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3.1 The Erdős-Rényi model . . . . . . . . . . . . . . . . . . . . 21
3.2 Models with overlapping communities . . . . . . . . . . . 22

4. Mathematical preliminaries 25
4.1 Stable distributions . . . . . . . . . . . . . . . . . . . . . . 28
4.2 Wasserstein metrics . . . . . . . . . . . . . . . . . . . . . . 30
4.3 Probabilistic inequalities . . . . . . . . . . . . . . . . . . . 31

5. Parameter estimation in the sparse regime 33
5.1 Modeling large networks . . . . . . . . . . . . . . . . . . . 33
5.2 Moment-based estimators . . . . . . . . . . . . . . . . . . . 35

6. Summaries of the articles 39

References 43

Publications 49

3





List of Publications

This thesis consists of an overview and of the following publications which
are referred to in the text by their Roman numerals.

I J. Karjalainen and L. Leskelä. Moment-based parameter estimation
in binomial random intersection graph models. In Algorithms and
Models for the Web Graph (WAW 2017), Lecture Notes in Computer
Science, volume 10519, Toronto, Canada, pp. 1–15, June 2017.

II J. Karjalainen, J.S.H. van Leeuwaarden, and L. Leskelä. Parameter
estimators of sparse random intersection graphs with thinned com-
munities. In Algorithms and Models for the Web Graph (WAW 2018),
Lecture Notes in Computer Science, volume 10836, Moscow, Russia,
pp. 44–58, May 2018.

III T. Gröhn, J. Karjalainen, and L. Leskelä. Clique and cycle frequen-
cies in a sparse random graph model with overlapping communities.
Submitted to a journal, arXiv:1911.12827, 23 pages, April 2021.

IV M. Bloznelis, J. Karjalainen, and L. Leskelä. Assortativity and bide-
gree distributions on Bernoulli random graph superpositions. Ac-
cepted for publication in Probability in the Engineering and Informa-
tional Sciences, 31 pages, August 2021.

V J. Karjalainen. A note on parameter estimation of thinned random
intersection graphs. In 22nd European Young Statisticians Meeting,
Athens, Greece, pp. 51–55, September 2021.

VI M. Bloznelis, J. Karjalainen, and L. Leskelä. Normal and stable
approximation to subgraph counts in superpositions of Bernoulli
random graphs. Submitted to a journal, arXiv:2107.02683, 15 pages,
July 2021.

5





Author’s Contribution

In all publications, the names of the authors are listed in alphabetical
order.

Publication I: “Moment-based parameter estimation in binomial
random intersection graph models”

The idea of estimating the parameters in binomial random intersection
graphs came from the author’s numerical experiments with various net-
work models. The author conducted the simulations, derived one of the two
estimators of the parameter μ, wrote the proofs of consistency based on
combinatorial arguments by Prof. Leskelä, and contributed to the writing
of the final version of the article.

Publication II: “Parameter estimators of sparse random intersection
graphs with thinned communities”

The idea of estimating the parameters in this model and the main strategy
behind the convergence proofs came from the author. The author derived
the estimators, proved their consistency, and conducted the numerical
experiments. All authors contributed to the writing of the final version of
the article.

Publication III: “Clique and cycle frequencies in a sparse random
graph model with overlapping communities”

The idea of studying the frequencies of general cliques and cycles came from
Prof. Leskelä, and the first calculations of the expected values, including
the general formula for the clique frequencies, were made by Gröhn.

The author wrote the first version of the article and gave rigorous proofs
for all the results with the exception of Lemma 5.8 and parts of Lemma
5.9. The moment conditions of Theorems 4.1 and 4.2 were subsequently
improved jointly by the author and Prof. Leskelä.

7



Author’s Contribution

Publication IV: “Assortativity and bidegree distributions on
Bernoulli random graph superpositions”

The idea of studying the bidegree distributions originated from Prof.
Leskelä. The idea of studying power laws in the bidegree distributions
originated from Prof. Bloznelis.

The author wrote the proofs of Theorem 1(i), Lemma 2, and Lemma
3 with the guidance of Prof. Leskelä and Prof. Bloznelis. The author
contributed to the arguments leading to Theorem 1(ii) and Theorem 2, and
wrote parts of their proofs. All authors contributed to the writing of the
final version.

Publication V: “A note on parameter estimation of thinned random
intersection graphs”

This article is the author’s personal work.

Publication VI: “Normal and stable approximation to subgraph
counts in superpositions of Bernoulli random graphs”

The idea of proving normal and stable limits for clique counts originated
from Prof. Bloznelis. The author was behind the main innovation leading
to the proof of Lemma 1, which extends the idea from cliques to general
2-connected subgraphs.

The author and Prof. Bloznelis found the proof strategy of approximating
the subgraph counts by layer-wise counts independently. The author
contributed to the arguments of the proofs of Theorem 1, Remark 1, and
Lemma 5. All authors contributed to the writing of the final version.

8



1. Introduction

When Paul Erdős and Alfréd Rényi wrote their seminal papers on random
graph theory in the early 1960s [15, 16], they were not concerned whether
their models described real-world networks or not. Rather, they focused on
how simple model assumptions could lead to interesting and non-trivial
phenomena, which could be greatly affected by small changes in the pa-
rameters. Through advances in technology, we have now gained access to
large network data sets consisting of millions or billions of nodes, including
data from such diverse fields as biology, economics, and social sciences.
After years of studies on empirical data, it has become clear to scientists
that the first random graphs, such as those studied by Erdős and Rényi,
do not generally resemble real-world networks.

The word “structure” has many interpretations in different contexts.
For example, social networks tend to show signs of community structure,
i.e., people tend to form densely connected groups. This may be due to
common hobbies, occupations, geographical locations, or a number of other
factors. On the other hand, technological networks often show something
completely different – most of the edges are concentrated around a small
number of nodes called hubs, which leads to star-like structures. Many of
the interesting structural properties of networks can be described in terms
of correlations. A form of correlation between edges is described by the
clustering phenomenon, the tendency of nodes to form triangles where two
adjacent edges are found. Another type of correlation is found in networks
with assortative mixing, where the degrees of adjacent nodes are positively
correlated, i.e., neighbors of “active” nodes are often also active themselves.

The above-mentioned phenomena have intrigued researchers for decades,
and a number of models have been proposed in the literature to study
and explain them, such as preferential attachment models, configuration
models, and stochastic block models, to name a few. Although simulating
statistical network models is usually straightforward, their rigorous math-
ematical analysis has turned out to be far from trivial. While classical
probability theory and statistics tend to focus on large numbers of indepen-
dent (or weakly dependent) and identically distributed random variables,
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Introduction

almost nothing in networks seems to fit this framework – the edges can
be dependent in infinitely many ways, and the number of observations
of a network is typically limited to one. This challenge has led to new
developments in, e.g., the theory of Stein’s method and computational
algorithms.

The general theme of this dissertation is network models with overlap-
ping communities. They are partly motivated by social networks, where
it seems obvious that the communities could be formed by many different
mechanisms, and that each person can belong to one or more of them. In
light of this observation, it is perhaps surprising that models with overlap-
ping communities are not as ubiquitous in the mathematics literature as,
e.g., the aforementioned preferential attachment models and configuration
models. In this context, the word “community” should be understood in a
broad sense. For example, clusters of densely connected nodes in food webs
or protein interaction networks can be viewed as communities, although
this may not be consistent with the daily usage of the word.

The models studied in this dissertation are generally large and sparse.
In this context, “large” means that we study the asymptotic behaviour of
statistical quantities and distributions as the number of nodes tends to
infinity. Although almost anything can happen in small networks, some
events become negligibly unlikely in the limit, which can reveal important
information about the structure of the model. This is also the classical
approach of asymptotic theory in statistics, where asymptotic results are
derived with the justification that they are approximately valid for large
data sets. The study of sparse networks is partly motivated by the fact
that real-world networks tend to be sparse and, on the other hand, the
existence of a community structure can be difficult to verify in very dense
networks. From a theoretical point of view, it is interesting that provably
non-trivial structural properties, such as clustering, can be found despite
the sparseness.

The results of this dissertation mainly fall into three categories: theo-
rems are proved on (i) asymptotic behaviour of subgraph counts of, e.g.,
cycles and cliques, (ii) asymptotic behaviour of summary statistics, such
as the clustering coefficient and degree correlation coefficients, and (iii)

parameter estimation. Numerical experiments are also presented to illus-
trate the theory. The network models vary in their complexity, and some of
them have been more widely studied in the literature than others. The pa-
rameter estimators presented in the publications are based on the method
of moments, and they only require computing the frequencies of certain
small subgraphs in the data, and applying a simple mathematical formula.
This leads to easily implementable algorithms, light computational loads,
and provable accuracy in the limit. The results illustrate how certain
structural properties of real-world networks could be explained with an
overlapping community structure, and show that statistical inference on
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these models is indeed feasible.
This remainder of this dissertation is organized as follows. Chapter 2

provides an overview of different statistical quantities and distributions
used to describe the structure of networks. The literature on this topic
is very vast, and the overview is limited to those concepts which are
relevant for the publications. Different statistical network models are
briefly discussed in Chapter 3. We present a general framework from
which the models of this dissertation can be derived, and motivate their
study. Chapter 4 includes much of the mathematical theory, notation,
and terminology, which are often omitted or only briefly mentioned in
the literature, yet important for understanding the results and proofs
of this dissertation. In Chapter 5, we give a brief introduction to the
moment-based approach to parameter estimation, and discuss different
assumptions on graph evolution as the number of nodes tends to infinity.
The publications of this dissertation and their relationships to each other
are summarized in Chapter 6, and the publications themselves are placed
at the end of the dissertation.
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2. Structure of networks

This chapter reviews important concepts in network science and random
graph theory. The definitions given in this chapter serve as an introduction
to the different ways that structure can be understood in the context of
networks, and motivate the study of the models in Chapter 3.

2.1 Random and non-random graphs

The word network is typically used for something that exists in the real
world, such as social networks or transportation networks, which can in
theory be observed and/or from which data can be collected. Real-world
networks are represented as graphs, which are here considered purely
mathematical objects. However, the terms graph and network are used
interchangeably in many sources, without risk of confusion.

The graphs in this dissertation are simple, undirected, and unweighted.
Such a graph G is defined by the pair (V (G), E(G)), where V (G) is the set
of nodes (typically a set of the form {1, 2, . . . , n}), and E(G) is the set of
edges. An edge is a pair {v, w}, where v, w ∈ V (G) and v �= w. Two nodes v
and w are adjacent if {v, w} ∈ E(G). Sometimes it is useful to describe the
graph by its adjacency matrix. Let V (G) = [n] := {1, 2, . . . , n}. Then the
adjacency matrix A is defined as

Aij =

{
1, if {i, j} ∈ E(G),

0, otherwise.

The degree of node i, the number of its neighbors in G, is defined in terms
of the adjacency matrix as

dG(i) =

n∑
j=1

Aij .

The notation d(i) is often used when the graph G can be inferred from the
context. If the degree of a node equals zero, we say that it is isolated.
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Structure of networks

A random graph is a random variable whose realizations are graphs.
The node set is usually fixed, and only the edges are considered random.
Although from the probability theoretic point of view random graphs should
be considered functions, they are usually defined with an algorithm or a
probability distribution

P(G = g), g ∈ G,
where G is the set of all graphs on the node set V .

2.2 Degree distributions

The degree distribution of a graph captures important information about its
structure. An imbalanced distribution may suggest that a large proportion
of the edges are concentrated around a small number of nodes, whereas a
tightly concentrated distribution may indicate some form of homogeneity
in the underlying phenomenon. Nodes with exceptionally high degrees
are often called hubs. As illustrated in [13] and [41], many data sets on
the structure of the Internet and the World Wide Web show imbalanced
degree distributions. For applications of degree distributions to statistical
inference problems, see, e.g., [14] and [53].

When G is a fixed (i.e., non-random) graph on the node set [n], the degree
distribution is defined as

f(k) =
#{i ∈ [n] : dG(i) = k}

n
= P(dG(V ) = k), k ∈ {0, 1, 2, . . .},

where V is uniformly distributed on the set [n]. This is sometimes referred
to as the empirical degree distribution to emphasize the fact that G is
considered fixed. When G is a random graph, the model degree distribution
is defined similarly,

P(dG(1) = k), k ∈ {0, 1, 2, . . .}.

This terminology of empirical and model quantities is also used in the
sequel.

Power laws

Degree distributions in real-world networks often show signs of power-law
type behaviour, i.e., the empirical degree distribution behaves approxi-
mately as

P(dG(V ) > k) ≈ ak−α

for some constants a > 0 and α > 0. This type of behaviour can be studied
with a log-log plot of the pairs (k, P(dG(V ) > k)), where a power-law dis-
tribution would show an approximately straight line in the right tail. It
should be noted that since the degree distribution of any finite network
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is bounded, the power law can never hold in a strict sense, but in math-
ematical models they can be obtained as, e.g., limits of the model degree
distributions. When the distribution is truly unbounded, the parameter
α, sometimes called the power-law exponent, limits the number of finite
moments. Many papers have been written about power-law degree distri-
butions in real networks as well as different random graph models, see, e.g.,
[1, 2, 13, 41] for empirical studies and [7, 29, 63, 68, 69, 71] for theoretical
results on the topic.

2.3 Subgraph counts

One of the common ways to study the structure of a network is to search
for recurring patterns, i.e., commonly appearing subgraphs (also known as
motifs or graphlets). Although they do not necessarily give a clear picture
of the network as a whole, small and common subgraphs can be seen as
a way to describe the local structure of the network. For example, social
networks have many more triangles than one would expect from a graph
where the edges are generated independently [48]. Examples of common
subgraphs have been found in networks in biochemistry, neurobiology,
ecology, and engineering [45, 56]. Subgraph counts have also been used for
classification [66], and to measure the similarity between different data
sets [28].

The subgraph counts are defined for edges, 2-stars, and triangles by

NK2 = #E(G) =
∑

1≤i<j≤n

Aij , NS2 =
∑
i

∑
j<k

AijAik =
∑
i

(
dG(i)

2

)
,

NK3 =
∑

i<j<k

AijAjkAik.

In the definition of NS2 we ignore the possible edge between j and k, and so
every triangle contains three 2-stars. The number of induced 2-stars, where
this link is not allowed, is defined by the formula

∑
i

∑
j<k AijAik(1−Ajk).

It is worth noting that although 2-stars contain three nodes, they can
be counted with ≈ n2 operations instead of n3. More generally, counting
k-stars (graphs on k + 1 nodes with edges {1, 2}, . . . , {1, k + 1}) is much
faster than, e.g., counting cliques. Specialized algorithms, both exact and
approximate, exist for counting subgraphs efficiently, e.g., [30, 35, 57, 65].

We now give a general mathematical definition for subgraph counts.

Definition 2.1 (Subgraph, isomorphic graphs). A graph R is a subgraph
of G, denoted by R ⊂ G, if V (R) ⊂ V (G) and E(R) ⊂ E(G). Graphs R and
R′ are isomorphic if there exists a bijection φ : V (R) → V (R′) such that
{φ(i), φ(j)} ∈ E(R′) if and only if {i, j} ∈ E(R).

Definition 2.2 (Indicator function). The indicator function of an event B,
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denoted by I(B), is defined as

I(B) =

{
1 if B is true, and

0, otherwise.

Definition 2.3 (General subgraph counts). Let G be a graph on n nodes.
The subgraph count for R is defined by

NR =
∑

R′∈Gn(R)

I(G ⊃ R′),

where Gn(R) is the set of R-isomorphic subgraphs of the complete graph
with node set V (G).

Sometimes it is useful to normalize the counts to the interval between
0 and 1, e.g., when comparing graphs of different sizes. The subgraph
density is defined analogously as

1

#Gn(R)

∑
R′∈Gn(R)

I(G ⊃ R′).

It is clearly desirable for a network model to be able to produce realistic
(i.e., similar to observed) subgraph counts. Analysis of the asymptotic
behaviour of subgraph counts in different models has been presented in
[5, 61, 62], and Publications I, II, III, and VI of this dissertation.

2.4 Clustering coefficient

The clustering coefficient (or transitivity coefficient) is one of the simplest
summary statistics that can be easily computed from a graph. It answers
the question “what is the probability that two of my friends are also
friends with each other?”, and measures the tendency to form small dense
subgraphs in otherwise sparse graphs. Not surprisingly, human social
networks tend to have non-negligible clustering coefficients [49, 51, 75],
in the sense that the clustering coefficient is much larger than the edge
density #E(G)/

(
n
2

)
.

The (empirical) clustering coefficient for a fixed graph G is defined by

t(G) = 3
NK3(G)

NS2(G)
.

This definition is motivated by the fact that we may express t(G) as

P(AIJ = 1 | AIK = 1, AJK = 1),

where (I, J,K) are three distinct nodes chosen uniformly at random from
V (G).
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For a random graph G we define the model clustering coefficient analo-
gously as

τ(G) = P(A12 = 1 | A13 = 1, A23 = 1).

It should be noted that when G is random, t(G) is also random, whereas
τ(G) is a constant. Moreover, it is not necessarily true that these two
quantities are close to each other in any stochastic sense. If they are,
then t(G) can be considered a reasonable estimator for τ(G). See [9] for a
theoretical study of a model where t(G)− τ(G) is not only close to zero for
large n, but also normally distributed (with proper scaling).

2.5 Degree-degree correlations

Many networks show signs of assortative mixing, i.e., the neighbors of
nodes with high degrees also tend to have high degrees. This phenomenon
has been observed in human social networks, whereas the opposite seems
to be true in other types of data sets, such as technological and biological
networks [47, 48], i.e., they are disassortative. It has been pointed out
by several authors that many network models do not necessarily repro-
duce this aspect well – the degrees of adjacent nodes tend to be nearly
uncorrelated [47, 69, 70].

Bidegree distributions

We start by defining the bidegree distribution, from which different corre-
lation measures can be derived. For a fixed graph G, the empirical bidegree
distribution is defined by

f (2)(s, t) =
1

2#E(G)

∑
(i,j)∈Edir(G)

I(d(i) = s, d(j) = t),

where Edir(G) is the set of directed edges,

Edir(G) = {(i, j) ∈ V (G)× V (G) : {i, j} ∈ E(G)}.

It should be noted that the graph G is still undirected, and the set Edir(G)

is mostly defined for notational convenience. The distribution f (2)(s, t)

is clearly symmetrical in s and t, and both marginals are equal to the
size-biased degree distribution

f∗(s) =
sf(s)∑
t tf(t)

,

where f is the empirical degree distribution.
The model bidegree distribution is defined for a random graph G by

f2(s, t) = P(d(1) = s, d(2) = t | (1, 2) = Edir(G))
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and, analogously, the marginals are equal to

f∗1 (s) =
sfm(s)∑
t tfm(t)

,

where fm is the model degree distribution.

Assortativity

There are many ways to measure the correlation of adjacent nodes. The
empirical assortativity is defined as the Pearson correlation coefficient

Cor(d(I), d(J)) =

∑
s,t stf

(2)(s, t)− (
∑

s sf
∗(s))2∑

s s
2f∗(s)− (

∑
s sf

∗(s))2
,

where (I, J) are chosen uniformly at random from the set of all adjacent
node pairs. Similarly, the model assortativity is defined by

Cor∗(d(I), d(J)) =
E∗(d(I)d(J))− (E∗(d(I))2

E∗(d(I))2 − (E∗d(I))2
,

where E∗ denotes the conditional expectation given the event {(I, J) ∈
Edir(G)}. It is worth noting that as with the clustering coefficient, the
empirical assortativity is not necessarily a good estimator of the model
assortativity even for large graphs, and this kind of approximation requires
a proof.

Rank-based correlation coefficients

Some authors have criticized the use of assortativity as a measure of degree
correlation. In particular, it may converge to zero in some models with
obvious negative dependencies, and in some models it may fail to converge
to any constant [69]. In these cases, the following rank-based correlation
coefficients may be better alternatives [70, 71].

Spearman’s rank correlation coefficient is based on the idea of ranking
the samples from largest to smallest, and comparing these ranks instead
of the numerical values of the samples. With non-continuous distributions
it is possible that some of the samples have equal values. The reader is
referred to [4] for information on different tie-breaking methods, and to
[46] for more general theory on the topic. For a joint distribution f we use
the definition

ρSpe(f) = Cor(r1(X
(1)), r2(X

(2))),

where (X(1), X(2)) is f -distributed and ri = 1
2(f

(i)(−∞, x) + f (i)(−∞, x]),
with f (i) denoting the i-th marginal of f . Other definitions for Spearman’s
rank correlation exist in the literature – the above definition corresponds
to the mid-rank tie-breaking convention.
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Kendall’s rank correlation coefficient is defined similarly by

ρKen(f) = Cor(sgn(X(1) − Y (1)), sgn(X(2) − Y (2))),

where sgn(x) = I(x > 0) − I(x < 0), and (X(1), X(2)) and (Y (1), Y (2)) are
mutually independent and f -distributed. It is clear from this definition
that, since sgn is a bounded function, this type of correlation can be defined
without the requirement of finite variance, in contrast with assortativ-
ity. The definitions of both rank correlation coefficients can be used for
empirical and model quantities by choosing the bidegree distribution f

accordingly.
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3. Network models

This chapter discusses statistical network models and their asymptotic
properties. We give a brief introduction to the Erdős-Rényi model, define
a general class of models with overlapping communities, and discuss its
special cases. Although it is common to speak of communities in networks,
these should be understood in an abstract sense. As pointed out in [26], not
only social networks, but many different kinds of networks can be viewed
as bipartite structures of nodes and communities.

3.1 The Erdős-Rényi model

One of the simplest statistical network models is the Erdős-Rényi model
(ER graph, G(n, p), or simply random graph in some sources), where all
the edges are generated independently of each other. Although named
after the mathematicians Paul Erdős and Alfréd Rényi, it was first studied
by Gilbert in his article from 1959 [22].

The distribution of an ER graph G(n, p) can be expressed as

P(G = g) = p#E(g)(1− p)(
n
2)−#E(g), g ∈ G,

where p ∈ (0, 1), and G is the set of all graphs on the node set V (G). This
model, like all models considered in this dissertation, are exchangeable,
meaning that the distribution is invariant under permutations of the node
set V (G).

Due to its simplicity, the ER graph is probably the most widely studied
network model. Many theoretical results have been first established for ER
graphs, and then extended to more complicated models. Topics on subgraph
counts, connectivity, and emergence of large connected components are
well covered in the literature, e.g., the books [12, 20, 33, 68].

Consider now a sequence of independent ER graphs, (G(n, pn))n∈N. We
say that a random graph sparse, if the mean degree remains bounded as
n→ ∞, which in this case means that

E(dG(1)) = (n− 1)pn �→ ∞ as n→ ∞.
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Clearly, the mean degree converges to a constant if pn is of the order n−1.
Since the edges are independent, many properties of ER graphs can be
studied using classical statistical theory of independent and identically
distributed random variables. This is not true for most network models,
such as those introduced in the next section.

In many ways, the ER graph expresses the idea of a network that has
“no structure”. In the sparse case, the clustering coefficient tends to zero,
and the degrees of adjacent nodes are uncorrelated. Since the degrees
are binomially distributed, they do not model the power-law distributions
found in some networks.

3.2 Models with overlapping communities

We now define classes of network models with overlapping communities,
and discuss their properties. These models consist of independent and
identically distributed communities, and each community can be viewed as
a small ER graph. It turns out that we can obtain tractable sparse graphs
with interpretable parameters that do not suffer from the trivialities of
sparse ER graphs.

Let n be the number of nodes, m the number of communities, and P the
community type distribution, i.e., the joint distribution of the size of the
community size X ∈ {1, . . . , n} and the within-community edge probability
Y ∈ [0, 1]. The communities Ck, k = 1, . . . ,m, are generated independently
of each other as follows:

1. Generate the number of nodes, Xk = #V (Ck), and the edge probabil-
ity Yk from the distribution P .

2. Choose the node set V (Ck) uniformly at random from the subsets of
[n] = {1, . . . , n} of size Xk.

3. Generate the edges between the
(
Xk
2

)
node pairs of V (Ck) indepen-

dently with probability Yk.

The resulting graph G is defined as the superposition of the communities:

V (G) = [n], E(G) =

m⋃
k=1

E(Ck).

Special cases of this model include the following.

• (Active) random intersection graphs:

When Xk ∼ Bin(n, p), p ∈ (0, 1), and Yk = 1, we obtain the classi-
cal random intersection graph introduced in [40]. In this case the
events that a particular node belongs to a particular community,
{v ∈ V (Ck)}, are independent.
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This model is active in the sense that the nodes can be thought to
choose their communities (according to the binomial distribution),
instead of the communities choosing their members. An edge is
generated between nodes i and j if and only if the sets {k : i ∈ V (Ck)}
and {k : j ∈ V (Ck)} intersect. This class of models is the topic of
Publication I.

When m is large compared to n, this model is known to behave
similarly to the ER graph [17, 60]. A generalization of the model,
which allows the nodes to choose their communities in non-binomial
ways, was introduced in [24]. The asymptotic structure of these kinds
of models has been studied in the literature from various points of
views, see, e.g., [7, 20, 61].

• Passive random intersection graphs:

Another class of models introduced in [24], where we let the distri-
bution of Xk be arbitrary and set Yk = 1. In this case the events
{v ∈ V (Ck)} are no longer independent, but the edges are still deter-
mined by the intersections of the sets {k : v ∈ V (Ck)}.

The model is passive in the sense that the nodes are chosen by the
communities according to the specified distribution of Xk. Although
the definition of the model seems quite simple, it models certain
aspects of real networks: in particular, it allows for non-trivial clus-
tering coefficients and power-law degree distributions even in the
sparse case (when Xk is chosen suitably). Moreover, it allows for
negative correlations between degrees and clustering [7], which cor-
responds to empirical observations from network data sets presented
in [18].

• Thinned random intersection graphs:

This class of models was proposed in Publication II. Let Xk be arbi-
trary and let Yk be a fixed constant q ∈ (0, 1), for all k. This model
is similar to the passive random intersection graph, but allows for
sparse community structures, which corresponds more closely to the
intuitive idea of community.

For example, if we observed a subgraph with nodes {1, . . . , 7}, and all
edges between them with the exception of {6, 7}, it would be natural
to think that this subgraph was formed by one community. This is
not possible in a passive intersection graph, where each community
forms a clique. In particular, describing real networks with passive
random intersection graphs may lead to overestimating the numbers
of communities. Perhaps surprisingly, q can be estimated from data
with moment-based methods [37].
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• Superpositions of Bernoulli random graphs:

This is the most general class of models, which is obtained by let-
ting the joint distribution (Xk, Yk) ∼ P be arbitrary. This is mostly
motivated by that (i) two communities of equal sizes may have very
different densities, and so Yk should be allowed to be random, and
(ii) large communities can be expected to be sparser than smaller
ones, and so Xk and Yk should be allowed to be correlated. Although
the edges within each community are still independent (obtained
through a Bernoulli trial), this model allows for fairly complex struc-
tures, e.g., mixtures of very small and very large communities. This
class of models is also of theoretical importance, because it contains
the previous models as special cases. Under certain assumptions on
P and m, these models admits non-trivial clustering coefficients and
heavy-tailed (namely, compound Poisson) degree distributions [11].

Superpositions of Bernoulli random graphs are studied in Publica-
tions III, IV, and VI. Non-trivial clustering and assortativity, power-
law degree distributions, and asymptotically normal subgraph counts
are obtained under mild assumptions on the community type distri-
bution P .

Several closely related models have been introduced in the literature. Yang
and Leskovec defined and studied the Community-Affiliation Graph Model
in [76]. This model treats communities and the edge probabilities as latent
parameters, and only the edges are treated as random. The inhomogeneous
random intersection graph [8, 63] assigns a weight to each node and
community, and the probability that a node belongs to a community is
a function of both weights. A model with more general distributions on
the communities Ck (i.e., not necessarily ER) called random intersection
graph with communities was introduced in [67]. Other models, such as the
Overlapping Stochastic Block Model [43], allow edges between nodes that
are not in the same community. A recent review of various block models is
given in [44].
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4. Mathematical preliminaries

This chapter reviews concepts and theorems in probability theory that
are used in the publications of this dissertation. In particular, we discuss
convergence of random variables and distributions.

The following shorthand notation is often used to denote convergence of
(random) sequences. Deterministic convergence of a real-valued sequence
is denoted by an → a. For a sequence of random variables X1, X2, . . .,
convergence in probability, in distribution, and almost surely are denoted
by

Xn
p→ X, Xn

d→ X, and Xn
a.s.→ X,

respectively. When convergent or bounded sequences appear in equations,
the following notation is often useful. All the limits are to be understood
in the sense “as n→ ∞”. Following the conventions of [32, 33], denote:

• an = o(bn), if an/bn → 0.

• an = O(bn), if there exist constants C and n0 such that |an| ≤ Cbn for
n ≥ n0.

• an = ω(bn), if bn = o(an).

• an = Ω(bn), if there exist constants c > 0 and n0 such that an ≥ cbn
for n ≥ n0.

• an = Θ(bn), if there exist constants c1, c2 > 0 and n0 such that c1bn ≤
an ≤ c2bn for all n ≥ n0. The notation an � bn is equivalent to Θ(bn).

• an ∼ bn, if an/bn → 1. Although we also use X ∼ μ to denote “X has
the distribution μ”, usually there is no risk of confusion.

• an  bn and bn � an, if an ≥ 0 and an = o(bn).

• Xn = op(an), if Xn/an → 0 in probability. Especially, if Xn converges
to X in probability, we often write Xn = X + op(1) .

• Xn = Op(an), if for every ε > 0 there exist constants Cε and nε such
that P(|Xn| > Cεan) ≤ ε for every n ≥ nε.
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There are many ways to define convergence for a sequence of probability
measures (see, e.g., [21] for a review of convergence in different metrics).
In this dissertation, the most relevant of these is the following.

Definition 4.1 (Weak convergence). Let μ, μ1, μ2, . . . be probability mea-
sures on a metric space (X , d) with a Borel σ-algebra, and let X ∼ μ,
Xn ∼ μn. We say that μn → μ weakly (and Xn → X in distribution) if

Ef(Xn) → Ef(X)

for all continuous and bounded functions f : X → R.

In practice, the terms weak convergence and convergence in distribution
are often used interchangeably. There are many equivalent ways to define
this type of convergence in metric spaces. These are collected in what is
known as the portmanteau theorem.

Theorem 4.2 (Portmanteau theorem). For any random elements X and
X1, X2, . . . in a metric space S, the following conditions are equivalent.

(i) Xn converges to X in distribution;

(ii) Ef(Xn) → Ef(X) for all bounded Lipschitz functions f;

(iii) lim infn P(Xn ∈ G) ≥ P(X ∈ G) for every open set G ⊂ S;

(iv) lim supn P(Xn ∈ F ) ≤ P(X ∈ F ) for every closed set F ⊂ S.

Moreover, if X and X1, X2, . . . are real-valued with cumulative distribution
functions F, F1, F2, . . ., then the above conditions are equivalent to Fn(x) →
F (x) for all points x ∈ R at which F is continuous.

In general, weak convergence does not guarantee that Ef(Xn) → Ef(X)

for an unbounded function f . In particular, we often need the expected
values to converge, EXn → EX. The relevant condition for achieving this
is uniform integrability.

Definition 4.3 (Uniform integrability). A family of random variables
{Xt}t∈T is uniformly integrable if

lim
r→∞ sup

t∈T
E|Xt|I(|Xt| > r) = 0.

For a sequence X1, X2, . . . with E(|Xn|) <∞, ∀n, this is equivalent to

lim
r→∞ lim sup

n→∞
E|Xn|I(|Xn| > r) = 0.

Uniform integrability is often applied together with truncation argu-
ments – if we can prove a result for random variables Xn bounded by
r, then there is hope that the result still holds when the truncation is
removed by letting r → ∞, as long as uniform integrability holds. If the
random variables are also non-negative (as they often are in the context of
random graphs), we can also obtain convergence of expected values by the
following theorem.
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Theorem 4.4 (Uniform integrability and convergence of expectations). Let
X,X1, X2, . . . be R+-valued random variables with Xn → X in distribution.
Then EXn → EX <∞ if and only if X1, X2, . . . is uniformly integrable.

Without uniform integrability, a lower bound is still obtained for non-
negative random variables by the following theorem (cf. condition (iii) in
the portmanteau theorem).

Theorem 4.5 ([36], Lemma 3.11). Let X,X1, X2, . . . be R+-valued ran-
dom variables such that Xn converges to X in distribution. Then EX ≤
lim infn EXn.

Instead of studying the relationship between two random variables X
and Y , we are sometimes only interested in the relationship between their
distributions. It is often useful to employ a coupling argument, where we
define new random variables X̂ and Ŷ with the same distributions as X
and Y , but with a different joint distribution. The relationship between X̂
and Ŷ can then be studied to reveal information about the distributions of
X and Y .

Definition 4.6 (Coupling). Let X and Y be random variables. We say that
a random variable (X̂, Ŷ ) is a coupling of X and Y , if X and X̂ have the
same distribution, and Y and Ŷ have the same distribution. Similarly, for
two probability measures μ and ν we define a coupling as a probability
measure P whose marginals are μ and ν.

A special case of a coupling is given by Skorokhod’s coupling theorem
(Anatoliy Skorokhod, [64]), which allows us to treat weakly convergent
sequences as if they converged pointwise, in the following sense. This
formulation is presented in the standard reference book of Billingsley, [6].

Theorem 4.7 (Skorokhod’s coupling theorem). Let μ, μ1, μ2, . . . be such that
μn → μ weakly and μ has a separable support. Then there exist random
variables X,X1, X2, . . ., defined on a common probability space, such that
Xn ∼ μn, X ∼ μ, and Xn → X pointwise.

The continuous mapping theorem is central to many proofs in probability
and statistics, especially in parameter estimation. It states that for a
continuous function f , we may prove f(Xn) → f(X) by proving that Xn →
X (with a suitable mode of convergence). This is often used when Xn

converges to a constant a in probability, and an estimator is defined as
a function f(Xn), which is continuous at a. The following formulation is
from [72]. It is important to note that here X is not necessarily a one-
dimensional random variable, and so the function f may combine several
quantities to form an estimator.

Theorem 4.8 (Continuous mapping theorem). Let f : Rk → Rm be contin-
uous at every point of a set C such that P(X ∈ C) = 1.
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(i) If Xn
d→ X, then f(Xn)

d→ f(X).

(ii) If Xn
p→ X, then f(Xn)

p→ f(X).

(iii) If Xn
a.s.→ X, then f(Xn)

a.s.→ f(X).

We finish the review of classical probability theory with Pratt’s lemma
(John W. Pratt, [55]), a basic tool to verify the convergence of expected
values EXn by introducing a sequence of dominating random variables
Yn. This is sometimes referred to as Lebesgue’s dominated convergence
theorem, although Pratt’s lemma does not require a single dominating
random variable Y , unlike most formulations of the former.

Theorem 4.9 (Pratt’s lemma, [27]). Let X,X1, X2, . . . and Y, Y1, Y2, . . . be
random variables with Xn

a.s.→ X and Yn
a.s.→ Y . If |Xn| ≤ Yn for all n and

EYn → EY < ∞ as n → ∞, then EXn → EX as n → ∞. The theorem
remains true when almost sure convergence is replaced by convergence in
probability.

4.1 Stable distributions

One of the most important theorems in probability theory is the central
limit theorem, which states that∑n

i=1(Xi − EXi)√
n

is asymptotically normal, given that X1, X2, . . . are i.i.d. and have a finite
variance. Clearly this results holds for a large class of different distribu-
tions of Xi, and we say that these distributions belong to the domain of
attraction of the normal distribution.

Definition 4.10 (Domain of attraction). Let the random variablesX1, X2, . . .

be real-valued, independent, and identically distributed with cdf F (x). If
there exist sequences An and Bn such that the cumulative distribution
functions of

Sn =
1

Bn

n∑
k=1

Xk −An

converge to a cdf V (x) as n → ∞, then we say that F (x) belongs to the
domain of attraction of V (x).

When the finite variance condition is not satisfied, the question of ex-
istence of a limit distribution is more complicated, and there are many
possible (non-normal) limit distributions with their own domains of at-
traction. Almost all of these are what are known as stable distributions
(or α-stable distributions), distributions that are “stable” under linear
combinations of i.i.d. random variables, in the following sense.
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Definition 4.11 (Stable distribution). Let X,X1, X2 be i.i.d. random vari-
ables with cdf F (x). If for all a > 0, b > 0 there exist c > 0 and d ∈ R such
that

aX1 + bX2
d
= cX + d,

where d
= denotes equality in distribution, then F (x) is stable.

The statement “almost all distributions” above is motivated by the fol-
lowing theorem.

Theorem 4.12. A non-degenerate random variable X has a stable distri-
bution if and only if there exist sequences An and Bn, and i.i.d. random
variables X1, X2, . . . such that

1

Bn

n∑
i=1

Xn −An
d→ X as n→ ∞.

There exist many parametrizations for stable distributions. The one
used here follows the convention of [23]. Although stable distributions
cannot generally be expressed analytically via a density function, their
characteristic functions have simple forms. Despite the absence of an ana-
lytical density function, samples can be generated from stable distributions
in a straightforward way with a transformation of uniformly distributed
random variables ([52], Theorem 1.3).

Theorem 4.13 (Representations of stable distributions). Let F (x) = P(X ≤
x) be a cdf with characteristic function f(t) = E(eitX). F (x) is stable if and
only if

log f(t) = iγt− c|t|α(1 + iβ
t

|t|ω(t, α)),

where 0 ≤ α ≤ 2, −1 ≤ β ≤ 1, γ ∈ R, and c ≥ 0, and

ω(t, α) =

{
tan(π2α) if α �= 1,
2
π log |t| if α = 1.

The following theorem gives conditions for verifying that a sum of i.i.d.
random variables converges (in distribution) to a stable distribution. We
omit the formulas for the sequences An and Bn here, and refer to the more
explicit formulation in [52] (Theorem 3.12). The statement below follows
the convention of [23], and omits the case of a normal limit.

Theorem 4.14 (Generalized central limit theorem). Let X1, X2, . . . be real-
valued i.i.d. random variables with cdf F (x). For F (x) to belong to the
domain of attraction of a stable distribution with 0 < α < 2, it is necessary
and sufficient that

(i) it holds that
F (−x)
1− F (x)

→ c1
c2

as x→ ∞,

where c1 + c2 > 0 and |c1 − c2| ≤ c1 + c2,
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(ii) for every constant k > 0

1− F (x) + F (−x)
1− F (kx) + F (−kx) → kα as x→ ∞.

The parameters of the stable distribution depend on α, c1, and c2. The
sequences An and Bn depend also on F (x).

4.2 Wasserstein metrics

The Wasserstein metrics (or Wasserstein distances, introduced by Leonid
Vaserstein [73]) measure the distance between two probability distribu-
tions. Convergence in a Wasserstein metric is a stronger notion than
convergence in distribution, and in particular, it implies the convergence of
certain moments. It has applications in optimal transport theory [74], and
is often used together with Stein’s method to prove asymptotic distributions
of sums of dependent random variables, see e.g. [25, 58, 59].

Definition 4.15 (Wasserstein space). Let (X , d) be a Polish metric space,
and let p ≥ 1. The Wasserstein space of order p ≥ 1 is defined as

Pp(X ) :=

{
μ ∈ P (X ) :

∫
X
d(x0, x)

p μ(dx) <∞
}
,

where P (X ) is the set of Borel probability measures on X , and x0 is arbi-
trary.

Definition 4.16 (Wasserstein distance). Let μ and ν be probability mea-
sures in Pp(X ). The Wasserstein-p distance between μ and ν is defined
as

Wp(μ, ν) = inf{E(d(X,Y )p)1/p : X ∼ μ, Y ∼ ν},
where the infimum is taken over all couplings of X and Y .

The function Wp above is called the Wasserstein-p metric. Naturally, for
probability measures μ, μ1, μ2, . . . we say that μn → μ in Wp, if Wp(μn, μ) →
0 as n→ ∞.

Theorem 4.17. Let Xn ∼ μn, X ∼ μ be real-valued random variables.
Assume that μn → μ in Wp. Then μn → μ weakly and E(|Xn|p) → E(|X|p).

The following theorem is sometimes useful for verifying convergence in
W2 for two-dimensional random vectors. A more general version of the
theorem (with p ∈ [1,∞) and a general Polish space) is presented in [74]
(Definition 6.8 and Theorem 6.9).

Theorem 4.18. Let μ, μ1, μ2, . . . ∈ P2(R
2). Then μn → μ in W2 if and only

if ∫
φ(x, y)dμn(x, y) →

∫
φ(x, y)dμ(x, y)

for all continuous functions φ with |φ(x, y)| ≤ C(1+x2+ y2) for some C ∈ R.

30



Mathematical preliminaries

4.3 Probabilistic inequalities

We now summarize probabilistic inequalities that are not as well known
as, e.g., Markov’s inequality or Chebyshev’s inequality (which are omitted
in this presentation), but which are utilized in the publications of this
dissertation. The first inequality is one of many exponential inequalities
for binomial random variables.

Theorem 4.19 ([11], Lemma A.7). Let X be Bin(n, p)-distributed with
mean μ = np. Then

P(X = r) ≤ e
− s2

2(r+s) ,

for all s > 0 and all integers r such that |r − μ| ≥ s.

Janson’s inequality, like the previous inequality, gives an upper bound for
probabilities concerning sums of Bernoulli-distributed random variables,
but in this case the random variables are allowed to be dependent. For the
purposes of this dissertation, X can be considered to be a subgraph count,
which is a sum of dependent indicator functions, e.g., due to the fact that
different subgraphs may overlap.

Theorem 4.20 (Janson’s inequality [31, 33] ). Let {Ji}i∈Q be a set of in-
dependent random indicator variables and let {Q(α)}α∈A be a family of
subsets of the index set Q. Define Iα =

∏
i∈Q(α) Ji and X =

∑
α∈A Iα. As-

sume that the index set A is finite. Then for all 0 ≤ t ≤ EX,

P(X ≤ EX − t) ≤ e−
t2

2Δ̄ ,

where Δ̄ = E(X) +
∑

A �=B

∑
A∩B �=∅ E(IAIB).

The last inequality is related to ER graphs. This inequality by Janson,
Oleszkiewicz, and Ruciński [34] gives an upper bound for the upper tails
of subgraph counts (one of the longest standing problems in random graph
theory, see e.g. [15], the paper by Erdős and Rényi from 1960). Here we
denote vH = |V (H)| and eH = |E(H)| for a graph H = (V (H), E(H)).

Theorem 4.21. Let G be any graph with maximum degree ΔG, and let XG

be the corresponding subgraph count in the ER graph G(n, p). For any t > 1

there exists a constant c(t, G) such that for all n ≥ vG and p ∈ (0, 1)

P(XG ≥ tEXG) ≤ e−c(t,G)M∗
G(n,p),

where

M∗
G(n, p) =

⎧⎪⎪⎨
⎪⎪⎩
Θ(1), if p ≤ n−1/mG ,

Θ(minH⊂G ψ
1/α∗

H
H ), if n−1/mG ≤ p ≤ n−1/ΔG ,

Θ(n2pΔ), if p ≥ n−1/ΔG ,

where mG := maxH⊂G eH/vH , ψH = nvHpeH , and α∗
H is the fractional inde-

pendence number ([34], Appendix A), for which it holds that α∗
H ≤ vH − 1.
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5. Parameter estimation in the sparse
regime

This chapter consists of an overview of concepts related to parameter es-
timation in the network models of Chapter 3. These concepts are closely
related to Publications I, II, and V, and also serve as motivation for Publi-
cation III.

We focus on consistent estimators, i.e., ones that converge in probabil-
ity to the true value as the number of nodes tends to infinity. Clearly,
consistency can depend on how the model evolves as a function of n. For
example, many of the theorems of this dissertation assume that sufficiently
many moments of the community size distribution converge to finite and
non-zero numbers.

5.1 Modeling large networks

A large network is modeled by considering a sequence of independent
random graphs (Gn)n∈N = (G1, G2, . . .). The parameters (and distributions)
of the model are allowed to depend on n, but we usually omit this in
notation and write, e.g., m = mn and P = Pn. The properties of a large (but
finite) graph can be thought to be approximated by the limits (when they
exist) of the quantities and distributions obtained from Gn as n→ ∞. The
question of how m and Pn should depend on n is not a trivial one. As we
noted in the previous chapter, if m is too large, certain random intersection
graph models become equivalent with with the ER graph, which clearly
makes the models uninteresting for describing community structure. On
the other hand, if m is too small, we obtain graphs that are almost empty
as almost none of the nodes belong to any communities.

Recall that graphs are called sparse if the mean degree remains bounded
as the size of the graph grows to infinity. In this dissertation, we are
mostly interested in regimes where the mean degree E(dG(i)) converges to
a non-zero finite limit. This is partly motivated by that many real networks
appear to be sparse [50], but also by the fact that we wish to fit the model
to data, where the average degree will always be non-zero and finite. This
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regime turns out to be interesting in many ways. For example, we also
obtain non-trivial clustering coefficients [38, 39] , degree distributions [11],
and assortativity coefficients [10].

Consider the general superposition model with an arbitrary layer type
distribution P . The mean degree of a node is found by a simple calculation:

E(dGn(i)) = E

⎛
⎝∑

j �=i

I

(
{i, j} ∈ E(Gn)

)⎞⎠
= (n− 1)P

(
{1, 2} ∈ E(Gn)

)

= (n− 1)

(
1−

m∏
k=1

(
1− P({1, 2} ∈ E(Ck)

))
,

where P({1, 2} ∈ E(Ck)) equals E[P({1, 2} ∈ E(C1)) | {1, 2} ⊂ V (C1)] by the
law of total probability, and so

m∏
k=1

(
1− P({1, 2} ∈ E(Ck)

)
=
(
1− E

(X1(X1 − 1)Y1
n(n− 1)

))m
.

Denoting P21 := E(X1(X1 − 1)Y1), an application of the binomial theorem
gives

E(dGn(i)) = (n− 1)

m∑
t=1

(
m

t

)
(−1)t+1

(
P21

n(n− 1)

)t

.

There are many ways to obtain a non-trivial constant limit for the mean
degree. If we view the communities Ck as a real underlying structure,
rather than a purely mathematical construction, then it seems natural
to assume that m/n is bounded. The mean degree is then approximately
(m/n)P21, e.g., in the following cases:

• Assume only that (m/n)P21 → c ∈ (0,∞), and that the rest of the
terms in the previous sum are negligible.

• Assume that m/n → β ∈ (0,∞) and P21 → p21 ∈ (0,∞), but do not
assume anything else about the distribution P . This is one of the
approaches taken in Publication II.

• Assume that m/n → β and that P → P∞ (weakly) for some dis-
tribution P∞ with (P∞)21 ∈ (0,∞), and that the random variables
X(n)(X(n) − 1)Y (n) are uniformly integrable. This is the approach
taken in, e.g., Publication IV.

• Assume that m/n → β, and that there is a (non-trivial) limiting
random vector (X∞, Y∞), and that (X(n), Y (n)) ∼ Pn has the same
distribution as (min{X∞, n}, Y∞). This is the approach taken in Pub-
lication VI.
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One way to view the assumption m/n → β is that it controls the way
certain subgraphs are formed. For example, consider a triangle on the
vertex set {1, 2, 3}. If the number of communities is small, then as n→ ∞,
the edges of the triangle are most likely formed by a single community,
which leads to a simple asymptotic formula for the expected triangle
count. However, as shown in [39], this does not extend to all subgraphs
– it is possible that, asymptotically, most triangles are formed within
communities, but, e.g., large numbers of 2-stars may still be formed by two
different communities.

Other ways to model large graphs exist in the literature – e.g., notions of
convergence in terms of subgraph counts have been considered in [54], see
also the approach in [42].

5.2 Moment-based estimators

We now give an overview of how moment-based estimators can be derived
and how their consistency can be established. The binomial random in-
tersection graph is completely defined by the parameters n, m, and p, but
since the number of nodes n is considered known, the unknown parameters
are m and p. In the general superposition model, the layer type distri-
bution P is completely arbitrary, and parameter estimation can only be
considered if we assume that P comes from some parametric family. For
clarity, we only consider the binomial random intersection graphs in this
section.

We focus on consistent estimators. Recall that if θ ∈ R is a parameter of
the model, we say that θ̂ is a consistent estimator of θ, if θ̂ is a function of
the data (i.e., the graph G, but not, e.g., m) that satisfies

P(|θ̂(G)− θ| > ε) → 0 as n→ ∞
for any ε > 0. According to this definition, θ̂(G) = 0 is a consistent
estimator of p in any model where p→ 0, but clearly fails to say anything
meaningful about the network. The approach we take in Publication I is to
choose a different set of parameters, as follows. Define λ ∈ (0,∞) as the
limit of the mean degree as n→ ∞, and μ ∈ (0,∞) as the limit of the mean
number of communities that include node 1. When we require that m/n
and np converge to constants as n→ ∞, it turns out that

m

n
→ μ2/λ and np → λ/μ. (5.1)

The constants μ and λ can then be estimated, and can be thought to
describe the graph well (together with the model) for a large n.

A simple calculation shows that the number of ways that the nodes
can be assigned to communities is 2nm. It is not computationally feasible
to evaluate the probability of obtaining a graph g from a model with
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parameters m and p, even for small values of n and m. This means that
a naive maximum likelihood estimator is not practical, as it does not
only require evaluating this probability, but also maximizing it. Bayesian
estimation methods typically rely on evaluating this probability as well.

Moment-based parameter estimation has received some attention in the
literature as a practical alternative [3, 5, 19]. In this approach, we (i)

derive expected values of chosen random quantities (e.g., subgraph counts)
from the theoretical model, (ii) solve the parameters from these equations
as functions of the expected values, and (iii) replace the expected values
by the observed quantities. This is illustrated in the following example
based on Publication I.

Example 5.1 (Heuristic derivation of a moment-based estimator). In the
binomial random intersection graph satisfying (5.1) it holds that

ENK2 ≈ 1

2
n2μ2m−1,

ENS2 ≈ 1

2
n3μ3(1 + μ)m−2.

(5.2)

Treating these approximations as equalities, we obtain

ENS2

(ENK2)
2

= 2
1

n
(1 + μ−1).

Solving for μ gives

μ̂ =

(
n

2

ENS2

EN2
K2

− 1

)−1

,

and replacing EN∗ by the empirical subgraph counts N∗ yields the estimator

μ̂ =

(
n

2

NS2

N2
K2

− 1

)−1

. (5.3)

The consistency of the estimator μ̂ is established by showing that the
approximations of EN∗ are sufficiently accurate, EN∗ is sufficiently close to
N∗ for K2, S2, and by applying the continuous mapping theorem (Theorem
4.8). Note that evaluating μ̂ only requires counting the numbers of edges
and 2-stars, which is easily done and requires only O(n2) operations. A
shortcoming of this approach is that the estimate μ̂ is not necessarily
contained in the parameter space – it is possible, especially for a small n,
that μ̂ < 0 for some data set, although these values of μ are excluded by
the definition of the model. It is worth noting that different estimators
can be derived for the same parameter by choosing different quantities
for the moment equations (5.2). This choice may be motivated, e.g., by the
necessary assumptions to ensure consistency and the time required for
computing the quantities from data.
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Parameter estimation with incomplete data

Sometimes it is useful to be able to estimate parameters using only a part
of the data. Some part of the the data may simply not available, or some of
the observations may be unreliable. On the other hand, computations with
a subset of the data are naturally faster than with the full data set.

Consider first a case where the full data set G is available. One may
choose a number of nodes n0 < n and a node set of size n0, and run the
computations on the subgraph G(n0) induced by these nodes. To avoid a
biased data set, the nodes should be chosen independently of G. If the full
data set is not available and a particular node set is chosen by necessity,
it may be unclear whether G(n0) is representative of the whole network.
Since the mechanism by which the observations become noisy or missing
may not be known, and which may or may not be independent of the true
network, the mathematical justifications may be considered heuristic.

As an example, consider estimating μ as in Example 5.1. Denoting the
edge and 2-star counts in G(n0) by N∗(G(n0)), the estimator (5.3) becomes

μ̂ =

(
n0
2

NS2(G
(n0))

NK2(G
(n0))2

− 1

)−1

.

This estimator turns out to be consistent provided that n0 is sufficiently
large, namely, n0/n2/3 → ∞ as n→ ∞ [38].
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6. Summaries of the articles

Publication I. We study the binomial random intersection graph, which
can be used as a parsimonious model of large and sparse networks. We
propose moment-based parameter estimators and derive the expression
of the asymptotic clustering coefficient as a function of the parameters.
The estimators only require computing the numbers of links, 2-stars, and
triangles. To our knowledge, this is the first paper to discuss parameter
estimation in the case where the number of communities is of the same
order as the number of nodes. We prove the consistency of these estimators
with partial data, i.e., if only a part of the nodes (and all the edges between
them) are observed. The performance of the estimators is illustrated with
numerical experiments on simulated data, which show reasonable accuracy
with small values of n. The proofs utilize the approximate densities of
unions of 2-stars and triangles, for which we give explicit formulas, and
which may be of independent interest.

Publication II. We propose a network model which can be viewed as
a variation of the passive random intersection graph. The passive RIG
inherently contains large numbers of cliques, which may not be desirable
when modeling graphs with a weaker community structure. In our model,
the sparsity of the communities can be tuned via a thinning parameter.
We derive the asymptotic formulas for the degree variance and clustering
coefficient with arbitrary community size distributions under moment
conditions. We also give formulas for the probabilities for finding a specific
2-star or triangle in the graph, and show that the expected numbers of
edges, 2-stars, and triangles are close to their expected values as n tends
to infinity. Using these results, we derive parameter estimators for the
case of binomial community sizes and prove their consistency when using
partial data. The results are illustrated with real-world data sets.
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Publication III. We study a network model with overlapping communi-
ties, where the community sizes and strengths are allowed to be random
and correlated. The model is motivated in particular by the fact that in
real networks, larger communities can be expected to be sparser than
smaller ones. Our main result is that under certain conditions, the ob-
served subgraph counts are close to their expected values in a stochastic
sense. Using combinatorial arguments, we derive the asymptotic formulas
for the expected numbers of k-cycles and k-cliques for all k.

Publication IV. This article concerns the same model as Publication
III. In real networks it is often observed that the degrees of adjacent
nodes are correlated. For example, if a person has a large number of
friends in a social network, then their friends often have large numbers
of friends as well. Our main result is that the joint degree distribution
of adjacent nodes converges to a limit distribution, assuming that the
number of communities is of the same order as the number of nodes, and
that the layer type distribution converges to a limit together with suitable
cross-moments. This happens in the sense of weak convergence and, with
stronger assumptions, also in the sense of Wasserstein-2 metric. We obtain
the asymptotic formula of the model assortativity and the convergence
of Spearman’s and Kendall’s rank correlation coefficients. Finally, we
show that the asymptotic joint degree distributions show power-law type
behaviour in certain settings with an inverse relationship between the
layer sizes and strengths.

Publication V. This short article generalizes the parameter estimation
approach of Publication II to models with non-binomial community sizes.
We discuss the estimation of the thinning parameter and the asymptotic
community size distribution π. We assume that π belongs to a family of
single-parameter distributions, where each distribution can be identified
by the ratio of its third and second factorial moments, (π)3/(π)2. It is
shown that the parameters may be estimated using the subgraph counts
of links, 2-stars, and triangles also in this setting. The intuition is that
the ratio of the factorial moments can be estimated from the data (without
estimating the actual factorial moments), and in many cases we have
a simple and continuous relation between (π)3/(π)2 and the parameter.
Pareto-mixed Poisson distributions and Zipf-type distributions are consid-
ered as examples. The consistency of the estimators is based on the results
of Publication III.
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Publication VI. This article concerns the same superposition model as
Publication III, with the assumption that the community size distributions
are truncated versions of the limit distribution. We prove the asymptotic
normality of counts of 2-connected subgraphs under moment conditions
for the limiting layer type distribution. Cycles and cliques are considered
as special cases. We also obtain convergence to α-stable distributions for
2-connected and balanced graphs under certain conditions which, to our
knowledge, is the first result of its kind in the literature of sparse affiliation
network models.
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