
ture is an upper bound for Ds(TBKT), although it is possible to construct
systems where this is not the case [77]. A high superfluid weight can thus
be an indication of an increased TBKT.
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1.3.1 Linear response theory

The definition of the superfluid weight in Eq. (1.15) involves the current-
current response function, meaning that it requires knowledge of the
current response when a magnetic field is applied to the system. This
response function can be obtained from linear response theory. In this sec-
tion, we introduce this method for general observables and perturbations
of the Hamiltonian, which allows us to define the concept of generalized
susceptibility.
The aim is to evaluate the average of some observables Oµ when a time-

dependent perturbation due to external fields fµ(t) is switched on. The
initial unperturbed Hamiltonian is assumed to be time-independent, and
the perturbation is turned on adiabatically at time t0 = �1. The source
field can be for instance the vector potential of a magnetic field, as is
the case when studying the superfluid weight, or a magnetic field when
computing the magnetic susceptibility. In linear response theory, the
perturbation is assumed to be weak enough that it is sufficient to compute
hOµ(t)i up to linear order in the source fields fµ(t), i.e.

h�Oµ(t)i ⇡
Z t

�1
dt0�µ⌫(t, t

0)f⌫(t
0), , (1.18)

where �µ⌫(t, t0) is the response function and �Oµ(t) = Oµ(t)� hOµ(t)i0. The
thermal average hOµ(t)i0 = Tr[e��H0Oµ]/Z is computed with reference
to the unperturbed Hamiltonian H0 and Z = Tr(e��H0) is the partition
function. Throughout this work, we will use units where h̄ = kB = q = 1,
where q is the charge of the particles.
We first approximate the perturbation H 0(t) to the Hamiltonian H =

H0 +H 0(t) by its expansion up to linear order in the fields fµ:

H 0(t) =
X

µ

Pµ(t)fµ(t), (1.19)

where the operators are in the Schrödinger picture. The operators Pµ(t)

are given by the functional derivatives Pµ(t) = �H/�fµ|f=0, where f =

(fµ=1, . . . , fµ=n) is a vector containing all the external fields. For generality,
we allow Pµ(t) to have explicit time dependence.
We now switch to the interaction picture, where the time dependence of

an operator A(t) in the Schrödinger picture is given by

AI(t) = eiH0tA(t)e�iH0t. (1.20)

The time evolution of the density matrix is similar, ⇢I(t) = eiH0t⇢(t)e�iH0t,
and all expectation values are equal regardless of the chosen picture:
hAI(t)i = Tr[AI(t)⇢I(t)] = Tr[A(t)⇢(t)] = hA(t)i. Assuming that the density
matrix ⇢0 at time t0 = �1 commutes with the unperturbed Hamiltonian,
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⇢0,I = ⇢0. A straightforward computation shows that

i
d⇢I(t)

dt
= [H 0

I(t), ⇢I(t)]. (1.21)

By integrating this equation of motion, we can express ⇢I(t) in terms of
the density matrix of the unperturbed system, ⇢0 and H 0

I(t):

⇢I(t) = ⇢0 � i

Z t

�1
dt1 [H

0
I(t1), ⇢I(t1)]

= ⇢0 � i

Z t

�1
dt1 [H

0
I(t1), ⇢0]�

Z t

�1

Z t1

�1
dt1dt2[H

0
I(t1), [H

0
I(t2), ⇢0]] + . . .

(1.22)

The average h�Oµ(t)i = Tr[�Oµ,I(t)⇢I(t)] up to linear order in fµ is thus
given by the Kubo formula [78, 79]

h�Oµ(t)i =
X

⌫

Z 1

�1
dt0�O,P

µ⌫ (t, t0)f⌫(t
0),

�O,P
µ⌫ (t, t0) = �i✓(t� t0)h[�Oµ,I(t), �P⌫,I(t

0)]i0

(1.23)

which has the desired form of Eq. (1.18). In the commutator, we have re-
placed P⌫,I by �P⌫,I , which is valid because the average hPnu(t0)i0 commutes
with all operators. The function ✓(t) is the Heaviside step function, which
is one for t > 0 and zero otherwise. The linear response is therefore related
to the retarded Green’s function �O,P

µ⌫ (t, t0), which depends only on the time
difference (t� t0) when the unperturbed Hamiltonian is time-independent.
Note that in the retarded Green’s function, �Oµ and �Pµ could be replaced
by Oµ and Pµ, since as mentioned above scalars commute with all operators.
However, the retarded Green’s function is often evaluated by computing
the Green’s function in Matsubara space, and then performing an analyti-
cal continuation. In Matsubara space, using �Oµ and �Pµ is important in
order to get the correct response function [6, 80, 81], which is why we use
the above definition of the retarded Green’s function.
Typically, the operators Oµ(t) and Pµ(t) are either time-independent, or

time-dependent because of an explicit dependence on the external fields.
In the latter case, they can be approximated to linear order Oµ(t) = O0,µ +P

⌫ O1,µ⌫f⌫(t), Pµ(t) = P0,µ +
P

⌫ P1,µ⌫f⌫(t) and Eq. (1.23) contains terms
that are not linear in f(t). In this case, the linear response is given by

hOµ(t)i = hO0,µi0 +
X

⌫

hO1,µ⌫i0f⌫(t) +
X

⌫

Z 1

�1
dt0�O0,P0

µ⌫ (t, t0)f⌫(t
0),

�O0,P0
µ⌫ (t, t0) = �i✓(t� t0)h[�O0,µ,I(t), �P0,⌫,I(t

0)]i0

(1.24)

This form will be particularly useful when computing the current-current
response function, where O0 = P0 and O1 = P1 are the paramagnetic and
diamagnetic current operators, respectively.
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Often, we are interested in the response of Oµ as a function of fre-
quency, which is obtained by taking the Fourier transformation hOµ(!)i =
lim⌘!0+

R1
�1 dt hOµ(t)iei!t�⌘t. The parameter ⌘ is included because the per-

turbation is turned on adiabatically, and ensures that the initial density
matrix of the system is indeed ⇢0. In frequency space, the response given
by Eq. (1.24) has the simple linear form

hOµ(!)i � hO0,µi0�(!) =
X

⌫

�O,P
µ⌫ (!)f⌫(!),

�O,P
µ⌫ (!) = hO1,µ⌫i0 + lim

⌘!0+

Z 1

�1
dt �O0,P0

µ⌫ (t, 0)ei!t�⌘t.

(1.25)

The response function �O,P
µ⌫ (!) defines a generalized susceptibility. Con-

sider a situation where Oµ(t) = Pµ(t), that is the observables Oµ(t) are
also given by functional derivatives of the full Hamiltonian with reference
to the external field, Oµ(t) = �H/�fµ|f=0. Then the static response in the
limit ! ! 0 is related to the derivatives of the thermodynamic potential
⌦ = � ln

⇥
Tr(e��H)

⇤
/� with reference to the external fields [80]:

d2⌦

dfµdf⌫

����
f=0

= lim
!!0

1

2

�
�O,O
µ⌫ (!) + �O,O

⌫µ (!)
�
, (1.26)

where it is made evident that d2⌦/dfµdf⌫ is symmetric when the deriva-
tives commute.
In practice, computing the generalized susceptibility directly is often

a highly non-trivial task. Typically, it is easier to evaluate the Green’s
functions in Matsubara space. When an exact solution is not feasible,
approximate methods such as dynamical mean-field theory can be used,
as was done in Publication I. In mean-field theory or in weakly interact-
ing systems, the (quasi)particles can be treated as non-interacting, which
allows to significantly simplify the problem by splitting many-particle
Green’s functions into products of single-particle Green’s functions using
Wick’s theorem. However, as was shown in Publication II for the superfluid
weight, some care is needed at least in mean-field theories when applying
Eq. (1.23) : if the Kubo formula is derived starting from the exact Hamilto-
nian and the mean-field approximation is performed only to apply Wick’s
theorem, the resulting response function can be inaccurate.

1.3.2 Matsubara Green’s functions

As seen in the previous section, response functions are often related to
retarded Green’s functions of the form GR

AB(t, t
0) = �i✓(t� t0)h[A(t), B(t0)]i.

For all susceptibilities considered in this dissertation, A andB are products
of an even number of fermionic operators, and GAB is a four-point Green’s
function. Single-particle retarded Green’s functions, on the other hand,
involve two fermionic operators, and are defined as GR

AB(t, t
0) = �i✓(t �
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t0)h[A(t), B(t0)]+i, where [·]+ is an anticommutator. We thus defined the
general retarded Green’s function

GR
AB(t, t

0) = �i✓(t� t0)h[A(t), B(t0)]±i, (1.27)

where the anticommutator is used for fermionic operators, whereas the
commutator is used when A and B are bosonic, or a product of an even
number of fermionic operators.
At zero temperature, the time evolution operators U = e�iHt, where

H is time-independent, can be expanded in the interaction picture to
obtain a perturbation series of GR

AB(t) [82, 83]. However, for nonzero
temperatures, the presence of the Boltzmann factor e��H in the thermal
average hOi = Tr(e��HO)/Z, where Z is the partition function, complicates
the series expansion substantially. Ideally, one would want to treat e�iHt

and e��H in the same way. In order to achieve this, the time argument in
GAB(t) is generalized to a complex quantity. Replacing the real time by a
purely imaginary quantity, t ! �i⌧ , we define the imaginary-time Green’s
function, also called Matsubara Green’s function,

GAB(⌧, ⌧
0) = �hT [A(⌧)B(⌧ 0)]i, (1.28)

where A(⌧) = e⌧HAe�⌧H in the Heisenberg picture. The imaginary time
operator T operates so that

T [A(⌧)B(⌧ 0)] = ✓(⌧ � ⌧ 0)A(⌧)B(⌧ 0)± ✓(⌧ 0 � ⌧)B(⌧ 0)A(⌧). (1.29)

The plus and minus sign are for bosonic and fermionic operators, respec-
tively. The imaginary-time Green’s function is defined for �� < ⌧ � ⌧ 0 < �,
and may not converge outside this interval.
We now derive a few useful properties of Matsubara Green’s functions.

Firstly, just like the retarded Green’s function, GAB depends only on the
time separation ⌧ � ⌧ 0. This is easily proved by taking advantage of the
cyclic property of the trace. Assuming that ⌧ > ⌧ 0,

GAB(⌧, ⌧
0) = � 1

Z
Tr
h
e��HeH⌧AeH(⌧ 0�⌧)Be�H(⌧)

i

= � 1

Z
Tr
h
e��He�H(⌧ 0�⌧)AeH(⌧ 0�⌧)B

i

= GAB(⌧ � ⌧ 0, 0).

(1.30)

The proof for ⌧ 0 > ⌧ is similar, and it follows that GAB(⌧, ⌧ 0) = GAB(⌧ � ⌧ 0).
We can thus study GAB(⌧) = GAB(⌧, 0) without losing information. Another
useful property is that GAB(⌧ + �) = ±GAB(⌧) for ⌧ < 0:

GAB(⌧ + �) = � 1

Z
Tr
h
e��He(⌧+�)HAe�(⌧+�)HB

i

= � 1

Z
Tr
h
e��HBA(⌧)

i

= ±GAB(⌧).

(1.31)
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Due to this property, the Fourier series of the Matsubara Green’s function
is [82]

GAB(⌧) =
1

�

1X

n=�1
e�i!n⌧GAB(i!n),

G(i!n) =

Z �

0
d⌧ei!n⌧G(⌧),

(1.32)

where !n = 2⇡n/� for bosons and ! = (2n+ 1)⇡/� for fermions. These are
bosonic and fermionic Matsubara frequencies, respectively.
The Green’s functions are often easier to compute in Matsubara space,

but this is useless if we can not recover the retarded Green’s function from
the result. Fortunately, GR

AB(!) is obtained from GAB(i!n) via analytical
continuation, GR

AB(!) = GAB(! + i⌘), where ⌘ > 0 is an infinitesimal
imaginary part added to the frequency. This substitution needs to be
performed only once the Green’s function has been expressed in the spectral
representation, or as a sum of rational functions which are analytic in
the upper half-plane [82, 81]; for instance, substituting i!n = ! + i⌘ in
the Fourier transformation defined by Eq. (1.32) can lead to wrong results.
The generalized susceptibilities defined in Sec. 1.3.1 can be determined
from the generalized susceptibilities in Matsubara space,

�O,P
µ⌫ (i!n) =

Z �

0
d⌧ ei!n⌧ hT [�Oµ(⌧) �P⌫ ]i0

= ��hOµi0hP⌫i0�i!n=0 +

Z �

0
d⌧ ei!n⌧ hT [Oµ(⌧)P⌫ ]i0.

(1.33)

Provided the Green’s function can be solved analytically, analytic contin-
uation is a trivial substitution. Numerically, this operation is notoriously
difficult. Some methods used to solve this problem include Padé approxi-
mant methods [84], stochastic analytic continuation [85], the maximum
entropy method [86], or the recently developed Nevanlinna analytical
continuation [87].

1.3.3 Superfluid weight in multiband lattices

We shall now apply linear response theory to compute the superfluid
weight in a generic multiband Hubbard model, using the definition given
by Eq. (1.15). The current-current response function corresponds to the
response of the average current to an applied electromagnetic field. We
choose the incomplete Weyl gauge, so that the scalar potential of the
electromagnetic field is zero. Other choices of gauge are equally valid, since
the response function is gauge-invariant. Provided the vector potential A
varies slowly in both space and time, the current hji can be assumed to
have the same spatial and temporal dependence as A, and is given by

hjµ(!,q)i = �
X

⌫

�µ⌫(!,q)A(!,q). (1.34)
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The linear response coefficient �µ⌫ can be obtained from the Kubo for-
mula (1.23). In this case, the external source fields are the different compo-
nents of the vector potential A and the observables Oµ are the components
of the total current operator.
The external field can be introduced in the Hamiltonian via a Peierls

substitution:

Hkin(A) = �
X

�

X

i↵,j�

t�i↵,j�e
�i

R ri↵
rj�

dr·A(r,t)

⇡ �
X

�

X

i↵,j�

t�i↵,j�e
�iA(Ri↵,j�

CM)·ri↵,j� ,

(1.35)

where A(r, t) is the vector potential, RCM
i↵,j� = (ri↵ + rj�)/2 and ri↵,j� =

ri↵ � rj�. The approximation on the second row is valid when the vector
potential varies slowly. The Peierls substitution is an approximation that
requires the states to be well localized, and it is thus crucial to consider a
sufficient number of bands so that exponentially localized Wannier states
can be constructed. For topologically nontrivial bands, this means in
practice that it is necessary to consider a subset of bands such that its total
Chern number is zero [30].
When studying the exact Hubbard Hamiltonian, the vector potential

couples only to the kinetic Hamiltonian. In a mean-field model, however,
this is no longer the case: the order parameters as well as other mean-
field parameters such as Hartree fields also depend implicitly on A, as
they must be determined self-consistently in a situation where the vector
potential couples explicitly to the kinetic term. In publication II, it is
shown that taking this dependence into account can be crucial to obtain
the correct mean-field superfluid weight.
We thus start from the mean-field Hamiltonian which includes the vector

potential:

HMF(A) = Hkin(A) +
X

i↵

�i↵(A)c†i↵"c
†
i↵# +H.c.� |�i↵(A)|2

U
. (1.36)

The Hartree terms are not included here for simplicity. It will also be
assumed that the chemical potential is independent of the vector field A.
This is accurate in systems with time-reversal symmetry, but does not need
to be the case in general. Note that when applying linear response theory
in mean-field theory, it is necessary to include �µN in the unperturbed
Hamiltonian, because HMF does not preserve the total particle number.
Indeed, one assumption when deriving the Kubo formula in Sec. 1.3.1
was that the unperturbed Hamiltonian commutes with the corresponding
density matrix. In the grand canonical ensemble, ⇢0 = e��(H0�µN)/Z0 does
not commute with H0 when H0 does not preserve N , but does commute
with H0 � µN .
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In the exact Hubbard Hamiltonian, the current operators can be defined
through the continuity equation for the particle number. However, the
U(1) symmetry corresponding to charge conservation is broken in the su-
perconducting state, which makes this definition problematic. We thus use
the more general definition jµ(R

CM
i↵,j�, t) = ��H(A)/�Aµ(Ri↵,j�), in analogy

with analytical mechanics [82]. For the mean-field Hamiltonian (1.36), the
current operator up to linear order in A is then jµ =

P
⌫ j

d
µ⌫A⌫ + jpµ, where

jd,pµ are the paramagnetic and diamagnetic current operators

jdµ⌫(i↵, j�) = �
X

�

t�i↵,j�t
�
i↵,j�[ri↵,j�]µ[ri↵,j�]⌫c

†
i↵�cj��

� 1

U

✓
��i↵

�Aµ(ri↵, t)

��⇤
i↵

�A⌫(ri↵, t)

����
A=0

+H.c.

◆
�i↵,j�,

(1.37)

jpµ(i↵, j�) = �i
X

�

t�i↵,j�[ri↵,j�]µc
†
i↵�cj��

+

✓
��i↵

�Aµ(ri↵, t)

����
A=0

c†i↵"c
†
i↵# �

1

U

��i↵

�Aµ(ri↵, t)
�⇤

i↵

����
A=0

+H.c.

◆
�i↵,j�.

(1.38)

Here, a linear response approximation of the order parameters, �i↵(A) ⇡
�i↵(A = 0) +

P
⌫ ��i↵/�A⌫ |A=0A⌫ , is used in order to split �Hint/�Aµ

properly into terms of zeroth and first order in A. These current operators
differ from the typical ones found for the exact Hubbard Hamiltonian by
the inclusion of the terms involving the order parameters.
We can now apply Eq. (1.24) to obtain the average current hjµ(q,!)i =

�
P

⌫(�
d
µ⌫ + �p

µ⌫(q,!))A⌫(q,!), where

�d
µ⌫ = �hjdµ⌫i0 (1.39)

�p
µ⌫ = �iV

X

⌫

Z 1

�1
dt ei!t✓(t)h[jpµ(q, t), jp⌫ (�q, 0)]i0, (1.40)

jdµ⌫ =
1

V

X

k,�

X

↵�

[@kµ@k⌫H�(k
0)|k0=k]↵�c

†
k↵�ck��

� 1

UVc

X

↵

✓
��↵

�Aµ

��⇤
↵

�A⌫
+H.c.

◆ (1.41)

jpµ(q) =
1

V

X

k,�

X

↵�

[@kµH�(k
0)|k0=k+q/2]↵�c

†
k↵�ck+q��

+
1

V

X

k↵


��↵

�Aµ
c†k�q↵"c

†
�k↵# +

��⇤
↵

�Aµ
c�k↵#ck+q↵"

�

� 1

UVc

✓
��⇤

↵

�Aµ
�↵(0) + H.c.

◆
�q,0,

(1.42)

where we have used the shorthand notation ��↵/�Aµ = ��i↵/�Aµ(ri↵, t)
��
A=0

.
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The paramagnetic contribution involves retarded four-point Green’s func-
tions, which are easier to compute in Matsubara space. In Appendix D of
Publication II, we showed that within a mean-field approximation of the
two-particle correlator,

⇧µ⌫(q, ⌧) ⌘ V 2hT [jpµ(q, ⌧)� hjpµ(q)i0][jp⌫ (�q, 0)� hjp⌫ (�q)i0]i0

= �
X

k

Tr[G(�⌧,k)(@kµ eH|k+q/2�
z + �µ�)

G(⌧,k + q)(@k⌫ eH|k+q/2�
z + �⌫�)]

(1.43)

) ⇧µ⌫(q, i⌫n) =

Z �

0
d⌧ei⌫n⌧⇧µ⌫(q, ⌧)

= � 1

�

X

k

X

!m

Tr[G(i!m,k)(@kµ eH|k+q/2�
z + �µ�)

G(i!m + i⌫m,k + q)(@k⌫ eHk+q/2�
z + �⌫�), ]

(1.44)

where �z = �z ⌦ 1norb , with �z the Pauli spin matrix, i!n = (2n + 1)⇡/�

and i⌫m = 2n⇡/� are fermionic and bosonic Matsubara frequencies, respec-
tively, and

eH(k) =

 
H"(k) 0

0 �H⇤
# (�k)

!
, (1.45)

�µ� =

 
0 ��

�Aµ

��⇤

�A⌫
0

!
,

��

�A⌫
= diag

✓
��1

�A⌫
, . . . ,

��n

�A⌫

◆
, (1.46)

G↵�(⌧,k) = �
 

hT [ck↵"(⌧)c
†
k�"]i0 hT [ck↵"(⌧)c�k�#]i0

hT [c†�k↵#(⌧)c
†
k�"]i0 hT [c†�k↵#(⌧)c�k�#]i0

!
. (1.47)

The full two-point Green’s function is G(⌧,k) =
P

↵� G↵�(⌧,k)⌦ I↵� , where
I↵� = 1 is such that its only non-zero entry is [I↵� ]↵� = 1. The off-diagonal
terms of the block G↵�(⌧,k) are the so-called anomalous Green’s functions,
which break the U(1) symmetry and are related to superfluidity. At ⌧ ! 0,
they give the superconducting order parameters.
In mean-field theory, the ground state consists of non-interacting quasi-

particles, and the Green’s function is G(i!n,k) =
P

i | iih i|/(i!n � Ei(k)),
where Ei(k) and | ii are the eigenvalues and eigenvectors of the BdG
Hamiltonian HBdG (see Eq. (1.9) in Sec. 1.2). Substituting the mean-field
Green’s function in Eq. (1.44), and performing the Matsubara summation
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via contour integration [5], we obtain

⇧(q, i⌫n) = � 1

V

X

k,i,j

nF (Ei)� nF (Ej)

Ej � Ei � i⌫n
⇥

⇥ h i|(@kµ eH|k+q/2�
z + �µ�)| jih j |(@k⌫ eH|k+q/2�

z + �⌫�)| ii.
(1.48)

The diamagnetic contribution �d
µ⌫ can also be expressed in Matsubara

space:

�d
µ⌫ =

1

V �

X

k

X

i!n

Tr
h
@kµ@k⌫ eH|kG(i!n,k)

i
� 1

UVc

X

↵

✓
��↵

�Aµ

��⇤
↵

�A⌫
+H.c.

◆

= � 1

V �

X

k

X

i!n

Tr
h
@kµ eH|k@k⌫G(i!n,k)

i
� 1

UVc

X

↵

✓
��↵

�Aµ

��⇤
↵

�A⌫
+H.c.

◆
.

(1.49)

In mean-field theory, the Green’s function is G(i!n,k) = 1/(i!n�HBdG(k)),
and thus @kµG�1(i!n,k) = �@kµHBdG(k). Because we consider only s-wave
momentum-independent order parameters, @kµHBdG(k) = @kµ eHBdG(k). Us-
ing the identity @kµG

1 = �G@kµG
�1G, the diamagnetic part of the current-

current response becomes

�d
µ⌫ =

1

V

1

�

X

k

X

!n

Tr
h
G(i!n,k)@kµ eH|kG(i!n,k)@k⌫ eH|k

i

� 1

UVc

X

↵

✓
��↵

�Aµ

��⇤
↵

�A⌫
+H.c.

◆

=
1

V

X

k,i,j

nF (Ei)� nF (Ej)

Ej � Ei
h i|@kµ eH|k| jih j |@k⌫ eH|k| ii,

� 1

UVc

X

↵

✓
��↵

�Aµ

��⇤
↵

�A⌫
+H.c.

◆

(1.50)

where, as for the paramagnetic part, we performed the Matsubara summa-
tion by contour integration and used the mean-field Green’s function.
The superfluid weight, defined by Eq. (1.15) is obtained from the current-

current response function by taking the limit ! ! 0 first, then the longitu-
dinal component of qk ! 0, and finally q? ! 0. The order of the limits is
generally important: taking q ! 0 first and then ! ! 0 yields the Drude
weight instead of the superfluid weight. The Drude weight is the weight of
the delta-function singularity of the real part of the optical conductivity at
! = 0, and is related the effective density of charge carriers contributing
the DC conductivity. On the other hand, the superfluid weight is the den-
sity of charge carriers contributing to superconductivity divided by their
effective mass. These quantities do not need to be identical in ungapped
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systems, namely the Drude weight is nonzero in a metal while the super-
fluid weight vanishes. In gapped systems, however, both the Drude and
superfluid weight are identical : in an insulator, they both vanish, and in a
superconductor, they both acquire a non-zero value [88]. The limit q ! 0

should be taken first for the longitudinal components because the Meissner
effect is derived in the London gauge, where r ·A = 0. However, in the
mean-field approximation, the direction of the limit q ! 0 does not matter.
The superfluid weight obtained from the total response given by the sum

of Eqs. (1.48) and (1.50) is

[Ds]µ⌫ =
1

V

X

k,i,j

nF (Ei)� nF (Ej)

Ej � Ei


h i|@kµ eHk| jih j |@k⌫ eHk| ii

� h i|(@kµ eHk�
z + �µ�)| jih j |(@k⌫ eHk�

z + �⌫�)| ii
�

� 1

UVc

X

↵

✓
��↵

�Aµ

��⇤
↵

�A⌫
+H.c.

◆
.

(1.51)

This expression for the superfluid weight is quite general, and does not
assume time-reversal symmetry if the chemical potential is kept constant.
The Hartree terms are also ignored; in order to include them, they should
be treated similarly to the order parameters, meaning that their implicit
dependence on the vector potential needs to be taken into account. Previous
studies of superconductivity in flat bands have used a form of the superfluid
weight which did not include the derivatives of the order parameters with
reference to the vector potential [32, 31, 60, 59, 89, 90, 91, 92, 93, 94, 95,
96, 97]. In Publication II, the importance of including �µ� is explained in
detail. These terms ensure that the superfluid weight does not depend on
the choice of the physical positions of the orbitals within a unit cell.
Equation (1.51) contains only quantities which are straightforward to

obtain in the ground state, except for the response of the order parameters
��↵/�Aµ|A=0. A brute force computation of this derivative can be quite a
heavy operation, and it is fortunately possible to determine it with only
knowledge of the ground state. A self-consistent equation for their solution
can be obtained by applying the Kubo formula, this time using ci↵#ci↵"
as the observable Oµ, and keeping A as the source field. An alternative
method, based on computing the inverse of the Hessian matrix of the grand
potential, is presented in the next section.

1.3.4 Role of the derivatives of the order parameters

In order to understand the role of the derivatives ��↵/�Aµ|A=0 in the
superfluid weight given by Eq. (1.51), it is more convenient to use the
definition in terms of the free energy, Eq. (1.14). Both definitions are equiv-
alent : the current-current response function is a generalized susceptibility,
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equal in the static limit to [Ds]µ⌫ = (1/V )d2⌦/dAµdA⌫

��
A=0

. The derivative
is taken at constant chemical potential because we assumed µ does not
depend on A. The vector potential is included through a unitary transfor-
mation of the creation and annihilation operators, c†i↵ ! c†i↵e

�iA·ri↵ , which
transforms the order parameters to �i↵ = Uhci↵#ci↵"i ! �i↵e2iA·ri↵ . The
addition of a constant vector potential A is thus equivalent to the addition
of a momentum q of the Cooper pairs, and the linear response definition
is equivalent to [Ds]µ⌫ = (1/V )d2⌦/dqidqj |q=0, with �i↵ ! �i↵e2iq·ri↵ . A
constant vector potential in a system with open boundary conditions is
gauge equivalent to A = 0, but with periodic boundary conditions, it in-
duces a finite flux through the non-contractible loops of the system. This
definition is therefore also equivalent to one in terms of twisted bound-
ary conditions [88]. As was the case with the current-current response
function, both the Drude and superfluid weights can be obtained from
the derivatives of the thermodynamic potential. In order to obtain the
superfluid weight, one should first compute the thermodynamic potential
⌦(q) in the thermodynamic limit V ! 1, and then take the derivatives.
The Drude weight, on the other hand, is obtained by taking the derivative
before taking the thermodynamic limit. In gapped systems, both are equal.
For simplicity, let us first focus on systems with time reversal symmetry.

This guarantees that the order parameters can all be made real at q =

0, and d�R
↵/dqi

��
q=0

= 0 [30]. Then, applying the chain rule twice, the
superfluid weight can be expressed as (see Publication II for details)

[Ds]µ⌫ =
1

V

@2⌦

@qi@qj

����
q=0

� (dqµ�
I)T@2

�I⌦(dq⌫�
I)
��
q=0

, (1.52)

@2
�I⌦ =

0

BBB@

@2⌦
@�I

2@�
I
2

. . . @2⌦
@�I

2@�
I
norb... . . . ...

@2⌦
@�I

norb
@�I

2
. . . @2⌦

@�I
norb

@�I
norb

1

CCCA
, (1.53)

dqµ�
I =

 
d�I

2

dqµ
, . . . ,

d�I
norb

dqµ

!T

. (1.54)

We have used the shorthand notation Im[�↵] = �I
↵. The matrix @2

�I⌦ is the
Hessian matrix of the grand potential ⌦ with the imaginary parts of the
order parameters taken as variables. The imaginary part of the first order
parameter does not appear because we have taken advantage of the fact
that the overall phase of the order parameters is free in order to restrict
the first non-zero order parameter �1 to be positive and real. A similar
result for the superfluid weight can be obtained without this restriction,
but it aids in solving the derivatives in dqµ�

I , as explained below.
The derivatives dqµ�

I are the only variables remaining in Eq. (1.52)
which seemingly require a solution of the gap equation at nonzero q. For-
tunately, by requiring that the gap equation is solved at each q, they can
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be shown to solve the system of linear equations

�bµ = (@2
�I⌦)dqµ�

I ,

bµ =

✓
@2⌦

@qµ@�I
2

, . . . ,
@2⌦

@qµ@�I
norb

◆T

.
(1.55)

Both @2
�I⌦ and bµ contain only partial derivatives of ⌦, which can be

computed with knowledge of the ground state at q = 0. Therefore, the
derivatives of the order parameters can be solved without solving the
ground state at q 6= 0 whenever the Hessian matrix is invertible. This is
generally the case because we have required that �1(q) 2 R>0, and thus
removed the degeneracy in the solutions of (1.55) due to the freedom in
the overall phase of the order parameters. If the system consists of several
lattices entirely disconnected from each other, one nonzero order parameter
needs to be taken strictly positive and real in each of the disconnected
subsystems. In numerical computations, this approach is typically much
faster than solving the gap equation at nonzero q as long as the number of
orbitals is low. For a large number of orbitals, the evaluation of the Hessian
matrix is quite expensive, and a linear response approach to solving the
derivatives of the order parameters can be more efficient.
As the order parameters solving the gap equation are a minimum of the

grand potential, the Hessian matrix @2
�I⌦ is positive semidefinite (and

even positive definite when it is invertible). Therefore, one can see from
Eq. (1.52) that

[Ds]⌫⌫  1

V

@2⌦

@q2⌫

����
q=0

. (1.56)

This means that when the dependence of the order parameters on q (i.e.
the last term of Eq. (1.52)) is ignored, the diagonal components of the
superfluid weight tensor are overestimated. In extreme cases, the simpler
equation [Ds]µ⌫ = (1/V )@2⌦/@qµ@q⌫

��
q=0

used in most studies of supercon-
ductivity in multiband lattices could predict superconductivity in a system
where Ds = 0. In linear response theory, when the dependence of the
order parameters on the vector potential is ignored, a result equivalent to
(1/V )@2⌦/@qµ@q⌫

��
q=0

is obtained.
In a system with time-reversal symmetry, the relative phases of the order

parameters can be directly controlled by modifying the positions of the
orbitals within a unit cell while keeping the hopping amplitudes constant:
as shown in Publication II, shifting the intra-unit cell positions from {�0↵}
to {�↵} transforms the order parameters as �↵ ! �↵e�2iq·(�↵��0↵). In
particular, a set of positions always exists for which the inequality (1.56) is
saturated, i.e. for which the superfluid weight is given simply by [Ds]µ⌫ =

(1/V )@2⌦/@qµ@q⌫
��
q=0

. This is important when connecting the superfluid
weight to quantum geometry, because @2⌦/@qµ@q⌫

��
q=0

is proportional to the
quantum metric in isolated flat bands with uniform pairing [30, 32, 41]. If
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Figure 1.1. (a) Lieb lattice with staggered hopping amplitudes. The hopping amplitude is
1+⌘ inside a unit cell, and 1�⌘ between unit cells. The positions of the orbitals
A and C with reference to B are controlled by a, with a = 1/2 corresponding
to the usual Lieb lattice with C4 rotational symmetry when ⌘ = 0. (b) Band
structure when ⌘ = 0 (upper panel) and ⌘ = 0.2 (lower panel). The hopping
staggering opens a band gap Egap =

p
8⌘ in the single-particle spectrum at the

corners of the Brillouin zone. (c-e) Superfluid weight ("complete") as a function
of the interaction strength compared with (1/V )@2⌦/@qµ@q⌫

��
q=0

. The latter
ignores the contribution from the derivatives of the order parameters, and
depends on the positions of the orbitals within a unit cell. Figure adapted
from Publication II with permission.

the system has unique maximally symmetric positions, then the derivatives
of the order parameters dqµ�I are guaranteed to vanish with that choice of
orbital positions (see Publication II). If the symmetries do not constrain the
orbitals to a unique position, there is no known way to tell a priori what
the appropriate choice of positions should be, and it can in fact depend on
the interaction strength and temperature. In general, it is safer to compute
the full superfluid weight including the terms coming from the derivatives
of the order parameters.
To illustrate this, let us consider the example of the Lieb lattice, pictured

in Fig. 1.1. The Lieb lattice is one of the simplest two-dimensional flat
band lattices, and features a dispersionless band at E = 0, as well as two
dispersive bands. In the usual Lieb lattice, all hopping amplitudes are
equal, and the dispersive bands both touch the flat band at the corners
of the Brillouin zone. However, by including a hopping staggering ⌘, it is
possible to open a band gap Egap =

p
8⌘ between the flat and dispersive

bands while preserving the flatness of the band. More specifically, the
parameter ⌘ tunes the difference between intra- and inter-unit cell hopping
amplitudes, and the Fourier transformed kinetic Hamiltonian Hk = H"

k =

(H#
�k)

⇤ for this model reads

Hk =

0

BB@

0 ⇤(kx) 0

⇤⇤(kx) 0 ⇤(ky)

0 ⇤⇤(ky) 0

1

CCA , (1.57)

where ⇤(k) = (1 + ⌘)eiak + (1 � ⌘)e�i(1�a)k. The parameter a tunes the
positions of the orbitals A and C with reference to B.
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Figures 1.1 c-e show the superfluid weight as a function of interaction,
as well as (1/V )@2⌦/@qµ@q⌫ |q=0 computed for different choices of a. When
⌘ = 0, the simpler equation [Ds]µ⌫ = (1/V )@2⌦/@qµ@q⌫

��
q=0

holds when the
orbitals are at their most symmetric position, i.e. when a = 1/2. For any
other value of a, the C2 symmetry relating the A orbitals in adjacent unit
cells would be broken. When ⌘ 6= 0, however, the choice of positions for
which [Ds]µ⌫ = (1/V )@2⌦/@qµ@q⌫

��
q=0

shifts away from a = 1/2: the spatial
symmetries are not sufficient to constrain the orbitals to a unique position.
Note that when ⌘ = 1, the system becomes disconnected, and superfluidity
is impossible. However, when the derivatives of the order parameters are
ignored, the resulting prediction for the superfluid weight can be nonzero
and quite large.
The above arguments are valid for systems with time-reversal symmetry.

In a system with broken TRS, the derivatives of the order parameters are
complex instead of purely imaginary. Moreover, if we keep the particle
number constant instead of the chemical potential, dµ/dqi|q=0 = 0 is not
guaranteed. In that case, the superfluid weight should be computed as
the derivative of the free energy, [Ds]µ⌫ = d2F/dqidqj |q=0. Similarly to the
derivation in systems with time-reversal symmetry, the superfluid weight
can be expressed in terms of ground-state properties by applying the chain
rule twice:

[Ds]µ⌫ =
1

V

@2⌦

@qµ@q⌫

����
q=0

� fT
µ (@

2
�,µ⌦)f⌫

��
q=0

, (1.58)
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where �R
↵ = Re[�↵]. The derivatives of the order parameters and chemical

24



Superconductivity in the multiband Hubbard model

potential can be solved from the system of equations

�bµ = (@2
�,µ⌦)fµ,

bµ =

✓
@2⌦

@qi@�R
1

, . . . ,
@2⌦

@qµ@�R
norb

,
@2⌦

@qµ@�I
2

, . . . ,
@2⌦

@qµ@�I
norb

,
@2⌦

@qµ@µ

◆T

.

(1.61)

The superfluid weight thus acquires a quite similar form in both systems
with and without TRS. However, when the derivative of the chemical
potential is nonzero, the full Hessian matrix @2

�,µ⌦ no longer needs to
be positive semidefinite, since generally @⌦/@µ 6= 0. This implies that
Eq. (1.56) does not need to always hold. When dµ/dq⌫ |q=0 = 0, all the
terms related to the chemical potential in the Hessian matrix can be
ignored, and it is again positive-semidefinite. However, even if Eq. (1.56)
holds, it is no longer guaranteed that there exists a choice of intra-unit cell
positions for which the inequality is saturated.
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2. Quantum geometry in flat bands

2.1 Flat bands

Particles in perfectly dispersionless bands, i.e. flat bands, have a vanishing
group velocity and an infinite effective mass. The absence of kinetic energy
makes even small interactions dominant, which can enhance many-body
phenomena such as magnetism [34, 35, 36, 37] and superconductivity [15,
16, 30, 31, 32, 33]. The absence of a Fermi surface can also have a role in
stabilizing exotic phases. For instance, the normal state on a flat band
cannot be a typical Fermi liquid [38]. On the other hand, the ability of
particles on a flat band to occupy any momentum state without changing
the kinetic energy can help stabilize spin-imbalanced superconductivity,
including FFLO type phases [39, 40].
Flat bands are especially promising for high-Tc superconductivity be-

cause they are predicted to greatly enhance the critical temperature at
low interaction strengths. On a dispersive band, BCS theory predicts that
Tc / exp

⇣
� 1

|U |⇢(EF )

⌘
, where ⇢(EF ) is the density of states at the Fermi

surface. On a flat band, where the density of states diverges, Tc / |U |,
meaning that the critical temperature is no longer exponentially sup-
pressed [15, 16]. However, the divergent effective mass seems to imply
that superconductivity is not possible: the superfluid weight for a parabolic
band is conventionally given by Ds = ne/m⇤, where ne is the total particle
density and m⇤ the effective mass. Fortunately, in multiband systems, the
so-called geometric contribution to the superfluid weight can be nonzero
even in perfectly flat bands. In Publication II, it was shown that this
contribution is related to the minimal quantum metric in isolated bands
with uniform pairing. The minimal quantum metric is the integrated
quantum metric whose trace is minimized over all possible choices of intra-
unit-cell orbital positions, while the tight-binding parameters are kept
constant. The BKT transition temperature TBKT can thus also be nonzero
in a flat band, and the increase in the BCS critical temperature can also
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Figure 2.1. (a) Example of CLS in a Lieb and kagome geometry. The states are localized
due to destructive interference. (b) BKT transition temperature in the half-
filled square lattice (gray) and Lieb lattice (see Sec. 1.3.4) at different hopping
staggering (yellow, green and blue). The critical temperature is exponentially
suppressed in the square lattice at low interactions, whereas TBKT / |U | in
the Lieb lattice flat band. The highest critical temperature in the Lieb lattice
is achieved without hopping staggering, when the flat band is non-isolated.
Panel (b) reproduced from Publication II with permission.

be observed in TBKT (see Fig. 2.1b).
In tight-binding systems with finite-range hoppings, perfectly flat bands

are spanned by states localized in a small region of the lattice, also called
compact localized states (CLSs) [98, 99, 100]. These states are localized
by destructive interference (see Fig. 2.1a). Under periodic boundary condi-
tions, the CLSs may not be sufficient to span the entire flat band because
some of them become linearly dependent [99]. In such cases, the flat band
is instead completed by more extended non-contractible loop states (NLSs)
which exist due to the periodic boundary conditions. Importantly, if the
Bloch eigenstates of the flat band have irremovable discontinuities in the
Brillouin zone, a complete set of CLSs cannot be found [101, 100]. The
discontinuity is then related to a band touching with a dispersive band, and
the flat band is called singular [101]. Such singular band touchings can be
enforced by the symmetries of the system [102] and are often impossible to
break without destroying the flatness of the bands.
Some famous flat-band systems include bipartite lattices [103, 104] and

line-graphs such as the kagome lattice [105, 106, 35]. Flat band lattices
can also be generated to obtain desired properties [107, 108, 109]. For
instance, it is possible to engineer models where the dispersive bands can
be tuned without affecting the Bloch states of the flat band [104, 110].

2.2 Superfluid weight and quantum geometry

Quantum geometry, in particular the quantum metric tensor, plays a
central role in flat band superconductivity. The quantum metric describes
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the distance between Bloch states. Let us introduce the so-called Bures
distance between the states of band n [111],

d2n(k,k + dk) = 1� |hnk|nk+dki|2. (2.1)

This distance reaches a maximum of one when the states are orthogonal,
and has a minimum of zero when the states overlap perfectly. The quantum
metric tensor Mn

µ⌫(k) is related to the Bures distance via

d2n(k,k + dk) =
1

2

X

µ⌫

Mn
µ⌫(k)dkµdk⌫ , (2.2)

which implies that Mn
µ⌫(k) = 2Re[h@kµnk|nkihnk|@k⌫nki] [112]. This is

the quantum metric of a single band n, which is easily generalized to
a set of bands B, MB

µ⌫(k) = 2
P

n2B Re
⇥
h@kµnk|(1� PB

k )|@k⌫nki
⇤
, where

P =
P

n2B |nkihnk| is the projector into the set of bands B. The quantum
metric is thus the real part of the quantum geometric tensor

GB
µ⌫(k) = 2

X

n2B
h@kµnk|(1� PB

k )|@k⌫nki. (2.3)

The imaginary part of the quantum geometric tensor is the Berry curvature,
which is related to the Chern number.
We will now focus on the superfluid weight of flat bands with time-

reversal symmetry, that is systems where the kinetic Hamiltonians of the
two spin components are related by H"

k = (H#
�k)

⇤. The superfluid weight
given by Eq. (1.51) can be split into so-called conventional and geometric
contributions [30, 32, 41] by writing the eigenvectors | ii of the Bogoliubov-
de-Gennes Hamiltonian as | ii =

Pnorb
n=1(w+,in|+i⌦|nk"i+w�,in|�i⌦|n⇤

�k#i),
where |nk"i is the eigenvector of the kinetic Hamiltonian H"

k with eigen-
value ✏k,n,", |n⇤

�k#i is the eigenvector of (H#
�k)

⇤ with eigenvalue ✏�k,n,#,
and |±i are the eigenvectors of �z with eigenvalues ±1. The conventional
contribution to the superfluid weight with these definitions reads

[Ds,conv]µ⌫ =
X

k

X

mn

Cmm
nn [j"µ(k)]mm[j#⌫(�k)]nn, (2.4)

Cmn
pq = 4

X

ij

nF (Ei)� nF (Ej)

Ej � Ei
w⇤
+,imw+,jnw

⇤
�,jpw�,iq, (2.5)

[j�µ(k)]mn = hmk�|@kµH�
k |nk�i

= �mn@kµ✏k,m,� + (✏k,m,� � ✏k,n,�)h@kµmk�|nk�i. (2.6)

The conventional part of the superfluid weight is the only component
present in single-band models, and depends on the derivatives of the band
dispersions. It therefore vanishes in perfectly flat bands. The remaining
part of the superfluid weight is the geometric contribution Ds,geom. It can
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be split into Ds,geom = D1
s,geom +D2

s,geom +D3
s,geom, with

[D1
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X
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X

m 6=n
p 6=q
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#
⌫(�k)]qp, (2.7)
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where

�µ�
I =

0

BB@

0 i
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dqµ
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q=0

�i
d(Im(�))

dqµ

����
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0
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CCA . (2.10)

The geometric part contains both the usual interband part of the superfluid
weight (D1

s,geom +D2
s,geom) [30, 32, 41], and, in addition, all terms involving

the derivatives of the imaginary parts of the order parameters (D3
s,geom).

These contributions are nonzero only in multiband lattices. While the
conventional contribution to the superfluid weight always vanishes in a
flat band, the geometric contribution can be nonzero.
When the flat band states fulfill the uniform pairing condition [30, 113],

which implies that �↵ is equal at all orbitals where the flat band states
have a nonzero weight, the geometric contribution to the superfluid weight
is proportional to the minimal quantum metric as was shown in Publica-
tion II. In the supplementary material of Publication III, it is shown that
for Nf degenerate isolated flat bands with uniform pairing,

[Ds]µ⌫ = |U |
4⌫(1� ⌫)Nf

(2⇡)D�1nf
MB,min

µ⌫ , (2.11)

MB
µ⌫ =

1

2⇡

Z

B.z.
dDkMB

µ⌫(k), (2.12)

where nf is the number of orbitals where the flat band states have a
nonzero weight and ⌫ is the filling fraction of the set of degenerate bands,
ranging from 0 for completely empty bands to 1 for completely filled ones.
The minimal quantum metric MB,min

µ⌫ is the integrated quantum metric
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Figure 2.2. (a) Diagonal components of the superfluid weight (dots) in the Lieb lattice
with staggered hopping amplitudes. The geometric contribution is shown with
crosses, and becomes dominant at low interactions. The prediction obtained
from the minimal quantum metric, shown by dotted lines, is accurate in an
increasingly wide range of interactions as the hopping staggering, and hence
the band gap, is increased. (b) Comparison of the superfluid weight predicted
from the quantum metric and of the superfluid weight at low interactions. The
slope of the superfluid weight is obtained by a linear fit. Figure reproduced
from Publication II with permission.

MB
µ⌫ with the smallest possible trace. This means that the trace of the

integrated quantum metric needs to be minimized over all possible choices
of intra-unit cell orbital positions, while keeping the tight-binding parame-
ters constant. This result is valid only in the isolated band limit, meaning
that the interaction needs to be small compared to the band gap separating
the flat bands from the other bands. In practice, this means that the linear
behavior as a function of |U | predicted by Eq. (2.11) only occurs at low
interactions.
The superfluid weight in flat bands was originally shown to be propor-

tional to the integrated quantum metric [30, 32, 31]. However, the usual
quantum metric is only proportional to (1/V )@2⌦/@qµ@q⌫ |q=0, which was
shown in Sec. 1.3.4 to overestimate the superfluid weight: only the smallest
possible quantum metric is truly related to the superfluid weight.
The superfluid weight in a flat band is the Cooper pair density multiplied

by the inverse effective mass tensor of the pairs. The inverse effective
mass of two-body bound states is proportional to the minimal quantum
metric and the interaction strength |U | [114, 115, 116], as was shown in
Publications II and III by solving the many-body excitations in flat band
models with uniform pairing. The Cooper pair density is largest at half-
filling and increases linearly with the number of degenerate bands. The
prefactor Nf/nf implies that increasing the number of degenerate flat
bands could enhance the superfluid weight. However, it should be kept in
mind that the quantum metric of a set of degenerate bands is not the sum
of the quantum metrics of the different bands [30, 117]. For instance, if
Nf/norb = 1, the system consists only of Nf degenerate flat bands, whose
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total quantum metric vanishes.
The relationship between the superfluid weight and minimal quantum

metric is illustrated in Fig. 2.2 for the Lieb lattice model introduced in
Sec. 1.3.4. This model fulfills the uniform pairing condition at any value of
the hopping staggering ⌘, since �A = �C and the flat band states have no
weight on the B site. The superfluid weight at low interaction strengths is
dominated by the geometric contribution, which is expected for a flat band.
The slope of the superfluid weight obtained from a linear fit to the low
interaction data agrees increasingly well with the prediction obtained from
the minimal quantummetric as the hopping staggering is increased. At low
values of the staggering, the discrepancy arises because the relationship
to the quantum metric is valid only at very low interactions, where the
number of data points was too low for an accurate linear fit.
The connection of the Cooper pair mass and superfluid weight to quantum

geometry has been verified in a variety of recent theoretical and numerical
studies [113, 118, 119, 120, 90, 59, 60, 61, 65, 62, 92, 63, 94, 96, 95, 121].
The quantum metric, a single-particle quantity, can thus be used to predict
the superfluid weight at T = 0. If the quantum metric can be increased,
this could potentially increase the BKT transition temperature. Several
bounds have been derived for the superfluid weight in terms of topological
quantities such as the Chern number [30] and Euler class [94], as well
as the Berry curvature [32] and real-space invariants [60]. These bounds
have been obtained by assuming the superfluid weight is proportional to
the quantum metric, instead of the minimal quantum metric, and should
thus be applied with care when they depend on the orbital positions within
a unit cell: in such cases, one should ensure that the bound is valid also for
the minimal quantum metric. The Chern number [30] and Euler class [94]
bounds do not depend on orbital positions and are thus universally valid.
The quantum metric is generally increased in the presence of long-range

hopping, or when the band gap is reduced. In the case of a singular
band touching, it diverges due to the discontinuity of the Bloch states.
This does not mean that the superfluid weight diverges. Indeed, the
superfluid weight is only proportional to the minimal quantum metric in
the isolated band limit, which implies that the range of interactions in
which the quantum metric is relevant for superconductivity shrinks with
the band gap. Then, even though the quantum metric can become very
large for small band gaps, the largest |U |Mmin

µ⌫ achievable in the range
of interactions where Ds / Mmin remains small. In the limit Egap ! 0,
the superfluid weight merely has a diverging derivative at U = 0, and the
quantum metric is a poor predictor for how large the superfluid weight can
be.
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2.3 Superfluid weight in non-isolated flat bands

As stated previously, the quantum metric diverges in the presence of a
singular band touching. The divergence of the quantum metric is not an
indication that the superfluid weight diverges, but that the contributions
from other bands become prominent already at low interactions. One
question is therefore whether the highest TBKT occurs in a non-isolated
or isolated flat band. In attractive Hubbard models, previous mean-field
studies have indicated that the superfluid weight of a non-isolated flat
band has a superlinear dependence on |U | [31, 89, 90], which is consistent
with a diverging derivative at U = 0. The presence of a flat band near the
Fermi surface has also been found to be beneficial in repulsive models [122,
123, 124]. As shown in Fig. 2.2, the superfluid weight in the Lieb lattice is
highest when the flat band is not isolated. This behavior is also reflected in
the BKT transition temperature, shown in Fig. 2.1. An isolated flat band is
thus not necessary to achieve a high TBKT, and a band touching can even
be beneficial.
In non-isolated flat bands, the quantum geometry of the flat band no

longer tells the whole story, which becomes evident when considering
models where the Bloch functions of the flat band remain unchanged as the
dispersive bands are modified. Such models can be constructed following
the process proposed in Refs. [110] and [104]. The idea is to construct two
tight-binding Hamiltonians Hlin and Hquad which both feature a flat band
with the same energy and eigenstates, but with a linear and quadratic
band touching, respectively. Then we can define a Hamiltonian H(�) =

(1� �)Hlin + �Hquad, in which the band touching can be tuned continuously
from linear (� = 0) to quadratic (� = 1). This method can be generalized to
isolated band models, where the dispersive bands can be tuned without
affecting the quantum metric.
In publication II, two such models were studied, constructed on a Lieb

and kagome geometry, respectively. For the Lieb geometry, the model with
a linear band touching is simply the usual Lieb lattice, which we generalize
with the addition of the hopping staggering ⌘ to be able to tune the gap
between the dispersive and flat bands. The kinetic Hamiltonian for this
model reads

Hk,lin = �2

0

BB@

0 ⇤(kx, ⌘) ⇤(ky, ⌘)

⇤⇤(kx, ⌘) 0 0

⇤⇤(ky, ⌘) 0 0

1

CCA , (2.13)

where ⇤(k, ⌘) = cos(k/2) + i⌘ sin(k/2). The corresponding quadratic model,
constructed so that it features a flat band at E = 0 with the exact same
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Bloch states as in the linear model at any value of ⌘, is

Hk,quad = � 1p
2
⇥

⇥

0

BB@

�2(1 + ⌘2)� �(kx)� �(ky) 0 0

0 1 + ⌘2 + �(kx) 2⇤⇤(kx, ⌘)⇤(ky, ⌘)

0 2⇤(kx, ⌘)⇤⇤(ky, ⌘) 1 + ⌘2 + �(ky)

1

CCA ,

(2.14)

where �(k) = (1� ⌘2) cos(k). As explained above, the total Hamiltonian, in
which the dispersive bands can be tuned without changing the geometry of
the flat band, isH(�) = (1��)Hlim+�Hquad. At ⌘ = 0, the band touching of
the flat and dispersive bands can be tuned from a linear to a quadratic one
by modifying �. For nonzero ⌘, the flat band is isolated, but the dispersive
bands can be modified without changing the quantum metric of the flat
band (see Fig. 2.3a). Note that in the quadratic limit, the model is actually
split into two disconnected subsystems. This requires some additional
care regarding the phase of the order parameters when computing the
superfluid weight: when � = 1, we need to fix both the overall phase in the
two-band subsystem and in the single band one to ensure that the Hessian
matrix of the thermodynamic potential is invertible. The tight-binding
parameters for the model constructed on the kagome geometry can be
found in Appendix F of Publication II. In this second model, we do not
include a parameter which allows to isolate the flat band.
From Fig. 2.3b, we see that when the flat band is isolated, the superfluid

weight depends only weakly on � at low |U |, even though the dispersive
bands are modified: the quantum metric, which is independent of �, deter-
mines Ds. On the other hand, when the band gap is closed, Ds significantly
depends on � at any nonzero interaction (see Fig. 2.3c,e). For the models
studied in Publication II, the highest superfluid weight was found at � = 0,
which corresponds to a linear band touching. This is quite surprising, since
the order parameters, pictured in Fig. 2.3d, are largest in the model with a
quadratic band touching, as was shown in Publication II. The order param-
eter is larger in a quadratic model because it is influenced by the density
of states, which is larger for a quadratic band touching than a linear one.
The superfluid weight, on the other hand, depends on the effective mass of
the Cooper pairs, which is affected by quantum geometry. In a non-isolated
band, it is thus possible for the superfluid weight to be largest in a model
with a smaller order parameter.
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Figure 2.3. (a) Band structure of the tunable Lieb lattice model for different values of
� at hopping staggering parameter ⌘ = 0 and ⌘ = 0.4. At ⌘ = 0, the band
touching is tuned from linear at � = 0 to quadratic at � = 1. When ⌘ = 0.4,
the dispersive bands are tuned while the quantum metric of the flat band
remains unchanged. (b-c) Diagonal components of the superfluid weight in
the Lieb model at ⌘ = 0.4 and ⌘ = 0. The off-diagonal components are small in
both cases. (d) Mean-field order parameters in the A/C sites, which host the
flat band states, and B site at interaction strengths U = �1 (blue), U = �4
(orange) and U = �8 (green). The dotted line shows the average of all order
parameters. At any interaction, this average is highest in the quadratic
model. (e) Superfluid weight in a tunable kagome model constructed following
Ref. [110]. In this case,

p
det(Ds) is shown because the off-diagonal terms

of the superfluid weight are significant. The tight-binding parameters of the
lattice models are given in Publication II. Figure adapted from Publication II
with permission.
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2.4 Many-body excitations

Up until now, we have been working at the mean-field level. However, it
was shown in Publication III that when studying isolated flat bands with
uniform pairing and time-reversal symmetry, the many-body excitations
can in fact be solved exactly. We will summarize some of the main results
here, and more detailed derivations can be found in the supplementary
material of Publication III.
When considering well isolated flat bands, the Hamiltonian can be pro-

jected into the set of flat bands. Since a flat band has no kinetic energy, the
projected Hubbard Hamiltonian contains only an onsite interaction term,

H = �|U |
X

i↵

ni↵"ni↵#, (2.15)

where the line signifies that the operator has been projected into the flat
band, i.e. it is written in terms of creation and annihilation operators
fulfilling

c†k↵� =
X

�

c†k��P
�
�↵(k), {ck0↵�

, c†k��} = �k,k0P �
↵�(k), (2.16)

where P �(k) =
P

n2B |nk�ihnk�| is the projector into the set of Nf degen-
erate flat bands B. In the presence of time reversal symmetry, P (k) ⌘
P "(k) = P (�k#)⇤. We assume the uniform pairing condition, meaning for
the projector that

1

Nc

X

k

P↵↵(k) =
Nf

nf
, (2.17)

for any ↵ in the nf orbitals where the states of the Nf flat bands have a
nonzero weight. Contrary to what the name implies, the uniform pairing
condition is in fact a single-particle condition: it is called so because the
BCS order parameters are equal when it holds.
Using the commutation relations of the projected operators (see Eq. (2.16)),

we can write n2
i↵� = P↵↵ni↵�, from which it follows that

|U |
2

(ni↵" � ni↵#)
2 =

Nf |U |
2nf

N +H, (2.18)

where we have assumed the uniform pairing condition and N =
P

i↵� ni↵�.
In systems fulfilling the uniform pairing condition, we can thus study the
Hamiltonian [113]

H
0
=

|U |
2

X

i↵

(S
z
i↵)

2, (2.19)

where S
z
i↵ = ni↵" � ni↵#, since H

0 differs from H only by an energy shift
proportional to the total projected particle number.
We now introduce the Cooper pair creation operator ⌘† =

P
k↵ c

†
k↵"c

†
�k↵# =P

i↵ c
†
i↵"c

†
i↵#. This operator commutes with the spin operator Sz

i↵, and thus
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commutes with the Hamiltonian H
0. It follows that H 0

⌘†|0i = ⌘†H
0|0i = 0,

where |0i is the vacuum state. Therefore, we can define eigenstates of H 0

with a fixed number of particles through |ni / (⌘†)n|0i. The Hamiltonian
H

0 clearly has only positive eigenvalues, and H
0|ni = 0, so these states are

in fact exact ground states of the projected Hamiltonian.
In order to determine single-particle excitations, we can try adding a

particle to the ground state. Then we can write

H
0
�†kn�|ni = [H

0
, �†kn�]|ni ⌘

X

m

[R�(k)]mn�
†
km�|ni, (2.20)

where �†kn� creates a particle with spin � in band n at momentum k. The
single particle excitations and their eigenstates can be solved by diago-
nalizing the scattering matrix R�(k) [125, 126, 127]. In Publication III,
it was shown that they are immobile and have energy Nf |U |/(2nf ). This
single-particle excitation gap is the analogue of the gap in the Bogoliubov
spectrum caused by nonzero order parameters in BCS theory.
The two-particle excitations are governed by quantum geometry and

topology. They can be computed similarly to the single-particle ones. For
instance, to solve Cooper pair excitations, we write

[H
0
, �†q+km��

†
�kn,��]|ni ⌘

X

k0

X

m0n0

[R�,��(q)]
k0m0n0,kmn

�†
q+k0m0�

�†�k0n0,��
.

(2.21)
The full scattering matrix has a large number of momentum-independent
eigenvalues equal toNf |U |/nf , and the nontrivial eigenvalues areNf |U |/nf+

"(q), where "(q) are the eigenvalues of the nf ⇥ nf matrix h(q) defined by

h↵�(q) = � |U |
Nc

X

k

P↵�(k + q)P�↵(k). (2.22)

In flat band superconductivity, the central quantity is the effective mass
of the Cooper pairs. It can be obtained by solving the lowest eigenvalue
of h↵�(q) and taking its derivatives with reference to momentum. In
Publications II and III, it was shown that this results in the effective mass
tensor m⇤ 

1

m⇤

�

µ⌫

=
|U |
nf

MB,min
µ⌫ , (2.23)

whereMB,min
µ⌫ is the integrated minimal quantummetric defined in Sec. 2.2.

This mirrors studies of the two-body problem in flat band systems which
have related the quantum metric to the effective mass of the bound
state [114, 115, 116]. However, this is a solution of the many-body problem,
not the two-body problem. Moreover, this shows that the Cooper pair mass
is indeed related to the minimal quantum metric instead of the quantum
metric. In previous two-body studies, approximations made to obtain the
connection to the quantum metric broke the independence of the effective
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mass on the choice of orbital positions that was initially present in the
effective mass derived in Ref. [114].
Other two-body excitations include the density modes, which involve

operating on the ground state with a density operator instead of a Cooper
pair creation operator. Particularly interesting are the spin-0 density
modes, which are computed from [H

0
, �†q+km���kn,�]|ni, and have exactly

the same spectrum as the Cooper pairs. The system thus has an ungapped
Goldstone mode with the same quadratic dispersion as the pair excitations.

2.5 Conductivity and quantum geometry in flat bands

The superfluid and Drude weights are related directly to the response
of the system to the vector potential of an applied electromagnetic field,
and give the weight of the delta-function singularity at ! = 0 in the real
part of the optical conductivity. The conductivity is the response of the
system to an electric field instead of the vector potential. In the incomplete
Weyl gauge where the scalar potential vanishes, the electric field is given
simply by the time-derivative of the vector potential E(t) = �@tA(r, t).
If A(r, t) = Ai(!n+i⌘)+iq·r

0 , the electric field is E(t) = �A/(i! � ⌘). The
conductivity is thus obtained from the current-current response function
as

�(!, q) = �i
�µ⌫(!, q)

! + i⌘
. (2.24)

The small shift ⌘ should be taken to zero in the thermodynamic limit. The
DC conductivity is the conductivity in the limit ! ! 0, and can be nonzero
even if the Drude weight is zero and the current-current response function
vanishes at ! ! 0: it is the part of the current-current function which is of
first order in the frequency !.
For non-interacting particles, the Kubo formula for the conductivity

becomes [128, 129, 130]

�µ⌫(q = 0,!) =
1

iV

X

k

X

mn

nF (✏n(k))� nF (✏m(k))

✏n(k)� ✏m(k)

[jµ(k)]nm[j⌫(k)]mn

✏n(k)� ✏m(k) + ! + i⌘
,

(2.25)

where the current operators are given by Eq. (2.6) in Sec. 2.2, i.e. jµ =

@kµHk. This is the Kubo-Greenwood formula, that is the non-interacting
version of the exact Kubo formula. The small ⌘ acts as a scattering rate.
Without its inclusion, the diagonal components of the real part of the con-
ductivity are just a sum of delta functions, which always give a vanishing
conductivity except at the poles of Re�(!). The finite scattering rate reg-
ularizes the sum so that a finite nonzero conductivity can be obtained in
the thermodynamic limit: it should therefore be taken to zero only after
taking the thermodynamic limit [131].
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An interesting question is whether a finite DC conductivity is possible
in flat bands. Intuitively, since particles are localized and have an infinite
effective mass, a vanishing conductivity could be expected in the clean
limit ⌘ ! 0+. However, some studies have predicted the possibility of a
nonzero conductivity [132, 133, 134, 135, 136], which could even be propor-
tional to the quantum metric [137, 117, 138]. This problem is explored in
Publication IV.
Like the superfluid weight, the real part of the Kubo-Greenwood formula

Eq. (2.25) can be split into intraband and interband contributions. In the
thermodynamic limit, the intraband contributions are given by

Re �intra
µ⌫ (!) = �

X

n

Z

B.z.

dDk

(2⇡)D
@nF (E)

@E

����
E=✏n(k)

[jµ(k)]nn[j⌫(k)]nn
⌘

(!)2 + ⌘2

= �
X

n

Z

B.z.

dDk

(2⇡)D
@nF (E)

@E

����
E=✏n(k)

@kµ✏n(k)@k⌫ ✏n(k)
⌘

(!)2 + ⌘2
.

(2.26)

This is equivalent to the conductivity obtained from Boltzmann transport
theory [129, 48], where ⌘ = 1/⌧ is a momentum-independent inverse relax-
ation time. The intraband conductivity is clearly zero in a dispersionless
band.
The interband contribution to the real part of the conductivity, on the

other hand, is related to the components of the quantum geometric ten-
sor [112]. Its symmetric and antisymmetric parts, �s

µ⌫ and �a
µ⌫ respectively,

read

�inter,s
µ⌫ (!) = �

X

n 6=m

Z

B.z

dDk

(2⇡)D
nF (✏n(k))Re[h@kµnk|mkihmk|@k⌫nki]⇥

⇥
✓

⌘(✏n(k)� ✏m(k))

(✏n(k)� ✏m(k) + !)2 + ⌘2
+

⌘(✏n(k)� ✏m(k))

(✏n(k)� ✏m(k)� !)2 + ⌘2

◆
,

(2.27)

�inter,a
µ⌫ (!) =

X

k

X

n 6=m

Z

B.z.

dDk

(2⇡)D
nF (✏n(k))Im[h@kµnk|mkihmk|@k⌫nki]⇥

⇥
✓
(✏n(k)� ✏m(k))(✏n(k)� ✏m(k) + !)

(✏n(k)� ✏m(k) + !)2 + ⌘2

+
(✏n(k)� ✏m(k))(✏n(k)� ✏m(k)� !)

(✏n(k)� ✏m(k)� !)2 + ⌘2

◆
, (2.28)

Let us first focus on the antisymmetric part. Taking the limits ! ! 0,
⌘ ! 0+, we obtain

�inter,a
µ⌫ (! = 0) =

X

n

Z

B.z.

dDk

(2⇡)D
nF (✏n(k))Bn

µ⌫(k),

Bn
µ⌫(k) = 2

X

m:m 6=n

Im
�
h@kµnk|mkihmk|@k⌫nki

�
.

(2.29)
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This relationship between the antisymmetric part of the conductivity and
the Berry curvature is well-known [139, 140, 141, 142, 143, 144]. The
antisymmetric conductivity is related to the anomalous Hall effect, and
can be nonzero even on a flat band, as long as it has a nonzero Berry
curvature.
The symmetric interband contribution, on the other hand, vanishes in

the clean limit ⌘ ! 0+ at least when the bands are isolated. At finite
frequencies, it is given by

�inter,s
µ⌫ (!) = �⇡

X

n 6=m

Z

B.z.

dDk

(2⇡)D
nF (✏n(k))Re

⇥
h@kµnk|mkihmk|@k⌫nki

⇤
⇥

⇥(✏n(k)� ✏m(k))
�
�(✏n(k)� ✏m(k) + !) + �(✏n(k)� ✏m(k)� !)

�
,

(2.30)

where we have used that lim⌘!0+ ⌘/(x2 + ⌘2) = ⇡�(x). If the bands are
isolated, the difference |✏n � ✏m| has a lower bound !min, and the conductiv-
ity at frequencies below !min is zero. At finite scattering rate ⌘, it can be
nonzero due to the finite spread of the Lorentzians ⌘/(x2 + ⌘2). At small ⌘,
this nonzero DC conductivity is approximately given by

�inter,s
µ⌫ (! = 0) ⇡ �2⌘

X

n

Z

B.z.

dDk

(2⇡)D
nF (✏n(k))⇥

⇥
X

m:m 6=n

Re[h@kµnk|mkihmk|@k⌫nki]
✏n(k)� ✏m(k)

,

(2.31)

and vanishes linearly with the scattering rate. This is consistent with
results obtained in Refs. [145, 137] for dispersive bands, and holds in this
case even for flat bands. As obtained from the Kubo-Greenwood formula,
the DC conductivity of flat bands is thus zero, excluding the antisymmetric
conductivity related to the anomalous Hall effect.
Another widely used form of the Kubo-Greenwood formula is the Kubo-

Streda formula [146], which is for the symmetric part of the conductivity

�s
µ⌫ = � 1

⇡

Z

B.z.

dDk

(2⇡)D

Z 1

�1
d✏

@nF (✏)

@✏
⇥

⇥ Tr[Im[Gk(✏+ i⌘)]jµ(k)Im[Gk(✏+ i⌘)]j⌫(k)],

(2.32)

where Gk(E) = (E �Hk)�1 is the Green’s function. Applying this equation
to flat bands gives completely different results than the Kubo-Greenwood
formula, especially at low temperatures. When T = 0 and the chemical
potential is tuned into the flat band with index n, it predicts a nonzero DC
conductivity proportional to the quantum metric,

�s
µ⌫ =

1

⇡

Z

B.z.

dDk

(2⇡)D

X

m 6=n

h@µnk|mkihmk|@⌫nki. (2.33)
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Figure 2.4. (a) Dimerized SSH model and sawtooth ladder. (b-c) Conductivity obtained
from the Kubo-Greenwood and Kubo-Streda formulae in the SSH model at
chemical potentials µ = �1 and µ = �0.9. (d) Interband and intraband con-
ductivity in the sawtooth ladder obtained from the Kubo-Greenwood formula.
The intraband conductivity diverges in the clean limit ⌘ ! 0+ due to the
presence of a dispersive band. (e-f) Conductivities from the Kubo-Greenwood
and Kubo-Streda formulae in the sawtooth ladder when the chemical potential
is (e) in the flat band and (f) in the middle of the dispersive band. Figure
reproduced from Publication IV with permission.

This discrepancy is illustrated in Fig. 2.4 for two one-dimensional models,
the sawtooth and dimerized Su-Schrieffer-Heeger (SSH) ladders (Fig. 2.4a).
The sawtooth ladder features a flat band at E = 2 and a dispersive band
✏(k) = �(2+2 cos(k)). The dimerized SSH ladder has two exactly flat bands
at energies E = ±1. Importantly, the SSH model is disconnected, and DC
current can thus clearly not flow. As argued above, the Kubo-Greenwood
formula always gives a vanishing interband conductivity in the clean limit
when the bands are isolated (Fig. 2.4b-e). In the sawtooth ladder, which
features a dispersive band in addition to the flat band, the intraband
contribution is nonzero at any T > 0, and diverges in the limit ⌘ ! 0+

(see Fig. 2.4d). However, it is strongly suppressed at low temperatures
even for small scattering rates, so that the small interband contribution is
dominant up to a threshold temperature which decreases with ⌘.
The Kubo-Streda formula, on the other hand, gives a nonzero conductivity

at T = 0, which is indeed proportional to the integrated quantum metric.
As shown in Fig. 2.4c, as soon as the chemical potential is tuned away from
the flat band, this effect disappears, and although the Kubo-Greenwood
and Kubo-Streda formulae still yield very different results at nonzero ⌘,
the limit ⌘ ! 0+ is the same. When applied to a dispersive band, both
formulae give the same results, as long as we take ⌘K�G = 2⌘Streda.
The reason for this discrepancy is explained in detail in Publication IV.

The problem arises due to an ill-defined limit at T = 0, which affects all
terms in the interband conductivity involving states at exactly the Fermi

41



Quantum geometry in flat bands

energy. More precisely, the scattering rates in the Green’s functions in
Eq. (2.32) should be taken to zero separately, i.e.

�s
µ⌫ = � 1

2⇡

Z

B.z.

dDk

(2⇡)D

Z 1

�1
d✏

@nF (✏)

@✏
⇥

⇥Tr[Im[Gk(✏+ i⌘0)]jµ(k)Im[Gk(✏+ i⌘)]j⌫(k)

+Im[Gk(✏+ i⌘)]jµ(k)Im[Gk(✏+ i⌘0)]j⌫(k)].

(2.34)

Unequal scattering rates ⌘ 6= ⌘0 give rise to other additional terms, given
in Publication IV, but they do not affect the arguments presented here.
If we set T = 0, the derivative of the Fermi distribution becomes a delta
function. Performing the integral over the energy, we are left with

�s
µ⌫ =

1

2⇡

X

m,n

Z

B.z.

dDk

(2⇡)D
[jµ]mn[j⌫ ]nm

✓
⌘⌘0

[(µ� ✏n)2 + ⌘2][(µ� ✏m)2 + ⌘02]

+
⌘⌘0

[(µ� ✏n)2 + ⌘02][(µ� ✏m)2 + ⌘2]

◆
.

(2.35)

From this form, it is immediately clear that the integrand depends on the
direction in which the double limit lim⌘!0+,⌘0!0+ is taken whenever one
of ✏n or ✏m is equal to µ. In a dispersive band with a (D � 1) dimensional
Fermi surface, this is not a problem, because these terms arise in a set with
zero measure. In a flat band, however, the Fermi surface has a nonzero
surface area, and the conductivity as given by the Kubo-Streda formula
becomes ill-defined.
A formula equivalent to the Kubo-Streda formula can be obtained by

evaluating the current-current response function in Matsubara space,
when the self-energy is assumed to be purely imaginary and constant in
momentum and frequency, and when vertex corrections are ignored [145].
It is unclear whether these assumptions are valid on a flat band, since
in the absence of kinetic energy, even a small scattering rate can have a
large impact. A vanishing DC conductivity seems more physical than one
proportional to the quantum metric at least in the dimerized SSH model.
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3. Normal state properties

3.1 Normal state in fermionic systems

The normal state of metals at low temperature is often a Fermi liquid [5, 4]
A Fermi liquid is obtained from a non-interacting Fermi gas by adiabati-
cally turning on interactions. It is described by quasiparticles which retain
many of the same properties as the non-interacting particles, such as their
spin and charge, but whose dynamical properties such as the effective mass
become renormalized. The quasiparticles in a Fermi liquid are long-lived
with a diverging lifetime at the Fermi surface due to the Pauli exclusion
principle.
Non-Fermi liquids are metallic states which are not described by Fermi

liquid theory. For instance, one-dimensional metals cannot be described
by Fermi liquid theory, and are instead Luttinger liquids [147]. Non-
Fermi liquids can arise for instance in the vicinity of a quantum critical
point [148, 149, 150], in semimetals [151, 152, 153, 154], due to the cou-
pling to a subsystem with lower dimensionality [155] or in disordered sys-
tems [156, 157, 158, 159, 160, 161]. The normal state of high-temperature
superconductors is also a non-Fermi liquid, featuring a pseudogap and
strange metal phase [162, 163, 164, 165].
The normal state of flat bands is interesting, since the absence of a Fermi

surface precludes them from being typical Fermi liquids [38]. Monte Carlo
studies of attractive flat bands have found that the normal state features
a pseudogap [63, 59, 166]. The onset temperature of the pseudogap is
proportional to the interaction strength in flat bands, and can be approx-
imated by the BCS temperature [167]. The pseudogap in the attractive
Hubbard model is due to uncorrelated pairs in the normal state. In some
flat band models, it has also been shown that the preformed pairs dominate
transport while single particles are localized [118].
In Publication I, DMFT was used to study the properties of the normal

state of the Lieb lattice. DMFT and its extensions have been used for
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instance to study the pseudogap in the repulsive [168, 169, 169, 170] and
attractive Hubbard models [171, 172], as well as the t�J model [173, 174].
It has also been applied to study non-Fermi liquid behavior [175, 176,
177, 178], including in the repulsive Hubbard model in (partially) flat
bands [119, 179, 180]. Extended DMFT has also been used to study the
normal state of the In Publication I, a crossover between different non-
Fermi liquids, one with pseudogap and the other where single particles
become localized, was found.

3.2 Dynamical mean-field theory

Dynamical mean-field theory (DMFT) [56, 57, 58] is a beyond-mean field
method which takes local correlations into account exactly. It consists in
mapping the full many-body problem on the lattice to a smaller impurity
model, where a small system can be solved exactly while the rest of the
lattice is treated at the mean-field level. Dynamical mean-field theory was
initially developed to study correlated electrons in high dimensions [181,
182], and it becomes exact in the limit D = 1. Although DMFT becomes
less accurate in low dimensions, it is routinely used in two-dimensional
systems. It has been shown for instance in the Lieb lattice that DMFT
can give similar results to exact diagonalization [31]. This section first
introduces the quantities central to DMFT. Then, we present the DMFT
algorithm as well as the continuous time Monte Carlo solver used to
study the Lieb lattice in Publication I, including an explanation of how
two-particle quantities are determined.

3.2.1 Fermionic single- and two-particle Green’s functions

Matsubara Green’s functions were introduced in Sec. 1.3.2 at a general
level. In this section, we will give more explicit definitions for the single-
and two-particle fermionic Green’s functions used in DMFT.
The usual single-particle Green’s function for fermions is G��0

i↵,j�(⌧, ⌧
0) =

�hT [ci↵�(⌧)c
†
j��0(⌧ 0)]i, for which the properties presented in Sec. 1.3.2 hold.

In our case, the components with � 6= �0 are always zero.
For two-particle quantities, we do not directly use the definition given in

Sec. 1.3.2, because in DMFT we will need to consider the full Matsubara
space of the four-point function, i.e. each operator needs to have its own
time argument. The more general definition of a two-particle Green’s
function is

G(4),�1�2�3�4

i↵,j�,k�,l� (⌧1, ⌧2, ⌧3, ⌧4) = hT [ci↵�1
(⌧1)c

†
j��2

(⌧2)ck��3
(⌧3)c

†
l��4

(⌧4)]i. (3.1)

The properties derived for the single-particle functions generalize in a
straightforward way to the two-particle functions. Firstly, G(4)(⌧1, ⌧2, ⌧3, ⌧4) =
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G(4)(⌧1 � ⌧4, ⌧2 � ⌧4, ⌧3 � ⌧4, 0), where the indices are omitted for legibil-
ity. We can thus freely set the last time argument to zero, and study
G(4)(⌧1, ⌧2, ⌧3) = G(4)(⌧1, ⌧2, ⌧3, 0). The two-particle Green’s function has the
cyclic property

G(4)(⌧1+�, ⌧2, ⌧3) = G(4)(⌧1, ⌧2+�, ⌧3) = G(4)(⌧1, ⌧2, ⌧3+�) = �G(4)(⌧1, ⌧2, ⌧3),

(3.2)
with ⌧1, ⌧2, ⌧3 < 0. As a consequence, the fermionic two-particle Green’s
function can be written as a multidimensional Fourier series

G(4)(⌧1, ⌧2, ⌧3) =
1

�3

X

i!n1

X

i!n2

X

i!n3

G(4)(i!n, i!
0
n, i!

00
n)⇥

⇥ e�i!n1⌧1ei!n2⌧2e�i!n3⌧3 ,

G(4)(i!n1 , i!n2 , i!n3) =

Z �

0

Z �

0

Z �

0
d⌧1d⌧2d⌧3 G(4)(⌧1, ⌧2, ⌧3)⇥

⇥ ei!n1⌧1e�i!n2⌧2ei!n3⌧3 ,

(3.3)

where !n1 , !n2 and !n3 are all fermionic Matsubara frequencies.
Eventually, the aim in this section is to recover the generalized suscep-

tibilities presented in Sections 1.3.1 and 1.3.2. They are related to the
Fourier transformation of functions of the form hO(⌧)P i, where both O and
P are products of two fermionic operators. It is therefore most convenient
to define the frequencies in Eq. (3.3) in such a way that we can sum over
two fermionic Matsubara frequencies and set ⌧1 = ⌧2, ⌧3 = ⌧4 in the process.
This is achieved by defining !n1 = !n, !n2 = !n+ ⌫m, !n3 = !0

n+ ⌫m, where
!n and !0

n are fermionic Matsubara frequencies whereas ⌫m is a bosonic
one. This convention corresponds to the particle-hole channel [183].
The generalized susceptibility is still not directly given by the two-

particle Green’s function after the aforementioned Matsubara summation.
As can be seen from Eq. (1.33) in Sec. 1.3.2, we need to remove the trivial
part corresponding to hOihP i from G(4). The generalized susceptibility
�(⌧1, ⌧2, ⌧2) is thus defined as

��1�2�3�4
i↵,j�,k�,l�(⌧1, ⌧2, ⌧3) = G(4),�1�2�3�4

i↵,j�,k�,l� (⌧1, ⌧2, ⌧3)� G�1,�2
i↵,j� (⌧1, ⌧2)G

�3,�4
k�,l� (⌧3, 0).

(3.4)
The Fourier transformation is defined the same way as for G(4):

�ph
i!n,i!0

n,i⌫m
=

Z �
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Z �

0

Z �

0
d⌧1d⌧2d⌧3�(⌧1, ⌧2, ⌧3)e

i!n⌧1e�i(!n+⌫m)⌧2ei!
0
n⌧3 .

(3.5)

The susceptibilities are then obtained by taking the sum over both fermionic
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frequencies �O,P (i⌫m) = (1/�2)
P

i!n,i!0
n
�ph
i!n,i!0

n,i⌫m
. More explicitly,

�
(ci↵�1

c†j��2
),(ck��3

c†l��4
)
(i⌫m) =

1

�2

X

i!n

X

i!0
n

�ph,�1�2�3�4
i↵,j�,k�,l� (i!n, i!

0
n, i⌫m)

=

Z �

0
d⌧hT [ci↵�1(⌧)c

†
j��2

(⌧)ck��3
c†l��4

]i � �hci↵�1
c†j��2

ihck��3
c†l��4

i. (3.6)

We can thus obtain for instance spin and charge susceptibilities by taking
appropriate combinations of the components of (1/�2)

P
i!n,i!0

n
�ph
i!n,i!0

n,i⌫m
.

However, we may also be interested in pairing susceptibilities, where O

and P are combinations of two annihilation or creation operators. One
possibility would be to define the Fourier transformation differently, by
taking !n1 = !n, !n2 = ⌫m�!0

n, !n3 = ⌫m�!n. This convention corresponds
to the particle-particle channel.
Because we are interested in superconductivity, however, we use the

Nambu formalism, which allows for nonzero anomalous Green’s func-
tions. In this formalism, we consider Green’s functions Gi↵a,j�b(⌧) =

�hT [[ci↵]a(⌧)[c
†
j�]b]i, where ci↵ = (ci↵", c

†
i↵#). In other words, the single-

particle Green’s function is defined in blocks

Gi↵,j�(⌧) = �
 
hT [ci↵"(⌧)c

†
j�"]i hT [ci↵"(⌧)cj�#]i

hT [c†i↵#(⌧)c
†
j�"]i hT [c†i↵#(⌧)cj�#]i

!
. (3.7)

The off-diagonal components are the anomalous Green’s functions, which
are related to the BCS order parameters at ⌧ = 0. This is the same
definition as the one used in the mean-field derivation of the superfluid
weight in Sec. 1.3.3. The four-point Green’s function can similarly be
defined in blocks Gi↵,j�,l�,m�(⌧1, ⌧2, ⌧3) = hT [gi↵,j�,l�,m�(⌧1, ⌧2, ⌧3)]i, where

gi↵,j�,l�,m�(⌧1, ⌧2, ⌧3) =

 
ci↵"(⌧1)c

†
j�"(⌧2) ci↵"(⌧1)cj�#(⌧2)

c†i↵#(⌧1)c
†
j�"(⌧2) c†i↵#(⌧1)cj�#(⌧2)

!

⌦
 
cl�"(⌧1)c

†
m�"(⌧2) cl�"(⌧1)cm�#(⌧2)

c†l�#(⌧1)c
†
m�"(⌧2) c†l�#(⌧1)cm�#(⌧2)

!
(3.8)

In the Nambu formalism, the pairing susceptibilities can be computed
directly in the particle-hole channel.

3.2.2 Diagrammatic representation of perturbation series

This section briefly introduces the many-body perturbation expansion of
the Matsubara Green’s functions. Similarly to what was done in linear
response theory, we will be working in the interaction picture, this time
treating the interaction part Hint of the Hamiltonian H = H0 +Hint as a
perturbation. We consider only density-density interactions, which can in

46



Normal state properties

general be written as

Hint =
X

ij

Uij

2
(cic

†
i � ↵ij)(cjc

†
j � ↵ij), (3.9)

with Uii = 0 (i.e. fermions in the same state do not interact), Uij = Uji,
and ↵ij scalars depending on the states i and j. The index i contains all
the information about unit cell, orbital, spin, and so on.
In the interaction picture, the time evolution of operators is given by

A(⌧) = eH0⌧Ae�H0⌧ . In particular, we defined the creation and annihilation
operators in the interaction picture

d†i(⌧) = eH0⌧ c†ie
�H0⌧ , (3.10)

di(⌧) = eH0⌧ cie
�H0⌧ . (3.11)

The definition of the Green’s functions given in Sec. 3.2.1 contains the
operators in the Heisenberg picture. In order to express them in the
interaction picture, we define the operator S by

e�H⌧ = e�H0⌧S(⌧). (3.12)

To obtain an explicit expression for S, we differentiate Eq. (3.12) with
reference to the imaginary time, which yields the differential equation
@S(⌧)
@⌧ = �Hint(⌧)S(⌧). Its solution reads

S(⌧) = T⌧ exp

✓
�
Z ⌧

0
d⌧ 0Hint(⌧

0)

◆
. (3.13)

By defining

S(⌧1, ⌧2) = T⌧ exp

✓
�
Z ⌧1

⌧2

d⌧ 0Hint(⌧
0)

◆
, (3.14)

we can rewrite Gi,j(⌧1, ⌧2) as

G��0
i,j (⌧1, ⌧2) = � 1

Z
Tr
h
e��H0S(�)S�1(⌧1)di(⌧1)S(⌧1)S

�1(⌧2)d
†
j(⌧2)S(⌧2)

i

= � 1

Z
Tr
h
e��H0S(�, ⌧1)di(⌧1)S(⌧1, ⌧2)d

†
j(⌧2)S(⌧2)

i

= � 1

Z
Tr
h
e��H0T [di(⌧1)d

†
j(⌧2)S(�)]

i
, (3.15)

where we have used that S(⌧1, ⌧3) = S(⌧1, ⌧2)S(⌧2, ⌧3) when ⌧1 > ⌧2 > ⌧3
and S(⌧1, ⌧2) = S(⌧1)S�1(⌧2) when ⌧1 > ⌧2. The case ⌧2 > ⌧1 is similar.
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For the two-particle functions, assuming ⌧1 > ⌧2 > ⌧3 > ⌧4,

G(4)
i,j,k,k(⌧1, ⌧2, ⌧3, ⌧4) =

1

Z
Tr
⇥
e��H0S(�)S�1(⌧1)di(⌧1)S(⌧1)⇥

⇥S�1(⌧2)d
†
j(⌧2)S(⌧2)S

�1(⌧3)dk(⌧3)S(⌧3)S
�1(⌧4)d

†
l (⌧4)S(⌧4)

⇤

=
1

Z
Tr
⇥
e��H0S(�, ⌧1)di(⌧1)S(⌧1, ⌧2)⇥

⇥d†j(⌧2)S(⌧2, ⌧3)dk(⌧3)S(⌧3, ⌧4)d
†
l (⌧4)S(⌧4)

⇤

=
1

Z
Tr
⇥
e��H0T⌧ [di(⌧1)d

†
j(⌧2)dk(⌧3)d

†
l (⌧4)S(�)]

⇤
. (3.16)

As for the two-particle function, the other time orderings give the same
result.
The exponentials in the definition of S can now be expanded to obtain

the Dyson series [5]

Gi,j(⌧1, ⌧2) = �Z0

Z

1X

n=0

(�1)n

n!

Z �

0
. . .

Z �

0
d⌧ 01 . . . d⌧

0
n

hT⌧ [di(⌧1)d
†
j(⌧2)Hint(⌧

0
1) . . . Hint(⌧n)

0]i0, (3.17)

G(4)
i,j,k,l(⌧1, ⌧2, ⌧3, ⌧4) =

Z0

Z

1X

n=0

(�1)n

n!

Z �

0
. . .

Z �

0
d⌧ 01 . . . d⌧

0
n

hT⌧ [di(⌧1)d
†
j(⌧2)dk(⌧3)d

†
l (⌧4)Hint(⌧

0
1) . . . Hint(⌧n)

0]i0, (3.18)

where hAi0 = Tr[e��H0A]/Z0, Z0 = Tr[e��H0 ].
We can now split the averages in the series into products of averages

of pairs of operators by using Wick’s theorem. Assuming that each spin
component is conserved, the averages of two annihilation or two creation
operators are zero, and we are left with products of non-interacting Green’s
functions G0

i,j(⌧1, ⌧2) = �hT [ci(⌧1)c
†
j(⌧2)]i0. Each term of the series can be

represented by a Feynman diagram with the following rules:

• A continuous line starting at vertex (j, ⌧ 0) and ending in vertex (i, ⌧)

represents the non-interacting Green’s function G0
i,j(⌧, ⌧

0),

• A wavy line between vertices at (i, ⌧) and (j, ⌧ 0) represents an interaction
Uij�(⌧ � ⌧ 0),

• If a line joins two vertices with the same imaginary time coordinate, it
is interpreted as the limit when the positive difference of the imaginary
times is brought to zero.

Details on the diagrams constituting the perturbation series can be found
for instance in Chapter 12 of Ref. [82].
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Figure 3.1. Diagrammatic representation of the derivation of the Dyson equation. A
double line represents the interacting Green’s function G, and a simple line
the non-interacting one, G0. The circles represent the irreducible self-energy
⌃. The labels of the vertices a, b, and so on, contain both the imaginary time
and i. All repeated indices are summed and integrated over.

The Feynman diagrams can also be drawn in momentum space. Then
each line is associated with a momentum k and a fermionic Matsubara
frequency i!n. The momentum and Matsubara frequency is conserved at
each vertex [82, 5].

3.2.3 Dyson and Bethe-Salpeter equations

By writing the perturbation series for the one- and two-particle Green’s
functions, we can derive the so-called Dyson and Bethe-Salpeter equations.
We first consider the single-particle Green’s functions. The Feynman
graphs corresponding to the different terms of the perturbation series can
be divided in two categories: connected and disconnected. In connected
diagrams, all the lines of the diagram are connected in one piece between
the outer vertices (i, ⌧) and (j, ⌧ 0). In disconnected diagrams, part of the
diagram is entirely disconnected from the outer vertices. It turns out
that the disconnected graphs are canceled out due to the division by the
partition function in Eq. (3.17), as shown for instance in Chapter 12 of
Ref. [82]. It is thus sufficient to taken connected diagrams into account.
The first connected diagram is simply the G0 line connecting the outer

vertices, i.e. G0
i,j(⌧, ⌧

0). The other connected diagrams start and end with a
G0 line. Cutting these two lines, we obtain a so-called self-energy graph.
These self-energy graphs can be reducible or irreducible: reducible graphs
can be disconnected by cutting only one G0 line, whereas irreducible one
can not. The connected diagrams thus all consist of a series of G0 lines
and irreducible self-energy diagrams. This is sketched in Fig. 3.1. From
the diagrammatic representation, it is clear that the sum of all diagrams
involving the irreducible self-energy reduces to the first G0 line followed by
the irreducible self-energy, finally followed by the full Green’s function. We
therefore obtain the Dyson equation, which reads in momentum space

G↵�(k, i!n) = G0
↵�(k, i!n)+

X

↵0�0

G0
↵↵0(k, i!n)⌃↵0�0(k, i!n)G�0�(k, i!n), (3.19)

where we have used that the irreducible self-energy ⌃ is diagonal in
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momentum space. The Dyson equation can be written in matrix form
as G(k, i!n) = G0(k, i!n) + G0(k, i!n)⌃(k, i!n)G(k, i!n).
The non-interacting Green’s function of fermions is given by G0(k, i!n) =

(i!n�Hk)�1, whereHk is the Fourier transformation of the non-interacting
Hamiltonian (see Sec. 1.2). The interacting Green’s function is thus

G(i!n,k) =
1

i!n �Hk � ⌃(i!n,k)
. (3.20)

For the two-particle Green’s function G(4)
ijkl, we can obtain a relation

similar to the Dyson equation, the Bethe-Salpeter equation. This time
we have to account for three categories of diagrams: diagrams where i

is connected to j and k to l, but the diagram has two disconnected parts,
diagrams where i is connected to l and k is connected to j, but there are two
disconnected parts, and graphs that connect all of the end coordinates. It is
easy to see that the two first categories will sum to products of the Green’s
functions G. The last category contains diagrams that have four external G0

lines, joined by some diagram that connects four points together. Cutting
the four outer lines, we obtain a diagram of the vertex function. New
such diagrams can always be generated by adding an arbitrary number of
self-energy diagrams on the external G0, so we obtain in the particle-hole
channel [5, 183]

G4,ph,kk0q
↵��� (i!n, i!

0
n, i⌫m) = ��i⌫m,0�q,0Gk

↵�(i!n)Gk0
��(i!

0
n)

� ��i!n,i!0
n
�k,k0Gk

↵�(i!n)Gk+q
�� (i!n + i⌫m)

�
X

↵0�0�0�0

Gk
↵↵0(i!n)Gk+q

�0� (i!n + i⌫m)F i!n,i!0
n,i⌫m

↵0�0�0�0 (k,k0, q)⇥

⇥ Gk0+q
�0� (i!0

n + i⌫m)Gk0
��0(i!0

n)

(3.21)

The factor � in the first two terms on the right-hand side comes from the
Fourier transformation to Matsubara space. The first contribution on the
right-hand side is the trivial part which needs to be subtracted from G(4)

in order to obtain the susceptibilities. We now define the bubble part of the
susceptibility

�0,ph,kk0q
↵��� (i!n, i!

0
n, i⌫m) = ���i!n,i!0

n
�k,k0Gk

↵�(i!n)Gk+q
�� (i!n + i⌫m), (3.22)

which allows us to rewrite Eq. (3.21) as

�ph,kk0q
↵��� (i!n, i!

0
n, i⌫m) = �0,ph,kk0q

↵��� � 1

N2
c �

2

X

↵0�0�0�0

X

k1,k2

X

i!00
n,i!

000
n

�0,ph,kk1q
↵��0↵0 (i!n, i!

00
n, i⌫m)F i!00

n,i!
000
n ,i⌫m

↵0�0�0�0 (k1,k2, q)�
0,ph,k2kq
�0�0�� (i!000

n , i!
0
n, i⌫m).

(3.23)
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The function F is the full vertex function, which contains all possible vertex
corrections. Like we did for the single-particle case, F can be split into
reducible and irreducible diagrams. However, in the two-particle case, the
reducibility of the vertex function depends on the channel. In Ref. [183], it
is shown that the full vertex function can be split into a fully irreducible
part, and three parts reducible in different channels. Here, we focus on the
particle-hole channel. The irreducible vertex function � is the two-particle
equivalent of the irreducible self-energy. In the particle hole channel, it is
related to the generalized susceptibility by [183]

�ph,kk0q
↵��� (i!n, i!

0
n, i⌫m) = �0,ph,kk0q

↵���

� 1

N2
c �

2

X

↵0�0�0�0

X

k1,k2

X

i!00
n,i!

000
n

�0,ph,kk1q
↵��0↵0 (i!n, i!

00
n, i⌫m)⇥

⇥ �ph,i!00
n,i!

000
n ,i⌫m

↵0�0�0�0 (k1,k2, q)�
ph,k2kq
�0�0�� (i!000

n , i!
0
n, i⌫m),

(3.24)

where �ph is the irreducible vertex in the particle-hole channel.

3.2.4 Dynamical mean-field theory

In dynamical mean-field theory, the full many-body problem on the lattice
is mapped into an Anderson impurity problem. The impurity is a small part
of the lattice model, while the rest of the lattice is treated as a bath of non-
interacting orbitals. In single-site DMFT, the impurity is a single site, and
only purely local correlations are taken into account. Cluster expansions
of DMFT, e.g. cellular DMFT and the dynamical cluster approximation
(DCA) [57], instead use a cluster of several lattice sites as the impurity,
and all correlations within the cluster are solved exactly. Since we study
multiband lattices, it is natural to use cluster DMFT. In Publication I, we
use the unit cell of the Lieb lattice as our cluster. The discussion here will
focus on a situation where the cluster is a unit cell of the lattice, but this is
easily generalized to an extended unit cell, which is used in cellular DMFT.
DCA, on the other hand, when applied to a cluster of several unit cells,
uses a coarse-grained Green’s function in momentum space.
In DMFT, the central quantity is the self-energy. It is related to the

lattice Green’s function by the Dyson equation

G(k) = [(G0(k))�1 � ⌃(k)]�1. (3.25)

On the other hand, the local Green’s function obtained from the Anderson
impurity model fulfills

Gloc = [(G0
loc)

�1 � ⌃loc]
�1. (3.26)

The local quantities of the impurity problem are momentum-independent,
because the cluster is one unit cell. When a cluster of several unit cells is
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used, the local quantities have some momentum dependence. In dynamical
mean-field theory, the self-energy is approximated by the local self-energy,
i.e. ⌃(k) ⇡ ⌃loc. Then the lattice Green’s function can be solved self-
consistently by using the method outlined below.
The local part of the lattice Green’s function, i.e. its momentum integral,

is obtained from the self-energy through the equation

G(i!n) =
1

Nc

X

k

1

i! �Hk � ⌃(i!n)
. (3.27)

The local non-interacting Green’s function can then be determined from

[G0
loc(i!n)]

�1 = G�1
(i!n) + ⌃(i!n). (3.28)

The function G0
loc(i!n) is then used to define the Anderson impurity model,

which is solved using an impurity solver. In Publication I, we used a
continuous-time quantum Monte Carlo solver [184]. Once the impurity
problem is solved, we obtain a new guess for the local self-energy, which
can be plugged back into Eq. (3.27). This procedure is repeated until the
local Green’s function (or equivalently, self-energy) is converged.

3.2.5 Susceptibilities in DMFT

While the local part of the single-particle Green’s function converges to
the Green’s function of the impurity problem, for two-particle quantities,
the self-consistency is only at the level of the irreducible vertex. As for
the self-energy, the irreducible vertex function of the lattice is replaced by
the local vertex function of the impurity problem, �ph,i!n,i!0

n,i⌫m(k,k0, q) ⇡
�ph,i!n,i!0

n,i⌫m
loc .
The local generalized susceptibilities are obtained from the impurity

solver, and fulfill the local Bethe-Salpeter equation

�ph
loc,↵���(i!n, i!

0
n, i⌫m) = �ph

loc,↵���(i!n, i!
0
n, i⌫m)� 1

�2

X

↵0�0�0�0

X

i!00
n,i!

000
n

⇥

�0,ph
loc,↵��0↵0(i!n, i!

00
n, i⌫m)�ph,i!00

n,i!
000
n ,i⌫m

loc↵0�0�0�0 �ph
loc,�0�0��(i!

000
n , i!

0
n, i⌫m)

⇤
.

(3.29)

On the other hand, if we replace the irreducible vertex by the momentum-
independent local irreducible vertex, we obtain for the lattice quantities
that

�ph,q
↵���(i!n, i!

0
n, i⌫m) = �ph,q

↵���(i!n, i!
0
n, i⌫m)

� 1

�2

X

↵0�0�0�0

X

i!00
n,i!

000
n

�0,ph,q
↵��0↵0(i!n, i!

00
n, i⌫m)�ph,i!00

n,i!
000
n ,i⌫m

loc↵0�0�0�0 �ph,q
�0�0��(i!

000
n , i!

0
n, i⌫m),

(3.30)

where �(q) = (1/N2
c )
P

kk0 �(k,k0, q). The lattice quantities should be
solved by inverting the local Bethe-Salpeter equation and plugging the
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resulting local irreducible vertex into the lattice Bethe-Salpeter equation.
Alternatively, if we write the above equations in a compact matrix form,
we obtain

�(q) = �0(q)� �0
loc + �loc. (3.31)

The local and lattice susceptibilities are not equal because the bare suscep-
tibilities �0 and �0

loc are not the same:

�0,ph,q
↵��� = ��

1

Nc
�i!n,i!0

n

X

k

Gk
↵�(i!n)Gk+q

�� (i!n + i⌫m),

�0,ph
loc,↵��� = ��

1

N2
c

 
X

k

Gk
↵�(i!n)

! 
X

k0

Gk0
��(i!n + i⌫m)

! (3.32)

When computing the susceptibilities, we sum over the two fermionic Mat-
subara frequencies, i.e. we compute �(i⌫m) = (1/�2)

P
i!n,i!0

n
�(i!n, i!0

n, i⌫m),
where the indices are left out for legibility. In numerical computations, the
sum needs to be truncated, which can give an inaccurate result. To avoid
this, the sum can be performed for different numbers of Matsubara fre-
quencies 2n! and extrapolated to n! ! 1. More specifically, we compute

log [�n!(i⌫m)] = log

2

4 1

�2

n!X

n,n0=�n!

�(i!n, i!n0 , i⌫m)

3

5 , (3.33)

for different n!. At large enough n!, the result depends linearly on 1/n!,
and the limit n! can be extrapolated with a linear fit.

3.2.6 Continuous-time Monte Carlo

In this section, we present the continuous-time quantum Monte Carlo
solver used in Publication I to solve the impurity problem in DMFT. The
impurity model is represented by the Hamiltonian

H = Hloc +Hbath +Hhyb. (3.34)

The part Hloc is the local Hamiltonian of the impurity, Hbath is the Hamilto-
nian of the bath where the impurity is embedded, andHhyb allows particles
to transfer between the impurity and the bath. The local Hamiltonian can
further be split into a non-interacting part H0

loc and an interacting part
H int

loc .
In CT-QMC, the Hamiltonian of the impurity problem is split into two

parts, H = H0 + H1, and the partition function is expanded in terms of
H1. In Publication I, we use the interaction expansion (CT-INT), in which
H1 = H int

loc [184, 185, 186, 187]. The auxiliary field method CT-AUX uses
an equivalent expansion [184, 188]. Another possible choice is H1 = Hhyb,
which is used in the hybridization expansion method (CT-HYB) [184, 189].
The hybridization expansion has the advantage of easier computation of
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the higher order correlators, and is often more efficient for small systems,
but scales worse than CT-INT with the number of orbitals in the impurity.
In the interaction picture, the partition function is

Z

Z0
=

1X

n=0

(�1)n

n!

Z �

0
. . .

Z �

0
d⌧1 . . . d⌧nhT⌧ [H1(⌧1) . . . H1(⌧n)]i0. (3.35)

For the Hubbard model studied here, the local interaction is an on-site
interaction of the form

H1 =
U

2

X

J

X

s=±1

(nJ" � 1/2 + s↵)(nJ# � 1/2 + s↵)

=
U

2

X

J

X

s=±1

(cJ"c
†
J" � 1/2 + s↵)(cJ"c

†
J" � 1/2 + s↵)

(3.36)

where nJ� is the particle number operator at lattice site J of the impu-
rity for spin �. The subtraction of 1/2 from the number operators does
not change the system, but makes the interaction Hamiltonian explicitly
particle-hole symmetric, meaning it remains unchanged under the trans-
formation cJ� ! c†J�. The auxiliary field ↵ corresponds to an energy shift,
and can help solve the sign problem [187]. Since we study the attractive
Hubbard model without polarization, the sign problem does not occur.
The partition function for this form of the perturbation can be expanded

as

Z

Z0
=

1X

n=0

(�U/2)n

n!

X

J1,s1

. . .
X

Jn,sn

⇥

⇥
Z �

0
. . .

Z �

0
d⌧1 . . . d⌧nhT⌧ [(nI1"(⌧1)� 1/2 + s1↵)(nI1#(⌧1)� 1/2 + s1↵) . . .

. . . (nIn"(⌧n)� 1/2 + sn↵)(nIn#(⌧n)� 1/2 + sn↵)]i0.
(3.37)

The average can be split using Wick’s theorem. Since the average of two
annihilation or two creation operators vanishes, we are left with products of
the non-interacting Green’s functions G0

IJ,��0(⌧n, ⌧m) = �hT⌧ cI�(⌧n)c
†
J�0(⌧m)i0.

The sum contains all possible permutations of the operators, the sign of
the term depending on the oddity of the permutation. The integrand of the
order n can thus be expressed as a determinant

hT⌧ [(nI1" � 1/2 + s1↵) . . . (nIn# � 1/2 + sn↵)]i0 = det
⇥
G0(Cn)

⇤
, (3.38)

where G0 is a 2n⇥ 2n matrix consisting of blocks

[G0(Cn)]ij =

0

@G0
Ji",Jj"(⌧i, ⌧j)� (1/2� si↵)�ij G0

Ji",Jj#(⌧i, ⌧j)

G0
Ji#,Jj"(⌧i, ⌧j) G0

Ji#,Jj#(⌧i, ⌧j)� (1/2� si↵)�ij

1

A .

(3.39)
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Here, Cn is the configuration, which is a list of all the vertices {Ji, ⌧i, si}n1 .
The partition function is thus simply

Z

Z0
=

1X

n=0

X

Cn

Wn(Cn),

X

Cn

=
X

i1,s1

. . .
X

in,sn

Z �

0
d⌧1 . . .

Z �

0
d⌧n,

Wn(Cn) =
(�U/2)n

n!
det(G0(Cn)).

(3.40)

When Wn is non-negative, it can be interpreted as an unnormalized
probability distribution for the configurations of the system Cn. The series
expansion Eq. (3.37) would be extremely difficult to evaluate exactly, and
it is thus better to opt for Monte-Carlo sampling [187]. At each step
of the sampling, a change is proposed to the current configuration Cn.
This change can be the addition of randomly drawn vertices to Cn, or the
removal of random vertices. The acceptance probability of the change is

ACn!C0
n+�n

= min

✓
1, (2�m)�nWn+�n(C 0

n+�n)

Wn(Cn)

◆
, (3.41)

where �n is the number of vertices to be added or removed and C 0
n+�n is

the configuration after the change has been performed. If the weight is
negative, which can occur for example in the repulsive Hubbard model
away from half filling, a sign problem occurs. As mentioned above, it can
sometimes be solved by adjusting the parameter ↵ [187].

Evaluation of Green’s functions

The Dyson series given in Eq. (3.17) can be rewritten as

Gij(⌧, ⌧
0) =

1X

n=0

X

Cn

(�U/2)n

n!

det(E(Cn))

det(G0(Cn))
, (3.42)

E(Cn) =

 
G0(Cn) B

C D

!
, (3.43)

B = (G0
J1",j(⌧1, ⌧

0),G0
J1#,j(⌧1, ⌧

0), . . . ,G0
Jn",j(⌧n, ⌧

0),G0
Jn#,j(⌧n, ⌧

0))T

(3.44)

C = (G0
i,J1"(⌧, ⌧1),G

0
i,J1#(⌧, ⌧1), . . . ,G

0
i,Jn"(⌧, ⌧n),G

0
i,Jn#(⌧, ⌧n)) (3.45)

D = G0
ij(⌧, ⌧

0) (3.46)
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The determinant of the block matrix is given by

det(E(Cn))

det[G0(Cn)]
= det[D � C(G0(Cn))

�1B]

= G0
ij(⌧, ⌧

0)�
X

pq

G0
i,J(p)�(p)(⌧, ⌧(p))MpqG0

J(q)�(q),j(⌧(q), ⌧
0),

(3.47)

where M = G0
�1. Here, J(p) = Jbp/2c, ⌧(p) = ⌧bp/2c and �(p) =" for odd

p, �(p) =# for even p. The Green’s function is obtained as a Monte Carlo
average of this quantity,

Gij(⌧, ⌧
0) = G0

ij(⌧, ⌧
0)� h

X

pq

G0
i,J(p)�(p)(⌧, ⌧(p))MpqG0

J(q)�(q),j(⌧(q), ⌧
0)iMC

(3.48)
Measuring the Green’s function directly in imaginary time has a few
drawbacks. Firstly, the exact Green’s function should depend only on the
time difference. This symmetry is not explicitly present in the Monte
Carlo estimate, and would need to be restored by the Monte Carlo random
walk. Second, the imaginary time grid would need to be made discrete in
numerical implementations in order to sample a smooth function, which
can introduce discretization errors [184].
For these reasons, it is often advantageous to directly perform the mea-

surements in Matsubara space. After a Fourier transformation, the esti-
mator reads

Gij(i!n) = G0
ij(⌧, ⌧

0)

� 1

�
h
X

pq

G0
i,J(p)�(p)(i!n)e

i!n⌧(p)Mpqe
�i!n⌧(q)G0

J(q)�(q),j(i!n)iMC.

(3.49)

As the Matsubara frequencies are already discrete, this avoids discretiza-
tion errors. However, the exponentials in Eq. (3.49) are expensive to
compute. In the numerical implementation used in Publication I, they
are instead computed at the start of the simulation. This requires the
introduction of a discrete time grid.
For two-particle Green’s functions, the procedure is similar, except in-

stead of adding one row and column to G0, we add two. From Eq. (3.18)

G4
ijkl(⌧

0
1, ⌧

0
2, ⌧

0
3, ⌧

0
4) =

Z0

Z

1X

n=0

X

Cn

(�U/2)n

n!
det(E2(Cn)), (3.50)

E2(Cn) =

 
G0(Cn) B2

C2 D2

!
, (3.51)

BT
2 =

 
G0
J1",j(⌧1, ⌧

0
2) . . . G0

Jn#,i(⌧n, ⌧
0
2)

G0
J1",l(⌧1, ⌧

0
4) . . . G0

Jn#,l(⌧n, ⌧
0
4)

!
(3.52)
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C2 =

 
G0
i,J1"(⌧

0
1, ⌧1) . . . G0

i,Jn#(⌧
0
1, ⌧n)

G0
k,J1"(⌧

0
3, ⌧1) . . . G0

k,Jn#(⌧
0
3, ⌧n)

!
(3.53)

D2 =

 
G0
ij(⌧

0
1, ⌧

0
2) G0

il(⌧
0
1, ⌧

0
4)

G0
kj(⌧

0
3, ⌧

0
2) G0

kl(⌧
0
3, ⌧

0
4)

!
. (3.54)

Again, this is best measured in Matsubara space. The estimator for the
two-particle Green’s function is

Gijkl(i!1, i!2, i!3, i!4) = hGij(i!1, i!2)Gkl(i!3, i!4)

� Gil(i!1, i!4)Gkj(i!3, i!2)iMC,
(3.55)

where Gij(!,!0) is the instantaneous two-frequency function

Gij(i!, i!
0) = G0

ij�!,!0 � 1

�

X

pq

G0
i,J(p)�(p)(i!)e

i!⌧(p)Mpqe
�i!0⌧(q)G0

J(q)�(q),j(i!
0).

(3.56)

3.3 Exact diagonalization

In Publication I, we used exact diagonalization to supplement the DMFT
computations. As the name suggests, this method consists in diagonalizing
the exact Hamiltonian of the system. For a lattice of N sites, with any
number of spin up or down fermions, this would be a 4N ⇥4N matrix, which
quickly becomes intractable for many algorithms. Fortunately there are
several tricks which allow us to considerably reduce the size of the system.
First, we can greatly reduce the size of the problem by remembering that

the exact Hubbard Hamiltonian conserves the total number of particles
of spin �, N�. It is thus sufficient to consider the subspace of the Hilbert
space with some fixed particle numbers {N", N#}. For low or high densities,
this means that the solution is typically very simple to find, whereas states
near half filling are more difficult to access due to the larger dimension of
the Hilbert space. In this case, a full diagonalization of the Hamiltonian,
even with fixed particle numbers, can be a heavy operation.
Usually, we are only interested in the ground state, and it would be more

advantageous to directly solve the lowest eigenstate of the Hamiltonian.
This can be done using a Lanczos algorithm [190, 191], which allows us to
solve the lowest eigenvalue of the Hamiltonian efficiently.

3.3.1 Lanczos algorithm

According to the variational principle, determining the ground state corre-
sponds to finding the state | 0i for which the functional

E[ ] =
h |H| i
h | i (3.57)
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is minimized. This can be achieved with a conjugate gradient method.
Starting from an initial guess | 0i, we can reduce the energy by progressing
along the gradient

�E[ ]

�h |

����
| i=| 0i

=
H � E[ 0]

h 0| 0i
| 0i = | ↵

0 i (3.58)

until we find the lowest energy. More concretely, we want to minimize
E[| 0i+ ↵| ↵

0 i] with reference to ↵. The minimizing state | 0i+ ↵| ↵
0 i will

evidently be in the space span(| 0i, H| 0i), and we can search for the vector
in that subspace of the Hilbert space which has the lowest possible E[ ],
which we label | 1i, for example by diagonalizing the projection ofH on the
two-dimensional subspace span(| 0i, H| 0i), and taking the eigenvector
with the lowest eigenvalue. Note that | 1i is not generally an eigenvector
of H, only of its projection. The procedure can then be repeated for the new
state | 1i to obtain a new guess | 2i, and so on, until the state converges
to the ground state.
During the iteration, the state | ni always lies in the Krylov space

Kn = span(| 0i, H| 0i, . . . , Hn| 0i). We could thus directly determine | ni
by diagonalizing the projection of H onto this n+ 1-dimensional subspace
instead of repeatedly diagonalizing two-dimensional projections. This
is the process in the Lanczos iteration: instead of diagonalizing the full
Hamiltonian, we diagonalize its projection onto a Krylov space of dimension
typically much lower than the full dimension of the Hilbert space. This is
possible because the extremal eigenvalues converge fast to those of the full
Hamiltonian [190, 191].
To express the projection HKn of H onto Kn, we construct an orthonormal

basis of Kn using the recursive relation

|�n+1i = H|�ni � an|�ni � b2n|�n�1i, (3.59)

an =
h�n|H|�ni
h�n|�ni

, (3.60)

b2n =
h�n|�ni

h�n�1|�n�1i
, (3.61)

with b0 = 0, |��1i = 0, and |�0i = | 0i is the initial guess. The basis {�n}
is clearly orthogonal, and a corresponding orthonormal basis {|�ni} is
obtained simply by defining |�ni = |�ni/

p
h�n|�ni. In this basis,

h�n|H|�ni =
h�n|H|�ni
h�n|�ni

= an, (3.62)

h�n+1|H|�ni =
h�n+1|�n+1ip

h�n|�nih�n+1|�n+1i
= bn+1, (3.63)

and h�n|H|�mi = 0 when |m � n| > 1. The Hamiltonian thus acquires a
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tridiagonal form

HKn =

0

BBBBBBBBBBB@

a0 b1 0 0 . . . 0

b1 a1 b2 0 . . . 0

0 b2 a2 b3 . . . 0

0 0 b3 a3 . . .
...

...
...

...
... . . . bn

0 0 0 . . . bn an

1

CCCCCCCCCCCA

. (3.64)

Due to the Cauchy interlacing theorem, the m:th lowest eigenvalue of HKn

will converge to the m:th lowest eigenvalue of H with growing n, and we
can in principle solve any number of the lowest eigenvalues and eigenstates
by taking a large enough n. However, due to floating point arithmetics,
the basis constructed via Eq. (3.59) may actually not be orthogonal, which
can lead to spurious degeneracies of the excited states. In this thesis, we
need only the ground state, but this difficulty could be removed using
reorthogonalization methods [192, 193].

3.3.2 Conductivity and Drude weight from exact

diagonalization

In Publication I, we computed the Drude weight of lattice models using
exact diagonalization. This requires the computation of the optical conduc-
tivity, which can be done through a continued fraction expansion [194, 195].
The Drude weight is the singular part of the real part of the optical con-
ductivity, given at zero temperature by [32]

Dµ⌫ = h 0|jdµ⌫ | 0i+ 2Reh 0|jpµ
1

E0 + i0+ �H
jp⌫ | 0i, (3.65)

where | 0i is the ground state and E0 its energy. The operators jd and jp

are the diamagnetic and paramagnetic current operators, respectively (see
Sec. 1.3.3). This is the ! ! 0 limit of the current-current response function
evaluated at T = 0.
The diamagnetic part is straightforward to compute. To evaluate the

paramagnetic part, we introduce a Green’s function

GA(z) = h 0|A† 1

E0 + i0+ �H
A| 0i. (3.66)

This function is directly related to the dynamic response functions �A†A(!)

for z = ! + i⌘ + E0 [195]. In order to evaluate GA(z), we use a Lanczos
technique to rewrite z �H in a tridiagonal form. The process is exactly
the same as presented in the previous section (see Eq. (3.59)), but we now
choose an initial state

|�0i =
A| 0ip

h 0|A†A| 0i
. (3.67)
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The reason for this choice is clear: now, h�0|(z�H)�1|�0i = GA(z)/h 0|A†A| 0i,
i.e. we need to compute the component [(z �H)�1]00 in the basis |�ni gen-
erated by the Lanczos algorithm. All [(z �H)�1]n0 can be solved without
computing the inverse (z � H)�1 from the system of linear equationsP

n[z �H]mn[(z �H)�1]n0 = �m0, which follows from (z �H)(z �H)�1 = 1.
We are only interested in the zeroth component, which is obtained from
Cramer’s rule

[(z �H)�1]00 =
det(B0)

det(z �H)
, (3.68)

where all matrices are expressed in the Lanczos basis and the matrix
A is obtained from (z � H) by replacing the first column by the vector
(1, 0, 0, . . .)T , i.e.

z �H =

0

BBBBBBBB@

z � a0 �b1 0 0 . . .

�b1 z � a1 �b2 0 . . .

0 �b2 z � a3 �b3 . . .

0 0 �b3 z � a4 . . .
...

...
...

...

1

CCCCCCCCA

, (3.69)

B0 =

0

BBBBBBBB@

1 �b1 0 0 . . .

0 z � a1 �b2 0 . . .

0 �b2 z � a3 �b3 . . .

0 0 �b3 z � a4 . . .
...

...
...

...

1

CCCCCCCCA

. (3.70)

The coefficients are obtained by applying Eqs. (3.59). If we now define Bn

as the matrix obtained by removing the first n rows and columns of B0, we
obtain that det(z�H) = (z� a0)det(B1)� b21det(B2) and det(B0) = det(B1),
which implies

[(z �H)�1]00 =
1

z � a0 � b21
det(B2)

det(B1)

. (3.71)

Using that det(Bn) = (z � an)det(Bn+1) � b2n+1det(Bn+2) for all n � 1,
Eq. (3.71) can be expressed as a continued fraction

[(z �H)�1]00 =
1

z � a0 �
b21

z � a1 �
b22

z � a2 � . . .

, (3.72)
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It follows that

[(z �H)�1]00 =
h 0|A†A| 0i

z � a0 �
b21

z � a1 �
b22

z � a2 � . . .

, (3.73)

The coefficients an and bn do not require prior knowledge of the excited
state, only the ground state. In principle, the continued fraction Eq. (3.73)
contains all an and bn up to infinity, but in numerical computations, the
fraction is truncated to a large enough n that the result is converged.
To apply this to the paramagnetic part of the Drude weight given by

Eq. (3.65), we take A = jpµ. The desired quantity is simply the real part of
Gjpµ(i⌘+E0). We can also obtain the conductivity as a function of frequency
from the imaginary part of Gjpµ(!+ i⌘+E0). However, in conductivity com-
putations, the continued fraction expansion tends to be inaccurate at low
frequencies, and it is better to extract the poles of the dynamical response
functions and their amplitudes from the eigenvalues and eigenvectors of
the tridiagonalized matrix z �H [195].

3.4 Normal state properties in the Lieb lattice flat band

In this section, we review the main results obtained for the normal state of
the Lieb lattice (see Fig. 1.1 in Sec. 1.3.4) in Publication I. The Lieb lattice
is a bipartite lattice where the flat band states occupy solely the A and C

orbitals in a unit cell. When studying local quantities, the flat band effects
are thus seen most prominently on those sites, whereas the behavior on
the B site tends to be more conventional.
We found that the normal state at moderate interactions features a

pseudogap similar to the one found in Monte Carlo studies in flat bands [63,
59, 166], characterized by a drop in the spin susceptibility and a depletion
of the spectral function. The spin susceptibility corresponds to the response
to an imbalance of chemical potentials h = µ" � µ#, which acts as an
effective magnetic field. In DMFT, we computed the components of the
static spin susceptibility tensor in orbital space, defined as

�spin
↵� (i⌫m = 0) = �(n↵"�n↵#),(n�"�n�#)(i⌫m = 0). (3.74)

In the flat band, the drop in the spin susceptibility is due to a sharp drop
in the local contributions to the susceptibility from the A and C sites below
a temperature T ⇠ 0.2|U | (see Fig. 3.2a). This temperature is roughly of
the same order as the pair binding energy per particle estimated from
exact diagonalization, shown in Fig. 3.2c. This binding energy is obtained
from Eb = E((N + 1) ", (N + 1) #) + E(N ", N #) � 2E((N + 1) ", N #),
where E(N ",M #) is the ground state energy of the state with N spin up
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Figure 3.2. (a) Local contributions to the spin susceptibility �spin in the half-filled Lieb
lattice without hopping staggering. The contributions from the flat band
sites A and C are shown with dots, while the contribution from the B site is
shown with crosses. (b) Estimate of the spectral function �G↵↵(⌧ = �/2) at
� = 20, when the superconducting transition is suppressed. Dots correspond
to the A/C sites and crosses to the B site. Inset: Value of �G↵↵(⌧ = �/2) as
a function of interaction. (c) Binding energy of pairs estimated from exact
diagonalization on a half-filled 12 site system. The dashed line shows the
slope of the critical temperature at low interactions estimated from DMFT.
Figure adapted from Publication I with permission.

and M spin down particles. The drop of the spin susceptibility can thus
be associated with the onset of pairing, i.e. the temperature where the
binding energy of pairs is strong enough not to be destroyed by thermal
fluctuations.
Another property of the pseudogap phase observed in Monte Carlo stud-

ies is the depletion of the spectral function. Accessing the full spectral
A(!) function would require analytical continuation. However, using the
spectral representation of the Matsubara Green’s function

G↵↵(⌧) =

Z 1

�1
d!

e�!⌧

1 + e��!
A↵↵(!), (3.75)

we can write
�G↵↵(�/2) =

Z 1

�1

d!

2⇡T

A↵↵(!)

cosh[!/(2T )]
. (3.76)

This integral is dominated by the range !  T , and �G↵↵(�/2) approxi-
mates the local spectral function A↵↵(! = 0) at low temperatures [59, 196,
197]. Since this is a good estimate only at low temperatures and the super-
conducting transition occurs at relatively high Tc in the Lieb lattice flat
band, we need to enforce the U(1) symmetry to suppress the superconduct-
ing transition. This is done by enforcing the charge conservation of both
spin components. Nevertheless, this method should provide a qualitative
understanding of the normal state.
In a Fermi liquid at T = 0, the spectral function is A↵ = ⇢↵(µ� Re⌃(! =

0)), where ⇢↵(E) is the orbital-resolved density of states. We would there-
fore expect a peak at µ = 0 in �G↵↵(�/2). However, as can be seen from
Fig. 3.2b, the spectral function at µ = 0 is suppressed by increasing inter-
actions. This is another indication of the onset of a pseudogap phase at the
flat band.
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Figure 3.3. (a) Drude weight obtained from ED for a 12 site system. (b-c) Imaginary
part of the self-energy at � = 20 when the superconducting transition is
suppressed. The self-energy at the flat band sites diverges around ! = 0 at
low interactions. (d) Inverse effective mass of two-body bound states obtained
by solving the two-body problem on the Lieb lattice flat band. (e-f) Imaginary
part of the self-energy at the lowest Matsubara frequency as a function of
temperature. The red line in (e) is a power law fit 7.9 · 10�3 · T�0.52. Figure
adapted from Publication I with permission.

When the interaction is lowered, the system approaches the insulating
limit |U | = 0: as shown in Fig. 3.3a, the Drude weight drops linearly at
low interactions. In exact diagonalization, it does not reach zero at |U | = 0

due to finite size effects, but it vanishes in the thermodynamic limit. The
inverse effective mass of pairs obtained by solving the two-body problem
on the Lieb lattice flat band also vanishes (see Fig. 3.3d). An interesting
question is thus how this limit is visible in the normal state. Here, a
central quantity is the self-energy. In a Fermi liquid, the quasiparticle
weight Z and lifetime ⌧ are given by [82]

Z�1 = 1� @

@!
Re⌃R(!)

����
!=0

(3.77)

⌧�1 = �2ZIm⌃R(!), (3.78)

where ⌃R is the retarded self-energy. Here, the self-energy is approximated
by a momentum-independent quantity. In this case, the quasiparticle
weight is Z = m/m⇤, where m is the bare mass and m⇤ is the quasiparticle
mass [82, 182]. The retarded self-energy can not be accessed without
analytical continuation, but we can estimate the quasiparticle weight
using [198]

Z =

 
1� Im⌃(i!n)

!n

����
!n!0

!�1

. (3.79)

This result is obtained from Eq. (3.77) by using the Kramers-Kronig re-

63



Normal state properties

lation between the real and imaginary parts of the retarded self-energy,
and the spectral representation of ⌃(i!n). In a Fermi liquid, the imaginary
part of the self-energy should behave linearly at low !, and a divergence at
! = 0 indicates that Fermi liquid theory is not applicable. In DMFT, where
the self-energy is momentum-independent, it is also related to a diverging
effective mass. Since Matsubara frequencies are discrete, the linear behav-
ior at low ! will only be visible at low enough temperatures: otherwise, the
smallest Matsubara frequency can be so large that the linear regime is not
visible. Therefore, we suppress the superconducting transition again when
studying the imaginary part of the self-energy, shown in Fig. 3.3b-c.
At moderate interactions, the self-energy behaves as expected for a

Fermi liquid at all orbitals. However, when |U | approaches the hopping
amplitude, Im[⌃(i!n)] starts to diverge at ! = 0. This can also be verified
without suppressing the superconducting transition by computing Im⌃(i!0)

as a function of temperature (Fig. 3.3e-f). At U = �3, the imaginary
part of the self-energy at the lowest Matsubara frequency decreases with
temperature close to the superconducting transition. However, at U =

�0.5, Im[⌃(i!0)] / T�1/2 above Tc. This departure from Fermi liquid
behavior at low interactions can be interpreted as arising from the infinite
effective mass of single particles localizing in the flat band, leading to
insulating behavior. Preformed pairs could in principle still be mobile, but
the onset temperature of pairing at low interactions is close to the critical
temperature.
While this study focused on the Lieb lattice, the pseudogap phase has

been predicted in various flat band models [63, 59, 166], and can occur in
dispersive bands as well [171, 172]. The insulating behavior we predict
is conceptually new and is related to the localization of particles in a flat
band. For this reason, it could be expected to occur only when a flat band
is involved.

64



4. Conclusions and outlook

In this dissertation, we have explored the attractive Hubbard model in flat
band systems, with particular focus on superconductivity and transport
properties. The superconducting state is governed by quantum geometry,
and particularly the minimal quantum metric. As shown in Publications
II and III, the minimal quantum metric determines the effective mass
of Cooper pairs in an isolated flat band. The superfluid weight at zero
temperature is also proportional to the minimal quantum metric. The BKT
transition temperature is determined by the superfluid weight at finite
temperature, which is usually lower than the one at T = 0. The minimal
quantum metric thus gives an upper bound for TBKT. In practice, the BKT
temperature is typically quite a bit smaller than this upper bound, and
there is no known universal relation between the quantum metric and
TBKT.
The minimal quantum metric can be increased for instance by tuning

the band gap between the flat band and dispersive bands: for non-isolated
flat bands, the quantum metric typically diverges. This does not mean that
the superfluid weight increases along with the quantum metric. Instead,
contributions from other bands become important and suppress the super-
fluid weight compared to the isolated flat band result [31]. Fortunately, as
shown in Publication II, a large superfluid weight is still achievable in the
non-isolated band limit, and it may even be beneficial. This is promising
for harnessing the potential of flat bands for increasing the critical temper-
atures, as many flat band material candidates feature band touchings [29].
While the superfluid weight in non-isolated bands still has a dependence
on quantum geometric quantities [90, 116], it is not as direct as in isolated
bands. Tuning the dispersive bands can, for instance, modify the super-
fluid weight even if the Bloch states of the flat band are kept unchanged.
This means that the dispersive bands can be used as a potential degree
of freedom when optimizing TBKT, but also that the non-isolated band
limit is more difficult to understand. For instance, it would be interesting
to determine what determines the largest achievable BKT temperature,
which is typically in a regime of interactions large enough that the flat
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bands cannot be considered isolated.
In Publication II, the superfluid weight was found to be the highest in

flat bands touching a dispersive band, even though the Cooper pairing
order parameters are largest for a quadratic band touching. An interesting
subject of study would be how general this feature is. It could for instance
hint at the existence of highly mobile particles, i.e. particles on a steeper
band, in the vicinity of the flat band being beneficial.
The properties of the flat band were shown to affect also the normal state

of the Hubbard model. The onset temperature of the pseudogap in flat
bands, like the critical temperature for superconductivity, is proportional
to the interaction strength [63, 59]. At low interaction strengths, when the
non-interacting insulating limit is approached, the normal state features
insulating characteristics. The pseudogap state would be interesting to
investigate further using for instance DCA, which could allow for the
study of different pairing symmetries [199, 200, 201, 202]. Indeed, in
Publication III, the lowest energy pairing channel had s-wave symmetry,
but higher modes with nontrivial pairing symmetries also appeared. These
modes could potentially appear in the pseudogap phase. The non-Fermi
liquid phase found at low interactions would warrant further investigation.
For instance, it would be interesting to know the cause of the peculiar
T�1/2 dependence of Im⌃(i!0), different from the T�1 dependence found
in a Mott insulator. Whether mobile pairs are present or not is also an
intriguing question. At low interactions, the pairs are probably broken by
thermal fluctuations at a relatively low temperature, but the localization
of particles due to the flat band geometry may also suffer.
Publications II and IV highlight the complications that can arise when

considering multiband lattices and especially flat bands. In publication II,
it was shown that ignoring the dependence of the order parameters on
vector fields could lead to overestimation of the superfluid weight. In pub-
lication IV, on the other hand, the problems caused by the lack of a Fermi
surface in flat bands when evaluating the conductivity were highlighted.
This stresses the importance of scrutinizing assumptions in pre-existing
theories when applying them to more complex systems. The quantum
metric has attracted great interest, and has been related to a plethora
of different phenomena [145, 137, 117, 203, 204, 205, 206, 207, 208, 209],
sometimes at the price of severe approximations. As exemplified by the
superfluid weight, particular attention should be paid to the effect of the
choice of orbital positions on the quantity at hand.
Overall, the results obtained in this work confirm the potential of flat

bands to enhance superconductivity and in stabilizing intriguing phases of
matter. As we showed, the superconducting phase arises from an unconven-
tional normal state, featuring at low interactions insulating characteristics
associated with the localization of single particles. Moreover, the BKT crit-
ical temperature for superconductivity in flat bands is greatly enhanced at
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low interaction strengths when compared with a dispersive band. The flat
bands do not need to be isolated in order to benefit from their presence ; in
fact, a touching with a dispersive band can even be beneficial for supercon-
ductivity. This is promising for experiments, where the isolated band limit
may not be achieved.
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