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Abstract
Cross-impact analysis (CIA) is a quantitative method for constructing scenarios from
combinations of uncertainty factors that characterize possible future developments.
Expert judgements can be elicited to characterize interdependencies between the
outcomes of different uncertainty factors and their marginal probabilities. An evident
challenge in CIA is the large number of possible combinations, which gives need
to develop systematic methods to select some of the most relevant combinations to
build the scenarios on.

This thesis focuses on the approaches for quantitative scenario selection. First, some
of the earlier methods in the literature are reviewed. Second, the general objectives of
scenario selection are identified and formulated mathematically. Third, by combining
the best practices from the earlier methods to reach those objectives and developing
them further, a new scenario selection method based on integer linear program (ILP)
is proposed.

The proposed method is tested, and its results are compared with those obtained
by reference methods. In the first test setting, uncorrelated scenario probabilities
are generated randomly. In the second test, probability distribution resulting from
a real-world cross-impact elicitation process is used. The results from both tests
suggest that developed ILP method performs well in terms of the chosen objectives
among the tested methods.

In addition to being proven competitive, the proposed ILP method can be tailored in
detail to meet the needs of each study. More sophisticated versions of the method can
be constructed by incorporating, for example, ordinal scenario distances, non-uniform
weighting of uncertainty factors, and utility-based scenario relevance. Such extensions
are of interest for the future research on the topic.
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Tiivistelmä
Ristivaikutusanalyysi (CIA) on kvantitatiivinen menetelmä, jossa muodostetaan
skenaarioita tulevaisuuden epävarmuustekijöiden yhdistelminä. Epävarmuustekijöi-
den reunajakaumien sekä niiden välisten ristivaikutuksien määrittämiseen voidaan
käyttää asiantuntija-arvioita. Keskeinen ongelma ristivaikutusanalyysissa on mahdol-
listen yhdistelmien suuri määrä, jonka vuoksi tarvitaan systemaattisia menetelmiä,
joilla voidaan suodattaa yhdistelmäjoukosta olennaisia yhdistelmiä ja rakentaa niistä
skenaariot.

Tässä diplomityössä keskitytään kvantitatiivisiin skenaariosuodatusmenetelmiin. En-
siksi työssä tarkastellaan kirjallisuudessa esiintyviä aikaisempia lähestymistapoja
skenaarioiden suodattamiseen. Toiseksi tunnistetaan yleisiä skenaariosuodatuksen
tavoitteita ja muotoillaan ne matemaattisina käsitteinä. Kolmanneksi kehitetään
uusi kokonaislukulineaarioptimointiin (ILP) perustuva skenaariosuodatusmenetelmä
yhdistelemällä kirjallisuudessa esiintyviä ja hyväksi havaittuja keinoja saavuttaa
tunnistettuja skenaariosuodatuksen tavoitteita.

Kehitettyä menetelmää testataan ja sen tuloksia verrataan vertailumenetelmiin.
Ensimmäisessä testissä käytetään riippumattomia ja identtisesti jakautuneita satun-
naisesti tuotettuja skenaariotodennäköisyyksiä. Toisessa testissä käytetään toden-
mukaisempia, asiantuntijoiden arvioimien ristivaikutusten perusteella määritettyjä
skenaariotodennäköisyyksiä. Molempien testien tulokset puoltavat sitä, ettei yksi-
kään vertailumenetelmä tuottanut parempia tuloksia kuin diplomityössä kehitetty
ILP-menetelmä.

Tulosten valossa kehitetty menetelmä on sekä suorituskykyinen että yksilöllisesti
muotoiltavissa kunkin analyysin tarpeisiin sopivaksi. Diplomityössä esitetystä mene-
telmästä voidaan luoda myös edistyneempiä versioita. Työssä menetelmään esitetyt
lisäykset, kuten ordinaaliset skenaarioiden väliset etäisyydet, epäyhtenäiset paino-
tukset epävarmuustekijöille ja skenaarioiden hyötypohjaiset olennaisuusmitat, ovat
kiinnostavia jatkotutkimuksen aiheita.
Avainsanat skenaarioanalyysi, ristivaikutusanalyysi, skenaariosuodatus
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Symbols and Abbreviations

Symbols
R Set of real numbers
Z Set of integers
S Set of all possible scenarios
N Number of all possible scenarios
X i Uncertainty factor i
n Number of uncertainty factors
Si Set of outcomes of uncertainty factor i
mi Number of outcomes of uncertainty factor i
m Number of outcomes, if all uncertainty factors have equally many of them
M Total number of uncertainty factor outcomes
xi

k Uncertainty factor i with outcome k

V i,j
k,l Cross-impact value between uncertainty factor levels xi

k and xj
l

Ci,j
k,l Cross-impact multiplier between uncertainty factor levels xi

k and xj
l

K Number of selected scenarios
z Scenario selection
z˚ Scenario selection satisfying Linear Diversity Constraint
ZKpSq Set of scenario selections of size K from set S
C Set of consequences

Operators
PrAs Probability of event A
1pAq Indicator function of event A
1Apxq Indicator function for the statement x P A
I i

kpsq Indicator function for the statement xipsq “ xi
k

cpsq Consistency of scenario s
Dpsi, sjq Distance between scenarios si and sj

dpxi
k, xi

lq Distance between outcomes xi
k and xi

l of uncertainty factor i
DpS 1q Diversity of set of scenarios S 1

CvgSpS
1q Coverage of set of scenarios S 1 with respect to S

cqpsq Consequences of scenario s
upsq Utility of scenario s

Abbreviations
CIA Cross-Impact Analysis
CIM Cross-Impact Multiplier
CIV Cross-Impact Value
DTS Distance-To-Selected
ILP Integer Linear Program
LDC Linearized Diversity Constraint
MMS Max-Min-Selection



1 Introduction
Scenario analysis is one of the widely employed approaches to support strategic
planning and decision-making under uncertainty (Bunn and Salo, 1993; Salo et al.,
2021a; Lord et al., 2016). A major advantage of using scenarios is the ability to
consider the structural and discontinuous changes in the organization’s environment
(Seeve and Vilkkumaa, 2022). In particular, whereas extrapolative forecasting
methods may understate some of the uncertainty related to the environment and focus
on predictions in the narrow spectrum of anticipated futures, scenario approaches are
more equipped to capture so-called black-swan events, i.e. unanticipated developments
with significant impacts on the organization’s environment (Seeve and Vilkkumaa,
2022; Taleb, 2010). Hence, scenario analysis is especially applicable in the VUCA
(Vulnerable, Uncertain, Complex, Ambiguous) world (Whiteman, 1998).

Approaches of scenario analysis can be classified in many ways. From the method-
ological point of view, the approaches can be divided into holistic and decomposed
approaches (Wright et al., 1988; Salo and Bunn, 1995). Holistic scenarios are formed
by relevant experts as complete descriptions of the possible futures. In contrast,
decomposed approaches are built on distinct components, uncertainty factors, which
are considered the key drivers of the future uncertainty (Wright et al., 1988; Tietje,
2005). The uncertainty factors, the plausibility of their possible outcomes as well as
the quantitative interdependencies between them can be assessed by expert judge-
ments. The methods relying on probabilities as plausibility measures are usually
referred to as cross-impact analysis (CIA) (Helmer, 1981).

One reason for decomposing the development of scenarios is that the elicitation of
expert judgement can be carried out iteratively, which makes the judgemental task
more systematic, auditable, and transparent (Salo and Bunn, 1995). Moreover, the
analysis can be modified later if the judgments or the model are to be adjusted
afterwards. Decomposition also helps to analyze the significance of a single uncertainty
factor outcome in terms of the system performance (Jenkins, 1997). For example,
in safety critical systems, risk importance measures of single components can be
analyzed (Salo et al., 2021b).

Yet, a central challenge in decomposition methods is the large number of possible
scenarios. Namely, when possible futures are constructed from multiple uncertainty
factors with many alternative outcomes, there is a large number of possible scenarios
that are formed as combinations of different uncertainty factor outcomes. (Carlsen
et al., 2016; Lord et al., 2016) Evidently, all the possible combinations cannot be
qualitatively explored and narrativized to scenarios. In addition to being impractical,
increasing the number of narratives tends to make the scenarios more and more
similar to each other, potentially leading to undesirable, “anything-can-happen”
interpretations as the result of the analysis. Furthermore, the large number of
possible combinations causes difficulties for assessing the plausibilities of scenarios,
since direct estimation of scenario probabilities becomes impractical. Consequently,
in CIA, probabilities of single scenarios must be constructed indirectly by using
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marginal probabilities of uncertainty factors and estimates about their pairwise
co-occurrences.

Once the probability distribution over scenarios has been obtained, the task is to
summarize the scenario space with representative scenarios to draw conclusions. In
other words, a manageable set of scenarios is to be selected to portray the range of
possible futures. Two relevant questions to be answered by the analyst are i) how
many scenarios should be built, and ii) by which means those scenarios should be
chosen.

The former involves the trade-off between accuracy and manageability. On one hand,
sufficiently many scenarios need to be selected to avoid missing any relevant possible
future developments (Schweizer and Kriegler, 2012). On the other hand, the number
of scenarios should be small enough in order to keep the scenarios comparable and
their differences perceptible (Heugens and van Oosterhout, 2001). Lord et al. (2016)
propose that a suitable number of scenarios is from four to six. First, by selecting
more than two (three) scenarios, the misleading and simplifying interpretations of
scenarios, like good-bad (good-normal-bad), can be avoided. Second, Miller (1956)
argues that it is hard for individuals to keep more than six objects in mind together,
which justifies six as the upper limit.

Quantitative approaches for deciding which scenarios should be selected typically
fall into three classes: cluster analysis, other iterative approaches, and optimization.

In cluster analysis, scenarios that are considered similar are bundled so that the
full space of combinations is classified in a few clusters. Then, the scenarios can
be constructed by choosing representative scenarios from each of the clusters or by
labeling the clusters by their common features. In iterative techniques, scenarios
are selected one by one on the basis of plausibility and diversity optimization. In
optimization approaches, on the other hand, the objective can be formulated as the
minimization of the number of scenarios or maximization of overall plausibility, while
constraints are imposed to cover different uncertainty factor outcomes or to promote
diversity of the selected scenarios.

This thesis extends earlier methodologies of cross-impact analysis and scenario
selection approaches. Building on the recent methodologies, a new scenario selection
method is proposed. The method is based on an integer linear program (ILP)
utilizing a novel diversity optimization tool, Linearized Diversity Constraint (LDC),
guaranteeing that the set of selected scenarios is comprehensive and diverse. To
demonstrate its feasibility, the method developed is applied to both random-generated
scenario selection problems and a case study introduced in Roponen and Salo (2022).
The performance of the developed method is compared to two iterative approaches.

This thesis is structured as follows. Chapter 2 discusses the relevant background for
cross-impact analysis, defines the key concepts and outlines the existing approaches
for scenario selection. Chapter 3 covers the development of a new methodology for
scenario selection. Chapter 4 presents the results of the computational experiments,
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and Chapter 5 critically evaluates the results, discusses possible extensions to the
model, and concludes.
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2 Background

2.1 Decomposed Scenario Analysis Methods
Decomposition methods can be divided into two classes with respect to how the
plausibility of scenarios is formalized. First, methods relying on probabilities are
called Bayesian methods and second, those that are based on some generalized
plausibility measure of the co-occurrence of uncertainty factor levels are referred to
as non-Bayesian methods (Nguyen and Dunn, 2009). Examples of the latter are
consistency analysis (Tietje, 2005; Seeve and Vilkkumaa, 2022; Carlsen et al., 2016;
Schweizer and Kriegler, 2012), Batelle method (von Reibnitz, 1988), Morphology
Analysis (O’Neal, 1970), Field Anomaly Relaxation (Rhyne, 1981), and MIC-MAC
analysis (Godet, 1986). The former, on the other hand, includes many methods
comprised by the umbrella concept Cross-Impact Analysis (CIA) (Tietje, 2005;
Nguyen and Dunn, 2009), which is used for example in Gordon and Hayward (1968),
Sarin (1978), Brauers and Weber (1988), Kluyver and Moskowitz (1984), Salo et al.
(2021a), and Roponen and Salo (2022).

However, these two classes of methodologies are not mutually exclusive. Rather,
many methods share some of the steps in the analysis process. Nguyen and Dunn
(2009) summarize the decomposition methods by identifying six main steps:

1. Determine relevant uncertainty factors and their outcomes.

2. Elicit cross-impacts between different uncertainty factor outcomes.

3. Filter out implausible scenarios.

4. Elicit marginal probabilities for uncertainty factor outcomes.

5. Characterize the scenario probabilities.

6. Select the main scenarios to portray the whole spectrum of possible futures.

Steps 4 and 5 are skipped in non-Bayesian methods.

After the above steps, the selected scenarios are elaborated. This includes the
evaluation of the scenarios in view of their plausibility and possible consequences, as
well as qualitative interpretation for communicational purposes (Scholz and Tietje,
2002). It is desirable that the selected scenarios are enriched through narratives,
story-like descriptions of the future characterized by the scenario. The narratives
promote the stakeholders’ comprehension and recallability of the results, which
supports further discussion and usefulness of the results and the analysis itself (Bunn
and Salo, 1993).

However, not all steps in the list above are included in all methods. They can also
appear in a different order or they can be bundled or dispersed. For example, marginal
probabilities can be elicited simultaneously with consistency values (Roponen and



13

Salo, 2022), and the inconsistent scenarios need not be discarded before scenario
selection (Jenkins, 1997).

2.2 Definition of Scenario
Even though term scenario is intuitive and rather similarly understood across many
contexts, a multitude of formal definitions have been proposed (Bunn and Salo, 1993).
The exact verbal formulations vary according to the methodological properties of
the approach. Examples of definitions emphasizing pro-active decision-making are
“a hypothetical sequence of events constructed for the purpose of focusing attention
on causal processes and decision points” (Kahn and Wiener, 1967), “a tool for
ordering one’s perceptions about alternative future environments in which one’s
decisions might be played out" (Schwartz, 1991) and “that part of strategic planning
which relates to the tools and technologies for managing the uncertainties of the
future" (Ringland, 1998). At least the one by Kahn and Wiener highlights the
sequential nature of scenarios, which also implicitly assumes causality between the
events. On the contrary, definitions such as “a quantitative or qualitative picture of
a given organisation or group, developed within the framework of a set of specified
assumptions" (Ralph M., 1977), “an internally consistent view of what the future
might turn out to be - not a forecast, but one future outcome” (Porter, 1985) represent
holistic and one-period approaches in the sense that the whole future is supposed
to take place instantly, instead of evolving in time. A definition that epitomizes
decomposed approaches is given by Brauers and Weber (1988): “A description
of a possible future state of an organisation’s environment considering possible
developments of relevant interdependent factors in the environment.”

The last-mentioned definition corresponds best to CIA and thus it is the closest to
how the concept of scenario is considered in this thesis.

2.3 Desirable Features of Scenarios
According to Bunn and Salo (1993), at least three principles should be followed
when forming the set of scenarios. First, the scenarios should be comprehensive,
i.e., every significant possible future with respect to states of uncertainty factors or
consequences can be associated with some of the scenarios in the model. Second, the
scenarios should be consistent in the sense that they are not internally contradictory.
In probabilistic approaches this means that the magnitude of the probabilities of
the selected scenarios are significant enough given the number of scenarios. Third,
scenarios should be coherent, meaning that the formation of scenarios builds on solid
theoretical foundation. In probabilistic models, this translates into the requirement
that the scenario probabilities are derived without violating the rules of probability
theory. (Wright et al., 1988; Bunn and Salo, 1993)

Furthermore, Tietje (2005) points out that the selection method should generate a
set of scenarios that are efficient, i.e., the most representative ones from their groups
of similar scenarios, as well as reliable, i.e., different scenario analysts should obtain
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qualitatively similar results from their analyses even if the methods used were slightly
different (Tietje, 2005). Furthermore, the set should be balanced: even if the set
was very comprehensive, i.e. it contained all the relevant futures, the distribution
of uncertainty levels present in the set could be uneven. This might lead to biased
qualitative assessments of the possible futures (Jenkins, 1997).

2.4 Formal Definitions of Basic Concepts
In the scenario selection approach and other cross-impact analysis methodology
that is proposed in this thesis, the future is characterized by n uncertainty factors,
i “ 1, ..., n, so that factor i is defined as random variable X i with mi possible
outcomes Si “ txi

1, ..., xi
mi
u. The set of outcomes Si is disjoint so that random

variable X i takes exactly one of the possible outcome values, as well as exhaustive in
the sense that all the imaginable states of the factor are included in the set (Salo
et al., 2021a).

Scenario s is defined as a combination of outcomes of each uncertainty factor, i.e.,
as an outcome of vector s “ px1, ..., xnq so that xi P Si, i “ 1, ..., n. Let us define
shorthand notation for the ith uncertainty factor level of scenario s as xipsq so that if
xi has outcome k in scenario s, we write xipsq “ xi

k. In addition, let us use indicator
function I i

kpsq “ 1pxipsq “ xi
kq.

We say that scenario s1 is lexicographically smaller than scenario s2 if xjps1q ă xjps2q,
where j P t1, 2, ..., nu is the smallest index for which xjps1q ‰ xjps2q.

The set of all scenarios S is the Cartesian product S “
Śn

i“1 Si. By the properties of
Cartesian products, S inherits disjointness and exhaustiveness of uncertainty factor
levels (Salo et al., 2021a). Let us denote N “ |S| “

śn
i“1 mi and M “

řn
i“1 mi. We

can also write the space S in the matrix form, i.e. S “
“

s1 s2 ... sN

‰T , where
scenarios s1, s2, ..., sN are in lexicographic order.

By scenario selection, we mean set of integers indicating which rows of matrix S are
selected. More formally, let ZKpSq be the set of all possible selections of size K from
the set S so that

ZKpSq “ tz P t0, 1uN
| 1T z “ Ku (1)

The decision variable z is constructed so that zk “ 1 if and only if the kth scenario
in the lexicographic order is selected. If the scenario space S is a full space of
scenarios spanned by n uncertainty factors with m outcomes each, we use notation
ZKpn, mq “ ZKpSq. In addition, we use Spzq Ď S to denote the set of selected
scenarios determined by z.

Finally, the set of partial scenarios on A, SA Ď S is defined as

SA “
ą

iPA

Si , (2)

where A Ď t1, ..., nu.
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2.5 Number of Uncertainty Factors and Complexity
A fundamental challenge in cross-impact analysis is that the number of possible
scenarios grows exponentially as a function of the number of uncertainty factors,
which makes it impractical to assess the plausibility of each scenario even though it
is possible to study each uncertainty factor separately (Carlsen et al., 2016).

As a result, there is an inevitable trade-off. On one hand, to form a comprehensive
set of detailed scenarios, sufficiently many relevant uncertainty factors and outcomes
should be included in the model. If the detail is compromised too much as a result
of too few uncertainty factors or their outcomes, the model will miss part of the
relevant dynamics in the organization’s environment and thus fail to capture some
of the possible future developments. On the other hand, one should attempt to
use as few uncertainty factors and as few outcomes as possible to keep the model
understandable and manageable for the stakeholders during the elicitation process
as well as computationally efficient in the later stages of the analysis. (Roponen and
Salo, 2022)

To study how the number of uncertainty factors and realizations affects the complexity
of the model, let us consider a model consisting of n uncertainty factors with
mi, i “ 1, ..., n, possible realizations, i.e., outcomes. Then, the total number of
possible scenarios is

N “

n
ź

i“1
mi . (3)

If every uncertainty factor has an equal number of outcomes, expression (3) simplifies
to N “ mn. Since every scenario s P S is a possible realization of the future,
examining all futures would require that plausibility of each of the N scenarios is
assessed. Evidently, unless n and m are very small, it becomes impractical to elicit
scenario-wise plausibility values in practice, at least if expert judgement is used as
the elicitation method and no simplifying assumptions are made.

CIA attempts to resolve the trade-off between detail and manageability. The elic-
itation effort is mitigated by first decomposing the complete scenarios to partial
scenarios so that the elicitation can be done in small parts. Subsequently, the
complete scenarios are recomposed and their plausibilities inferred according to the
elicited plausability estimates about the partial scenarios.

Let I Ĺ t1, ..., nu, I ‰ t1, ..., nu, I ‰ H be a proper nonempty subset of uncertainty
factors ti, ..., nu. Then set of partial subsets on index set I is given by

SI “
ą

iPI

Si . (4)

In order to capture any explicit interdependencies between uncertainty factors, |I|
has to be at least two. However, even if the number of uncertainty factor levels
and thus the number of subsets estimated was reasonably small, it would still be
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cognitively challenging to directly estimate the interdependence between multiple
uncertainty factor outcomes (Weimer-Jehle, 2006; Scholz and Tietje, 2002).

Thus, in CIA, the size of partial subsets I is exactly two, i.e., one assesses the pairs
of uncertainty factor outcomes. The plausibility of the co-occurrence of a pair of
outcomes is called compatibility (Nguyen and Dunn, 2009). The elicitation effort
of experts related to compatibility estimation is thus determined by the number of
pairs of outcomes. Set I can be chosen in

`

n
2

˘

ways and, by assuming mi “ m, @i P I
for simplicity, for each SI it holds that |SI | “

ś

iPI mi “ m2. Thus, the number of
compatibility estimates is given by

`

n
2

˘

m2 “ npn´ 1qm2

2 “ n2m2

2 ´ nm2

2 .

In addition to the compatibilities, marginal probability distribution of each uncer-
tainty factor has to be elicited for the characterization of scenario probabilities. The
number of marginal probabilities to be estimated is npm ´ 1q, as the probability
of mth outcome of uncertainty factor i can be calculated through normalization as
pi

m “ 1´
ř

k‰m pi
k.

Thus, in the case of uniform m, the total number of unit estimates is given by
n2m2

2 ´ nm2

2 ` npm ´ 1q. By writing M “ nm, this number can be written as
M2p1

2 ´
1

2n
q `M ´ n. From this form we can see that M is the relevant explanatory

variable of the complexity and that the number of unit estimates behaves as OpM2q.
In practice, this means that uncertainty factors and their outcomes should be used
prudently to keep the elicitation manageable. However, a large number of factors
can be compensated by lowering the number of outcomes and vice versa.

2.6 Construction of Uncertainty Factors
There are no strict rules for identifying uncertainty factors. Rather, the appropriate
approach depends on the problem at hand, the objectives of the analysis, and
the knowledge available about the uncertainties. In practical applications, it is
advisable to consult experts already at this stage to ensure reasonable design of
uncertainty factors and their outcomes (Roponen and Salo, 2022). In general, the
set of uncertainty factors should be balanced and consist of the most relevant drivers
affecting the future development of the organization’s environment (Nguyen and
Dunn, 2009).

Mathematically, an uncertainty factor can be either nominal, ordinal, or cardinal
(Carlsen et al., 2016). For a nominal uncertainty factor, the realized outcomes take
on values with no natural ordering. For example, a nominal uncertainty factor could
be “the party that wins the next election”.

If the relevant feature was not the party as such but, for instance, “the focus on
environmental issues of the party winning the election”, the uncertainty factor could
be formulated as ordinal, which means that outcomes can be ordered from the smallest
to the largest. Thus, in this case, the outcomes could be L : light, M : moderate
and H : heavy so that L ă M ă H.
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Although ordinal variables can be ordered from the smallest to the largest, there is
no well-defined distance between the values. In other words, continuing the previous
example, it cannot be determined whether the change from L to M is greater or less
than the change from M to H. On the contrary, cardinal variables not only have
an ordering but also a well-defined distance between the values. An example of a
cardinal uncertainty factor is the number of seats that a party holds in the Parliament.
Thus, for example, increasing the number from 10 to 15 is as great a change as
increase from 15 to 20, i.e. dp10, 15q “ dp15, 20q, where dpA, Bq is the distance
associated with the cardinal variable.

All continuous real-valued variables, such as temperature and currency rates, are
cardinal. However, as CIA is based on discrete uncertainty factors, the continuous
variables are discretized to a reasonable number of disjoint intervals. The specification
of intervals for the continuous variables should be made with care as it necessarily
affects the marginal probabilities and the cross-impacts of the uncertainty factors.
However, the presence of some leeway in the discretization enables the analyst to steer
the analysis towards the objectives of the study. For instance, if risk analysis is the
main interest in the study, the method should capture the extreme negative scenarios.
Thus, it may be advisable to include levels from the tail of the distribution, especially
from the unfavorable tail. On the other hand, if neither risks nor opportunities are
emphasized, the intervals should be chosen more evenly. In particular, Salo and
Bunn (1995) argue that discretization should be carried out hand in hand with the
marginal probability elicitation so that intervals are made more or less equiprobable.

Even though the discretization of continuous variables conserves ordinality, some
ambiguity related to the concept of distance has to be resolved. Namely, if our
uncertainty factor was GDP growth next year, g, discrete ordinal classes could be
recession pRq : g ă 0%, slow growth pSq : 0% ď g ď 3% and boom pBq : g ą 3%.
In this case, there is no uniquely defined distance because the elements are now
intervals. One choice is to assume an equidistant scale on, for example, unit interval.
(Carlsen et al., 2016)

2.7 Cross-Impacts
2.7.1 Cross-Impact Values

Compatibility of a pair of uncertainty factor outcomes is assessed by the cross-impact
value (CIV). Formally, pair-wise CIVs constitute cross-impact matrix V so that V i,j

k,l

is the CIV between uncertainty factor outcomes xi
k and xj

l , i ‰ j.

The magnitude of a cross-impact value is defined on a discrete scale of n points,
for instance, using linear 7-point scale, {-3, -2, -1, 0, 1, 2, 3}, so that each value is
associated with verbal description of the interdependence between the two uncertainty
factor outcomes (Weimer-Jehle, 2006; Seeve and Vilkkumaa, 2022; Roponen and Salo,
2022). On this scale, value 3 (-3) indicates high (low) compatibility, whereas value 0
means that the levels are not directly linked, i.e. they have no direct influence on
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each other. Another option is to use a 5-point scale from -2 to 2 with corresponding
interpretations (Scholz and Tietje, 2002; Tietje, 2005; Wiek et al., 2009).

Although the choice of the scale is up to the analyst, some advice can be found
from the literature. Preston and Colman (2000) present experimental evidence
from behavioral research that reliability, validity and discriminating power of a
questionnaire tend to increase from 2-point scale to 7-point scale, after which no
significant improvement in those metrics is observed. Thus, seven categories seems to
be slightly preferred to just five. Another aspect affecting the number of categories is
the symmetry around the neutral zero category. Therefore, the number of categories
should be an odd number to keep the scale intuitive.

2.7.2 Consistency Analysis

The cross-impact matrix V can be used to evaluate overall plausibility of complete
scenarios. This is where cross-impact analysis and consistency analysis differ. In
contrast to cross-impact analysis, probabilities are not involved in consistency analysis.
Rather, the evaluation of consistency of a complete scenario is done by directly
aggregating the pairwise consistency values, i.e., cross-impact values, of all the pairs
of uncertainty factor outcomes present the scenario. Tietje (2005) lists four ways to
do the aggregation, i.e., gives definitions of four consistency indicators. The additive
and multiplicative consistency indicators are given by

caddpsq “

n´1
ÿ

i“1

n
ÿ

j“i`1

mi
ÿ

k“1

mj
ÿ

l“1
I i

kpsqI
j
l psqV

i,j
k,l (5)

cmultpsq “

n´1
ź

i“1

n
ź

j“i`1

mi
ÿ

k“1

mj
ÿ

l“1
I i

kpsqI
j
l psqfpV

i,j
k,l q , (6)

where f : ZÑ R` Y t0u is a function that converts additive consistency values to
their multiplicative counterparts. The other two consistency metrics are the number
of inconsistent outcome pairs (consistency with the lowest possible value) and the
minimum consistency value (Tietje, 2005).

In the expression (5), it is implicitly assumed that value 0 represents conditional
independence between the outcomes, whereas the same assumption is made for value
1 in the expression (6). Consequently, if the latter is to be used, the function fpvq
should be defined so that fp0q “ 1.

Another property in (6) is that if function fpvq is chosen so that fpvq “ 0 for some
v P V , then the consistency indicator is non-compensating, i.e., the consistency
becomes zero if at least one of the cross-impact values is zero (Tietje, 2005).

The absence of marginal probability of the uncertainty factors is a potential weakness
of consistency analysis. In other words, even if a scenario were deemed consistent, it
can still be rather improbable if the marginal probabilities of the uncertainty factor
outcomes in the scenario are low. Thus, for consistency aggregation to make sense,
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the underlying probability distribution should be assumed to be sufficiently close to
uniform. However, estimating probabilities is a laborious task and not always even
possible (Lord et al., 2016). Furthermore in many analyses, the main focus is not on
the probabilities but rather on identifying a few sufficiently plausible scenarios to
support decision making. In such cases consistency analysis seems more practical
than CIA.

2.7.3 Cross-Impact Multipliers

In contrast to consistency analysis, cross-impact analysis does not aggregate the
cross-impact values as such to evaluate scenario plausibility. Rather, with the help
of marginal probabilities of the outcomes, cross-impact values are converted into
probabilistic entities, known as cross-impact multipliers (CIM).

We use the same definition for CIM as Salo et al. (2021a) and Roponen and Salo
(2022).

Definition 2.1 (Cross-impact multiplier). Cross-impact multiplier between events
A : Xi “ xi

k and B : Xj “ xj
l is

CA,B :“ PrA|Bs
PrAs

.

Conditional probability in the above definition does not involve the order of occurrence
or causal relationship between events. To make this evident, CIM can be reformulated
as

CA,B “
PrA|Bs
PrAs

“
PrAXBs

PrAsPrBs
. (7)

As both forms are valid, we conclude that either joint probabilities or conditional
probabilities can be used as the base for the characterization of scenario probabilities,
in addition to the marginal probability distributions of single uncertainty factors.

The conversion of CIV into CIM can be done by using function f : ZÑ R` so that
CA,B “ fpVA,Bq. Roponen and Salo (2022) use the conversion function fpxq “

?
2x.

The use of conversion functions reveals the wide latitude when choosing the CIV
scale. Namely, the desired scale for CIM can be obtained regardless of the scale of
CIVs, as long as the conversion function is calibrated. Based on the feedback from
the expert judgement workshops, however, Roponen and Salo (2022) point out that
it is easier for the experts to estimate the cross-impacts without the need for being
mathematically rigorous, which motivates using indirect CIVs instead of directly
estimating CIMs. (Roponen and Salo, 2022; Nguyen and Dunn, 2009)

CIMs elicited from experts may lead to probabilities that violate the laws of prob-
ability theory (Jenkins, 1997; Nguyen and Dunn, 2009). For example, it can be
seen from Definition 2.1 that the conditional probability PrA|Bs “ CA,BPrAs is
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not necessarily well-defined because it can exceed 1 if the CIMs and the marginal
probabilities are inconsistent. This problem can be dealt with by distinguishing
between the conditional probability estimates, p̂, determined by CIM estimates given
by experts in the elicitation process, and the fitted probabilities, p, resulting from
the characterization of scenario probabilities. (Roponen and Salo, 2022)

The following chapter presents some examples of procedures for characterization of
scenario probabilities found in the literature.

2.8 Characterization of Scenario Probabilities
Direct elicitation of the joint distribution is infeasible due to number of possible
scenarios. On the other hand, the marginal probability distributions of uncertainty
factors and their pairwise cross-impacts are not sufficient to solve the joint probability
distributions uniquely. In other words, even if we know the probabilities of events
A : Xi “ xi

k and B : Xj “ xj
l , we cannot determine the joint probability of event

pAXBq : pxi
k, xj

l q without additional information. This section briefly reviews some
of the approaches used to characterize joint probabilities of scenarios.

2.8.1 Sarin 1978

The approach introduced by Sarin (1978) is a brute-force procedure among probability
characterization techniques. Namely, the joint probabilities of full scenarios are
elicited, although this is done interactively in steps as follows.

First, experts are asked to estimate the marginal probabilities of each uncertainty
factor, i.e. p̂i

k “ P̂rXi “ xi
ks, whereafter the bounds on joint probability pij

kl “ PrXi “

xi
k XXj “ xj

l s can be calculated as

maxt0, pi
k ` pj

l ´ 1u ď pij
kl ď mintpi

k, pj
l u . (8)

Then the next round of the process starts: experts give their estimates for joint
probabilities p̂ij

kl given the bounds, and then the bounds for joint probabilities
pijt

kls “ PrXi “ xi
kXXj “ xj

l XXt “ xt
ss are calculated by using formulas derived from

the inclusion-exclusion principle. After n rounds, joint probabilities for complete
scenarios are determined.

A concern in this approach is the large number of estimates required. Namely, in the
kth round,

`

n
k

˘

mk estimates have to be given. Thus, the total number of estimates is

n
ÿ

k“1

ˆ

n

k

̇

mk
“ pm` 1qn ´ 1 (9)

For example, with n “ 11 and m “ 3, this number is 4 194 303, which is infeasible
for any real-world elicitation process. However, in small models with, say, n “ 4,
m “ 3, the number is much more feasible: 255.
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2.8.2 Salo & Bunn 1995

Salo and Bunn (1995) build their approach on the similar iterative procedure as Sarin
(1978) but some modifications are made in the model. In contrast to Sarin (1978),
elicited marginal and conditional probabilities are converted into linear constraints,
which are then used to update the consistency bounds for elicitations in the next
round. More precisely, bounds for P reI |eJ s are given by linear fractional programs,
L and U , given by

L “ min
ř

ePEpeI qXEpeJ q
P peq

ř

ePEpeJ q
P peq

, (10)

U “ max
ř

ePEpeI qXEpeJ q
P peq

ř

ePEpeJ q
P peq

(11)

so that L ď P reI |eJ s ď U . In addition, respondents are not compelled to give point
estimates but they can assess lower and upper bounds of the probability instead.

Although the above-mentioned improvements help track inconsistencies between
statements as well as keep the formulations more readily interpretable to experts,
they do not decrease the number of estimates that may have to be given by the
experts.

To control the assessment effort, the algorithm should be continued only as long
as the consistency bounds are too loose. Tight enough bounds can typically be
found after eliciting only marginal and conditional probabilities, in which case the
number of unit estimates is reduced from pm ` 1qn ´ 1 to n2m2

2 ´ nm2

2 ` npm ´ 1q.
Another way of limiting elicitation effort suggested by Salo and Bunn (1995) is to use
simplifying assumptions such as independence between uncertainty factor outcomes.
In the extreme case, all the uncertainty factors can be assumed to be independent,
which leads to only npm´ 1q unit estimates.

Nevertheless, as there is no guarantee that either of these two are fully applicable, the
worst-case assessment effort remains the same as in Sarin (1978). Thus, cross-impact
methods usually elicit only first and second order probabilities and characterize the
full scenarios probabilities by using some fitting scheme.

2.8.3 De Kluyver & Moskowitz 1984

Kluyver and Moskowitz (1984) use Goal Programming (GP) to solve the joint
probabilities of the scenarios by eliciting the marginal and second-order conditional
probabilities. The elicited conditional probability ppi|jq and the fitted conditional
probability ppi|jq˚ are related by

p˚
pi|jq ` δ´

ij ´ δ`
ij “ ppi|jq , (12)

where δ´
ij , δ`

ij ě 0 are deviation terms so that
δ´

ij “ maxtppi|jq ´ p˚
pi|jq, 0u (13)

δ`
ij “ maxtp˚

pi|jq ´ ppi|jq, 0u . (14)
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Hence, total deviation δ is given by δ “ δ´
ij ` δ`

ij .

Let y be the vector of scenario probabilities and ai “ t0, 1u|y|, i “ 1, ..., n ¨m, the
Boolean vector for uncertainty factor level occurrence in scenarios. More precisely,
the kth element of ai is one if and only if uncertainty factor level i is included in the
kth scenario, and otherwise it is zero. Furthermore, let ai ˝ aj denote Hadamard
product between vectors ai and aj, i.e., pai ˝ ajqk “ pa

iqkpa
jqk. The interpretation

of paiqkpa
jqk “ 1 is that both uncertainty factor outcomes i and j are present in

scenario k.

Then, the GP problem can be formulated as

min δ (15)
subject to:

yT ai
“ ppiq (16)

yT
pai
˝ aj

q “ p˚
pi|jqppjq (17)

N
ÿ

s“1
ys “ 1 (18)

p˚
pi|jq ` δ´

ij ´ δ`
ij “ ppi|jq (19)

ppi|jq´ ď ppi|jq˚ ď ppi|jq` (20)
0 ď δ´

ij ď δ (21)
0 ď δ`

ij ď δ (22)
ys ě 0, s “ 1, ..., N (23)

i “ 1, ..., n; j ą i

The maximum and minimum bounds for conditional probability ppi|jq are given by

ppi|jq´ “ max
"

0,
ppiq ` ppjq ´ 1

ppjq

*

(24)

ppi|jq` “ min
"

1,
ppiq

ppjq

*

, (25)

which follow directly from the inclusion–exclusion principle. Notably, ppjq ą 0, j “
1, ..., n by construction because every outcome is assumed to have non-zero probability.

As an alternative, objective function
ř

i,jpδ
´
ij ` δ`

ijq `Mδ can be used as well. As M
is a large constant, for example M “ 10000, in this case the maximum deviation is
minimized first, after which the same is done for the sum of individual deviations.
(Kluyver and Moskowitz, 1984)

2.8.4 Brauers & Weber 1988

The above approaches rely on direct elicitation of probability estimates. However,
some of the estimates can be given indirectly in the form of consistency values. For
example, Brauers and Weber (1988) use the following procedure.
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First, incompatible scenarios are filtered out from the set of all combinations. The
filtering condition is a (non-compensating) multiplicative condition, i.e., a scenario is
deemed incompatible if at least one of the pairwise consistencies gets the minimum
consistency value.

The lower and upper bounds for the joint probability are calculated as
lij
kl “ maxt0, pi

k ` pj
l ´ 1u ď pij

kl ď mintpi
k, pj

l u “ uij
kl . (26)

With consistency value scale V P t1, 2, 3, 4, 5u, the conversion function is given by

pij
kl “

#

lij
kl `

1
4pV

i,j
k,l ´ 1qpuij

kl ´ lij
klq, V i,j

k,l ď 2
pi

kpj
l `

1
2pu

ij
kl ´ pi

kpj
l qpV

i,j
k,l ´ 3q, V i,j

k,l ě 3 .
(27)

Second, the same LP formulation as Kluyver and Moskowitz (1984) is used, with
the exception that constraint (20) is replaced by p˚pi, jq ` p˚pi,␣jq “ p˚piq. In
other words, the lower and upper bounds for the probability are not used in the
LP formulation but, on the other hand, the complement rule of probability is
added. Another modification is the use of joint probabilities instead of conditional
probabilities in constraints (17) and (19).

2.8.5 Roponen & Salo 2022

There are other ways of fitting the scenario probabilities as well. For example,
Roponen and Salo (2022) use a special iterative algorithm for this purpose. In short,
the idea is to start from one uncertainty factor and increment the partial scenarios
until the probabilities of full scenarios are estimated. The joint probabilities of order i
are estimated by utilizing the joint probabilities of order i´ 1, marginal probabilities
of single uncertainty factors as well as the cross-impact multipliers. In each round,
the estimation is based on minimizing the squared Euclidean distance between the
fitted probabilities and those implied by cross-impact estimates.

More precisely, the algorithm proceeds as follows.
for i “ 2 : N do:

min
qpk|s1:i´1q

i´1
ÿ

j“1

mi
ÿ

k“1

mj
ÿ

l“1

„ˆ

ÿ

tsPS1:i´1u

qpk|sqqpsq

̇

´ Ĉ
ij
klp̂

i
kp̂j

l

ȷ2
(28)

subject to:
ÿ

sPS1:i´1

qpk|sqqpsq “ p̂i
k, @k P t1, 2, ..., miu (29)

mi
ÿ

k“1
qpk|s1:i´1q “ 1, @s1:i´1 P S1:i´1 (30)

qpk|s1:i´1q ě 0, @s1:i´1 P S1:i´1, (31)
@k P t1, 2, ..., miu

qps1:iq Ð qpk|s1:i´1q (32)
end ,



24

where qpk|s1:i´1q is the probability for outcome k given the other realizations in the
partial scenario s1:i´1.

Thus, due to its iterative nature, the algorithm resembles those by Sarin (1978)
and Salo and Bunn (1995). However, the crucial difference is that only marginal
probabilities and cross-impacts are elicited from the experts, and the estimates are
given independently, i.e., without using bounds for cross-impacts induced by marginal
probability estimates. Thus, the elicitation itself is not interactive in this sense and
the number of estimates elicited is only n2m2

2 ´ nm2

2 ` npm´ 1q.

The results of the algorithm depend on the order in which the uncertainty factors are
added to the model. However, Roponen and Salo (2022) show that the differences
between the results due to ordering are not substantial. Nevertheless, it could
be advisable to add factors to the algorithm in some reasonable order rising from
the context. For example, the exogenous variables that cannot be affected by the
organization could be added first, whereafter the variables that can be affected, i.e.
endogenous variables, could be added. Thereby, the most weight in fitting is given
to the most important uncertainty factors and deviation from the elicited estimates
is the smallest for them.

2.9 Earlier Methods for Scenario Selection
The most of the quantitative scenario selection methods found in the literature can
be roughly divided in three classes: optimization, iterative methods and clustering.
In the first approach, an integer linear program (ILP) over the set of scenarios is
formulated. Typically, the total consistency, or probability, of the selected scenarios
is maximized or the number of scenarios minimized, while the constraints relate
to comprehensiveness. Another way of picking single scenarios is to use iterative
algorithms. The scenarios are selected one by one so that each scenario added is as
consistent and as different from the earlier picks as possible.

In clustering, on the other hand, scenarios are grouped together into clusters, on
which the selection of scenarios is based. Subsequently, there are two options for the
actual scenario selection. First, one can either identify the common features within
the clusters and build partial scenarios according to those cluster-wise characteristics.
Second option is to select a representative scenario from each cluster by using some
centrality metrics.

2.9.1 Scenario Selection with Integer Linear Program

Jenkins (1997) uses a simple formulation for the linear program. Decision variable
z P t0, 1uN indicates, which scenarios are selected from N possible candidates. The



25

number of selected scenarios is minimized subject to a coverage constraint:

min
z

N
ÿ

s“1
zs (33)

subject to
N
ÿ

s“1
I i

kpssqzs ě Nik, @i, k, (34)

where I i
kpsq is the indicator for xipsq “ xi

k and Nik is the minimum number of
occurrences for the uncertainty factor outcome xi

k in the solution. In other words,
Nik “ 1, @i, k would mean that every uncertainty factor level must be included at
least once. As the threshold is defined separately for each uncertainty factor level, it
is possible to put more weight on the most important uncertainty factors. (Nguyen
and Dunn, 2009)

However, Nguyen and Dunn (2009) point out that full-coverage constraint is not
reasonable without considering the plausibility. This can be done by adding a
probability constraint of the form

N
ÿ

s“1
I i

kpssqzsPrsss ě P i
k, @i, k, (35)

where P i
k is a threshold for probability mass of level xi

k (Jenkins, 1997). However,
such constraints need to be carefully adjusted to ensure that the most probable
scenarios are selected. Another option is to include the probability coverage in the
objective, i.e., use objective max

řN
s“1 zsPrsss in the program. In this case, the effort

of adjusting the probability thresholds can be avoided.

Alternatively, possible combinations can be pre-processed so that the least plausible
combinations are filtered out before the scenario selection phase. As all the candidate
scenarios then have sufficiently high probabilities, no explicit probability maximization
or constraint is needed.

A non-probabilistic variant of optimization approaches is introduced by Seeve and
Vilkkumaa (2022). By adhering to previous notation, the linear program is formulated
as

min
z

N
ÿ

s“1
zswpcpssqq (36)

subject to:
N
ÿ

s“1
I i

kpssqzs ě 1, @i, k, (37)

where weight w depends on the consistency indicator of scenario s so that wV ps1q ă

wV ps2q if and only if s1 has higher aggregate consistency than s2, i.e., cps1q ą cps2q.
Thus, the optimization problem can be verbally described as follows. Choose as few
and as consistent scenarios as possible to cover all the uncertainty factor outcomes.
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2.9.2 Cluster Analysis

Cluster analysis is used as a tool for scenario selection, for example, by Brauers and
Weber (1988) and Nguyen and Dunn (2009). The general form of agglomerative
hierarchial clustering algorithm, with t as the target number of clusters, can be
described as follows. (Nguyen and Dunn, 2009; Mardia et al., 1979)

1. Treat every scenario of the set as a starting cluster.

2. Calculate the distance between each pair of clusters.

3. Find the two clusters that are the closest to each other and merge them into a
new cluster.

4. If the number of clusters is more than t, go to step 2. Otherwise terminate.

Thus, the algorithm requires that the distance between scenarios as well as the
distance between sets of scenarios are defined. The latter has typically three options:
minimum, maximum and average distance. The former is discussed in detail in
Chapter 3.4.

One way to narrativize the resulting clusters is to label them by the common features,
i.e., the uncertainty factor outcomes that the member scenarios of a cluster have in
common. However, if the clusters are allowed to form freely, there is no guarantee
that the resulting clusters are internally similar in the sense that the common features
within clusters suggest reasonable narratives. To ensure such similarity within the
clusters, it is also possible to predetermine the centres. In particular, this is advisable
if expert knowledge about the main scenarios is to be incorporated in the model.
(Brauers and Weber, 1988) However, predetermined centres inevitably change the
nature of the analysis from purely explorative scenario selection to the quantification
of probabilities of the variants around the main narratives. Nevertheless, Brauers
and Weber (1988) show that, regardless if the cluster centres were fixed or floating,
the resulting clusters are rather similar from the viewpoint of narratives.

Another way of interpreting the clusters is to determine the central scenario from
each cluster after they have been formed freely. The centrality measure can be
constructed based on, for example, median, minimum, maximum, or mean. As
a restriction, at least ordinality of the uncertainty factors is required for the first
three measures, while mean is well defined for cardinal variables only. However, in
some cases it is possible to use mean of ordinal variables as well, although it is less
defensible than in case of cardinal variables. Namely, whereas it is evident that the
arithmetic mean of 1 and 3 is 2, one can also argue that the mean of high and low
should be somewhere at medium. This idea can be formalized by cardinalizing the
ordinal variables by setting them equidistantly on the set of integers, i.e., by setting
rlow, medium, highs Ñ r1, 2, 3s. (Brauers and Weber, 1988; Nguyen and Dunn, 2009)

On the other hand, above-mentioned centrality measures cannot be applied if the
variables are nominal, in which case mode, possibly weighted by probability mass,
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could be used instead.

2.9.3 Iterative Diversity Optimization

Scenario selection approaches optimizing diversity alongside scenario plausibility have
been proposed, for example, in Tietje (2005), where three methods, Local Efficiency,
Distance-To-Selected and Max-Min-Selection, are introduced.

In Local Efficiency method, a scenario is selected if and only if its local efficiency is
larger than the threshold L˚. In other words, scenario sk is selected, if LEwpskq ě L˚

(weak local efficiency), or LEspskq ě L˚ (strong local efficiency) with

LEw
pskq “

ÿ

siPBpskq

1pcpsiq ď cpskqq (38)

LEs
pskq “

ÿ

siPBpskq

1pcpsiq ă cpskqq (39)

where Bpskq Ď S is the neighborhood of scenario sk, i.e., si P Bpskq if and only if
distance between si and sk is one, and cpsiq is the consistency of the scenario si.

A potential weakness in this approach is that it is hard to predetermine the number
of local efficient scenarios and thus the number of selected scenarios. In particular, if
weak local efficiency is applied, a broad maximum is likely to occur, whereas strong
local efficiency might lead to too few selected scenarios. Hence, iterative adjustment
of threshold L˚ as well as the comparison between weak and strong efficiency is
advisable.

While Local Efficiency yields a selection of unpredictable size, Distance-To-Selected
procedure (DTS) can be used to choose exactly K scenarios. The method is based
on iterative diversity and consistency maximization and it consists of four steps:

1. Select the initial scenario.

2. For each scenario not yet selected, calculate distance to selected scenarios.

3. Select next scenario as a solution to a trade-off problem between consistency
and distance-to-selected.

4. If the number of selected scenarios is less than K, go to step 2. Otherwise
terminate.

The choice of the initial scenario in step 1 is up to the analyst. A natural choice is to
to use the scenario with the highest consistency but the choice can be made based
contextual reasons as well. For example, inclusion of the worst-case scenario or a
status quo scenario could be defensible in some analyses.

In step 2, Tietje (2005) defines distance-to-selected of scenario s as the harmonic mean
of distances between s and the selected scenarios, since it is more sensitive to single
short distances than arithmetic mean. The trade-off problem in step 3 is a simple
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multi-criteria problem with two attributes: consistency and distance-to-selected. The
problem on iteration round i is formulated as

max
sPpSzSi

f
q
αcpsq ` dtsSi

f
psq , (40)

where Si
f is the set of selected scenarios in the beginning of round i and α ą 0 is the

relative weight for consistency with respect to distance-to-selected.

The third approach, Max-Min-Selection (MMS), closely resembles the DTS, but
instead of optimizing diversity in step 3, the trade-off problem is formulated as

max
sPpSzSi

f
q
cpsq (41)

s.t. dsf
psq ě dmin , (42)

where dsf
psq is a vector of distances so that pdsf

psqqi “ dpsf , sq, sf P Sf . In other
words, distance-to-selected is constrained from below by dmin and consistency only is
maximized.

A drawback in the above algorithms is that they are sensitive to the choice of the
initial scenario. However, iterative approaches require little computer memory, and
as each iteration round runs in OpNq, they are likely to remain efficient even with
large scenario spaces.
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3 Proposed Approach to Scenario Selection
This thesis proposes a new method for quantitative scenario selection. Prior to
development of the method, the desirable features of scenario selection are identified
and defined as mathematical concepts. These concepts are used to build our scenario-
selection approach first on the abstract level and then as a computationally viable
method, integer linear program (ILP). Finally, the performance of the developed
method is demonstrated by solving both random-generated scenario selection problems
and a real-world CIA case study in Roponen and Salo (2022). The results are
compared with two iterative scenario selection methods, Distance-To-Selected and
Max-Min-Selection, which are based on the methods proposed by Tietje (2005).

3.1 Principles for Scenario Selection
Based on the discussion of desirable features of scenarios in Section 2.3, we consider
the set of selected scenarios good if it is comprehensive, consistent, coherent, and
balanced, and it contains a suitable number of efficient scenarios. Next we discuss
how these characteristics could be addressed mathematically.

To ensure that we select a suitable number of scenarios, we demand that we can
fix the number of selected scenarios in our method. Coherence means that the
scenario probabilities are in accordance with the probability theory. As it is assumed
that the scenario probability distribution has been precalculated, coherence does
not play a part in the scenario selection phase. Consistency means that scenarios
are internally plausible. As a result of characterization of probabilities from cross-
impact estimates, inconsistent scenarios are assigned with probability close to zero.
Conversely, only consistent scenarios have probabilities of reasonably high magnitude.
Thus, consistency can be promoted by preferring the scenarios with the highest
probabilities, i.e., by maximizing the total probability of the selected scenarios.

Comprehensiveness can be understood in two ways. First, from the viewpoint of
the probability space, the selected scenarios should cover as much of the probability
mass as possible. Second, uncertainty factor outcomes reached by the set of selected
scenarios should cover as many of the uncertainty factor outcomes in the set of all
scenarios as possible. The former is already optimized by maximization of total
probability. To measure the degree of the latter, on the other hand, we introduce
the concept of coverage.

Balance in the set of selected scenarios can be achieved by nurturing diversity of the
set of selected scenarios. Even if a decent level of coverage with respect to uncertainty
factor outcomes was ensured, there would be no guarantee that the scenarios are
sufficiently different from each other, i.e., that the diversity of the set is high enough.
Furthermore, as a byproduct of optimization of diversity and total probability, we
end up having a solution consisting of efficient scenarios, i.e., the scenarios more
plausible than their neighbors.
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Hence, by combining the observations above, the principles of good scenario selection
can be summarized as four goals. We select (i) a fixed number of scenarios that (ii)
have high probability, (iii) cover the set of uncertainty factor outcomes and (iv) are
different from each other.

3.2 Scenario Weight
Throughout the literature of quantitative scenario selection, the starting point for
a scenario selection method is to maximize the total weight of the set of selected
scenarios, i.e.,

max
z

qT z (43)

s.t. 1T z “ K , (44)

where q is the weight vector, z is the binary selection vector, and K is the number of
selected scenarios. In probabilistic methods, probabilities are usually used as weights,
i.e., q “ p, whereas in non-probabilistic methods, weights are typically based on
consistency.

The maximization of total scenario weight is not limited to direct summation of
weights. Alternatively, for example, we could maximize the product of weights,
maxz

ś

sPSpzq
qs. However, the maximization of the product can be converted back

into the maximization of the sum with logarithm as maxz ln pqT
qz. More generally,

if nonlinear preferences for scenario weights are used, it can be done before the
scenario selection step by applying function f : RÑ R to weight vector q. Therefore,
from now on we can assume direct summation as our approach to determine total
probability.

Even though probability, or consistency, is arguably the most natural measure of
weight for scenarios, other weighting schemes can be used as well. For example, if we
are interested in the consequences of scenarios, we can define a function that maps
each scenario into a real number indicating the relevance of the scenario from the
perspective of the consequences. More precisely, we consider function q : S Ñ R.
With matrix notation, we obtain the relevance vector as q “ qpSq, where qi “ qpsiq.

The function q can be based on the multi-attribute utility theory in the sense that
qpsq “ rpupsqq, where u : S Ñ Rt, t P Z`, is a function that associates a scenario
with its t-dimensional utility and r : Rt Ñ R is a function mapping utility to
relevance. Different dimensions of the utility of a scenario can be associated with
utilities gained by different stakeholders or utilities from different viewpoints, such
as from economical, ecological, or security-related aspects.

Although the exact formulation of the relevance function r depends on the context,
we consider some general features concerning partial derivatives. For example, if
the analysis is focused on risks with respect to dimension t1 P t1, ..., tu, the main
interest is taken in the scenarios associated with the lowest values of t1-utility, in
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which case partial derivative rt1 should be negative. To the contrary, if favorable
opportunities in dimension t1 are studied, rt1 should be positive. If both high and low
values of t1-utility are relevant, rt1 should be non-decreasing with respect to u, having
negative values for low u and positive values for high u. Appendix A.1 presents a
more detailed approach for formalizing scenario utilities through the consequences of
scenarios.

The attributes of relevance and probability of a scenario need not be used exclusively.
Rather, one can argue that the most interesting scenarios to be selected are those with
both high probability and high relevance. In this sense, the two can be combined by
considering their product, i.e., expected relevance, defined as q “ qpSq ˝ p. However,
the exact definition of weight is of little significance to the scenario selection method
from the mathematical point of view. Thus, for the sake of clarity, we use probabilities
as weights from now on.

3.3 Coverage
In topology, a family α “ tA : A P αu is a cover of set B if B Ď

Ť

APα A. (Kelley,
1975) This definition can be applied to scenarios as well. We say that set S 1 Ď S
covers the uncertainty factor outcomes, if CpS 1q “

Ť

sPS1tpx1psq, ..., xnpsqqu covers
Si for each i P t1, ..., nu. This is a formal way of defining the coverage requirement
for scenario selection used, for example, in Jenkins (1997) and Seeve and Vilkkumaa
(2022). Verbally, the requirement means that the set of selected scenarios has to
be chosen so that every uncertainty factor level is included in at least one of the
scenarios in the set. The idea of cover can be generalized by concept of coverage,
measuring the degree of cover.

Definition 3.1 (Coverage). Coverage of subset S 1 Ď S with respect to scenario
space S is given by

CvgSpS
1
q :“

řn
i“1

řmi

k“1 1CpS1qpx
i
kq

řn
i“1 mi

.

Notably, 0 ď CvgSpS
1q ď 1 so that CvgSpS

1q “ 1 if and only if S 1 covers the set of
uncertainty factor outcomes and CvgSpS

1q “ 0 ô S 1 “ H. The incorporation of
coverage to the scenario selection method can be done by requiring full coverage,
CvgSpS

1q “ 1, similarly to the approach by (Jenkins, 1997) and Seeve and Vilkkumaa
(2022). When there are numerous uncertainty factors with multiple outcomes for each,
full coverage may be an excessively strict requirement. In such cases, the constraint
can be relaxed by requiring only partial coverage, CvgSpS

1q ě α, α P r0, 1s.

The concept of coverage is applicable to any uncertainty factor regardless of the
variable type. Nevertheless, a more sophisticated variant of the concept can be
formulated for ordinal and cardinal variables. Let Ur

i psq “ tx
i
k P Si : dpxi

k, xipsqq ď
riu, where d is the distance between two uncertainty factor outcomes and r P Rn, r ě
0 is the radius vector. Then, we say that CrpS

1q “ tUr
i psq : s P S 1u covers the

uncertainty factor outcomes with radii r, if CrpS
1q covers Si for each i P t1, ..., nu.
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Furthermore, radial coverage can be formulated as follows.

Definition 3.2 (Radial coverage). Radial coverage of subset S 1 Ď S with respect to
scenario space S with radii r is given by

Cvgr
SpS

1
q :“

řn
i“1

řmi

k“1 1CrpS1qpx
i
kq

řn
i“1 mi

.

If the scaling of Si is nominal, the definition coincides with (3.1) with any r P

Rn, r ě 0. The same is true for ordinal or cardinal cases with r “ 0. For example,
let Si, @i, have ordinal scaling and let us require that set S 1 Ă S is selected in a way
that full coverage is reached with radii r, ri “ 1{pmi ´ 1q. Then every uncertainty
factor outcome or its neighbor must be included in some scenario s P S 1.

However, the usefulness of radial coverage constraint depends on the number of
uncertainty factor outcomes. Let us consider the above example with r, ri “

1{pmi ´ 1q, which means that for each outcome either its neighbor or itself must be
covered. Then if we have mi “ 3, @i, radial coverage constraint can be satisfied by a
single scenario s, for which xipsq “ xi

2, @i. This example illustrates that the more
outcomes the uncertainty factors have, the more useful radial coverage constraint is,
whereas it makes little sense if mi is small.

3.4 Diversity of Scenarios
Although the concept of diversity is intuitively comprehensible, there is some latitude
for subjective and context-dependent interpretations (Lord et al., 2016). According to
Stirling (1998), diversity consists of three components: variety, balance, and disparity.
Variety refers to the number of categories into which the elements of the set can
be classified, while balance measures how evenly the mass of the set is distributed
between the categories. In ecology, variety could refer to the number of species in an
ecosystem and balance would tell how equal the shares of individuals within each
species are. Disparity, on the other hand, indicates how different the categories are
from each other. Hence, in our example, disparity measures how different the species
are from each other by using the distance defined for this particular context.

Scenarios can be categorized based on some uncertainty factors that are deemed more
fundamental than others. For example, if uncertainty factors are classified into global
and local variables, different partial scenarios consisting of global variable outcomes
constitute natural categories. However, in general, all the uncertainty factors are
treated symmetrically, in which case no such categories exist. Therefore, we omit
variety component from our concept of diversity and treat each scenario individually
without any categories.

Instead, we define diversity through disparity, i.e., diversity of a set of scenarios is
based on pairwise scenario distances. Balance component could be included in the
diversity formula by weighting each pair of scenarios by their probabilities. However,
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as the maximization of scenario probabilities is already included in the model on its
own, adding another, yet indirect, probability maximization element would make the
model less transparent and less controllable. The same choice of leaving balance out
from the diversity definition is made by Carlsen et al. (2016), for example, where
the diversity is a function of pairwise distances only. Despite this choice, pairwise
distances are not the only way to think of diversity. For instance, one could study
the marginal distributions and measure diversity in terms of the range or variance
instead.

Consequently, two choices have to be made: how to define the distance between two
scenarios and how exactly the pairwise distances are used to determine the diversity
of a set of scenarios.

3.4.1 Distance between Scenarios

In functional analysis, distance is defined as a metric d : X ˆX Ñ R, for which three
axioms hold (Vulikh, 1963):

1. identity of indiscernibles: dpx, yq “ 0 ðñ x “ y

2. symmetry: dpx, yq “ dpy, xq

3. triangle inequality: dpx, zq ď dpx, yq ` dpy, zq

In order to build our scneario selection method on a solid mathematical foundation,
we require that our definition for distance between scenarios satisfies these three
axioms.

As scenarios are formalized as real-valued vectors, it is natural to assume that the
distance is given by a p-norm, ||y||p “ p

řn
i“1 yp

i q
1{p, where the ith element of y

is yi “ dpxips1q, xips2qq ě 0, i.e., the distance between the outcomes of the ith
uncertainty factor.

However, as the scale of the uncertainty factor outcomes can vary, it is convenient
to include a weight parameter for each component of the distance. Besides scaling,
weights can also be used in order to prioritize the effect of some of the variables if
they are deemed more important than the others. This enables us to recover some of
the non-uniform weighting of uncertainty factors that we lost by discarding variety
component from the definition of diversity.

Definition 3.3 (Distance between scenarios). Distance between scenarios s1 and s2
is given by

Dps1, s2q :“
ˆ n

ÿ

i“1
wirdpx

i
ps1q, xi

ps2qqs
p

̇1{p

,

where p P Z`, dpxips1q, xips2qq is the component-wise distance between the outcomes
of uncertainty factor i and w P Rn, w ě 0, is the weighting vector so that wi is the
weight of factor i.
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As only the relative magnitudes of the weights have an impact on weighting, we can
assume without losing generality that ||w||1 “ n. Definition (3.3) can be shown to
satisfy each of the three axioms of a metric space on the condition that component-
wise distance dpxips1q, xips2qq satisfies the same axiom. The proofs for axioms 1 and
2 are trivial, whereas a proof for axiom 3 is presented in Appendix A.2.

3.4.2 Distance between Uncertainty Factor Outcomes

Evidently, the range of possible definitions of component-wise distance dpxips1q, xips2qq

depends on the type of the variable in question. The definitions proposed in this
thesis are summarized in Table 1.

variable type notation definition

nominal dnpx
i
k, xi

lq 1´ δk,l

ordinal dopx
i
k, xi

lq |rpxi
kq ´ rpxi

lq|{pmi ´ 1q

cardinal dcpx
i
k, xi

lq |xi
k ´ xi

l|{pmaxpSiq ´minpSiqq

Table 1: Definitions of component-wise distances with different variable types.

For cardinal variables, we can simply use distance on the real line, i.e., dpa, bq “ |a´b|.
To keep the scale of different components similar, we normalize the distance on [0,1]
to obtain the definition

dcpx
i
k, xi

lq “
|xi

k ´ xi
l|

maxpSiq ´minpSiq
. (45)

However, using definition (45) requires that every uncertainty factor is cardinal. As
discussed previously, cardinal variables are rare since few real-life variables can be
discretized into a small number of outcomes that form a natural cardinal scaling.
Thus, let us now assume that the uncertainty factors are ordinal but not cardinal.
Even though there is no explicit distance between outcomes, it is intuitive that two
adjacent outcomes are closer to each other than two outcomes that are not adjacent.
Thus, it makes sense to cardinalize the ordinal variables by setting them on the
real line in their inherent order. In this respect, we follow the procedure used, for
example, by Carlsen et al. (2016), in which the ordinal outcomes are set equidistantly
on the unit interval.

Let us equip ordinal set of uncertainty factor levels xi
k P Si with ranking rpxi

kq so
that for the lowest level xi

k1 : xi
k1 ă xi

k, @k P t1, ..., miuzk
1 it holds that rpxi

k1q “ 1.
Correspondingly, for the highest level xi

k˚ : xi
k˚ ą xi

k, @k P t1, ..., miuzk
˚ it holds
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that rpxi
k˚q “ mi. Then the distance between levels xi

k and xi
l is given by

dopx
i
k, xi

lq “
|rpxi

kq ´ rpxi
lq|

mi ´ 1 , (46)

which implies 0 ď dopx
i
k, xi

lq ď 1, @j, k P t1, ..., miu, @i P t1, ..., nu.

In the most basic case, all the uncertainty factors are nominal. As there is no ordering,
it is natural to assume that all the values that are not equal to each other are equally
close to each other, whereas distance between two points with equal values should
be zero by definition. Hence, we define the distance between outcomes of a nominal
uncertainty factor xi

k and xj
l with the Kronecker delta as

dnpx
i
k, xi

lq “ 1´ δk,l , (47)

where δk,l “ 1 if k “ l and δk,l “ 0 otherwise. Definition (46) becomes identical
with (47) if uncertainty factor X i is binary, i.e., has exactly two possible outcomes:
Si “ tx

i
1, xi

2u.

All three component-wise distances proposed in Table 1 can be shown to satisfy the
axioms of a metric space. Axioms 1 and 2 are trivial, a whereas proof for axiom 3 is
in Appendix A.3. As the axioms for distance between scenarios was proven with the
condition of axiomatic component-wise distances, this proof confirms the usability
of definition (3.3). The applied two-stage proof also confirms that hybrid distances,
in which the definition of component-wise distance can vary between uncertainty
factors, are axiomatic as well.

3.4.3 Diversity Metrics

Given the definition of distance between two scenarios, there are a few options how
to aggregate them into diversity. Carlsen et al. (2016) use two aggregation functions,
minimum distance and average distance. Let S 1 Ă S be a subset of scenarios and let
Dps1, s2q be the distance between scenarios s1 and s2. Then the minimum distance
is defined as

Dmin
pS 1
q “ min

si,sjPS1

si‰sj

Dpsi, sjq . (48)

A drawback in definition (48) is the fact that it is determined by individual extreme
value and thus does not take into account all the pairs of scenarios in the set S 1.

The average distance, on the other hand, is defined as

Davg
pS 1
q “

1
|S 1|p|S 1| ´ 1q

ÿ

siPS1

ÿ

sjPS1

Dpsi, sjq . (49)

There is no need to exclude the case i “ j in definition (49), as Dpsi, siq “ 0, @i,
so it does not contribute to the sum. Notably, up to the normalizing constant
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p|S 1|p|S 1| ´ 1qq´1, the average distance coincides with the sum of distances, which is
the disparity measure proposed by Stirling (1998).

Although expression (49) depends on every pair in S 1, it also gives more approval
for single smaller distances as they can be compensated by larger distances, which,
in some contexts, can be considered undesirable. With minimum distance such
compensation does not occur. If needed, one way to tackle the compensatory nature
of arithmetic mean is to use harmonic mean instead,

Dh.a.
pS 1
q “

ˆ

1
|S 1|p|S 1| ´ 1q

ÿ

siPS1

ÿ

sjPS1

sj‰si

1
Dpsi, sjq

̇´1

, (50)

which depends on every pair of S 1 and penalizes even a single small distance harshly.
Another compromise between the properties of minimum and average distance is to
use the average minimum distance, which is defined as

Davg.min.
pS 1
q “

1
|S 1| ´ 1

ÿ

siPS1

min
sjPS1, sj‰si

Dpsi, sjq . (51)

The two metrics can also be combined explicitly. In particular, Carlsen et al. (2016)
propose the weighted sum of minimum and arithmetic mean

Dcomb.
pS 1
q “ αDmin

pS 1
q ` p1´ αqDavg

pS 1
q , (52)

where α P r0, 1s, to be used as the diversity metrics.

3.5 Scenario Selection Method in this Thesis
In this section, we formulate a scenario selection method based on Integer Linear
Program (ILP). The formulation is based on the desirable features of scenario
selection and the mathematical concepts defined above. More precisely, we seek for
a solution that consists of fixed number of scenarios with probabilities as high as
possible, covers the set of uncertainty factor outcomes, and has high diversity.

3.5.1 Probability Maximization with Coverage Constraint

Let us only consider probabilities and coverage first, i.e., we omit the diversity for a
moment. Our initial ILP is written as

max pT z (53)
subject to: XT z ě 1 (54)

1T z “ K , (55)

where p P RNˆ1, 0 ď p ď 1 is the probability vector, i.e., pk “ Ppskq, X is a binary
matrix t0, 1uNˆM and K is the number of selected scenarios. Each column of X is
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indicator for one outcome of one uncertainty factor so that first m1 columns are for
outcomes x1

1, x1
2, ..., x1

m1 , next m2 are for x2
1, x2

2, ..., x2
m2 and so on. Thus, if we have,

for example, 3 uncertainty factors with four outcomes each, scenario s1 “ r2 1 4s is
presented as the first row of X as

x1 “

„

0 1 0 0
ˇ

ˇ

ˇ

ˇ

1 0 0 0
ˇ

ˇ

ˇ

ˇ

0 0 0 1
ȷ

. (56)

Formulation (53) - (55) is based on the one used by Seeve and Vilkkumaa (2022) with
the exception that it uses probabilities instead of consistency values. Moreover, in their
study, the number of selected scenarios is minimized, which is, however, unnecessary
for our purposes, as the solution z would always have mmax “ maxiPt1,...,nu mi non-
zero elements. Thus, we can instead use constraint (55) to fix it to K, which enables
us to choose more than mmax scenarios. For example, in the case study of Roponen
and Salo (2022) only mmax “ 3 scenarios would be selected if the number of scenarios
was restricted by coverage constraint only.

As in the approach by Seeve and Vilkkumaa (2022), constraint (54) corresponds to
the full-coverage requirement, i.e., every uncertainty factor outcome must be present
in the set of selected scenarios at least once. This requirement can be relaxed and
partial coverage can be allowed by replacing vector 1 by a binary vector t0, 1uM

indicating the levels for which the coverage is required and for which it is not. If
the uncertainty factors were ordinal, relaxation could be made using radii r P Rn.
By using vector in formula (56) as an example, coverage with radii r “ 1

31 could be
implemented by converting the vector into

x1
1 “

„

1 1 1 0
ˇ

ˇ

ˇ

ˇ

1 1 0 0
ˇ

ˇ

ˇ

ˇ

0 0 1 1
ȷ

. (57)

From the viewpoint of diversity, however, formulation (53) - (55) has a remarkable
defect. Namely, if we have K ą mmax, finding the optimal solution can be supposed
to proceed in two phases. First, mmax scenarios having the highest probability and
satisfying the coverage constraint are selected. Then next K ´mmax scenarios with
highest probability are selected without any constraints. This is likely to lead to a
solution with poor diversity as the scenarios picked in the second phase can be very
similar to each other or to those picked in the first phase.

The problem can be illustrated by the following example. Let us assume n “ 5
nominal uncertainty factors, each with m “ 3 outcomes, and let us select K “ 4
scenarios. With these specifications, we consider two selections,

S 1
“

»

—

—

–

1 1 1 1 1
2 2 2 2 2
3 3 3 3 3
1 2 3 1 2

fi

ffi

ffi

fl

, S2
“

»

—

—

–

1 1 1 1 1
2 2 2 2 2
3 3 3 3 3
3 3 3 3 1

fi

ffi

ffi

fl

. (58)

Both selections have first three scenarios in common, satisfying the coverage constraint.
If no other constraints are applied, the fourth scenario can be selected freely.
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In selection S 1, the fourth scenario differs from all the other scenarios by at least two
uncertainty factor outcomes. As it does not resemble any other scenario too much,
we can say that solution S 1 is a desirable solution from the viewpoint of diversity.
In the solution S2, on the other hand, the fourth scenario is very similar to the
third one. In this sense, we do not consider S2 as good as S 1 in terms of diversity.
Therefore, the definition of diversity should be chosen so that maximizing diversity
yields solutions resembling more S 1 than S2.

3.5.2 Diversity Incorporation

The requirement of adequate diversity can be included in the ILP either in the form
of objective, maxz Dpzq, or as a constraint of the form Dpzq ě D˚, where Dpzq is
shorthand notation for DpSpzqq.

Let us use the arithmetic mean of distances as the definition of diversity of selection
z P ZKpSq as in definition (49), i.e.,

Davg
pzq “

1
KpK ´ 1q

N
ÿ

i“1

N
ÿ

j“1
zizjDpsi, sjq . (59)

The reason for preferring the average distance in our ILP formulation is the fact that
it can be expressed in terms of matrix multiplication. It only requires summing of
pairwise distances that remain constant regardless of the selection z. More precisely,
all the distances can be collected beforehand in the lower triangular distance matrix
DS P RNˆN , DS ě 0 so that

DS
ij “

#

Dpsi, sjq, i ě j

0, i ă j .
(60)

By omitting the normalization constant in the front of the expression (59), Dpzq can
be expressed as

Dpzq “ zT DSz . (61)

Other diversity metrics than the average distance could not be expressed or computed
as compactly. In particular, the evaluation of diversity metrics containing minimum
distance depends on the whole selection z. Computing such diversities beforehand
would be impractical, since the number of possible combinations of size K is given by
`

N
K

˘

, which is evidently too large for computer memory with a typical problem size.

3.5.3 Incorporating the Distance between Scenarios

As we use average distance as our diversity metrics, we have to fix the definition
of distance between scenarios carefully. Namely, as discussed above, the diversity
should be defined as to favor selections like S 1 rather than S2 in Equation (58). In
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general, we have to assume that the uncertainty factors are nominal, so what remains
to be decided is the value of p in the Definition (3.3).

The computationally easiest choice is to use p “ 1, i.e., weighted 1-norm. However,
if we assume unit weights and calculate diversities for selections (58), we obtain
D1pS

1q “ D1pS
2q « 4.17. In other words, weighted 1-norm misses the similarity

between scenarios 3 and 4. On the other hand, if we increase p to p “ 2, we obtain
2.03 “ D2pS

1q ą D2pS
2q “ 1.99.

The different behavior between 1-norm and 2-norm is due to the fact that 1-norm
diversity is additive with respect to uncertainty factors. Thus, the resulting selection
is allowed to contain scenario clusters, even if the average distance between the
scenarios was high. In the case of 2-norm, on the other hand, the concavity of square
root prevents a diversity-maximizing solution from having such clusters and restrains
the compensatory nature of arithmetic mean. Thus, we henceforth assume that
diversity is defined as nominal average 2-norm distance.

3.6 Linearized Diversity Constraint
Although diversity formulation (61) is as memory-efficient as possible, the number of
elements in the matrix DS is still quadratic with respect to the number of scenarios:
|DS

| “ 1
2NpN ´ 1q. For example, in the case study of Roponen and Salo (2022), the

number of non-zero elements in diversity matrix is |DS
| « 1.6ˆ 1010. Consequently,

with rather large n, an approximative approach of diversity incorporation should be
used instead in order not to run out of memory.

A simple approach to incorporate a linear diversity constraint is to adjust coverage
constraint (54) further. In other words, instead of simple full-coverage, we can require
the uncertainty factor outcome xi

k to appear at least lik times and at most uik times,
i.e.,

XT z ď u (62)
XT z ě l , (63)

where u, l P RM . Appropriate values of uik and lik depend on K, mi and wi. With
the assumptions wi “ 1, mi “ m, @i, the diversity is formed symmetrically with
respect to uncertainty factor outcomes, in which case it is reasonable to use constant
bounds, uik “ u, lik “ l. Under these assumptions, the diversity constraints become

XT z ď u ¨ 1 (64)
XT z ě l ¨ 1 . (65)

In order to make the constraints (64)-(65) as tight as possible, we fix u “

R

K
m

V

and

l “

Z

K
m

^

. Henceforth, we refer to constraints (64)-(65) with these values collectively
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as Linearized Diversity Constraint (LDC) and we use notation z˚ P Z˚
KpSq for a

selection that satisfies LDC.

Even though LDC is arguably simple to implement and seems to improve diversity
by forcing elements of each column disperse as much as possible, it is not obvious
whether it guarantees sufficiently high diversity. To study the performance of LDC,
we first calculate theoretical minimum and maximum, as well as expected diversity
of solution satisfying LDC. In the following calculations, we assume that distance
between outcomes is defined as in Equation (47), i.e., uncertainty factors are treated
as nominal.

3.6.1 Expected Diversity

Let us consider a selection z P ZKpSq, in which all K scenarios are drawn randomly
from S. Assume that the distance between uncertainty factor outcomes is defined as
nominal as in Equation (47), distance between scenarios as in Definition 3.3 with
p “ 2, and diversity as in Equation (59). Let us have n uncertainty factors with m
outcomes each, and let us select K ě 2 scenarios. Then the following theorem holds.

Theorem 3.4 (Expected diversity). The expected diversity of a random selection is
approximately

ErDpzqs «

d

np`
a

n2p2 ´ npp1´ pq

2 ,

where p is the probability Ppxipsvq ‰ xipswqq, v, w P t1, ..., Ku, v ‰ w.

Without LDC, p can be shown to be p « 1´ 1{m, whereas p with LDC is given by

p « 1´ 1
`

K
2

˘

„

pm´ bq
lpl ´ 1q

2 ` b
upu´ 1q

2

ȷ

, (66)

where b “ modpK, mq. The number in the brackets is the number of pairs of
identical outcomes in one column of z˚. From now on, we use shorthand notation
b1 “ pm´ bq lpl´1q

2 ` bupu´1q

2 , so

p « 1´ b1

`

K
2

˘ . (67)

Proofs are in the Appendix A.4.

3.6.2 Minimum Diversity

To determine the minimum and maximum diversity, it is easier to think diversity
in terms of frequencies instead of looking at single scenario pairs. More precisely,
we can utilize the fact that a pair of scenarios can differ by 0, 1, ..., n uncertainty
factors, i.e., there is a finite number of different alternatives for the distance. Thus,
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the nominal distance between the scenarios s1 and s2 can be written as a sum of
different alternatives as

Dps1, s2q “

n´1
ÿ

i“0
1pDps1, s2q “ βi

pqβ
i
p , (68)

where βi
p “ pn´ iq1{p, p P Z`. With this notation, we can write the 2-norm diversity

of the set S 1 as

DpS 1
q “

1
`

K
2

˘

|S1|´1
ÿ

u“1

|S1|
ÿ

v“u`1

n´1
ÿ

i“0
1pDpsu, svq “ βi

2qβ
i
2 (69)

“
1

`

K
2

˘

n´1
ÿ

i“0

|S1|´1
ÿ

u“1

|S1|
ÿ

v“u`1
1pDpsu, svq “ βi

2qβ
i
2 (70)

“
1

`

K
2

˘

n´1
ÿ

i“0
fipS

1
qβi

2 , (71)

where fipS
1q “

ř|S1|´1
u“1

ř|S1|

v“u`1 1pDpsu, svq “ βi
2q is the frequency of coefficients βi

2
in the set S 1. Notably,

řn´1
i“0 fipS

1q “
`

K
2

˘

, in which sense expression (71) can be
considered weighted average over the finite set of possible pairwise distances. With
the help of frequencies, we can derive the following theorem.

Theorem 3.5 (Minimum diversity). Assuming K ď m2, the minimum (2-norm)
diversity of a scenario selection satisfying LDC is given by

Dpz˚
q ě Dmin “

?
n`

b1

`

K
2

˘ ¨ p
?

n´ 1` 1´ 2
?

nq .

The derivation is in Appendix A.5.

3.6.3 Maximum Diversity

The analytical formula for maximum diversity reachable with LDC is harder to obtain
than that for minimum diversity, because there seems to be no general procedure
to construct an exemplary solution. However, we can find a upper bound for the
maximum by exploiting the fact that with diversity defined as average nominal
1-norm distance between scenarios, all the solutions satisfying LDC have the same
diversity.

Theorem 3.6 (LDC leads to constant diversity in 1-norm). Let diversity be defined
as average 1-norm and let z P ZKpn, mq be a diversity-maximizing solution to the
corresponding scenario selection problem. Then the solution z satisfies LDC and its
1-norm diversity is given by

D1pzq “ D˚
1 “ n

ˆ

1´ b1

`

K
2

˘

̇

.
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The proof is in Appendix A.6.

Let us define diversity mass as Bpn, m, Kq “
`

K
2

˘

D˚
1 “ np

`

K
2

˘

´ b1q. Now we can find
an upper bound for maximum diversity defined as the average 2-norm distance by
using the ILP

max β2
T x (72)

subject to: β1
T x “ Bpn, m, Kq (73)

x ě 0 . (74)

Theorem 3.7 (The upper bound for maximum diversity). Let x˚ be a solution to
problem (72) - (74). Then the upper bound for maximum (2-norm) diversity for a
selection satisfying LDC is given by

Dpz˚
q ď Dmax ď

1
`

K
2

˘β2
T x˚ .

This is the upper bound for the maximum by construction, so there is no need for
the proof. On the other hand, the reason why this is not the exact maximum but
only an upper bound is that it is not always possible to actually build such selection
to reach the diversity implied by the Theorem 3.7.

3.7 Full ILP Formulation
By plugging in the LDC, the full ILP formulation becomes

max pT z (75)
subject to: XT z ě l ¨ 1 (76)

XT z ď u ¨ 1 (77)
1T z “ K (78)

z ě 0 (79)
z ď 1 . (80)

Notably, l ě 1 whenever K ě m, which means that (76) is stricter than simple
coverage constraint, XT z ě 1, which can therefore be left out.

The ILP method is guaranteed to find solution z˚ P Z˚
Kpn, mq that has full coverage

(CvgSpSpz
˚qq “ 1) and has diversity characterized by expected, minimum and

maximum value, as stated in Theorems 3.4, 3.5, and 3.7, respectively. Hence, the
solution is expected to be good, at least in terms of coverage and diversity.

However, we can say little about the computational performance of the method, i.e.,
how long it takes for it to find the solution. To tackle any potential performative
challenges beforehand, we can reduce computational effort by filtering the pool of
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candidate scenarios, i.e., removing the least probable scenarios from the pool before
the optimization.

More formally, we can use cut-off value α ą 0 so that the filtered scenario space is
given by Sc Ď S so that Sc “

Ť

vPV sv, where V “ tv P t1, ..., Nu | pv ą αu.

A convenient feature in the ILP admitting such filtering is that its objective only
depends on the scenario probabilities. As probability is a feature associated with a
single scenario, and not with a set of scenarios, the optimal solution to the diminished
problem is likely to be optimal in the full problem as well, given that such a solution
can be found.

In theory, pre-filtering process could prevent the method from finding the globally
optimal solution. This could happen if the set of removed scenarios contained
scenarios without which the most probable scenarios could not be included while
satisfying LDC. However, if the scenario space is sufficiently large, it is very unlikely
that no suitable complements can be found. Furthermore, as in most cases it is
not desirable to select scenarios with very low probabilities, the filtering would be
defensible even if the total probability was slightly compromised on.

If the set of scenarios is reduced by too much, the feasible set can vanish. The
risk of feasible set being empty is higher if the probability mass is clustered, i.e.,
probability of a scenario depends heavily on the probabilities of its neighbors. In
other words, if the unnormalized probabilities for scenarios are independent and
identically distributed, solution to the diminished problem is very likely to be found,
whereas probability distribution computed from cross-impacts is more likely to lead
to an empty feasible set. Therefore, the validity of the method must be tested with
real cross-impact data as well.

3.8 Reference Methods
To evaluate our scenario selection method, we compare its solutions to those obtained
by other methods. In particular, we compare the scores in the three features that
the method was built on: total probability, coverage and diversity.

As the most of the elaboration in this thesis is done on diversity, we would like to
use such reference methods that focus on diversity in the scenario selection. In the
literature, there are many ILP methods that guarantee full coverage, but there seem
to be few ILP method to optimize diversity explicitly. Whereas ILPs are thus not
suitable reference methods for our purposes, iterative approaches optimizing diversity
can be used instead.

Furthermore, because achieving high diversity requires sufficiently high coverage,
we hypothesize that coverage is also likely to be reasonably high in the reference
solutions, although not explicitly optimized. Total probability, on the other hand, is
maximized in every method in one way or another, so it does not affect the choice of
reference methods.
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Hence, we use two iterative scenario selection methods as reference, both proposed
by Tietje (2005): Distance-to-Selected (DTS) and Min-Max-Selection (MMS). Both
methods are presented in Chapter 2.9.3.

In MMS, dtsmin is defined as the minimum distance to a scenario in the set of
selected scenarios. As a result, the method guarantees that distance between any two
scenarios in the solution is at least dmin. Hence, dmin can be considered a trade-off
parameter: a high value gives more weight to diversity whereas a low value boosts
total probability. In comparison tests, we use as high values as possible to guarantee
a competitive diversity with respect to ILP.
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4 Computational Results
This section presents results from three test settings. First, diversity performance of
LDC is studied with random scenario selections satisfying LDC. Second, developed
ILP method is used to solve random-generated scenario selection problems and the
solutions are compared with those obtained by reference methods. Third, a similar
comparison is drawn for a scenario selection problem rising from a real CIA case
study in Roponen and Salo (2022).

4.1 Diversity Performance of Linearized Diversity Constraint
First, we study how diversity of a solution satisfying LDC behaves with respect to
theoretical minimum and maximum diversity. We use random selections of varying
size K from sets of scenarios with different n. In each case, 10 000 random selections
without replacement are generated. Diversity is measured as in Equation (59) with
2-norm distances and the uncertainty factors are treated as nominal.

Figure 1 shows the simulation results for random selections with K “ 5 and K “ 7
selected scenarios in Plots (a) and (b), respectively, while n ranges from n “ 4 to
n “ 7. The first observation is that the theoretical minimum diversity seems valid,
and the upper bound for maximum diversity seems tight. Second, the solutions seem
to behave so that with larger n, the band of realizations shifts towards Dmax and it
becomes more concentrated. In addition, selecting more scenarios, i.e., increasing K
also seems to squeeze the band realizations in the sense that the left tail lightens,
whereas no such overall shift towards maximum is observed as when altering n. The
lower peaks in K “ 7 case can be explained by combinatorics: because there is a
finite number of possible levels of diversity, selecting more scenarios allows a greater
number of possible diversity levels.

Figure 2 shows a more detailed picture of the K-dependence of diversity, while n
is kept constant at n “ 7. The floor of a box plot represents the first quartile, Q1,
the ceiling denotes the third quartile, Q3, and the horizontal stripe inside the box is
median. Whiskers are determined either as maximum (minimum) of observed values,
or the observed value to the value that is at most 1.5ˆ IQR “ 1.5pQ3 ´Q1q above
(below) the median, whichever is closer to the median. Outliers outside the scope
spanned by the whiskers are marked as red crosses. In addition to box plots, the
Figure contains the theoretical maximium and minimum diversities for a selection
satisfying LDC as well as the expected diversity for a selection that has full coverage
but not necessarily satisfies LDC.

Figure 2 shows that the expected diversity obtained by simple full-coverage constraint
reaches at most the level of negative outliers of solutions satisfying LDC, which means
that LDC increases the diversity substantially. Also, the Figure shows interestingly
that there is no significant change in diversity when moving from K “ 5 to K “ 6,
or K “ 8 to K “ 9. Presumably, this is due to discontinuities in LDC. The
constraints are at their tightest when modpK, mq “ 0. Consequently, when moving
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(a) K “ 5.

(b) K “ 7.

Figure 1: Diversities of 10 000 random-generated problems with m “ 3, n “ 4, 5, 6, 7
and K “ 5, 7. Theoretical minimum and maximum diversity in each case are shown
as dashed line.

from modpK, mq “ m ´ 1 case to modpK, mq “ 0 case by incrementing K by one,
the extra outcome of each uncertainty factor is actually already determined: it has
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Figure 2: Diversities of 10 000 random-generated problems in n “ 7, m “ 3 and
K “ 5, ..., 9, summarized as box plots. Theoretical minimum and maximum diversity
resulting from LDC as well as expected diversity from simple coverage constraint are
shown for reference.

to be the one that occurs only l times in the K ´ 1 solution. Notably, such behavior
is not observed with the expected diversity of simple-coverage solutions.

All the distributions shown in Figures 1 and 2 suggest that the diversity of a typical
solution satisfying LDC tends to be closer to Dmax than to Dmin. In Figure 2, the
maximum is visited consistently in most of the configurations and the majority
of realizations have diversity are very close to the maximum, while the minimum
remains rather theoretical, being visited only occasionally with low n and K. Thus,
we conclude that the minimum diversity guaranteed by LDC gives an unnecessarily
pessimistic view of the diversity performance of the method.

4.2 Comparison with Iterative Approaches
Once the LDC has been demonstrated to perform well, the developed ILP method can
be applied to random-generated scenario selection problems. In other words, we build
scenario sets with m “ 3 and varying n in n “ 4, ..., 9, and different values of K are
used. We assign each scenario in the set with raw probability, p̂s, drawn independently
from exponential distribution with parameter λ “ 1, whereafter the raw probabilities
are normalized as ps “ p̂s{

řN
s“1 p̂s. The choice of the distribution is motivated by the

fact that, among the most widely employed distributions, exponential distribution
generates probabilities of different magnitudes, which is more realistic in context of
CIA than using uniform distribution, for example.
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The performance of four methods are compared: two versions of Distance-To-Selected
(DTS), Min-Max-Selection (MMS) and the ILP developed in this thesis. DTS and
MMS are implemented as described in 2.9.3 with the exception that consistencies
are replaced with probabilities. In the MMS, dmin in Equation (42) is set as high as
possible to reach competitive level of diversity. In the DTS with probability focus,
the value of the parameter α in the objective (40) is high, whereas in the DTS with
diversity focus, the value of α is low.

Five problems for each value of n are generated randomly as described above and
they are solved by all four methods. The performance is measured in three score
metrics: total probability, coverage and diversity, and the average scores from the
five problems obtained by each method are compared. The total probability is
measured as the sum of the probabilities of the selected scenarios, while the coverage
is defined as in Definition 3.1, i.e., as the percentage of outcomes that are present in
the selection. The diversity is measured as the average nominal 2-norm distance, i.e.,
as in Equation (59) so that the distance between scenarios is as in Definition (3.3)
with p “ 2 and the component-wise distance is as in Equation (47).

As an example of the observed results, Figure 3 presents the scores for solutions
with K “ 8 selected scenarios. On the left, i.e., in the Figures 3a, 3c, and 3e, the
absolute average scores are shown, whereas in the Figures 3b, 3d, and 3f, the average
scores of the three reference methods are shown relative to that of the ILP. More
precisely, on the right, a relative score of the reference method RM is calculated
as scorerelpRMq “ pscoreabspRMq ´ scoreabspILP qq{scoreabspILP q, where scoreabs

refers to the absolute score.

The Figures with absolute scores on the left are not very useful for the comparisons,
except the Figure 3c that coincides with its relative counterpart, Figure 3d. The
coverage of a solution by the ILP always equals one. As the coverage by the DTS
with diversity focus coincides with the coverage by the ILP in the Figures 3c and 3d,
we conclude that the DTS can also reach full coverage consistently, if the trade-off
parameter is set to favor diversity. On the contrary, the MMS and the DTS with
probability focus seem to have coverage within range 0.98-1.00.

On the other hand, Figure 3a shows that the total probability decays approximately
exponentially as a function of n. This seems reasonable because the number of
scenarios is given by N “ mn and, thus, the average probability decays as m´n as a
function of n. In Figure 3e, diversity grows roughly at the same pace as square root
of n, which is in accordance to the expected diversity in Theorem 3.4.

The results in the Figures on the right show that the ILP seems to do rather well
in total probability, although dominated by the DTS with probability focus. In
diversity, the ILP seems to be almost unbeaten in this setting. However, the DTS
with diversity focus is not far below and is actually slightly above at n “ 4. On the
other hand, the MMS and the DTS with probability focus are some 1-4% behind.
Whereas the MMS seems to be a nearly dominated selection method, the two versions
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Figure 3: Average score metrics of solutions for five random-generated scenario
selection problems with m “ 3, K “ 8 and n “ 4, ..., 9. The plots on the left show
absolute scores, whereas the plots on the right show relative scores with respect to
the ILP.
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of the DTS do well in their respective focus areas. Therefore, the question arises, if
such a value of trade-off parameter could be found that the DTS would outperform
the ILP in all three score metrics.

Figure 4 gives the answer by presenting five versions of DTS, trade-off parameter
sweeping from heavy probability focus (represented by a red line) to heavy diversity
focus (represented by a blue line). Each score is displayed as relative difference from
the ILP. It can be seen from the Figure that only the most probability-focused
versions of DTS can beat the ILP in terms of probability, whereas those with heavy
diversity focus can only just outperform the ILP in terms of diversity. Clearly, none
of the versions is better or as good as ILP in all three aspects. In particular, the
third line is only just, yet strictly, below the ILP in diversity, with the exception
of n “ 4 where it exceeds the ILP by 0.1% or so. On the other hand, the very
same version of DTS is far below the ILP in total probability. As we can assume
that scores in diversity and total probability behave monotonically with respect to
trade-off parameter in the DTS, we conclude that there is no such version of DTS
that would perform better or as good as the ILP in every score metrics. Thus, at
least in this setting, there seems to be no other method that would outperform the
ILP.
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Figure 4: The relative average scores for scenario selections by five versions of DTS
for five random-generated problems with m “ 3, K “ 8 and varying n, shown with
respect to the scores by the ILP. The closer the color of the line is to red and the
farther from blue, the heavier its focus on probability.
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4.3 Case Study
To ensure that the ILP method works in a real cross-impact case as well, we apply it
to the case study by Roponen and Salo (2022), in which the impacts of 3D-printing
on the Finnish Defence Forces (FDF) are studied. Scenarios consist of n “ 11
uncertainty factors with m “ 3 outcomes each, so the total number of scenarios is
N “ 311 “ 177 147. Table 2 displays the uncertainty factors, their outcomes and
marginal probabilities. Scenario probabilities are characterized from elicited cross-
impact estimates and marginal probabilities as described in Section 2.8.5. Scenarios
are labeled in a lexicographic order.

In the ILP, median is used as the cut-off value for pre-filtering. The focus in the
iterative methods is set on diversity. More precisely, parameter values are chosen so
that the resulting diversity would be as close to that obtained by the ILP as possible.
By doing so, we try to find versions of the DTS and MMS that would dominate the
ILP by outperforming it in every score metrics.

Table 3 shows the solutions and scores for the three methods in cases of K “ 5, 6, 7
selected scenarios. The solutions obtained by iterative methods can be distinguished
from the solution by the ILP by comparing the different selection sizes. Namely in
iterative methods, other scenarios in the solution remain the same as a new scenario
is added to the selection, whereas the ILP expresses no such pattern. In MMS,
this happens perfectly, whereas in DTS, due to optimizing the trade-off parameter
separately for each selection size, the behavior slightly differs from the pattern. In
addition, we can conclude that scenario 88 597 has the highest probability in the
whole set of scenarios as it is present in all solutions obtained by the iterative methods.
However, in this case, it is also a part of solutions by the ILP, although this is not
guaranteed.

In cases K “ 5 and K “ 6, ILP seems to be unbeaten in all three aspects. However,
with K “ 7, the DTS can reach a higher level in diversity. This is not surprising
because LDC is at its loosest when modpK, mq “ 1. Nevertheless, the ILP manages
to beat the DTS in probability so it is non-dominated also in this case.
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Uncertainty Factor Outcome Probability

1. Global industry growth
Decreases 0.3
Remains same 0.5
Increases 0.2

2. Printing speed compared to present
Up to 2 times faster 0.4
2 to 10 times faster 0.5
Over 10 times faster 0.1

3. Printing cost compared to present
Up to 50% cheaper 0.5
50% to 90% cheaper 0.4
Over 90% cheaper 0.1

4. Finnish industry growth
Decreases 0.3
Remains same 0.5
Increases 0.2

5. Graduates with 3D-printing expertise
Up to 100 (current) 0.2
100 to 300 0.6
Over 300 0.2

6. Legal regulation of 3D-printing in Finland
Limits strongly 0.05
Similar to other manufacturing 0.9
No regulation 0.05

7. Standardization of processes and models
No standardization 0.35
Includes technical requirements 0.45
Full automation possible 0.2

8. Use of 3D-printed objects in FDF

Just individual items 0.1

Common and has purchase 0.5procedures
Access to 3D-printing capacity 0.4on demand

9. FDF access to 3D-printing model files

Just individual items 0.2

Relevant models included in 0.7system purchases
Models available for most new 0.1and old systems

10. FDF 3D-printing spare parts in peacetime
Low importance 0.7
Significant and well planned 0.29
Crucial and strictly controlled 0.01

11. FDF 3D-printing spare parts in crisis times
Low importance 0.45
Significant and well planned 0.45
Crucial and strictly controlled 0.1

Table 2: Uncertainty factors, their outcomes, and the corresponding marginal proba-
bilities estimated in the case study. All the outcomes are estimated as in the year
2035.

Table 4 presents the solution to the scenario selection problem in case study by
Roponen and Salo (2022), found by the ILP with K “ 6. The scenarios in the
solution in the table can be seen to satisfy LDC, which in this case means that in
every column there are exactly two occurrences of each outcome. The probabilities
of some of the scenarios are very small, which is not surprising due to the structure
of the ILP. As linear preferences over the probabilities are used in the summation,
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method selected scenarios total probability coverage diversity

K=5

ILP 1000, 59576, 88597, 0.0324 1 2.950156843, 170079

DTS 536, 1000, 88597, 0.0322 1 2.94398402, 176589

MMS 271, 60503, 88597, 0.0252 0.939 2.84696921, 163661

K=6

ILP 1000, 45725, 88597, 0.0322 1 2.95692043, 128897, 175182

DTS 536, 1000, 88597, 0.0322 1 2.94298402, 166320, 176589

MMS 271, 12555, 60503, 0.0252 0.970 2.85188597, 96921, 163661

K=7

ILP 1000, 15255, 59077, 88574, 0.0472 1 2.86088597, 162027, 177134

DTS 536, 1000, 80292, 88574, 0.0466 1 2.86288597, 175689, 176589

MMS 271, 12555, 60503, 88597, 0.0252 1 2.85396921, 163661, 171585

Table 3: The selected scenarios, total probabilities, coverages and diversities of the
solutions obtained by the three methods in three problems with K “ 5, 6, 7 selected
scenarios. Text colors other than black indicate the scenarios occurring more than
once.

probabilities of small magnitudes contribute little to the sum. Consequently, the
solution tends to include a few scenarios with the very highest probabilities, whereas
the rest of the scenarios are included in order to satisfy LDC. However, the smallest
probabilities in Table 4 are still above the median. In the light of these results, we
conclude that the rankings of the probabilities are more informative than absolute
probabilities in cases where the magnitudes of probabilities vary substantially.

However, in some analyses, including scenarios with very small probabilities can be
considered problematic. In such cases, some concave preference function over the
probabilities could be used in the summation. Alternatively, pre-filtering cutoff can
be tightened. Third option is to compromise on diversity by loosening the LDC.
This could be compensated, for example, by adding a function to the objective that
penalizes the deviations from the LDC. However, if the requirement of full coverage
is not to be compromised on, each lower bound lik has to be at least one. Therefore,
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scenario x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 Ppsq ranking
1000 1 1 1 1 2 2 1 2 1 1 1 1.57e-2 2
45725 1 3 1 3 3 3 1 2 2 2 2 3.63e-5 3017
88597 2 2 2 2 2 2 2 3 2 1 1 1.64e-2 1
92043 2 2 3 1 1 1 3 1 3 3 2 1.06e-12 57821
128897 3 1 2 2 3 3 2 1 3 2 3 6.28e-15 88055
175182 3 3 3 3 1 1 3 3 1 3 3 1.58e-14 83018

Table 4: Solution to the scenario selection problem of the case study by Roponen and
Salo (2022) by ILP method with K “ 6. In addition to uncertainty factor outcomes,
probability and its ranking are presented.

including some scenarios with very low probabilities may not be avoided.
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5 Discussion
This thesis focuses on scenario selection in cross-impact analysis. Three central score
metrics for the quality of scenario selection, total probability, coverage and diversity,
are identified and formalized mathematically. Based on the optimization of these
metrics, a novel quantitative scenario selection method based on integer linear program
(ILP) is introduced. The most significant advances are made in the optimization of
diversity. As explicit expressions for diversity are at least quadratic, computational
issues arise with large system sizes. Thus, to make diversity optimization compatible
with linear programming and viable from the viewpoint of computer memory, a
special tool, Linearized Diversity Constraint (LDC), is developed.

The developed method is shown to be applicable to scenario selection problems
with independent and identically distributed probabilities as well as with those
characterized from elicited cross-impact estimates. In terms of scenario selection
score metrics, the method is guaranteed to obtain a solution with full coverage
and demonstrated to also reach competitive levels of total probability and diversity
in both settings. Furthermore, by using pre-filtering of scenarios with the lowest
probabilities, the method can be made adequately efficient. For example, the program
runs in some 25-145 seconds on a standard laptop depending on K in the CIA case
study, where there are n “ 11 uncertainty factors with m “ 3 outcomes each.

5.1 Critical Evaluation and Suggestions for Future Work
Even though the developed ILP method has been proven to perform well in scenario
selection problems, remarks on the limitations of the method are in order. First, the
score metrics of scenario selection were kept constant. The exact definitions of the
metrics should be varied to better understand how sensitive the performance of the
methods is to the scoring system.

Second, only two reference methods were used in performance comparisons and the
number of tests was limited. Only five random problems were generated per setting
to keep the run time manageable. However, the variance in score metrics was rather
small and, as a result, the average scores converged relatively quickly. In addition,
distributions with correlated probabilities could be used in the random-generated
problems as well because they can capture the interdependencies between uncertainty
factors. For example, copula functions could be used to generate such distributions.

Third, even though good performance was demonstrated with respect to the reference
methods, the method itself has not been internally optimized. Whereas in DTS, the
adjustment of the focus between probability and diversity can be done by simply
changing the value of the trade-off parameter, similar adjustments to the ILP involve
much more complexity and should be done thoroughly.

In all test settings in this thesis, the number of uncertainty factors was kept constant
and the majority of the theoretical results were formulated based on this assumption.
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In addition, only nominal and uniformly weighted distances between scenarios were
used. However, as the formulation of the ILP is flexible and distances are not
explicitly addressed, many features, such as those listed above, can be incorporated.
In practice, the method could be adjusted through non-uniform relaxation of LDC
bounds. Notably, full coverage is ensured as long as lik ě 1, @i, k, so especially in
large scenario sets there is space for relaxation.

The non-uniform weights in distances could be included by relaxing the bounds for
the uncertainty factors with low weight, whereas high-weighted uncertainty factors
would be kept tight. If the number of outcomes varies, the bounds should be higher
than for those with fewer outcomes. Ordinal distances, on the other hand, is not as
simple to add to the method, as it changes the nature of diversity maximization by
favoring the scenarios with boundary outcomes instead of picking scenarios evenly
through the space of uncertainty factors. However, ordinality could potentially be
incorporated by using U-shaped bounds of LDC with respect to the set of outcomes,
allowing for more appearances of extreme values of outcomes.

Other modifications worth considering include the possibility of selecting some
scenarios that are interesting for contextual reasons. Also, maximization of total
probability could be done in a way that all the selected scenarios had rather high
probability instead of directly maximizing the sum of probabilities.

5.2 Conclusions
This thesis consists of four main elements. First, the literature of cross-impact
analysis, including approaches for scenario selection, has been reviewed. The earlier
quantitative scenario selection approaches typically fall into three categories: integer
linear programs, cluster analysis and other iterative approaches.

Second, the central aspects of scenario selection have been identified and they have
been defined as mathematical concepts. The three objectives are found to be the
most common among different approaches: total probability, coverage and diversity.
Different ways of formalizing these objectives mathematically are studied and the
most suitable definitions are given.

Third, a new scenario selection method based on integer linear program has been
proposed and its theoretical features have been studied. Novelty in the method is
its ability to capture all three objectives of the scenario selection at once, which is
achieved by few other methods in the literature. Particular emphasis is placed on the
maximization of diversity, for which a new concept, Linearized Diversity Constraint,
has been constructed.

Fourth, the developed method has been tested in different test settings and its
performance has been compared to that of reference methods. According to the
results, the method performs well and it is not dominated by any of the reference
methods in the used settings. In conclusion, we find the ILP method developed in
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this thesis a potential approach for quantitative scenario selection and many of its
features remain to be further explored.
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A Appendix

A.1 Consequences and Utility
To assess the risks as well as the opportunities that the future holds, we need to
formalize the means to tell which of the scenarios are preferable and which are not. In
the context of Bayesian networks, this is done by labeling the nodes, whose states have
direct impacts on the organization and its performance, as value nodes. (Salo et al.,
2022) This idea can be generalized to concern every uncertainty factor by defining
the consequence function cq : S Ñ C, where C denotes the set of consequences. (Salo
et al., 2021b) Notably, we do not assume anything about C here but we leave the
definition entirely abstract. In particular, we do not require that C forms an ordinal
space. As a result, we cannot generally sort the scenarios by the order of preference by
merely comparing their consequences in C. Therefore, we define the utility function
U : C Ñ Rt, t P Z`, so that the utility of scenario s P S is upsq “ Upcqpsqq. As
discussed in Section 3.2, t-dimensional utility can be used to represent utilities of
different stakeholders or utilities from different aspects, and it can be mapped to
relevance by using the relevance function r : Rt Ñ R.

In practice, the consequences of scenarios are associated with the appearance of
uncertainty factor outcomes or their combinations. As discussed in Section 2.5,
considering complete scenarios or partial scenarios with multiple uncertainty factors
makes the elicitation laborious. As a result, the use of low-order approximations is
defensible. In the simplest case, we can assume that consequences are described by
the single uncertainty factor outcomes and that utility is described by the first-order
additive multi-attribute function,

upsq “

n
ÿ

i“1

mi
ÿ

k“1
ui

kI i
kpsq , (A1)

where ui
k P Rt is the t-dimensional utility drawn from the uncertainty factor xi

k. If
the consequences are related to the combinations of outcomes and the assumption
of additivity of the utilities from single outcomes is not considered valid, the next
choice is to use second-order function, i.e.,

upsq “

n
ÿ

i“1

n
ÿ

j“1

mi
ÿ

k“1

mj
ÿ

l“1
ui,j

k,lI
i
kpsqI

j
l psq , (A2)

where ui,j
k,l is the t-utility from the outcome pair xi

k and xj
l , whereas the case i “

j, k “ l represents the first-order utility.

In the similar manner, utilities of higher orders can be constructed, but the number
of unit elicitations grows as t ¨

`

M
p

˘

as a function of order p. In practice, though, the
assessment effort can be made substantially smaller by the assumption that only
some of the uncertainty factors have an effect on the utility, whereas the rest of the
factors are considered purely intermediary. However, in addition to being laborious,
higher-order utilities may be more difficult estimate. Therefore, in many applications,
using the first or second-order utilities is recommendable.
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A.2 Proof of Triangle Inequality for Scenario Distance
Let s1, s2, s3 P S be three scenarios. Let us use shorthand notation as Dpsk, slq “ Dkl

and dpxipskq, xipslqq “ di
kl. We have to show triangle inequality for scenarios, i.e.

D13 ď D12 ` D23, with the assumption that triangle inequality for components,
di

13 ď di
12 ` di

23, @i P t1, .., nu, holds.

By the assumption, we can write

pD13q
p
“

n
ÿ

i“1
wipd

i
13q

p
ď

n
ÿ

i“1
wipd

i
12 ` di

23q
p . (A3)

Further manipulation of the right-hand side gives
n

ÿ

i“1
wipd

i
12 ` di

23q
p
“

n
ÿ

i“1
rw

1{p
i pdi

12 ` di
23qsrw

1´1{p
i pdi

12 ` di
23q

p´1
s (A4)

“

n
ÿ

i“1
rw

1{p
i di

12srw
1´1{p
i pdi

12 ` di
23q

p´1
s (A5)

`

n
ÿ

i“1
rw

1{p
i di

23srw
1´1{p
i pdi

12 ` di
23q

p´1
s .

Next we use Hölder’s inequality for both summands with parameters p “ p, q “
p{pp´ 1q, satisfying 1{p` 1{q “ 1{p` pp´ 1q{p “ 1{p` 1´ 1{p “ 1.

The first summand becomes
n

ÿ

i“1
rw

1{p
i di

12srw
1´1{p
i pdi

12 ` di
23q

p´1
s (A6)

“

n
ÿ

i“1
|w

1{p
i di

12||w
pp´1q{p
i pdi

12 ` di
23q

p´1
| (A7)

ď

ˆ n
ÿ

i“1
rw

1{p
i di

12s
p

̇1{pˆ n
ÿ

i“1
rw

pp´1q{p
i pdi

12 ` di
23q

p´1
s
p{pp´1q

̇1´1{p

(A8)

“

ˆ n
ÿ

i“1
wipd

i
12q

p

̇1{pˆ n
ÿ

i“1
wipd

i
12 ` di

23q
p

̇1´1{p

(A9)

“ D12

ˆ n
ÿ

i“1
wipd

i
12 ` di

23q
p

̇1´1{p

. (A10)

By combining the summands, we obtain
n

ÿ

i“1
wipd

i
12 ` di

23q
p
ď pD12 `D23q

ˆ n
ÿ

i“1
wipd

i
12 ` di

23q
p

̇1´1{p

(A11)

ô

ˆ n
ÿ

i“1
wipd

i
12 ` di

23q
p

̇1{p

ď D12 `D23 . (A12)
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By (A3) we know that D13 ď

ˆ

řn
i“1 wipd

i
12 ` di

23q
p

̇1{p

, leading to

D13 ď

ˆ n
ÿ

i“1
wipd

i
12 ` di

23q
p

̇1{p

ď D12 `D23 , (A13)

which completes the proof

A.3 Proof of Triangle Inequality for Distances between Un-
certainty Factor Outcomes

The proofs for cardinal and ordinal cases simply follow from |a´c| “ |pa´bq`pb´cq| ď
|a´ b| ` |b´ c|.

In the case of nominal distance, we can write

dnpx
i
k, xi

lq “ 1´ δk,l (A14)
“ 1´ rδk,sδs,l ` p1´ δk,sqp1´ δs,lqs (A15)
“ 1´ r2δk,sδs,l ´ δk,s ´ δs,l ` 1s (A16)
“ δk,s ` δs,l ´ 2δk,sδs,l (A17)
“ δk,sp1´ δs,lq ` δs,lp1´ δk,sq . (A18)

As 0 ď δx,y ď 1 for any x, y, we obtain

dnpx
i
k, xi

lq “ δk,sp1´ δs,lq ` δs,lp1´ δk,sq (A19)
ď p1´ δs,lq ` p1´ δk,sq (A20)
“ dnpx

i
k, xi

sq ` dnpx
i
s, xi

lq (A21)

A.4 Proof of Expected Diversity of a Solution Satisfying
LDC

The expected diversity defined as average nominal 2-norm distance is given by

ErDs “ E
„

1
`

K
2

˘

ÿ

s1

ÿ

s2

d

n
ÿ

i“1
1pxips1q ‰ xips2qq

ȷ

(A22)

“
1

`

K
2

˘

ÿ

s1

ÿ

s2

E
„

d

n
ÿ

i“1
1pxips1q ‰ xips2qq

ȷ

(A23)

“ E
„

d

n
ÿ

i“1
1pxips1q ‰ xips2qq

ȷ

, (A24)

where the last step follows from the symmetry between scenarios in the selection.
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Let Y be random variable so that Y “
a

řn
i“1 1px

ips1q ‰ xips2qq. Thus,

ErDs “ ErY s (A25)
ùñ ErDs2 “ ErY s2 (A26)

“ ErY 2
s ´ V arpY q . (A27)

Then we use the Taylor expansion for the second moment of a function of random
variable, V arpgpY qq « g1pEpY qq2V arpY q, where gpY q is a continuous and differen-
tiable function (Benaroya et al., 2013). Thus, by choosing gpY q “ Y 2, we obtain
estimate

V arpY 2
q « 4ErY s2V arpY q , (A28)

which implies

ErY s2 « ErY 2
s ´

V arpY 2q

4ErY s2 . (A29)

By denoting x “ ErY s2, b “ ErY 2s, c “ V arpY 2q, we get

x “ b´ c{4x (A30)
ô 0 “ 4x2

´ 4bx` c (A31)

ô x “
4b˘

?
16b2 ´ 16c

8 (A32)

“
b˘

?
b2 ´ c

2 (A33)

ùñ ErY s “

d

b˘
?

b2 ´ c

2 . (A34)

Case c “ V arpY 2q “ 0 reveals that we can omit the minus sign from the plus minus.

Then we determine b and c. As Y 2 “
řn

i“1 1px
ips1q ‰ xips2qq follows binomial

distribution with parameters n and p, we know that ErY 2s “ np and V arpY 2q “

npp1´ pq, where p “ Ppxips1q ‰ xips2qq, s1, s2 P S, s1 ‰ s2. Thus,

ErY s “

d

np`
a

n2p2 ´ npp1´ pq

2 . (A35)

Solving (A28) for variance yields

V arpY q «
V arpY 2q

4ErY s2 “
npp1´ pq

2np` 2
a

n2p2 ´ npp1´ pq
. (A36)

Next we need to calculate p. By assuming K ăă |S|, we can estimate that the
probability of picking the same scenario more than once in a random selection is
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small. Thus we can approximate the random sample without replacement by a
random sample with replacement.

If there are no constraints, each scenario can be treated independently. With the
above approximation about replacement, the probability p in unconstrained case is
given by

p “ Ppxi
ps1q ‰ xi

ps2qq «
m´ 1

m
. (A37)

Let us define set of selections Z˚
KpSq Ď ZKpSq so that selection z˚ P Z˚

K if and only
if z satisfies LDC.

In addition, let b “ mod pK, mq. The number of pairs of the same outcome for
every uncertainty factor in a selection z is b1 “ pm´ bq lpl´1q

2 ` bupu´1q

2 . Now we can
write probability p˚ “ Ppxips1q ‰ xips2qq in a selection z˚ P Z˚ as

p˚
“ Ppxi

ps1q ‰ xi
ps2qq (A38)

“ 1´ Ppxi
ps1q “ xi

ps2qq (A39)

« 1´ 1
`

K
2

˘

„

pm´ bq
lpl ´ 1q

2 ` b
upu´ 1q

2

ȷ

(A40)

“ 1´ b1

`

K
2

˘ , (A41)

where the approximation is due to the replacement assumption

A.5 Derivation of Minimum Diversity of a Selection Satisfy-
ing LDC

The strategy for minimization of diversity is to construct pairs with very uneven
distribution over frequency vector f . More precisely, due to concavity of square root,
minimal diversity is reached when some of the pairs of scenarios differ only by one
uncertainty factor and some differ by n, n´ 1, and so on.

In practice, the scenario selections satisfying LDC with the least possible diversity
can be constructed using the following recipe. For the first b outcome numbers, add u
rows with the single outcome number, repeated n´ 1 times. Then for the rest m´ b
outcome numbers, add l rows with the single outcome number, repeated n´ 1 times.
Finally, add column with the first K values from sequence 1, 2, ..., m, 1, 2, ..., m, ....

For example, a diversity-minimizing solution with n “ 4, m “ 3, K “ 5 is given by

S 1
“

»

—

—

—

—

–

1 1 1 1
1 1 1 2
2 2 2 3
2 2 2 1
3 3 3 2

fi

ffi

ffi

ffi

ffi

fl

. (A42)
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Then, we can write the number of pairs differing only by the last element as fn´1 “

b ¨ upu´1q

2 ` pm´ bq ¨ lpl´1q

2 “ b1. This is also the number of pairs that only have the
last element in common, i.e. f1 “ b1. Given that K ď m2, all

`

K
2

˘

´ 2b1 remaining
pairs differ by n outcomes, so fn “

`

K
2

˘

´ 2b1.

Thus, the minimum diversity is given by

Dmin “ DpSminq “
1

`

K
2

˘

n
ÿ

i“0
fipSminqβ

i
2 (A43)

“
1

`

K
2

˘

„

f1pSminqβ
1
2 ` fn´1pSminqβ

n´1
2 ` fnpSminqβ

n
2

ȷ

(A44)

“
1

`

K
2

˘

„

b1
¨ 1` b1

¨
?

n´ 1`
ˆˆ

K

2

̇

´ 2b1

̇

?
n

ȷ

(A45)

“
1

`

K
2

˘

„ˆ

K

2

̇

?
n` b1

¨ p
?

n´ 1` 1´ 2
?

nq

ȷ

(A46)

“
?

n`
b1

`

K
2

˘ ¨ p
?

n´ 1` 1´ 2
?

nq (A47)

A.6 Proof of Constant Diversity and 1-norm Optimality of
LDC

First, we show that LDC leads to constant 1-norm diversity.

ˆ

K

2

̇

D1pSpz
˚
qq “

ÿ

s1,s2PS,
s2‰s1

n
ÿ

i“1
1´

m
ÿ

k“1
I i

kps1qI
i
kps2q (A48)

“

ˆ

K

2

̇

n´
ÿ

s1,s2PS,
s2‰s1

n
ÿ

i“1

m
ÿ

k“1
I i

kps1qI
i
kps2q (A49)

“

ˆ

K

2

̇

n´
n

ÿ

i“1

m
ÿ

k“1

ÿ

s1,s2PS,
s2‰s1

I i
kps1qI

i
kps2q . (A50)

Then we can divide the sum over k as
řm

k“1 “
ř

k,
#k“u

`
ř

k,
#k“l

. As the sums have b

and m´ b elements, respectively, and as the number of common outcomes are fixed
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within those groups to upu´ 1q{2 and lpl ´ 1q{2, respectively, we can write
m
ÿ

k“1

ÿ

s1,s2PS,
s2‰s1

I i
kps1qI

i
kps2q (A51)

“

„

ÿ

k,
#k“u

ÿ

s1,s2PS,
s2‰s1

I i
kps1qI

i
kps2q `

ÿ

k,
#k“l

ÿ

s1,s2PS,
s2‰s1

I i
kps1qI

i
kps2q

ȷ

(A52)

“

„

b ¨
upu´ 1q

2 ` pm´ bq ¨
lpl ´ 1q

2

ȷ

“ b1 . (A53)

By inserting this into (A50), we obtain
ˆ

K

2

̇

D1pSpz
˚
qq “

ˆ

K

2

̇

n´
n

ÿ

i“1

m
ÿ

k“1

ÿ

s1,s2PS,
s2‰s1

I i
kps1qI

i
kps2q (A54)

“

ˆ

K

2

̇

n´
n

ÿ

i“1
b1
“ n

ˆˆ

K

2

̇

´ b1

̇

(A55)

ô D1pSpz
˚
qq “ n

ˆ

1´ b1

`

K
2

˘

̇

. (A56)

Now we have shown that LDC leads to constant 1-norm diversity. In the second part
of the proof, we show that a solution that maximizes 1-norm diversity satisfies LDC.

As (A50) implies, 1-norm diversity can be maximized by minimizing the number of
pairs of the same outcome for each uncertainty factor independently:

min
n

ÿ

i“1

m
ÿ

k“1

ÿ

s1,s2PS,
s2‰s1

I i
kps1qI

i
kps2q “

n
ÿ

i“1
min

m
ÿ

k“1

ÿ

s1,s2PS,
s2‰s1

I i
kps1qI

i
kps2q (A57)

The minimization for each uncertainty factor can be formalized alternatively as

min
m
ÿ

k“1

ÿ

s1,s2PS,
s2‰s1

I i
kps1qI

i
kps2q (A58)

ô min
m
ÿ

k“1

ykpyk ´ 1q
2 , s.t.

m
ÿ

k“1
yk “ K , yk ě 0 @k P t1, ..., mu (A59)

where yk is the number of appearances of outcome k in the selection.

By treating yk as real numbers, we can use the method of Lagrange Multipliers to
obtain the system

yk ´ 1{2 “ λ, @k P t1, ..., mu (A60)
m
ÿ

k“1
yk “ K . (A61)
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This implies
řm

k“1pλ` 1{2q “ K ùñ λ “ K{m´ 1{2. By inserting this into (A60),
we get yk “ K{m, @k P t1, ..., mu.

As yk must be an integer for all k, our solution yk “ K{m is not valid if modpK, mq ‰ 0.
However, even in this case, it is clear by convexity of the objective function that
in the optimal solution, yk P ty, Y u, @k P t1, ..., mu, where y “

Z

K
m

^

and Y “

R

K
m

V

.

This can be shown by contradiction by assuming that Dk : yk R ty, Y u in the optimal
solution.

It is sufficient to show cases yk “ y ´ 1 and yk “ Y ` 1 as all other cases follow
by induction. In the former case, we can assume without losing generality that
y1 “ y ´ 1 and y2 “ Y “ y ` 1 and the other yk are such that they satisfy constraint
(A61). Now we assume that the change from c1 “ ty1 “ y ´ 1, y2 “ Y “ y ` 1u to
c2 “ ty1 “ y, y2 “ yu, which does not violate constraint (A61), increases the value of
objective function.

We can write the objective as
řm

k“1
ykpyk´1q

2 “
y1py1´1q

2 `
y2py2´1q

2 `
řm

k“3
ykpyk´1q

2 “
y1py1´1q

2 `
y2py2´1q

2 ` C, so that if m ď 2, C “
řm

k“3
ykpyk´1q

2 “ 0. Now it is clear that
the objective is minimized when y1py1 ´ 1q ` y2py2 ´ 1q is minimized.

By plugging in the values, we obtain py ´ 1qpy ´ 2q ` py ` 1qy “ 2y2 ´ 2y ` 2
for c1 and 2ypy ´ 1q “ 2y2 ´ 2y for c2. Similarly, we learn that c1 “ ty1 “ y “
Y ´1, y2 “ Y `1u yields higher value of objective function than c2 “ ty1 “ Y, y2 “ Y u:
pY ´ 1qpY ´ 2q ` pY ` 1qY “ 2Y 2 ´ 2Y ` 2 and 2Y pY ´ 1q “ 2Y 2 ´ 2Y . As the
changes do not increase but decrease the value of the objective function, a solution
with values not in ty, Y u cannot be optimal in either of the cases. As all other changes
in the frequencies can be done by similar steps, we conclude that our assumption is
false and the original claim is true, i.e. yk P ty, Y u, @k P t1, ..., mu in the optimal
solution. This is exactly what LDC requires so we conclude that a solution that
maximizes 1-norm diversity satisfies LDC
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