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1. Introduction

1.1 History and background

The base for the multicentric holomorphic representation is the Jacobi
series. This series was introduced by C.G.J. Jacobi [10] in the 19th century,
without the use of Cauchy integral. Jacobi was interested in extending
functions using polynomials as powers and using one degree lower poly-
nomials as coefficients. Cauchy introduced the Cauchy integral [3] and
function theory earlier, but for some reason Jacobi did not use it at all.
Jacobi’s topic had not been much discussed before Alfred Kienast [11] in
1906 when, in his dissertation, he looked at the Jacobi series using the
function theory, how it fits in using the Cauchy integral but did not take
polynomial as a new variable. One reason why it looked complicated and
not attractive was that things had to be separately worked out in each
mathematical domain.

Again, going back to the 19th century, orthogonal polynomials were cre-
ated earlier than the Jacobi series and Jacobi worked with them. In
particular, orthogonal polynomial numerically were attractive when look-
ing at interval in real line and whenever one could move the discussion into
that environment. On the other hand, because of using orthogonal poly-
nomials and restricting attention to spectra in real line, that is, working
with self-adjoint and normal operators, the tools that worked in some way
for such operators were further developed, while for non-normal operators
all the work assumed a particular type.

Later, many studied and developed analytic functions in the disc, what
behaviour they had when one approached the boundary. It is known that,
if a function is analytic inside the disc and continuous up to boundary,
then polynomials are dense, otherwise things are tricky. M. Fekete [8], in
1932, touched this by looking at the Jacobi series inside a lemniscate, but
without mapping the discussion back to unit circle. Most likely the interest
from pure mathematics was not there.
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Introduction

In 1941, at the suggestion of professor J.L. Walsh, J.H Curtiss [5] stud-
ied the behaviour of the Jacobi series on the boundary of its regions of
convergence.

Although conformal maps became available and were well understood,
the multicentric holomorphic calculus was introduced by Olavi Nevanlinna
[19] in the 21st century. His interest started when he studied polynomial
numerical hulls, then operator valued meromorphic functions and in par-
ticular low rank perturbation theory. It then became natural for him to
ask whether one could compute the spectrum and if the resolvent could be
represented by a single expression using holomorphic functional calculus.
The power of this multicentric calculus given functional analysis calculus
is that it doesn’t depend on the normality of the operators.

This thesis will cover the basis of multicentric functional calculus for
both holomorphic and non-holomorphic functions and then presents my
work in extending it to multiple variables. One further development for
the single variable case is presented at the end of this paper, this time
using rational functions instead of polynomials as new variables.

1.2 Organization of the thesis

Each section describes a publication in chronological order. The first
section, Section 2, includes the basic notions and background for the multi-
centric calculus as presented in [17] - [19], that are used throughout the
thesis.

Section 2 also covers Publication I where the authors look at powers of a
polynomial instead of looking at its norm, in order to get spectral radius
and how they were able to apply the multicentric holomorphic calculus to
represent the Riesz spectral projection. Then spectrum separation issues
by the lemniscate are presented through examples.

Section 3 describes Publication II where the author extends the single
variable multicentric holomorphic calculus to n− tuples of commuting
variables starting with the case when n = 2. Then the variables are
replaced by operators and formulas are worked out accordingly.

Section 4 covers Publication III which extends even further the multi-
centric calculus in the multivariable setup. Here the author follows the
non-holomorphic case presented in [20] for single variable. To that end an
algebra is defined and basic notions and background are presented at the
beginning of the section.

Section 5 presents the last publication, Publication IV, in which the
authors look at a different change of variables, replacing the monic polyno-
mial by a rational function.

Each section explains the main results and also points out challenges
and possibles constrains used to meet the desired goals.
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2. Multicentric Calculus

2.1 Basis of multicentric calculus

This section gathers all basic notions and results from [17], [18], and [19].
In [18], O. Nevanlinna shows how the multicentric representation of func-
tions gives a simple way to generalize the von Neumann result, i.e., the
unit disc is a spectral set for contractions in Hilbert spaces. The discus-
sion in his paper regards the multicentric representation of holomorphic
functions and briefly it goes as follows.

Let A be a unital Banach algebra. Recall that a set Σ ⊂ C is a K−spectral
set for a ∈ A, if for all rational functions r with poles off Σ one has that
‖r(a)‖ ≤ K supz∈Σ |r(z)|, with a fixed K.

If A denotes a bounded operator in a Hilbert space H, denote by Vp(A)

the set
Vp(A) = {z ∈ C : |p(z)| ≤ ‖p(A)‖} (2.1.1)

where p is a monic polynomial with distinct roots, λ1, . . . , λd. Denote
by Λ the set {λ1, . . . , λd}. Then these sets are K−spectral, whenever the
lemniscate, that is, the boundary of Vp(A), {z ∈ C : |p(z)| = |Vp(A)|}, does
not pass through any critical point of p. Since any compact set can be
the spectrum of an operator, it is important that lemniscates have good
approximation properties. Furthermore, in [17] is given an algorithm
which, for any given A, provides a sequence of monic polynomials p with
distinct roots so that the sets Vp(A) squeeze around the polynomially
convex hull of the spectrum of A.

To be able to estimate a holomorphic function ϕ effectively at an operator
A, it is used the approach introduced in [19], that is, each polynomial

p(z) =

d∏
k=1

(z − λk)

11



Multicentric Calculus

with simple roots λk induces a unique multicentric representation of ϕ,

ϕ(z) =
d∑

j=1

δj(z)fj(w) with w = p(z), (2.1.2)

where δj denote the polynomials of degree d − 1 taking the value 1 at λj

and vanishes at the other roots. In [19] the practical computation of the
Taylor series of fj is discussed. In fact, the coefficients may be computed in
a recursive way if the derivatives of the original function ϕ are available
at the local centers λj .

The representation (2.1.2) allows an obvious avenue for analysis, estima-
tion and computation in complicated sets. One just treats the functions
fj in discs |w| ≤ ρ and combines the estimates for ϕ in the sets satisfying
|p(z)| ≤ ρ.

This approach is demonstrated in [18] by generalizing a well-known
result of von Neumann on contractions in Hilbert spaces. In order to do
this one needs an estimate of the following form

sup
|w|≤ρ

|fj(w)| ≤ C(ρ) sup
|p(z)|≤ρ

|ϕ(z)|. (2.1.3)

This would then imply that the sets Vp(A) are K−spectral sets with some
K. Now, let γρ denote the lemniscate

γρ = {z ∈ C : |p(z)| = ρ}.
For small ρ the lemniscate consists of d separate circular curves, for large
ρ it reduces to just one circular curve. In general the lemniscate is smooth
except if it contains a critical point, where the derivative of p vanishes.
Thus there are at most d− 1 such exceptional values ρ. Let s(ρ) denote the
distance from γρ to the set of critical points.

The key result here is the following theorem.

Theorem 2.1.1. If p is a monic polynomial of degree d with distinct roots,
then there exists a constant C such that if ϕ is holomorphic for |p(z)| ≤ ρ,

then the functions fk in (2.1.2) are holomorphic for |w| ≤ ρ and if γρ does
not contain any critical points of p the estimate (2.1.3) holds with some C(ρ)

satisfying

C(ρ) ≤ 1 +
C

s(ρ)d−1
. (2.1.4)

Remark 2.1.2. If C(ρ) denotes the smallest constant such that (2.1.3)
holds for all ϕ then C(ρ) → 1 as ρ → 0 or ρ → ∞. Generically the critical
points are simple and then the constant is proportional to 1/s(ρ).

Below we state a fundamental result by von Neumann for contractions
in Hilbert spaces.

Theorem 2.1.3. If A ∈ B(H), and ‖A‖ ≤ 1, then the closed unit disc is a
spectral set for A.
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Multicentric Calculus

This can be reformulated as follows:

‖ϕ(A)‖ ≤ sup
|z|≤‖A‖

|ϕ(z)| (2.1.5)

provided ϕ is holomorphic in |z| ≤ ‖A‖.
The results are formulated for holomorphic functions rather than for

polynomials or rational functions as there are considered sets which may
consist of several simply connected components. In particular, the results
apply as such for Riesz spectral projections. The main result in [18] is the
following:

Theorem 2.1.4. Suppose we are given a monic polynomial p ∈ Pd with
distinct roots and a bounded operator A ∈ B(H) in a Hilbert space H. Let
ρ ≥ 0 satisfying ‖p(A)‖ ≤ ρ and be such that the lemniscate γρ contains no
critical points of p. Then for all ϕ which are holomorphic for |p(z)| ≤ ρ there
holds

‖ϕ(A)‖ ≤ K sup
|p(z)|≤ρ

|ϕ(z)|, (2.1.6)

where the constant K satisfies

K ≤ C(ρ)

d∑
j=1

‖δj(A)‖, (2.1.7)

with C(ρ) as in Theorem 2.1.1.

A simple but useful application of this theorem is the Riesz spectral
projection. Suppose γρ consists of several components and is free from
critical points. Then one can define ϕ to be identically 1 in some open
neighbourhood of some of the components and to vanish in a neighbourhood
of all the others. If A ∈ B(H) is such that ‖p(A)‖ ≤ ρ, then the resulting
operator is simply the Riesz spectral projection to the invariant subspace
with respect to the part of the spectrum where ϕ equals 1.

Another application is related to the power boundedness. One can apply
Theorem 2.1.4 with ρ = 0 but then A has to be an algebraic operator and
all eigenvalues are non-defective. Requiring p(A) = 0 for p with simple
zeroes says exactly that. Now let D denote the open unit disc. Suppose
that Vp(A) ⊂ D.

Corollary 2.1.5. Let p be monic with simple zeros and suppose ρ ≥ 0 is
such that γρ contains no critical points and γρ ⊂ D̄. If A ∈ B(H) is such that
‖p(A)‖ ≤ ρ, then A is power bounded and with the constant C(ρ) provided
by Theorem 2.1.1 we have for all n ≥ 1,

‖An‖ ≤ C(ρ)

d∑
j=1

‖δj(A)‖. (2.1.8)
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Multicentric Calculus

Remark 2.1.6. If A is algebraic then one can take p to be the minimal
polynomial. Recall that a polynomial is called minimal if it is monic,
p(A) = 0 and the polynomial is of smallest possible degree. Then Corollary
2.1.5 and Remark 2.1.2 yield

‖An‖ ≤
d∑

j=1

‖δj(A)‖. (2.1.9)

Remark 2.1.7. In his papers Olavi Nevanlinna made the convention that
a function is holomorphic in a compact set if it is holomorphic in an open
neighbourhood containing that compact set.

2.2 Application to Riesz projection

In Publication I one can find a follow up on the papers of O. Nevanlinna [18],
[17] and [19]. There we discuss about multicentric holomorphic calculus
in which one represents the function ϕ using a new variable w = p(z) in
such a way that when it is evaluated at the operator A, then p(A) is small
in norm. As before, p is assumed to have distinct roots.

The separation of a compact set, such as the spectrum, into different
components by a polynomial lemniscate is presented with few examples,
as well as applications of the Calculus to the computation and estimation
of the Riesz spectral projection. It may then be desirable the use of p(z)n

as a new variable and a small dimensional problem is also presented to
see how the size of coupling can affect on the need of taking a high power
of p(A).

To apply the multicentric calculus to the Riesz projection, when getting
the spectral radius it is natural to look at the power of p instead of looking
at the norm. For this we need the basic formula for expressing a given
function ϕ(z) as a linear combination of functions fj,k(w

n) when w =

p(z), for n a given positive integer. The function fj in the multicentric
representation (2.1.2) are obtained from ϕ with the formula from [18]

fj(w) =

d∑
l=1

δl(λj , w)ϕ(ζl(w)), (2.2.1)

where ζl(w) denote the roots of p(λ)− w = 0 and

δl(λ,w) =
p(λ)− w

p′(ζl(w))(λ− ζl(w))
.

When ϕ is holomorphic, fj can also be computed from the Taylor coefficients
of ϕ at the local centers λj . So the computations for fj ’s are done with power
series and it makes sense to move to p(z)n = wn, because the expansions
are done for that variable. It is then proved the following result.
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Multicentric Calculus

Theorem 2.2.1. Suppose p has simple zeros and assume ϕ is holomorphic
in a neighbourhood of V (p, ρ) = {z ∈ C : |p(z)| ≤ ρ} and given in the
multicentric representation (2.1.2). Then

ϕ(z) =

d∑
j=1

δj(z)[fj,0(w
n) + · · ·+ wn−1fj,n−1(w

n)],

where fj,k are holomorphic in a neighbourhood of the disc |w| ≤ ρ and given
by

wkfj,k(w
n) =

1

n
{fj(w)+e−2πik/nfj(e

2πi/nw)+· · ·+e−2πi(n−1)k/nfj(e
2πi(n−1)/nw)}.

The proof uses the next result.

Proposition 2.2.2. If fj is given for |p(z)| ≤ ρ, then fj,k, k = 1, . . . , n− 1,

are defined for |p(z)n| ≤ ρn and

fj(p(z)) =

n−1∑
k=0

p(z)kfj,k(p(z)
n), for |p(z)| ≤ ρ. (2.2.2)

Further, if fj(p(z)) is analytic for |p(z)| ≤ ρ then so are fj,k(p(z)
n).

Now let A be a bounded operator in a Hilbert space such that

Vpn(A) = {z : |p(z)n| ≤ ‖p(A)n‖}.
To compute the Riesz projection we take ϕ = 1 in one of the components
and ϕ = 0 in the other components of Vpn(A) and fj(p(z)) as in (2.2.2).

We apply the fact that if ϕ is holomorphic in a neighbourhood of the unit
disk D and A ∈ B(H), then

‖ϕ(A)‖ ≤ sup
D

|ϕ|, (2.2.3)

see e.g. [23].
We are then able to represent the Riesz projection with the help of

multicentric representation.

Theorem 2.2.3. Given a polynomial p of degree d, with distinct roots and
a bounded operator A in a Hilbert space, we assume that the "expression"

Vpn(A) = {z : |p(z)n| ≤ ‖p(A)n‖}
has at least two components. Set ρ = ‖p(A)n‖1/n and let ϕ be a function
such that ϕ = 1 in one component of Vpn(A) and ϕ = 0 in the others. Let s
be the distance from the nearest outside critical point to the boundary of
Vpn(A).

Then, considering fj,k as given by Theorem 2.2.1, one has

ϕ(A) =

d∑
j=1

δj(A)

n−1∑
k=0

p(A)kfj,k(p(A)n),
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Multicentric Calculus

which is the Riesz spectral projection onto the invariant subspace corre-
sponding to the spectrum inside the component where ϕ = 1.

The bound for the norm of ϕ(A) is given by

‖ϕ(A)‖ ≤
⎡⎣(1 + C

sd−1

) ‖p(A)k‖
ρk

d∑
j=1

‖δj(A)‖
⎤⎦ sup

|p(z)|≤ρ
|ϕ(z)|. (2.2.4)

The proof uses few other results and statements that are presented in
details in Publication I.

Remark 2.2.4. In applications we will consider ϕ = 1 in the components
of Vpn(A) that are on the right complex half-plane and ϕ = −1 in the
components on the left complex half-plane. This way the computations are
more symmetrical. In this situation there is only one critical point at the

origin, which is simple, so we will have
(
1 +

C

s

)
in the formula for the

bound of the Riesz projection.

2.3 Separation of the spectrum

The spectrum separation issues by the lemniscate is another topic explored
in Publication I. Given a polynomial p denote by V (p, ρ) the set

V (p, ρ) = {z ∈ C : |p(z)| ≤ ρ}.

Let K ⊂ C be compact and such that C \K is connected. For δ > 0 denote
further

K(δ) = {z : dist(z,K) < δ}.
Then there exists a polynomial p and ρ > 0 such that

K ⊂ V (p, ρ) ⊂ K(δ).

In particular, if K = K1 ∪K2 and K1 ∩K2 = ∅ since K is compact, then for
small enough δ

K1(δ) ∩K2(δ) = ∅
as well. Thus, V (p, ρ) separates the components K1 and K2 respectively.

If we assume that we have two analytic functions ϕj , each analytic in
Kj(δ), we can view them as just one analytic function ϕ : K(δ) → C, where
ϕ agrees to ϕj on Kj(δ). We are interested in particular in the case where
ϕj is constant. Multicentric representation then gives a power series which
is simultaneously valid in both components.

For such a separation task, we can ask what is the smallest degree of a
polynomial achieving this and, to answer this, we model the problem as
follows: let

K1(δ) = {z = 1 + iy : |y| ≤ tan(δ)}
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and K2(δ) symmetrically on the other side of the imaginary axis:

K2(δ) = {z = −1 + iy : |y| ≤ tan(δ)}

Our first discussed problem in Publication I concerns the minimal degree
of a polynomial p such that Kj(δ) ⊂ V (p, ρ) and V (p, ρ) ∩ iR = ∅.

Another natural task is related to existence of a logarithm. Let M be a
compact and we assume 0 /∈ M . Now there exists a single valued logarithm
in M if and only if 0 is in the unbounded component of the complement
of M . That is, the set M does not separate origin from infinity. So the
natural task here is to find a polynomial p such that M ⊂ V (p, ρ) and
0 /∈ V (p, ρ). As V (p, ρ) is polynomially convex, this suffices for representing
the logarithm in V (p, ρ).

Remark 2.3.1. The separation by lemniscate is done by slightly perturbing
the roots of the polynomial p and decreasing the level of the lemniscate to
below 1 such that the spectrum lies inside the lemniscate. A few practical
examples are worked out in Publication I and estimates for the smallest
lemniscate level are given such that we get the desired separation for those
particular cases.
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3. Extension of multicentric
holomorphic calculus to multiple
commuting operators

In Publication II the multicentric holomorphic representation (2.1.2) is
extended to n−tuple of commuting operators, first by working out the
multicentric representation for two variables, then replacing the variables
with a pair of commuting operators on a Hilbert space H, and finally
moving to n variables and n−tuple of commutating operators.

Let z ∈ Cn and let p be a vector of polynomials mapping

z =

⎛⎜⎜⎜⎜⎜⎝
z1

z2

· · ·
zn

⎞⎟⎟⎟⎟⎟⎠ �→

⎛⎜⎜⎜⎜⎜⎝
p1(z1)

p2(z2)

· · ·
pn(zn)

⎞⎟⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎜⎝
w1

w2

· · ·
wn

⎞⎟⎟⎟⎟⎟⎠ = w ∈ Cn,

where for every j = 1, 2, . . . , n, we have that pj(zj) is a monic polynomial of
degree dj with distinct roots λ1,j , λ2,j , . . . , λdj ,j .

3.1 On a pair of commuting operators

We start with the particular case when n = 2. Recall that in multicentric
holomorphic calculus one deals with polynomials p of level below 1, thus for
w = (w1, w2) ∈ C2 we have |wj | ≤ 1, for j = 1, 2, i.e. D2 = {w ∈ C2 : |wj | ≤
1, for j = 1, 2} is a unit bidisc. Using the change of variable wj = pj(zj)

one works on unit discs which are simple sets, and then gets results on the
rather more complicated sets

Ω = {z = (z1, z2) ∈ C2 : zj ∈ p−1
j (D2), j = 1, 2}.

According to [18] this multicentric representation of functions gives a
simple way to generalize the von Neumann result, i.e. the unit disc is
a spectral set for contractions in Hilbert spaces, or in other words, this
calculus allows the preimage of the disc to be a K−spectral set.

Useful results in moving to operators are the spectral mapping theorem
and the von Neumann inequality for a pair of commuting contractions. The
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Extension of multicentric holomorphic calculus to multiple commuting operators

spectral mapping theorem states that if p is a polynomial with complex
coefficients and T ∈ B(H) (space of bounded operators on a Hilbert space
H), then σ(p(T )) = p(σ(T )).

When working with commuting n−tuples of Banach space operators the
multicentric calculus is more involved. There are many possible defini-
tions for a joint spectrum, but the one introduced by J.L. Taylor has the
property that there exists a functional calculus for functions analytic on a
neighbourhood of this spectrum.

Recall that the Taylor spectrum σT (T) is the set of all λ = (λ1, . . . , λn) ∈
Cn such that the n−tuple T − λ = (T1 − λ1, . . . , Tn − λn) is not Taylor
invertible, [14].

Theorem 3.1.1. (Spectral Mapping Property). Let T = (T1, . . . , Tn) ∈
B(H)n be a commuting n−tuple of operators and let p be a polynomial in n

variables. Then
σT (p(T)) = p(σT (T)).

This is a special case of Theorem 2 in [15] where a vector-valued poly-
nomial p is used. The von Neumann’s inequality [16] says that for a
contraction T on a Hilbert space and a polynomial p one has ‖p(T )‖ ≤
sup{|p(z)| : |z| ≤ 1}.

Andô showed in [1] that the von Neumann’s inequality holds for a pair of
commuting contractions T = (T1, T2) and any polynomial p in two variables,
i.e.

‖p(T1, T2)‖ ≤ ‖p‖∞ (3.1.1)

where by ‖p‖∞ one means the supremum norm over the bidisc D2 in C2.

The multicentric representation for n = 2, is worked out in Publication
II and it is given by

ϕ(z1, z2) =

d2∑
k=1

d1∑
j=1

δj,1(z1)δk,2(z2)fj,k(w1, w2) (3.1.2)

with w1 = p1(z1), w2 = p2(z2).

Replacing the variables (z1, z2) with a pair of commuting operators on a
Hilbert space H, (T1, T2), we use the fact that the von Neumann inequality
holds for a pair of commuting contractions and we are able to show the
following,

‖ϕ(T1, T2)‖ ≤
d2∑
k=1

d1∑
j=1

‖δj,1(T1)‖‖δk,2(T2)‖C(ρ1)C(ρ2) sup
z∈Vp

|ϕ(z1, z2)|, (3.1.3)

where z = (z1, z2) and ρ1 and ρ2 are the levels of p1 and p2, respectively,
such that they do not pass through any critical points and Vp = {z ∈ C2 :

|p1(z1)| ≤ ρ1 and |p2(z2)| ≤ ρ2}.
The constants C(ρ1), C(ρ2) are given in Theorem 2.1.1.
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Extension of multicentric holomorphic calculus to multiple commuting operators

3.2 On the n−tuples of commuting operators

When moving to n variables, i.e. for z ∈ Cn one represents the holomorphic
function ϕ using the new variables w, and with the help of a vector f

containing vector-valued functions of variables wj , mapping w �→ f(w) ∈
Cd (by d we mean d1 × d2 × · · · × dn). The multicentric representation will
then be of the form

ϕ(z) =
∑
j

δj(z)f(w) with w = p(z), (3.2.1)

where j is a multi-index (j1, . . . , jn), with jr = 1, . . . , dr for all r = 1, 2, . . . , n.

To replace now the scalar variables with n−tuple of commuting operators,
T = (T1, . . . , Tn), we need to have the von Neumann inequality holding
true for n > 2 commuting contractions. It is known that this is not the
case, but from [6] we learn that for a small class of polynomials and some
constant Cn the von Neumann inequality holds when n > 2.

This class is called the k−homogeneous polynomials defined as follows.

Definition 3.2.1. A k−homogeneous polynomial in n variables is a function
P : Cn → C of the form

P (z1, . . . , zn) =
∑

α∈Λ(k,n)
aαz

α,

where Λ(k, n) := {α ∈ Nn
0 : |α| := α1 + · · · + αn = k}, zα = zα1

1 · · · zαn
n and

aα ∈ C.

The author in [6] studied the asymptotic behaviour (as n tends to infinity)
of the smallest constant Ck,∞(n) such that

‖P (T1, . . . , Tn)‖B(H) ≤ Ck,∞(n) sup{|P (z1, . . . , zn)| : |zi| ≤ 1}, (3.2.2)

for every k−homogeneous polynomial P in n variables and every n−tuple
of commuting contractions T. The estimate of Ck,∞(n) according to [6] is

n
1
2 [

k−1
2 ]  Ck,∞(n)  n

k−2
2 ,

where [z] denotes the integer part of z.
Further work was done in [12] where the authors consider Ck,q(n), for

1 ≤ q < ∞, the smallest constant such that

‖P (T1, . . . , Tn)‖B(H) ≤ Ck,q(n) sup{|P (z1, . . . , zn)| :
n∑

i=1

|zi|q ≤ 1},

for every k−homogeneous polynomial P in n variables and every n−tuple
of commuting contractions T with

∑n
i=1 ‖Ti‖q ≤ 1. The upper and lower

estimates for the growth of Ck,q(n) are the following

n
k−1
q′ − 1

2 [
k
2 ]  Ck,q(n)  n

k−2
q′ for 1 ≤ q ≤ 2,

n
k
2
− 1

2([
k
2 ]+1)  Ck,q(n)  n

k−2
2 for 2 ≤ q < ∞,
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where q′ denotes the conjugate of q, i.e., 1
q +

1
q′ = 1. In all the estimates k is

considered to be fixed.
Based on the combinatorial methods from [6], the authors in [9] change

the construction of the Hilbert space and the operators given there to find
the exact asymptotic growth of Ck,∞(n), answering a question posed by
Dixon [6]. Their main result in [9] is the following theorem.

Theorem 3.2.2. For k ≥ 3, and 1 ≤ q < ∞, let Ck,q(n) be the smallest
constant such that

‖Q(T1, . . . , Tn)‖B(H) ≤ Ck,q(n) sup{|Q(z1, . . . , zn)| : ‖(zi)i‖q ≤ 1},

for every k−homogeneous polynomial Q in n variables and every n−tuple
of commuting contractions T with

∑n
i=1 ‖Ti‖q ≤ 1. Then

(i) Ck,∞ ∼ n
k−2
2

(ii) for 2 ≤ q < ∞ we have

log−3/q(n)n
k−2
2  Ck,q(n)  n

k−2
2 .

In particular, n
k−2
2

−ε  Ck,q(n)  n
k−2
2 for every ε > 0.

Considering Dixon’s estimate (3.2.2) we extend in Publication II the
multicentric calculus for an n−tuple of commuting contractions T =

(T1, . . . , Tn) by writing the components of the vector f(w) in the multicen-
tric representation (3.2.1) as a sum of m k−homogeneous polynomials, and
thus ϕ(z) becomes a sum of m multicentric decompositions ϕk, consisting
of k−homogeneous polynomials in variable w,

ϕ(z) =
m∑
k=0

ϕk(z). (3.2.3)

For these we can apply the functional calculus, since the von Neumann’s
inequality holds. Then the main estimate is obtained by summing up all
estimates for ϕk. Details are presented in Publication II.

Theorem 3.2.3. Let z ∈ Cn, p(z) = (p1, . . . , pn) be a vector of polynomials
such that for j = 1, . . . , n, pj is a monic polynomial of degree dj with distinct
roots and let ρj ≥ 0 satisfying |pj(zj)| ≤ ρj be such that the lemniscate
contains no critical points of pj . Let k ≥ 3 and let T = (T1, . . . , Tn) be an
n−tuple of commuting contractions. Denote

Vp = {z ∈ Cn : |pj(zj)| ≤ ρj , for j = 1, . . . , n}.

Then for all ϕ defined by (3.2.3) there holds

‖ϕ(T)‖ ≤ K sup
z∈Vp

|ϕ(z)|,
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Extension of multicentric holomorphic calculus to multiple commuting operators

with K being a constant that depends on the levels ρj ’s of the polynomials
pj ’s, on δj at the operator T and on the degree of ϕ but not on ϕ itself.

Remark 3.2.4. Note that the above estimates from Theorem 3.2.3 work
for any q such that 1 ≤ q < ∞ due to Theorem 3.2.2.

To summarize, we were able to extend the holomorphic multicentric
representation to a pair of commuting operators and we managed to find a
bound for the representation, knowing that the von Neumann inequality
holds for a pair of commuting contractions. Furthermore, considering
a smaller class of polynomials, i.e. k-homogeneous polynomials and a
suitable constant, we could extend the calculus even more, to n−tuple of
commuting operators and write the multicentric representation as a sum
of multicentric representations consisting of k−homogeneous polynomials.

Remark 3.2.5. We only considered the commuting case but the calculus
can also be carried out for non-commuting operators. To this end, a natural
functional calculus for a pair (A,B) of operators arises from associating
the function ϕ(A,B) with a scalar function ϕ(z1, z2) =

∑
i,j αijz

i
1z

j
2, that is,

ϕ(A,B)(C) =
∑
i,j

αijA
iCBj .

Here A would map in a Banach space X, B in Y while C is the “variable”
operator mapping Y to X.

It is easy to do the similar extension to multicentric but this was not
pushed in the thesis. However, in Publication IV, in particular, the
Sylvester equation is of this nature. For a glimpse of the non-commuting
case and the value it may bring for the multicentric representation in
general, one can check [21].
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4. A Banach algebra with a multicentric
calculus

4.1 Construction of the algebra

In [20] Olavi Nevanlinna extended the single variable multicentric holo-
morphic calculus (2.1.2) to functions that need not be differentiable, by
constructing a Banach algebra for Cd−valued continuous functions in such
a way that the original functions ϕ appear as Gelfand transforms. To this
end, a multiplication was defined, called ’polyproduct’ and denoted by �,
and an operator norm, ‖ · ‖, which is equivalent with the max norm.

In other words, after defining an operator norm, ‖ · ‖, the vector space
C(M)d of continuous functions f from a compact M ⊂ C into Cd, with the
operator norm ‖f‖ and the product � becomes a Banach algebra denoted
by CΛ(M). Then the function ϕ in (2.1.2) appears as the Gelfand transform
in the new algebra CΛ(M).

To extend the multicentric non-holomorphic functional calculus, shortly
described above, to pair of commuting operators, a multiplication and an
operator norm are defined. We use the multicentric representation of a
pair of commuting variables, (3.1.2), and then replace the variables by
operators.

The extension in our study only considers the commuting case, but there
can also be value in the non-commuting case and for this one can check [21].
The difficulties in moving to a pair of variables is not in lifting commuting
operators, but finding a Banach algebra which can then be identified with
the space of continuous two variable functions. We work this out by finding
a suitable product and operator norm which make the vector space of
continuous functions a Banach algebra. Then another difficulty is finding
the suitable cross norm so that the Banach algebra will be identified with
the tensor product of single variable Banach algebras. That is, being able
to identify the Banach space of continuous two variable functions with the
tensor product of continuous one variable Banach spaces. Finally, because
of these identifications we are able to apply the Gelfand theory and to
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A Banach algebra with a multicentric calculus

find the characters of the Banach algebra. It then turns out that this
represents, like in [20], the original functions as Gelfand transforms.

Let M1,M2 be two compact sets, hence M1 ×M2 is a compact set. Given
continuous vector-valued functions f mapping a compact M1×M2 ⊂ C2 into
Cd1×d2 determines a unique function ϕ on K1 ×K2 = p−1

1 (M1) × p−1
2 (M2)

given in (3.1.2) The Lagrange interpolation polynomials at λj and μk,

respectively, δ1,j ∈ Pd1−1, δ2,k ∈ Pd2−1, are given by

δ1,j(z1) =
w1

p′1(λj)(z1 − λj)
and δ2,k(z2) =

w2

p′2(μk)(z2 − μk)
.

From the single variable case we know that the space of continuous func-
tions from Mi to Cdi , i = 1, 2, that is, C(M1,C

d1), and C(M2,C
d2), together

with the multiplication and operator norm are the algebras CΛ1(M1) and
CΛ2(M2). Then the tensor product CΛ1(M1)⊗CΛ2(M2) will give the new alge-
bra structure for the two variable case, which is denoted CΛ1×Λ2(M1×M2).

The multiplication, �, in the vector space C(M1 × M2,C
d1×d2) and the

operator norm are below presented after few notations are in place. Set

L1 a matrix with zero diagonal and L1,jl =
1

λj − λl

L2 a matrix with zero diagonal and L2,km =
1

μk − μm

l1 a vector in Cd1 with elements l1,l =
1

p′1(λl)

l2 a vector in Cd2 with elements l2,m =
1

p′2(μm)
.

We use LT
1 , L

T
2 , l

T
1 and lT2 for the transpose of L1, L2, l1 and l2 respectively.

Then define for f ∈ Cd1×d2

�k : f �→ �kf =

⎛⎜⎜⎜⎜⎜⎝
0 f1,k − f2,k . . . f1,k − fd1,k

f2,k − f1,k 0 . . . f2,k − fd1,k

. . . . . . . . . . . .

fd1,k − f1,k . . . fd1,k − fd1−1,k 0

⎞⎟⎟⎟⎟⎟⎠
called the boxing of the kth column of f(w1, w2), and

j� : f �→ j�f =

⎛⎜⎜⎜⎜⎜⎝
0 fj,1 − fj,2 . . . fj,1 − fj,d2

fj,2 − fj,1 0 . . . fj,2 − fj,d2

. . . . . . . . . . . .

fj,d2 − fj,1 . . . fj,d2 − fj,d2−1 0

⎞⎟⎟⎟⎟⎟⎠
called the boxing of the transpose of the jth row of f(w1, w2). The boxing
notion was defined in [20] and here we use the same notion since the
formula agrees with the one in [20] if defined for one variable functions.
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Definition 4.1.1. Let f and g be pointwisely defined functions from M1 ×
M2 ⊂ C2 into Cd1×d2 . Then the ’polyproduct’ f � g is a function defined on
M1 ×M2 taking values in Cd1×d2 such that elementwise we have

(f � g)jk(w1, w2) = (fj,k ◦ gj,k)(w1, w2)

−w1(L1 ◦�kf(w1, w2) ◦�kg(w1, w2))l1

−w2l
T
2 (L

T
2 ◦ j�fT (w1, w2) ◦ j�gT (w1, w2))

+w1w2(l2 ⊗ l1)
T ((LT

2 ⊗ jL
T
1 ) ◦�jf

T (w1, w2) ◦�jg
T (w1, w2))

(4.1.1)

where by jL
T
1 we mean the transpose of the j−th line in L1, i.e. a vector in Cd1 ,

and for f ∈ Cd1×d2 we define �jf
T as the matrix in Cd2

1×d2with d2 columns, denoted
colk, for k = 1, . . . , d2.

Note that this definition does not present all formulas. They are long
and can be found in Publication III.

Let us, for short, denote X = C(M1 ×M2,C
d1×d2) and f ∈ X having the

norm
|f |∞ = max

j,k
max

M1×M2

|fjk(w1, w2)|,
for j = 1, 2, . . . , d1, k = 1, 2, . . . , d2. Thus X is a Banach space. Consider the
multiplication in the X being the one defined above. We proceed by looking
at how the product � is compatible with the norm in this Banach space X.

Thus is defined an operator norm that is equivalent with the norm on X.

Definition 4.1.2. For f ∈ X we set

‖f‖ := sup
|g|∞≤1

|f � g|∞.

This is a norm in X and it is equivalent with | · |∞.

Proposition 4.1.3. There is a C, depending only on M1 ×M2 and Λi, for
i = 1, 2 such that

‖f � g‖ ≤ ‖f‖‖g‖, (4.1.2)

|f |∞ ≤ ‖f‖ ≤ C|f |∞. (4.1.3)

We have now all ingredients for defining the Banach algebra.

Definition 4.1.4. The Banach space C(M1 × M2,C
d1×d2) of continuous

functions from compact M1 ×M2 into Cd1×d2 with the operator norm and
product � becomes a Banach algebra and is denoted by CΛ1×Λ2(M1 ×M2).

Moreover, CΛ1×Λ2(M1 ×M2) is a unital Banach algebra.
In the algebra setup the next step was to find a cross norm, say α,

on the completed tensor algebras CΛ1(M1)⊗̂αCΛ2(M2) which will help
in canonically identify this completed tensor algebra with the algebra
CΛ1×Λ2(M1 ×M2).

Now recall from [7] the following.

27



A Banach algebra with a multicentric calculus

Definition 4.1.5. Let X and Y be Banach spaces and X ⊗a Y be the
algebraic tensor product of X and Y as linear vector spaces over C. If for
u ∈ X ⊗a Y one defines

‖u‖γ = inf{
n∑

i=1

‖xi‖‖yi‖ : x1, . . . , xn ∈ X, y1, . . . , yn ∈ Y, u =

n∑
i=1

xi ⊗ yi},

then ‖ · ‖γ is a norm on X ⊗a Y. The completion of X ⊗a Y is the projective
tensor product of X and Y and is denoted X⊗̂γY.

Definition 4.1.6. Let X and Y be Banach spaces and X ⊗a Y be the
algebraic tensor product of X and Y as linear vector spaces over C. Let X∗

and Y ∗ be the dual of X and Y, respectively. If one defines for u ∈ X ⊗a Y

the norm given by

‖u‖ε = sup{|
n∑

i=1

ϕ(xi)ψ(yi)| : x1, . . . , xn ∈ X, y1, . . . , yn ∈ Y,

ϕ ∈ (X∗)1, ψ ∈ (Y ∗)1, u =

n∑
i=1

xi ⊗ yi},

where (X∗)1 and (Y ∗)1 denote the unit balls of the dual Banach spaces X∗

and Y ∗, respectively, then ‖ · ‖ε is a norm on X ⊗a Y. The completion of
X ⊗a Y is the injective tensor product of X and Y and is denoted X⊗̂εY.

Then for X and Y compact Hausdorff spaces

C(X)⊗̂εC(Y ) = C(X × Y ); (4.1.4)

and
C(X)⊗̂γC(Y ) = C(X × Y ) iff X or Y is finite, (4.1.5)

where C(X) means the space of continuous functions on X. The statement
given by (4.1.4) appears in [24] as well.

Furthermore, according to [7], if A1 and A2 are Banach algebras, then
A1⊗̂εA2 and A1⊗̂γA2 are Banach algebras. And, if A1 and A2 are commu-
tative with maximal ideal spaces M1 and M2, respectively, then M1 ×M2

is the maximal ideal space of both A1⊗̂εA2 and A1⊗̂γA2.

From [24] we learn that for a Banach space Y and a compact set M ⊂ C

the injective tensor product C(K)⊗̂εY can be identified with the Banach
space C(M,Y ) and the norm on this space is given by ‖f‖∞ = sup{‖f(t)‖ :

t ∈ M}. Moreover, this identification can be applied to get a representation
of a space of continuous functions of two variables as an injective tensor
product of two spaces of continuous functions, that is, for M1,M2 compact
spaces,

C(M1)⊗̂εC(M2) = C(M1 ×M2),

since C(M1 ×M2) can be identified with C(M1, C(M2)).

It was then easily shown in Publication III that the following holds.
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Theorem 4.1.7. The Banach space C(M1 × M2,C
d1×d2) can be canoni-

cally identified with the injective tensor product C(M1,C
d1)⊗̂εC(M2,C

d2),

in short
C(M1 ×M2,C

d1×d2) = C(M1,C
d1)⊗̂εC(M2,C

d2).

4.2 Application to the Gelfand theory

Next recall from [13] that given A1 and A2 two function algebras on com-
pact Hausdorff spaces M1 and M2, respectively, and setting A1⊗̂εA2 to
be the completion of A1 ⊗a A2 (the algebraic tensor product of A1 and
A2 ) under the ε−norm, then the ε−norm is identical with the uniform
norm on M1 ×M2 and C(M1)⊗̂εC(M2) = C(M1 ×M2). Thus A1⊗̂εA2 is a
Banach algebra. It is easily seen that A1⊗̂εA2 becomes a function algebra
on M1 ×M2, denoted by U .

Let M(A) denote the maximal ideal space of an algebra A. It is known
that M(U) is homeomorphic to M(A1)×M(A2), see Theorem 2 in [26].

Remark 4.2.1. For a commutative Banach algebra with unit, all characters
- complex homomorphisms - are automatically bounded and of norm 1. The
focus is then on maximal ideals since these are kernels of characters.

If we denote by A1 the commutative Banach algebra with unit CΛ1(M1)

and by A2 the commutative Banach algebra with unit CΛ2(M2), we have
that X = A1⊗̂εA2, where X = CΛ1×Λ2(M1 ×M2), is a Banach algebra with
unit as defined above. Hence it is easily seen that we have the identification

M(A1)×M(A2) = M(X).

In other words, one gets all the characters of the Banach algebra X out of
the characters of the Banach algebras A1 and A2. This is just Theorem 2

in [26].
Therefore, in the multicentric setup, the characters of X are given by

χ(z1,z2) : f �→
d1∑
j=1

d2∑
k=1

δj,1(z1)δk,2(z2)fj,k(p1(z1), p2(z2)) (4.2.1)

and the space of all characters of X will be given by the set

XX = {χ(z1,z2) : (z1, z2) ∈ p−1
1 (M1)× p−1

2 (M2)}.

Further work in Publication III shows that the multicentric representation
operator acts as the Gelfand transformation.

Definition 4.2.2. Given f ∈ CΛ1×Λ2(M1 ×M2) we set

f̂ : p−1
1 (M1)× p−1

2 (M2) → C2
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A Banach algebra with a multicentric calculus

f̂ : (z1, z2) �→ f̂((z1, z2)) =

d1∑
j=1

d2∑
k=1

δj,1(z1)δk,2(z2)fj,k(p1(z1), p2(z2)).

Let K1 ×K2 = p−1
1 (M1) × p−1

2 (M2). For f ∈ CΛ1×Λ2(M1 ×M2), since the
algebra CΛ1×Λ2(M1 ×M2) is commutative, then the spectrum σ(f) can be
expressed in terms of the Gelfand transform

σ(f) = {f̂((z1, z2)) : (z1, z2) ∈ K1 ×K2}.

Lastly, the semi-simplicity property of the algebra X is worked out. Recall
that an algebra A is semi-simple if radA = {0}.

Theorem 4 in [26] is saying that for given A1 and A2 commutative Banach
algebras the following holds:

1. If either A1 or A2 satisfy the condition of approximation then A1 ⊗̂ γA2

is semi-simple iff A1 and A2 are semi-simple.

2. Suppose that A1 ⊗̂ εA2 becomes a Banach algebra, then A1 ⊗̂ εA2 is
semi-simple if and only if A1 and A2 are semi-simple.

Therefore, since
X = CΛ1×Λ2(M1 ×M2)

is a Banach algebra, we get that X is semi-simple iff A1 = CΛ1(M1) and
A2 = CΛ2(M2) are semi-simple. In [20] it is shown that CΛ(M) semi-simple
iff M contains no isolated critical values of p.

To summarize, we have defined a product and an operator norm so
that the constructed tensor product Banach algebra can be associated
with the tensor product of one variable algebras. Then, with a suitable
cross norm, the space of continuous functions C(M1 × M2) is identified
with the completed tensor product of one variable continuous functions,
C(M1), C(M2). Hence we have identified the tensor Banach algebra with
the space of continuous functions, we extended the multicentric calculus to
a class of functions ϕ for which the constructed Banach algebra structure
give the Gelfand transform, we have showed that all the characters in that
algebra are determined by the characters in the single variable algebras
and we formulated the condition for the algebra to be semi-simple.
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5. Change of variables using rational
functions

The single variable multicentric calculus is further developed in Publica-
tion IV where the authors studied the necessary modifications needed if
rational function r = p/q are taken as new variables. This allows one to
have a representation for functions in sets that need not be polynomially
convex, by considering r = p/q with q of lower degree than p. In such case,
much of the multicentric calculus carries over with minor changes.

5.1 Representation using rational functions as variables

We start by formulating a result equivalent to Hilbert lemniscate lemma,
approximating any compact set arbitrarily well in a neighbourhood of it.
Given a compact K such that C \K is simply connected and ε > 0 there
exists a polynomial p such that if

Vp = {z ∈ C : |p(z)| ≤ 1}
and Kε = {z : dist(z,K) ≤ ε}, then

K � Vp � Kε.

Here � means that the smaller compact is included in the interior of the
larger compact.

Suppose r = p/q is a rational function, with p and q having no common
roots. Set

Vr = {z ∈ C : |r(z)| ≤ 1}. (5.1.1)

As we do not have control of the size of r globally we restrict Vr into a
compact set. Denote by Γε the following compact set surrounding K:

Γε := Kε \ int Kε/2. (5.1.2)

Theorem 5.1.1. Given a compact K ⊂ C and ε > 0 let Γε be as in (5.1.2).
Then there exists a rational function r such that

K � Vr and Vr ∩ Γε = ∅. (5.1.3)
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Change of variables using rational functions

Further, the rational function r = p/q can be so chosen that deg q < deg p.

Then, another result is formulated as a corollary, where the spectrum
of operators play the role of the compact set. Given a bounded operator
A in a Banach space X , A ∈ B(X ), fix ε > 0 and let r = p/q be as in the
above Theorem when the spectrum σ(A) is taken as the compact set K.
In particular, r is holomorphic in the spectrum and r(A) is a well defined
bounded operator. Then

‖r(A)m‖1/m → ρ(r(A)) = sup
z∈σ(A)

|r(z)|.

Since r is not a constant, and σ(A) � Vr, we have by maximum principle

sup
z∈σ(A)

|r(z)| < 1.

But then there exists n such that ‖r(A)n‖ < 1. Denote by p̃ a tiny per-
turbation of pn so that all roots of r̃ = p̃/qn are simple and we still have
‖r̃(A)‖ < 1. In order to formulate the corollary, let us denote by Γε the set
surrounding the spectrum as in (5.1.2) with σ(A) = K.

Corollary 5.1.2. Given a bounded operator A ∈ B(X ), fix an ε > 0 and
denote by Γε the set around the spectrum σ(A) as above. Then there exists a
rational function r = p/q, such that deg q < deg p where p has simple roots
and ‖r(A)‖ < 1, while |r(z)| > 1 for z ∈ Γε.

Let r = p/q with p having d simple roots Λ = {λj} so that q(λj) �= 0 and
such that d = deg p > deg q. Denoting by δj the rational functions

δj(z) =
r(z)

r′(λj)(z − λj)
(5.1.4)

we consider representations of scalar functions ϕ in the form

ϕ(z) =
d∑

j=1

δj(z)fj(w) where w = r(z). (5.1.5)

The assumptions that the roots of p are simple and that q is of lower
degree than p are not necessary, but made for simplifying the discussion.

Modifying the discussion in section 2.1 in [19] we easily show the exis-
tence and uniqueness of the new representation, (5.1.5).

Assume now that M ⊂ C is compact and let K = r−1(M). Denote by
M0 = M \ Wc where Wc denotes the set of critical values of r and put
K0 = r−1(M0).

Proposition 5.1.3. Given a function ϕ mapping K0 → C, with K0 as above.
Then there exists a unique f mapping M0 → Cd such that

ϕ(z) =

d∑
j=1

δj(z)fj(r(z)) (5.1.6)
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Change of variables using rational functions

holds for z ∈ K0. The function f inherits the smoothness of ϕ. In particular,
if ϕ is continuous or holomorphic in K0, then f is continuous or holomorphic
in M0.

At a critical value wc there are fewer equations and fk(wc)s do exist, but
they are not unique. It is therefore of interest to study what continuity
conditions on ϕ guarantee continuity of fks at critical values. Using the
Cauchy integral we see that if ϕ is holomorphic in K, then f can be
extended from M0 to M so that it is holomorphic also at the critical values.

Lemma 5.1.4. Let deg q < deg p and denote by Zq the zeros of q. Assume
z /∈ Zq. Then

d∑
j=1

δj(z) = 1. (5.1.7)

In the non-holomorphic case things are worked out following [20]. Let
{ei} denote the standard basis of Cd. Assume we are given a d× d multi-
plication table Σ = {σij} and a frozen w ∈ M .

Definition 5.1.5. Let p be monic of degree d with simple roots {λj} and q of
degree at most d−1, with q(λj) �= 0 and denote r = p/q. If the multiplication
table satisfies

σij =
1

r′(λj)

1

λi − λj
, (5.1.8)

then we say that the product � in CΣ(M) is determined by the rational
function r.

Theorem 5.1.6. In the unital commutative Banach algebra CΣ(M) with Σ

generated by a rational function as in Definition 5.1.5, all characters are of
the form

χz : f �→
d∑

i=1

δi(z)fi(w). (5.1.9)

In particular the Gelfand transformation f �→ f̂ is given by f̂(z) = χz(f).

5.2 Applications and remarks

Publication IV presents two applications, one to the Sylvester equation
and one to K-spectral sets.

Let A and B be bounded operators in Banach spaces X , Y respectively.
Then AX −XB = C is the related Sylvester equation, where C is a given
operator and X the unknown, both mapping Y to X . It is well known [2]
that a unique bounded X exists for every bounded C if and only if A and B

have disjoint spectra: σ(A)∩σ(B) = ∅. In Section 5 of [21], the multicentric
calculus was applied to the case where the polynomial convex hulls of the
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spectra were disjoint: σ̂(A) ∩ σ̂(B) = ∅. The solution was constructed as
a convergent power series provided that one has a polynomial lemniscate
which separates the spectra into different components. When using ratio-
nal lemniscates we can remove the need to assume that the polynomially
convex hulls do not intersect.

It was shown in [18] that polynomial lemniscate sets are K-spectral sets,
provided that the boundaries are smooth, meaning that they do not contain
critical points. As a second application, it is shown that this extends to
rational lemniscates as well. Details can be checked in Publication IV.

Remark 5.2.1. We did not consider a general rational function, but if we
think of the case where the degree of q is greater than the degree of p,
then we can not have (5.1.7) holding true. But it does not mean that this
would not be useful. Doing that, then one could represent 1/variable. In
the complement of compact sets such can be useful.

On the other hand, if p and q are of the same degree, it can be done
but for a special reason. It would allow one to look at half plane. Simple
Möbius transformation can map inside a disc. Taking a polynomial, then a
Möbius transformation and have a rational with same degrees is possible,
but the need must be already known.

OR (last paragraph): On the other hand, we can consider p and q having
the same degree and work out the calculus for such a case, but the reason
must be known. It would allow one to look at half plane. For this case, we
could take a polynomial and then a Möbius transformation, since simple
Möbius transformation can map inside a disc.
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