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Chapter 1: Introduction to Ship Dynamics

1. Preamble 

The subject of ship dynamics is concerned with all conditions where the inertia forces interplay a role 

on ship motions. In the traditional form of the subject the ship is assumed to behave as a rigid body 

that is static or slowly moving between positions of equilibrium. Thus, ship dynamics account for all 

operational conditions that differ from the ideal still water condition. Waves, forward speed effects 

and the influence of elastic distortions on ship dynamic response may also play a role. 

Ship hydrodynamic models comprise of sub-models encompassing the principles of ocean wave 

mechanics, seakeeping, maneuvering, structural vibration, and dynamic stability. Modelling each of 

those within the context of marine hydrodynamics is prone to simplifying assumptions that should 

be thoroughly evaluated before used in design or for operational decision support. Linear 

hydrodynamic models are today considered mature and can be useful at concept or preliminary 

design stages. On the other hand, understanding ship dynamics in the time domain remains 

challenging. This is because numerical methods are not mature or well validated although can help

with improved quantification of the influence of environmental and operational conditions on large 

amplitude ship motions on loads and dynamic stability.

Over the last twenty years advances in computer applications allowed for the emergence of non-

linear seakeeping methods (Mortola et al., 2011), rapid unified seakeeping-maneuvering approaches 

(Taimuri et al., 2020) and the development of hydroelastic models (Hirdaris et al., 2010). However, 

in traditional naval architecture ship maneuvering and seakeeping dynamics are treated separately. 

Advanced fluid dynamic models also emerged although their proficient use for design development 

and assessment may be considered a medium to long term target (Jiao & Huang, 2020; Kim et al., 

2021; Lakshmynarayanana & Hirdaris, 2020) .

In this course we will discuss principles of ship theory that surround the development and 

implementation of basic ship dynamic assumptions from an engineering perspective. We will also 

discuss the use of advanced engineering dynamics and hydromechanics for modelling ocean waves, 

seakeeping and maneuvering. The emphasis is on outlining the fundamentals of linear methods that 

can be used in ship design and operational management. The course refers to last year 
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undergraduate or MSc students with interest in Marine Technology. It can also be useful for early 

career professionals.

(a) A ship in stochastic seaways © national geographic 

– world of the wild

(b) Seakeeping simulations using CFD (Jiao & Huang, 

2020)

Figure 1.1. A ship in waves (reality vs simulation)

2. Some definitions

Seakeeping refers to a ship’s ability to remain at sea in all conditions and carry her intended mission. 

Topics such as dynamic stability in waves, strength, maneuvering, added resistance inevitably link 

with seakeeping dynamics and ship performance in waves. This is because excessive ship motions

may have adverse effects on ship design and operations. They may lead to hull rupture, discomfort 

of the passengers and crew, result in less efficient working conditions and bad customer 

experience. Added water resistance due to ship motions in waves and propellers exposed to heavy 

conditions may also result in reduced ship efficiency. This is because severe motions and heavy 

loading on propulsors may lead to voluntary ship speed loss. To control this problem computerized 

weather routing systems are now fitted on several ships allowing the master greater control of speed 

and seaworthiness in demanding or extreme conditions.

In traditional seakeeping analysis the ship is modelled as a rigid body moving in six degrees of 

freedom namely three translations (heave, surge, and sway), and three rotations (roll, pitch, and 

yaw). For a ship to maintain sound dynamic stability in waves the oscillatory degrees of freedom of 

roll, pitch and heave should be controlled. In heavy seas a ship’s bow may dig into waves and water 

may be driven over the ship’s forecastle deck. The phenomenon is known as deck wetness and may 

be linked with strongly coupled heave and pitch motions. In such conditions slamming loads may be 

evident. The main design factors affecting these operational scenarios are the relative motion of the 

bow, the sea surface and the ship freeboard. 
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When sailing in congested waterways such as canals or during navigation in harbors, ship control 

is essential to ensure accurate ship tracking relative to the berth points and safety in relation to other 

ships in harbor. A ship is said to be directionally stable if a deviation from a set course increases only 

while an external force or moment is acting to cause the deviation. Conversely, it is said to be 

unstable if a course deviation begins or continues even in the absence of an external cause. A 

directionally unstable ship is easy to maneuver, while a stable ship requires less energy to maintain

a set course. A compromise between extremes is therefore desirable. Another example are dynamic 

positioning systems used in offshore vessels or drilling platforms. Such systems help maintain 

floatability and positioning relative to the seabed. Thus, propulsors producing ahead and astern 

thrust as well as turning moments and thrust have been developed. The latter (i.e., turning moments 

and lateral thrust) are provided using rudders directly positioned behind the main propulsors and in 

some cases additional lateral thrusters are used where higher maneuvering capability is required 

(e.g., ship rn regions).

0

Surge

Heave

Pitch 

0
Surge

Yaw
Sway

Heave
Sway

Roll

Figure 1.2 Coordinate model representing the 6 degrees of freedom of a rigid ship, is the longitudinal position of the 
center of gravity relative to the body fixed coordinate system x, y and z (Taimuri et al., 2020)

Ship maneuvering and control (positional and directional stability) relate with controlling ship 

course and speed and may involve the investigation of motions due to disturbing forces from the 

aneuvering 

characteristics of a vessel are usually defined in still water conditions. Wind effects on maneuvering 

characteristics are of concern for ships with large superstructures such as cruise ships and ferries. 

When a ship operates close to banks or at close proximity to another ship, she may experience 

additional forces and turning moments with significant variations. Thus, the use of time domain 

hydrodynamic models is typical in manoeuvring but only an option in seakeeping. Manoeuvring is 
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often studied in shallow waters but seakeeping in open seas. Finally, seakeeping is studied by an 

inertial coordinate system while manoeuvring by a ship fixed system. The simulation of viscous fluid 

flows implies mathematical difficulties and computational costs (Kim et al., 2021). The primary 

purpose of computing motions and loads of ships in a seaway is to assure the safety of persons on 

board, the integrity of the ship and the cargo. They also aim to improve performance and efficiency 

(Hirdaris et al., 2014). Excessive motions may cause shift of cargo, damage from loosened deck 

containers or equipment and dangerously large heel angles and capsizing (Acanfora et al., 2017). 

Furthermore, ship motions affect the comfort of persons on board, leading to sea sickness or, in 

extreme cases, to render it impossible for the crew to accomplish a ship’s mission. Knowledge of 

wave-induced loads is necessary to assess the integrity of the ship’s structure. Most important for 

this are vertical and horizontal bending moments, torsional moments, and sometimes shear forces 

in transverse sections of the hull girder (Hirdaris et al., 2010). Wave-induced local pressure acting on 

the hull determines the necessary strength of plates, stiffeners, and web frames. Furthermore, 

steady wave- and wind-induced forces and moments should not prevent the ship from arbitrary 

course changes nor from adjusting the speed ahead.

(a) Ship maneuvering at close proximity to harbor 

under wind and current forces
(b) Littoral combat ship in turning circle manouvre

Figure 1.3. Ship maneuvers at harbor and during sea trials

(a) shallow water slow maneuver (b) deep water fast maneuver

Figure 1.4. Ship maneuvering idealization using a potential flow solver (Taimuri et al., 2020)
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3. Specialist topics

Hydroelasticity of ships is concerned with the interaction of the ship modelled as an elastic body

with her surrounding fluid (Hirdaris et al., 2010). Theoretically, flexible ship dynamics recognize the 

significant differences in the hydrodynamic, inertia, and elastic forces that may lead to the 

amplification of wave loads and excessive strains and stresses possibly leading to hull rupture or high 

fatigue loads. The importance of flexible ship dynamics increased over the last few years as sea 

transportation and ship sizes increased. Modern ocean carriers are more flexible, and their structural 

natural frequencies can fall into the range of the encounter frequencies of the sea spectrum. It is now 

recognized that hydroelastic effects associated with ship slamming or the antisymmetric (i.e. coupled 

horizontal bending and torsion) dynamics of ships with large openings may influence wave load 

predictions. Ship dynamic stability in waves attempts to investigate roll motions which are subject 

to heeling moments in the irregular seaway. Investigations therefore include nonlinearities (e.g., roll 

damping) and provide variation of roll angle in time with the ultimate purpose to investigate whether 

the ship will capsize. There are also some investigations dealing with the coupled sway-roll-yaw 

motions; thus, bringing together the subjects of directional and dynamic stability. Ship survivability 

against capsizing in heavy seas has become one of the areas of primary concern among ship 

researchers, designers and regulators in recent years. When a ship is subjected to the effect of large 

waves it may capsize according to several different scenarios, which further depends on the 

magnitude and direction of the wave excitation and the ship’s own capability to resist such 

excitations. Resonant or breaking waves approaching a ship from the ship side (beam seas) have a 

potential to excite large rolling which could result in capsizing, especially if the intensive oscillation 

of the ship causes a shift of cargo or a considerable quantity of green water is seen on the deck. More 

dangerous still can be a group of steep and relatively long waves approaching a ship from the stern 

(following-seas). Waves of this kind are known to incur significant reductions in roll restoring 

capability (i.e., the tendency to return to the upright position) for many types of vessels and they may 

also instigate dangerous coupled motions. In following-seas a ship may capsize in at least two ways

known as pure loss of stability and parametric instability. The former is a sudden, non-oscillatory 

type capsize taking place around a wave crest due to slow passage from a region of the wave where 

roll restoring has become negative. Parametric instability is the gradual build-up of excessively large 

rolling created by a mechanism of internal forces, the result of a fluctuating restoring movement that 

depends on where the ship lies in relation to the wave (ABS, 2004). This phenomenon is related to 
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the periodic change of stability as the ship moves in longitudinal waves at a speed when the ship’s 

wave encounter frequency is approximately twice the rolling natural frequency and the damping of 

the ship to dissipate the parametric roll energy is insufficient to avoid the onset of a resonant 

condition.

(a) FE model showing the beam (blue) and hull surface 

connected by the kinematic coupling constraints (yellow) as 

presented in (Lakshmynarayanana & Hirdaris, 2020)

(b) Time instance of coupled CFD simulations 

showing bow emerging in and out of the water 

surface (Lakshmynarayanana & Hirdaris, 2020)

(c) Illustration of in vacuo flexible dynamics of a modern container ship (Hirdaris et al., 2010)

Figure 1.5. Hydroelastic modelling combines marine hydrodynamics and structural dynamics

If a ship is in a wave trough, the average waterplane width is significantly greater than in calm water. 

The flared parts of the bow and stern are more deeply immersed than in calm water and the wall-

sided midship is less deep. This makes the mean, instantaneous waterplane wider than in calm water 

with the result that the metacentric height increases over the calm water value. When the wave crest 

is located amidships, the waterplane at the immersed portions of the bow and stern are narrower 

than in calm water. Consequently, the average waterplane is narrower and the metacentric height 

decreases in comparison to calm water. As a result, the roll restoring moment of the ship changes as 

a function of the wave’s longitudinal position along the ship. Broaching to relates to an unintentional 

change in the horizontal-plane kinematics of a ship. Broadly, it may be described as the “loss of 

heading” by an actively steered ship. It is accompanied by an uncontrollable build-up of a large 
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deviation from the desired course. Broaching to is more commonly occurring in waves which come 

from behind and propagate in a direction forming a small angle, say 10-30 deg., with the longitudinal 

axis of the ship (Spyrou, 2011).

(a) WL profile in a wave trough

(b) WL profile in a wave crest

Figure 1.6. Ship stability in longitudinal waves (calm water line – WL is denoted in red)

Figure 1.7. Stages of a Broaching to scenario: (a) the ship may run on crest; (b) ship stern gets too high and thus the 
rudder losses effect; (c) the bow pitches into trough and buries; (d) stern swings round bringing ship abeam to 
elements; (e) next wave will possibly break over the ship and cause severe damage

4. The influence of ship dynamics on ship design development 

Ship safety in design is assured by the IMO and Classification Societies. The Class Societies develop 

rules regarding ship loads (e.g., - ). Traditional Classification 

rules are based on accident records and experiences with ships in operations, as well as theoretical 

and experimental studies . Ship safety criteria that relate 

with maritime operations (e.g. maneuvering and stability requirements) are introduced by the 

International Maritime Organization (IMO) and developed in association with Flag Administrations, 

Classification Societies, academia and industry including non-governmental organizations (IMO, 
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2017). In the last 20 years, computational methods have been used to improve and extend the rules 

related to wave loads and seakeeping and to investigate wave responses for newbuild ships that 

differ substantially from those for which the rules were prepared. For reliable load predictions, it may 

be advantageous to apply advanced and possibly costly computations to reduce a ship’s scantlings or 

the probability of structural failures. Numerical simulations may help to estimate the probability of 

excessive motions and accelerations with respect to ship motions. This may help to extend the safe 

limits of metacentric height (Lloyd’sRegister, 2018). Ship dynamics can be assessed by using full-scale 

measurements, model tests, and numerical methods. Despite advances in theoretical ship 

hydrodynamics the design of novel hull forms at preliminary design stage makes use of model scale 

experiments. Development of wave basin models are cut from a plan re-drawn from the hull lines 

and may be costly unless 3D printing methods are employed. From naval architecture perspective it 

is imperative to realize that ship models used in model tests should be as large as possible to minimize 

viscosity scale effects. Yet, increased model size should not influence ship dynamics in restricted 

waters and the size of a stock propeller is to be taken into consideration when the scale for a ship 

model is selected. The material of which the model is made is not important provided the model is 

sufficiently rigid. Wood, wax, high density closed cell foam and fiber reinforced plastic are commonly 

used. Model test results can be converted to full-scale data except for the influence of viscosity, 

which is small in most cases. More important is the limited size of the model basin, the degree of 

sophistication of the equipment of the test facility, and cost and time to perform such experiments. 

In irregular seaways, long test runs are required to obtain representative results. Thus, for seakeeping 

models today, experiments are used mainly to validate numerical methods. An exception is the 

sloshing of fluids in tanks, where small-scale effects like wave breaking and the collapse of bubbles 

may be important for practical questions but are difficult or impossible to simulate accurately. 

The range of model tests carried out depend on the type of the analysis or the sub-model by which 

the ship behavior is investigated. As an example, model tests that aim to predict powering 

performance of a ship comprises the resistance test, the self-propulsion test and the propeller open-

water test. Seakeeping model tests usually employ self-propelled models in narrow towing tanks or 

broad, rectangular seakeeping basins. The models are sometimes completely free, being kept on 

course by a rudder operated in remote control or by an autopilot. In other cases, some degrees of 

freedom are suppressed e.g., by wires. If internal forces and moments are to be determined, the 

model is divided into sections. The individual watertight sections are coupled to each other by gauges 



Lecture 1: Introduction to Ship Dynamics

99

consisting of two rigid frames connected by stiff flat springs with strain gauges. Model motions are 

then determined either directly or by measuring the accelerations and integrating them twice in time. 

Waves and relative motions of ships and waves are measured using two parallel wires penetrating 

the water surface. The change in the voltage between the wires is then correlated to the depth of 

submergence in water. The accuracy of ultrasonic devices is slightly worse. The model position in the 

tank can be determined from the angles between the ship and two or more cameras at the tank side. 

Either lights or reflectors on the ship give the necessary clear signal. Full-scale measurements (FSMs) 

are possible only if a ship, or her sister to this vessel, are build. FSMs may be expensive, the wave 

conditions cannot be controlled and assessing the wave conditions during the measurements with 

the required accuracy may be difficult. During FSMs ship motions are measured by accelerometers 

and gyros., Global and local loads are measures by strain gauges and loss of speed, propeller rpm and 

torque are all monitored. Recording the seaway can be done either by recording measurements over 

many years of operation, or by deducing the maximum values during the lifetime of the ship and then 

by extrapolating the recorded distribution of long-term measurements.

(a) Hydroelastic ship model (Lee et al., 2011) (b) Ship resistance model © MARIN, Netherlands

Figure 1.8. Model testing remains key part for the validation of ship dynamics of novel hull forms

Figure 1.9. Wiring of a containership with strain gauges (Hirdaris et al., 2010)
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The random variation of the actual sea states encountered by a ship may introduce considerable 

inaccuracies for the predicted extreme values even if several years of measurements are available.

Although model tests and FSMs can provide useful information of a ship’s performance, designs and 

operational conditions may differ. Hence it is not certain whether the elaborated ship hull form 

together with the designed propeller and appendages will ensure efficient performance of any ship 

in all conditions. Such possibilities are offered by numerical methods such as computational fluid 

dynamics and finite element analysis. Linear hydrodynamic models are used to determine motions 

and structural hull girder loads for ships advancing at constant forward speed in small amplitude 

regular waves under various combinations of wave frequency and heading. For any seaway described 

by a wave spectrum, the results are combined to obtain root mean square values of loads 

extrapolated linearly over wave amplitude. Results for different seaway conditions are then 

combined to a long-term probability distribution of loads. For suitably selected design conditions, 

nonlinear corrections to the linear loads can be applied. If more accuracy is required, solvers for 

Navier- Full 

understanding and an accurate prediction of hydrodynamic wave body interactions is challenging. 

The associated nonlinear effects become critical when large-

surface waves are involved. Recent research advances in the area of ship damage stability suggest 

that implementation of marine hydrodynamics and structural dynamics in ship crashworthiness 

assessment will influence ship design development and assessment (Kim et al., 2022). The use of big 

data analytics may also prove useful in terms of defining direct assessment methods accounting for 

the influence of hydro-meteorological conditions on the probability of ship collision and grounding 

(Zhang et al., 2021). It is envisaged that these developments will impact upon future IMO ship 

damage stability standards. 

(a) 3D potential flow model (b) Topology of hydrodynamic models
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Figure 1.10. Overview of seakeeping methods (Hirdaris et al., 2016)
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5. Questions

1. What are the key terms for ship dynamics and which ones affect the design of the ship?

2. What is the difference between seaworthiness and seakeeping?

3. Which phenomena are frequently simplified when creating ship dynamic simulations ?

4. Why would shipyards and shipowners have different maneuvering requirements for vessels?

5. What are the main categories of wave loads and which methods are used to model them?

6. Which organizations are responsible for ship safety? 

7. What is the difference between rules and regulations? How they relate with ship dynamics?

8. What types of engineering tools are used to generate and collect ship dynamic data?

9. Name the advantages and limitations of full-scale measurements.

10. Which non-linear effects are important to the operation of a ship and why? 
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Chapter 2: Controlling Ship Dynamics

1. Introduction

A ship must be designed to propel through water with maximum efficiency ideally via use of minimum 

power in waves (Bertram, 2012). Weather phenomena influence ship resistance and associated ship 

dynamics. The water’s resistance to the motion of the ship is referred to as total hull resistance (RT). 

This is the resistance force used to calculate a ship’s effective horsepower. Total hull resistance 

increases as speed increases (see Figure 2.1). The resistance curve is not linear. Instead, it increases 

more steeply at higher speeds. The hump on the resistance curve shown in Figure 2.1 is a 

phenomenon common to most ship resistance curves. 
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Figure 2.1. Typical curve of total hull resistance
Ship resistance is a function of many factors, including ship speed, hull form (draft, beam, length, 

wetted surface area), wave actions and water temperature. In terms of controlling ship dynamics, it 

is key to realize that the power required to propel a ship through the water is the product of total 

hull resistance and ship speed. Ship power is proportional to (ship speed)3. For example, doubling the 

speed of a ship from 15 to 30 knots requires 23 = 8 times as much power! Thus, for the ship operator 

planning getting from point A to B in the shortest amount of time requires a lot more power than 

traveling the same distance at a slower speed. Naturally, this increase in power is felt directly in the 

amount of fuel burned during the transit. A ship’s fuel consumption curve is similar in shape to its 

horsepower and total resistance curves. Thus, voyage planning requires careful attention to transit 

speed and fuel consumption rates to ensure that the ship arrives at her destination with an adequate 

supply of fuel onboard. Whereas these are items that mostly relate with ship efficiency and marine 

engineering it is key to realize that resistance and propulsion phenomena interplay in terms of 
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realizing ship dynamic phenomena and their impact on ship safety. This is the reason why in naval 

architecture we tend to link ship safety and performance. This lecture focuses on outlining key 

definitions related with ship resistance in waves, the dynamics of rudders and ship stabilization

systems. The aim is to outline basic physics and key mathematical principles of broader relevance to 

ship dynamics and for use in concept ship design development. 

2. Key definitions

As a ship moves through the water, the friction of the water acting over the entire wetted surface of 

the hull causes a net force opposing the ship’s motion. This frictional resistance is a function of the 

hull’s wetted surface area, surface roughness, and water viscosity. As water flows along the hull, the 

laminar flow begins to break down and become chaotic and well mixed. This chaotic behavior is 

referred to as turbulent flow and the transition from laminar to turbulent flow occurs at the transition 

point (see Figure 2.2). Turbulent flow is characterized by the development of a layer of water along 

the hull moving with the ship along its direction of travel. This layer of water is referred to as the 

“boundary layer”. Moving away from the hull, the velocity of water particles in the boundary layer 

becomes less, until at the outer edge of the boundary layer velocity is nearly that of the surrounding 

ocean. Formation of the boundary layer begins at the transition point and the thickness of the 

boundary layer increases along the length of the hull as the flow becomes more turbulent. As ship 

speed increases, the thickness of the boundary layer will increase, and the transition point between 

laminar and turbulent flow moves closer to the bow. The latter causes an increase in the friction 

experienced between the ship and surrounding water.

The main factors affecting total ship resistance are the friction and viscous effects of water acting 

on the hull, the energy required to create and maintain the ship’s characteristic bow and stern waves, 

and air resistance. Accordingly total resistance ( ) can be written as = + + (2.1)

where: = total hull resistance; = viscous (friction) resistance; = wave making resistance; 

= air resistance caused by ship moving through calm air. For an illustration of these basic 

hydrodynamic components of ship resistance see Figure 2.3 and Figure 2.4. 
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Figure 2.2. Typical water flow pattern around a ship’s hull
Viscous resistance ( ) is essentially the result of water rubbing against the ship side. This rubbing 

is prone to viscosity; a temperature dependent property of a fluid that describes its resistance to 

flow. Although water has low viscosity, it produces a significant friction force opposing ship motion. 

Experimental data have shown that water friction can account for up to 85% of a hull’s total 

resistance at low speed (Froude No., Fn 0.2 or speed-to-length ratio less than 0.4 if the ship speed 

is expressed in knots), and 40%-50% of resistance for some ships at higher speeds. The influence of 

frictional resistance depends on the thin water viscosity boundary layer generated around the hull 

surface as a ship progresses in waves. Friction arises from the shear stresses in the fluid and acts 

tangential to the body. Viscous pressure resistance acts normal to the body. In the forward portion 

of the hull pressure forces act normal to the surface; However, in the aft portion of the hull the 

boundary layer reduces the forward acting component of pressure. This reduction results in a net 

resistance force due to pressure acting on the hull. The increase in resistance due to pressure is called 

“viscous pressure drag” or “form drag”, and is sometimes also referred to as the normal component 

of viscous resistance. The shape of a ship’s hull can influence the magnitude of viscous pressure drag. 

Ships that are short in length with wide beams (i.e., low length to beam ratio ships) will have greater 

form drag than those with a larger length to beam ratio. Also, ships that are fuller near the bow (e.g., 

bulk oil tanker) will have greater form drag than ships with fine bows (e.g., a destroyer or a container 

ship). The residual resistance (RR) comprises of a resistance component due to waves formed by ship 

motions and a component of eddy making resistance formed in way of the stern and projecting parts 

(e.g., bossing and bilge keels). Wave resistance relates to the fact that as a ship is progressing in 

waves, she generates a typical wave system leading to energy losses. This wave system is 

decomposed into primary and secondary systems. The former assumes ideal fluid flow (i.e., no 
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viscosity) leading to pressure distributions. Additionally, at the free surface even with the assumption 

of ideal fluid flow, a typical wave pattern that comprises of transverse and divergent waves is 

generated (see Figure 2.5). In deep waters, waves form a wedge shape known as ‘‘Kelvin pattern’’. 

These waves have a half-angle of 19.50 which is independent of the ship actual shape (see Figure 2.5).

To
ta

l R
es

ist
an

ce
 

Ship speed

Air 
Resistance

Viscous 
Resistance

Wave making 
Resistance

Total 
Resistance

Figure 2.3. Proportional contribution of the components of hull resistance
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Figure 2.4. Hydrodynamic resistance components
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Air resistance ( ) acts on portions of the ship above the water. It is the resistance caused by the 

flow of air over the ship with no wind present. This component of resistance is affected by the shape 

of the ship above the waterline, the area of the ship exposed to the air, and the ship’s speed through 

the water. Ships with low hulls and small “sail area” or projected area above the waterline will 

naturally have less air resistance than ships with high hulls and large amounts of sail area. Resistance 

due to air is typically 4% - 8% of the total ship resistance but may be as much as 10% in high sided 

ships such as aircraft carriers. Air resistance can be reduced by streamlining hulls and 

superstructures. Wind resistance on a ship is a function of the ship’s sail area, wind velocity and 

direction relative to the ship’s direction of travel. For a ship steaming into a 20-knots wind, a ship’s 

resistance may be increased by up to 25% - 30%. Ocean currents can also have a significant impact 

on a ship’s resistance and the power required to maintain a desired speed. 

(a) Kelvin wave pattern (Molland, 2017) (b) CFD simulation of Kelvin wave patterns (Duman, 

2016)

(c) Froude’s original sketch of wave patterns (RINA, 2010) (d) Narrow Kelvin waves by container ship

Figure 2.5. A ship’s secondary wave system is idealized by Kelvin wave patterns
Added resistance refers to ocean waves caused by wind and storms and is not to be confused with 

wave making resistance. Ocean waves cause the ship to expend energy by increasing the wetted 

surface area of the hull (added viscous resistance), and to expend additional energy by rolling, 

pitching, and heaving. This component of resistance can be very significant in high sea states.

Resistance in shallow waters is caused by (a) the speed up of flow of water around the bottom of the 
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hull leading to increased viscous resistance and (b) the consequent decrease of pressure under the 

hull, causing the ship to “squat”. The latter is associated with increased wetted surface area and 

frictional resistance patterns. The waves produced in shallow waters tend to be larger than waves 

produced in deep waters at the same speed. The energy required to produce these waves increases; 

i.e., wave making resistance increases in shallow water and therefore to travel in shallow waters

requires more horsepower (and fuel). 

3. The dynamics of resistance and thrust

Ship maneuverability related requirements are split into three broad categories namely (a) general 

maneuverability in open seas; (b) directional stability; (c) low speed maneuverability. These principles 

are challenged by resistance and thrust dynamics and therefore good design should involve sound 

understanding of the influence of flow around the hull, the basis of choice of slow and moderate 

speed steering and maneuvering equipment, and general propulsion dynamics (e.g., propeller -

rudder interactions). With the later in mind this section explains principles of ship resistance, thrust, 

their dynamic interactions.

3.1 Powering calculations

Based on the generic definition = × , the ship effective power (i.e., the power 

the ship would consume if she sails without power) is defined as= (2.2)

Where is the total water resistance excluding appendage resistance and is the ship speed. The 

fluid flow will vary around the hull. Thus, the propeller thrust will depend on the speed of advance 

(flow speed upstream the propeller) rather than the ship speed. The thrust power will then be 

defined as = (2.3)

where is the thrust force generated and is the speed of advance. The thrust power needed 

during model tests is usually greater than the total resistance . Thus, the propeller induces 

additional resistance associated with (a) pressure decreases in way of the aft ship body leading to 

increase of the inviscid resistance; (b) flow velocity increases around the aft - body that may lead to

increases in frictional resistance. To account for the above, we can combine resistance and thrust 

together using the so-called thrust deduction factor t defined as
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= 1 (2.4)

The resistance that should be equivalent to the propeller thrust is given by the equation

= (1 ) = 0.5(1 ) (2.5)

where is the water density, is the longitudinal-component flow velocity, is the wetted hull 

surface, and is the total resistance coefficient and this can be in tabular values against Froude 

number as a result of empirical analysis or model tests. The speed of advance is generally slower than 

ship speed because of the effect of the ship’s wake on the propeller inflow velocities. This wake is 

analyzed into mainly three components namely friction, potential and wave wake. Friction wake

relates with flow velocity speed decreases at the aft ship body’s boundary layer and leads to flow 

separation. The potential wake does not account for the effects of viscosity in way of the free surface 

and assumes there will be lower velocities at the stagnation points (i.e., in way of the bow and stern 

of the ship). The wave wake assumes that local velocities around the hull may have adverse or 

beneficial effects depending on the case. The total wake fraction is then defined as

= 1 (2.6)

Self-propulsion CFD simulations can be conducted to evaluate the thrust deduction factor and the 

wake fraction. (Matusiak, 2021) proposed approximate values for wake fraction and thrust deduction 

factors as shown in Table 2. 1.

Table 2.1. Approximate values of the propulsive coefficients (Matusiak, 2021)

Item Single screw vessel Multi-screw vessel

Wake fraction 0.25 0.05
Thrust deduction factor 0.25 0.15

If the total resistance coefficient is not available the propulsive power may be used as follows

= = ,  = (2.7)

Where is the propulsive efficiency and given by

= (1 )(1 ) (2.8)
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where the open water efficiency =  0.65 and the relative rotative efficiency = 1.

3.2 Ship thrust

Two models are used to represent the thrust developed by a propeller. Model 1 is preferred for a 

fixed pitch propeller and comprises the total thrust evaluated from open water characteristics of the 

propeller (KT-J curve) as follows: = (2.9)

where is the number of propeller blades, is the propeller revolutions per second, is the 

propeller diameter, and is the thrust coefficient. Propeller revolutions should be adjusted for a 

required ship speed and to satisfy the condition ( = ). Then, revolutions are kept 

constant or to be adjusted to keep the advance coefficient = constant depending on the type of 

machinery (Bertram, 2012). Model 2 is preferrable for controllable pitch propellers (see Figure 2.6).

It assumes that the delivered power and the propulsive efficiency are constant. This assumption 

yields the following relationship between the propeller thrust and the ship speed

= (1 ) (2.10)

This model allows good control of the propeller pitch, but it is only optimized for certain operational

conditions. Thus, efficiency losses in other operating conditions are not considered.

(a) Fixed pitch propeller

(b) Controllable pitch propeller

Figure 2.6. Controllable and fixed pitch propellers ©Wärtsilä (2020) (Wätsilä, 2020)
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4. Ship rudder dynamics 

Marine rudders are primary control surfaces with streamlined sections used to steer ships through 

water. They are designed to give good lift and drag ratio and are of double plate construction (see 

Figure 2.7). They are classified based on how close the center of pressure is to the rudder axis and 

accordingly known as balanced, semi-balanced and unbalanced rudders. 

Whether a rudder is balanced or not is dependent upon the relationship of the center of pressure 

of the rudder and the position of the rudder stock. For example, rudders that are vertically aligned

are fully balanced. On the other hand, when the rudder stock is at the leading edge, it is unbalanced. 

This is a common arrangement in merchant ships where rudder forces are not excessive. When no 

lower pintle is used the rudder is termed as spade. Spade rudders are commonly used in warships. A 

flap rudder has the feature of a flap at the trailing edge of the rudder. It can improve lift by modifying 

the airfoil shape and by inducing increase to the turning angle of the rudder. The flettner rudder uses 

two narrow flaps at the trailing edge. As the flaps move to assist the main rudder movement the 

torque required by the steering gear is reduced. Active rudders are spade-type rudders. They include 

a housing with small electric motor driving small propeller to provide rudder force even when the 

ship is at rest (Figure 2.7 and Figure 2.14). The rudder profile needs to fit within dimensions dictated 

by the hull shape. The span is limited by the vessel draft. Therefore, it should not extend below the 

baseline or penetrate the water surface. The chord is limited by propeller clearance and stern shape.

Figure 2.7. Rudder concept in ship steering; water flow in negative direction, is the distance between the center 

rudder angle (Lin et al., 2018)
The usual distance between the propeller and the rudder is 0.2 propeller diameter. The rudder should 

be designed for minimum drag at all speeds. usual section shape is NACA 0015 to 0021 (relatively 

thick) – see Figure 2.15. These foils have a relatively constant center of pressure and thick sections 
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are better structurally. Rudder induced vibrations should be kept to a tolerable level. From a 

hydrodynamic perspective, the basic considerations in rudder design can be summarized as follows:

Full form ships need larger rudders 

Generally, large rudders provide superior performance 

Rudders should be placed in way of the propeller wake with the aim to improve efficiency 

High aspect ratios improve rudder efficiency. However their practical use may be limited by 

the hull shape (span by draft; chord by stern shape)

An Increased rate of swing is good for small ships. However, large ships benefit more from 

rudder area than from swing rate

According to (DNV, 2015) a good first estimate of rudder area can be achieved by using the formulae 

= ×100 1 + 25 (2.11)

The above applies only for single rudders operating in a propeller wake. For all other arrangements 

DNV requires a 30% increase in area. The idea behind this choice is that increased area leads to 

increased flow and better efficiency over the rudder at low speeds. It is useful to compare values 

from Equation (2-11) with values used in industry. As shown in Table 2. 2 and Table 2. 3 the rudder 

performance is more affected by span length than chord length. 

(a) (b)

(c) (d)

Figure 2.8. Typical rudder types (a) simplex balanced (b) spade balanced (c) unbalanced (d) semi-balanced rudder 

(Tupper, 2013)
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= 12= 12

Figure 2.9. Forces on an Airfoil (The lift - is defined as the component of force perpendicular to the freestream 

velocity vector. The drag - is defined as the component of force parallel to the free-stream velocity). The lift increases 

with increasing angle of attack. Eventually the adverse pressure gradient causes separation over the entire upper 

surface of the foil, resulting in a loss of lift. The maximum obtainable lift coefficient is called , ·

Mean Span - average of leading and trailing edge 
spans 
Mean Chord - average of the root and tip chords 
Profile Area - product of mean span and mean 
chord 
Aspect Ratio - ratio of mean span to the mean 
chord 
Taper Ratio - ratio of the tip chord to the root 
chord 
Sweepback Angle - angle between 1/4 chord 
line and vertical 
Mean Thickness - average of the max thickness 
of the foil at the root and tip

Figure 2.10. Typical rudder design definitions

Figure 2.11. Typical Rudder Section
The way the rudder affects the forces acting on the flow can be shown using a linear model by setting

the rudder to an arbitrary angle  . This action develops a horizontal force is given as: = (2.12)

where = / is a hydrodynamic derivative in way of the axis of reference (Matusiak, 2021). 
This is followed by a negative turning moment which results in a turning motion of the ship to 
an angle and amplified by a turning moment as the ship is positioned in an inclined flow (see 
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Figure 2.12.). There are two main realistic ways to evaluate the rudder forces. The first is known as 
the non-linear maneuvering model that utilizes the hull forces as a function of the rudder angle 
defined by Equations (2.13) to (2.15) below.= + + + + + + ++ + + + + ++ + + (2.13)

= + + + + + + + ++ + + + + ++ + + + ++ + (2.14)

= + + + + + + + ++ + + + ++ + + + ++ + + (2.15)

where and are the x- and y-directional force components, is the fluid moment. , and are 

dependent upon the motion variables ( , and ), their time derivatives and the rudder angle . , 

and terms marked with the subscripts are called slow motion derivatives.

(a) Inflow rudder velocity and rudder forces (b) Stages of ship’s turn

,
,

Rudderr lift

Rudderr lift
Hulll lift

Figure 2.12. The influence of rudder dynamics on a ship’s turning ability
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Table 2.2. General vessel hull form coefficients and ratios (Not for detailed design )
Vessel Type CB L/B B/T Speed

(Knots)
Froude 
number

Propellers 
/ rudders

Rudder area 
ratio

Dynamic course 
stability

Tug 0.50 3.3 2.1 10 0.25 0.025 S
Fishing boat 0.50 5.5 2.4 16 0.31 0.025 S
Car Ferry 0.55 5.1 4.5 20 0.34 0.020 S a
Containership 
(high speed)

0.55 8.3 3.0 28.5 0.53 0,015 or 
0.025

S or Sa

Cargo liner 0.58 6.9 2.4 21 0.29 0.015 S
Ro-Ro 0.59 6.9 3.0 22 0.26 0.015 S
Barge 0.64 7.5 2.9 19 0.20 0.015 S
Containership
(medium speed)

0.70 7.1 2.8 22 0.25 0.015 S

Offshore supply 
vessel

0.71 4.7 2.75 18 0.28 0.016 Sb,c

General cargo
(low speed)

0.73 6.7 2.4 15 0.20 0.015 S

Lumber
(low speed)

0.77 6.7 2.6 15 0.20 0.025 S

LNG (125K m3) 0.78 6.8 3.7 20 0.20 0.015 U
OBO (Panamax) 0.82 7.5 2.4 16 0.17 0.018 U
OBO (150K dwt) 0.85 6.4 2.4 15 0.15 0.017 U
OBO (300K dwt) 0.84 6.0 2.5 15 0.14 0.015 U
Tanker (Panamax) 0.83 7.1 2.4 15 0.16 0.015 U
Tanker (100K to 
350K dwt)

0.84 6.2 2.4 16 0.15 0.015 U

Tanker (350K 
dwt)

0.86 5.7 2.8 16 0.13 0.015 U

River boat 0.65 3.5 4.5 10 0.25 - Ub,c

S = stable course stability; U = unstable course stability
a Although the vessel is directionally stable maneuvering is difficult at low speeds when the propeller wash 
is not effective over the rudder
b Maneuverability is good because of installation of nozzles, flanking rudders, etc.
c Twin screw propulsion because of restricted draft

Table 2.3. Rudder area coefficients
Vessel type % Length × Draft
Single screw 1.6 to 1.9
Twin screw 1.5 to 2.1
Twin screw with 2 rudders 2.1
Tankers 1.8 to 1.9
Large passenger ships 1.2 to 1.7
Fast passenger ships for canals 1.8 to 2.0
Coastal vessels 2.3 to 3.3
Vessels with increased 
maneuverability

2.0 to 4.0

Fishing trawlers 2.5 to 5.5
Tags 3.0 to 6.0
Sailing vessels 2.0 to 3.0
Pilot vessels 2.5 to 4.0
Motor boats 4.0 to 5.0
Yaughts 5.0 to 12.0
Centreboard boats 30 or more
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Another model to be used is the modular model in which the flow in way of the rudder is modelled 

mathematically. The inflow velocity to the rudder is influenced by yaw and sway motions of the ship. 

It therefore influences the propeller slipstream flow and the flow velocity. The angle of attack of the 

flow is not the same as the rudder angle. Consequently, the drag and lift forces depend on the flow 

velocity in way of the rudder defined as

,,, = ,+ ,+ ,, = , +, = + , +, = + , +
(2.16)

where is the longitudinal ( -component) of flow velocity along the propeller slipstream; ,
are the angular velocity components expressed in the moving co-ordinate system , , . The 

subscript ‘‘wave’’ is referred to the flow velocities due to the contribution of wave action; ( , , )
represent the positions of the rudder in the body-fixed coordinate system, see Figure 2.2 and (Taimuri 

et al., 2020); is the rudder flow velocity vector with angle of attack = + where is the 

change of the angle of attack due to the ship motion and the waves (see Figure 2.12)= arctan , / , (2.17)

A typical ship’s rudder is limited to angles in the range of± 350. This is because at greater angles than 

these the rudder is likely to stall. Figure 2.13 shows the development of stall as rudder angle 

increases. According to aerodynamic theory (see Figure 2.9) lift and drag forces are defined as

= 12 (2.18)

= 12 (2.19)

where is the projected area of the side view of the rudder. Consequently, the lift and drag

coefficients become

= 2 ( + 1)( + 2) ( + ) (2.20)
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= 1.1 +
where = / is the aspect ratio between the (rudder length)2 over the projected area of the 

side view of the rudder. The viscous drag coefficient can be calculated according to the ITTC 1957 

(Morrall, 1970) as a function of frictional resistance coefficient:= 2.5 = 2.5 .( ) , for = (2.21)

where is Reynold’s number, is the mean value of the rudder cord and is the kinematic 

viscosity. At small angles, rudder lift is created due to the difference in flow rate across the port and 

starboard sides of the rudder. However, as the rudder angle increases, the amount of flow separation 

increases until a full stall occurs in the range of 300 to 400 (see Figure 2.13). The amount of lift 

achieved by the rudder reduces significantly after a stall and is matched by a rapid increase in drag.  

Consequently, rudder angle is limited to values less than the stall angle. If we assume that the rudder 

is positioned directly in the propeller slipstream, the rudder forces are higher than the ones 

generated by a rudder placed outside the propeller. The distance between the propeller and the 

rudder is small. This results in reduction of the axial velocity of the slipstream . The velocity at the 

rudder can be then represented as a function of the velocity far downstream the propeller, the radius 

of the flow far downstream the propeller, and the radius of the slipstream at the rudder

=
= 0.14( / ) + ( / )( / ) .0.14( / ) + ( / ) .

(2.22)

where is the mean flow velocity far downstream the propeller, is the radius of the slipstream 

far behind the propeller, is the slipstream radius at the rudder, is the propeller radius. Finally, if 

we assume an ideal propulsor model, the axial mean velocity and the slipstream radius far behind 

the propeller can be approximated by the formulae

= 1 +    for = . / = while = (1 + ) (2.23)

where is the thrust loading coefficient, and is the propeller diameter.
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(a) Rudder Flow Patterns at Increasing Rudder Angle (b) Lift versus rudder angle

Figure 2.13. Rudder flow patterns at increasing rudder angle

5. The influence of slow speed maneuverability

Safe and sustainable operations require that a ship maintains sufficient and independent directional 

control in restricted waters such as in ports and channels and in various environmental conditions. 

Such maneuvers take place at low speeds where rudders are limited in terms of their effectiveness 

due to lack of flow across their surface. To overcome such problems, over the years, classic propulsion 

systems improved as follows:

The rudder is often positioned directly upon the control surface. A skilled helmsman can then 

combine the throttle control and rudder angle to vector thrust laterally and create a larger 

turning moment with minimal advance and transfer.

Two propellers can be set to work in unison (twin propulsion concept). Such system offers 

the opportunity to apply a ‘‘twist maneuver’’ ; i.e., turn one propeller in reverse direction and 

the other in forward direction and therefore create large turning moments with hardly any 

forward motion.

Lateral thrust at the bow and the stern is possible when bow thrusters are enclosed in 

transverse Figure 2.14) known as suction tunnels. In typical thruster 

models the suction tunnel length is usually two to three times the diameter of the unit. The 
2

windage area), varying up to m2. Nowadays, the tendency seems to be towards 0.6 

– 2. Stern thrusters are dimensioned at 0.2 – 2 (Wätsilä, 2020).
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Rotational thrusters (also known as azimuth propulsion systems) that rotate up to 3600 (see 

Figure 2.15) can be used to improve efficiency in oblique flow conditions. These are shaft-

less electric propulsion systems prone to minimal noise and vibration. A simple model of the 

forces acting on the azimuth propellers is outlined on Figure 2.15(b). In this model that the 

rate of change of the pod is small. Thus, we deal with it in a quasi-stationary manner wile 

assuming incompressible flow. Note that we also do not deal with the forces acting on the 

pods but the propeller disk (forces acting on the pod and the strut are disregarded).

(a) Bow thruster (b) Stern thruster

Figure 2.14. Thrusters © kamome-propeller

(a) Typical rotational thruster design

©Kvaerner Masa, Finland

(b) Oblique flow kinematics for a thruster unit (for further 

details on symbols and equations see (Matusiak, 2021))

=
+

Propeller disk =

Figure 2.15. Rotational thruster dynamics

The forces acting on a propeller in oblique flow are changing axially and radially. Accordingly, an in-

plane force will be developed in addition to the axial component and the magnitudes of 

corresponding unsteady forces and moments amplify. The governing equation used to derive these 

forces is the momentum equation. This equation in its integral form states that : ‘‘the rate of change 
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of momentum in an arbitrary domain is equal to the body forces and the surface forces acting on the 

domain boundaries’’. Mathematically this is expressed as follows 

( ) = + ( ) = + (2.24)

where denotes the arbitrary control volume; is the rate of change of momentum in 

the control volume; ( )
volume; are the surface forces acting on the boundaries of the domain and are the 

body forces in the domain which may be assumed to be small (negligible). The surface forces at any 

boundary are disregarded unless for the surface of the propeller disk (see Figure 2.15 b). The 

momentum equation is accordingly reduced to:

= ( ) = (2.25)

where is the propeller disk area. Equation (2.25) demonstrates that the total momentum flux 

acting on the propeller disk is equal to the total surface forces acting on it. The in-plane component 

of the surface forces acting on the propeller disk is given by:= ( + ) (2.26)

where is the propeller induced velocity in the propeller plane and given as:

= 12 ( 1 + 1 + ) (2.27)

We have two coordinate systems namely (a) the ship fixed coordinate system ( ) and (b) the 

one that moves with the pod ( ).The -component force ( ) drives

direction. The -component force ( ) acts instead of a rudder. These components can be defined 

in terms of the propeller thrust and the in-plane force as:= (2.28)= + (2.29)

Another difference between conventional propellers and azimuthing ones is the difference in the 

stopping action. The later have quite faster stopping than the former.
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6. Stabilisation systems

Some conventional ship stabilisation systems that may be used to control roll motions are shown 

in Figure 2.16. Bilge keels are the most conventional passive systems for roll motion reduction. They 

are plates projecting out from the turn of bilge. They extend over half the ship’s length. The 

projection out from the bilge of the keel should not be too large to avoid damage or collision 

especially in restricted waters. However, they may be extended enough to penetrate the boundary 

layer. The movement of a body of water with the ship due to the existence of the bilge keel may lead 

to reduction in the amplitude of roll and increase in the roll period. They work by generating drag 

forces which oppose the rolling motion of the ship. Thus, their effects are prominent at higher speeds. 

The advantage of bilge keels is that they are simple, inexpensive and can be maintained as part of 

the hull maintenance procedure. Their disadvantage is that they increase the resistance of the ship.

Passive tanks are stabilizers that involve a sloshing liquid used to produce damping and restoring 

forces. They work by shifting weight of the liquid so that it exerts a roll moment on the ship and (by 

suitable design) this can be arranged to damp roll motion. Accordingly, the natural frequency of the 

tank should be equal or near the ship’s natural frequency and to achieve this the tank is tuned by 

(a) Bilge keel (b) Passive rolling tank

Datum fluid level

Port Reservoir
Starboard 
Reservoir

Flow

(c) Active rolling tank (d) Active fin

Figure 2.16. Selection of ship stabilisation systems ©Marine insight
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adjusting the amount of liquid in the tank or by the design of a baffle. A passive tank system is good 

choice if space and weight requirements are not of major concern. There are no moving parts and it 

requires little maintenance. U shaped passive tanks include water that moves and helps the ship 

stabilize as she inclines. A drawback for such system is that the tank can be adjusted to only one 

frequency corresponding to the roll natural period at which large motion amplitudes occur. The water 

free surface in the tank may affect stability and must be allowed for. Active tanks are similar in 

principle to passive tanks, but the movement of water is controlled by pumps or by air pressure above 

the water surface instead of the passive action of water. They can be two separate tanks on both 

sides of the ship or connected with lower limb. The system can deal with more than one frequency

and in similar fashion to the passive system it can stabilize at zero ship speed. There are no 

projections outside the hull. Active Fins are active systems including one or more pairs of fins fitted 

on both sides of the ship. They move with the aid of an actuator in response to signals based on 

gyroscopic measurements of roll motions. The fin may move totally or partly. The fins may 

permanently protrude from the bilge or may, at the expense of some complication, be retractable. 

The lift force on the fin is proportional to the square of the ship’s speed. At low speed they will have 

little effect although the control system can adjust the amplitude of the fin movement to take 

account of speed, using larger fin angles at low speed. Active T-foils are the same on shape and 

principle to active fins. However, they have active flaps that can be adjusted to reduce roll, pitch and 

heave motions. They are commonly noticed in catamaran ships as they are relatively shorter than 

displacement ships and motion reduction in this type of ships is demanding.

7. Control Systems

A mathematical description of ship motions is important to facilitate and verify the design of motion 

control systems. Several mathematical models can be used for this purpose. For example a 6 - DOF 

model in moderate waters is formulated by six nonlinear differential equations in three-coordinate 

systems namely inertial-, body- and horizontal body - coordinate systems as follows = ( ) ( ) ( ) +( ) + + + + 1 (2.30)
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( ) = ( ) ( ) ++ + | | | | + | | | | + | | | | ++ ( ) + + + ( ) (2.31)

= ( ) ( ) ( ) ( )( ) + ( ) + ( ) + + (2.32)

( + )( ) ( + )( ) = ++ + ( ) + + + ( ) (2.33)

+ ( ) + ( + )( ) = ( )( ) ( ) + ( ) + + ( ) (2.34)

( + )( ) ( + )( ) = | | | |+ + + | | + ( )+ + | | | | + + | | | | ++ | | | | + | | | | + ( ) + + (2.35)

where refers to ship mass, is the moment of inertia, , are the external forces; , are the external moments to surge, sway and heave, respectively; , are surge, 

sway and heave velocities; , are roll, pitch and yaw angles; is the encounter wave 

frequency; subscripts , , and represent the Froude-Krylov diffraction, the rudder and 

the stabilizing forces; is coordinate of the midship;  is the coordinate of the point;   is the 

ship resistance and represents the thrust deduction factor. Each of these coefficients can be 

-scale measurements. Roll motion, 

which is the most critical, can be simplified by the 1-DOF equation ( + ) + ( ; ) + ( ) = (2.36)

Where is ship displacement; are water mass and added mass moments of inertia;   is 

roll angle and is the dumping moment due to the skin frictional, eddy formation, bilge keel and 

fin. The righting arm can be expressed as a nonlinear function of the roll angle and and is 

practically a moment generated by the side wave defined as( ) = ( ) ( ) (2.37)

In the above equation is a reduction coefficient depends on ship dimensions and wave length and 

is the wave slope.Controlling rolling motions is affected by constant parameters related to the 
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ship structure and variable parameters, related to the external excitation in different loading 

conditions. After defining the mathematical model of the roll motion, the stabilizing moment should 

be evaluated for the design of the roll control system. For example, the roll motion of ships with a 

passive tank can be described using the following equation( + ) + + + [ + ] = (2.38)

where is the tank angle, defined in Figure 2.16 (b); is the 4th moment due to unit angle 

acceleration and is the roll moment applied by the tank due to unit roll displacement. The energy 

of water flow between side tanks is delivered from waves, while the flow rate is adjusted via a control 

system and valves. In fin stabilization systems, the water flow around the fins generates lift and 

drag forces. Similarly to rudders, these forces are a function of the fin surface , the angle of attack 

and the flow speed 

= ( ) 2 (2.39)

= ( ) 2 (2.40)

= + arctg ± arctg (2.41)

where is the fin inclination angle and is the heaving velocity.The controlling system of the fin 

angle diplayed in Figure 2.17 measures the roll velocity via a gyroscope sensor. Consequently, the 

controller analyzes the signal and sends the stabilizing command to the servo-equipment. The latter 

adjusts the fin angle to generate the required lift forces that dampen roll motions.

Fins Ship

Giro 
tensorController( )

Servo

LOG GPS

Wave

++

+

+

-

Figure 2.17. Schematic of the control system for fin stabilizers (Kula, 2015)
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8. Autopilot steering

The autopilot is an automatic control system used for automatic navigation. The system can steer the 

vessel and keep it on the given course without any intervention from the captain, helmsman and the 

crew. The autopilot system has full control of the rudder and the steering devices based on 

predefined limits and coordination.  Hence, it will keep the vessel on the correct heading when no 

one is present in the wheelhouse. This system exists in all seagoing and oceangoing commercial 

vessels. However, over-reliance on it without adequate comprehension of its limitations and 

efficiency may cause accidents. Accordingly the operator shuld be in position to understand how to 

set the optimal limits for :

the rudder angle and rate of turn (values should not exceed the maximum rudder turning 

angle);

the running steering gear pumps (hydraulic rudders should be turned on only in high traffic 

areas);

the off course alarm onlyin those cases that the ship considerably deviates from her course;

the manual or automatic modes depending on traffic density;

speed (the autopilot should work efficiently in all speed ranges including high speed);

weather conditions (autonomous and manual system function should be avaliable for use in 

severe sea states).

The system typically consists of the following devices :

A control head thatdisplays status and heading information from the processor and allows 

the operator to input steering commands and operating parameters;

A compass that reads the vessel’s actual heading and sends it to the processor SPU;

Navigation devices that communicate navigation information to the processor;

A Processor SPU that calculates the rudder position to steer the vessel on the desired heading 

and controls the steering system accordingly;

A steering system (actuator) comprising of a hydraulic ram or an electric motor which is 

mechanically connected to the rudder to move the rudder in response to the control signals 

from SPU ;
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A Rudder Follower Unit (RFU) that is mechanically connected to the rudder to measure the 

rudder position and send it back to the SPU

In a simple PD-controller based autopilot the control function of the rudder angle to maintain the 

ship’s heading is : = ( ) + (2.42)

where and are the gain factors of the autopilot. The actual rudder angle can be evaluated by a 

simple linear differential equation = sgn ( ) (2.43)

where is the prescribed rate of turn of the rudder. In an efficient and adaptive autopilot 

operation, the fuel consumption can be decreased by keeping the angle of the rudder movement low 

and thus by allowing small deviations to the course-line, see Figure 2.18.

PID System and Track control will generate a very steady 
course-line; but will use excessive and large angle rudder 

movements to achieve this steady course-line 

More efficient adaptive autopilot operation allows small 
deviation to course-line; but will use fewer and smaller angle 

rudder movements to maintain the course-line

Figure 2.18. PID system and adaptive autopilot operation ©DNV GL (DNV, 2015)

9. Questions

1. Name the components of the ship’s total hull resistance in calm water. Which components

dominate slow and high speeds? 

2. Why does it take more power to achieve the same speed in shallow rather than in deep 

waters? What dangers are associated with operating with high speed in shallow waters?

3. . Use sketches to elaborate 

your answers.

Sketch the relationship of (a) the total resistance components in still water versus Froude 

number and (b) rudder lift coefficient vs rudder angle
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4. For a rudder what we define as a stall angle and what is the range of this angle? How does it 

affect the maximum effectiveness of the rudder?

5. Name the two methods we can use to model the rudder action. Select one model and describe

it briefly.

6. Which are the propulsors that can be used in different ship types ? Discuss which one is 

commonly used in passenger vessels.

7. Compare between constant and controllable pitch propeller characteristics and their 

adequacy.

8. Explain the in-plane force acting on the azimuth propeller in oblique flow. How does it affect 

the forces that drive the ship?

9. Discuss the functions, advantages and limitations of active and passive stabilization systems.

10. Discuss the influence of speed on ship maneuverability.
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Chapter 3: Wave mechanics

1. Wave formation

What are water waves? How do they form and how do we describe them? Looking out at the ocean, 

one often sees a seemingly infinite series of waves, transporting water from one place to the next. 

Though waves do cause the surface water to move, the idea that waves are travelling bodies of water 

is misleading. In naval architecture waves generated by local winds are termed sea and waves that 

travelled out of their area of generation are termed swell. Sea waves are characterized by relatively 

peaky crests and the crest length seldom exceeds some two or three times the wavelength. Swell 

waves are generally lower with more rounded tops. The crest length is typically six or seven times 

the wavelength. In a swell, the variation in height between successive waves is less than it is for the 

case for sea waves. 

Waves are created by anything that supplies energy to the water surface. Consequently, sources 

of wave systems are numerous. From our own experience we know that throwing a stone into a pool 

will generate a circular wave pattern. When examining the wave system creation sequence, it is 

important to be aware of the energy transfer that is constantly occurring in a wave. The energy of a 

wave is always dissipated by the viscous friction forces associated with the viscosity of the sea. This 

energy dissipation increases with wave height. 

For a wave to be maintained, the energy being dissipated must be replaced by the energy source, 

the wind. Hence, without the continued presence of the wind, the wave system will die. Deep water 

ocean waves are essentially energy passing through the water causing it to move in a circular motion.

When a wave encounters a surface object, the object appears to lurch forward and upward with the 

wave- Then it falls back in an orbital rotation as the wave continues to progress, ending up in the 

same position as before the wave appeared. If one imagines wave water itself following this same 

pattern, it is easier to understand ocean waves as simply the outward manifestation of kinetic energy 

propagating through seawater. On this basis it is fair to accept that the passing of air over the sea 

surface causes ripples or waves. 

In 1957 two key theories based on potential flow assumptions on the generation of waves were 

introduced. The theory of (Pillips, 1957) suggested that the generation of waves upon a water surface 

that is originally at rest is the result of a random distribution of normal pressure associated with the 
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onset of a turbulent wind. Philips believed that waves develop most rapidly by means of a resonance 

mechanism which occurs when a component of the surface pressure distribution moves at the same 

speed as the free surface wave with the same wave number. The second theory by (Miles, 1957)

suggested that the generation of surface waves is the result of a shear flow. Thus, the rate at which 

energy is transferred to a wave of certain speed is proportional to the profile curvature at that 

elevation. Notwithstanding these developments and various other research studies, until today the 

concept of the wave formation mechanism by which the energy is transferred from wind to sea water 

is not fully understood. What we believe that both theories by Philips and Miles are realistic and 

therefore while waves are enlarged by shear forces, they interact and combine to form longer waves 

and therefore fully developed seas. The wave disturbance depends on the wind strength, the time 

for which wind acts on the sea surface, and the portion of the water surface it acts upon it. Those 

features are respectively termed wind strength, duration and fetch. 

The idea of waves being an energy transmission medium (rather than water movement) makes 

sense in open seas. In coastal areas, where waves are clearly seen crashing dramatically onto shore 

this phenomenon is a result of the wave’s orbital motion being disturbed by the seafloor. As a wave 

passes through water, not only does the surface water follow an orbital motion, but a column of 

water below it (down to half of the wave’s wavelength) completes the same movement. The 

approach of the bottom in shallow areas causes the lower portion of the wave to slow down and 

compress, forcing the wave’s crest higher in the air. Eventually this energy imbalance reaches a 

breaking point. The crest comes crashing down and wave energy is dissipated into the surface. 

(a) Ocean waves (b) The wave energy cycle

Energy 
Dissipation

Wind
Energy 

Energy in = Energy out

Figure 3.1. Principles of wave formation

Where does a wave's energy come from? There are a few types of ocean waves and they are

generally classified by the energy source that creates them. Most common are surface waves, caused 
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by wind blowing along the air-water interface, creating a disturbance that steadily builds as wind 

continues to blow and the wave crest rises. Surface waves occur constantly all over the globe and are 

the waves you see at the beach under normal conditions (Sundar, 2015). Adverse weather or natural 

events often produce larger and potentially hazardous waves. Severe storms moving inland often 

create a storm surge, a long wave caused by high winds and a continued low-pressure area. 

Submarine earthquakes or landslides can displace a large amount of water very quickly, creating a 

series of very long waves called tsunamis. Storm surges and tsunamis do not create a typical crashing 

wave but rather a massive rise in sea level upon reaching shore. They can be extremely destructive 

to coastal environments. Once a wave has been generated it will move away from the position at 

which it was generated until all its energy is spent (Cherneva & Guedes Soares, 2014; Ochi, 1993).

2. Brief overview of wave theories

Extensive explanation to the background of wave theories is given by (el Moctar et al., 2021) and 

(Karadeniz et al., 2013). This section outlines their basic taxonomy and basic potential flow theory 

assumptions. Airy waves (known as linear water surface waves) are defined on the basis of potential 

flow theory assumptions. Accordingly, the fluid flow is assumed to be inviscid, incompressible and 

irrotational. On the basis of continuity, the mass and momentum are defined respectively by Laplace 

and Bernoulli equations as follows

+ + = 0 (3.1)

+ 12 ( ) + + = 0 (3.2)

where represents the velocity potential; is the density of water, p the pressure; g is the 

acceleration of gravity, t the time and z the water surface elevation.  The boundary conditions for the 

above equations are defined as kinematic and dynamic. Kinematic conditions relate to the motions 

of the water particles. Dynamic boundary conditions relate with the forces acting on water particles. 

The dynamic boundary condition at the sea surface assumes that the pressure is always the 

atmospheric pressure (taken as the reference pressure = 0), and the wave is only subject to gravity 

forces. A linear wave is assumed to be periodic and infinitely long in the longitudinal direction. 

Variations in the transverse direction are ignored and the system boundaries limit in way of the water 

surface and the seabed (see Figure 3. 2). The kinematic boundary condition at the water surface is 
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based on the assumption that the particles may not leave the water surface. This means that the 

velocity of the water particle normal to the surface (uz) is equal to the speed of the surface in that 

direction. At the sea surface (z=0) we assume that: 

= = (3.3)

At the bottom (z=-d), the water particles may not penetrate the seabed and accordingly we can 

assume that: 

= 0 = 0 (3.4)

Figure 3.2. Linear wave theory idealization

Generally, flow disturbances propagate in various directions interacting non-linearly over water 

of probable non-uniform density and varying or deformable topography. A well-known nonlinear 

theory is Stokes theory. It is considered most suitable for waves which are not very long relative to 

the water depth. It assumes that all the variations in the longitudinal direction can be represented 

by Fourier series and that the coefficients in these series can be written by a perturbation expansion 

defined through parameters that increase as the wave height increases. By substituting the higher 

order perturbation expansions in the governing equations (i.e., the mass and the momentum balance 

equation) yields to solving the velocity potential. Stokes wave theories are most suitable for deep 

and intermediate water depth. 

For shallow waters, a finite-amplitude wave theory is required. Cnoidal wave theory and, in very 

shallow waters, solitary wave theory are the analytical wave theories most commonly used. 

Solutions in the cnoidal wave theory are obtained by the use of elliptical integrals of the first kind. 

The solitary wave theory is a special case combining mathematical principles of cnoidal and linear 
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wave theories. As the relative depth decreases the cnoidal wave becomes the solitary wave, which 

has a crest that is completely above the still water level and has no trough. 

Small amplitude (Airy) waves

Stokes Waves

Cnoidal waves

Solitary waves
Still WL

Still WL

Still WL

Still WL

Figure 3.3. Different forms of wave surface elevation (SWL : idealization of Still Water Line)

3. The regular wave

Evaluation of the properties of random waves is almost impossible. However, if we consider the 

randomly changing waves as a stochastic process, then it is possible to evaluate the statistical 

properties of irregular waves as an aggregate of regular waves. Regular waves are shaped like a 

sinusoidal wave moving along water surface. This type of waves is periodic, meaning it has consistent 

frequency or period of occurrence. Figure 3. 4 gives the classic notation used to describe the 

characteristics of a regular wave. The wave is progressive, meaning it moves horizontally over the 

water surface. If we were to consider only a single point in space and describe the water surface 

elevation at that point as the waves move past, then the wave elevation in time is defined as ( ) = ( t- ) (3.5)

In the above expression t is the variable for time, is the wave amplitude, is the phase angle (the 

second) presenting a measure of the oscillations that pass this point in one second. If we instead 

consider the entire wave train in space, but only for a single moment in time, the mathematical 

expression becomes ( ) = (kx) (3.6)



Lecture 3: Wave mechanics

4444

where x is the variable for position and k is the wave number representing the frequency as a function 

of wavelength - (i.e. the number of cycles that occur over a unit of length). The expression for wave 

number is as follows 

= 2 (3.7)

(a) 2D surface elevation (b) 3D surface formation

: instantaneous depression of water surface below mean level (y = 0)

a : wave amplitude from mean level (y = 0) to a crest or trough

H : wave height (always twice the wave amplitude)

: wave length (distance from one crest – or trough – to the next)

c : wave celerity

T : wave period (time interval between successive crests or troughs passing a fixed point

: the instantaneous wave slope (gradient of the surface profile)

0 : maximum wave slope or wave slope amplitudes

: wave steepness

Figure 3.4. Regular wave idealization
Waves exist and change in both time and space. So, you may stay with a wave and move through 

space in time or you can stay at one location and see the wave move past in time. Accordingly, the 

equation for the water elevation must account for the point at which we are measuring (i.e., where 

are we standing?) and the time the measurement is made (i.e., what time are we looking?). On this 

basis Equation (3-5) can be expressed as( ) = (kx - t- ) (3.8)

For regular deep water waves there is a fixed relationship between wave frequency, length and 

speed. For a high frequency wave there is only a short time between peaks and therefore the wave 

length is very short. On the other hand, for low frequency waves there is a long time between peaks 

and the wave length is long. For deep waters the key relationships describing wave period and length 

are as follows 
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= 2 (3.9)

= 2 = 2 (3.10)

In shallow waters the wavelength ( ) depends only on the water depth ( ). Thus= 2 (3.11)

The general relationship between wave frequency, length and depth is given by the so called 

“dispersion equation”

= × ( ) = ( )( ) (3.12)

where = and therefore when the water depth is very large relative to the wavelength, kd is 

large. In shallow waters when depth is small relative to the kd becomes small. For these situations 

the terms in the hyperbolic expressions of Equation (3-12) take the form given in Table 3.1. 

Table 3.1. Forms of hyperbolic expression

Function Shallow waters Deep waters

Sinh(kd) ekd 1

Cosh(kd) ekd kd

Tanh(kd) 1 kd

Using these simplifications of the hyperbolic functions we can show that in deep water the wave 

frequency depends only on the wavelength, = (3.13)

while in shallow water the wave frequency also depends on water depth= (3.14)

The wave celerity (c), i.e., the speed of the wave travelling over the water surface is given by:

= tanh ( ) (3.15)

As with wavelength, the equation takes different forms in deep and shallow water conditions namely
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= = (3.16)

= (3.17)

The above relationships help explain why although tsunamis are difficult to observe out in the 

ocean, they may develop into towering waves as they approach the shore. In deep waters the 

tsunami wave has a very long wavelength and is travelling extremely fast. However, as the wave 

approaches the shore the wave speed and length are determined by the water depth. In this process 

and while the wave slows down the kinetic energy is transformed into energy stored in wave 

amplitude (i.e., potential energy). While wave celerity can give the velocity of the crest of a wave 

moving over the water surface the wave group velocity gives the velocity of energy associated with 

the wave. The concept can be demonstrated in a wave tank. When the wave maker sends the first 

regular wave train down the tank you may witness the height of the wave decreasing as it travels. 

Eventually that first wave disappears. In deep water conditions the energy in the wave (which is seen 

in the wave height) is travelling as fast as the wave crest. The total energy associated with a train of 

regular waves includes contributions from both potential and kinetic energy (see Figure 3. 5). If we 

assume a portion of regular wave idealisation with height , the center of gravity of this is located in 

the middle i.e., in way of . The potential energy (P.E.) of this portion is 

. . = = ( ) 2 = 2 (3.18)

If we integrate this energy over the entire wavelength, we get the potential energy ( ) of the wave 

per unit width as

= 4 (3.19)

If the total velocity of the segment is q then the kinetic energy of the segment is

. . = 12 = 2 (3.20)

Consequently, integrating this over the full wavelength and by utilizing the relationship between the 

speed and wavelength gives the total K.E. ( )per unit width as
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= 4 (3.21)

The total energy becomes

= + = 2 (3.22)

(a) Kinetic Energy (KE) (b) Potential Energy (PE)

Figure 3.5 Wave energy integration
Deep water idealizations imply that water particles involved in the wave motion do not detect the 

bottom. For deep water waves, the water particles move in circular motion. This means that the 

particles are not travelling with the wave, but the wave passes along while the particles stay in the 

same spot. You have experienced this in the ocean if as waves pass you by. Although the waves move 

you up and down there is very little sideways motion. The particles near the surface of the water 

make large circular motions. However, as you go deeper in the water the particle motions decrease 

in amplitude (see Figure 3.6). 

Figure 3.6. Decreasing water particle motion as a function of depth
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4. Questions

1. What do we mean by the terms sea and swell? How are they related and what are the key 

characteristics of each?

2. What are the factors that influence wave formation? How far does water travel in waves?

3. Where does the wave energy come from? What are the main differences between surface 

waves, storm surges, and tsunamis?

4. When is it appropriate to consider Stokes theory for waves? What are the key differences 

between regular and Stokes waves?

5. How and where are Cnoidal waves formed? What type of wave category is appropriate to 

consider for solitary waves?

6. What considerations make it possible to evaluate the statistical properties of irregular waves? 

When are these assumptions valid?

7. What factors influence the wave frequency in deep and shallow waters?  

8. Why is it difficult to detect tsunamis that are far away from shore? How tsunami waves relate 

to wave celerity?

9. What are the ways in which wave energy is dissipated? Which ones are important to ship 

maneuvering?

10. How do we describe deep waters and why they are relevant in ship dynamics?
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Chapter 4: The statistical representation of irregular waves

1. Introduction

The confused state of the sea at any point can be modeled in 3D as the interference pattern created 

between several wave systems. These random wave systems form in different phases and at differing 

distances in relation to an observation point. Modelling irregular seaways is possible by applying the 

principle of superposition according to which the complicated sea wave system is made up of many 

sinusoidal wave components superimposed upon each other (Whitham, 1999). Each component sine 

wave has its own wavelength, speed and amplitude and is created from one of the wave energy 

sources (see Figure 4.1). 

(a) 3D model (b) 2D model

Figure 4.1. The superposition of irregular waves
Irregular sea waves can be understood within the context of Gaussian statistics (see Appendix A)

and (Rawson, 2001). The amplitude and frequency of the component waves are selected from the 

wave spectra (mean square spectral density functions) which are a measure of the wave energy. The 

response to the irregular seaway is therefore a superposition of the responses of each regular wave. 

This analysis is analogous to the representation of non-sinusoidal periodic excitations and responses 

using Fourier analysis (see section 20). The main assumptions maintained in the statistical approach 

is that the sea is stationary, its statistical properties (e.g., average wave and period) do not change 

within a considered time frame and the seaway is not too steep so that the linear superposition of a 

regular number of waves and the utilization of the linearized equations are still accurate. 

For a regular wave, the wavelength is the distance between two successive crests or troughs. For 

irregular waves, the individual wave is defined by two successive zero down-crossings. In a real wave 

recording there will be hundreds of individual waves. An example is shown in Figure 4. 2. Here an 
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irregular wave trace comprises of 15 individual waves ordered in time by height, zero crossing periods 

and wave number. A histogram can be used to evaluate the range of water elevation variation (e.g. 

see Figure 4. 3). To create such histogram water surface measurements at a particular location are 

made at regular intervals (e.g., every 1 minute). The measurements at a particular location are then 

grouped into elevation ranges. 

                [ ] 5.5 4.8 4.2 3.9 3.8 3.4 2.9 2.8 2.7 2.3 2.2 1.9 1.8 1.1 0.23[ ] 12.5 13 12 11.2 15.2 8.5 11.9 11 9.3 10.1 7.2 5.6 6.3 4 0.9 . 7 12 15 3 5 4 2 11 6 1 10 8 13 14 9 
Figure 4.2. Irregular wave record table measured by a buoy
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Figure 4.3. Example of water elevation histogram

A more detailed description of sea spectra is given in (Michel, 1968) and (Rawson & Tupper, 2001). 

The easiest statistical measures we can use to quantify wave energy are means and averages. For 

example, we can average all the measurements of the water elevation ( ) to obtain the mean water 

level . We can also measure the mean peak amplitude for every wave in a signal, namely . Then 

the mean wave height is defined as twice the mean wave amplitude= 2 × (4.1)

The time between each peak can also be measured as and then averaged to give the mean period

of the peaks . The time between zero crossings (i.e., the time between the water surface passing 
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up through the nominal zero water level) can be measured for all waves as and averaged as  . 

Then the mean of any N set of numbers (x) is given by

= (4.2)

So, the mean water elevation is

= (4.3)

where is the no. of measurements and is each measurement of the water surface. The variance 

of a set of numbers is a measure of how spread out the data are (i.e. how far the numbers lie from 

the mean). Accordingly, the variance of the water elevation (m0) is written as

= ( )
(4.4)

The standard deviation is another measure of the dispersion of the data. If the standard deviation is 

small the data points are close to the mean. On the other hand, if the standard deviation is large the 

data points are spread out over a large range of values. The standard deviation ( ) is equal to the 

square route of the variance (m0), i.e. = (4.5)

In general, for results to be meaningful the data must include at least 100 pairs of peaks and troughs. 

In ship dynamics a useful concept used to explain waves is the significant wave height (Hs) and 

significant wave periods ( ) that are correspondingly defined as the average wave height and period 

of the one-third of the highest waves. This is because the design of ship structures has been 

traditionally based on experiences and visual observations of the waves which concentrate only on 

significant wave heights and periods in specific area of observation (e.g., the North Atlantic). An 

example of the practical interpretation of statistical distributions is given in the tabulated values 

presented in Figure 4.2 whereby the of the total number of individual waves is 5 and 

consequently the 5 most significant wave heights are chosen as
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= / = 15 = 15 (5.5 + 4.8 + 4.2 + 3.9 + 3.8) = 4.44 (4.6)

In this case the significant period becomes

= / = 15 = 12.9 (4.7)

The significant wave height is taken as the average of only 1/10 of the total number of ensembles 

( / ). The maximum wave height among a long-time record e.g., 100 years is often used 

when designing an offshore structure. In naval architecture practice, the wave height might be 

denoted by its probability of exceedance. Thus, wave data histograms are usually represented in a 

non-dimensional form to allow for comparison of waves in different locations. The total wave height 

is then divided by the average wave height and plotted against the probability density function. The 

Rayleigh probability density function used in such representations (see Figure 4. 4) is defined as 

( / ) = 2 ( / ) / ( / ) (4.8)

A benefit we can gain from the use of such approach is that we can represent the characteristic wave 

heights as a function of the average wave height in a histogram. A reservation on the utilization of 

Rayleigh distribution is that it loses validity when applied to broad spectrum. 

( / )
Non-Dimensionall wavee Dataa Histogramm 

( / )

= ( / )
Probabilityy 
densityy 

0.3 0.6 0.9 1.2 1.5 1.8 2.1 2.4
0.2
0.4
0.6
0.8

 
 

Figure 4.4. Non-dimensional wave data histogram and Rayleigh distribution

2. Wave superposition and Fourier analysis

Let us consider two waves travelling past the same point (say = 0) and let us assume that they 

have the same amplitude, but different frequencies , . Their corresponding wave elevations 

will be presented as:
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( ) = ( ) (4.9)( ) = ( ) (4.10)

Assuming linear superposition, the water elevation at this point will be the sum of the two waves 

travelling past, i.e. ( ) = ( ) + ( ) . Figure 4. 5 shows how two waves of the same wave 

amplitude but different frequencies combine to form a new wave. If we change the wave amplitude 

and add a phase angle the combined wave changes. The more waves of different frequencies, 

amplitudes and phase angles are used the more complex the resulting water elevation becomes. For 

example, Figure 4. 6 shows a wave train comprising of 50 frequency components. In the same way 

we can create an irregular wave train by combining many frequency components of different 

frequencies. 
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The different frequency components in a given wave train can be identified using a Fourier 

Transformation (FT). An FT helps to identify the amplitude and phase angle of each frequency 

component contained in a wave. The first step of this process is to consider the wave time history to 

be represented by the sum of all these components added to the mean water elevation as

( ) = + ( + ) (4.11)

where represents each signal wave frequency and and are the corresponding wave 

amplitude and phase angle.In reality all signals contain some noise but in any case, if a wave signal is 

described by a single sinusoidal function finding the frequency content will result in a single number. 

The discrete FT (DFT) helps to convert a sequence of values corresponding to certain time instants 

to a sequence of values corresponding to specific frequencies. The most common DFT is the so-called 

Fast Fourier Transform (FFT). The time domain consists of a set of numbers ( , , … . , ) each 

measured at a particular time ( , , … . , ). The DFT provides the frequency domain information of 

numbers ( , , … . , ) where each represents a portion of the signal that occurs at a frequency 

component, say . By convention, refers to the time domain data point and refers to the 

frequency domain data point. The frequency values of are typically complex numbers expressed 

in real and imaginary parts. If we have data points in time ( ) we will have only /2 points in the 

frequency domain. This is because for each frequency we have two pieces for information; namely 

the magnitude and the phase – while at each time we only have one piece of information namely 

‘‘magnitude’’. The time domain data have an associated sampling frequency defined in 

) as follows:

= 1 (4.12)

For example, if we take 100 regularly spaced measurements, in 0.5 seconds we have a sample of 100 

data points (N = 100). The time between samples is found by dividing the total time by the total 

= (4.13)

where is the frequency resolution that in this example is 2 Hz (= ). 
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The raw form of the frequency information that FFT delivers is not in a physically meaningful form 

(e.g., values may be complex numbers). Thus, we need to scale the results to find the amplitude and 

phase. To identify the amplitude, we need to take the absolute magnitude of the complex number, 

multiply it by 2 and divide by the total number of points 

= 2 | | (4.14)

where is the complex number at frequency . The phase angle information is then determined 

from taking the tangent of the real and complex parts of the FFT output. This process of FFT is 

mathematically complex but MATLAB can be used to obtain . Following this, scaling of the 

magnitude and phase should be done manually. The fastest oscillation (i.e., the highest frequency) 

depends on how rapidly the data is sampled. Therefore, it can be measured as

= 2 (4.15)

which is known as the Nyquist frequency. 

3. The wave energy spectrum

In a random sea the total energy is a sum of the energies of each of the regular waves comprising the 

irregular sea and is defined as = ( + + + ) (4.16)

The importance of wave components (each sinusoidal wave) making up the time history of an 

irregular wave pattern may be quantified in terms of a wave amplitude energy spectrum known as 

the wave energy spectrum (see Figure 4. 7). The time history of the water elevation is 

= + sin( + ) (4.17)

The area under the curve depicted in Figure 4. 7 equals the energy contained in that frequency 

component. The spectral ordinate ( ) is the value on the vertical axis of Figure 4. 7. Thus, the 

spectral ordinate for each frequency is

( ) = 2 (4.18)
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If the energy spectrum is known, it is possible to reverse the spectral analysis process and generate 

a corresponding time history by adding a large number of component sine waves as per

Equation(4.17). The measured time history of the water surface elevation and the wave energy 

spectrum are both representations of the same information – the seaway. The variance is a measure 

of the degree of spread in the wave surface. Wave amplitudes are a measure of the wave energy. For 

water elevation the larger the waves the larger the variance and the higher the energy in the seaway. 

Equation (4.4) depicts the variance . An alternative definition is the variance of the irregular time 

history is equal to the first statistical moment area under the energy wave spectrum. Thus, 

= ( ) (4.19)

The wave energy spectrum ( ) is determined from the wave amplitudes and frequencies from a 

DFT of the wave time history. Therefore, the wave velocity spectrum ( ) and the wave 

acceleration spectrum ( ) are defined by using the velocity and acceleration amplitudes and 

frequencies as ( ) = ( ) (4.20)( ) = ( ) (4.21)

In general the relationship between a spectral moment and the wave energy curve is  

= ( ) (4.22)

Thus, the second and fourth-order spectral moments are defined as

= ( ) (4.23)

= ( ) (4.24)

These spectral moments can be used to link the spectra to the statistical characteristics of Table 4. 1.

The spectrum bandwidth describes the relative width of the wave energy spectrum compared to the 

height. A narrow band spectrum is concentrated in a narrow range of frequencies and has little or 

no energy in other frequencies. In a wide band spectrum, the energy is distributed among wide range 



Lecture 4: The statistical representation of irregular waves

58

of frequencies. A parameter that may be used to measure the band narrowness of a wave spectrum 

using the spectrum moments is the bandwidth parameter ( ) defined as the ratio between average 

period of the peaks and the average zero-crossing period according to the equation 

= 1 = 1 (4.25)

As the bandwidth parameter approaches zero, the spectrum becomes extremely narrow. On the 

other hand, as the bandwidth parameter approaches one it becomes extremely broad.

(a)Example of four wave spectrum (b) Example of irregular wave spectrum
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Figure 4.7. Wave energy spectrum

Table 4. 1. Wave characteristics associated with spectral moments

Mean Frequency =
Mean period = 2 = 2
Peak period = 2
Zero-crossing period = 2

4. Ocean wave spectra

When observing the ocean's surface, we see various random waves. The variation in surface elevation 

over time makes up what in mathematical terms is referred to as “time series”. In practice, we convert 

these signals to the frequency domain or to a spectral representation of the same data. The wave 

spectrum is much more useful for assessing the vessel's performance than time series data. Naval 

architects developed mathematical expressions known as idealized wave spectra. These describe the 
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distribution of wave energy with frequency for a specified wave height and period. Sea waves are 

primarily the result of wind transferring energy to the sea surface (see Lecture 3). The kinetic energy 

of the wind (wind speed) creates potential energy of the water (waves). The height and length of the 

generated waves depend on the wind velocity, the length of time wind blows over the water surface 

and the fetch; i.e. the distance of water over which the wind blows before reaching the land. Open 

oceans have infinite fetch. Bays, lakes and coastal areas are limited in fetch and encompass higher 

frequency waves that are shorter and steeper. If there are no fetch limitations waves reach an 

equilibrium where the amount of energy transferred from the wind maintains the wave heights. 

However, the dissipation of the water (viscous and wave breaking) prevents additional amplitude 

growth. A sea at this condition is known as fully developed. For ship design purposes we use different 

formulae to represent open ocean and coastal (limited fetch) wave conditions. The first ocean spectra 

model considered is the ISSC (International Ship as and Offshore Structures Congress) one parameter 

spectrum originally introduced by (Pierson Jr & Moskowitz, 1964). The only input of this wave

and the wind has been blowing for long enough so that the wave field has reached a state of 

equilibrium. The derivation of this spectrum has been based on extensive measurements in the North 

Atlantic Ocean and it is intended to represent the spectrum of fully developed seas as follows:

( ) = 0.0081 . . (4.26)

where . is the average wind speed in at 19.5 m above the sea surface. The units for the 

spectrum are m2 . Since 19.5 m is not a typical height for wind measurements this can be related to 

the more standard 10 m height by the empirical adjustment . =  1.026 (see Figure 4. 8).

Figure 4.8. Example Pierson Moskowitz spectra for different wind speeds
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Another open ocean wave spectrum is the ITTC (International Towing Tank Conference) two-

parameter spectrum introduced by (Hasselmann et al., 1973). This spectrum depends on the given 

significant wave height and the modal period (i.e. the period that coincides with the peak of the wave 

energy spectrum) as follows:

( ) = 1.254 / . (4.27)

where / is the significant wave height, is the modal wave frequency = ( ), where is 

the modal wave period). Figure 4. 9 shows various ITTC wave spectra for different wind speeds. 

Figure 4.9
For limited fetch conditions, we typically use the Jonswap (Joint North Sea Wave Observation 

Project) spectrum. This is intended to represent open wave conditions with limited fetch (e.g., North 

Atlantic). The spectrum is narrower, i.e. has higher peaks than the pure open ocean spectra. It is a 

three-parameter spectrum and accordingly considers wave speed, fetch and steepness ( ) as follows

( ) = (4.28)

In the above equation factor depends on the wind speed and fetch and is defined as

= 0.076 .
(4.29)

The modal wave frequency is defined as
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= 22 /
(4.30)

The factor depends on wave frequencies and the spectral ordinate parameter defined as 

= ( )
(4.31)

for = 0.070.09 > (4.32)

It is noted that the “steepness factor - ” has the typical value of 3.3 but may range from 1 to 7 

depending on the sea conditions. The Jonswap spectrum can also be expressed as a function of 

as

( ) = / 2 (4.33)

where = .. . .. [1.094 0.01915 ] (4.34)

Figure 4.10. Example of Jonswap spectra for different wind speed and fetch combinations.

Figure 4.11. Comparison of steepness difference between Jonswap & Bretschneider spectra for / = 4
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5. Directional Spreading

The typical wave spectra described in section 4 assume a single wave heading. However, typical wind 

wave spectra have a directional spread related with the direction of the wind. Large spreading implies 

that the waves are confused and short crested. Narrow spreading implies that the waves are long 

crested or unidirectional. Waves produced by swell are almost long crested. This is because since the 

crests of the wave system observed outside the storm fetch area become nearly parallel.  Therefore, 

in confused seas we can say that wave energy at a given location has an angular distribution as well 

as a distribution over a range of frequencies. Spectral models without spreading can over-predict the 

significant wave height. Therefore, in some applications, especially in fatigue analysis, we use 

directional spreading spectrum represented in terms of unidirectional wave spectra as follows( , ) = ( ) ( , ) = ( ) ( ) (4.35)

In the above equation, the directional spreading function ( , ) is usually simplified to ( ) and 

is the angle between the direction of elementary wave trains and the main wave direction of the 

short-crested wave system. The spreading function ( , ) is a non-negative and dimensionless 

function integrated in the interval , :

/
/ ( , )d = 1 (4.36)

Various different parametric models can be used to represent the directional spreading (e.g. 

Wrapped normal, sech-2, Poisson, etc.). The 2 function, equation (4.37), is usually used for 

practical reasons. This model assumes that the directional spectrum is a maximum in the wave 

dominant direction and gradually decreases as the angle to the wind direction increases. It can be 

noticed that the function is symmetrical with respect to the mean propagation direction and 

independent of the wave frequency . ( ) = ( ) cos ( ) (4.37)

In the above equation, ( ) is a normalization factor given by:

( ) = 2 { ( + 1)}(2 + 1) (4.38)
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where is the Gamma function and is the spreading factor which is a positive real number that 

controls the degree of concentration of the spreading energy around . Figure 4. 12 (b) presents an 

illustration of the wave directional spectrum, using cosine squared spreading over ±90°, at discrete 

heading intervals of 15°. Figure 4. 12 (b) depicts the spreading function ( ) for various values of

the spreading parameter . As the spreading parameter value increases, more energy is concentrated 

around dominant wave direction . In the limit case when asymptotically tends to infinity, the 

spreading function eventually approaches the unidirectional case.

(a) Directional spectrum at discrete headings of 15° (b) Cosine squared spreading over ±90°

90° 75° 60°

0.1560.125
0.08342 45°

Figure 4.12. Directional spreading function ©Marcelo Caire

6. The statistics of sea states

We have discussed in the first sections of this lecture how the spectrum can be idealized using some 

wave characteristics corresponding to wave records or measurements such as the significant wave 

height and period. In open seas, these characteristics vary depending on the area of operation. Naval 

architects need to choose specific values of the wave characteristics in different locations and 

seasons. A summary of these data is included in the BMT Atlas of Global Wave Statistics (Hogben et 

al., 1986). 

The BMT wave data statistics are divided into different numbered regions as shown in Figure 4. 

13. They are subdivided into different wave directions and presented in the form of scatter diagrams, 

giving the joint probability of occurrence for combinations of significant wave height and zero-

crossing periods (Table 4. 2). For instance, the probability of occurrence of wave heights from all 

directions in the range of 6 –

= 0,032. The right hand of the wave diagram is the probability of occurrence of each significant wave 

height range for all wave periods (Table 4. 2), while the probability of occurrence of each significant 
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wave period range for all wave periods is shown in the bottom of each diagram. North Atlantic 

especially in the winter season and the North Sea are the most critical areas. Global wave statistics 

may deviate from modern satellite measurements because (1) they were formed in the 1960s and 

since then due to global warming the environmental conditions changed; (2) they are based on visual 

observations. Table 4. 3 illustrates the range of wind speed, significant wave height, modal wave 

period and the probability of each sea state number in the North Atlantic. Sea state number is a 

description of the sea state proposed by the World Meteorological Organization (WMO), usually used 

in oceanography. Some of the basics on the importance of wave distributions on the design of ships 

and offshore structures are given in (Ochi, 1978) and will be revisited at a later stage in this course.  

Figure 4.13. Areas for which homogenous waves statistics are available (Rawson & Tupper, 2001)
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Table 4.2. Probability of combinations of and for all wave directions and months at a position in the North Atlantic 

(Hogben, Dacunha and Olliver 1986)

[ ] [ ]
0-1 1-2 2-3 3-4 4-5 5-6 6-7 7-8 8-9

9-

10

10-

11

11-

12

12-

13

13-

14

14-

330 0 0 0 0 0 0 0 0 0 0 0 0 0 04 22 0 0 0 0 0 0 0 0 0 0 0 0 024 501 123 1 0 0 0 0 0 0 0 0 0 0 065 725 902 224 7 0 0 0 0 0 0 0 0 0 024 702 697 815 384 31 1 0 0 0 0 0 0 0 01 192 579 484 513 428 113 8 0 0 0 0 0 0 00 14 195 365 265 263 266 145 28 2 0 0 0 0 00 0 11 90 151 115 76 95 90 35 5 0 0 0 00 0 0 3 22 42 30 18 18 25 19 7 1 0 00 0 0 0 0 3 7 5 2 2 3 5 4 1 00 0 0 0 0 0 0 1 1 0 0 0 0 0 1
Table 4.3. Sea state numeral table for the open Ocean North Atlantic
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7. Extreme waves

Freak waves (or rogue or abnormal waves) are an open water phenomenon, in which winds, currents, 

non-linear phenomena such as solitons, and other undefined circumstances cause a wave to briefly 

form a far larger wave. They are considered rare but potentially very dangerous, since they can 

involve the spontaneous formation of massive waves far beyond the usual expectations of ship 

designers, and therefore can overwhelm the usual capabilities of oceangoing vessels which are not 

designed for such encounters. The underlying physics that makes phenomena such as rogue waves 

possible is that different waves can travel at different speeds, and so they can “pile-up” in certain 

circumstances. 

In deep ocean conditions the speed of a gravity wave is proportional to the square root of its 

wavelength, i.e., the distance of peak-to-peak between adjacent waves. Other situations can also 

give rise to rogue waves, particularly situations where non-linear effects or instability effects can 

cause energy to move between waves and be concentrated in one or very few extremely large waves 

before returning to ‘‘normal’’ conditions. Eyewitness accounts from mariners and damage inflicted 

on ships have long suggested that they occur more frequently than originally thought. The first 

scientific evidence of their existence came with the recording of a rogue wave by the “Gorm 

platform” in the central North Sea in 1984. A stand-out wave with height of 11 metres emerged in a 

relatively low sea state conditions. However, what caught the attention of the scientific community 

was the digital measurement of a rogue wave at the Draupner platform in the North Sea on January 

1, 1995. This is known as the Draupner wave corresponding to the maximum wave height of 25.6 

metres (McAllister et al., 2019). During that event, a minor damage was inflicted on the platform far 

above sea level. Since then, the existence of freak waves has been confirmed by video and 

photographs, satellite imagery, radar of the ocean surface, stereo wave imaging systems, pressure 

transducers on the seafloor, and oceanographic research vessels. In February 2000, the British 

oceanographic research vessel, RRS Discovery, was sailing in the Rockall Trough west of Scotland. She 

encountered the largest waves ever recorded by any scientific instruments in the open ocean, with a 

significant wave height of 18.5 meters and individual waves up to 29.1 metres. In 2004 scientists 

using three weeks of radar images from European Space Agency satellites found ten rogue waves, 

each 25 meters or higher. 
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Figure 4.14. Wave height as a function of time recorded on New year's Day, 1995, using a radar pulse-echo system 
setup on the Draupner oil rig in the North Sea off Norway (left). reconstruction of the Draupner wave (right), (McAllister 
et al. 2019).

A rogue wave is a natural ocean phenomenon that is not caused by land movement, only lasts 

briefly, occurs in a limited location, and most often happens far out at sea. Rogue waves are, 

therefore, distinct from tsunamis that are caused by a massive displacement of water, often resulting 

from sudden movements of the ocean floor, after which they propagate at high speed over a wide 

area. They are nearly unnoticeable in deep water and only become dangerous as they approach the 

shoreline and the ocean floor becomes shallower. Tsunamis do not present a threat to shipping at 

sea. They are also distinct from (a) mega-tsunamis, which are single massive waves caused by sudden 

impact, such as meteor impact or landslides within enclosed or limited bodies of water and (b) the

so called hundred-year wave which is a purely statistical prediction of the highest wave likely to occur 

in a hundred-year period in a particular body of water.

Figure 4.15. Waves approach Miyako City after a 9.0 magnitude earthquake hit Japan. This tsunami led to more than 
15,000 deaths (Image credit: NBC News 4.12.2018)
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The linear sea wave models introduced in the previous sections rely on that, the wave state is a 

stationary process, the wind velocity is constant without statistical variability and the distance over 

which the waves develop and the duration for which the wind blows are sufficient for the waves to 

achieve their maximum energy. In these models, the sea waves are represented by sinusoidal forms 

that vary in a regular way around an average wave height. Therefore, these models can be used to 

predict the wave height only on a statistical basis, i.e. wave height conforms to a Rayleigh 

distribution, see equation (4.8) and Figure 4. 4. However, freak waves of up to 35 m in height are 

much more common than this probability theory could predict. Therefore, these models cannot 

account for the existence of freak waves that have been observed and measured with increasing 

regularity throughout the oceans.

There are three principal categories of a range of freak wave phenomena that have yet to be fully 

classified namely (1) Walls of water travelling up to 10 km over the ocean surface before become 

extinct ; (2) Three sisters are groups of three waves ; (3) Single, giant storm waves that build up to 

more than four times the average height of storm waves, but they collapse in a relatively short time. 

One of the most common models used to explain the occurrence of the freak wave in deep water is 

the Nonlinear Schrödinger equation NLS. The equation describes freak waves that are caused by the 

nonlinear effect in which the energy of many randomly generated waves is combined into a single 

wave front. This wave continues to grow until collapsing under its own weight. The freak waves that 

are caused by the diffraction effect and current focusing cannot be described by the NLS. The 

diffraction effect occurs when a collection of small diffracting waves (its pattern is affected by the 

current focusing occurs due to the interference between the storm force waves that are driven from 

opposite directions. The most commonly quoted nonlinear form of Schrödinger equation is the cubic

NLS (Chiron, 2012) defined as 

( + ) = | ( , )| ( , ) + ( , ), + + (4.39)

where is the wave function, which is expressed by wave period and space ( , , ), and ( , ) is the source function. Hence the equation represents a model in which a wave interacts with 

its own energy | | . The coefficient determines the strength of this “self-interaction” which may 

be generalized to be ± . It is noteworthy that all classes of NLS are phenomenological in origin, and 
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their results can be confirmed experimentally, which is the only justification of the validity of these 

equations. 

8. Questions 

1. The wave height characteristics from wave records are shown in the table below. Find the 

values for (a) the total number of waves measured; (b) the average wave height; (c) the 

significant wave height; (d) the average one-tenth and one-hundredth highest waves.

Wave height (m) Number of waves

1 4

2 40

3 31

4 25

5 2

2. Briefly explain what a Wave Energy Spectrum is, where it comes from, and how it can be 

related to a Rayleigh Probability Distribution.

3. List the three models for ocean wave spectra and identify what parameters they use and what 

ocean situations they are the most suited to model.  

4. What is the relationship between the variance of the irregular wave signal and the wave 

energy spectrum curve? 

5. Which idealized wave energy spectrum would be best to use to describe an open ocean sea 

state with a given significant wave height and modal period?

6. Plot Bretschneider’s wave spectrum of a sea state characterized by significant wave height 

Hs= 5m and modal period T0 = 13 seconds and then calculate:

a. 0th,1st, 2nd,3rd and 4th spectral moments and wave variance, what is the relation 

between them? Use Simpson’s rule

b. Spectrum bandwidth

c. Mean zero up-crossing, mean wave frequency, mean peak period and Standard 

deviation.

7. Draw an irregular wave in time domain that comprises of the following regular waves:

Wave index Period T

(s)

Amplitude a

(m)

1 2.5 1 

2 6 7.5 
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3 15.5 13 

8. Use Fast Fourier Transformation function in MATLAB to obtain the regular wave components 

of the irregular wave in question 7, see the MATLAB script in the tutorial.

9. What are the freak waves? How they are therefore distinct from ‘‘tsunamis’’?

10. Why tsunamis waves do not affect ships in deep seas and they present a threat to shipping at 

shallow water? 
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Chapter 5: Introduction to ship motions

1. Introduction

Ship seakeeping is a term that reflects the ability of a vessel to withstand rough conditions at sea. It 

therefore involves the study of the motions of a ship when subjected to waves, and the resulting 

effects on humans, systems and mission capability (Lloyd, 1989). With fast computers and 

sophisticated software readily available to designers, it is now possible for a vessel's seakeeping 

characteristics to be addressed much earlier in the design spiral. As shown in Figure 5. 1 there are 

three main components that influence ship seakeeping responses namely, (a) the waves as input to 

the system, (b) ship system characteristics and (c) ship motions. 

(a) Input
Waves and Winds

(b) System
RAOs

(c) Output
Motions and structural loads

Heave

Surge
Roll

Yaw
SwayPitch

Figure 5.1
ship characteristics (c) ship motions and sea loads

A vessel’s general particulars (e.g., length, beam, draft), hull form and metacentric height 

influence seakeeping responses and in turn ship safety and performance (Zhang et al., 2021).  For 

example, small length ships with classic hull forms possibly including bow flare while progressing at 

medium to high forward speeds suffer from large motions. On the other hand, long and bulkier ships 

experience lower motion amplitudes. Shallow drafts may lead to higher risks of keel emergence and 

bow slamming loads in rough seas. In turn, motions may also vary due to loading conditions and 

operational factors. Small hull form adjustments (e.g., reduction of the radius of curvature in way of 

the bilges) can marginally influence ship motions. Notwithstanding this, a large forward waterplane 

can reduce overall motions and the probability of keel emergence. Changes to overall ship 

proportions (e.g., beam to length or beam to draft ratios) may have important consequences. For 

example, reducing the draft of a ship (for a given length and beam) may reduce ship motion 
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amplitudes. The ship beam relates with metacentric height. Whereas a large metacentric height 

improves initial stability, it may also lead to high hull natural frequencies which are usually associated 

with poor motion sickness indices. On the other hand, if the metacentric height is too small motions 

are smoother but the risk of capsize increases dramatically. 

2. Basic definitions

A ship is a six degree of freedom (6-DoF) rigid body system. Motions (1 - 3) are linear displacements 

(translations) known as surge, sway and heave.  Motions (4 - 6) are rotations known as roll, pitch and 

yaw. All motions are measured relative to the ship as shown in Figure 5. 2.

Heave

SurgeRoll

Yaw SwayPitch

Figure 5.2. Ship seakeeping degrees of freedom

Surge describes the horizontal oscillations of the ship toward the bow and the stern. 

Sway is a side - side motion. A vessel moving to starboard travels in positive sway direction. 

Heave is the vertical motion. By convention, positive heave points downwards (toward the 

water bottom). So, a vessel that is sinking into the water (i.e. increasing her draft) is moving 

in the positive heave direction. 

Roll is a rotational motion about the surge axis. If the starboard and port sides move vertically 

but in opposite directions (i.e. the starboard side is moving up while the port side is moving 

down). By convention positive roll angles correspond to the starboard moving downwards 

while the port side moves in the opposite direction. 

Pitch is the rotational motion about the sway axis. When pitching, the bow and stem are 

moving vertically in opposite directions (i.e. when the bow is moving up and the stem is 

moving down). Pitch is positive when the bow is pointing upwards in relation to a level ship. 

Yaw is the rotational motion about the heave axis. It describes the turning motion of the ship. 

When the bow moves in the starboard direction, we assume that the yaw angle is positive.
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Amongst the above mentioned 6 - DoF the most significant ones are those that have a restoring force 

associated with them. For example, a wave push to the vessel’s side (known as the sway motion 

effect) may be inconvenient in terms of navigation. However, the effect is limited in time as there are 

no restoring forces. On the other hand, if a ship is pushed over so that her starboard deck drops while 

waves pass over, returning to her original upright position is critical in terms of avoiding capsize.

Figure 5. 3 illustrates an example of restoring forces emerging from heave movements. In linear 

seakeeping we can assume that heave is a rigid body response proportional to the distance displaced. 

This is because of the disparity between displacement and buoyancy forces that may be considered 

linear for different waterlines. Of course, ships that have a large water plane area for their 

displacement will experience much greater heave restoring forces than ships with small water plane 

areas. So “beamy” ships such as tugs and fishing vessels will suffer short period heave oscillations 

and high heave accelerations. Conversely, ships with small water plane areas will have much longer 

heave periods and experience lower heave accelerations. In general, as acceleration reduces, comfort 

is reassured. This concept is taken to extremes in the case of offshore floating platforms that have 

very small water plane area compared to their displacement.

DWL

DWL

Resultant Force

Resultant Force

Zero Resultant Force

= < >

Figure 5. 3. Simplistic idealization of the heave restoring force (FB

When ship dynamics are accounted for, the encounter frequency ( ) with the waves is used 

instead of the absolute wave frequency ( ). This is because a ship that is moving relative to the 

waves, will meet successive peaks and troughs in short or long-time intervals. Her dynamic behavior 

depends on whether she is advancing into the waves or travelling in their direction. If we assume that 

the waves and the ship are on a straight course, the frequency with which the ship will encounter a 

wave crest depends on the wavelength ( ) defined as the distance between the wave crests, the 

speed (or celerity) of the waves ( ), the speed of the ship ( ) and the relative angle between the ship 

heading with the wave heading ( ), see Figure 5. 4. This is the reason why the encounter period is 
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defined as the distance traveled ( ) divided by the speed the ship encounters the waves (( )). Therefore, the encounter frequency is defined as= = ( ( )) = ( ) = (5.1)

In deep waters the wave number = leading to

= ( ) (5.2)

= 0
Following seas

= 180
Head seas

= 90
Starboard beam seas

= 270
Port beam seas

0 90
Quartering waves on the ship 

starboard side

90 180
Bow waves on the 

starboard side 

270 360
Quartering waves on the 

ship port side

180 270
Bow waves on the port side

( ) ( )

Figure 5.4. Ship seakeeping encounters idealizations

To describe the position and orientation of a ship, different coordinate systems may be used (see 

Figure 5. 5). The earth fixed inertial coordinate system { } is used to define the position of the vessel 

on the earth, the direction of wind, waves and current. It is determined by a tangent plane attached 

at a point of interest ( ). The positive unit vector ( ) points towards the true North, ( ) points 

towards the East, and ( ) points towards the interior of the earth. When using such system, the 

inertial assumption is considered reasonable because the velocity of marine vehicles is relatively 

small and thrust forces due to the rotation of the Earth may be considered negligible relatively to the 

hydrodynamic forces. The body-fixed coordinate system ( ) is fixed to the hull and is used to 

express velocity and acceleration measurements taken onboard or for the idealization of 

performance motion indices. The positive unit vector ( ) points towards the bow, ( ) points 

towards starboard and ( ) points downwards.  For ships, the axes of this frame are often chosen to 

coincide with the principal axes of inertia. The seakeeping coordinate system ( ) located at the 

center of gravity of the vessel moves at the average speed of the vessel and follows her path. It is 

used to define the wave elevation at the vessel’s average location and to compute the hydrodynamic 
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forces using software. This system is fixed to the vessel’s equilibrium state, which is defined by the 

average speed and heading. The positive unit vector ( ) points forward and is aligned with the 

average forward speed. The positive unit vector ( ) points towards starboard, and ( ) points 

downwards. 

Down

East

North

Figure 5.5. Illustration of the three reference frames

3. The dynamics of the rigid ship

The fundamental principles discussed in this section are discussed in various basic textbooks dealing 

with structural dynamics and stochasticity (Brouwers, 2006; Newland, 2012). However, for practical 

reasons the discussion is presented in an analogous format to principles of naval architecture 

dynamics and seakeeping in rough weather, see more in (Lloyd, 1989; Naess & Moan, 2013).

The seakeeping behavior of a ship is similar to the classic oscillatory response of a damped spring-

mass system. If we consider the general form of the typical single degree of freedom (1-DOF) system 

of such kind with force excitation varying in time while the mass is displaced in either direction, the 

spring will be compressed or placed in tension as shown in Figure 5. 6). This will generate a “restoring 

force” that attempts to return the ship to her original location. Provided that the spring remains 

within its linear operating region, the size of the force will be proportional to the amount of 

displacement. However, because of inertia effects, the mass will overshoot from its original point of 

reference; hence the spring oscillations shall generate another linear restoring force in the opposite 

direction that enacts to restore the mass to its central position. This dynamic behavior will be 

repeated until the effects of the damper dissipate the energy stored by the system oscillations. 
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Mass m

Dam
ping c

Stiffness k

Force ( )

Displacem
ent 

Figure 5.6. Typical spring-mass system with damper
For such system idealization Newton’s 2nd law of motion applies as follows

= (5.3)

where is the total force, is the mass of the body and is the acceleration. Decomposition of 

Eq (5-2) leads to + =+ + = ( ) (5.4)

wherec is the damping coefficient and is the stiffness. From a physical viewpoint what is presented 

in Equation (5-3) is similar to the case of a ship floating on waves as an 1-DOF system. The stiffness 

term is mainly attributed to buoyancy force. To realize the significance of this term just imagine the 

ideal case for which a ship undergoes pure heave motion. If you push the ship downwards in the 

water, based on “Archimedes Principle” (Hirdaris, 2021),there will be an extra buoyant force acting 

upwards in excess of the ship’s displacement. If you then release the downward force on the ship, 

she will move up. Likewise, lifting a ship out of the water will result in lower buoyancy force than the 

ship’s displacement. So, when released the ship will move down. 

3.1 Free undamped vibration of 1- DOF system

If we assume the ship is a conservative system (i.e., no energy losses occur), Equation (5.4) becomes+ = 0 (5.5)

Rigid body dynamic response can be extracted by assuming a sinusoidal solution = leading to
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+ = 0,  = ± = ± (5.6)

where = / represents that natural frequency of the oscillation. The response may then be 

defined as = + == ( ) + ( ) == ( + ) (5.7)

In Eq (5-6) the amplitude = + and the phase = ( / ). If at the start of the 

oscillation (i.e., at t = 0) the ship displacement is the velocity becomes ( = 0) = , leading to

= + (5.8)

= ( ) (5.9)

Thus, the final solution of the system displacement, Figure 5. 7, velocity and acceleration become

( ) = sin( + ) = 1 + sin ( + )( ) = cos( + ) = + cos( + )( ) = sin( + ) = + sin( + ) (5.10)

, [ ]
,time[ ]

Max displacement 

Initial displacement

Max velocity=

= 2
Figure 5.7. Free undamped vibration response
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3.2 Free damped vibration of single DOF system

In reality, the ship will not behave as a conservative system; i.e. the amplitude of oscillation will 

reduce with time due to damping effects. Even a low level of damping will allow for several 

oscillations before she comes to rest. Thus, if we may still assume free oscillations and accordingly 

Equation (5.7) takes the form + + = 0 (5.11)

Assuming sinusoidal solution = the equation becomes 

+ + = 0,    , = + 42 (5.12)

There are three different types of motions associated to the above namely

if , then the determinant 4 > 0 and the system is considered 

overdamped ; i.e. the response is very slow and looks like an exponential decay signal.

if , the determinant 4 < 0 and the system is underdamped; i.e. the 

response is very fast and looks like a rapidly decaying oscillation where the amplitudes of 

oscillation look smaller and smaller until equilibrium is reached.

if = and 4 = 0 then the damping factor becomes critical, =4 = 2 . In this case the system is critically damped; i.e. the system is allowed to 

overshoot and then come back to equilibrium state (i.e. at rest) relatively fast and without 

any oscillations.

A dimensionless system parameter that describes how rapidly the oscillations decay is the damping 

ratio ( ) defined as

= = 2 = 2 = 2 (5.13)

where c is the damping coefficient, ccr is the critical damping coefficient. If we use this dimensionless 

notation the roots of Equation (5.12) can be expressed as

, = [ ± 1] (5.14)
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Accordingly, the three types of motions can be defined as (1) > 1 for the overdamped case ; (2) 0 < < 1 for the underdamped case and (3) = 1 for the critically damped case. The linear 

sinusoidal response of the system in terms of the roots expressed in Equation (5.14) is defined as( ) = + (5.15)

Therefore, and are part of the solution, for an underdamped case this leads to:

, = ± 1 = ± (5.16)

where = 1 (5.17)

If we follow similar process to the one demonstrated in Section 3.2, we can obtain the two unknowns 

and in equation (5.18). Hence, the response becomes( ) = ( + )
(5.18)

for

( ) = ( + ) + ( )
and + ( + )

The response for overdamped critically damped cases are given by Eqs. (5.19) and (5.20)

respectively ( ) = ( ) + ( ) (5.19)( ) = [ + ( + ) ] (5.20)

Noted that the response of the overdamped solution is not oscillatory, which is considered a 

preferable case however it is difficult to achieve. Underdamped response is also non-oscillatory, but 

it provides the fastest solution that return to zero after time. A practical way to assess damping that 

is broadly applicable in ship dynamics is the damping decay Figure 5. 9. This can be mathematically 

expressed using the log decrement that is the natural logarithm of the ratio of two successive 

amplitudes. The natural logarithm of the ratio of the first two successive amplitudes and is 

defined based on the underdamped solution as follows
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= = ( ) = = (5.21)

= 2 and therefore = 2 = 21 (5.22)

Since the damping ratio is very small in that case, the log decrement can be approximated by= 2 (5.23)

( )

Figure 5.8. The three cases of damped free vibration response

Figure 5.9. Roll angle decay response (left) of a tanker ship model (right) ©Jane-Frances 2020

4. Forced vibration of 1- DOF system

In practice ships never operate in conditions that there is no heaving, rolling or pitching. Therefore, 

to suitably idealize ship oscillations in time, it is necessary to account for the energy from waves. This 
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energy is required to overcome the energy dissipated because of damping. In practical terms, fluid 

forces from the wave environment representing “the injected energy” should be accounted for when 

evaluating the ship motions that depend on the mass of the ship. To maintain ship oscillations, a 

force having the same frequency as the “simple harmonic motion” of the system is required. To 

illustrate the above principle let us consider adding a harmonic excitation to the vibration system 

where ( ) varies in sinusoidal manner instead of being arbitrary function in time. In this case 

Equation (5-7) becomes + + = ( ) = ( ) (5.24)

where is the forcing amplitude and the encounter frequency representing the frequency at 

which the waves past the ship. The solution to this equation will be a system that experiences 

displacement and then an equilibrium solution will have the same frequency as the excitation force. 

Implementation of the same process followed in section 3.4 leads to the expression ( ) + 2 ( ) + ( ) = ( )  for = / (5.25)

The general solution of the 2nd order differential Equation (5.25) is given when( ) + 2 ( ) + ( ) = 0 (5.26)

leading to, ( ) = ( + ),= 1 (5.27)

where the terms and represent the amplitude and phase of the response. The particular solution

of Equation  (5.25) is given by solving the differential equation( ) + 2 ( ) + ( ) = ( ) (5.28)

There are two possible trial solutions namely,( ) = ( ) + ( ) or ( ) = ( ) (5.29)

where,
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= + , = ( / ) (5.30)

If we substitute the trial solution in the equation of motion we get,( + 2 + ) ( ) + ( 2+ ) ( ) = 0 (5.31)

For this equation to be zero at any time t, the two coefficients multiplied by ( ) and ( )
must be zero. Thus, + 2 + = 0 (5.32)2 + = 0 (5.33)

Solving these two equations we can find the two unknowns

= ( )( ) + (2 )= 2( ) + (2 ) (5.34)

The particular solution after solving the unknowns becomes,( ) = ( ) + ( )
( ) = ( )( ) + (2 ) ( )

+ 2( ) + (2 ) ( )
(5.35)

or ( ) = ( )
where = ( ) ( )     and      = [ ]

( ) = ( ) + (2 ) 2 (5.36)

Eventually, the full solution is the summation of the general solution and the particular solution( ) = ( ) + ( ) (5.37)
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( ) = ( + ) + ( )
If we solve and using the initial conditions (0) = , and (0) =

= [ ( )+ ( ) ] (5.38)

= (5.39)

The first term in the full solution is the transient solution, which tends to zero as the time goes to 

infinity, while the second term is the steady oscillatory solution (see Figure 5. 10 ). The second term 

is of more importance as it is the steady solution. In many cases, we neglect the transient solution.

The full solution then reduces to the particular solution presented in Equation (5.36).  ( ) = ( ).

Figure 5.10. Harmonic excitation damped vibration

5. The concept of dynamic magnification factor

As explained in section 4 the equation of motion subject to a sinusoidal force is+ + = ( ) = ( ) (5.40)

where is the forcing amplitude and the encounter frequency representing the frequency at 

which the waves past the ship. The solution to this equation expresses the dynamics of a system that 

experiences transient excitations to the point that the natural bu

initial displacement and then an equilibrium solution will have the same frequency as the excitation 

force. A trial solution of the order = ( ), leads to = ( ) and =( ). Thus, the solution to Equation (5.36) becomes 
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= ( ) + (5.41)

= (5.42)

In practice, the natural frequency defined as = expresses the frequency at which the 

system of stiffness (k) and mass (m) oscillates on its own when disturbed from equilibrium. On the 

other hand, the frequency ratio tuning factor ( = ) can be defined as the aspect ratio of the 

excitation to the natural frequency of the system and the damping ratio defined as  =
expresses the lost energy encompassed in same system with damping factor .Therefore,

Equations(5.41) and (5.42) take the form

= (1 ) + (2 ) ( ) (5.43)

= 21 (5.44)

The amplitude of the response can be represented in dimensionless form by the so-called 

magnification factor ( ) 

= = = 1(1 ) + (2 ) (5.45)

Equation (5.45) may be used to measure the amplitude and phase angle of the ship response in 

dimensionless format.  This means that for a given forcing amplitude, F0, the response amplitude 

changes depending on the damping factor and the tuning factor. The damping factor ( ) relates to 

how much damping there is in the system. The larger the damping factor the smaller the 

magnification factor ( ). Increasing damping reduces the magnitude of the response. So, the tuning 

factor relates to how close the excitation frequency is to the natural frequency. When = =1, in the absence of damping the response may go to infinity. The presence of damping reduces the 

response amplitude, but the max response will occur at = 1 . This peak is called resonance. 

Systems that are overdamped do not show any response amplitudes greater the static response. For 

over damped systems there is no magnification and no resonance.
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Figure 5.11. Magnification factor and phase angle representation

6. Response to random loading

Ship motions and sea loads arise from natural phenomena such as waves or turbulence and therefore 

cannot be adequately described by sinusoidal functions. The patterns of fluid actions do not repeat 

at regular intervals. Therefore, the right-hand side of the equation of motion can be expressed in a 

general form + + = ( ) (5.46)

In Eq (5.46) ( ) is a stochastic excitation force attributed to waves. It is highly nonlinear and cannot 

adequately be expressed by sinusoidal or periodic functions. In such cases it is essential to resort to 

statistical analysis methods. According to (Brouwers, 2006) if we apply a “Fourier integral” on the 

excitation force, ( ) we can define the external loading as

( ) = 12 ( ) (5.47)

where ( ) is the Fourier integral component which enables the time varying quantity, F(t), to be 

expressed in its frequency components . Hence, the response becomes,

( ) = 12 ( ) (5.48)

By substituting the response function and its derivatives into Equation (5.46) we obtain

( ) + ( ) + ( )
= ( ) (5.49)
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[( + + ) ( ) ( )] = 0[( + + ) ( ) ( )] = 0   
(5.50)

Hence,

( ) = ( )+ + (5.51)

Equation (5.51) can be written in terms of the frequency ratio

( ) = ( )+ + 1 (5.52)

Where the parameter = determines the magnitude of damping; its effect will be analyzed in 

the resonance condition, Figure 5. 14, and ( )
( ) = ( )

(5.53)

If we multiply this term with the complex conjugate, we get the spectral density for that system

namely:

( ) = 1 | ( )| = 1 ( )+ + 1
( ) = (1 ) + (5.54)

As explained by (Naess & Moan, 2013), at sub-critical case (also known as quasi-static response) the 

system can reach high values of spectral density at small frequencies relative to the natural frequency

and the stiffness has the major effect on the system. In such case the nominator of equation (5.55)

nearly equals 1 and the spectral density becomes

( ) = ( )( )   (5.55)
At super-critical (also known as dynamic response) the highest values of spectral density lie in only 

high values of frequencies with respect to the natural frequency and damping plays important role

In this case the term involving will dominate. Thus, the response is governed by inertia forces only.
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( ) = ( )(1 ) + (5.56)

0.1
.2.4
.6

0
Figure 5.12. Excitation and response spectra of a typical Quasi-static response. 1 ( = / and is the 
frequency where most excitation energy occurs)

5 100
0.02

0.040.060.08

Figure 5. 13. Excitation and response spectra of a typical dynamic response 1
At resonance when there is very low damping the frequency ratio approaches unity. The 

denominator approaches zero, and the spectral density approaches extremely large value

( ) = ( )( ) >>>>  (5.57)

20
.1

0.2

4
Figure 5. 14. Excitation and response spectra of a typical resonance condition = 1
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7. Questions

1. What is the equation of motion for a spring-mass-damper system subject to sinusoidal 

excitation? Derive motion amplitude, velocity, acceleration and phase.

2. Define the significance of underdamped, overdamped and critically damped dynamics for an 

1-DOF spring-mass-damper system. Consequently, identify which of the seakeeping DOFs may 

be underdamped or overdamped.

3. How we can assess the damping coefficient of ships?

4. Describe the different ship coordinate systems and their use.

5. What is resonance and why it is relevant for seakeeping dynamics? 

6. Explain the concept of hydrostatic stiffness, added mass and hydrodynamic damping within 

the context of ship dynamics.

7. What is meant by quasi static, dynamic and resonant responses?

8. Plot the displacement, velocity and acceleration of a free undamped system assuming = 1, = 12 0 = 1 and 0 = 1 m/s. What is the relationship between displacement, 

velocity and acceleration?

9. Plot the transient, steady state and the full solution against time for a damped system under 

harmonic excitation. Assume = = 1; = 2 = ; = = 0.1.

10. Plot the amplitude ratio / and phase against frequency ratio for a damped system 

under harmonic excitation when = 0.1, 0.25 , 0.5 0.7 . How does the damping factor 

affect the magnification factor? 
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Chapter 6: Ship motions in regular waves

1. Introduction

Water is a dense and viscous fluid. Suitable idealization of ship motions is inextricably linked with 

wave induced hydrodynamics and associated floating body accelerations. Hydrodynamic actions are 

facilitated in the equations of motion as an addition to the mass of the object. This is known as the 

added mass effect. The a

effected by the accelerating object. Accordingly, Newton’s equation of motion can be simplified to 

read ( + ) + + = ( ) (6.1)

where a stands for added mass, b is the hydrodynamic damping, c is the stiffness, F is the excitation 

due to external environment (assumed herby sinusoidal) and the - variables represent the response 

(acceleration , velocity and displacement ). 

Both added mass and hydrodynamic damping coefficients are a function of the frequency of 

oscillation. However, the added mass depends primarily on the shape of the object, the type of 

motion (linear or rotational), and the direction of the motion. In this way, it differs from mass which 

is a quantity independent of motion. Hydrodynamic damping

(and hence the frictional drag). However, when a free surface is involved the damping is dominated 

by the generation of waves. The larger the waves generated, the larger the hydrodynamic damping. 

Each degree of freedom that has a restoring force has an associated natural frequency. So, for a 

ship, there is a natural frequency in heave, roll, and pitch. These natural frequencies depend on the 

mass and stiffness properties of the system. For a ship with port-starboard symmetry (e.g. typical 

ocean going or naval vessel) the coupled motions of heave – pitch and sway – roll – yaw can be 

examined separately during seakeeping analysis. Of these five motions only heave pitch and roll have 

a restoring force or moment. The forces provided due to the effects of added mass and damping are 

referred to as hydrodynamic forces. They arise from pressure distribution around the oscillating hull. 

In the following sections the equations of motion heave and pitch and coupled heave pitch and 

roll are discussed. The aim is to provide an introduction to the seakeeping problem. The lecture also 

discusses aspects of relevance to the basic mathematical modelling of roll motions and ship 
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stabilisation. The material presented is based on the references by (Bertram, 2000; Matusiak, 2021), 

personal communication with (Temarel, 2018), and the author’s personal knowledge. Students with 

keen interest on the influence of motion coupling may refer to the papers by (Acanfora et al., 2017; 

Matusiak, 2000; Matusiak, 2011; Ruponen et al., 2009) included in the list of references (see section 

8).

2. Uncoupled heave motion

Let us consider the case of a ship in still water which is subject to a mechanical excitation in the form 

of an upward force ( ) leading to heave displacement ( ). According to the theory explained in 

Lecture 5 the linear equation of motion for this 1-DOF system in naval architecture terms can be 

expressed as + + = ( ) (6.2)

For a sinusoidally varying mechanical excitation ( ) = . Assuming is a force vector of 

constant amplitude the response will also be sinusoidal namely ( ) = ( ) where is the 

amplitude of excitation and the phase lag of the response. Accordingly,

= (  ) + ( )
= ( ) (6.3)

where : = is the hydrostatic heave restoring force (see Figure 6. 1) with representing 
3) ; g 2) and Aw the still water lane area 

(m2).’

is the heave damping force provided by the surrounding water 

is the heave damping coefficient. 

Mzz = m + mzz is the virtual mass of the ship where the mass of the ship is and mzz is 

the heave added mass. 
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Figure 6.1. Demonstration of uncoupled heave motion. Underwater shaded areas indicate portion of hull underwater 
section

In linear hydrodynamic theory the force has a component proportional to the acceleration (the

added mass) and a component proportional to the velocity (the damping coefficient). To understand 

the effect of waves we must consider the effect of the relative position of the ship with respect to 

waves. If we ignore the hydrodynamic effects and apply Newton’s second law of motion (see Lecture 

5) then for the uncoupled heave case, we get= + ( ) + = (6.4)

where is the wave profile defined with respect to the still water line and z- is called the relative 

displacement. If we assume that the hydrodynamic effects are proportional to the relative velocity 

and acceleration the equation of motion in waves becomes:= ( ) ( ) ( ) (6.5)( + ) + + = + + = ( ) (6.6)

Equation (6.6) shows that for a ship in waves, the surrounding fluid not only provides the hydrostatic 

and hydrodynamic terms but also the wave excitation which is a function of the wave acceleration, 

velocity and displacement. For a stationary ship in a regular wave train of frequency the excitation 

term becomes ( ) = ( ) + ( ) = ( + ) (6.7)

The amplitude of the wave excitation is defined as

  = + for =     and    =
(6.8)

Therefore, Equation (6.6) can be re-written as
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+ + = ( + ) = ( )  (6.9)

The response can be expressed as ( ) = ( + ) or in complex notation ( ) =( ). By back-substitution to Equation (6-3) we obtain

  [( ) ( + ) + ( + )] = ( + ) (6.10)

An easy way to obtain the heave amplitude (Z) and phase ( ) from Equation (6.10) is to consider the 

following two cases + = 0 = si n( ) (6.11)

+ = 2 ( ) = cos ( ) (6.12)

If we square Equations(6.11) and (6.12) and add them we produce the amplitude of the response, 

namely = / ( ) + ( ) (6.13)

If we divide Equation (6.11) by Equation (6.12) we define the phase lag as ( ) = ( ) (6.14)

For a ship progressing in regular waves with forward speed U and heading the variation of the wave 

elevation (and wave velocity and acceleration) with time is sinusoidal with the wave encounter 

frequency ( e). Thus, Equation (6.9) becomes+ + = ( + ) = ( ) (6.15)

In the above equation the amplitude and phase of the wave sinusoidal wave excitation is proportional 

to the wave amplitude and is a function of the wave frequency and the ship’s forward speed and 

heading. 

As explained in Lecture 5 the hydrodynamic damping and added mass coefficients are not constant 

values. They vary with the frequency of the ship’s oscillation, i.e. = ( ) ; =( ) = ( , ).On this basis Equation (6.15) can be expressed in the following more 

explicit form 
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[ + ( )] + ( ) + = ( , ) ( + )= ( , ) ( ) (6.16)

The heave amplitude and phase lag are

= ( , )( ) [ ( )]   and = ( )( )   (6.17)

If we assume free motions in waves then Equation (6.16) becomes[ + ( )] + ( ) + = 0 (6.18)

Analytical solution of this equation is not possible due to the presence of coefficients which are not 

constants but functions of the encounter frequency. Nevertheless, the free heave displacement will 

be exponentially decaying oscillatory function of time. For an undamped motion [ + ( )] + = 0 (6.19)

leading to the characteristic equation [ + ( )] = 0 (6.20)

The above equation cannot be solved analytically. However, it is possible to assume a constant value 

of added mass namely = ( ) and therefore the heave natural frequency in water can 

be approximated as 

= + (6.21)

Variation of the nondimensionalized heave added mass, damping coefficient and excitation 

amplitude (for head waves of amplitude 1m) are shown in Figure 6. 2 (a,b,c) as a function of the 

encounter frequency for a naval ship. Note that the variations of added mass and damping 

coefficients with speed are very small whilst those of the wave excitation are significant. The 

corresponding heave amplitude (per unit wave amplitude, i.e. the Response amplitude Operator) is 

sown in Figure 6. 2(d) for head waves. Both amplitudes and phases of the wave excitation terms are 

functions of wave and wave encounter frequencies. 
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Figure 6.2. Typical nondimensionalized heave added mass, damping coefficients and excitation amplitude for a naval 
ship at different speeds (Mzz= added mass; Nzz = hydrodynamic damping; Fz = excitation amplitude; Z = heave 

3. Uncoupled pitch motion

If we consider that the ship is an 1-DOF system subject to pitch excitation namely then the 

corresponding mathematical expression to Equation (6.16) is 

  + ( ) + ( ) + = ( , ) ( ) (6.22)

where :

is the mass moment of inertia about axis Oy

is the pitch added mass moment of inertia

is the pitch damping coefficient= for = longitudinal 2 moment of water plane area
is the amplitude of the wave excitation vector
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Figure 6.3. Uncoupled pitch motion

The solution of this equation is similar to the one presented in Equation(6.17). The pitch natural 

frequency in water can be approximated as 

= + (6.23)

where = . 

4. Coupled heave and pitch motions

The coupled equations of motion for heave and pitch can be expressed in matrix format as+ + × + × + ×
= ( , ) ( )( , ) ( ) (6.24)

In the above matrix equation in addition to heave added mass and pitch added inertia we 

have the additional terms namely heave into pitch and pitch into heave for added mass and damping  

terms namely , and , . There are no terms in the form of first moments of mass in the 

inertia matrix. The heave into pitch restoring terms are defined as = = (6.25)

where = ( ) represents the longitudinal first moment of water plane area and ( ) is 

the beam in way of the water line.

The above equations indicate that coupling takes place through hydrodynamic and hydrostatic 

actions. All added masses and damping coefficients are dependent on the frequency of oscillation. 

Figure 6. 4. In these 
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figures three different axes were used to illustrate the variation of the RAOs namely e, and ; 

where L : ship length and : wave length. It is interesting to note that the peaks of heave and pitch 

occur in the vicinity of . This phenomenon is called ship wave matching.

Figure 6.4

denote heave; Figures b,d,f denote pitch).

5. Small Amplitude Roll 

As explained in Lecture 5 in rigid body ship dynamics there are three rotational degrees of freedom 

namely roll, pitch and yaw (see Figure 6. 2). For typical ship shapes, the radii of gyration (ki) have a 

relationship to the ship’s geometry. So, the roll, itch and yaw radii of gyration are defined as =0.3 × ; = 0.25 × ; = 0.25 × respectively (where BWL : the waterline beam and 

Lpp is the length between perpendiculars). If we assume that a ship undertakes small amplitude roll 

oscillations about her center of mass (usually close to the undisturbed water line) then dynamics are 

described by the equation + ( ) + ( ) + = ( ) (6.26)

where :



Lecture 6: Ship motions in regular waves

98

( ) is a sinusoidal mechanical excitation producing a rolling moment ( ) = ;

is the angle of roll;

Jxx is the mass moment of inertia about the longitudinal axis through the center of mass;

C T T is the hydrostatic roll restoring coefficient;

I = roll added inertia (frequency of oscillation dependent);

N = roll damping coefficient associated with fin and tank stabilizers.

Roll damping increases with forward speed. The increase in damping results in a smaller maximum 

resonant peak, but also a slight reduction in the frequency at which the peak response may occur. 

The mass of a ship is determined by her total weight or displacement. Thus, the rotational inertia 

associated with roll is determined by the distance of each weight from center of gravity. The further 

the heaviest weights are from the center of gravity (COG) of the vessel, the larger the rotational 

moment of inertia. If all of the masses were located equidistantly from COG the moment of inertia 

would be easy to calculate and would be equal to the total mass times the distance from the COG 

squared. If the roll added inertia and damping coefficients are constant the free damped equation of 

motion becomes + ( ) + ( ) + = 0 (6.27)

If we ignore damping, + ( ) + = 0 (6.28)

representative distance the mass would need to be if the ship was idealized as a sphere. This 

representative distance is the radius of gyration, kxx. If we have the rad

the ship’s moment of inertia. Thus, Equation(6.28) leads to( + )=0 (6.29)

where is defined as = + = = and the roll natural frequency including the 

effects of added inertia becomes

= + (6.30)
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If we define the constant roll damping coefficient as = 2 + the damped equation 

of motion in still water after dividing terms by the inertia term becomes+ 2 + = 0 (6.31)

where is the damping ratio. For a ship rolling in waves that are long compared to her beam, the 

instantaneous wave surface can be represented by the wave slope shown in Figure 6. 5. If we ignore 

the effects of roll damping associated hydrodynamic forces (and any other environmental forces such 

as current, wind etc.) and we only consider the hydrostatic buoyancy force acting perpendicular to 

the wave surface (i.e. the wave slope) then provided that the roll angle is small, taking moments 

about G (see Figure 6. 5) lead to the equation of motion = ( ) ( ) (6.32)

Figure 6.5. Illustration of Roll Motion

The symbols of Equation (6.32) are depicted in Figure 6. 5. Experimental observations first 

presented by “William Froude” indicate that for the case idealized by Equation (6.32)  the use of 

maximum surface wave slope is recommended. This is because it technically represents an ideal wave 

profile. Having obtained a simplified form of wave excitation (valid essentially for long waves) we can 

generalize including the effects of damping and added inertia in the form of the equation+ + + = ( ) (6.33)

The response to this sinusoidal excitation is ( ) = ( ). To obtain the amplitude and 

phase we can back substitute in Eq (6.33) to obtain
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  + ( ) ( ) = ( ) (6.34)

An easy way to obtain the roll amplitude ( ) and phase lag ( ) is to consider the following two cases

= 2 = si n( ) (6.35)

= 0 leading to      + = cos ( ) (6.36)

Squaring equations (6.35) and (6.36) and adding them produces the roll amplitude as follows

= + + (6.37)

Dividing Equation (6.35) by Equation (6.36) defines the phase lag as 

= + (6.38)

The amplitude and phase lag of the roll oscillation can be put into the following form = [ ] ( ) = and = ( ) (6.39)

where is referred to as the magnification factor and = is the tunning factor. Both and 

amplitude vary with the frequency of oscillation. At resonance = 1 and = . For a ship 

moving in regular waves with forward speed U and heading angle and equation of motion similar 

to Equations (6.16) and (6.22) can be written as+ ( ) + ( ) + = ( , ) ( + )= ( , ) ( ) (6.40)

where the hydrodynamic coefficients and the wave excitation are evaluated from potential flow 

hydrodynamic theory using computational methods such as the ones explained in Lecture 7.
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6. Roll in large amplitudes

Large amplitude roll motions may cause crew and passenger discomfort. In practice, the amount of 

damping provided by the fluid is not always sufficient to reduce the roll amplitude to acceptable 

levels. Figure 6. 6 below shows a large roll angle of a ship denoted by ( ).

Figure 6.6. Large amplitude roll angle of ship

As explained in Lecture 2 of this course additional mechanisms are commonly used to increase the 

amount of roll damping. These can be grouped as (1) passive systems which make use of the roll 

motion and do not require any power source and control system ; (2) active systems which use power 

to move masses or control surfaces and a control system. Typical passive systems are bilge keels, 

fixed fins, passive tanks and passive moving weights. Bilge keels are longer than fins (approximately 

. Fins have longer chord length. Typical active systems are moving fins 

(retractable or not), active tans and moving weights. Typical damping ratios without any active or 

passive measures are 0.05 – 0.1. With the use of active stabilizers the damping ratio can be increased 

to 0.5 – 0.8. The mathematical background to the dynamics of roll stabilisation systems goes beyond 

the specifics of this course. As an indicative example, for roll stabilisation with active fins the equation 

of motion has some additional terms on the right hand side which are referred to as three term 

controller + ( ) + + = ( ) + ( + ) (6.41)

Moving the terms relating to to the left-hand side of the equation leads to 



Lecture 6: Ship motions in regular waves

102

+ ( ) + + + = ( ) (6.42)

and decrease with virtual mass moment of inertia and restoring moment whilst increases 

the damping; is associated with the lift generated by the fin stabilizers and can be evaluated from 

the flow around airfoils as 

= (6.43)

where is the distance from roll axis to center of pressure fin; is the fin area (i.e. the product of fin 

chord and span); is the velocity into the fin usually assumed to be equivalent to U, i.e. the forward 

speed of the ship; is the angle of attack and is the slope of the lift coefficient. Figure 6. 4 shows 

a typical transfer function for roll motion. The response depends on the ship mass, added mass, 

hydrodynamic damping, buoyancy and excitation frequency in the direction of motion. For the zero 

forward ship speed case the excitation frequency would match the wave frequency. However, when 

the ship has forward speed, the excitation frequency depends on the wave frequency and the relative 

direction of the ship and waves. This resulting excitation frequency is the encounter frequency since 

it is the frequency at which the ship encounters the waves. Figure 6. 7 demonstrates the influence of 

stabilizers on ship roll motion.

Figure 6.7. 

7. Questions

1. Consider a ship of displacement 1000 tonnes and metacentric height T = 1m. For the initial 

undisturbed condition her natural roll period is 15 seconds. Determine the natural period for 
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the loading case when two masses of 500 tonnes each are moved from 3 m to 6 m either side 

of the ship’s centre line.

2. Show how the expressions for roll amplitude and phase lag given by Equation 6-39 are 

obtained.

3. For a ship rolling in beam waves the radius of gyration (kxx) including the effects of added 

inertia is  4 m and the metacentric height T = 0.62m. The magnification factor at resonance 

is 8. Assuming that the damping provided is constant, determine the range of wave lengths 

over which the magnification factor in excess of 2.5.

4. Assume that the above ship is fitted with fin stabilizers which reduce the magnification factor 

at resonance to unit value. If we neglect the effects of terms C1 and C3 as presented in Equation 

(6-42) find the value of C when C2 = 5 s and the ship has a displacement of 1500 tonnes.

5. Briefly explain what hydrodynamic forces are and how they are important to the equations of 

motion for a ship.

6. Explain each of the terms for the characteristic equation 6-20. What assumption is needed in 

order to approximate the heave natural frequency?

7. Which two ship motions are often coupled together and their combined effect studied? What 

is unique about these motions that would make them important to study together?

8. A ship builder is studying the RAO of a newly designed cargo vessel which is 200 m long and 

with average design speed 12.5 knots. They notice that the pitch response is unacceptable 

when the wavelength of incoming waves is approximately 190 - 210 m. What is the explanation 

for the similarity in wavelength to ship length that produces this maximum pitch response? 

How could the ship builders reduce this response for a given wavelength?

9. What effect does the location of the heaviest pieces of onboard equipment from the center of 

gravity have on the sinusoidal mechanical excitation producing a rolling moment? What types 

of ships have heavy machinery located far from the center of gravity of the entire ship?

10. What is the difference between passive and active control systems with regards to roll 

damping? What are the advantages and disadvantages to each type and which types of ships 

would you expect to utilize one versus the other?
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Chapter 7: Seakeeping methods

1. Introduction 

Modern ship seakeeping analysis was introduced in the mid-20th Century as demonstrated by the 

landmark papers of (Ursell, 1949a, 1949b), and (St Dinis & Pierson Jr, 1953). In the late 20th century 

continuous refinements of analysis methods and mathematical techniques combined with the 

availability of high-performance desktop computers made routine seakeeping analysis possible in 

design offices. Today designers have several seakeeping tools to choose from and apply at 

preliminary design stage. This lecture primarily discusses some of the background of relevance to the 

basic hydrodynamic modelling methods for the evaluation of seakeeping responses using two- and 

three-dimensional (2D and 3D) potential flow models. The lecture concludes with a brief reference 

on nonlinear hydrodynamic methods. 

2. Evaluation of hydrodynamic forces

In traditional seakeeping the numerical approximation of linear ship motions in waves is understood 

as the result of three different types of environmental forces, in addition to the restoring forces of 

hydrostatic origin. Those are,

Radiation forces (or moments) where the ship is assumed to oscillate in calm seas and 

accordingly the hydrodynamic added inertia and damping coefficients are determined in still 

water conditions

Incident wave or Froude - Krylov forces (or moments) where the wave is considered in the 

absence of the ship and the corresponding wave forces (or moments) acting on the ship are 

determined. In linear hydrodynamics we assume small displacements, i.e. “true”, wetted 

surface is not considered.

Diffraction forces (or moments) where the effects of the presence of the ship on the waves 

are considered and the corresponding diffracted wave forces (or moments) are determined.

The evaluation of these force components using linear hydrodynamics is achieved under the 

assumption that a ship is subject to an incident wave that is progressive, regular and harmonic (see 

Lecture 3). Progressive means that it has a translation speed known as wave celerity (c). Regular 

means that the spatial variation of the wave component is repetitive and is expressed by the 

wavelength . Accordingly the spatial frequency is the wave number = . Harmonic means that 
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the variation of the waveform repeats itself after a time interval T known as the wave period. The 

associated circular frequency to this wave period is defined as = . In potential flow 

hydrodynamics, the velocity potential associated with the incident wave is determined using 

linearized description of fluid structure interaction. This is achieved by utilizing the velocity potential 

function ( , , , ) which describes the fluid flow arising from the existence of the incident wave 

system. The fluid is assumed to be inviscid and incompressible and fluid flow is assumed to be 

irrotational. Accordingly: = 0 everywhere in the fluid as the flow is assumed to be incompressible and irrotational;+ = 0 on the undisturbed free surface (y = 0) due to requirements for continuity of 

pressure and velocity across the surface;= 0 on the impermeable seabed where denotes the normal to the free surface.

Figure 7.1. Radiation and diffraction idealization in way of adjustment arbitrary structures
Along the lines of classic seakeeping theory let us assume that the ship is a rigid body (see Lectures 

5, 6). The incident wave will hit upon different parts of the hull at different times. It takes an initial 

period before the ship structure becomes aware of the existence of a steady state (i.e., the situation 

for which the loading and responses of the structure are harmonic). The period of time that lapses 

prior to the persistence of the steady state is known transient. This transient period gives rise to a 

phase shift between the harmonic incident wave and the diffraction (see Lecture 5, Section 3 and 

Figure 5. 9). The fluid flow is manifested by the sum of incident and diffraction potentials as,
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= + (7.1)
The linearized dynamic wave excitation pressure over an elemental area ( ) is defined as = = + (7.2)

where ( = 1,2,…,6) are the six scalars corresponding to excitations in 6-DOF namely (surge, sway, 

heave, roll, pitch, yaw); is the unit vector in way of the excitation in 6-DOF; is the surface of 

the ship structure in way of which applies. The total excitation force is then expressed as = + (7.3)

where: = (7.4)

= (7.5)

The first term on the right-hand side of Equation(7.3) is equivalent to summing the pressure due to 

the progression of regular harmonic waves acting on a virtual structure of the same shape and 

position as the actual structure. The second term represents the extent of the interaction of the 

incident wave with the ship. Having investigated the interaction of the incident wave with the fixed 

structure (namely diffraction) we can next consider the forced oscillation of the structure in calm 

waters. The reactive or radiation forces and moments are expressed as= = = (7.6)

Given that we have 6 force components ( ) in 6 different directions of motion (j) there would be 36 

values of at each incident wave frequency . If we resolve the radiation forces into added mass 

and fluid damping, = (7.7)

leading to, = (7.8)
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= (7.9)
3. Seakeeping in 6-DOF

According to Newton’s 2nd law of motion the rate of change of linear or angular momentum is equal 

to the sum of the external forces and moments acting on the ship structure. Thus, for translation and 

rotation in the jth degree of freedom = + + + (7.10)

= + + + (7.11)

The arbitrary shape of the structure means that all motions are coupled. Consequently, the radiation 

forces in the jth direction will have contributions from motions in all 6-DOF. The hydrostatic restoring 

forces based on “Archimedes Principle” involve only the vertical plane motions for heave roll and 

pitch. Those arguments allow us to write down the six equations of motion as = , , (7.12)

where = 1,2, … ,6 correspond to 6 – DOF (surge, sway, heave, roll, pitch, yaw) and notations 

next to restoring term C correspond to roll, pitch and yaw. These arguments collectively allow us to 

write down the six equations of motion in the format 

Surge = (7.13)

Sway = (7.14)

Heave = , , (7.15)

Roll = , , (7.16)

Pitch = , , (7.17)
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Yaw = (7.18)

If we transfer the non-wave excitation terms to the left hand side of Equations(7.13) to (7.18) and 

we re-arrange the motion dependent terms in a strict order format we get the following system of 6 

coupled algebraic equations 

, = [ ( + ) ] + ( )+ ( )+( ) + ( ) + ( )
(7.19)

, = ( ) + [ ( + ) ]+ ( )+( ) + ( ) + ( )
(7.20)

, = ( ) + ( )+ [ ( + ) ]+ ( ) + ( )+ ( )
(7.21)

, = ( ) + ( )+ [ ]+ [ ( + ) ]+ ( ) + ( )
(7.22)

, = ( ) + ( )+ [ ] + ( )+ +[ ( + ) ]+ ( )
(7.23)

, = ( ) + ( )+ ( ) + ( )+ ( ) + ( ( + ) )
(7.24)
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In conclusion, the original coupled differential equations of motion become six algebraic equations 

which must be solved the complex quantities ( , … , ). In this way we can derive the corresponding 

Response Amplitude Operators (RAOs) at each wave frequency and heading.

4. Linear seakeeping analysis methods

Solving the linearized equations of motion requires evaluation of the coefficients and the excitation 

amplitudes and phases. In computational marine hydrodynamics considerable effort has been 

devoted into the development of theoretical methods that can be used to determine hydrodynamic 

coefficients and excitations. The ultimate goal of this effort is to allow ship motions to be calculated 

without recourse to experiments. To date methods have been developed on the basis that 

seakeeping analysis method evolved on the basis of the following facts: (a) the analysis should be 

based on fluid actions reflecting the environmental conditions encountered by the vessel , (b)

prediction of the response characteristics of the vessel is fundamental output of the analysis and (c) 

specification of the criteria used to assess the vessel's seakeeping behavior should be achieved within 

the context of ship design requirements and operational practice. Comparison of different designs or 

assessment of a single design against specified criteria is dependent on accurate information for all 

three items listed above. Evaluation of seakeeping performance depends heavily on the environment 

(wave spectra) that the vessels are being subjected to and the criteria which are being used to 

compare the designs. Two classic types of analyses are in use to obtain hydrodynamic forces using 

potential flow analysis. The first is known as strip theory and the other as panel method. Details 

related with the basic assumptions associated with each of these methods follow.

4.1 Strip theory

Strip theory is a two-dimensional analysis whereby the hull is divided into a number of uniform 

sections. The hydrodynamic properties (i.e., added mass, damping and stiffness) obtained for each 

section reflect the flow around an infinitely long uniform cylinder. The sectional added inertia and 

damping coefficients are obtained for heave and coupled sway-roll motions of each section. There 

are limitations concerning what assumptions can be made to use strip theory depending on the 

problem specifics. The global hydrodynamic values for the complete hull are then computed by 

integrating the two - dimensional values of the strips over the length of the ship. A linear strip theory 

assumes that the vessel’s motions are linear and harmonic. In this case, the response of the vessel in 
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both pitch and heave, for a given wave frequency and speed, will be proportional to the wave 

amplitude and slope, respectively. The basic of linear strip theory are: 

and accordingly viscous damping is ignored or implemented 

independently via an empirical coefficient usually associated with roll damping;

The ship is slender (i.e., the length is much greater than the beam or the draft, and the beam 

is much less than the wave length);

;

The speed is moderate so there is no appreciable planning lift;

The motions are small (or at least linear with wave amplitude);

The ship hull sections are wall—sided;

The water depth is much greater than the wave length so that deep water wave 

approximations may be applied;

The presence of the hull has no effect on the waves (Froude -Krylov hypothesis). 

The theory presented below is based on the frequency domain strip theory introduced by (Salvesen 

et al., 1970). In this approach the surge motion is not considered. This is because for the case of a 

slender body hydrodynamic forces associated with surge are considered much smaller than those 

associated with the other five degrees of freedom. The equation of motion in the frequency domain 

is expressed as [ ( + ) + + ] = , (7.25)

or ( + ) + + =        for  = 2,3, . . . .6   

where , is the excitation force at each degree of freedom (see Equations (7.19) to (7.24)); 

is the generalized mass matrix; for free motions the non-zero hydrostatic coefficients 

correspond to the restoring terms , , , and = . If the ship is assumed to be with 

lateral symmetry (symmetric about the x-z plane), and the center of gravity is located at (0,0, ) then 

the generalized mass matrix is given by
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=
0 0 0 00 0 0 00 0 0 0 00 0 00 0 0 00 0 0 0

(7.26)

Water plane

Figure 7.2. Strip theory idealisation

The added mass and damping matrix are given by

( ) =
0 0 00 0 00 0 00 0 00 0 00 0 0

(7.27)

By substituting the damping matrix, the added mass matrix and the restoring force matrix in the 

equation of motion for lateral symmetry, the six coupled equations of motion reduce to (a) three 

coupled equations for surge, heave, and pitch and (b) three coupled equations for sway, roll, and 

yaw. For example, the coupled equations of heave and pitch are( + ) + + + + + =       (7.28)+ + + ( + ) + + =   (7.29)

The relationship between added mass and damping coefficients are given in detail by (Salvesen et 

al., 1970). For example, added mass, damping and hydrostatic restoring coefficients of heave and 

pitch are defined as
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= (7.30)

= (7.31)

= = (7.32)

= = = (7.33)

= = (7.34)

In Equations (7.32) to (7.34) , , and represent the waterplane area and the first moment 

and moment of inertia of this waterplane; is the speed, is the density of water and the 

acceleration of gravity. 

4.2 Conformal Mapping 

The solution of local (two dimensional) hydrodynamic coefficients in the previous 

equations is mathematically challenging and typically computers are used. Once we know the added 

mass, hydrodynamic damping, etc. we can use the method of “conformal mapping” to estimate the 

properties of ship-like sections in the two-dimensional plane. The advantage of conformal mapping 

is that the velocity potential of the fluid around an arbitrarily shape of a cross-section in a complex 

plane can be derived from the more convenient circular cross-section in another complex plane. In 

this manner hydrodynamic problems can be solved directly with the coefficients of the mapping 

function. This method begins by defining the properties of sway, heave and roll for an infinitely long 

semicircular cylinder with radius as illustrated in Figure 7. 3. The cylinder is assumed to oscillate 

with small motion amplitudes and the resultant radiated waves in ± directions are calculated using 

the potential flow theory. Most of the ship sections are not circular. Hence, conformal transformation 

techniques are required to extend the circular plane results into solution for more realistic hull 

shapes. A simple illustration of one of these techniques is shown in Figure 7. 4. In this method the 

circle geometrical parameters and the fluid flow around it (stream and potential functions) are 

defined in the complex circle plane ( plane) as follows= + =       (7.35)
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Then, the obtained results from the plane are mapped into the flow around a hull section in the 

complex ship cross-section plane = +       (7.36)

Both planes (circle and ship’s cross-section planes) are related by the transformation function:= ( )      (7.37)

The definition of the above equation depends on the shape and size of the ship’s cross-section.  This 

is the reason why it is different for each ship section. In this lecture, only the commonly used Lewis 

transformation equation (7.38) is explained. The purpose is to introduce the concept and its 

limitations. The method is suitable for most of the conventional hull cross- sections and gives the 

expressions for the added mass and damping coefficients.

= ( ) = + + + + +       (7.38)

As explained in  Figure 7. 4 the equation maps any point on a semicircle of radius at the plane 

into a corresponding point on ship’s cross-section positioned at the plane Since we assume 

, , , … one side of the ship. The factor is a 

scale factor governing the overall size of the Lewis form. It is usual to truncate the transformation 

series as follows 

= ( ) = + +       (7.39)

The coefficients ,   can be defined by the section area coefficient = /( . ) where is

the cross- of the section is defined as 

= = ( )      (7.40)

= =       (7.41)

After solving equations (7.40) and (7.41) we get

= (1 + )      (7.42)

=      (7.43)
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where = 3 + + 1      (7.44)

After substituting equations (7.46) and (7.47) into equation (7.50) and separating real and imaginary 

parts we obtain the following pair of parametric equations as a function of that describe the shape 

of the Lewis form in the plane = [(1 + )sin sin (3 )]= [(1 )cos + cos (3 )] (7.45)

-

Figure 7.3. Circular cylinder oscillating in the free surface

=

Figure 7.4. Conformal transformation from the (circle) plane to the (ship) plane

Examples of Lewis forms of realistic ship sections of different ratios and section area coefficients 

are illustrated in Figure 7. 5. In Lewis forms there are no limits for the ratios. The section area 

coefficient is valid only for ( + 20 + 4) when the term underneath the square root of 

equation (7.43) 9 2 0. It is noteworthy that, large section area coefficients that exceed the 

limits of Lewis forms will have unconventional shapes and the effect of flow separation will be 

dominant. In such cases the strip theory will be no longer accurate. On the other hand, very small 

section area coefficients may render physically impossible shapes of Lewis forms, see Figure 7. 6.

Therefore, Lewis conformal mapping is limited to conventional forms completely within a 

circumscribing rectangle. 
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= 6= 4= 2= 1= 0.5
=0.5

00 0

Figure 7.5. Examples of Lewis forms

= 2= 1.15

= 2= 0.1
Area coefficient too large

Area coefficient too small

> 2 >

< 0 < 00.20.40.60.81.01.21.4

0 0 1 2 3 4 5 6/
Figure 7.6. Permissible ranges of Lewis forms and examples of invalid ones

4.3 Panel methods

In the Green function panel method, the 3D flow around the ship is calculated in order to obtain the 

pressure, forces and moments acting on the wetted hull surface (see Figure 7. 7). In the pulsating 

source method, the source density is computed on the center of each panel. A distribution of sources 

is applied, either on the panel (hull surface) or at some distance from it within the body, to smooth 

flow irregularities occurring at the boundaries of the panels. All these potentials fulfill the Laplace 

equation and the radiation, the bottom or infinite depth and linearized free-surface conditions.

Figure 7.7. Green function idealization of a 10,000 TEU container ship (Hirdaris et al., 2016)
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The ship response can be determined in the frequency domain, where the motions of the ship are 

defined for various regular waves frequencies. Accurate solutions using the zero-speed free-surface 

Green function method are obtained for problems with linearized free-surface boundary conditions 

at zero forward speed, but good or reasonable approximations are possible with moderate steady 

forward speed. The most important effect of forward speed can easily be taken into account by 

accounting for the influence of the encounter frequency which as explained in Lecture 3 can be 

expressed as = (7.46)

where  = 2k is the wavenumber, is the wavelength, is the ship speed, and is the 

wave direction. The amplitude of the incoming linear wave of a unit amplitude in deep water (for 

simplification only) is

= (7.47)

The remaining potentials , , ,.., can be determined numerically by the panel method. To obtain 

these potentials the model should satisfy the Laplace equation in the fluid domain and the zero-

speed linearized free surface boundary condition at the non-oscillating water surface = 0. The 

diffraction potential (j = 7) and radiation potentials (j = 1,..,6) can be determined by superimposing 

the potentials of all panels as 

= , (7.48)

where p is the number of panels and , is the source density of each panel. The source densities can 

be obtained by solving a linear equation system for j = 1,…,7 and then satisfy the body boundary 

conditions at the center of all panels. The radiation potentials are divided into two parts

= + (7.49)

where and are the speed-independent conditions that satisfy the body boundary condition.

The fluid pressure (p) can be obtained using the Bernoulli equation for unsteady flow
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= 12 | | + + 12 (7.50)

The pressure of a specific motion on each panel can be evaluated by solving the above equation 

separately for the wave potential , diffraction potential and the six radiation potentials from 

to . Consequently, the forces and moments can be evaluated by summing up the forces and 

moments on each panel namely

= and = × (7.51)

where is a normal vector directed into the hull and its absolute equals the panel area; while the 

pressure at the panel center equals the average pressure on each panel. Finally, the generalized 

motion vectors are evaluated by the equation…… = ++ (7.52)

This equation may be further complemented by adding corrections to account for the surge and roll 

damping, forces on fins, etc. However, this is not covered in this section. The complex amplitude of 

the translation and rotation motions can be obtained by solving the above system of the six 

complex scalar linear equations. After obtaining the amplitude of the motion we can get the hull 

pressure, forces and moments in virtual cross-section, drift forces, etc.

5. Non-linear seakeeping analysis methods 

Technical difficulties in the computations of modern hull ship motions are mainly related with 

understanding, simulating and validating the effects of nonlinearities. There are nonlinear 

phenomena associated with the fluid in the form of viscosity and the velocity squared terms in the 

pressure equation. The so-called free surface effect also causes nonlinear behavior due to the nature 

of corresponding boundary conditions (Bailey, 1997) and the nonlinear behavior of large amplitude 

incident waves (Chapchap et al., 2011). Forward speed effects and the body geometry often cause 

nonlinear restoring forces and nonlinear behavior in way of the intersection between the body and 

the free surface (Chapchap et al., 2011). A large variety of different nonlinear methods have been 

presented in the past three decades (Hirdaris et al., 2016). Clearly, as techniques become more 

sophisticated assumptions become more complex (Figure 7. 8). Computational time and complexity 

may be an issue in the process of understanding, simplifying or validating the modelling assumptions. 
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In this sense the accuracy of the solution must be balanced against the computational effort. A 

taxonomy of the methods available is presented in Table 7. 1. From an overall perspective one may 

distinguish between methods based on linear potential theory (Level 1 methods) and those solving 

the Reynolds-Averaged Navier–Stokes (RANS) equations (Level 6 methods). The majority of methods 

currently used in practice is based on linear potential flow theory assumptions and account for some 

empirical forward speed corrections (Chapchap et al., 2011). Within the group of weakly nonlinear 

potential flow methods (Levels 2–5) there is a large variety of partially nonlinear, or blended, 

methods, which attempt to include some of the most important nonlinear effects. For example, Level 

2 methods present the simplest nonlinear approach where hydrodynamic forces are linear and all 

nonlinear effects are associated with the restoring and the Froude–Krylov forces. On the other hand, 

Level 3 and 4 methods refer to the so called body nonlinear and body exact methods. In these 

methods the radiation problem is treated as nonlinear and is solved partially in the time and 

frequency domains using a retardation function and a convolution integral. The difference between 

these two levels is that the body nonlinear approach (Level 3) solves the radiation problem using the 

calm water surface and the body exact method (Level 4) uses the incoming wave pattern as in way 

of the free surface for the solution of the radiation problem. Level 5 methods are highly complex and 

computationally intensive. They have no linear simplifications and the solution of the equations of 

motion is carried out directly in the time domain. The hydrodynamic problem is solved using an MEL 

(Mixed Euler–Lagrange) approach. They are usually based on the assumption of smooth waves. 

Therefore, wave breaking phenomena that may be associated with large amplitude motions in 

irregular seaways cannot be modelled. Large advances in reducing computer processing times 

resulted in making basic RANS methods, excluding DES (Detached Eddy Simulations), URANS 

(Unsteady RANS) and DNS (Detached Navier Stokes). Implementation of potential flow hydroelastic 

methods in the frequency - or time - domains may be possible irrespective to the type of 

hydrodynamic idealisation (Chapchap et al., 2011; Mortola et al., 2011). More recent developments 

enabling full coupling between RANS with FEA software, may ensure the inclusion of hydroelasticity 

also within this more advanced CFD framework (Lakshmynarayanana & Hirdaris, 2020). Nevertheless, 

there are quite a few issues to resolve even for the application of RANS methods to the conventional, 

rigid body, sea-keeping problem. For example, these include issues with the time efficiency for 

computations, the efficient and convergent meshing of the fluid domain associated with the 
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movement of the body and the deforming free surface, as well as the influence of turbulence 

modelling.

RANS
6

5 Smoothh wavesBodyy exact4 Bodyy NL3

2 Froude-Krylov NLLinear1

Moree c
omple

xFaster

Figure 7.8. Level of idealisation for forward speed hydrodynamic solutions (Numbers 1–6 refer to Levels 1–6 of 

idealisation as per (Hirdaris, 2016).
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6. Questions

1. Discuss the different types of hydrodynamic forces considered in linear seakeeping analysis. 

2. What are the two theories used in the linear Seakeeping analysis to assess the ship motions? 

Explain briefly the assumptions, background theory and means of implementation for each of 

them.

3. What are the basic assumptions of strip theory? 

4. What does conformal mapping mean? Elaborate your answer with a neat sketch.

5. What are the main assumptions of the Pulsating source green function method?

6. How does the forward speed can be simply taken into account in the Green Function method?

7. Explain briefly with equations how the diffraction and radiation potentials are determined 

using the Green Function method.

8. Explain briefly with equations how the pressure, forces and motions are determined using the 

Green Function method.

9. Why and when the nonlinear seakeeping analysis is important?

10. List and explain the different methods of non-linear seakeeping analysis. Sort these methods 

based on their computational complexity.

7. References 

Bailey, P. A. (1997). A unified mathematical model describing the maneuvering of a ship travelling in 

a seaway. Trans RINA, 140, 131-149.

Chapchap, A., Hudson, D., Temarel, P., Ahmed, T., & Hirdaris, S. (2011). The influence of forward 

speed and nonlinearities on the dynamic behaviour of a container ship in regular waves. 

International Journal of Maritime Engineering, 153(A2).

Hirdaris, S., Lee, Y., Mortola, G., Incecik, A., Turan, O., Hong, S., Kim, B., Kim, K., Bennett, S., & Miao, 

S. (2016). The influence of nonlinearities on the symmetric hydrodynamic response of a 10,000 

TEU Container ship. Ocean Engineering, 111, 166-178.

Lakshmynarayanana, P., & Hirdaris, S. (2020). Comparison of nonlinear one-and two-way FFSI 

methods for the prediction of the symmetric response of a containership in waves. Ocean 

Engineering, 203, 107179.



Lecture 7: Seakeeping methods

123

Mortola, G., Incecik, A., Turan, O., & Hirdaris, S. E. (2011). Non linear analysis of ship motions and 

loads in large amplitude waves. International Journal of Maritime Engineering, 153(A2).

Salvesen, N., Tuck, E., & Faltinsen, O. (1970). Ship motions and sea loads. Trans.  SNAME, 78:250-287.

St Dinis, M., & Pierson Jr, W. J. (1953). On the motions of ships in confused seas. Trans. SNAME, Paper: 

T1953-1.

Ursell, F. (1949a). On the heaving motion of a circular cylinder on the surface of a fluid. Quarterly 

Journal of Mechanics Applied Mathematics, 2(2), 218-231.

Ursell, F. (1949b). On the rolling motion of cylinders in the surface of a fluid. Quarterly Journal of 

Mechanics Applied Mathematics, 2(3), 335-353.



Lecture 8: Wave Loads

124                              

Chapter 8: Wave Loads

1. Introduction

The evaluation of structural responses is key element in ship design. Fundamental to this is the 

determination of the wave loads to support the Classification Rule requirements and for application 

in direct calculations (Hirdaris et al., 2014). To date, the current design philosophy for the prediction 

of ship motions and wave-induced loads has been driven by empirical or first-principles calculation 

procedures based on well proven applications such as ship motion prediction programs employing 

the strip theory and panel methods explained in Lecture 7. In recent years, the software, engineering 

and computer technology available improved dramatically. Thus, a trend that may utilize the latest 

technologies to assess the influence of wave loads on ship strength emerged. This lecture reviews 

some of the key methods that may be used for the assessment of wave loads on ships. The emphasis 

is on empirical methods and rigid body structural dynamics. Hydroelastic methods for the prediction 

of springing and whipping loads are briefly introduced. 

2. Classification of wave loads

A prime category of static loads that involve hydrodynamic actions and are frequently used in the 

structural analysis are still water loads. They may be attributed to (a) the variation of buoyancy 

distribution along ship length and (b) the non - uniform longitudinal distribution of light and dead 

weights (Figure 8. 1). The longitudinal uneven distribution of the net load causes vertical shear forces 

and bending moments. Still water loads may be either sagging or hogging depending on the resultant 

distribution of the net load. Cargo weights have the largest impact on the bending moments and 

shear forces as they may vary rapidly during loading, unloading and seaway operations. To avoid hull 

splitting due to bending and shear effects the cargo should be spread out and interspersed. The 

maximum longitudinal shear force is at the neutral axis and decreases towards the deck and bottom

(see Figure 8. 2).

Slowly varying loads are bending moments and shear forces in seaway. Waves may cause high 

variation in the buoyancy distribution throughout the ship length that significantly increases the 

bending moment and shear force. The largest effect occurs when the ship is balanced on the peak of

a wave that has the same length as the ship with crest amidship. The wave crest at amidships

increases the buoyancy forces and leads to hogging vertical bending moments. Conversely, when the 
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ship is on a wave trough amidship sagging vertical bending moments prevail (see Figure 8. 3).

Horizontal bending around the ship’s vertical axis (say the Z-axis) occurs when the ship is in an 

inclined condition due to roll. This moment arises when the ship has a wave crest on one side that 

phases a trough on the other side in oblique or beam seas. Based on engineering experience it is 

noteworthy to mention that this type of moment for most small mono-hull ships is usually less than 

20% of the vertical bending moment of most for large tankers and mega-containerships, it can rise 

to as high as 50% of the vertical bending moment. Torsion becomes important in oblique seas where 

the ship may be subject to opposite direction righting moments at her forward and aft parts. Ships 

with large deck openings, like containerships and mega bulk carriers, can experience significant 

torsion moments. Racking loads arise from ship rolling and they are of practical significance for “shoe 

box type hulls”, i.e. ships without transverse bulkheads (e.g., ro-ro ships and car ferries). During 

racking, the deck tends to move laterally relative to the bottom, while the side shell moves vertically 

relative to the other side (see Figure 8. 4 and Figure 8. 5).

(a) Weight, VSF, VBM diagrams (b) Still water VSF and VBM for various cargo distributions

Figure 8.1. Overview of load distributions (Shama, 2012)

Figure 8.2. Longitudinal shear forces (Shama, 2012)
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Figure 8.3. Hogging and sagging condition in a regular wave

Figure 8.4. Torsion moment in oblique seas

Figure 8.5. Racking deformation

Rapidly varying loads have short periods. For example, shipping of green seas on deck is an impact 

load that mostly affects the forecastle deck. On the other hand, panting originates by the variable 

external water pressure from waves which causes the shell plating to bellow-in and out continuously. 

The pitching motion of the ship in waves highly affects this type of load. Slamming loads originate 
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from heaving and pitching motions. During slamming events the forward vessel speed in a wave 

trough may lead to emergence of the forward portion of the vessel. Consequently, the ship 

experiences a severe hydrodynamic impact on water re-entry. Slamming loads are rapid and intense 

and are usually accompanied by a loud booming or slamming sound. They may be critical for 

monohull ships with large bow flare and broad stern but also influence multi-hull vessels like 

catamarans (see Figure 8. 6). 

Figure 8.6. Types of ship slamming loads

3. Murray’s method

Murray's Method can be employed to estimate the longitudinal bending moment amidships which 

arises when the ship is stabilized on the so called standard wave defined as a wave of length equal to 

the length of the ship (L) and height 0.607 L (see Figure 8. 7). This method can be categorized as 

static analysis because it does not consider the dynamic load components induced by the waves. The 

total bending moment can be divided into two parts namely the still water and wave induced bending 

moments. The latter is defined as a function of ship breadth (B) and Length (L) as followsM = b B L . × 10 tonnes metres (8.1)

where b is a constant based on the ship block coefficient Cb and whether the ship is sagging or hogging

(Table 8.1).
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Figure 8.7. Standard wave (Barrass & Capt Derrett, 2011)

Table 8.1. Murray’s coefficients ‘b’

If the still water bending moment is not available, it can be obtained using the following 

approximation

. = (8.2)

where W is the total ship weight, WF is the moment of the weight forward of amidships and WA is 

the moment of the weight aft of amidships. The first term of equation (8.2) represents the mean 

weight bending moment while the second term represents the mean buoyancy moment. If the mean 

weight moment is greater than the mean buoyancy moment at amidships the ship hogs in still water 

(+ve ) and vice versa. The total bending moment from still water and waves can be obtained by 

summing up the still water bending moment and the wave bending moment M when the ship 

addition to the static forces acting on the body when the ship is balanced on a 

stationary wave, an inertia component that originates from the ship’s motion should be added to the 

ship’s weight distribution, while the buoyancy distribution varies. Finally, motions generate outgoing

waves that cause oscillating pressures on the wetted hull surface. Integrating these pressures over 

the wetted surface yields the forces and moments acting on the ship from waves. 
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4. Wave induced responses

Wave induced responses are classified as static, quasi-static and dynamic. The evaluation of static 

responses does not consider any wave actions. In quasi-static analysis some motion effects are 

considered. In dynamic analysis the effects of hydrodynamic actions and time variation of loads are

considered. In those cases that vibratory actions arising from waves may lead to local or global 

resonance phenomena known as springing and slamming induced whipping loads. In these cases 

wave induced resonances are evident and therefore hydroelasticity may be considered important. 

Figure 8. 8 illustrates the topology of responses from global hull girder to local response. The 

following sections discuss aspects of relevance to the influence of nonlinear hydrodynamics on wave 

load predictions and the evaluation of rigid body wave loads in irregular waves. Considering the highly 

mathematical nature of the subject the emphasis is on qualitative aspects, methods and tools 

available for use in ship design. 

Standard 
ship?

Deterministic
Read wave bending moment 

from rules 

Probabilistic
Calculate wave bending moment 

from ship motion analysis

YESNO

Slamming or 
springing?

NOYES

Dynamic 
Hull Girder analysis

Linear or Nonlinear  

Quasi-static 
Hull Girder analysis

Linear or Nonlinear  

Combine Wave and still 
water stresses 

Dynamic 
Hull module, Principle 

member, and local 
analysis if required.

Hull Module Analysis

Principal member Analysis to 
study the deflections, and 

stresses in structure members:
• Beam members; axial and shear 

forces, twisting moments and bending 
moments, and the corresponding 
member stresses.

• Stiffened panels: in-plane normal and 
shear stresses, stiffener bending, and 
plate bending stresses.

Nodal 
displacement 

Local structural analysis 
Detailed stress distribution in 

local structure 

Add loads which 
act directly on the 

local structure (e.g. 
container support 

point)

Hull Module Loads
• Equivalent

hydrostatic pressure,
external and internal
(liquid and bulk
cargo).

• Various point loads
and distributed loads
due to weight of
cargo, structure and
outfit (including
inertia and sloshing
effects).

Dynam
ic H.G

 
stresses

Hull Girder Analysis

Modular and local 
structural Analysis

Figure 8.8. Wave induced loads and their link with ship responses
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5. The influence of nonlinear hydrodynamic actions

form proportions are usually nonlinear. This is because of variations of the waterplane below and 

above the waterline. Analysis of these loads using empirical approaches is limited by simplified 

hydrodynamic assumptions or rule of thumb rules. In recent years the advances in computer 

software, speed and ship science lead to the development of direct hydrodynamic analysis methods 

that may be used to address nonlinear effects associated with wave elevation in way of the free 

surface, variations of the waterplane area, forward speed effects etc. Such methods are developed 

primarily by academics or Classification Societies and they are progressively implemented in 

Classification notes (DNV, 2010). It is noted that implementation of nonlinear hydrodynamic actions 

can provide revised hogging and sagging correction factors to be applied in the linear analysis of the 

ship global loads. Whereas some of these developments are already evident in modern IACS unified 

requirements, as the theoretical background of implementation is complex they are not considered 

part of this course and hence not explicitly explained here (IACS, 2015). Instead, this section presents 

the basis of calculation of linear and nonlinear calculation of the shear force and bending moment 

for the case of a rigid ship (see Figure 8. 9). In linear analysis, the net load ( )
in waves is obtained by summing the ship weight ( ) , buoyancy at each section of area ( ), 

inertia from the heave ( ) and pitch ( ) and the hydrodynamic forces ( ) as follows:( ) = ( ) + ( ) ( )( ) + ( ) (8.3)

The shear force at each section is obtained by integrating the net load throughout the ship length 

= ( ) (8.4)

The bending moment is evaluated by integrating the shear force along the ship length 

= ( ) (8.5)

As the model is linear, we can employ it to get the RAO of the vessel in different operating conditions 

(wave heading, forward speed and loading condition). Notwithstanding this, it is important to note 

that linear assumptions do not help us distinguish between hogging and sagging induced by the 

waves. For example, linear assumptions have been employed by (Kukkanen, 2012) to evaluate the 

shear force and bending moment RAOs of the “Seatech-D” Ro-Pax vessel as illustrated in Figure 8. 
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10. Further work at Aalto university towing tank revealed considerable amount of nonlinearity in the 

shear force and the bending moment RAOs obtained using different wave amplitudes (Figure 8. 11). 

The impact of hydrodynamic nonlinearities has been more obvious at frequencies close to resonance. 

An obvious difference in the maximum and minimum loads in sagging and hogging conditions (Figure 

8. 12). The bending moment is remarkably large in sagging condition. The geometry of the ship’s hull 

and the waves generated by her forward speed have large contribution in this un-symmetry.

Heave

Surge
Roll

Yaw
SwayPitch

Figure 8.9. Ship-fixed co-ordinate system and motion components employed in the linear and nonlinear analysis

0.000.020.040.060.080.10
RRAO

1 1.5 2 2.5 3 3.5 4 4.5 5

0.11

Figure 8.10. Seatech-D Ro-Pax vessel shear force and bending moment RAOs near amidships using linear theory for 

Fn= 0.25 in head seas (Kukkanen, 2012)
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0.030135904504590135 = 0.006 = 0.013 = 0.019

: = 0.006 and 0.013

Figure 8.11. Model test results of the bending moment RAO obtained using different wave amplitudes in head seas 

and = 0.25 (Kukkanen, 2012)
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6. Ship responses in irregular waves

Wave induced dynamic loads are stochastic and difficult to be determined precisely. If the correlation 

between these loads and a ship’s displacement is linear or weakly nonlinear irregular responses can 

be evaluated via the aggregation of regular responses, i.e., based on Rayleigh’s superposition 

principle (see Lectures 3,4) in the “frequency domain”. In case the correlation between the force and 

displacement is remarkably non-linear then the structure should be solved using time as an 

independent variable (i.e., in the “time domain”). Response in waves considers the following 

assumptions: 

The irregularity of the ocean’s waves can be represented by linear summation of a huge 

number of individual regular waves with different heights and periods;

The total hydrodynamic forces are the summation hydrodynamic actions calculated on each 

transverse section separately;

In typical analysis the ship may be considered wall sided and the wave forces acting on her 

may be considered linearly proportional to the wave height (linear analysis). 

The accuracy of the first two of the above-mentioned assumptions are generally satisfactory. The 

third one gives satisfactory results for box like wall sided ships (e.g., tankers or bulk carriers) at the 

waterline region. however, it can be challenged for monohull slender ships with large flare operating 

at moderate to high speed or multihull vessels and high speed craft. In any case, the principal steps 

that should be involved in stochastic analysis are summarized as follows: 

Seakeeping response analysis is carried out for individual regular waves having different 

frequencies and unit wave amplitudes. The range of frequencies used in the analysis should 

cover all the expected encounter wave frequencies that the ship may experience. That yields 

to smooth definitions of the transfer function (RAO) of motions, wave-induced hull girder 

bending moments, shear forces and stresses. The analysis can be carried out using seakeeping 

software based on strip theory or a 3D potential flow. Various commercial solvers can be used 

in this area of work. Examples are : 

1) NAPA ( )

2) MAXSURF ( )

3) MOSES ( ), 

4) ANSYS AQWA ( -aqwa) 
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5) BV HYDROSTAR ( - -software-

powerful-hydrodynamic).

As explained in Lecture 3, the energy contained in each short-term sea state is defined by a 

wave spectrum ( | , ) (e.g., Pierson–Moskowitz, Jonswap etc.).

Each RAO is then used to calculate the response spectrum, ( | , , ), by scaling the wave 

energy spectrum as ( | , , ) = | ( | )| ( | , ) (8.5)

The extreme response occurs when the peak of the wave spectrum matches the peak of the 

RAO. In case the sea state is represented by different wave spectra, results are combined by 

taking into account the proportion of each spectrum on RAO.

The above analysis is repeated for different sea states with different headings and forward 

speeds. Each iteration represents the short-term response, while the statistical combination 

of these short-term responses, based on the wave scatter diagram, represents the long-term 

response. 

The long-term response can be used for probability analysis of different failures limit states. 

The mathematical background and process on how to achieve this within the context of both 

rigid and flexible ship dynamics is explained by (Wu & Moan, 2006) and (Tilander et al., 2020).
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Figure 8.13. Stochastic ship dynamics (Hughes, 2010)
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7. Introduction to Hydroelasticity of Ships

Traditional ship dynamics assume that ships behave as rigid bodies. In reality, long slender ships are 

flexible structures. The influence of flexible ship hull dynamics is addressed by hydroelasticity theory; 

a method which assumes that ships in waves experience symmetric (vertical bending induced) and 

antisymmetric (coupled horizontal bending and torsion) flexible distortions. The method was 

introduced originally by (Bishop et al., 1979) and developed by various contributors to the field over 

the last 30 years (Hirdaris, 2009).

When a hull experiences motions and distortions in water the resultant hydrostatic and 

hydrodynamic pressures influence her dynamic characteristics (natural frequencies and mode 

shapes) of the hull. As we explained in Lecture 7 the hydrodynamic effects associated with ship 

seakeeping are frequency dependent. The concept of mode shapes and natural frequencies is based 

on time (and frequency) independent properties of the hull. This means that the influence of the 

surrounding water is treated as frequency independent. This is known as the wet approach. 

Alternatively, one can consider the hull in vacuo, with the influence of the surrounding water treated 

as external action. This is known as the modal approach and it allows for the influence of the 

hydrodynamic effects to be treated as frequency dependent, as they do not contribute to the 

calculation of the natural frequencies and mode shapes of the dry hull. In 2D linear hydroelastic 

analysis the dry ship hull is idealised as a beam and the fluid actions use the concept of strip theory. 

The method is applicable to slender mono-hull vessels only and the hull is assumed to possess port-

starboard symmetry. 

Timoshenko

Euler-Bernoulli

Undistortedd beam

Figure 8.14. Illustration of differences between Euler and Timoshenko beams used in 2D hydroelasticity analysis
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The 3D form of the method was developed to include the non-beamlike structures as offshore and 

multihull structures. The numerical studies of the hydroelasticity employing CFD, potential flow 

theories and finite element methods have become common due to the wide availability of the 

software used in this analysis. Typically, application of the method requires the application of a 

structural FEA model and a potential flow seakeeping theory making use of a Boundary Element 

Method (BEM). Further details on the significance and application of the method are included in a 

recent publication by (Tilander et al., 2020). In both 2D and 3D hydroelasticity methods the analysis 

usually aims to investigate the vessel natural frequencies and transfer functions or RAOs. Figure 8. 

15 indicates key results from 3D hydroelastic analysis of a container ship in regular waves when using 

BV Hydrostar computer program (BV, 2006). In recent years, hydroelastic predictions have been 

validated by segmented model tests with elastic backbone (see Figure 8. 16). Extensive discussion of 

the methods available are give by (Jiao et al., 2017) and they are considered beyond the scope of this 

course.

Hydroelasticity assessment focuses on the prediction of springing and whipping loads. Springing

is a continual vibration (flexing) of the hull girder that may last for several hours once initiated. This 

phenomenon occurs when waves excite the resonant hull girder frequencies. Springing may have a 

great impact on vessels with high forward speed (typically above 20 knots) and low natural vibration 

container ships, Great Lake Carriers are more prone to springing (Hirdaris & Temarel, 2009). Typically, 

the number of springing cycles is 4-8 times the number of wave cycles and can influence the fatigue 

strength ships (Ren et al., 2018). 
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Figure 8.15. Springing analysis using BV Hydrostar software
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Figure 8.16. Hydroelasticity test of a segmented model of 10,000 TEU containership
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Whipping induced wave loads are excited by the rapid flexing of the hull girder due to slamming 

and induce the propagation of high-frequency oscillations on the hull girder (see Figure 8. 17). Based 

on in service experience it is believed that the dominant oscillation mode of whipping loads is the 

vertical hull girder vibration. This mode causes a remarkable increment of the vertical bending 

moments and shear forces which affects the ultimate strength of the ship. Whipping loads decay fast, 

so the cycles of vibration are usually small and flexible hull dynamics are not considered important 

from a fatigue strength perspective (Hirdaris et al., 2010). 

0606
M

Bow flare slam at = 17 sec

Figure 8.17. Full-scale measurements of vertical wave bending moment including whipping loads for an 8,500 TEU 

container ship (Lloyd's Register, 2018)

Classification societies provide guidelines for the prediction of the vertical bending moment including 

the critical vibrational whipping loads (Lloyd's Register, 2018). Equation (8.7) illustrates how the 

linear bending moment Linear should be calculated and then multiplied by the whipping 

enhancement factor and the longitudinal distribution factor WDA
VBMWH = fS WDA Linear for sagging

VBMWH = fH-W WDA Linear   for hogging
(8.6)

It is noted that the whipping enhancement factor depends on the bow flare shape, ship length, area 

waterline, area amidships, critical wave frequency and the natural frequency of the 2-node hull girder 

vertical bending mode. Figure 8. 19 illustrates a comparison between the predicted and measured 

wave induced vertical bending moment amidships an 8,500 TEU container ship. The analysis is 

conducted in head seas, and the load is calculated using Jonswap wave spectrum. The oscillations in 

the responses corresponding to full scale measurements can be attributed to whipping loads. 

both full scale measurements and the numerical analysis. A similar study carried out for a passenger 
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ship of 200 m length and 23,000 tonnes displacement (Figure 8. 20) demonstrated that the rigid body 

range the response of the 

ship is entirely dominated by the quasi-static analysis and performs like a rigid body. The springing 

induced elastic behavior of the ship occurs at 8 – . 

0.00.20.40.60.81.01.2

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 10.20.40.60.81.01.2
Figure 8.18. Longitudinal distribution wave loading factor (Lloyd's Register, 2018)
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Figure 8.19. Calibration of the numerically calculated vertical bending moment using Jonswap wave spectrum against 
full-scale measurements (Lloyd's Register, 2018)× 1 9
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Figure 8.20. Vertical bending moment at amidships a passenger ship (Tilander et al., 2020)
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8. Questions 

1- Explain the classification of wave loads. what is the difference between slowly varying and rapidly 

varying loads? give examples and use sketches to elaborate your answers.

2- Calculate the wave bending moment using Murray’s method of a ship encountering a standard 

wave. Assume ship length = 248 m; ship breadth = 38 m and block coefficient = 0.8. Then calculate 

the maximum total bending moment if the still water bending moment is 130523 tonnes meter 

sagging. 

3- Discuss briefly

4- List the situations when the implementation of non-linear analysis is essential. In which frequency 

the effect of non-linearity is usually significant? 

5- Explain the difference between wave induced sagging and hogging moments, which one usually 

has a higher value and why. 

6- What are the principal assumptions and steps of frequency domain analysis?

7- Discuss briefly the hydroelasticity theory, what are the differences between dry and wet 

approach?

8- Compare the traditional hydrodynamic analysis and hydroelasticity analysis in terms of ship 

response in low and very high wave frequencies; use sketches to elaborate your answers.

9- What are the springing and whipping loads; how they can be aroused and what theories are used 

to evaluate them? 

10- Use neat sketches to distinguish between whipping and springing loads, which one is more 

significant in fatigue analysis and why?
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Chapter 9: Additional Seakeeping Topics

1. Introduction 

A ship has good seakeeping ability when she is seaworthy and able to operate for the benefit of her 

owners, passengers and crew safely in calm or adverse conditions. This practically means overall 

seakeeping performance uncertainties and effects are well managed at concept design stage. This 

It also briefly outlines key information on the important role of model tests at preliminary design 

stage or for the assessment of ship dynamic performance during operations. 

2. Seakeeping criteria

Excessive ship motions can have very negative effects on passengers and crew. The people onboard 

herent manner. 

The inner ear detects changes in magnitude and direction of apparent gravitational acceleration. 

, facing 

diagonally across the ship, anxious, fatigued, hungry, smelling strong smells or eating or smelling 

greasy foods, reading, drinking carbonated or alcoholic drinks. The symptoms of seasickness 

generally disappear after a few days at sea when the person becomes acclimated. The main cause of 

motion sickness is believed to be the vertical acceleration experienced by the person and may vary

location on the ship. It is very difficult to predict the occurrence of sea sickness 

as individuals differ in their susceptibility to motions. A brief summary of measures considered can 

be found in (Lloyd, 1989) and are known as the “motion sickness incidence (MSI)”, the “Subjective 

Magnitude (MS) factor” and the “Motion Induced Interruption (MII) factor”. A definition of each of 

these quantities is given below. 

Motion Sickness Incidence (MSI). Experience shows that the principal cause of sea sickness 

appears to be a result of vertical accelerations, . With this in mind, experiments that involved 300 

male volunteers were carried out in the 70s in USA. The experiments were carried out inside a closed 

cabin, subject to sinusoidal vertical motion with amplitude up to 3.5 . Based on these experiments 

the MSI is defined as the % of participants who vomited in the first two hours of the experiment

given by the formulae 
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= 100 0.5 + erf log ( / )0.4 (9.1)

where is the vertical acceleration averaged over a half motion cycle, = 0.819 +2.32[log ( )] for is the wave encounter frequency ( / ) and the error function is defined 

as

( ) = 12 ( 0.5 ) (9.2)

If one assumes that ship accelerations follow a Gaussian distribution, then = 0.798   in 

( ), where is the “Root Mean Square” (RMS) value of the vertical acceleration. 

Subjective Magnitude (SM) In the mid-seventies a number of pilots were subjected to an 

experiment of sinusoidal vertical motions using a chair capable of amplitudes of up to 1.5 m. The 

objective of the experiment was to roughly quantify the influence of motions on the ability of the 

subjects to work effectively. Based on experiments carried out a reference motion at 1Hz with 

acceleration of 0.6 g was assigned a value SM = 10. Accordingly, a motion that was judged to be twice 

as severe was assigned the value SM = 20, half as severe SM = 5, etc. The data obtained are expressed 

in the following form

= .
(9.3)

where is wave encounter frequency dependent and expressed as= [75.6 49.61log ( ) + 13.5{log ( )} ][1 exp ( 1.65 )] (9.4)

The acceleration amplitude can be taken, for example, as 50% of the significant acceleration, namely = 2 , where is the mean square root value of the vertical acceleration. Using this 

assumption, a plot of SM against RMS acceleration can be generated and the subjective regions are 

defined as: moderate (SM=5), serious (SM=10), severe (SM=15), hazardous (SM=20) and intolerable 

(SM=30).

Motion Induced Interruption (MII). MSI is a reasonably adequate parameter that may be used to 

judge the severity of motion on passengers. However, it is not very relevant in terms of displaying

the ability of crew to function effectively. As explained above, SM is a rough measure of how severe 

a motion feels, but still not relevant to ability of crew to function effectively. MII overcomes these 
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limitations as it is based on the frequency that a member of the crew has to stop work and hold on 

to a suitable anchorage to prevent loss of balance due to sliding or tripping (e.g., roughly SM>10). 

Based on investigations carried out in the 1980s and early 1990s the number of MIIs per minute can 

be expressed as 

= 60 ( )2 ( ) (9.5)

where is the average zero crossing period of the seaway and is the MS value of the total 

acceleration, including both lateral and vertical accelerations. The latter are evaluated at the right or 

left foot of the crew member depending on whether there is sliding or tripping to port starboard. 

The MIIs to port and starboard are added together. The aforementioned equation is valid for either

sliding, where v is the friction coefficient between the deck floor and the crew member’s shoes, 

or tipping, where = / ( : distance from deck floor to crew member’s CoG and l : half-stance 

distance).

3. Introduction to model testing 

At preliminary ship design stage the prediction of hydrodynamic resistance as well as ship motions 

and loads can also be obtained experimentally by model tests in towing tanks. This is because 

numerical codes have not yet reached a completely satisfactory stage. As part of this process pressure 

measurements at various parts of the underwater part of the hull can also be obtained by integration 

over the wetted part of the hull. Model tests can be performed also in irregular waves by generating 

a seaway from a particular wave spectrum and towing the hull at various speeds and headings to

obtain the time record of ship motions. These model tests as well as full scale measurements are 

used to validate theoretical predictions.

In early days experimental model tests aimed to only improve the resistance performance of ships. 

The first well known recorded model test was performed by Leonardo da Vinci in the 15th century. 

He tested three models with equal length and different bow and aft shapes. Based on these 

experiments, he came up with recommendations about the best shape that can give the highest 

forward speed. In the 18th century William Froude introduced a scaling concept to obtain the actual 

ship resistance. This approach was a cornerstone in the development of model testing for ship design. 

Modern model testing initiated in 1870 in the “Froude” towing tank at Haslar, South England. The 

tank has a length of 85 m, breadth 11m and 3 m depth. 
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Illustrations of typical towing tank facilities are given in Figure 9. 1. Big commercial towing tanks

are usually in the range of 250 m length, 10 m breadth and 5 m depth and the corresponding typical 

model usually has 5:8 m length. Almost all tanks have a towing carriage to move the model through 

To carry out seakeeping tests or another type of experiments 

that need surface waves, the tanks should be equipped with wave makers at one end of the tank and 

a wave absorber (known as wave beach) at the opposite side to prevent wave reflections. Some 

specialized towing tanks can decrease the pressure in the tank area to 0.04 bar to obtain the same 

cavitation number of the fully-scaled ship in propulsion tests. Ice tanks can simulate the ice 

environment for testing icebreakers and other offshore structures exposed to drifting ice. The ice is 

modelled by freezing, employing high salinity water and chemicals to control its mechanical 

properties. Example of this facility can be found at Aalto University Ice tank in Finland. One of the 

largest modern towing tanks today is situated at David Taylor Naval Ship R&D center in USA. The tank 

has a length of 1,000 m, 6.4 m breadth and 3 m depth and 

for testing high-speed ships. 

In recent years the rapid development of ship technology research encouraged building more 

specialized testing facilities such as cavitation tunnels and the maneuvering and seakeeping basins. 

These new testing facilities made it possible to simulate realistic ocean conditions like wind, current 

and multidirectional waves and to have a better explanation of the physical problems. Moreover, it 

has a significant impact on the latest development of the theoretical methods, seakeeping software 

and other related numerical codes. Ocean basins are used frequently to model a realistic ocean 

environment for testing offshore structures, and in addition, they are used to carry out seakeeping 

and maneuvering tests of ships. The advanced facilities in these ocean basins are often capable to 

generate long-crested waves with different directions (head, oblique or beam seas) or short crested 

waves (multidirectional) as well as current and wind.
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(a) Aalto University ice tank - Finland (b) David Taylor Naval Base - USA

(a) Architectural layout of ocean basins (Steen, 2014)

Figure 9.1. Selected experimental facilities
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4. The importance of similarity laws in seakeeping experiments

Laboratory tests aim to investigate the behavior of the actual full-scale system by using a much 

smaller scale physical model. The dimensions of the physical models are usually restricted by the 

available laboratory facilities. These dimensions should be scaled appropriately to obtain similar 

behavior of the full-scale system, i.e., the results for the model can be transferred to full scale by a 

proportionality factor. The similarity in forces between the physical model and the full-scale system 

can be achieved by fulfilling geometric, kinematic and dynamic conditions of similarity. Geometric 

similarity means that the ratio of the full-scale length to the model scale length is constant 

and equals the model scale factor = (9.6)

By applying the geometrical similarity law we can ensure that the model has the same shape of the 

full-scale system. However, the target from the geometrical similarity is not to obtain the same shape 

of the full-scale system but to get the same hydrodynamic performance. Kinematic similarity means 

that the ratio of full-scale time interval to the model scale time interval is constant and equals 

the kinematic model scale = (9.7)

Dynamic similarity means that the ratio of all forces that act on the full-scale system (e.g., inertial, 

gravity, and frictional forces) and the ones acting on the model is constant and equals the dynamical 

model scale F = F (9.8)

5. Seakeeping experiments

The design of a physical model is a crucial part for model testing. It depends on the available 

experimental facilities, the type of the model test and the instrumentation required. It may also 

depend on the material used in the construction (e.g., wood, aluminium, GRP or foam). The size of 

the model should be optimized to reduce the errors from viscous effects and to improve the 

measuring accuracy. The building and execution costs should be rational. This is usually restricted by 

the size of the tank. Tank walls will influence the test results if the ratio between the model and tank 

size is small, which is defined by the blockage effect. The two main types of physical models, rigid 
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and elastic models are discussed in the following sections. In dynamic testing of rigid seakeeping 

models the model is usually free to move as the inertia forces will have a significant contribution to 

the test results. Hence the mass, center of gravity (transverse, vertical and longitudinal), moment of 

inertia and gyration radios of the model should be scaled accurately. In case the test aims to measure 

the internal loads, the distribution of the weight should be also correctly modelled. The mass is simply

measured by weighting the model or by ensuring it is floating at the correct waterline. The center of 

gravity and the inertia moment are usually measured by a pendulum test (see Figure 9.2). The

pendulum period is measured by

= 2 4 = 0 (9.9)

where M is the mass of the model and I is the moment of inertia at point . Then, two additional 

masses of weight m are added at each end of the pendulum at a distance a from its center . The 

new period is measured to get the following equation4 ( + ) ( + 2 ) ( + ) = 0 (9.10)

where = 2 and = ( ). By solving the two equations above we get and .

= 8( )
= 2 (9.11)

If the moment of inertia at the center of gravity equals = , the model metacentric height 

is calculated by a static inclination test. The model is divided into several sections and the pendulum 

test is repeated at one of those to ensure correct mass and moment of inertia distributions.

Pitch RRoll

Figure 9.2. Sketch of a pendulum test
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As shown in Figure 9. 4 there are three different models that can be adopted to test hydroelastic 

ship responses namely (1) backbone, (2) fully elastic and (3) hinged. For the backbone model, the 

elasticity is modelled by an elastic beam to which rigid segments are attached. As the elasticity of the 

beam is easy to amend, for example by using a material with suitable material properties, this model 

is relatively simple to construct. The main drawbacks of this type of modelling are the gaps between 

the rigid segments which may affect the test results especially if the model has a forward speed. The 

gaps may be filled with an elastic membrane, but it is difficult to avoid the transfer of tension trough 

the membrane. The fully elastic model is usually built up using two materials, for example, fiberglass

and foam, while the thickness can be amended to achieve the required elasticity. This type of elastic 

model does not have any gaps. However, it is difficult to achieve the required bending stiffness 

distribution. In addition, the foam induces high damping as compared to the backbone model. High 

damping may have a considerable effect on springing test results. On the other hand, whipping forces 

are not sensitive to structural damping. It is noteworthy that the backbone and fully elastic models

are usually used for monohull vessels. The hinged model is usually adopted in catamaran model 

testing. Figure 9. 3 illustrates a catamaran hinged model with three hulls built from normal material 

as the rigid models (foam or GRP), each hull consists of three rigid segments connected by slender 

steel beams (springs). The dimensions of the beams can be selected to give the required bending and 

torsional stiffness. The gaps between the segments are usually fitted with rubber membrane to make 

the model watertight. In seakeeping tests, the gravitational forces (forces from waves) dominate the 

test results, hence Froude scaling should be adopted accurately. The height of the waves should also 

be scaled with the same geometrical scale ratio, while the wave period follows the square root of the 

scale ratio. As motions and loads are the key results of seakeeping analysis, the inertia forces will be 

vital and the mass distribution should be scaled precisely. Possible alternative seakeeping test set-

ups are illustrated in Figure 9. 4. The rigidly restrained model can be used for measuring only the 

wave excitation forces. In alternatives (b), (c) and (d) the model is free to heave and pitch while the 

surge motion is restricted in (b) and allowed with different levels in (c) and (d). Notably (d) is a self-

propelled model and is usually adopted with (c) in towing tank testing in head and following seas. On 

the other hand (e) is usually adopted in seakeeping basins tests where the model is self-propelled 

and only connected to the carriage using very soft cables. Final set up (f) the model is controlled 

remotely. Seakeeping tests can be conducted in regular and irregular waves. In regular waves, the 

RAOs and the added resistance in different regular wave frequencies are the main outcomes from 
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the test. They can be used to validate and calibrate the numerical results. Artificial irregular waves 

can be used to study ship performance in real sea conditions and for extreme response analysis.

(a) Backbone model (b) Fully elastic model

\\

Elasticc beam

Segment Divinycell foamGlasss fiberr resin

(c) Hinged model of an elastic catamaran

Aluminumm beam
Stifff hulll segments

Springs

Wetdeck plates
55 dof’s trasducer

Verticall forcee transducer

Figure 9.3. Types of elastic models

(a) Rigidly restrained (b) Free to Heave and Pitch (unpowered model)

(c) Free surge, heave, pitch model restrained by springs (d) Free surge, heave, pitch (powered model)

(e) Model restrained by umbilical cable - powered model (f) Self-contained Model (no carriage)

Figure 9.4. Possible alternative of the seakeeping test set-up
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6. Full scale measurements (FSM)

FSM are carried out to assess the performance of ships in real environment. Their advantage as 

compared to tank testing, is that uncertainties in the measured response due to scaling errors are 

not evident. Full-scale tests are useful in (1) trials; (2) for testing the malfunction of 

a ship system (e.g., propeller noise or excessive fuel consumption); (3) research.  Sea or delivery trials 

are usually conducted after building the ship and before delivering her to the owner. The main 

objective of sea trials is to measure the speed-power characteristics of the ship in still water 

conditions. Almost all ship contracts contain strict requirements for the speed the ship must achieve 

at certain engine power levels. There are usually penalties if the recorded speed of the ship at a 

certain engine power level is less than typically 0.2 knot of the value mentioned in the contract. A 

large deviation from this value, typically from 0.5 to 1 knot, may give the right to the owner to refuse 

to take the ownership of the vessel. On the other hand, If the recorded speed is more than the stated 

in the contract, the yard usually gets a bonus. In speed trials, the vessel forward speed is recorded 

while running the ship in a straight track in both directions as shown in Figure 9.5. The trial should be 

repeated for at least three different engine power levels. The speed can be measured using GPS or 

by clocking the time spent per measured mile. The power level of each trial can be obtained by 

measuring the shaft torque using strain gauges or special torque meters. Also, it can be determined 

based on the fuel consumption readings. The test is usually conducted in deep water without waves 

(still water) nor wind and at sea temperature around 15 °C. The draft or loading condition of the ship 

during the test is usually stated in the contract (usually the ship design draught). The environmental 

conditions during the test (water depth, draft, wind speed, wind direction, wave height, wave 

direction, current, water salinity, water temperature etc.) should be reported for the typical and max 

acceptable contractual conditions (Table 9.1). Further information about the environmental 

condition and correction procedures can be found in standard (ISO 19019, 2005).

100 min

100 minSteadyy Approachh 

Steadyy Approachh 

COMEXFFINEX

FINEXCCOMEX

Figure 9.5. Trial trajectory of one double run (ITTC- recommended procedures and guidelines)



Lecture 9: Additional Seakeeping Topics

152                              

Table 9. 1. Typical and max acceptable contractual environmental conditions

Environmental conditions Typical contractual conditions Max acceptable trial conditions

Sea state (measured by visual 

observation, wave buoys, radar 

or bow-mounted altimeter)

No waves or Beufort 1 (wave 

height 0.1 m, see Table 9. 2) Ultimately 

for ships with L>100 m)

Wind No wind or Beufort 2 (Wind 

Table 9. 2)

6 (20 knots) (for ships with 

L>100 m)

Water depth (h) Deep water or >6 and > where 

is the midship section are 

and V is the speed.

Smaller water depth will require correction 

for shallow water effect

Current No current. Use of double runs 

means corrections are included

Current of more than a few knots is 

unacceptable

Table 9.2. The Beaufort wind and wave scale

Beaufort Sea state Description Wind 

speed

Wave height

Wind / wave conditions min max probable max

0 0 Calm Calm 0 1 0 0

1 0 Light air Ripples 1 3 0.1 0.1

2 1 Light breeze Small wavelets 3 6 0.2 0.3

3 2 Gentle breeze Large wavelets 6 10 0.6 1

4 3 Moderate breeze Small waves 10 16 1 1.5

5 4 Fresh breeze Moderate waves 16 21 2 2.5

6 5 Strong breeze Large waves 21 27 3 4

7 6 Near gale Large waves 27 33 4 5.5

8 7 Gale Moderately high waves 33 40 6 7.5

9 8 Strong gale High waves 40 47 7 10

10 9 Storm Very high waves 47 55 9 12.5

11 9 Violent storm Exceptionally high waves 55 63 11.5 16

12 9 Hurricane 63 71 14 16

13 9 Hurricane 71 80 > 14 > 16
14 9 Hurricane 80 89 > 14 > 16
15 9 Hurricane 89 99 > 14 > 16
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7. Questions

1. what are the impacts of ship motions on passengers and crew? What does motion sickness 

mean? What are its main causes and when can it be exacerbated? 

2. Define the MSI, SM and MII indices.

3. Why do we need to conduct seakeeping model tests and full-scale measurements? When can 

we rely on the numerical seakeeping codes? 

4. List and briefly explain four types of model scale facilities.

5. Define the Geometric, Kinematic and Dynamic model scale similarity laws.

6. What are the main types of physical models used in laboratory tests? What is the effect of 

tank walls on the experimental results and how can we eliminate this effect?

7. List and describe with neat sketches three types of elastic models. What are the applications 

of each type and how its elasticity is modelled? 

8. Explain with neat sketches the different alternatives of seakeeping test set-ups.

9. Explain the advantages of full-scale measurements over tank testing. When do we have to 

conduct the full-scale tests?

10. What are the main objectives of sea trials? Explain briefly speed trials with a neat sketch. 
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Chapter 10: Added Resistance and Maneuvering

1. Introduction

Added resistance in waves is the part of a ship’s total resistance that is caused by encountering waves. 

Calculations of added resistance can be used as an addition to the calm water resistance to predict 

the total resistance of a ship in a seaway. Prediction of added resistance can for instance be used:

To decide the weather margin for new ship designs. By predicting the maximum resistance 

increase due to weather we can decide ship powering requirements.

In weather routing

important to make good estimations of the time it will take for a ship to travel along a route, 

so the cargo owners know when the ship will arrive in port and therefore optimize the costs 

of loading, unloading, storage, etc. It is also very important to be able to optimize routes to 

reduce the fuel consumption and emissions. 

In ship performance analysis which aims to minimize (or ideally eliminate) the influence of 

the stochastic waves in a seaway and can be used to calculate a ship’s calm water resistance. 

This information can be used to determine the value of a ship, and how often she should be 

docked for antifouling.

2. Ship added resistance in waves

When a ship oscillates in waves, she conveys energy to the surrounding water. This energy is primarily 

transmitted with the waves radiating from the ship (see Figure 10.1) and associates with damping of 

the oscillatory motions. Hydrodynamic damping is dominant for heave and pitch motions, which are 

the biggest contributors to added resistance. From engineering perspective in such cases we can 

neglect viscous damping and therefore added resistance can be considered as a non-viscous 

phenomenon for which potential flow theory applies (Ström-Tejsen, 1973). The reflection of incident 

waves also causes added resistance. The so-called diffraction induced resistance is dominant for high 

wave frequencies where the ship motions are small (see Figure 10.2). The energy transmitted to the 

surrounding water by waves generated by the forward speed of the ship is referred to as the calm 

water resistance. 

The added resistance is independent to the calm water resistance. Experiments by (Ström-Tejsen, 

1973) demonstrated that the added resistance in regular waves varies linearly with the wave height
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squared at a constant wave length. It is therefore considered to be a second order problem. If the 

motions are predicted with an accuracy of approximately 10 to 15%, the second order added 

resistance cannot be of accuracy better than 20 – 30% (Salvesen, 1978). The wave is usually expressed 

with a velocity potential function derived from boundary conditions that can be linearized. Linear 

theory is applicable until the wave steepness becomes sufficiently large (Faltinsen, 1993).

Radiatingg waveRRadiatingg wave

Figure 10.1. Radiating waves due to oscillation

()

0.6 10.7 0.8 0.9 1.1 1.2 1.3
24
68
10121416

0 0.5

Radiationn inducedd resistancee Diffractionn inducedd resistancee 

Figure 10.2. Radiation induced resistance and diffraction induced resistance, for different wave frequencies

The added resistance in irregular waves can be expressed as superposition of the resistance 

associated to regular wave responses and is expressed as= 2 ( ) ( )( ) = AW( )( ) = ( ) (10.1)
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where ( ) is the mean response curve and ( ) is the wave energy spectrum evaluated by 

experiments (Ström-Tejsen, 1973). The usual way to calculate added resistance in irregular waves is 

therefore to first calculate the added resistance in regular waves for different wave frequencies and 

then use equation 10.1. The added resistance for different wave frequencies can be presented in a 

transfer function like the schematic one in Figure 10.2. The choice of wave energy spectrum ( ), 

will have a big influence on the integrated mean added resistance . The full scale added 

resistance AW in regular waves can be made non dimensional using the expression

= AW( / ) (10.2)

The peak of the added resistance transfer function displayed in Figure 10.3 usually occurs at a 

frequency where the wavelength is about the same size as the ships length (wave matching region). 

This is because of the big influence of pitch motion.

Wave length 

Figure 10.3. Wavelengths near the ship length will produce heavy pitching and added resistance

This means that the length of the ship will have a big influence on where the peak of the added 

resistance will be. To capture this relationship, it is usual to present the transfer functions with a non 

- dimensional frequency, normalized with the ship’s length. This can be done in a variety of ways, and 

different authors tend to invent their own way of normalizing the frequency. For example, the non -

dimensional frequencies can be expressed as

norm = (10.3)

which can be related to the wave frequency on deep water as



Lecture 10: Added Resistance and Maneuvering.

157                              

norm = = (10.4)

3. Methods to calculate added resistance in waves 

The two main methods that can be used to calculate added resistance in waves are considered in this 

section. Those are known as (i) Gerritsma and Beukelman’s radiated energy method and (ii) 

Faltinsen’s asymptotic method. Gerritsma & Beukelman (1972) describe the energy that the 

oscillating ship transmits to the surrounding water by assuming that maintenance of a ship’s constant 

forward speed depends purely on the capabilities and performance her propulsion plant. The method 

uses the concept of relative velocity defined as the vertical velocity of the water related to a point on 

the ship (see Figure 10. 4). Faltinsen’s asymptotic method on the other hand, only deals with 

diffraction induced resistance, and neglects the ship motions (Faltinsen, 1993).

Vertical relative 
Velocity

Relative Velocity 

Velocity of a point 
on the ship hull

Point on the ship hull

Velocity of the 
water in the wave

Figure 10.4. Definition of vertical relative velocity 

According to Gerritsma & Beukelman (1972) the added resistance is calculated as

= ( ) (10.5)

The above equation presents an integration along the ship’s length (L) where is the encounter 

frequency, is the wave heading, is the sectional damping coefficient for speed (V), for the 

different strips ( ) defined for heave as= (10.6)
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In Equation (10-5) is the amplitude of the relative velocity related to each strip defined as= + + ( ( )) (10.7)

where represents the depth where the water velocity is evaluated. It is noted that the damping 

coefficient and the relative velocity only contain the influence of heave ( ) and pitch ( ) motions 

so roll ( ) and yaw ( ) motions are neglected. Heave and pitch are expressed as== (10.8)

where and are complex amplitudes that contain both amplitude | |, | | and phase , = | |= | | (10.9)

Therefore, the final expression for the relative velocity becomes,= + ( ) + ( )
(10.10)

and the amplitude= + ( ) + ( ) (10.11)

The radiated energy can be calculated as

= (10.12)

By substitution of in (10-7) we get :
= + (10.13)

where is the phase lag of the relative velocity. Time integration in (10-12) leads to 

= = = . (10.14)

The radiated energy during one period of oscillation can also be expressed in terms of added 

resistance (Journée, 2001)
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= = ( ) = 2 ( ) (10.15)

where (see Figure 10. 5) is the wave length that the ship experiences when she is heading 

diagonally through the waves. 

Figure 10.5.Wave length experienced by the ship

4. Introduction to maneuvering theory

Ship performance varies with water depth, channel restrictions, and hydrodynamic interference from 

nearby vessels or obstacles. Course keeping and maneuvering characteristics are particularly 

sensitive to ship trim. For conventional ships, the two qualities of course - keeping and maneuvering 

may tend to work against each other. This means that an easy turning ship may be difficult to keep 

on course whereas a ship which maintains course well may be hard to turn. Fortunately, a practical 

compromise is nearly always possible.Some of the key principles of ship controllability and choice of 

propulsive equipment were introduced in Lecture 2. In this section we will introduce in greater detail 

the key principles of ship maneuvering with focus on (i) course keeping or Steering; (ii). controllability,

turning or course changing and (iii) speed changing defined as the controlled change in speed 

including stopping and backing. 

Controllability is an essential consideration in the design of any floating structure. Solutions are 

obtained by comparison with the characteristics of earlier successful designs. In many cases, 

experiments, theoretical analyses, and rational design practices must all come into play to assure 

adequacy. Three tasks are generally involved in producing a ship with good controllability. These 

involve : (1) development of realistic specifications and criteria for course-keeping, maneuvering, and 
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speed changing; (2) good design of the hull control surfaces, appendages, steering gear, and control 

systems; (3) full-scale trials to measure performance for comparison with required criteria and 

predictions. In the following paragraphs we shall attempt to explain further the principles of 

controllability. Let us assume that a ship is fixed with respect to the Earth axis system. The equations 

of motion for maneuvering are defined as follows= Surge = Sway = Yaw 
(10.16)

In engineering practice, we tend to discuss the definition ship forces and motions in relation to the 

ship-fixed reference frame. To do so, axis transformation along the lines of the coordinate systems 

defined in Figure (10.6) is essential. Let us consider the velocities= += + (10.17)

Accelerations can be defined as the first derivative of the velocities= + + ( + )= + ( + ) (10.18)

If we substitute those into the equations of motion defined in (10.16) we get= ( + + ( + ) )= ( + ( + ) ) (10.19)

If we consider the forces in the ship-fixed reference frame and apply the same transformation as we 

did for the velocities we obtain = += + (10.20)

Simplification leads to the following equations of motion with reference to the ship-fixed coordinate 

system = ( + )= ( ) (10.21)

The angular equation is unchanged by the shift in the coordinate system. Since the other variables ( , ) are velocities, if we replace the angular velocity with the equations of motion become
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= ( + )= ( )= (10.22)

+

+
heading/yaw angle

Ship’s velocity vector
Tangent to ship’s path  

Ship Fixed Axis 

Path of the ship’s COG

+
Position of the ship’s COG at time

+Arbitrary Axis Fixed in the EarthPosition of the ship’s COG at time, 0

Figure 10.6. Coordinate System for Maneuvering.
The forces and moments (left hand side) of the equations of motion consist of four types of forces 

that act on a ship during a maneuver. Those are defined as:

Hydrodynamic forces acting on the hull and appendages due to ship velocity and acceleration, 

rudder deflection, and propeller rotation and can be associated with the relative velocity and 

acceleration of the surrounding fluid, the deflection of the rudder or propeller actions 

Rigid body inertial reaction forces caused by ship acceleration 

Environmental forces due to wind, waves and currents

External forces from tugs, thrusters, mooring lines, etc.

In the following discussion we will only deal with the top two and assume that the force 

components , comprised of velocity dependent forces arising from hull drag through the water 

and a moment component composed of terms that express the effects of ship velocity and 

acceleration on motions only (surge, sway and yaw). The key components can be defined as = ( , , , , , )= ( , , , , , )= ( , , , , , ) (10.23)

To consider the effect of a disturbance on the forces acting on the vessel, we can use the Taylor Series 

expansion technique. Accordingly, If the function of a variable, , and all its derivatives are 
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continuous at a particular value of , say , then the value of the function at the value of not far 

removed from can be expressed as follows"

( ) = ( ) + ( ) ( ) + ( )2! ( ) + ( )3! ( ) + (10.24)

If the change in the variable ( )is kept small, the higher order terms can be neglected, leading 

to the reduced order expression

( ) = ( ) + ( ) ( ) (10.25)

For multivariable functions,

( , ) = ( , ) + ( ) ( , ) + ( ) ( , )
(10.26)

So, if we write the linearized sway force we get

= ( , , , , , ) + ( ) + ( ) + + ( ) (10.27)

For straight line stability, many of the velocities and accelerations are zero. For example, for a vessel 

moving at constant forward speed, there are no acceleration terms, no sway or yaw velocities and 

no Y force before a disturbance. On the other hand, the forward velocity term is assumed equal to 

the ship speed, U. == = 0= = = 0( , , , , , ) = 0 (10.28)

Because of symmetry, there can be no force due to forward velocity or acceleration, so

= = 0 (10.29)

This means that the sway force equation becomes,

= + + + (10.30)

If we follow the same method, we can get the linearized form of the surge and yaw equations as
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= ( ) += + + + (10.31)

Once we derive the forces for the basic equations of motion, we obtain the system of equations

0 = + ( ) Surge0 = Sway0 = Heave

(10.32)

The partial derivatives of the above equation are known as the hydrodynamic derivatives. We have 

to calculate those to solve the equations of motion! To define a standard notation for maneuvering 

(rather than write out the partial derivatives every time), we can replace a partial derivative with the 

letter for force (or moment) and use a subscript corresponding to a motion component. For example,

(10.33)

Rewriting the equations of motion using this notation gives the following system of linearized 

maneuvering equations of motion( ) + ( ) + = 0+ ( ) ( + ) = 0+ ( ) = 0 (10.34)

For convenience we tend to non-dimensionalize these equations. Sway and yaw motions cause the 

main effects. Surge effects may not be that important since changes in forward velocity relative to 

the mean forward velocity, tend to be small. Thus, + ( ) ( + ) = 0+ ( ) = 0 (10.35)

In the above expression, the term disappeared from the sway equation. This is because the 

velocities are non-dimensionalized by , so = 1. It is important to note that all the terms in the 

previous equations must include the effect of the ship's rudder held at zero degrees). In case we wish 

to consider the maneuverability of a ship along a predefined path we should consider terms 
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expressing the control forces and moments created by rudder (and possibly other devices) deflection 

across this route as functions of time. The rudder induced moments are defined in Figure 10.7. The 

linearized y-component of the force created by rudder deflection is . The linearized component 

of the moment created by rudder deflection about the z-axis of the ship is , where is the

rudder-deflection angle measured from the -plane of the ship to the plane of the rudder. Positive 

deflection corresponds to a turn to port for rudder(s) located at the stern. Finally, expresses

the linearized derivatives of and with respect to rudder-deflection angle . For small rudder 

deflections (due to small disturbances, for example) and for usual ship configurations,00 (10.36)

Figure 10.7. Rudder Induced Turning moments
By applying these assumptions and including the rudder force and moment, motions become( ) = Yaw Moment( ) ( + ) = Sway Force (10.37)
For conventional ship configurations, we can simplify the mass and inertial terms as follows( ) 2( ) 2 (10.38)
We can then evaluate the hydrodynamic derivatives for the effect of the rudder on the hull, where 

is the rudder angle in radians (positive to port) as,

== (10.39)
To make numerical predictions it is necessary to obtain values for some or all of the coefficients or 

derivatives involved. This is primarily done by means of captive model tests.
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5. Captive Model Tests (PMM)

Let us consider a ship experiencing transverse acceleration, toward starboard (assumed positive), 

there will be a reaction force to port due to the resistance of the water. Note that for a transverse 

acceleration the force will always resist the direction of acceleration. This is shown in Figure 108 with 

the sway force versus sway acceleration showing a negative slope.

++ +
Figure 10.8. Ship Experiencing Transverse Acceleration

Let us assume that at a moment in time the ship experiences angular acceleration namely r (see 

Figures 10.9 and 10.10). If the acceleration is positive along the bow to starboard turn, there will be 

a reaction moment in the negative direction due to water resistance. For an angular acceleration 

the moment will always resist the direction of acceleration. Therefore, a plot of yaw moment versus 

yaw acceleration will always have a negative slope and will look like Figure 10.9. 

Always negative

Figure 10.9. Sway Force versus Sway Acceleration

Bow +
+

Stern

Stern

+
Bow

++
Local as a result of Negative 
in the stern and positive in bow

Stern

Bow

Figure 10.10. Ship Experiencing Angular Acceleration
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Figure 10.11 shows the forces on a body with a sway velocity, , added to a forward velocity, . Both 

the bow and the stern experience a lift force oppositely directed to . Therefore, is always 

negative (see Figure 10.12). However, the bow contribution is usually larger than that of the stern, 

so there is a negative moment contribution . The addition of a rudder at the stern will increase the 

magnitude of the stern force and so decrease the negative magnitude of . If the rudder forces were 

sufficiently large, it might even cause to be positive. However, this is not usually the case.

Figure 10.12 shows the possible relationships between and . Figure 10.13 shows the effect of 

an angular velocity, , in addition to forward velocity, , on and . Due to the angular velocity, 

point near the bow has a positive transverse velocity, , producing a negative and a 

negative . Point near the stern has a negative transverse velocity, , producing a 

positive and a negative . So, the moments can combine to produce a large 

negative moment, but the sway forces oppose each other resulting in a small positive or negative 

. Figure 10. 14 shows the relationship between and and .

Bow

+
+

Stern

Stern

+

Bow

Bow

+
Stern +

Figure 10.11.Ship Experiencing Forward Velocity and Transverse Velocity+
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Figure 10.12. Sway Force and Yaw Moment versus Transverse Velocity
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Figure 10.13. Ship Experiencing Forward Velocity and Angular Velocity+
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Figure 10.14. Sway Force and Yaw Moment versus Angular Velocity

6. Straight-Line Tests in a Towing Tank

The velocity-dependent derivatives and of a ship at any draft and trim can be determined from 

measurements on a model of the ship. The model is ballasted to a geometrically similar draft and 

trim, towed in a conventional towing tank at a constant velocity, , corresponding to a given ship 

Froude number, at various angles of attack, , along the the model’s path. Figure 10.15 shows the 

orientation of the model with respect to the towing tank. 

During towing a transverse velocity component (from the vessel coordinate system) is produced 

along the y-axis such that = (10.40)
where the negative sign is due to the sign convention (see Figure 10.6). The and 

are measured on the model for each value of tested. The force or moment versus sway 

velocity are then plotted and the hydrodynamic coefficients are expressed as the slope of the curve 

near = 0. Figure 10. 12 shows an example of sway force ( ) and yaw moment ( ) versus sway 

velocity ( ).
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Figure 10.15. Straight Line Tow Testing
The slope of the straight line through the curve at = 0 is the hydrodynamic coefficient. So, from

the plot versus , we can estimate the coefficient . On the other hand, from a plot versus , 

we can estimate the coefficient . The sequence of the towing tank test that may lead to these plots 

can be briefly described as follows :

Test the model fixed in yaw (i.e., at a specific drift angle, ) and at a constant forward velocity, .

The sway velocity felt by the model is equal to ( )
Measure the sway force and yaw moment on the model 

Following this test for a given and we obtain one point on the versus plot diagram and one point on the 

versus plot diagram. 

To get additional points we should run the test at various drift angles.

During the above mentioned test the propeller will usually exert an important influence on the 

hydrodynamic derivatives. Therefore, the model tests to determine these derivatives should be 

conducted with the propeller operating. Also, since the undeflected rudder contributes significantly 

to the derivatives the model tests should also include the rudder in the amidships position. The same 

technique can be used to determine the control derivatives and . If the model is oriented with 

zero angle of attack ( = 0), but the model was towed down the tank at various values of rudder 

angle, , the force and moment measurements would determine the force and moment as a 

function of rudder angle. Plots of these against the rudder angle will indicate the values of the 

derivatives and . Straight-line tests can also be used to determine the cross-coupling effect of 

on and and of on and .
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To measure the rotating derivatives and on a model a special type of towing tank and 

apparatus called a rotating-arm facility is occasionally employed. An angular velocity is imposed on 

the model by fixing it to the end of a radial arm and rotating the arm about a vertical axis fixed in the 

tank. The model revolves about the tank axis, rotates at a rate ‘r’ while its transverse velocity 

component is zero at all times (yaw angle of attack or drift angle = 0). The model is rotated at a 

constant linear speed at various radii and the sway force and yaw moment are recorded. The 

angular velocity is defined as = / . Thus, the only way to vary at constant is to vary . The 

plots of and versus r provide the hydrodynamic derivatives and . Some disadvantages of 

rotating-arm tests are that : (1) they require a specialized facility of substantial size today found only 

in a few rotating-arm facilities in the world (e.g., David Taylor Research Center and the Davidson 

Laboratory at Stevens Institute of Technology, USA); (2) the model must be accelerated and data 

obtained within a single revolution otherwise she may run in her own wake and the velocity with 

respect to the fluid will not be accurately known ; (3) In order to obtain values of the derivatives , 

, , and at = 0, data at small values of are necessary. This means that the ratio of the 

radius of turn, to the model length must be large. An idealization of the mechanics of a rotating 

arm facility is give in Figure 10.16.

Figure 10.16. Model in Rotating-Arm Facility
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7. Planar Motion Mechanism (PMM) Technique

To avoid the large expense of a rotating-arm facility, a device known as a Planar Motion Mechanism 

(PMM) was developed for use in conventional long and narrow towing tanks. This can be used to

measure the velocity-dependent and acceleration derivatives. The PMM consists of two oscillators, 

one of which produces a transverse oscillation at the bow and the other produces a transverse 

oscillation at the stern. The model moves down the towing tank at a constant forward velocity, 

(measured along the centerline of the tank). Figure 10.17 shows a sample model in a PMM. The forces 

required from each oscillator are recorded along with the transverse position of the model at each 

oscillator. The point B near the bow oscillates transversely with a small amplitude, , and at a 

frequency . Point near the stern oscillates transversely with the same amplitude, , and the 

same frequency, . The phase difference between the oscillations allows the model to experience 

yaw motion. If the phase = 0, the model experiences pure sway with zero yaw, as shown in Figure 

10.18. For a pure sway test, the model is moving transversely in a sinusoidal motion. The sway 

velocity and acceleration can be found by taking the time derivatives of the position.== == = (10.41)

Therefore, the magnitude of the velocity and acceleration is given by== (10.42)

Figure 10.17. Model setup for planar motion tests
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Figure 10.18. Path and orientation of model for pure sway motion

Each oscillator measures the Y-forces experienced by the model as a result of the swaying motion

components ( and ). To find the derivative, we need to consider the in-phase with 

the velocity (or 90° out-of-phase with the position). To get the magnitude of the in-phase 

with the velocity we need to do a fast Fourier Transform (FFT) of the signal produced. This time, 

however, we should find the sine and cosine components of the signal, rather than the total 

magnitude. Once we have the components in-phase with the velocity (the cosine components) we 

can find the derivative by plotting the term versus the sway velocity.= cos + cos (10.43)

For the yaw moment derivative, a similar procedure can be applied. In this case, the sway force at 

each oscillator must be multiplied by a distance to get the moment. The distance, , is typically 

chosen as measured from amidships (and each point B and S must be equidistant from amidships). 

This means the hydrodynamic derivative can be determined from plotting the cosine component 

of the yaw moment versus the sway velocity as follows= cos cos (10.44)
The components of the sway force and yaw moment that are in-phase with the acceleration are the 

sine components. Therefore, the derivatives and are found by plotting the and versus 

the sway acceleration .
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= sin + sin= sin sin (10.45)

To obtain the angular derivatives and from planar motion tests, the measurements must be 

made when = 0, = 0 and = 0 . Similarly, for and the measurements need to be taken 

when = 0, = 0, and = 0. To impose an angular velocity and an angular acceleration on a 

body with v and equal to zero, the model must be towed down the tank with the centerline of the 

model always tangent to its path (see Figure 10.19). This means the sway velocity is always zero. To 

obtain pure yaw motion using the two oscillators in the PMM, the phase angle, , must be equal to

/2 = (10.46)

Figure 10.19. Path and orientation of model for pure yaw motion

The yaw oscillation is a sinusoidal motion and of the form= ( /2)= = ( /2)= ¨ = ( /2) (10.47)

In the above expression, the yaw velocity, is out-of-phase with the angle and the angular 

acceleration is in-phase with the angle . Therefore, the amplitudes of and measured 90°
out-of-phase with will determine the force and moment due to rotation and the amplitudes of 

and in-phase with the will determine the forces and moment due to angular acceleration.
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angvel = cos + cosangvel = cos cosangacc = sin + sinangacc = sin sin
(10.48)

Plotting these forces versus velocity and acceleration can provide the yaw derivatives. The slope of 

versus gives ( + ) , the slope of versus r gives , the slope of 

versus gives , and the slope of versus gives( ).

8. Principles of directional stability

Now that we have experimental values for our hydrodynamic derivatives, we can solve the linear 

sway and yaw equations of motion. Solutions to the linear sway and yaw equations provide linear 

transfer functions permitting review of the stability of motion. There are various kinds of motion 

stability associated with ships and they are classified by the attributes of their initial state of 

equilibrium that are retained in the final path of their centers of gravity. For example, let us consider 

Figure 10.20. In each of the cases (I – IV), the ship is assumed to be traveling at a constant speed 

along a straight path defined as follows :

I. Straight Line Stability: the final path after the disturbance is finished retains the straight-line 

attribute of the initial state of equilibrium, but not its direction.

II. Directional Stability: the final path after the disturbance is finished retains not only the 

straight-line attribute of the initial path, but also its direction. 

III. Directional Stability: the result is the same as for Case II, but without the oscillations.

IV. Positional Motion Stability: the ship returns to the original path – not only does the final 

path have the same direction as the original path, but also its same transverse position 

relative to the surface of the earth.

When operating with controls-fixed in way of the horizontal plane in the open ocean with stern 

propulsion, a surface ship does not have directional stability (i.e., if disturbed from its original course 

she will not return to that course by itself). However, the ship can have straight-line stability (i.e., if 

disturbed from her original straight-line course, she will settle on a final path that is also a straight 

line). This results in a compromise between rudder size and deadwood size. The simultaneous 

solutions of the sway and yaw equations for the sway and yaw velocities yields a second-order 
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differential equation. Working with non-dimensional variables, the solutions for and correspond 

to the standard solutions of second-order differential equations= += + (10.49)

In the above equation the variables , , and are constants of integration and and are 

the stability indexes. If both values of are negative, and will approach zero with increasing time 

which means that the path of the ship will eventually resume a new straight-line direction.

Figure 10.20. Modes of motion stability

If either or are positive, and will increase with increasing time and a straight-line path will 

never be resumed. We can relate these stability indexes, , to the hydrodynamic derivatives by 

substituting the solutions back into the equations of motion. If this is done, the following quadratic 

equation in terms of is obtained + + = 0 (10.50)

where , , and are defined as
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= ( )( )= ( ) + ( ) ( + )= ( + ) (10.51)

The two roots, both of which must be negative for controls-fixed stability are

, = / ± [( / ) 4 / ] /2 (10.52)

For both stability roots to be negative all changes with respect to time are decreasing and the 

following two conditions must be satisfied

> 0> 0 (10.53)

For conventional ships is large and positive. It may also be shown that is usually large and positive 

and on the same order of magnitude as . This means that the determining factor will be . For both 

stability roots to be negative, > 0 and therefore,= ( + ) > 0 (10.54)

leading to,

+ > 0 (10.55)

We can calculate the directional straight-line stability after having performed the PMM tests on a 

model. The terms and are always negative, and generally large relative to and . If the bow 

dynamics dominate  and are negative. So, in a conventional craft, the ration will be small 

and since is likely to be larger, the ship will have good directional stability. For a conventional 

hull directional stability can be increased by increasing the magnitude of and . Adding a larger 

rudder in the stern of the ship increases the directional stability of the ship by decreasing the 

magnitudes of and . The response of the ship to the deflection of the rudder, and the resulting 

forces and moments produced by the rudder, can be divided into two parts including: (1) an initial 

transient portion path in which significant surge, sway and yaw accelerations occur; (2) a steady 

turning portion in which rate of turn and forward speed are constant and the path of the ship is 

circular. Figure 10.21 shows the turning path of a ship. Generally, the turning path of a ship is 



Lecture 10: Added Resistance and Maneuvering.

176                              

characterized by four numerical measures namely (i) advance, (ii) transfer, (iii) tactical diameter, and 

(iv) steady turning diameter. All but the last are related to heading positions of the ship rather than 

tangents to the turning path. The advance is the distance from the origin to the x-axis of the ship 

when that axis has turned 900. The transfer is the distance from the original approach course to the 

origin of the ship when the x-axis has turned 900. The tactical diameter is the distance from the 

approach course to the x-axis of the ship when that axis has turned 1800. These parameters of a ship's 

turning circle are useful for characterizing maneuvers in the open sea. There are three phases defined 

as follows:

Phase I that starts the instant the rudder begins to deflect and may be completed by the time 

the rudder reaches full deflection. The rudder force ( ) and the rudder moment ( )
produce accelerations and are opposed solely by the inertial reaction of the ship 

(hydrodynamic responses have not yet materialized). For this phase the ship has not changed 

direction, so = / = = 0. The linearized, dimensional equations for the first phase of 

turning are ( ) =( ) = (10.56)
These accelerations ( and ) exist only for a moment, for they quickly give rise to a drift

angle, , and a rotation, , of the ship.

Phase II that starts with the introduction of the drift angle, , and a rotation, , of the ship. 

Here the accelerations of the ship coexist with the velocities and all the terms of the equations 

of motion along with the excitation terms ( ) and ( ) are fully operative. The crucial 

event at the beginning of the second phase of the turn is the creation of a 

positively directed towards the center of the turn. This force is introduced due to the drift 

angle, . The magnitude of this force soon becomes larger than the which is 

directed to the outside of the circle. In this case, the acceleration ceases to grow to the 

outside of the turning circle and eventually becomes zero as the inwardly directed 

comes into balance with the outwardly directed force of the ship. In the second phase 

of the turn, the path of the center of gravity of the ship at first responds to the -force and 

tends towards the outside of the circle before the grows large enough to enforce the inward 

turn.
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Phase III occurs after some oscillations attributed to to the settling down of the main 

propulsion machinery. It is characteristic of the particular type of machinery and its control 

system. In this phase and have non-zero values, but and are zero. For this phase of the 

turn, the linearized equations of motion are defined as( + ) == (10.57)

These above system of equations can be solved for r and v provided that the stability 

derivatives ( , , , and )and the control derivatives ( and ) are known. Note that

= = = (10.58)

Solving the non-dimensional version of the linearized equations of motion shown above, we 

can solve for the turning radius, , and the sway velocity, as

= 1 ( + )
= = ( + )( + ) (10.59)

In the above equation a positive denotes a starboard turn. The equation for the turn radius 

shows that the steady turning radius is proportional to ship length and inversely proportional to 

rudder angle. Also, the side velocity is equal to the drift angle and that is directly proportional to 

the rudder angle. The denominator in the equation for introduces the effect of the rudder on 

the hull and . The sign of the denominator is always positive. If the numerator is negative 

(straight-line stability) and the rudder is at the stern, a negative will give a positive . To 

decrease the turning radius we can either decrease that will in turn lead to the increase of the 

length to draft ratio. However, this is de-stabilizing. Generally, increase of (if is negative) 

will result in different bow and stern shapes. Changes could be made by cutting away skeg and 

deadwood aft or increasing forefoot forward. Increase (obvious choice) - the trick is to do it 

without increasing 1/ too much. Want to move the rudder as far aft as possible and make the 

rudder as efficient as possible. Increase ( only if is negative) - can do this with

or more efficient rudder.
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Figure 10.21. Turning Path of a Ship

9. Questions

1. What is the added resistance? Why is it a second-order problem? Discuss the role of added 

resistance in ship design.

2. When does the 

induced resistance dominate the wave added resistance? Use neat sketches to elaborate your 

answers.

3. Discuss briefly the methods used to calculate added resistance in waves.

4. Explain the course keeping, maneuvering and speed changing. Why are these controllability 

elements vital for ships? How can we design a ship with good controllability? 

5. What are the types of forces acting on a ship during maneuvering? Why the control forces 

and moments are vital during maneuvering ?

6. Explain briefly with neat sketch the straight-line test, rotating arm test and Planar Motion 

Mechanism (PMM) Technique.

7. Explain the directional stability? What are the types of motion stability and how are they 

classified? Use neat sketches and brief explanations to elaborate your answers.

8. What are the three phases of a turn? How can we decrease the turning radius? Use neat 

sketch and brief explanations to elaborate your answers.
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9. Use a neat sketch to describe the main parameters and hydrodynamic forces of a standard 

spade rudder.

10. What are the basic considerations in rudder design to reduce vibration and optimize its 

design?
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Appendix A: Review of Probability and Statistics for Marine Applications.

We have shown that the irregular time histories of waves can be characterized in terms of energy 

spectra and various statistical quantities. Seakeeping studies, however, often demand a more 

intimate knowledge of waves. We need to be able to answer questions like "What is the likelihood of 

a particular wave height being exceeded?". We can use wave energy spectra and probability 

distributions to answer this type of question.

Probability Density Function (PDF)

The probability density function is defined such that the area enclosed by the PDF curve over a bin is 

equal to the probability of the measurement falling within that bin. So, the probability of the x-axis 

value falling between a and b is equal to the area under the curve from a to b. Figure A 1 shows the 

area from a to b for a normal probability distribution curve. The probability the water elevation falls 

between these two limits is equal to the shaded area on the plot. The area under the entire 

probability density function equals to one, since there is 100% probability that any measurement falls 

within the set of collected measurements. Water elevation typically follows a Gaussian or normal 

distribution (see Figure A 2). The empirical rule states that there is about a 68% probability a 

measurement will fall between ± (one standard deviation), there is about a 95% probability a 

measurement will fall between ±2 , and a 99% probability any measurement will fall between ±3

.While water elevation typically follows a Gaussian distribution, wave heights (and amplitudes) follow 

a Rayleigh distribution for narrow-banded wave spectra. 

0
0.1
0.2
0.3

3 2 1 1 2 30

0.4

Figure A1. The probability of the wave elevation falling between a and b equals the area under the pdf curve between 

these two values
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2 = 95%
3 = 99.9%
1 = 68%

Figure A2. Gaussian or Normal Probability Distribution
The probability for the wave amplitudes depends on the variance of the water elevation. Figure A 3

shows a typical Rayleigh distribution. The probability a wave amplitude would fall between two

heights is equal to the area under the curve between those two points. The Rayleigh probability 

distribution equals

= (A-1)

where a is the wave amplitude and is the variance from the water elevation time history or area 

under the wave energy spectrum curve.

0.1
0.20.3
0.4
0.5
0.6

0.5 1 1.5 2 2.5 3
Figure A 3. Rayleigh Probability Distribution

Considering the wave amplitudes (Rayleigh probability distribution), the probability that an 

amplitude a will exceed a specific amplitude, is

( > ) = (A-2)
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The probability that the wave amplitude will fall between amplitudes and 2A is

( < < ) = (A-3)

i.e. the probability of exceeding minus the probability of exceeding .

Significant Wave Height and Related Statistics

rd of the heights recorded in a wave time 

history. It closely correlates with the average wave height estimated visually by an experienced 

observer. It is expected that the experienced sailor's estimates of "average" wave heights might be 

similar to the significant wave height. The Rayleigh formula for the mean value of the highest 1/ th 

of all observations is

= 2 1 (A-4)

So, for n = 1, the mean of all amplitudes,  = 1.25 where is the standard deviation from the 

water surface elevation = . For the significant wave amplitude / = 2.00 . Significant 

wave height, / = 4.00 . This is the same as saying that the significant wave height is equal to 

twice the significant wave amplitude. These results are widely assumed to apply to all wave records. 

However, this is only strictly true if the Rayleigh formula applies. The table below shows the values 

that can be multiplied by the water elevation standard deviation ( ) to determine the average of 

the 1/ highest amplitudes.

/ /
1 1.25 10 2.54
2 1.77 100 3.34
3 2.00 1000 3.72

Probability of Exceedance

So, what is the procedure for predicting the probability of the wave amplitude exceeding a particular 

value in a specific sea state? 
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1. First we build an ITTC wave energy spectrum for our sea state (using the mean significant 

wave height and most probable modal period). We will need to convert the modal period, , 

into modal frequency, = 2 / .

( ) = 1.254 / . (A-5)
2. We can find the variance, from this wave energy spectrum.

= ( ) (A-6)

3. Then, we use the variance and the value of interest to calculate the probability of exceedance

( > ) = (A-7)
Example 

Consider the ocean spectrum for a Brettschneider sea state 6. For the time history recorded (a total 

of 23.5 ), the variance of the water elevation was 16.81 2. Find the significant wave height 

and the probability of a wave height exceeding 25 ft. Find the probability of exceeding the significant 

wave height. How can we evaluate (variance of the water elevation)? This can be found either by 

taking the variance of the time history or by finding the area under the wave energy spectrum. Once 

we have it, we can find the significant wave height directly

/ = 4.00 = 4.00 16.81 = 16.4ft (A-8)
To find the probability of exceedance we plug this into the equation A.7. This equation requires us to 

use the wave amplitude. Since we want the probability of exceedance for a wave height of 25 , the 

corresponding wave amplitude is 25/2 = 12.5 .
( > 12.5) = .( . ) = 0.0096 = 0.96% (A-9)

So, there is a 0.96% probability that we will encounter a wave height over 25 . The probability we 

will exceed the significant wave height of 16.4 (amplitude of 8.2 ) is

( > 8.2) = .( . ) = 0.1353 = 13.53% (A-10)
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