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Abstract 
In this thesis, the nature of dynamic planning and scheduling in MTO (Make-to-order) pro-
duction was investigated, by building a MIP (Mixed integer programming) model with the 
objective of workload levelling. MTO production initiates processing of products after re-
ceiving customer orders. In addition to this, ordered products are customizable and include 
lots of variation. This makes it an uncertain environment, which is why dynamic scheduling 
as well as various rescheduling strategies must be introduced to account for it, and more 
accurately adapt to fluctuation of incoming orders. Suitable algorithms for optimizing the 
schedules in MTO production could be integrated to the production planning and control 
framework by applying suitable software modules. Furthermore, with a sufficient integrality 
the system could account for change, and if necessary reoptimize the schedule. 
 
The MIP model was coded in a Python environment and solved using a commercial math-
ematical programming solver called Gurobi. The objective for the model was to minimize 
the sum of resource load peaks. Parameters typical to the MTO industry were generated 
with different probability distributions to account for variation. In addition to parameter 
variations of product specifications, arriving orders and due date timing slack, model vari-
ations involving distribution of workload, strictness of timing templates and change in pe-
riodical scheduling frequencies were included. Moreover, objective shifting either forward 
or backward was also examined. The procedure of running the experiments included im-
porting the randomly generated orders to the optimization environment, where schedules 
were optimized consecutively with all three algorithms. The optimized schedules were sub-
sequently exported for further analysis, where statistical significance between variables and 
algorithms among other things were examined. 
 
Results showed that increasing the variation of products, generally decreases the goodness 
of the objective value. Increasing the slack in due date timing improved all algorithms by 
giving more freedom for scheduling or rescheduling. Replanning frequency did not impact 
rescheduling algorithms significantly, but less frequent replanning improved the frozen 
strategy significantly. Free rescheduling strategy was seen as the best option when resched-
uling frequently. Furthermore, it required a significant amount of computation power.  
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Sammandrag 
I detta arbete undersöks dynamisk planering och skedulering i MTO (Make-to-order) pro-
duktionen med att bygga en MIP (Mixed integer programming) modell med målet att ut-
jämna arbetsbelastningen. MTO produktionen påbörjar produktion när inkommande beställ-
ningar har blivit mottagna. Utöver detta, är beställda produkter anpassningsbara och inne-
håller mycket variation. Detta gör det till en osäker process, vilket är orsaken till att dyna-
misk skedulering och diverse omplanerings strategier införs för att anpassa sig till fluktuat-
ionen av inkommande beställningar. Lämpliga algoritmer för optimering av scheman i MTO 
produktion skulle kunna integreras i ett affärssystem med att installera lämpliga programva-
rumoduler. Dessutom, med en tillräckligt bra helhet skulle systemet kunna reagera på för-
ändring i produktion, och om nödvändigt återoptimera schemat. 
 
MIP modellen kodades i Python utvecklingsmiljön och löstes med Gurobi som är en kom-
mersiell programvara som löser modeller som består av matematisk programmering. Målet 
för modellen var att minimera summan av resursernas belastningstoppar. Typiska parametrar 
i MTO industrin genererades med olika sannolikhetsfördelningar för att iaktta variationen. 
Utöver parametervariationerna för produktspecifikationerna, inkommande beställningarna
och marginalen av beställningarnas förfallodatum, användes modellvariationer som arbets-
belastningens fördelning, flexibilitet av jobb inom beställningarna, och olika frekvenser av 
omplanering. Dessutom användes också förskjutning av arbeten framåt och bakåt i schemat. 
Körandet av experimenten inkluderade slumpmässigt genererade parametrar som fördes till 
optimeringsmiljön där alla algoritmers scheman optimerades efter varandra. Optimerade 
scheman fördes därefter vidare för analysering, där bland annat statistisk signifikans bland 
variabler undersöktes.  
 
Resultaten visade att mera variation av produkter, försämrar resultaten av målet i allmänhet. 
Med att öka marginalen från beställningen till förfallodatum, försäkrar man bättre resultat 
för alla algoritmer tack vare ökad frihet i skedulering och omplanering. Omplaneringsfre-
kvensen inverkade inte omplaneringsalgoritmerna, men att omplanera mera sällan resulte-
rade i en märkbar förbättring av målresultatet med frusna strategin. Fri omplanering funge-
rade bäst när omplanering sker mera frekvent. Å andra hand så krävde denna algoritm 
mycket tid för att optimera schemat.  

Nyckelord MTO, MIP, skedulering, planering, dynamisk, optimering, arbetsbelast-
ningsutjämning, matematisk programmering 
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Symbols and abbreviations 
Symbols 
 
α Shape parameter for gamma distributions or negative-exponential distributions 
λ Scale parameter for gamma distribution or negative-exponential distributions 
I Number of jobs 
K Number of resources 
P Job durations 
D Due dates of orders 
A Earliest starting time of orders 
T Time horizon 
WC Work contents of jobs 
M Big number 
Ci Completion times of jobs, auxiliary variable 
Rikt Resource workloads from jobs, where job = i, resource = k, time = t 
fk Resource load peak 
cit Job completion indicator which takes the value 1 if job is finished at time t, oth-

erwise it is 0 
Sit Job workload, auxiliary variable which is used as output 
Xit Auxiliary variable which takes the value 1 if job is ongoing 
Rn Rescheduling points in rolling horizon example 
r Replanning frequency / Time between rescheduling points 
u Weight used for forward and backward planning objective 
O Set of orders 
s Starting point of current time schedule in dynamic algorithms 
e Ending point of current time schedule in dynamic algorithms 
j Previous job ranging from 1…i, where i is the current job 
ai Arrival time of job i. Arrival of orders is equal to earliest starting times 
ST Starting time of jobs 
  

 

Abbreviations 
 
ANOVA Analysis of Variance 
APS Advanced Planning Systems or Advanced Planning and Scheduling 
CP Constraint Programming 
CPU Central Processing Unit 
CV Coefficient of Variability 
DDT Due Date Tightness 
EDD Earliest Due Date first 
ERD Earliest Release Date first 
ERP Enterprise Resource Planning 
HPS Hierarchical Planning System 
HSD Honestly Significant Difference 
IP Integer Programming 
JWCV Job Work Content Variability 
LP Linear Programming 
LPT Longest Processing Time first 
MANOVA Multivariate Analysis of Variance 
MILP Mixed Integer Linear Programming 
MIP Mixed Integer Programming 
MIQCP Mixed Integer Quadratically Constrained Program 



12 

 

MIQP Mixed Integer Quadratic Programming 
MPS Master Production Schedule 
MRP I Material Requirements Planning 
MRP II Manufacturing Resource Planning 
MS Minimum Slack first 
MTO Make-To-Order 
MTS Make-To-Stock 
NLP Non-Linear Programming 
OAS Order Acceptance and Scheduling 
OIT Order Interarrival Time 
PV Product Variability 
QCP Quadratically Constrained Program 
QP Quadratic Programming 
SIRO Service In Random Order 
SOCP Second-Order Cone Programming 
SPT Shortest Processing Time first 
VBA Visual Basic for Applications 
WIP Work-In-Progress 
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1 Introduction 

Manufacturing and service industries commonly use decision-making processes such as planning and 
scheduling for their essential part in production, procurement, transportation, distribution, infor-
mation processing and communication. Planning and scheduling functions usually rely on mathemat-
ical techniques and heuristics to allocate limited resources to certain activities that must be done. This 
usually includes optimization of objectives so that the goals are fulfilled. 
 
A scheduling problem usually includes resources, activities, and objectives. Resources can for in-
stance be machines in a workshop, whereas activities could be operations in a workshop including a 
priority like earliest possible starting time and a due date. The objective for a scheduling problem 
could be for example to minimize the amount of activities that are completed after the committed due 
dates e.g. tardiness. (Pinedo 2005, p.3) 
 
MTO (Make-to-order) production is recognized by its uncertainty of incoming orders. Namely, the 
production is not initiated until customer orders have been received (Smith, Tan 2013, p. 214). The 
uncertainty can depend on product size and variation as well as the number of incoming orders, with 
specifications such as required due dates (Stevenson et al. 2005, p. 873). Moreover, this can result in 
great fluctuation in workload which causes instability in the system if not levelled. In other words, it 
is important to control and restrict the workload from exceeding potential capacity limits (Bertrand, 
Van Ooijen, H. P. G. 2002, p. 669). 
 
This thesis builds a mathematical programming model to optimally schedule incoming orders in a 
MTO scenario. The model is MIP based and consists of different variations, which might affect the 
quality of the results. The most significant trait that resembles the MTO environment is the dynamic 
nature of the algorithms. A discrete time rolling horizon approach is used where incoming orders are 
scheduled periodically on different scheduling intervals. The algorithms have the same foundation, 
but the rescheduling strategy differs from each other. Three different scheduling strategies are intro-
duced, where one does not allow rescheduling and two others allow it. The frozen algorithm does not 
allow change in scheduled jobs. The postponement and free rescheduling algorithms allow jobs to be 
repositioned in the schedule if precedence constraints are complied with. The prior rescheduling strat-
egy allows jobs to be postponed if the time horizon allows it, whereas the latter allows free reposi-
tioning of jobs within its time horizon. 
 
In addition to the various algorithms, the thesis accounts for different parameter settings such as due 
date tightness and product variation, which are generated with probability distributions. Furthermore, 
other parameters such as order interarrival time and job work content variation are stochastically 
generated and magnify the unpredictable nature of MTO production. Changes in these parameter 
values and input data are important to find possible dependencies in the experiments.  
 
Model variations are also included in the experiments, where different aspects of the model are in-
vestigated. Such variations include distribution of workload either evenly or freely, fixed- or free 
timing between precedence of jobs within an order, and objective shifting forward and backward with 
a small weight. Furthermore, the scheduling interval or the so-called replanning frequency is altered. 
The chosen variations in this thesis are considered to have significant impact on the production strat-
egy applied in MTO scenarios. 
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The constraints and restrictions used in the models are on a quite general level compared to real world 
MTO manufacturing. The thesis emphasizes the dynamic nature of scheduling and planning rather 
than the complexity of MTO production. Other factors such as capacity constraints as well as order 
acceptance are quite relevant matters that may be included in more precise models designed for MTO 
production. Furthermore, the model built in this thesis with all its variations can be thought of as a 
guideline or general model for MTO production. Moreover, further variations and complexifications 
should be easily applicable to the existing model for further research.  
 
In this thesis some of the terms might vary from common terminology used in similar studies. For 
example, the term order in this study correlates to the term job used in other papers. Furthermore, 
tasks or operations are called jobs in this study. 

1.1 Goals 

The goals of this thesis are to investigate options to dynamically schedule and plan jobs in MTO 
production. Modelling and planning are often done in a deterministic and static way, where every-
thing is known and executed beforehand. In reality, orders arrive randomly, and they must be planned 
at certain timepoints instead of scheduling all orders at once.  
The goal is to build a model that can dynamically plan the orders into the schedule with a certain set 
of rules, that must be followed.  
 
The following research questions are sought to be answered in this thesis: 

 Can an effective mathematical programming model be built for dynamic planning? 
 Which model variations are useful in different scenarios in MTO production? 
 How does changing product and process parameters affect the results of resource load level-

ling? 
 What effect does change in the replanning frequency have on the models? 
 Which rescheduling strategy is optimal in different scenarios? 

These research questions are answered in chapter 6. 

1.2 Scope and constraints 

The scope of this thesis is to build a mathematical programming optimization model for dynamic 
scheduling in MTO manufacturing. The purpose is to generate optimal schedules for randomly arriv-
ing orders, due to the dynamic nature of MTO industry. The initial model is suitable for static scenar-
ios. The dynamic trait is later introduced by applying dynamic constraints into the model, which are 
updated each time jobs are compared with each other. Moreover, the dynamic nature of the model 
will use a rolling horizon strategy. The scope focuses on the behaviour of model, parameter, and 
algorithm variations on the resource load levelling objective. Rather than building an overconstrained 
precise model, a more general approach is used. 
 
The thesis does not consider order acceptance nor limitations on the capacity which might be used in 
other scheduling problems. Furthermore, capacity is considered to be unlimited, allowing all incom-
ing orders to be scheduled without exceeding any deadlines. This is a simplification that should not 
be used in case examples since the resources usually have limited capacities. Multiple orders arriving 
rapidly, and short timing between arriving of orders and their due dates would result in a significant 
increase in workload. If capacity was constrained this could lead to orders being late due to insuffi-
cient capacity. However, this thesis investigates the impact of different variations on resource load 
levelling, which does not require such settings of the model. 
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The model used in the experiments resembles the closed job shop, where every order has a fixed 
number of jobs, and the sequence stays the same. However, product variation exists. The system can 
be described as an assembly line, including four stages. The stages follow a set of precedence con-
straints which result in the last stage being the assembly phase. The variations used in the experiments 
mostly affect the product properties rather than those of the process. In other words, the process 
structure remains the same throughout the experiments. 
 
The literature review includes information considered relevant to the topic. Initially, MTO production 
is briefly introduced, followed by relevant processes used in MTO such as job shops and flow shops. 
Furthermore, different topics related to production planning and control are reviewed. This includes 
workload control and different methods to integrate planning related tasks with software modules. 
Scheduling and sequencing are introduced by reviewing relevant matters helpful to the model build-
ing in chapter four. Followed by this, industrial production planning and scheduling is introduced, 
where topics like model building and updating production schedules are reviewed. Different mathe-
matical programming techniques are also introduced, whereas mixed integer programming is used 
for the model in this thesis. Moreover, mathematical optimization methods are reviewed, which are 
of importance and used in the commercial optimizer Gurobi used in this model. Furthermore, sto-
chasticity with different probability distributions used in the data generation is discussed. The litera-
ture review is concluded by discussion about statistical analysis. 

1.3 Structure of the thesis 

The thesis consists of a theoretical part and a research part. The theoretical part is based on a literature 
research on topics relevant for conducting the research part. Moreover, previous research on the topic 
is also reviewed in the theoretical part. The research part is based on the theory reviewed and earlier 
research on the topic. The research part consists of model building, definition of design of experi-
ments, as well as presentation of results and analysis. The structure of the thesis chapter-wise is the 
following: 
 
Chapter 1 consists of a general introduction to the topic, a brief mention of the goals and the research 
questions, as well as the scope of the research with constraints. Chapter 1 concludes with a 
walkthrough of the structure chapter by chapter. Chapter 2 consists of a literature review, where all 
essential material needed for building the models used in the research experiments are reviewed. 
Chapter 3 reviews a handful of previous research, similar to the topic in this thesis. Here, research 
papers made by other authors are reviewed and compared to the experiments made in this thesis.  
 
In chapter 4 the models used for mathematical programming are formulated. First the static model is 
described, including its parameters, constraints, variables, and the objective. After the static model 
has been formulated the dynamic scenarios are described. Chapter 4 also defines all model, parameter, 
and objective variations. Furthermore, the chapter includes a definition of data structure, an introduc-
tion to the commercial optimization software Gurobi, the design of experiments, as well as the simu-
lation setup and brief discussion about the credibility of the data. In chapter 5 results are presented 
and analysed. The analysis includes interpretation of objective results and run times, as well as a 
statistical analysis where significance between model, parameter, and objective variations and the 
dependent algorithm is examined. Chapter 6 includes conclusions of the study, practical implications, 
limitations of the study and suggestions for further research. Finally, chapter 7 concludes the paper 
with a summary. 
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2 Literature review 

This chapter explains theory which is relevant to dynamic planning and scheduling in industries, 
especially Make-to-order production. Basic information about terms and essential methodology is 
explained, so that the reader can get a good understanding of the process.  

2.1 MTO production 

MTO (Make-to-order) production can be defined as a production process where production releases 
are begun to meet customer demand i.e. orders. MTS (Make-to-stock) production differs from MTO 
in such a way that production is initiated to fulfil the inventory to a predetermined target level.  
Systems are often controlled with push or pull methods. Pull control can be defined as a method 
where production responds to need, while push control responds to calculated future need. (Smith, 
Tan 2013 p. 213-215) 
 
According to Stevenson et al. (2005) MTS production is more predictable compared to MTO produc-
tion since the MTS business includes more repetition in production. It is important to plan and control 
MTO businesses carefully since they are not as predictable as MTS businesses, and a mistake in 
planning and control might get very expensive. MTO is becoming more popular since the need for 
specialized products is increasing.  
 
Factors affecting the difficulty of production planning and control in MTO production are the lack of 
accuracy in forecasting demand; ordering materials and producing products in advance; or applying 
batch production methods in an effective manner. Furthermore, the variety of jobs including produc-
tion, and material requirements are different for most of the jobs. In conclusion, the lack of conformity 
between the jobs makes the production planning and control difficult.  
 
The shop configuration used in MTO production mainly focuses on job shops, since here the routing 
is random between the workstations, whereas in flow shops the sequence is strictly prohibited to one 
direction between the machines.  (Stevenson et al. 2005, p. 870 - 872) 

2.2 MTO processes 

This section introduces a couple of process layouts that are associated with MTO production. Job 
shop is the most used process in MTO, but the process structure used in this thesis resembles both 
flow- and job shop layouts. 

2.2.1 Flow shop 

A flow shop can be defined as a processing system where the orders follow the chain precedence. 
This means that every order flows through the workstations in the same sequence. In other words, an 
order is based on different jobs which always follow the same specified sequence. In pure flow shops 
every order has a certain number of jobs, which visit all stages in the process. This process can be 
seen in figure 1.  
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In general, these orders may have less jobs, which results in skipping some stages, but an assumption 
that the job never revisits a preceding stage can be made. There is a variation called re-entrant flow 
shops where the jobs may cycle back for reprocessing at the same station it has been processed at. 
 
Some characteristics that define the simple flow shop are: 
 

 Each job of an order requires a different machine, while keeping the same sequence for each 
order. 

 Each workstation can handle one job at a time. 
 All orders are available simultaneously in the beginning. 
 Each order can only be processed on one machine at a time. 
 No pre-emption is allowed, which means that jobs must be completed without interruption. 
 When an order is completed on one machine it is immediately ready for processing on the 

next machine. Furthermore, there are no delays due to factors such as transfer lags or trans-
portation between the machines. 

 WIP between successive machines is unlimited, i.e., intermediate storages or queues. 
 
The general job shop can be described exactly as the simple flow shop, with the difference being that 
required machine sequence can vary between orders.  (Emmons, Vairaktarakis 2012, p. 3-8) 

2.2.2 Job shop 

A job shop is a production environment which is characterized by a wide variety of products with 
various routings and processing times. It is commonly used in mechanical industry, for example in 
component manufacturing. Furthermore, it is usually used in a MTO environment where production 
is dependent of customer specifications and done in small batches. The circumstances are typically 
very dynamic in job shops, which means that there are a lot of factors that affect the outcome of 
production. These dynamic circumstances can be categorized as internal and external. Internal dy-
namics are related to machine breakdowns, production rates, absent operators, quality problems, pro-
duction yields and so on. External dynamics are related to rush orders, product variety and volumes 
demanded. A job shop is dynamic if the variables described by probability distributions vary as a 
function of time. (Land, Gaalman 1996 p. 535) 
 
A flexible job shop includes a number of workcenters, where each of these include a certain amount 
of parallel machines which are identical to one another. When a workcenter receives a job, it may be 

Figure 1: The workflow in a pure flow shop. (Baker 2009, Section 10.1) 
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processed on any machine situated at the workcenter. As mentioned earlier a job shop is common in 
industries where every order made by a customer is unique with its own parameters. A good example 
of a job shop is hospitals. In hospitals, each patient can be considered as a job, where the patients 
need different treatments at different stations throughout the system.  (Pinedo 2005 p. 83) 
 
An example of the workflow in a job shop can be seen in figure 2. 

 
The difference between a closed job shop and a pure job shop is the nature of assigning the incoming 
orders to the machines. The orders incoming in a closed job shop environment must have one number 
of specified routings, which represent a fixed line of products. Whereas in a pure job shop the orders 
might take any of the possible machine routings, which is common for a facility producing custom-
ized products.  (Baker 2009, Section 15.2) 

2.3 Production planning and control in MTO 

There are multiple different planning software, which might be used depending on what is required 
of them. Some commonly used systems for planning and scheduling are listed in the sections of this 
chapter.  

2.3.1 MRP and ERP 

According to  Stevenson et al. (2005) MRP (Material Requirements Planning) is a periodic push-
based system, which is designed for complex production planning environments. The benefits that 
MRP brings are improved customer service and production scheduling, as well as reduced manufac-
turing costs. MRP II (Manufacturing Resource Planning), is an updated version of MRP I, and of-
fers better functionality. Namely, it can integrate more modules and company operations. MRP I 
only considers materials, while MRP II includes both materials and resources. (Stevenson et al. 
2005, p. 873-874) 

ERP (Enterprise Resource Planning) is defined by systems designed for planning and scheduling all 
internal resources in a company. In other words, its goal is to computerize all areas within a busi-
ness with software modules customized for ones needs. Typical software modules in ERP are: 

Figure 2: The workflow in a jobs shop. (Baker 2009, Section 14.1) 
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 Accounting 
 Master scheduling 
 Material planning 
 Inventory 
 Forecasting 
 Finite scheduling 
 Distribution planning 
 Engineering 

Although ERP systems might be beneficial to companies, the implementation of them can be com-
plex, and if the implementation fails it can be costly. (Muscatello et al. 2003, p. 850-852) 

2.3.2 Advanced planning systems (APS) 

APS (Advanced Planning Systems) or (Advanced Planning and Scheduling) is a software suite, 
which consists of several modules, where information flows in between. These modules are custom-
izable to ones needs for a supply chain, but as for ERP this is challenging. It does not substitute 
ERP, but rather supplements it. Furthermore, ERP acts as a transaction and execution system and 
APS takes over the planning of tasks.  (Stadtler et al. 2015, p. 18) 

Figure 3 shows the supply chain planning matrix, which can be considered a HPS (Hierarchical 
Planning System). The APS with its modules, can be divided into short-term-, mid-term- and long-
term planning. Long-term planning includes strategic decisions in the time unit of years. Mid-term 
planning includes strategic decisions, where the operations are regular. The planning horizon is typ-
ically from six months to two years. Short-term planning is the lowest planning level where the 
most precise planning and control occurs. The horizon is typically between a few days and three 
months.  (Stadtler et al. 2015, p. 82) 

The horizontal information flow includes, customer orders, sales forecast, internal orders for ware-
house refilling, production in various departments and purchasing orders to the suppliers, which 
means that basically the whole supply chain is driven by customers. The information does not have 
to be with the immediate neighbour in the matrix. In fact, all horizontal information flow between 
modules improves the performance significantly. The vertical information flows downward to coor-
dinate subordinate plans according to the results of the higher plans. The upward flows give the 
long-term planning information about lower-level processes, from which changes can be made.  
(Stadtler et al. 2015, p. 92) 

Short-term includes detailed scheduling, while mid-term and long-term apply aggregate planning. 
This means that the degree of detail decreases by aggregating data. When moving vertically up-
wards in the HPS, products are aggregated into product groups, resources into capacity groups, and 
time into longer periods.  (Stadtler et al. 2015, p. 75) 
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This thesis focuses mainly on the short-term and mid-term production part of the supply chain plan-
ning matrix, with aggregate planning of MTO production, and resource load levelling as the objective. 

2.3.3 MPS 

The MPS (Master Production Schedule) is used for maintaining customer service levels and keep-
ing production planning stable in a MRP environment. When planning the MPS it is important to 
reduce the amount of instability in the schedule, since it might result in collapsing of the MRP. 
(Tang, Grubbström 2002, p. 323) The MPS belongs to the mid-term planning in the supply chain 
planning matrix.  

2.3.4 Replanning 

Manufacturing environments are dynamic of nature, which is why orders scheduled by MRP are 
only valid for the time-period when they were generated. Replanning might be defined as a refor-
mulation of an existing plan, due to changes or events that might occur between planning periods.  
(Barrett, LaForge 1991, p.569) 

2.3.5 Workload control 

According to  Bertrand, Van Ooijen, H. P. G. (2002) workload, or WIP (Work in Progress) is a 
measure of the amount of work orders on the shop floor. In their study, workload control was im-
plemented to a job shop environment, where its impact on production was examined. The results 
showed that controlling the workload, has significant benefits in production, such as decreasing the 
throughput time and improving output. Furthermore, by controlling the workload, steady perfor-
mance can be guaranteed despite the variability in amounts of orders arriving. 

If a production facility has a high production efficiency, and products are made at maximum capac-
ity, the system can become unstable since workload is too high. Moreover, this may result in such a 

Figure 3: Supply chain planning matrix.  (Stadtler et al. 2015, p. 87) 
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scenario where the systems input is higher than its corresponding output and recovery is impossible. 
Controlling the workload is important in systems where utilization of resources is high, order arrival 
pattern is unpredictable with variability, and generally where effective processing times are related 
directly to workload. 

The relationship between workload and efficiency can be based on human factors as well. An in-
crease in work orders increases the amount of encouragement of the workers on the shop floor. En-
couragement can act as a stressor for operators. On the other hand, a too small amount of workload 
can cause the operators to idle, which results in productivity loss due to the lack of stress factors. 
The goal is to find an optimum workload, that increases efficiency.  (Bertrand, Van Ooijen, H. P. G. 
2002, p. 667) 

2.4 Scheduling and sequencing 

A schedule is a sort of plan for different tasks or events, telling us when these will take place. For 
example, a bus could be scheduled to arrive on a certain bus stop every day during a week at 8:00 
am. Moreover, the scheduled tasks can be performed in sequences, which can be defined as orders of 
different tasks. For example, the bus arrives at the bus stop after maintenance and cleaning has been 
done. 
 
Scheduling in industries, usually involve a set of jobs, that must be carried out by a set of resources 
with the possibility to finish them. The main goal is to determine starting and finishing time of these 
jobs, by acknowledging the restrictions on the resources. Restrictions or boundaries in scheduling 
problems could be earliest possible starting times, job durations and deadlines. Furthermore, tasks 
could have sequential restrictions such as specified precedence between them. 
 
The scheduling problem also includes an objective function, which must be determined by the deci-
sion-maker. The ideal objective should include all costs related to the scheduling decisions, but some 
of these costs are hard to determine. Three most common objectives in scheduling problems are: 
 

 Turnaround 
 Timeliness 
 Throughput 

 
Turnaround measures the time it takes to finish a job, timeliness measures how close a jobs comple-
tion is in relation to its deadline, and throughput measures the amount of work done for a fixed time-
period.  (Baker 2009, Section 1.1) 
 
Scheduling problems can be solved with mathematical models. The decision-makers goals are inter-
preted in the objective function, and practical attributes are applied into a mathematical form. In 
scheduling problems related to industry, resources are usually referred to as machines, and tasks as 
jobs. A model might have either a single or multiple machines. For example, if multiple machines are 
used the model might contain various jobs. Furthermore, the availability of machines might be either 
parallel or in unit amounts. If the constraints in the model are certain it is called deterministic, and if 
there is uncertainty with probability distributions it is called stochastic. Moreover, the system might 
either be static, meaning that the set of jobs scheduled does not change over time, or dynamic meaning 
that new jobs appear over time.  (Baker 2009, Section 1.2) 
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2.4.1 Dynamic scheduling 

Usually manufacturing systems are based on dynamic environments, where real-time events affect 
the scheduled processes, which is why static or near optimal predictive schedules are insufficient 
and yields infeasible or non-optimal schedules. 

There are two types of real-time events considered in literature, which are based on resources and 
jobs. Resource-related events can be for example machine breakdowns or lack of materials. Job-re-
lated events can be rush jobs or due date changes etc. Dynamic scheduling approaches can also be 
categorized into completely reactive scheduling, predictive-reactive scheduling, and robust pro-ac-
tive scheduling. Completely reactive scheduling generates schedules with dispatching rules. This 
approach is not so effective, since local information is used for decisions instead of global infor-
mation, which leads the solutions to being short-sighted. Dispatching rules mean that jobs are 
scheduled according to priorities. Predictive-reactive yield high quality schedules, by searching 
through a wider solution space. Compared to completely reactive scheduling, this might generate 
better system performance in the sense of productivity and operating cost reduction. This approach 
is based on simple adjustments in the schedule and is easy to implement. Although this might lead 
to bad system performance. By using robust proactive scheduling, the system performance can be 
improved. Robustness preserves system stability, but such measures are hard to define. 

There are different strategies in updating schedules when real-time events occur. Schedule repair 
means that minor local adjustments are made to the schedule, whereas complete rescheduling means 
that every time a real-time event occurs, the schedule is rescheduled from scratch. Complete re-
scheduling might be more capable of giving optimal solutions, but the computation time increases. 
Although lots of rescheduling might cause nervousness on the shop floor and might cause instabil-
ity in the manufacturing system. Compared to complete rescheduling, schedule repair has signifi-
cantly lower computation times, and is more capable of maintaining stability.  (Ouelhadj, Petrovic 
2009, p. 418-428) 

According to Church and Uzsoy (1992, Cited in  (Aytug et al. 2005)) approaches when to resched-
ule are continuous rescheduling, periodic rescheduling, and event-driven rescheduling. Continuous 
rescheduling means that the schedule is updated each time there is an event that is recognized by the 
system, such as an arrival of a new job. Periodic rescheduling means that rescheduling happens on 
specified rescheduling points. This results in multiple time intervals, where rescheduling actions are 
not permitted. Moreover, these intervals are situated between the rescheduling points. Even though 
a crucial event happens suddenly that impacts the schedule, it is scheduled on the following re-
scheduling point. Event-driven rescheduling is defined as a method where rescheduling happens, 
when an event causes significant disruption in the system. Continuous rescheduling might bring un-
necessary changes in the scheduling, an increase in computation time and nervousness on the shop 
floor. The downside of periodic rescheduling is that it does not consider the events immediately 
happening between the rescheduling points. This might result in the schedule being either impossi-
ble to execute due to a severe event or making poor schedules if the events are considered mild. 
Due to this, it is common to use a combined variant of event-driven and periodic scheduling, which 
reschedules periodically, but in case of an event between the rescheduling points, the schedule 
might also be updated immediately.  (Aytug et al. 2005, p. 96) 

Rolling horizon is a procedure where jobs are scheduled in phases or periodically. A set of jobs are 
scheduled at a specified decision point, which is determined. A set of orders are received which are 
then scheduled. At the next decision point the following batch of orders is scheduled while consider-
ing the jobs already scheduled or in process. (Ovacik, Uzsoy 1995, p.1248) 
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 Fang, Xi (1997) Introduced a periodic and event-driven rolling horizon scheduling strategy, which 
is only used for jobs in the current job window. This reduces the size of the problem by “rolling” the 
job windows. The concept in the strategy is rolling horizon optimization including the following 
steps: 

1.  Jobs are selected from a pool of jobs waiting to be processed. 
2. Define a job window, consisting of the chosen jobs. 
3. Schedule the jobs in the job window according to scheduling results. 
4. Remove finished jobs from the job window. 
5. Select new jobs for the job window and schedule them. 
6. Repetition of the process continues until all jobs have been finished. 

Increasing the number of jobs in the rolling job window, makes the results closer to the optimum, but 
also increases the computation time. Furthermore, the efficiency of scheduling is also impacted by 
the selection rules for inserting jobs into the job window. (Fang, Xi 1997, p.228) 
 
When applying a dynamic scheduling policy to job shops, an assumption that information about ar-
riving orders is unknown in advance, can be made. The timing of these orders is also unknown, and 
they may arrive randomly. This, results in the system behaving like a network of queues, where dis-
patching decisions become useful in scheduling. Studies in scheduling dynamic job shops have im-
proved a lot using computer simulation models. Due to this, studies about comparing different dis-
patching rules, and other variations has become beneficial to understanding the job shop environ-
ment.  (Baker 2009, Section 15.1) 

2.4.2 Forward and backward scheduling 

Forward planning is a scheduling procedure, where jobs are scheduled as close as possible to the 
earliest starting date. The aim is to complete the jobs as early as possible if the schedule remains 
feasible. It can also be used to rush jobs. 

Backward scheduling is a procedure where jobs are scheduled as close as possible to the given due 
dates. It can be a good strategy for expensive jobs, high inventory jobs and jobs with long deadlines. 

It is also possible to use both objectives for a schedule if jobs are scheduled one at a time and they 
are independent of another. This allows the schedule to meet the customer demands more accu-
rately.  (Yeh 2000, p.184-185) 

2.5 Industrial production planning and scheduling 

A production schedule is made to specify starting and finishing times of orders within a time horizon 
for a given resource, while also accounting for the sequencing of these orders or jobs. Visualization 
of these production schedules are usually done with Gantt-charts. 
According to Stadtler et al. (2015) building a production schedule from a model includes six steps: 
 

1. Model building 
2. Extracting required data 
3. Generating a set of assumptions 
4. Generating an initial production schedule 
5. Analysis of the production schedule and interactive modifications 
6. Approval of a scenario. 
7. Executing and updating the production schedule 

 
When building the model, it is important to specify a level of detail used in the model. The properties 
which are relevant for optimizing the schedule should be included in the model.  
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The extracted data from the production process which is required in the model can be collected from 
sources such as an ERP system, master planning and demand planning. ERP is a way to integrate 
internal processes in an organization. When generating a set of assumptions, the decision-maker must 
add the potential restrictions or further objectives to the model. The initial production schedule is 
generated for a given scenario automatically, either in one step or two-level planning hierarchy. The 
analysis of the production schedule can be done in steps, so that an initial production plan can be 
analysed before a detailed schedule is generated. When analysing the schedule, the decision-maker 
can make additional modifications to the model, such as adding penalties for violating due dates etc. 
In other words, interactive modifications can be done to the model if the production plan is infeasible. 
When the decision-maker has evaluated all feasible alternatives, the best production schedule depend-
ent of the specifications is chosen. If the scenario is not approved, a new set of assumptions are made 
followed by steps 4 and 5 until the decision-maker is satisfied with the scenario. When the scenario 
is approved, the production schedule is executed and updated through the ERP-system until an event 
calls for reoptimization. (Stadtler et al. 2015, p.197-199) 

2.5.1 Building a model 

When building a model, it is important to make some simplifications for distinguishing the scheduling 
effects and acquire some generalizations for the results of the experiments. Although simplifications 
might be necessary, it is important to keep it realistic enough to resemble real-world conditions. Some 
typical assumptions or simplifications typically made are: 
 

 Jobs have strict ordered operation sequences. 
 One type of machine is assigned to a single given operation. 
 There are no machines of the same type in the shop. 
 The processing times and due dates are known when the order arrives. 
 Setup times are dependent on a specified sequence. 

 
These assumptions can be relaxed to represent a real-world system more accurately or modified to 
better suit other made assumptions. The remaining four assumptions are considered as standard as-
sumptions in job shop studies. 
 

 Once an operation is started, it must be finished without interruption. 
 An operation does not start before its predecessors are finished. 
 Each machine or resource can only process one task at a time 
 Each machine is continuously available for production. 
 

The input to the built model is various jobs or orders arriving randomly over time in a dynamic sce-
nario.  (Baker 2009, Section 15.2) 

2.5.2 Updating production schedules 

Usually, the data gathered and used for production schedules is considered accurate, making the de-
cision deterministic. In reality, the machines in a job shop could need maintenance, thus making them 
unavailable. Other disturbances like shifting the production rates might also alter the processes in the 
schedule. Small deviations are usually monitored with software tools, that can result in adjusting the 
completion times of jobs to match with the real situation. If the deviations are significant, a resched-
uling operation might be needed. 
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When a new order arrives to the system, it might be squeezed into the existing sequence of the sched-
ule. This kind of two-step planning is also called incremental planning. If the new order falls into the 
same planning horizon as the other orders or jobs, the goal is to fit in the new order by minimizing 
alteration to the existing schedule. In other words, time gaps are searched for in the existing schedule, 
then the new order is placed in such a way that the timing of existing orders only take minor adjust-
ments if necessary. If the schedule remains feasible after replanning, then a due date will be sent to 
the customer for the newly arrived order.  
 
When rescheduling, pre-emption is usually not allowed, meaning that if an order has already been 
started it should not be interrupted to rush another order. Rescheduling results in new sequences of 
orders which can be time consuming and contribute with nervousness to the system. Nervousness can 
be defined as a measure of instability or uncertainty in the process. There are a lot of factors that build 
up this so-called nervousness, such as changes in start times and amount to be produced, as well as 
earlier deliveries of raw material required in the manufacturing process. 
 
Reducing nervousness can be done by freezing a certain amount of orders for a specific resource. 
This would result in such a scenario, where this specific resource is excluded from the reoptimization 
process. Furthermore, a time horizon can be specified as frozen, so that all orders with a start time 
that falls into this horizon cannot be altered when updating the production schedules.  
 
It is also important to note that incremental planning or reoptimization of an existing production 
schedule with partial sequences requires a significant amount of computational time. (Stadtler et al. 
2015, p. 204-210) 

2.6 Mathematical programming 

Mathematical programming is often associated with computer programming, even though it is very 
different from it. The confusion originates from the word programming, where in reality mathemati-
cal programming does not necessarily have to do anything with computers. However, mathematical 
programming usually involves the use of computers since there are almost always large amounts of 
data and arithmetics which need the calculating power of a computer to solve. In other words, com-
puter programming and mathematical programming are very different, but a computer is often needed 
to solve a mathematical program model due to its computational power. 
 
Mathematical programming can be defined as a way to optimize a specific scenario. Optimization 
usually means that the objective is to either minimize or maximize something. Mathematical pro-
gramming models can be divided into linear programming models, non-linear programming models 
and integer programming models, which is defined shortly in the following subsections.  (Williams 
2013, p.5) 

2.6.1 Linear programming (LP) 

A linear program is the simplest mathematical program, where the objective and constraints are linear 
in relation to the variables to be determined in an optimization problem. Algorithms used to solve 
linear programs are the Simplex method and interior point method.  (Pinedo 2005, p.411-414) 
 
According to Williams (2013) some essential features for a LP model are: 
 

 There is a single linear expression such as the objective function to be maximized or mini-
mized. 
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 There is a series of constraints in the form of linear expressions which must not exceed some 
specified value, must not fall below a specified value or must be exactly the same as the spec-
ified value. (<=, >=, ==) 

 An inequality constraint usually withholds a coefficient on the right-hand side of the con-
straint. 

 
In practical problems the linearity assumption is not always guaranteed. The linearity feature makes 
the model much easier to solve computation wise. When the objective or constraints must include 
non-linear terms, the model becomes a non-linear programming model (NLP) which is usually much 
harder to solve.  (Williams 2013, p.7) 

2.6.2 Integer programming (IP) 

An integer program is a linear program where the variables must be integers. Furthermore, if a frac-
tion of the variables is required to be integers and the rest can be real values, then it is called a 
Mixed integer program (MIP), which is defined in the next section.  (Pinedo 2005, p.416) 

2.6.3 Mixed integer programming (MIP) 

A mixed integer program is an optimization technique including continuous and integer variables, 
and linear constraints. If a program is labelled as a MIP, it can be defined as: 

(𝑀𝐼𝑃) 𝑍(𝑋) = min(x, y) {𝑐𝑥 + 𝑓𝑦 ∶ (𝑥, 𝑦) ∈ 𝑋},  

Where X is the set of feasible solutions and is defined by a variety of linear constraints, nonnegativ-
ity constraints for x and y variables, and integrality restrictions on the y variables.  

The definition in matrix notation is: 

𝑋 =  (𝑥, 𝑦) ∈  ℝ ⨯ ℤ ∶ 𝐴𝑥 + 𝐵𝑦 ≥ 𝑏 , 

Where Z(X) stands for the optimal objective value while optimizing over the feasible set X. Moreo-
ver, x and y stand for the n-dimensional column vector of nonnegative continuous variables and the 
p-dimensional column vector of constraints m. Furthermore, 𝑐 ∈ ℝ  𝑎𝑛𝑑 𝑓 ∈ ℝ  are the row vec-
tors of the objective coefficients, while 𝑏 ∈ ℝ  is the column vector of the coefficients on the 
righthand side of the m constraints. Finally, A and B are the matrices of constraints with real coeffi-
cients of dimensions (m ⨯ n) and (m⨯p). (Pochet, Wolsey 2006, p.77-78) 

Following restrictions that are required for MIP are: 

 Linear constraints 
 Linear objective function 
 Integer or real-valued domains 

Despite these restrictions MIP are often used for many real-world problems. Usually, MIP solvers 
recursively splits the main problem into many subproblems which are smaller. This division results 
in a branching tree, containing nodes for which the LP relaxation is solved by removing the inte-
grality conditions from the MIP. (Achterberg 2007, p.11-12)  

Mixed integer programs with no quadratic constraints are usually called mixed integer linear pro-
grams (MILP). The mathematical programming model used in this thesis uses MIP. 
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2.7 Constraint programming (CP) 

Constraint programming is a method which has its origins in artificial intelligence and computer 
science communities. It is based on searching for solutions that fulfil and satisfy all given con-
straints. It was mainly used for feasibility problems back in the day, but its use is increasing for op-
timization problems. Solving feasibility problems does not require a definition of an objective func-
tion. The difference between constraints in mathematical programming and constraint satisfaction 
problems is that mathematical constraints are either linear or non-linear, while in constraint pro-
gramming they can take a more general form. Furthermore, CP usually settles for finding feasible 
solutions by satisfying the constraints rather than finding an optimal solution. (Pinedo 2005, p.465-
468) 

2.8 Mathematical optimization methods 

This section reviews some common optimization methods, especially used in the commercial opti-
mization software Gurobi, which is used for optimization of the model made in this thesis. 

2.8.1 Branch and bound 

Branch and bound is a method to solve optimization problems where the idea is to divide the given 
problem into smaller subproblems as mentioned in the MIP section. This separation is done until the 
subproblems are easy enough to solve. As we can see in figure 4 the initial problem instance is divided 
into two or more smaller subproblems which are given upper and lower bounds. The branching part 
of the algorithm means that the tree is split into nodes or leaves. The bounding part finds solutions 
that are between the determined lower and upper bounds, so that unnecessary enumeration of all 
potential solutions is avoided. The algorithm continues until all subproblems have either been solved 
or pruned and then either a feasible solution or a conclusion that no feasible solution was found is 
returned as output. This technique is illustrated in figure 4.  (Achterberg 2007, p.15-18) 
 

 
When processing the nodes of the search tree in branch-and-bound algorithm for MIP problems, 
fathomed and incumbent nodes come up. Assuming that an objective is to minimize something, and 
the LP relaxation has recently been solved for a node in the search tree, and all integrality re-
strictions for the node in the original MIP are satisfied, then a feasible solution is found to the origi-
nal model. The node in question gets branded as a fathomed node, and further branching is not nec-
essary for this node. After this, information about the feasible solution found can be analysed. 

Figure 4: Branch and bound search tree. (Achterberg, 2007)
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A node can be branded as fathomed in two more ways. Namely, if the branch that led to the current 
node makes a restriction, making the LP relaxation infeasible, which results in the node lacking a 
feasible solution or integer solution. The other way is that if an optimal relaxation solution is found, 
but the objective value for it is bigger than the value for the current incumbent. This results in the 
node being fathomed since the node cannot give a better integral solution. (Gurobi optimization B, 
2021) 

Continuing the same scenario as in the fathomed nodes section. If a best integer solution is found at 
any point in the search, it can be branded as incumbent. If there is no incumbent value or the previ-
ous integer feasible solution has a worse objective function value than the current incumbent, then a 
new incumbent is generated, with its objective function value. If the previous incumbent stays the 
best, no update is needed. (Gurobi optimization B, 2021) 

2.8.2 Cutting planes 

Using cutting planes is a method where the subproblems relaxation is tightened and a current solution 
can be replaced by a different solution. It is possible to tighten the LP relaxation by adding so called 
cutting planes, which are linear constraints of form 𝑎 𝑥 ≤ 𝑏 without cutting off feasible solutions 
from the subproblem. Although these linear constraints violate the current LP solution, they do not 
interfere with the feasible solutions.  (Achterberg 2007, p.18-19) 
 
Generating these linear constraints narrows down the feasible set more, compared to only using the 
original constraints. Solving the LP relaxation of the IP with cutting planes gives a new solution 
which may be integer. This procedure is continued until the solution is integer which means that the 
solution is optimal. In other words, more cutting planes are added if the variables are not integer.  
(Pinedo 2005, p.424) 

2.8.3 Branch and cut 

Branch and cut is a hybrid method consisting of both branch and bound as well as cutting planes 
method. Initially, branch and bound is used, followed by strengthening of LP relaxation for all sub-
problems, including the initial problem using cutting planes. The cuts used can either be locally or 
globally valid, meaning that global cuts may be used for all subproblems throughout the algorithm, 
while local cuts must be removed from the LP relaxation after leaving the corresponding subtree that 
it is valid for. (Achterberg 2007, p.19) 

2.9 Heuristics 

Heuristics are used to find a solution that is reasonably good and satisfies the decision-maker in a 
relatively short time. When using heuristics, an optimal solution is not guaranteed. Heuristics is a 
great way to solve problems, which are NP-hard. In other words, problems that cannot be formu-
lated as linear programs or where algorithms or simple rules for optimal solutions cannot be found 
in a limited amount of computing time. 

For jobs that are waiting for processing in a queue, there usually exist prioritization rules, called dis-
patching rules. If there are numerous jobs waiting for processing, the next job is chosen according 
to the highest priority. Dispatching rules can either be static or dynamic, meaning that they are time 
dependent if they are dynamic, if they are static, they are not. 

Some popular dispatching rules are: 

 Service in Random Order (SIRO) 
 Earliest Release Date first (ERD) 
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 Earliest Due Date first (EDD) 
 Minimum Slack first (MS) 
 Shortest Processing Time first (SPT) 
 Longest Processing Time first (LPT) 

The name of the dispatching rules usually justifies the idea behind it. For example, EDD means that 
when a machine is freed, the next job is chosen according to the job which has the earliest due date. 
This equals in minimization of maximum lateness among the queued jobs. Furthermore, LPT is 
used when multiple parallel machines exist and balancing of workload is desired. The jobs are or-
dered in a decreasing order of processing times, so that the jobs with the shortest processing times 
are done last. Short jobs are regarded as useful, due to the ability to balance the workload. 

These dispatching rules can also be combined, forming composite dispatching rules, which might 
be needed for problems with for example multiple objectives.  (Pinedo 2005, p.441-445) 

2.10 Stochasticity 

A process may either be deterministic or stochastic, meaning that parameter values are either always 
known, or they change with time. 
 
According to Olofsson (2012) a stochastic process can be defined as a collection of observations with 
features where successive observations are not typically independent, and data are collected sequen-
tially in time. A more formal definition is that a stochastic process is a collection of random variables 
belonging to a set S, i.e., state space. This collection can be indexed by another set T, which is called 
the index set. Two of the most common index sets are representation of discrete time, with a sequence 
of random variables {𝑋 , 𝑋 , 𝑋 … } and representation of continuous time, with a collection of random 
variables {𝑋(𝑡), 𝑡 ≥ 0}, with one random variable for each time t.  (Olofsson 2012, Section 8.1) 
 
Random variables may either be discrete or continuous. Discrete random variables mean that the 
range of the random variable is countable. Continuous random variables are uncountable. The discrete 
random variables are defined through its range, while a continuous random variable is countable 
through its cumulative distribution function.  
 
The probability density function for a random variable X is defined as the probability that the variable 
will be exactly x. The cumulative distribution function, on the other hand is the probability that the 
random value will take a value less than or equal to x. The difference can be seen in figure 5. 
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The probability density function is the derivative of cumulative distribution function. (Olofsson 2012, 
Section 2.2 - 2.3) Below is presented some common distributions, which are relevant for generating 
test data in this thesis. 

2.10.1 Uniform distribution 

The uniform distribution chooses a random number between a specified interval, where all values 
have an equal probability to be chosen. A randomly chosen number X in an interval 𝐼 ⊆ [0,1] 
where the length is h. The definition of random can be denoted by: 

𝑃(𝑋 ∈ 𝐼 ) = ℎ 

This interpretation is independent of the value of h and the location of 𝐼 . In other words, the proba-
bility density function must be constant between the interval bounds. Furthermore, it must also inte-
grate to one, which makes the probability density function of X: 

𝑓(𝑥) = 1, 0 ≤ 𝑥 ≤ 1 

Here, X has a uniform distribution on the interval [0,1]. The cumulative distribution function of X 
can be defined as: 

𝐹(𝑥) =  𝑓(𝑥)𝑑𝑥 = 𝑥, 0 ≤ 𝑥 ≤ 1 

𝐹(𝑥) = 0 𝑓𝑜𝑟 𝑥 < 0 𝑎𝑛𝑑 𝐹(𝑥) = 1 𝑓𝑜𝑟 𝑥 > 1 

The cumulative distribution function is a continuous function which makes X a continuous random 
variable. Similarly, if the probability density function for X is: 

𝑓(𝑥) =  
1

𝑏 − 𝑎
 , 𝑎 ≤ 𝑥 ≤ 𝑏 

Then X has a uniform distribution on [a,b]. The corresponding cumulative distribution function can 
be defined as: 

𝐹(𝑥) = 𝑓(𝑥)𝑑𝑥 =
𝑥 − 𝑎

𝑏 − 𝑎
, 𝑎 ≤ 𝑥 ≤ 𝑏 

Figure 5: Probability density function (left) and cumulative distribution function 
(right) of a continuous random variable. (Olofsson 2012, Section 2.3) 
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All values outside the interval [a,b] have a probability of 0.  (Olofsson 2012, Section 2.3.1) 

The uniform distribution is useful when generation of random data is required. 

2.10.2 Gamma distribution 

Gamma distribution is often used to generate real-world data sets, and it is a flexible way to do so. 
It can be used instead of normal distribution when data is not quite symmetric nor negative. If X has 
a probability density function: 

𝑓(𝑥) =  𝑒 𝜆
𝑥

𝛤(𝛼)
 , 𝑥 ≥ 0 

 Where the gamma function is: 

𝛤(𝛼) = 𝑒 𝑡 𝑑𝑡 

And if 𝛼 is a possible integer (n), the gamma function results in: 

𝛤(𝑛) = (𝑛 − 1)! 

Random variable X has a gamma distribution with parameters α > 0 and λ > 0. 

If α is an integer (n), we can denote the cumulative distribution function as: 

𝐹(𝑥) = 1 − 𝑒 .
𝜆 𝑥

𝑘!
, 𝑥 ≥ 0 

Figure 6 shows the probability density functions of the gamma distribution when λ is constant and 
𝛼 varies. When 𝛼 increases, it resembles a bell-shaped normal distribution. On the other hand, when 
𝛼 has a value of one, it results in an exponential distribution. For clarity, α is called shape parameter 
and λ is called the scale parameter.  (Olofsson 2012, Section 2.8.2) 
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2.10.3 Exponential distribution and Poisson process 

When choosing a random point from an interval, exponential distribution is widely used. It is for 
example used to model times between random events, customers arriving to a store, or incoming 
jobs to a computer. In fixed time periods, Poisson distribution is used to model these kinds of 
events. There is a relation between exponential- and Poisson distributions. When observing a sys-
tem which changes randomly over time, the process can be modelled as a set of points on a time-
line. This is called a point process, and to understand the behaviour of it, assumptions about the dis-
tribution must be made. Here, an assumption that the times between points preceding one another 
are independent random variables, with exponential distributions and the same parameter λ. Usage 
of exponential distribution here corresponds to a process being highly unpredictable. The times be-
tween points are called interarrival times. Furthermore, the distribution has the memoryless prop-
erty, which means that at any fixed time, the time until the next point on the timeline is exponential 
regardless of when it arrived.  

If the probability density function of a random variable is: 

𝑓(𝑥) = 𝜆𝑒 , 𝑥 ≥ 0 

Then it has the exponential distribution with λ > 0. The corresponding cumulative distribution func-
tion is: 

𝐹(𝑥) = 1 − 𝑒 , 𝑥 ≥ 0 

Furthermore, it can be said that if a continuous random variable has an exponential distribution, it is 
memoryless. Also, in exponential distribution the mean value and the standard deviation are the 
same.  (Olofsson 2012, Section 2.6 & 3.12) 

Figure 6: Different values for shape parameters in gamma 
distribution. (Olofsson 2012, Section 2.8.2) 
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2.11  Statistical analysis 

Statistical analysis, including multivariate statistics and mathematical modelling has become easier 
to use due to more powerful computers and better software packages. Furthermore, it is important to 
find interaction between variables affecting different phenomena. Statistical analysis is a solution that 
can be used for solving such complex tasks.  (Tinsley, Brown, p.3-5) 
 
In multivariate statistical analysis and testing of mathematical models, it is common to follow these 
general steps: 
 

1. Data preparation 
2. Study your data 
3. Select a statistical technique 
4. Make requirements for data 
5. Interpret results 
6. Examine statistical vs practical significance 
 

The first step is to inspect the data and correct potential errors. It is desired for the data to be as 
accurate as possible.  
 
The second step is to study the data by calculating basic descriptive statistics for the primary variables, 
such as standard deviation, means, and possibly correlation coefficients. Furthermore, a visual illus-
tration of the relations between the variables is also helpful.  
 
The third step is to select a statistical technique, which is based on consideration of what research 
questions you want to answer, as well as the data requirements of each applicable technique. This 
might be tricky, since there are lots of different methods that might be applicable for solving a prob-
lem.  
 
The fourth step is to make requirements for the data, including determining the level of measurement 
e.g., nominal and ordinal data, followed by making assumptions such as linearity, multivariate nor-
mality, homoscedasticity etc. For clarity, linearity means that there exists a monotonic line between 
pairs of variables, and multivariate normality means that each variable, and its possible linear com-
binations are distributed normally. Homoscedasticity means that for any given pair of continuous 
variables, the variability in scores for one of them has approximately the same value as for all other 
continuous variables. There are numerous other assumptions that can be made for the data.  
 
The fifth step is to interpret the results and furthermore generalize the results to an independent sam-
ple, for which exists different methods.  
 
The last step is to compare statistical significance with practical significance. When comparing sta-
tistical and practical significance, it is important to notice that effect size affects the practical signif-
icance, although small effects should not be neglected. This is because reasons like human behaviour, 
thought and emotions play a role in practicality. Furthermore, measures might be inaccurate. Larger 
sample studies on the other hand tend to produce more accurate results than small sample studies. On 
the other hand, measurement error is always present which affects population effects. (Tinsley, 
Brown, p.25-26) 
 
MANOVA (Multivariate analysis of variance) may be used for testing factor effects, when a single 
outcome variable has multiple measures over time, and when multiple outcome variables include 
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multiple measures. The latter design can be called a doubly multivariate design. The purpose can be 
to compare the dependent variable with all factors; study the relation between the dependent variable 
and one or more linear composites out of numerous factors; or to analyse what effect the dependent 
variable has on one or more linear composites. The univariate equivalence of MANOVA is ANOVA 
(Analysis of variance). (Tinsley, Brown, p.183-185) 
 
The suitability of applying factor analysis to the data can be tested with Bartlett’s test of sphericity. 
It tests the hypothesis that the correlation matrix is an identity matrix, which can prove that variables 
are not related to one another. Less than 0.05 of significance level indicates that a factor analysis is 
useful for the data in question. (IBM: KMO and Bartlett’s test, 2021) 
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3 Scientific research on the topic 

There are numerous different scientific papers, that are relevant to dynamic planning in MTO pro-
duction. This chapter reviews some relevant papers to the research made in this thesis. The topic is 
very broad, which means that not every approach can be reviewed. 
 
There are lots of different dynamic scheduling methods used in literature such as: 
 

 Heuristics 
 Meta-heuristics 
 Knowledge-based systems 
 Fuzzy logic 
 Neural networks 
 Petri nets 
 Hybrid techniques 
 Multi-agent systems 

 (Ouelhadj, Petrovic 2009, p. 428) 
 
This thesis uses mathematical programming to solve a MIP model with software utilizing heuristics 
and exact solving methods. 
 
Gomes et al. (2010) made a discrete time reactive scheduling model, for inserting new orders in make-
to-order job shops. A scheduling problem is defined as a problem where orders are scheduled over a 
time horizon. It becomes reactive when the schedule is adapted to incoming new orders that must be 
scheduled in relation to existing orders. The objective in Gomes et al. (2010) scheduling problem was 
to complete the orders as close as possible to their corresponding due date, and to minimize storage 
in intermediate buffers i.e., WIP. Furthermore, the paper used different rescheduling policies, such as 
rescheduling or not rescheduling old orders that had not started yet. The scheduling horizon was 
changed dynamically, while considering the arrival of the new orders. In other words, the time hori-
zon was sequentially split into smaller time horizons of equal lengths i.e., discrete time horizons. In 
addition, penalties for earliness, tardiness, time in buffer, and for not finishing within time horizon 
were used. 
 
The model was used for two different sized examples, including different rescheduling scenarios. As 
a conclusion, results showed that rescheduling old orders allows faster insertion of new orders but 
might also push the older jobs later. Moreover, the computation time of both models was very small, 
which was partly due to the fact, that in discrete time models, the time points are always known, 
which reduces the complexity significantly. (Gomes et al. 2010, p.7395-7422) 
 
In comparison to Gomes et al. (2010) the model in this paper, does not use any soft constraints, which 
means that no penalties are used. For example, the due dates must be met. Furthermore, instead of 
using deterministic rescheduling, stochastic data sets are generated so that arrival date of orders re-
main unknown in the beginning and arrive dynamically. In other words, the model must be able to 
adapt to arriving orders, which might vary in amount. Instead of using different processing routes, 
the model in this paper uses the same processing stages for all orders. All orders follow the same 
precedence constraints despite the type of order. 
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Barrett, LaForge (1991) studied the impact of changing the replanning frequencies in a MPS system. 
The replanning frequencies were varied at six different levels including: monthly, twice monthly, 
weekly, twice weekly, daily, and twice daily, where one day corresponded to eight hours of work. 
The other experimental factor used was probability of a timing change in the MPS. This was defined 
as the possibility of a customer making changes to already made delivery dates. These checks where 
made periodically every hour, which was the time unit used in the simulation. This could be treated 
as a dynamic trait in the manufacturing environment. Five different probabilities of timing changes 
were used: 0.1 %, 0.5 %, 1 %, 2.5 % and 5 %. Here 0.1 % was considered relatively stable, and 
changes in timing monthly had a probability of 85%. Corresponding 5 % which was considered vol-
atile, had a probability of timing change daily at 81.5 %. Furthermore, in a volatile environment, 
timing change on a monthly basis was guaranteed. The priority rules used were EDD and SPT. The 
shortest planned lead time was one week, which meant that replanning frequencies on a monthly basis 
and twice a month had a weekly order release. When the replanning frequency was on a weekly or 
daily basis the order release happened instantly after each MRP run. 
 
The manufacturing performance was measured by service rate, inventory value and change in open 
orders. Service rate was defined as the percent of end items completed on time. Inventory value was 
the value of inventory for component parts, WIP and finished end items. Furthermore, the original 
MPS was smoothed at 30 units per week, and a utilization rate of 70%. This ensured 100 % on-time 
completions if MPS was stable and ensured a capacity cushion if the MPS would change. 
 
Significant results for service level were that scheduling twice weekly was not heavily dependent on 
the probability of MPS change. This was an interesting finding, since the default replanning frequency 
for MRP users is on a weekly basis. Furthermore, the difference between scheduling daily and twice 
daily was minimal when considering different probabilities of MPS change, which turned out to be 
relieving since replanning twice daily is considered impractical. Also, weekly replanning during 
highly volatile conditions, did not yield any better results than monthly replanning. 
 
For inventory values, in general more frequent MRP replanning resulted in higher inventory. For 
replanning frequencies of twice weekly, daily and twice daily a pattern emerged where highly volatile 
conditions resulted in a significant increase in inventory. This was because frequent replanning results 
in more MRP release cycles, which leads to receiving more orders to the shop. The conclusion was 
that under highly volatile conditions, frequent replanning should not be used since it increases the 
chances of having to reschedule new orders. This leads to an increase in WIP inventory and increases 
nervousness of the system.  
 
In open order change notices, the results showed that in more volatile conditions, the difference in 
amount of open order changes increased heavily, the more frequent the replanning was. It also showed 
that replanning twice weekly yielded way more open order changes compared to replanning once 
weekly, which was consistent with the results found with the service level.  (Barrett, LaForge 1991, 
p.569-577) 
 
Barrett, LaForge (1991) concluded that replanning frequency can have significant impact on changes 
in the MPS. Furthermore, increasing the replanning frequency can result in more WIP especially 
when the MPS is volatile. In conclusion, a single best value for replanning frequency cannot be de-
termined. In other words, increasing the replanning frequency just because the environment is more 
dynamic, is not always the way to go.  (Barrett, LaForge 1991, p.569 - 577) 
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One of the main objectives in this study is to determine optimal replanning frequencies during differ-
ent circumstances for various scenarios in MTO production. According to Barrett, LaForge (1991), 
this is not always so straight forward, and a trend must be analysed for different scenarios.  
 
Toivonen et al. (2006) designed a planning and scheduling system for MTO production. For sched-
uling, multiple-phase heuristics were used, as well as various objectives. Objectives used in their 
study were minimization of resource profile peak, and minimization of sum of squares of total re-
sources usage for all time periods and all resources. Furthermore, activity shifting was used as heu-
ristics. 
 
The case example was based on workload-levelling in a steam sterilizer manufacturing facility. The 
most relevant subprocesses in the process were used for production planning. The projects were 
scheduled using three heuristic procedures, including fixed activity duration, variable activity dura-
tion and a dynamic method. Furthermore, both objectives were also run with a commercial optimiza-
tion solver. The results showed that objective-wise the variable activity duration gave the best results, 
followed by fixed activity duration. The dynamic method had the worst results but was also fastest to 
solve. The dynamic method was based on scheduling a random number of orders according to the 
model. After scheduling, the orders were frozen, so that they were unable to change. This process 
was continued until all orders had been scheduled. This was a fast process with a reasonably good 
result.  (Toivonen et al. 2006) 
 
The model used in this thesis, is partially based on the linear model defined in Toivonen et al. (2006), 
where the objective was to minimize the sum of resource load peaks. This thesis also includes the 
dynamic scheduling strategy where jobs are frozen. Furthermore, two more dynamic variations are 
considered in this thesis. Moreover, all model variations are tested with a commercial MIP optimiza-
tion software in this thesis.  
 
In Toivonen, Niemi (2007) the same model is used as in the previously referenced paper. A minor 
tweak, with restrictions on the makespan of a project is introduced to avoid for it becoming too long. 
The factors, which were analysed in the experiments were: average number of parallel activities, 
coefficient of variation in weekly demand, average number of orders scheduled at once, and average 
timing slack. These were all shown to have significant impact on the coefficient of variation in the 
resource load after levelling, which was shown through an ANOVA. Furthermore, considering simi-
larities with this thesis, the authors concluded that the slack in timing can improve the resource work-
load levelling if shorthand variation in demand is high. However, this results in having expenses such 
as longer delivery times.  (Toivonen, Niemi 2007, p. 507-513) 
 
One of the parameter variations in this thesis considers due date timing, which is considered to be of 
importance in resource load levelling. 
 
Li, Ventura (2020) studied a scenario where orders must be chosen optimally and the production 
schedule maximized total revenue minus tardiness penalty. A comparison of nine different methods 
was made to solve the OAS (Order Acceptance and Scheduling) problem. The authors emphasized 
that order acceptance and scheduling are highly interrelated in MTO systems. Furthermore, the au-
thors used a setup with the following main characteristics: Capacity was insufficient for the manu-
facturer to receive all orders; a single workstation was used which can only process one order at a 
time; Every order had a due date, and if exceeded it received a penalty; All orders had different 
processing times and revenues, where setup times were included in the processing times; The objec-
tive was to maximize the total revenue minus tardiness penalty.  
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The experiments included three different mathematical formulations to model the problem: Sequen-
tial relation-based formulation, assignment formulation and time-indexed formulation. Three exact 
algorithms were used to solve these problems which were algorithms based on dynamic programming 
with different variations. The variations included state reduction, which solved the problem in multi-
ple stages, by eliminating unnecessary states in the dynamic programming algorithm. Furthermore, a 
variation with Lagrangian relaxation was also used to improve the computational efficiency, by pre-
venting order duplication. Moreover, some variations of these dynamic programming algorithms 
were also evaluated which included constraints to disallow order duplication on two consecutive or-
ders. The results showed that computation-wise the dynamic programming algorithm variations out-
performed the basic models solved with CPLEX 12.5 optimization software. The experiments were 
made for a single-machine scenario, with problem sizes including 10 – 30 orders. For 20 orders, the 
basic models as well as the initial dynamic programming algorithm failed to solve the problems within 
a reasonable time. Although, the variations of the dynamic programming algorithms remained effi-
cient for all numerical experiments.  (Li, Ventura 2020, p. 1-13) 
 
In comparison to Li, Ventura (2020), this thesis uses multiple resources, instead of just a single ma-
chine. The complexity in this thesis is smaller in the sense that all arriving orders are accepted, which 
results solely in a scheduling problem. Furthermore, the objective is different. As mentioned earlier, 
exceeding of due dates is not allowed, because no capacities are used. One interesting aspect in the 
authors paper was that the variations of the dynamic programming algorithms allowed solving quite 
large amount of orders in a reasonable amount of time. Although, it was obvious that increasing the 
number of orders increased the computational burden. The order assignment and selection in Li, Ven-
tura (2020) also resulted in a sequencing problem, which made the problem even more complex.  
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4 Research material and methods 

The purpose of the optimization model in this research is to study different methods to schedule jobs 
dynamically in a MTO environment. The goal is to find out how different parameter-, model- and 
objective variations and algorithms affect the outcome of resource load peak minimization. Further-
more, the results can tell which rescheduling strategies might be useful in different scenarios.  

4.1 Review of the problem 

The model presented in this thesis is MTO based with push control, where all production is triggered 
by orders. Furthermore, the type of manufacturing system used in the experiments is quite hard to 
determine. Job shops are commonly used in MTO production, where jobs may be processed freely at 
all resources, with free sequencing, whereas flow shops have strict chain sequences according to 
which jobs are processed. The layout used in this study differs from the job shop in a way that the 
process structure remains the same throughout the experiments. From the flow shop it differs in a 
way that jobs in orders may be processed simultaneously on other resources. Furthermore, other 
model variations such as distribution of workload and timing strategies are included which may in-
crease the distinction between job- and flow shop systems. 
 
Workload can be considered to describe the total amount of work, jobs or products require to be 
produced during a time period. If a production facility consists of four different machines, and each 
machine has a different task, they are assigned a workload depending on the amount of work its 
subprocess requires. The objective used in the model is based on workload levelling, i.e., resource 
load peak minimization. Moreover, the model is based on aggregate planning where workload is ag-
gregated on daily time buckets in the schedule.  

The model built in this thesis is supposed to simulate job shop environment but has lots of features 
used in flow shops. For example, jobs in orders can be processed simultaneously. This is defined with 
precedence constraints. Precedence constraints or requirements mean that certain jobs in the order 
must be finished before others can begin. This can be thought of as an assembly process, where all 
parts must be completed before the final assembly can begin. Furthermore, there are cases where 
completion of one job in the order opens the possibility to start working on the next job. In figure 7 a 
precedence diagram is presented with an order including four jobs. Predecessor jobs P1 and P2 can 
begin simultaneously, whereas successor job S2 can only begin after P1 has finished, and all jobs 
must finish before assembly stage X can begin. The same order layout with precedence constraints 
between jobs is used in the experiments.  

Figure 7: Precedence constraints for an order with four jobs. 
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The manufacturing system resembles the closed job shop, where each order has a fixed number of 
jobs, and the sequence of the jobs stay the same, although product properties may vary. The se-
quence of jobs in the order is introduced with a flexible distribution variant, where the timing has 
some leeway between the operations. The fixed variant on the other hand does not allow any gaps 
between jobs in the order. 

The model uses a periodic rescheduling policy, where different replanning frequencies are com-
pared. This means that rescheduling happens on predetermined rescheduling points. The replanning 
frequency is defined as the time interval between rescheduling points. Furthermore, a discrete time 
formulation is used where the periodic rescheduling interval is of equal length, throughout the ex-
periment. 

4.2 Mathematical formulation of the problem 

When building a model, certain assumptions must be made to simplify the model and make it com-
putationally feasible. 
The following assumptions used for this model are: 
 

 Materials used for the manufacturing processes are always available. 
 Set-up times for machines handling jobs are neglected. (They are included in job durations) 
 Machines do not break down. 
 Workers are available. 
 Processing times are known. 
 No pre-emption is allowed. 

 
The scheduling problem is dynamic which means that new orders arrive within a specified timeframe.  
The mathematical formulation of the problem is described in this section, by first explaining the de-
terministic static model. After this, the dynamic model is introduced, which is built upon the static 
model.  

4.2.1 Deterministic static model with free distribution 

The first iteration of the model is made as a deterministic model where the orders are known before-
hand. Decision variables, parameters and constraints are described below. 

The parameters which are known are: 

𝐼 = 𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑗𝑜𝑏𝑠 

𝐾 = 𝑛𝑢𝑚𝑏𝑒𝑟 𝑓 𝑟𝑒𝑠𝑜𝑢𝑟𝑐𝑒𝑠 

𝑃 = 𝐽𝑜𝑏 𝑑𝑢𝑟𝑎𝑡𝑖𝑜𝑛𝑠 

𝐷 = 𝐷𝑢𝑒 𝑑𝑎𝑡𝑒𝑠 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟𝑠 

𝐴 = 𝐸𝑎𝑟𝑙𝑖𝑒𝑠𝑡 𝑠𝑡𝑎𝑟𝑡𝑖𝑛𝑔 𝑡𝑖𝑚𝑒 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟𝑠 

𝑇 = 𝑇𝑖𝑚𝑒 ℎ𝑜𝑟𝑖𝑧𝑜𝑛 

𝑊𝐶 = 𝑊𝑜𝑟𝑘 𝑐𝑜𝑛𝑡𝑒𝑛𝑡𝑠 𝑜𝑓 𝑗𝑜𝑏𝑠 

𝑀 = 𝐵𝑖𝑔 𝑛𝑢𝑚𝑏𝑒𝑟 
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The parameters are read into the Gurobi/Python code via an Excel file. In the real world, data would 
be gathered in real-time from the production databases with for example ERP (Enterprise Resource 
Planning) software. The algorithm would be linked with suitable software modules in such a way 
that the algorithm understands to read the data in a correct manner.  

Decision variables used in the model are: 

𝐶 = 𝐶𝑜𝑚𝑝𝑙𝑒𝑡𝑖𝑜𝑛 𝑡𝑖𝑚𝑒𝑠 𝑜𝑓 𝑗𝑜𝑏𝑠, 𝑎𝑢𝑥𝑖𝑙𝑖𝑎𝑟𝑦 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒  
𝑅 = 𝑅𝑒𝑠𝑜𝑢𝑟𝑐𝑒 𝑤𝑜𝑟𝑘𝑙𝑜𝑎𝑑𝑠 𝑓𝑟𝑜𝑚 𝑗𝑜𝑏𝑠 (𝑗𝑜𝑏 𝑖, 𝑟𝑒𝑠𝑜𝑢𝑟𝑐𝑒 𝑘, 𝑡𝑖𝑚𝑒 𝑡) 

𝑓 = 𝑅𝑒𝑠𝑜𝑢𝑟𝑐𝑒 𝑙𝑜𝑎𝑑 𝑝𝑒𝑎𝑘 
𝑐 = 𝐽𝑜𝑏 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑖𝑜𝑛 𝑖𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟, 𝑣𝑎𝑙𝑢𝑒 = 1 𝑖𝑓 𝑗𝑜𝑏 𝑖𝑠 𝑓𝑖𝑛𝑖𝑠ℎ𝑒𝑑 𝑎𝑡 𝑡𝑖𝑚𝑒 𝑡, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 0. 

𝑆 = 𝐽𝑜𝑏 𝑤𝑜𝑟𝑘𝑙𝑜𝑎𝑑, 𝑎𝑢𝑥𝑖𝑙𝑖𝑎𝑟𝑦 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 𝑢𝑠𝑒𝑑 𝑎𝑠 𝑜𝑢𝑡𝑝𝑢𝑡  
𝑋 = 𝐴𝑢𝑥𝑖𝑙𝑖𝑎𝑟𝑦 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 𝑤ℎ𝑖𝑐ℎ = 1 𝑖𝑓 𝑤𝑜𝑟𝑘 𝑖 𝑖𝑠 𝑜𝑛𝑔𝑜𝑖𝑛𝑔 

Objective: 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝑓

∀

 (1) 

 

The objective is to minimize the sum of resource load peaks. Levelling of resource load is important 
where the resource load is fluctuating due to the random arrival of various orders. Furthermore, it 
may decrease the need for working overtime, usage of subcontractors and other costly sources in 
production. Moreover, it may reduce the necessity to invest in new machinery.  (Toivonen et al. 
2006, p.1) 

Constraints: 

𝑐 = 1                ∀𝑖 (2) 

 

𝐶 =  𝑡𝑐            ∀𝑖 (3) 

 
𝐷 −  𝐶 ≥ 0                ∀𝑖 (4) 

 
𝐶 − 𝑃 ≥  𝐴                ∀𝑖 (5) 

 

𝑓 − 𝑅 ≥ 0              ∀𝑡, 𝑘 (6) 

 

𝑋 = 𝑐          ∀𝑖, 𝑡 (7) 

 

𝑆 = 𝑅               ∀𝑘 (8) 
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Constraints 2-10 are used here for the free distribution model, where equation 2 defines that each job 
must be completed once, by setting the binary variable 𝑐  as 1 on a specific day in the timing horizon. 
Equation 3 defines the completion times for all jobs, by summing the product of binary variable 𝑐  
and the day on which the job ends. Equations 4 – 5 determine that earliest possible starting times and 
due dates are respected by allocating jobs starting and ending times into the allowed time interval. 
Equation 6 defines the resource load peak as the sum of work contents for all jobs. The peak is cal-
culated for each day and resource separately. These peaks are then minimized with equation 1, i.e., 
the objective function. Equation 7 sets the auxiliary variable X, to indicate that the job is ongoing 
within the job duration. Setting 𝑆  in equation 8 is used as a means to visualize the work content as 
the output. Variable 𝑆  shows the work contents in the resulting timetable where days are located on 
the x-axis and jobs on y-axis.   
All workload must be allocated: 

𝑅 =  𝑊𝐶            ∀𝑖, 𝑘 (9) 

 
Workload is allowed only if work i is ongoing: 

𝑅 ≤ 𝑀 ∗ 𝑋          ∀𝑖, 𝑘, 𝑡 (10) 
 
Equations 9-10 characterize the free distribution. Constraint 9 is used for calculating the workload. 
Equation 10 determines that workload is only allocated if work i is ongoing. Furthermore, constant 
M is a large enough number to satisfy the constraint if 𝑋  takes a binary value of 1.  

4.2.2 Even distribution model 

The difference between free- and even distribution model is the distribution of workload. Even dis-
tribution model distributes the workload evenly over the job duration of a job, while the free distri-
bution model may distribute the workload freely over the same job duration. 

The even distribution model has by default worse resource load peak levelling, since free distribu-
tion allows more freedom for the objective, when trying to minimize resource load peaks. 

Another attribute of the free distribution model is that the job must not be distributed on the entire 
job duration. For example, a three-day long job might be finished in two days. 

Constraints 9 and 10 in the free distribution model are replaced with load calculation constraint 11 
when distribution is even. 

𝑅 =  
𝑊𝐶

𝑃 𝑋
         ∀𝑖, 𝑘, 𝑡 (11) 

As equation 11 shows, the resource workloads are calculated by dividing the work contents over the 
job duration where a job is ongoing.  Computation-wise, even distribution model is significantly 
faster, since the different possibilities are limited compared to free distribution, where the resource 
load has multiple options. 

4.2.3 Dynamic model 

The dynamic model is built from the static model. The dynamic model has three alternative fea-
tures. The first feature of the dynamic planning model is that when an order has been scheduled it is 
frozen and cannot be altered anymore.  
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The second feature is that the if the jobs in an order have been scheduled but not started, they can be 
postponed considering due dates and latest finishing times. 

The third feature is similar to the second feature, but this allows free scheduling of orders that have 
not been started yet. In other words, jobs can be advanced and delayed in the schedule so that the 
constraints including earliest starting times and due dates are fulfilled. 

These three features are implemented to the static model, whereas the dynamic planning section im-
plements a discrete time rolling horizon formulation. Moreover, every order contains four jobs that 
are distributed to four different resources.   

The first major difference between the static and dynamic model is, that the dynamic model opti-
mizes the model for orders arrived in a certain time horizon, whereas the static model takes all or-
ders, and optimizes them at once. The reason why the dynamic model is optimized in iterations is 
that previous jobs or orders can be compared to the current ones. Furthermore, this opens possibili-
ties to apply restrictions and constraints to limit the jobs starting and finishing times compared to 
the current order arrival time. The model for dynamic algorithms is introduced with a set of dy-
namic constraints that are updated each time jobs are compared with each other. These constraints 
are presented in equations 12-13. The finishing time is kept as a reference to both dynamic con-
straints, where the righthand side is updated between iterations: 

𝐿 = 𝐿𝑎𝑡𝑒𝑠𝑡 𝑓𝑖𝑛𝑖𝑠ℎ𝑖𝑛𝑔 𝑡𝑖𝑚𝑒 𝑜𝑓 𝑗𝑜𝑏 𝑖 (𝑉𝑎𝑟𝑖𝑎𝑏𝑙𝑒 𝑖𝑛 𝑑𝑦𝑛𝑎𝑚𝑖𝑐 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡) 

𝐴 = 𝐸𝑎𝑟𝑙𝑖𝑒𝑠𝑡 𝑠𝑡𝑎𝑟𝑡𝑖𝑛𝑔 𝑡𝑖𝑚𝑒 𝑜𝑓 𝑗𝑜𝑏 𝑖 

𝐴 = 𝐸𝑎𝑟𝑙𝑖𝑒𝑠𝑡 𝑠𝑡𝑎𝑟𝑡𝑖𝑛𝑔 𝑡𝑖𝑚𝑒 𝑜𝑓 𝑝𝑟𝑒𝑣𝑖𝑜𝑢𝑠 𝑗𝑜𝑏 𝑗 

𝐶 = 𝐹𝑖𝑛𝑖𝑠ℎ𝑖𝑛𝑔 𝑡𝑖𝑚𝑒 𝑜𝑓 𝑝𝑟𝑒𝑣𝑖𝑜𝑢𝑠 𝑗𝑜𝑏 𝑗, 𝑤ℎ𝑒𝑟𝑒 𝑗 = 𝑎𝑙𝑙 𝑝𝑟𝑒𝑣𝑖𝑜𝑢𝑠𝑙𝑦 𝑠𝑐ℎ𝑒𝑑𝑢𝑙𝑒𝑑 𝑗𝑜𝑏𝑠 𝑢𝑛𝑡𝑖𝑙 𝑗𝑜𝑏 𝑖 

𝐶 ≤  𝐿                 ∀𝑖 (12) 

𝐶 ≥ 𝐴                 ∀𝑖 (13) 

By changing the right-hand side variables Li and Ai the finishing time of jobs can be reoptimized if 
Ci is between the boundaries. When freezing of jobs is desired the right-hand side variables are re-
placed with jobs previous finishing time Cj. In other words, this forces the finishing time to be equal 
between the dynamic constraints which makes the jobs frozen. If previous jobs have not been 
started compared to the arrival of current order, the jobs may be rescheduled. In the postponement 
algorithm, Aj is replaced with Cj so that the previous job may only be rescheduled to a later 
timepoint. Prior to this in the postponement algorithm the righthand side in equation 13 is replaced 
with a postponed timepoint which is calculated according to equation 14 as long as the constraint in 
equation 15 is complied with: 

(𝐷 − 𝑃 − 𝑎 ) ∗ 𝑤 + 𝑎  (14) 

𝐷 − 𝑃 − 𝑎 ≥ 1 (15) 

In equation 14 𝑤 is a weight determining how much the jobs will be initially postponed. In the ex-
periments a weight of 0.2 is used. Moreover, ai is defined as the arrival time of job i. The resulting 
value from equation 14 is rounded up to the nearest integer. If equation 15 does not hold the jobs 
earliest starting times are situated at ai. The idea behind the initial postponement was to allow the 
postponement algorithm for better abilities to postpone existing jobs in the schedule. Moreover, po-
tential rush orders may be situated in the existing schedule with minor alterations. 
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For free rescheduling, dynamic constraints righthand side in equation 13 is simply replaced with the 
arrival time of the current job i. This allows free rescheduling of jobs within allowed boundaries.  

The functionality behind different algorithms is illustrated in flowcharts presented in figures 11-13. 

The rolling horizon design implemented in this model can be seen in figure 8. All jobs 𝑖 from orders 
O are chosen until rescheduling point 𝑅 . These jobs are then scheduled with precedence con-
straints like in the Gantt charts presented in figures 9 and 10. This makespan is placed on the timing 
horizon between the earliest starting time and the maximum due date for an order in the current in-
terval. In other words, all orders between earlier rescheduling point and current rescheduling point 
are scheduled. The horizon is then rolled forward, and the time units passed are frozen, so that jobs 
belonging to this interval are frozen, and cannot be altered anymore. This process is repeated until 
all jobs have been scheduled. 

After scheduling all jobs in an interval, these are compared with previously scheduled jobs j, which 
can be altered in the free- and postponement models, if they have not been started yet. But as men-
tioned earlier, all jobs having a starting time before the current time point in the rolling time hori-
zon, must be frozen. Furthermore, it is important to note that even though the time slots in figure 8 
appear to be evenly distributed, they only illustrate the time units which is days. In the model, vari-
ous jobs have different job durations.  

 

Figure 8: Rolling horizon design, for dynamic scheduling. 
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4.2.4 Forward and backward planning 

The objective in equation 1 defined in the static model is developed further for the dynamic model 
experiments. The objective is altered, so that a weight is applied to either shift the jobs forward or 
backward. 

𝑢 = 𝑤𝑒𝑖𝑔ℎ𝑡 𝑢𝑠𝑒𝑑 𝑓𝑜𝑟 𝑠ℎ𝑖𝑓𝑡𝑖𝑛𝑔 𝑗𝑜𝑏𝑠 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝑓 + 𝑢 ∗ 𝐶

∀∀

 (16) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝑓 − 𝑢 ∗ 𝐶

∀∀

 (17) 

Equation 16 is the objective function used for forward planning, where jobs are prioritized to start 
earlier. Equation 17 on the other hand strives to schedule the jobs later, i.e., backward planning is 
used. The experiments conducted in this thesis uses a weight of 0.1, which is small enough not to 
force the jobs as early or late as possible, so that the resource load peak value does not change. Alt-
hough if the schedule allows it, the jobs are scheduled early if forward planning is used and late if 
backward planning is used. 

All combinations of model, parameter and algorithm variations uses both forward and backward 
planning. Using backward planning together with the postponement algorithm can be considered 
impractical, but is examined anyway due to the convenience of running all algorithms at once. 

4.2.5 Flexible and fixed time templates 

Precedence constraints are used to realize the sequence of the finishing times of jobs inside the or-
der. The constraint makes sure that the last job in the order is scheduled after all preceding jobs in 
the order. Furthermore, the sequence is that 1st job should finish before 2nd is started; 2nd and 3rd 
jobs may overlap; and all preceding jobs in the order must be finished before the 4th job starts. The 
last job in the order might be considered as an assembly job of the preceding jobs. 

These precedence constraints have two different variants, which are included in the runs of the 
model. Flexible time template means that the jobs might have gaps between them if the correct 
precedences of jobs are maintained in each order. Fixed timing template does not allow gaps be-
tween jobs. This means that a job succeeding another job, must start immediately on the next day, 
compared to the preceding jobs finishing date. An example of a Gantt chart of the flexible timing 
template can be seen in figure 9, respectively fixed timing template can be seen in figure 10. The 
difference between two templates can be seen from job 13 – job 24. 

 

Mathematical formulations of these precedence constraints are: 

𝐺𝑖𝑣𝑒𝑛 𝑎 𝑠𝑒𝑡 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟𝑠 𝑂 = {𝑜, … , 𝑜 } 

𝐸𝑎𝑐ℎ 𝑜 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑠 𝑎 𝑠𝑒𝑡 𝑜𝑓 𝑗𝑜𝑏𝑠 𝐼 = {𝑖, … , 𝑖 }  

Flexible timing template: 

𝐶 ≤ 𝐶 − 𝑃  , 𝑔𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝑗𝑜𝑏 𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛, ∀𝑖, 𝐼 ∈ 𝑂 (18) 

𝐶 ≤ 𝐶 − 𝑃  , 𝑔𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝑗𝑜𝑏 𝑖 𝑖𝑠 𝑜𝑑𝑑, ∀𝑖, 𝐼 ∈ 𝑂 (19) 
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Fixed timing template: 

𝐶 = 𝐶 − 𝑃  , 𝑔𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝑗𝑜𝑏 𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛, ∀𝑖, 𝐼 ∈ 𝑂 (20) 

𝐶 = 𝐶 − 𝑃  , 𝑔𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝑗𝑜𝑏 𝑖 𝑖𝑠 𝑜𝑑𝑑, ∀𝑖, 𝐼 ∈ 𝑂 (21) 

 

 

 

 

Figure 9: Flexible timing template Gantt chart of 7 orders 
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The difference between flexible timing template, equations 18-19 and fixed timing template, equa-
tions 20-21 is that the inequalities in flexible timing templates allow gaps, and the fixed timing tem-
plate forces the succeeding jobs to be started immediately with the equality sign.  

Logically, flexible timing template has slightly better resource load levelling, since it yields the 
model more freedom. Computation-wise, the model gets heavier since scheduling gets more possi-
bilities. 

4.2.6 Frozen model 

The simplest dynamic model is where all jobs are frozen once they have been scheduled. This 
model is not so effective when considering changes happening in the production, since the model 
ensures that rescheduling is not allowed. Although the positive attribute of this model is that it re-
duces the amount of nervousness that rescheduling might bring to production. 

A flowchart of the frozen model can be seen in figure 11. Initially a replanning frequency is de-
fined, which tells at which pace orders are scheduled. Based on this, a time horizon is set with a 
lower limit and an upper limit. Furthermore, all jobs are scheduled within the defined bounds. When 
the jobs have been scheduled, they are immediately frozen. When all jobs within the bounds have 
been scheduled, the next set of orders are received at the next planning date. This continues until the 
total job amount has been scheduled. 

𝑟 = 𝑟𝑒𝑝𝑙𝑎𝑛𝑛𝑖𝑛𝑔 𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦 

𝑠 = 𝑠𝑡𝑎𝑟𝑡𝑖𝑛𝑔 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 𝑡𝑖𝑚𝑒 𝑠𝑐ℎ𝑒𝑑𝑢𝑙𝑒 

𝑒 = 𝑒𝑛𝑑𝑖𝑛𝑔 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 𝑡𝑖𝑚𝑒 𝑠𝑐ℎ𝑒𝑑𝑢𝑙𝑒 

Figure 10: Fixed timing template Gantt chart of 7 orders. 
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𝐼 = 𝑇𝑜𝑡𝑎𝑙 𝑗𝑜𝑏 𝑎𝑚𝑜𝑢𝑛𝑡 

𝑖 = 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 𝑗𝑜𝑏 𝑖𝑛 𝑠𝑒𝑡 𝐼 𝑎𝑛𝑑 𝑡𝑖𝑚𝑒 ℎ𝑜𝑟𝑖𝑧𝑜𝑛 𝑠 − 𝑒 

 

 

4.2.7 Postponement model 

The idea behind postponing jobs in the schedule is that it accounts for change in orders or problems 
in production. In other words, postponing jobs closer to the deadline adds certainty of ability to 
meet the customer specification and demands, such as on-time delivery. 

The initialization step of all models is the same as described in the frozen model, where job orders 
are scheduled according to the replanning frequency. A flowchart for the postponement model can 
be seen in figure 12. If the difference between due date, job duration and job arrival for each job al-
lows jobs to be postponed, they are moved by 20% closer to the deadline. Although if the margin to 
the deadline is small, they might not be moved at all since the values are rounded to integers. Ini-
tially, the postponement was set to 50%, but usage of smaller slack values for due dates such as 0.5, 
made the model infeasible due to the precedence constraints. In other words, too much postponing 
makes the time horizon too tight, because of the precedence constraints, as well as the usage of dif-
ferent slack values. The idea behind initial postponement was to avoid jobs to be scheduled too 
early, resulting in freezing jobs that might be situated much later in the schedule. 

When jobs have been postponed and keeping in mind that the starting time must be at least on its 
corresponding arrival date, comparison to previous jobs can begin. The previous jobs can be defined 

Figure 11: Frozen dynamic model 
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as all jobs before the current job. If the starting time of a previous job is larger than zero, and larger 
than, or equal to arrival of current job, the previous job can be rescheduled by postponement. This 
iteration continues until all jobs have been scheduled and possibly rescheduled. On the other hand, 
if the starting time of a previous job is smaller than the arrival of current job, it must be frozen. Fur-
thermore, the frozen job is no longer considered in further iterations. 

The model stops when the total job amount has been scheduled and either rescheduled or frozen. 

𝑟 = 𝑟𝑒𝑝𝑙𝑎𝑛𝑛𝑖𝑛𝑔 𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦 

𝑠 = 𝑠𝑡𝑎𝑟𝑡𝑖𝑛𝑔 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 𝑡𝑖𝑚𝑒 𝑠𝑐ℎ𝑒𝑑𝑢𝑙𝑒 

𝑒 = 𝑒𝑛𝑑𝑖𝑛𝑔 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 𝑡𝑖𝑚𝑒 𝑠𝑐ℎ𝑒𝑑𝑢𝑙𝑒 

𝐼 = 𝑇𝑜𝑡𝑎𝑙 𝑗𝑜𝑏 𝑎𝑚𝑜𝑢𝑛𝑡 

𝑖 = 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 𝑗𝑜𝑏 𝑖𝑛 𝑠𝑒𝑡 𝐼 𝑎𝑛𝑑 𝑡𝑖𝑚𝑒 ℎ𝑜𝑟𝑖𝑧𝑜𝑛 𝑠 − 𝑒 

𝑗 = 𝑝𝑟𝑒𝑣𝑖𝑜𝑢𝑠 𝑗𝑜𝑏 𝑟𝑎𝑛𝑔𝑖𝑛𝑔 𝑓𝑟𝑜𝑚 (1 … 𝑖) 

𝐷 = 𝐷𝑢𝑒 𝑑𝑎𝑡𝑒 𝑓𝑜𝑟 𝑗𝑜𝑏 𝑖 

𝑃 = 𝐽𝑜𝑏 𝑑𝑢𝑟𝑎𝑡𝑖𝑜𝑛 𝑓𝑜𝑟 𝑗𝑜𝑏 𝑖 

𝑎 = 𝑎𝑟𝑟𝑖𝑣𝑎𝑙 𝑜𝑓 𝑗𝑜𝑏 𝑖 

𝑆𝑇 = 𝑆𝑡𝑎𝑟𝑡𝑖𝑛𝑔 𝑡𝑖𝑚𝑒 𝑜𝑓 𝑗𝑜𝑏 𝑗 
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4.2.8 Free model 

Free rescheduling model resembles the postponement model, except the jobs are not postponed in 
the beginning. Moreover, the rescheduling part of the algorithm allows jobs to be delayed and 
rushed if they stay within the bounds of current jobs arrival date, and the due date of the job in 
question. 

This model is quite heavy and the most time consuming of the three variations. This is because of 
the multiple rescheduling possibilities. Figure 13 shows the flow chart of the free rescheduling algo-
rithm. 

𝑟 = 𝑟𝑒𝑝𝑙𝑎𝑛𝑛𝑖𝑛𝑔 𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦 

𝑠 = 𝑠𝑡𝑎𝑟𝑡𝑖𝑛𝑔 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 𝑡𝑖𝑚𝑒 𝑠𝑐ℎ𝑒𝑑𝑢𝑙𝑒 

Figure 12: Postponement dynamic model 
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𝑒 = 𝑒𝑛𝑑𝑖𝑛𝑔 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 𝑡𝑖𝑚𝑒 𝑠𝑐ℎ𝑒𝑑𝑢𝑙𝑒 

𝐼 = 𝑇𝑜𝑡𝑎𝑙 𝑗𝑜𝑏 𝑎𝑚𝑜𝑢𝑛𝑡 

𝑖 = 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 𝑗𝑜𝑏 𝑖𝑛 𝑠𝑒𝑡 𝐼 𝑎𝑛𝑑 𝑡𝑖𝑚𝑒 ℎ𝑜𝑟𝑖𝑧𝑜𝑛 𝑠 − 𝑒 

𝑗 = 𝑝𝑟𝑒𝑣𝑖𝑜𝑢𝑠 𝑗𝑜𝑏 𝑟𝑎𝑛𝑔𝑖𝑛𝑔 𝑓𝑟𝑜𝑚 (1 … 𝑖) 

𝑆𝑇 = 𝑆𝑡𝑎𝑟𝑡𝑖𝑛𝑔 𝑡𝑖𝑚𝑒 𝑜𝑓 𝑗𝑜𝑏 𝑗 

 

 

 
 

Figure 13: Free rescheduling algorithm 
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4.3 Reading and analysing data 

The data is read from an Excel file where all parameters are listed in different columns. The advantage 
with reading the data from an Excel file is that the data within Microsoft Excel is easy to change, and 
the use of equations is simple and applicable to all columns and rows. In table 1 we can see an example 
of the data used for the scheduling model. As mentioned earlier stochasticity is applicable by using 
Excel functions on the parameters. Furthermore, the earliest start column is equal to the order arrivals 
because the order arrivals are unknown and arrive dynamically, and no order can be scheduled on a 
time point prior to its arrival. 
 
Table 1:Example data in an Excel file 

 
The data is read from Excel to the Python code where a Pandas extension is used to convert the 
parameters into the right form. All parameters are dependent on its corresponding job number.  
 
Data generation for the optimization runs, as well as organization of the acquired output is done in 
Microsoft Excel with Visual Basic programming language scripts. A data generation macro is made 
for making 180 data sets as input for the optimization model. Furthermore, an auto-sorting macro is 
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made to sort the output resource-wise so that charts can easily be made separately for each resource. 
Finally, a macro for calculating the mean resource load peak is made. This calculates the mean ob-
jective results for each resource over 10 datasets, and separately for all three models. 

4.4 Gurobi optimization 

Gurobi optimizer is a state-of-the-art mathematical programming solver that supports LP, QP (Quad-
ratic Programming), MIP, MILP, MIQP (Mixed Integer Quadratic Programming), and MIQCP 
(Mixed Integer Quadratically Constrained Program) programs. Furthermore, it is the most powerful 
mathematical optimization solver on the market. Moreover, Gurobi uses state-of-the-art algorithms 
such as: LP algorithms including simplex, parallel barrier with crossover, concurrent and sifting; QP 
algorithms including simplex and parallel barrier QCP (Quadratically Constrained Programs) algo-
rithms and parallel barrier SOCP (Second-Order Cone Programming); MIP algorithms including de-
terministic parallel, non-traditional search, heuristics, solution improvement, cutting planes, and sym-
metry breaking. (Gurobi optimization A 2021) 
 
When solving a MIP model in Gurobi the building blocks used are: 
 

 Presolve 
 Solve continuous relaxations 
 Cutting Planes 
 Branching variable selection 
 Primal heuristics 

 
MIP presolve is used for reducing the problem size and tightening the formulation. Presolve strives 
to strengthen the LP relaxation and identify problem sub-structures. Gurobi uses branch-and-cut al-
gorithm for solving MIP models. The architecture of the algorithm can be seen in figure 14. (Gurobi 
optimization C, 2021) 
 

 
An example of how the Gurobi output looks like when solving a model is illustrated in figure 15. 

Figure 14: Branch-and-cut in Gurobi. (Gurobi optimization C, 2021) 
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Initially the model goes through presolving, followed by node selection which contemplates which 
open node in the branching process should be processed next. Node presolving, means that domain 
propagation is applied at each node of the search tree.  (Achterberg, Wunderling 2013 p.442) 
 
Domain propagation in MIP usually means that a restricted version of the pre-processing algorithm 
is used to simplify the problem instance. In addition to integrality restrictions, MIP models only have 
linear constraints which limits the amount of propagation algorithms used for MIP problems. The 
most significant algorithm is bound strengthening on linear constraints. Bound strengthening or prop-
agation means trying to reduce the lower and upper bounds for the variables.  (Achterberg 2007, p.19, 
83) 
 
The next step in the algorithm is to solve the LP relaxation for all nodes of the remaining tree. LP 
relaxation is constructed by removing the integrality conditions in a MIP.  
 
Moving down the flowchart of the branch-and-cut algorithm we see that the LP relaxation is either 
strengthened by cutting planes or moved down to the heuristics. 
 
The cutting planes use information from the LP with integrality restrictions to derive valid inequalities 
that reduce the solution space (cutting planes) of the current LP relaxation, without removing integral 
solutions. Moreover, the objective value of the LP relaxation gives a lower bound for the whole sub-
tree. If this lower bound is larger than the current objective values best primal solution, the subtree 
with its node can be abandoned. (Achterberg 2007, p. 12) 
 
The primal heuristics find integer feasible solutions for the model. Branching variable selection is 
crucial for limiting the search tree size.  These steps are repeated until all nodes have been worked or 
optimal solution has been found. (Gurobi optimization C, 2021) 
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When analysing the output, it is important to note that when the gap between the upper and lower 
bounds is zero, an optimal solution is found. (Gurobi optimization B, 2021) 
 
For our mathematical optimization model, Gurobi python application programming interface is used 
and implemented with Jupyter Notebooks or Jupyter Lab. 
 
 
 
 
 
 
 

Figure 15: Example of Gurobi optimization output for MIP model, 
with stages of branch-and-cut algorithm. 



56 

 

4.5 Design of experiments 

Experiments include different variations of the dynamic scheduling model, to find the most effective 
scheduling strategies. Furthermore, gathering data from different variations can provide optimal pa-
rameter values for varying scenarios. In MTO, companies might have different priorities regarding 
optimality, which is why adjusting parameters, and architecture of the model is important. 

4.5.1 Main objective 

Choosing the optimal replanning frequency is important in MTO manufacturing, since the amount 
of orders received can have significant variation. MTO includes a lot of uncertainty which is one of 
the reasons, why different replanning strategies are also examined. Depending on incoming orders, 
different strategies and replanning frequencies must be analysed and compared with each other, so 
that different optimal scenarios can be found. Furthermore, parameters such as product size, cus-
tomization and market behaviour might vary between orders, which is why this must also be ana-
lysed.  

However, some parameters must remain fixed, since from an optimization point of view the model 
might get too heavy to run. If the model gets too complex, the running time of the model could be-
come too large. 

4.5.2 Replanning strategies 

As mentioned earlier, the replanning strategies are freezing, postponement and free. These three 
strategies are always compared with another in this experiment. Initially, the postponement resched-
uling strategy was intended to postpone the jobs by 50% closer to the deadline, but this made the 
time horizon too tight. This resulted in some data sets becoming infeasible because satisfaction of 
precedence constraints could not be fulfilled. Because of this, the postponement factor was dropped 
to 20%. 

4.5.3 Parameters 

Usually, companies have a selection of products, which can be ordered. This is especially common 
for MTO production, where customers might need tailored products for their needs. For this pur-
pose, some parameters must be adjusted in the experimentation. If not adjusted, they must at least 
have some statistical distribution to simulate the uncertainty of real-world MTO production. It is 
desirable to adjust all parameters, but it would become too time consuming, since there are so many 
other variations involved in these experiments.  

Job work content variability (JWCV) or product customization is an important aspect to include in 
the analysis of aggregate planning in MTO production. Assumptions made for this feature are: 

 Work contents for each job are gamma distributed. 
 All four jobs in each order have the same average. 
 The default standard deviation is 0.5 of mean, but the parameter is adjustable. 

The plan was to include three different CV (Coefficient of Variability) values which can be calcu-
lated as the standard deviation divided by the mean value. The α and λ values used in the gamma 
distribution are dependent on CV variation. The smaller the CV value is, the smaller the variability 
is. On the contrary, a larger CV value equals more variation in the job work contents. The planned 
CV values are found in table 2. Due to a mistake in the data generation, all these three values were 
not used. Therefore, results only include JWCV parameter settings with a CV value of 0.5. 
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Furthermore, products tend to come in different sizes, meaning that the labour need might increase 
if an order of larger products is made. On the contrary, smaller products require less work to manu-
facture. This product variability must also be included in the analysis, with the following assump-
tions: 

 Each orders work content is uniformly distributed between value a and b in interval [𝑎, 𝑏]. 
 This mean value is used as input for each job in the orders for job content variability. 

The experiments include two different variations for the product variability (PV), which can be seen 
in table 2. The second scenario does not have product variability at all and uses a steady value. Fur-
thermore, this means that the mean value and standard deviation used for the CV is always constant.  

Order interarrival time (OIT) is the pace at which orders arrive and it is also considered relevant for 
the study. If two orders arrive for one day, the interarrival time is equal to half a day. This is de-
pendent on market behaviour. The interarrival times are distributed according to negative exponen-
tial distribution. The default value used for the mean in the experiments is that each 0.5 days an or-
der arrives. Furthermore, the standard deviation value is equal to the mean value used for the nega-
tive exponential distribution. For clarity, the default value used for the distribution is that approxi-
mately two orders arrive daily. 

Due date tightness (DDT) which is also dependent on market behaviour should also be specified 
and dependent on other changes made. A minimum product makespan duration must be calculated. 
This critical path is added to a negative exponentially distributed slack value, which is based on the 
default value for the length of the critical path. The critical path is defined as the sum of job dura-
tions of all jobs belonging to the order. Moreover, the order arrival date is also included, and 
thought of as the starting point. The DDT values used in the experiments can be seen in table 2.  

The product and process structure remains the same throughout the experiments. This means that all 
orders include 4 different jobs, which are always done in the same order: 

 Stage 1 < Stage 2 < Stage 4 
 Stage 3 < Stage 4 

Stage 1 and 3 are predecessor jobs and stage 2 is a successor job. Stage 4 is considered as an assem-
bly step where all other stages have been finished and the final product is assembled of the preced-
ing stages. 

Job duration can be seen as a fixed parameter, but in reality, it changes between the experiments. 
The job duration is divided by the average work content for each order and then the result is 
rounded, with addition of an extra day. This secures that the job duration is at least one day. To 
summarize, if the order is large, it must be divided over several days. 

4.5.4 Amount of runs 

The number of runs used in the experiment can be seen in table 2. The original intention was to do 
even more runs, by varying the order interarrival times, and using different weights for forward and 
backward planning. Some cuts had to be made, since especially the free distribution strategy to-
gether with flexible timing template makes the model very slow. The slowest setting is using free 
rescheduling strategy, together with free distribution of workload, and a flexible timing template. 

 

 

 



58 

 

Table 2: Total amount of runs used in the experiments 
JWCV PV OIT DDT For-

ward 
Back-
ward 

Even Free Fixed Flexible Re-
plan 

3 2 1 3 2 2 2 3 

0,33; 
0,5; 1 

100 – 
300; 
200 - 
200 

0,5 0,5; 
1; 1,5 

Weight 
0,1 

Weight 
0,1 

    1;2;3 

Total combinations 18 for param-
eters 

Two different objec-
tive / shifting strate-
gies with weights. 

Distribution 
strategy 

Timing template Sched-
uling 
fre-
quency 

Total amount of runs = 3*2*1*3*2*2*2*3 = 432 

Rescheduling strategies = 3 

Data sets / run = 10 (30) 

Total amount of schedules = 12960 

 

 

Furthermore, to keep the run time of the experiments at a reasonable level, the continuous optimiza-
tion had to be limited timewise, but still at a sufficiently good level result-wise. These restrictions 
are made with a call-back function, which has the following constraints: 

𝐺𝑒𝑛𝑒𝑟𝑎𝑙 𝑡𝑖𝑚𝑒 𝑙𝑖𝑚𝑖𝑡 𝑓𝑜𝑟 𝑜𝑝𝑡𝑖𝑚𝑖𝑧𝑎𝑡𝑖𝑜𝑛𝑠 = 10 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 (22) 

𝐼𝑓 𝑡𝑖𝑚𝑒 > 0.2 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 𝑎𝑛𝑑 𝑀𝐼𝑃 𝑔𝑎𝑝 < 5 % = 𝑠𝑡𝑜𝑝 𝑜𝑝𝑡𝑖𝑚𝑖𝑧𝑖𝑛𝑔 (23) 

𝑊ℎ𝑒𝑟𝑒 𝑀𝐼𝑃 𝑔𝑎𝑝 =
𝑧 − 𝑧

𝑧
 (24) 

And, 

𝑧 = 𝑃𝑟𝑖𝑚𝑎𝑙 𝑜𝑏𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝑏𝑜𝑢𝑛𝑑 𝑜𝑟 𝑢𝑝𝑝𝑒𝑟 𝑏𝑜𝑢𝑛𝑑 𝑓𝑜𝑟 𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑝𝑟𝑜𝑏𝑙𝑒𝑚𝑠 

𝑧 = 𝐷𝑢𝑎𝑙 𝑜𝑏𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝑏𝑜𝑢𝑛𝑑, 𝑜𝑟 𝑙𝑜𝑤𝑒𝑟 𝑏𝑜𝑢𝑛𝑑 𝑓𝑜𝑟 𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑝𝑟𝑜𝑏𝑙𝑒𝑚𝑠 

𝐼𝑓 𝑧 =  𝑧 = 0, 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑔𝑎𝑝 𝑖𝑠 𝑧𝑒𝑟𝑜 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑜𝑏𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝑣𝑎𝑙𝑢𝑒 𝑖𝑠 𝑜𝑝𝑡𝑖𝑚𝑎𝑙 

(Gurobi, MIPGap, 2021) 

In other words, the general time limit in equation 22 is set at ten seconds, which means that if this is 
exceeded in the optimization run, the model stops at its current objective value which could be over 
5 % MIP gap. Equations 23 and 24 make sure that if an optimal value is found in under 0.2 seconds 
the model stops optimizing, but otherwise it settles when the MIP gap has dropped below 5 %, 
which is the limit for the model. This is an agreement between running time and credibility of re-
sults, which must be made for such a large amount of runs and a heavy model. 

The model is reoptimized each time the dynamic constraints are changed. Especially, for postpone-
ment- and free rescheduling strategies this means that the computation time increases significantly, 
since the model is reoptimized each time it compares previous jobs to current jobs whether freezing 
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or rescheduling should be applied. This also means that when analysing the results, determining ex-
act MIP gaps is very hard since each time the model is reoptimized a new MIP gap for the current 
solution is recorded. 

The maximum number of comparisons for jobs can be calculated as: 

𝐶𝑜𝑚𝑝𝑎𝑟𝑖𝑠𝑜𝑛𝑠 = 𝑖 (25) 

For postponement- and free rescheduling strategies, and using 28 jobs we get: 

𝐶𝑜𝑚𝑝𝑎𝑟𝑖𝑠𝑜𝑛𝑠 = 𝑖 =  378 (26) 

The comparisons calculated with equation 25 and 26 is the maximum number of comparisons that 
may occur in experiments when a rescheduling algorithm is used. The equation basically sums the 
series of comparisons between previous and current jobs, given that no job is frozen.  

Frozen strategy has a significantly faster processing time since the jobs are frozen after scheduling 
them. The respective number of optimizations for frozen strategy is presented in equation 27: 

𝑂𝑝𝑡𝑖𝑚𝑖𝑧𝑎𝑡𝑖𝑜𝑛𝑠 = 𝑛 + 𝑟𝑒𝑝𝑙𝑎𝑛𝑛𝑖𝑛𝑔 𝑝𝑜𝑖𝑛𝑡𝑠 (27) 

Equation 27 presents the number of optimizations required for the frozen strategy. The calculation 
results in approximately 30 optimizations, where n is the total amount of jobs frozen in the experi-
ment, which is equal to 28. Moreover, replanning points are determined by the number of times jobs 
are scheduled for each dataset. The minimum amount of replanning points are 1, which corresponds 
to a static scenario. The maximum number of replanning points on the other hand is 7, which means 
that every order is scheduled on a different occasion. 

4.6 Simulation setup 

The total amount of schedules generated is 12960, which is why the results, and the objective values 
must be organized thoroughly. Every run of the code contains the following steps: 

1. Initialize input values (Parameter variation, Model variation) 
2. Import data from dataset. 
3. Run optimization of model (Frozen, Postponement, Free) 
4. Write results to Excel file (schedule, resource load peak, starting and ending dates, and job 

durations. 
5. Repeat steps 2-4 for next model. (The order is frozen-postponement-free). 
6. When all models have been run, the schedules are auto-sorted resource-wise, for easier anal-

ysis of resource load levelling. 
7. Calculate the mean load peaks of n amount of datasets. (Default for n = 10). 
8. Sum resource load peaks, for easier comparison between models and parameters.  

The code of the process can be seen in appendix B. 

Analysing and organizing results is done with the help of VBA (Visual Basic for Applications) 
macros. These macros can be seen in appendix C. 
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4.7 Credibility of the data 

The intended number of runs shown in table 2, were all executed but with some issues along the 
simulations. The datasets generated with the intention of varying the job work content variability, 
were not generated in a successful manner. The datasets resulted in JWCV varying in only the first 
order. This means that all six remaining orders, had a CV value of 0.5. As a result, these faulty results 
were combined with the runs done right with a JWCV of 0.5. This resulted in all parameter variations 
having results from 30 datasets. This might have a small effect on the output, but since the amount of 
runs for all parameter variations is so high, the results should be quite accurate. 
 
Furthermore, some minor issues were detected in the beginning of the optimization runs. The flexible 
scheduling trait was guaranteed for all orders except the last order in all runs having 0.5 DDT. More-
over, a minor issue regarding the length of the time horizon was detected when running datasets with 
DDT values of 1. The issue was rather that the output excel file was not able to record jobs, situated 
between days 36 and 40. This was fixed almost immediately, and did not have any significant impact 
on the objective results. 
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5 Results and analyses 

In this chapter, the results and analyses are presented. The results include comparisons of sum of 
resource load peaks with model variations as well as different parameter combinations. Prior to this, 
evaluation of run time between different models and variations as well as MIP gaps are analysed on 
a general level. Furthermore, resource load levelling for model variation 7 is analysed, as well as 
univariate and multivariate factor analysis on the algorithms.  
 
To check if a MANOVA and factor analysis is worthwhile for the data, a Bartlett’s test of sphericity 
is conducted with IBM SPSS Statistics 27 software. If the significance level is below 0.05, factor 
analysis and MANOVA is applicable. The results in table 3 show that the significance level is below 
0.05, which would indicate that the variables are related to one another. 

 

 
 
Furthermore, a MANOVA is executed where objective results for different dynamic algorithms are 
considered as dependent variables, and all parameter and model variations are considered as fixed 
factors. Mean values are also compared with all model and parameter variations univariately, to see 
how parameter and model variations affect the objective results for each model.  
 
All the computations in this work were executed on a PC with 3.2 GHz CPU and 16GB RAM. The 
problem was solved using Gurobi optimization solver in Python environment. 

5.1 Run time results 

The total run time for 432 runs was 164 hours. The run times were recorded after each model or 
parameter variation. Which means that run times for frozen, postponement and free replanning strat-
egies were summed together. During the runs it was noted that frozen replanning strategy was signif-
icantly faster than the other two. Postponement strategy was the second fastest, and free replanning 
strategy was the slowest. This is because postponement and free strategies include more combinations 
and replanning. Figure 16 shows the impact of different parameter or model variations on the mean 
run time.   

Table 3: Bartlett's Test of Sphericity for the variables 
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5.2 Run time analysis 

Run times were not recorded separately for the algorithms. Instead, they were summed together for 
each experiment since it was more convenient to arrange the results this way. The difference in run 
times between algorithms are based on observations during the 432 conducted runs. 

In general, frozen algorithm had the fastest run time, due to its simplicity. Postponement and free 
algorithms were significantly slower due to their complexity. Furthermore, the free algorithm was 
clearly the slowest one due to its ability to reschedule jobs both forward and backward in the sched-
ule. 

The behaviour of different parameters on runtimes can be seen in table 4.  

 

 

Figure 16: Parameter and model variations impact on mean run time. 
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Table 4: Model variations influence on run times. 
Parameter / model Settings Run time 

DDT  0.5 - > 1  Increase 

DDT  1 - > 1.5 Decrease 

PV 100-300 - > 200-200 Decrease 

Distribution Even - > Free Increase (significant) 

Timing template Fixed - > Flexible Increase 

Objective Backward - > Forward Increase 

Replanning interval 1 - > 2 Decrease (substantial) 

Replanning interval 2 - > 3 Decrease (slightly) 

 

DDT, PV, timing template and objective had quite small changes in the mean run time. Replanning 
frequency had a substantial decrease of mean run time when switching from replanning daily to re-
planning every two days. The largest difference was between the distribution settings. When 
switching from even distribution to free distribution the mean run time almost increased by 1000 
seconds. This means that the free distribution is computationally very heavy. On the other hand, 
splitting job workloads into an even distribution is not computationally so difficult. The most time-
consuming setting, according to observations was having a free distribution with flexible timing 
template. Running this combination usually resulted in having to cut certain runs, because the run-
ning time was for some datasets excessively time-consuming or resulted in exceeding the MIP gap 
limit. 

The substantial decrease from replanning daily to replanning every other day could be neglected, 
since it might not be so trustworthy. Running datasets with replanning 1 was usually run completely 
without disruptions to map potential bottlenecks. If such bottleneck datasets were observed, these 
datasets were neglected from replanning interval 2 and 3. This is probably the reason why the 
change in run time between 2 and 3 is so small. 

5.3 General comparison results 

This section shows results of the sum of resource load peaks for different parameter and model com-
binations. The parameter settings can be seen as the chart title, while the sum of the objective values 
for all resources are situated on the Y-axis. The model variations are numbered on the X-axis with 
the numbers explaining the combinations in table 5. The charts shown in figures A1-A6 in Appendix 
A are made with Microsoft Excel.  
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Table 5: All model variations used in the experiments. 
Model variation Distribution Timing template Objective (shift-

ing) 
Replanning fre-
quency 

1 Even Fixed Forward 1 
2 Even Fixed Backward 1 
3 Free Fixed Forward 1 
4 Free Fixed Backward 1 
5 Even Flexible Forward 1 
6 Even Flexible Backward 1 
7 Free Flexible Forward 1 
8 Free Flexible Backward 1 
9 Even Fixed Forward 2 
10 Even Fixed Backward 2 
11 Free Fixed Forward 2 
12 Free Fixed Backward 2 
13 Even Flexible Forward 2 
14 Even Flexible Backward 2 
15 Free Flexible Forward 2 
16 Free Flexible Backward 2 
17 Even Fixed Forward 3 
18 Even Fixed Backward 3 
19 Free Fixed Forward 3 
20 Free Fixed Backward 3 
21 Even Flexible Forward 3 
22 Even Flexible Backward 3 
23 Free Flexible Forward 3 
24 Free Flexible Backward 3 

 
- For product variability of between 100 and 300 and the due date timing slack of 0.5 yields the 

results seen in figure A1. 
- The chart with product variability constant at 200 and due date timing slack of 0.5 gives the 

results shown in figure A2. 
- Figure A3 shows the results for a product variability between 100 and 300 and a due date 

timing slack of 1.  
- Furthermore, figure A4 shows the constant product variability setting with a due date timing 

slack of 1.  
- Figure A5 shows the initial product variability setting ranging from 100 to 300, and a due date 

time slack of 1.5. 
- The last Excel chart of this category A6 shows the results for due date timing slack of 1.5 and 

a constant product variability of 200-200. 

5.4 General comparison analysis 

Figures A1 and A2 have both a DDT slack of 0.5 with varying PV values. The objective results are 
worse with more product variability, compared to that of having similar products. Figure A2 has no 
product variation, which apparently results in slightly lower resource load peaks, compared to prod-
uct variability of 100-300. The patterns between different models on the other hand are quite simi-
lar. 
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Furthermore, the small slack value resulting in tight due dates, emphasizes the difference in objec-
tive results between model variations. The difference in sum of resource load peaks for both PV 
variations is approximately 400 for figure A1 and A2. 

For small replanning frequencies, free and frozen algorithms yield approximately equally good re-
sults. When replanning frequency is abated, i.e. number of replanning points are reduced, the frozen 
model becomes the best result-wise. Postponement algorithm gives the worst results for all varia-
tions, but the gap to free algorithm is narrowed down when replanning less often. Postponement and 
backward planning variations clearly always give the worst results, which is kind of expected. Con-
stantly postponing jobs, with a weight shifting them backwards kind of cripples the model to 
achieve good workload levelling. On the other hand, forward planning and postponement strategy 
complement each other, by first postponing the jobs and then shifting them forward. 

The most significant model variation affecting the objective results is between even and free distri-
bution. The second most significant model variation affecting the results for 0.5 DDT slack is be-
tween fixed and flexible timing templates. Shifting the schedule forward or backward does not have 
significant impact on frozen or free algorithms. Furthermore, the frozen algorithm seems to be the 
only one improved by replanning less frequently.  

Figures A3 and A4 show the results for using DDT slack 1. When increasing the slack, we can im-
mediately mention that the difference between the model variation is decreased compared to using 
tight due dates. Furthermore, the difference in PV, still has an impact on the results. Product varia-
bility gives slightly worse results, compared to having a constant PV range. 

PV 100-300 and slack 1.0 seems to give best results for the free rescheduling algorithm. Also, the 
postponement and forward planning combination seems to give better results than the frozen algo-
rithm in some model variations. The frozen algorithm improves when replanning is done less fre-
quently, as mentioned in the case where the slack was 0.5. On the other hand, the difference is very 
small between the three algorithms. The only variation that clearly odds one out is postponement 
and backward planning combination. 

When there is no product variability the differences are a bit clearer, and frozen model has clearly 
the best objective value when replanning is scarcer. Furthermore, the differences between model 
variations become slightly clearer when PV is not considered. 

When comparing slack 0.5 to 1, the range between model variations of sum of resource load peaks 
reduced from approximately 400 to 200. This is probably due to the fact that adding more slack to 
the due dates, gives the schedule more freedom to level the resource load peaks. In other words, 
having tight schedules intensifies other model variations, such as job distribution and timing tem-
plates.  

Results with DDT slack of 1.5 are presented in figures A5 and A6. When using a slack of 1.5, the 
rescheduling algorithms seem to perform better than the frozen algorithm. This is more apparent 
when including product variability, although it can also be seen when using frequent replanning, 
and same sized products. In general, the product variability seems to have quite the same difference 
between objective values, even though DDT slack increases. Increasing the slack further contributes 
to reducing the resource load peak differences between model variations. If slack 0.5 had an interval 
of approximately 400, and slack 1 had 200, slack 1.5 seems to be closer to 150. Otherwise, increas-
ing the slack seems to improve the algorithms with rescheduling features. Due to the reduction of 
differences between models, further analysis is made with the help of the MANOVA. As a general 
conclusion, tightening the due dates magnifies the differences in models. 
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5.5 Examples of resource load levelling 

As mentioned earlier, the amount of output schedules received from the experiments are high, which 
is why only schedules for the due date timing slack parameter variation is examined for different 
dynamic algorithms. Furthermore, the resource load profiles are only done to model variation 7, 
which is characterized by having a free distribution, flexible timing template, forward planning, and 
a daily replanning interval. The resource profiles are only illustrated for the first run in each dataset.  
 

- Figure A7 shows the resource loads resource-wise for the frozen dynamic algorithm, where 
JWCV = 0.5, OIT = 0.5, PV = 100-300, DDT = 0.5 and model combination 7. 

- Figure A8 shows the respective resource load for postponement algorithm.  
- Figure A9 concludes the resource load for DDT = 0.5, where the resource load for the free 

algorithm is presented. 
- Figure A10 shows the resource load peaks and levelling for the frozen algorithm, with same 

specifications as earlier, except here the DDT = 1.  
- Figure A11 shows the resource loads for postponement algorithm with a DDT of 1.  
- Figure A12 shows the results of the free algorithm with a DDT of 1.  
- Figure A13 shows the results of the frozen algorithm when using DDT = 1.5. This was the 

highest due date timing slack used in the experiments. 
- Figure A14 shows the respective results for the postponement algorithm.  
- Figure A15 concludes the comparisons between resource load profiles, with results for DDT 

= 1.5 and free algorithm.  

5.6 Resource load levelling analysis 

Due to the fact, that 12960 schedules were generated, the comparison of resource load peak level-
ling was only done to one model variation. Furthermore, the comparison was conducted to model 
variation 7, since the postponement backward planning is considered a bad option due to the analy-
sis made in the general comparison. Model variation 7 had a free distribution, flexible timing tem-
plate, forward planning objective and a daily replanning interval. Furthermore, the datasets com-
pared had DDT slacks 0.5, 1.0, and 1.5, and all had PV = 100 – 300. 

Figures A7-A9 show the resource load profiles for each resource with different dynamic algorithms 
when DDT slack was 0.5. The difference was small which could already be seen in figure A1, 
which is the general comparison figure these profiles fall into. The differences between the resource 
load profiles are quite small between the models for figures A7-A9. The most level profiles are ac-
quired with the frozen algorithm, although the objective results are not as good as for free and post-
ponement algorithms. All in all, each model has quite level resource load profiles. Free and post-
ponement rescheduling models succeed to scatter the work contents on more days, compared to the 
frozen model. The frozen model has more daily overlaps between jobs compared to rescheduled 
schedules. This might be because of a tight time horizon and the fact that once jobs are scheduled 
once they may not be moved any longer. This results in lack of options to schedule the jobs on days 
that are not occupied by other jobs. In other words, the frozen algorithm could be problematic for 
situations where resources have a limited capacity. 

Figures A10-A12 show the resource load profiles for 1.0 DDT slack. The frozen algorithm clearly 
has the lowest sum of resource load peaks. The only resource that manages to have lower peaks 
than the frozen algorithm is resource 3 for postponement and free algorithm. Free and postpone-
ment models have quite similar profiles. The reason why the frozen model succeeds to have such 
low profiles for resource 1,2 and 4 is that the work contents are scattered across more days. For ex-
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ample, resource 2 has 10 working days with the frozen model, and only 7 working days with re-
scheduling models. A more compact schedule results in higher resource load peaks. Logically, more 
working days results in less daily work content. Although in figure A3, model variation 7 and DDT 
slack 1 had quite similar results for all algorithms, which could mean that this is a coincidence. In 
conclusion all resource load peak profiles are quite level for all algorithms when DDT slack 1 is 
used. 

Figures A13-A15 show the resource load profiles for the highest DDT slack setting. All resource 
load peaks are the same for resources 2-4 for all algorithms. For resource 1, the frozen algorithm 
managed to achieve the best objective value. This is again due to the number of days of which the 
jobs are scattered over. When thinking of resource load levelling, free and postponement models 
have the best results.  

The results when using free distribution, flexible timing template and forward planning are quite 
good overall. Changing the DDT slack parameter does not quite affect the levelling, although it 
gives the rescheduling algorithms more freedom to level the resource load peaks. Even though other 
model variation settings are not shown here, it can be assumed that even distribution gives more 
similar heights of the resource load peaks but doesn’t necessarily level them quite as good as the 
free distribution strategy. Furthermore, fixed timing template restricts the model more, from which 
one can conclude that it should only make the resource load profiles more uneven. Backward plan-
ning does not necessarily worsen the results but makes the profiles broader. There, might for exam-
ple be jobs with due dates at the very end of the time horizon as well as jobs with a quite early due 
date. This makes the profiles more spread out, but the models still manage to level the peaks effi-
ciently. 

The other model variants and parameters variants are later univariately analysed and compared to 
the mean sum of the objective values. Also, the MANOVA gives the significance levels of the fac-
tors and their combinations affecting the different algorithms. 

5.7 MANOVA 

In table 6, we can see the tests of between-subjects effect, where the most righthand column shows 
the significance between the sources. If the value is smaller than 0.05 the sources have a significant 
effect on the dependent variable. The MANOVA is conducted with IBM SPSS Statistics 27 software. 
For clarification, the factor called objective in the source column of table 6 and 7 defines the objective 
shifting strategy, which is either forward or backward planning.  
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Table 7 shows the combinatorial effects of two factors on the dependent variables i.e., dynamic algo-
rithms.  

Table 6: Single factor effects on dependent variable. 
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Table 7: Combined factor effects on dependent variable. 
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The combinations with three or more factors, have no significant effect on the dependent variable, 
and the significance value closes up on value 1, the more factors are combined.  
Figures A16 – A26 show graphs of all combined factor effects with statistical significance in table 7. 
In other words, all combinations having a significance value under 0.05 are presented in the figures.  

5.8 Factorial comparisons on the algorithms 

The tests if between-subject effects can be seen in tables 6 – 7. As we can see from table 6 the replan-
ning frequency and objective are the only parameters that do not have a statistical significance value 
of 0.000 for all algorithms. These must be further analysed. 
 
Values with quite low F values, which is also a measure of statistical significance are further analysed 
with one-way ANOVAs. Furthermore, parameter or model variations with more than two variations 
are further analysed with post hoc tests, which can pinpoint the statistical significance between the 
parameter combinations and the dependent variable. Moreover, the objective and timing template are 
analysed with one-way ANOVAs and the replanning frequency is checked with a post hoc Tukey 
HSD (Honestly Significant Difference) test.  
 
Table 8 shows the results of the one-way ANOVA test for the forward and backward planning objec-
tive. The only dependent variable that has statistical significance in relation to the objective variation 
is the postponement model. The free model is not affected at all, and the frozen model has a very 
small effect, and cannot be categorized as statistically significant. Furthermore, the objective value 
can be seen more as a means to shift the jobs, without really affecting the objective values for the 
models. The postponement model with backward planning was already decided to be a bad combina-
tion, which is from where the statistical significance most likely originates from. Although, a larger 
weight could have more impact on the objective values, by forcing the jobs to be shifted backward or 
forward.  

 

 
 

Table 8: One-way ANOVA for the objective. 
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Table 9 shows the one-way ANOVA for the timing template model variation. The model variation 
has a statistical significance value under 0.05 on all algorithms, which means that each dynamic plan-
ning method is impacted by the change between flexible and fixed timing strategy between the prec-
edence constraints for orders. The free model seems to be impacted the most. 
 

 
Table 10 shows the post hoc test for the replanning frequency combinations and the dependent vari-
ables, which are the different dynamic planning models. A one-way ANOVA was also conducted for 
the replanning frequency, from which the results showed that only the frozen model has a significance 
value under 0.05. The same phenomenon is seen in the Tukey post hoc test. The only statistically 
significant combinations are between replanning interval 1 and 3 and the frozen model. The post-
ponement model seems to have a small effect on the change of replanning frequencies, but it is not 
statistically significant. The free model is not affected at all by the replanning frequencies. The reason 
why the frozen model is only affected, could be that when decreasing the amount of rescheduling 
points, a scenario where all jobs or at least almost every job gets scheduled at once. This makes the 
scheduling scenario close to static, which means that it considers all orders at once when optimizing 
them. Furthermore, having an OIT value of 0.5 means that there is a negative exponential distribution 
on two orders arriving in a day. This can easily result in a situation where all orders are scheduled at 
once, since the model only considers seven orders in each experiment.  

Table 9: One-way ANOVA for the timing templates. 
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A post hoc test was also conducted for the due date timing which showed that for the frozen model 
DDT shifts from 1.0 to 1.5 or vice versa is not statistically significant for the frozen model. Rest of 
the combinations with dependent variables though were statistically significant.  
 
Table 11 shows the combination of two parameters, and their statistical significance on the different 
algorithms. The combinations of factors which have a statistical significance below 0.05 are presented 
in the table with a X and the combination that exceeds the value 0.05 are marked with an O. All 
combinations of three or more factors are not statistically significant, and close in on value 1. These 
combinations are also presented in figures A16 – A26 in appendix A. For clarification, the blue line 
in figures A16 – A18 represents PV = 100 – 300 and the green line represents PV = 200 – 200. In 
A19 – A21 the blue line represents an even distribution, and the green line represents a free distribu-
tion. In A22 – A24 and A26, the blue line represents a fixed timing template whereas the green line 
illustrates a flexible timing template. Finally, in A25 the blue line is daily replanning, green line is 
replanning twice a day, and the red line represents a replanning interval of every third day.  
 
Table 11:Combinations with statistical significance 
 PV*DDT DDT*Distri-

bution 
DDT*Timing 
template 

Distribu-
tion*Timing 
template 

Distribu-
tion * Re-
planning 
frequency 

Frozen X X O X X 
Postpone-
ment 

X X O X 0 

Free X X X X 0 
 

Table 10: Post hoc test for replanning frequency. 
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The reason why PV and DDT are together statistically significant is because both parameters, affect 
the model in their own way, and their individual impact on the objective value was quite significant. 
The reason why the statistical significance is worse for the frozen algorithm can be seen in figure 
A16, where PV = 100 – 300 and an increase in DDT slack from 1 – 1.5 has no effect on the objective 
value.  Furthermore, increasing DDT slack from 0.5 – 1 has more effect on the objective value for 
both PV variations, compared to shifting from DDT slack 1 – 1.5. Moreover, the improvement in 
objective value is greater when having PV = 100 – 300 between DDT slack interval 0.5 – 1, compared 
to having PV = 200 – 200. However, in DDT slack interval 1 – 1.5, the differences in PV has the 
opposite reaction.  
 
DDT and distribution combination provide the largest F value, which means that this combination 
affects the dynamic algorithms the most. The reason why DDT and distribution are included in all 
combinations that succeed to be of statistical significance is partly because they individually affect 
the algorithms the most. The charts of this combination for all algorithms are presented in figures 
A19 – A21. Increasing DDT slack for free distribution model variation has less impact on the objec-
tive value compared to even distribution. Furthermore, an increase in DDT slack from 1 – 1.5 has 
smaller effect for both distribution variations compared to the initial shift from 0.5 – 1. Different 
model variations with combinations including statistical significance seem to magnify each other.  
 
The figures for Distribution * Timing template in figures A22 – A24 show that shifting from even to 
free distribution narrows down the objective value differences between fixed and flexible timing tem-
plates for all algorithms. 
 
Figure A25 represents the distribution and replanning interval combination for the frozen algorithm. 
This is the only algorithm that has clear differences in the objective value when varying the replanning 
interval. The figure shows that the effect on objective values is greater when even distribution is used. 
The difference in objective value for the free distribution is quite small when changing the replanning 
intervals.   
 
The reason why DDT and the timing template combination is only significant for the free algorithm  
is hard to determine. Although the significance value is 0.046, which is very close to the limit of 
being non-significant. Moreover, all graphs for this combination yielded the same patterns for each 
algorithm, with only small differences in the mean objective values. The combination for the free 
algorithm is presented in figure A26. There are no clear patterns nor combined effects in the figure 
that would suggest that the combination is statistically significant. A conclusion can be made that 
Distribution * Timing template for the free algorithm includes error and lacks statistical significance. 
 
Furthermore, there are other combinations which were close to being significant, such as PV*Distri-
bution for free model at 0.058; DDT*Objective for frozen model at 0.056; Distribution * Objective 
for postponement model at 0.056 and Objective * Replanning frequency at 0.099. Moreover, all these 
combinations were quite strongly affected by the changes univariately on certain algorithms, which 
is why they are close to being significant when combining the parameters. In conclusion, there are 
not really any large surprises that stick out in the MANOVA.  
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5.9 Variation effects on algorithms 

In this section, the effects of parameter and model variations on the mean objective value are univari-
ately presented. The charts are presented in figures A27 – A32 in appendix A.  
 

- Figure A27 shows the effects by using different replanning intervals on the mean objective 
value. For clarity, replanning interval describes the interval between updates of the schedule. 

- Figure A28 shows the product variability effect on the mean sum of resource load peaks. 
- Figure A29 shows the due date timing slacks effect on the mean value of the sum of resource 

load peaks. 
- Figure A30 shows the distribution effect between workloads, on the sum of resource load 

peaks. 
- Figure A31 shows the effect of the timing template between precedence constraints on the 

sum of resource load peaks.  
- Finally, figure A32 shows the effect of the objective shifting forward and backward with a 

weight of 0.1, on the sum of resource load peaks. 

5.10  Analysis of variation effects on algorithms 

This section represents an analysis of how single parameter or model variations affect the mean sum 
of load peaks. 

Figure A27 shows the mean sum of load peaks as a function of the replanning interval. As we can 
see from the graph, frozen algorithm changes the most, postponement has a minor change and the 
change in free algorithm is so minimal it can be considered as no change at all. The reason for this 
was already analysed in section 5.8. As a reminder, the frozen algorithm is the only one with statis-
tical significance by the replanning frequency change from daily to every third day. Frozen algo-
rithm improves by decreasing the amount of rescheduling points, since it becomes more like static 
optimization i.e., all jobs in the schedule are optimized at once. The reason why free rescheduling 
algorithm has no change at all, could be because even though the rescheduling points decrease, the 
algorithm manages to compare all jobs with each other and optimize the schedule in the same way 
as if the rescheduling points were more frequent. The postponement algorithm on the other hand 
could be improved slightly by rescheduling less frequently, since it has some restrictions due to the 
inability to advance the jobs by rescheduling. 

Figure A28 shows the comparison between having product variability and having same sized prod-
ucts, in relation to the mean sum of load peaks. All algorithms improve when using same sized 
products. Frozen algorithm improves the most, followed by postponement algorithm. The free algo-
rithm improves the least, but the improvement is still significant. After all, the change in PV is quite 
the same for all algorithms. 

Figure A29 shows the behaviour in objective results by increasing the DDT slack. The change be-
tween 0.5 and 1 DDT slack improves all algorithms significantly. The change between 1 and 1.5 on 
the other hand, has a much smaller improvement. From this we can conclude, that having 0.5 DDT 
slack creates relatively tight timing horizons. The postponement and free curves look almost identi-
cal, which means that in relation to DDT, rescheduling improves pretty much the same amount even 
though the rescheduling strategy changes. The frozen algorithms improvement is smaller compared 
to the rescheduling strategies improvement. In fact, section 5.8 mentioned that a post hoc test was 
conducted, and that the statistical significance between frozen model and DDT range 1.0 – 1.5 was 
0.263. This minor improvement can also be seen in figure A29. The free rescheduling algorithm be-
comes better in relation to the frozen algorithm after 1.0 DDT slack. It is possible that by increasing 
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the slack further, the postponement algorithm would improve even more and outperform the frozen 
algorithm. 

Figure A30 shows that all algorithms improve when changing the distribution from even to free. 
Postponement improves the most, while free algorithm improves the least. For even distribution the 
frozen and free algorithm seem to have the same mean objective values. It is hard to distinguish 
clear differences, of why some algorithm could improve more in this case. It is obvious that all 
models get better resource load levelling when the workload can be split freely instead of evenly. 

Figure A31 shows the change in scheduling technique between precedence constraints. By allowing 
the jobs to have gaps but still maintaining the right sequence improves the results for all algorithms. 
The improvement is most clear for the free rescheduling algorithm, followed by postponement. Fro-
zen algorithm has the least amount of improvement, but it is still quite significant. Free reschedul-
ing algorithm and the frozen algorithm are approximately as good as each other in the flexible situa-
tion. The fixed timing setting restricts the orders makespan to have the length of job 1, job 4 and the 
longer job of 2 and 3 summed together. This gives the model less freedom, which restricts the algo-
rithms to provide as good results as in the flexible situation, where jobs may move freely within the 
timing horizon if precedence constraints are complied with.  

Figure A32 shows the change in the mean objective value when shifting between forward and back-
ward planning with a constant weight coefficient of 0.1. The only model with statistical significance 
in relation to mean objective value is the postponement model. This is only because of the poor per-
formance of the backward planning and postponement combination. The objective acts more like a 
shifting mechanism of jobs. It does not quite change the structure of the model, which is why it is 
logical that the other algorithms do not have large differences between the goodness of the objective 
values. The figure shows that free rescheduling algorithm has no change whatsoever in the objective 
value. This could be since free rescheduling has the trait to reschedule jobs continuously, including 
rescheduling forward as well as backward. The frozen strategy seems to give slightly worse results 
for forward planning, which could be because it receives less freedom to schedule the jobs in an 
optimal way, especially when the DDT slack is tight. This is though pure speculation, and according 
to the ANOVA the objective does not have statistical significance on the freezing algorithm.  
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6 Conclusions 

This chapter concludes the experiments with relevant findings about model, parameter, and algorithm 
variations. The research questions presented in section 1.1 are sought to be answered in this chapter. 
Furthermore, discussion about practical implications, limitations of the study, and suggestions for 
further research is introduced. 
 
The mathematical programming-based MIP model was quite effective in optimizing the schedule. As 
expected, the frozen algorithm performed best regarding run time efficiency. When contemplating if 
the rescheduling algorithms are efficient planning methods, it can be decided that they indeed are if 
the rolling time horizon is small enough, so that the number of comparisons between previous jobs 
and current jobs stays at a reasonable level. The rescheduling algorithms were relatively slow in the 
experiments, which is why the experiments were only conducted to 28 jobs, corresponding 7 orders. 
In other words, when orders arrive at a rapid pace, and the due date timing has a lot of slack, the 
rescheduling algorithms become quite heavy. Furthermore, more complex settings such as free work-
load distribution and flexible timing between precedence constraints results in more time consump-
tion, when optimizing the schedules. Although, when orders arrive seldomly and the DDT slack is 
tight the rescheduling algorithms can perform at a quite good efficiency. This scenario could be 
achieved by introducing capacity constraints and order acceptance, which would avoid the optimiza-
tion becoming overloaded. 
 
The model variations used in the experiments might have benefits in different scenarios. Even though 
some of the variations perform worse objective-wise, they might be necessary for some manufactur-
ing systems. For example, fixed process steps do not allow any waiting between the stages in produc-
tion. This might be required in situations where WIP is minimized. This forces the jobs to be com-
pleted just in time for the succeeding stage in the order. This limits the freedom of scheduling within 
precedence constraints, which results in poorer objective results compared to flexible timing. The 
flexible strategy allows jobs within precedence constraints to be moved freely, which allows better 
levelling of the resource loads. Although, this might not always be desired if a process structure is 
desired to be strict. Some parts, in the assembly might be lost in the process due to the amount of 
WIP and potential storage of these. On the other hand, flexible timing between preceding jobs adds 
flexibility to the process and allows better recovering if some unexpected delays take place in the 
process. The free distribution of workload allocation compared to even distribution brings the most 
significant improvement to the objective value out of all variations. It is also a more realistic way to 
schedule the jobs. It is seldom jobs are distributed evenly over days, and not really optimal when 
minimization of sum of resource load peaks is desired. On the contrary, free distribution strategy of 
workload allocation allows the schedule to be optimized in such a way that if jobs overlap on the 
same day, the work content can be evened out. For example, in such a way that one job processes 
only a small portion of the total workload on that day, while the other job may process most of its 
total workload. Computation-wise even distribution is way faster and could be used for processes 
where the products lack variation. In other words, even distribution could be useful for example in a 
flow shop where work content and job durations of products are known prior to scheduling. 
 
Change in product and process parameters also had significant effect on the objective value. Increas-
ing the product variability, made the results worse. This was expected, since more uniform and similar 
products naturally have less variation. An increase in due date timing slack improved the performance 
of scheduling by minimizing resource load peaks. This made the time horizons longer, which allowed 
the jobs more options to be scheduled to an optimal level. This way, overlaps could also be avoided. 
With low slack value, the results were kind of poor due to multiple overlaps between orders. Changing 
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the mean order interarrival time was also supposed to be included, but the scope would have grown 
too large, which is why only one value was used. Although, here an assumption that increasing the 
interarrival time of orders would make the model perform better can be made, since it would result 
in less orders arriving, which would allow the model to optimize the orders with more freedom. Or-
ders arriving rapidly with small slack would cause lots of overlaps between orders. However, with 
large slack and rapid arrival of orders the objective value would probably not have significant impact, 
at least for the rescheduling algorithms. Different coefficients of variation for the gamma distributed 
job work content variation were supposed to be included but were neglected due to a human error in 
the data generation. Only CV value 0.5 was used which gives a decent amount of job work content 
variation within each order. The purpose was to examine less and more variability in JWCV, but if it 
behaved somewhat similar to the product variation, it would mean that more variation would make 
the objective value worse, whereas small variation would result in better results.  
 
The objective shifting did not quite impact the objective results in any significant way. On the other 
hand, this kind of shifting might be useful in scenarios where jobs would be required to schedule as 
early as possible to increase the ability to receive more orders. This could also expedite the delivery 
time, which would satisfy the customers. Shifting jobs backward as close as possible to the due date 
increases the possibility for customers to make potential changes to the existing orders. In other 
words, this allows orders to be rescheduled multiple times, if necessary. On the other hand, if jobs 
are scheduled too close to the deadline, unexpected events might result in jobs being late. The down-
side of forcing jobs to be started as early or late as possible is that the capacity limit might be ex-
ceeded. For this reason, a 0.1 weight factor was used for backward and forward planning so that 
shifting only occurs if possible. Furthermore, a higher weight factor could prioritize the shifting over 
the objective of resource load levelling, which would make the results significantly worse due to 
multiple overlaps of orders. This would have a larger impact in forward planning since the earliest 
starting date is dependent on the arrival date of the order, whereas the due date for each order differs, 
and precedence constraints must be complied with. 
 
The impact of changing replanning frequency was one of the main research questions. Three different 
scheduling frequencies were used: scheduling daily, scheduling every other day and scheduling every 
third day. The results showed that for rescheduling strategies, changing the replanning interval did 
not have any significant impact on the objective value, especially for the free rescheduling strategy. 
Some small improvement was seen for postponement algorithm, which could be a coincidence. Re-
scheduling algorithms allow rescheduling of scheduled jobs, which means that this should not really 
impact them. The frozen algorithm on the other hand was improved quite a bit due to its ability to 
include more orders in each optimization of the schedule. This started to resemble static scheduling, 
where all orders were scheduled once, which is why the results were improved. 
 
The algorithms may be applicable in different circumstances in production. The frozen algorithm 
could be applied at least partly in processes where disruptions and unexpected events are rare. The 
negative side of the algorithm is that it is not capable of accounting for changes. The good thing about 
both rescheduling algorithms is that they may account for change even though the rescheduling is 
based on periodic rescheduling. However, the changes must be directed on jobs that have not started 
processing yet. All algorithms lack the possibility for pre-emption. In other words, all jobs that have 
begun processing must be finished. This could be a problem in the real world, since there may emerge 
a situation where a rush order needs to be taken, to replace the WIP product. This would mean that 
the unfinished order would need to be processed later. Another scenario could be that a machine 
would break down, which would affect the schedule. This would mean that all available resources 
should be used for processing jobs, and then when the machine is fixed the unfinished jobs in the 
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orders should be processed. Otherwise, the production would just stand still in case of machine break-
downs. This would partly work by implementing the flexible timing template which allows gaps be-
tween the jobs in the orders. 
 
The postponement and free rescheduling strategy would although be more practical to use in MTO 
manufacturing, due to the amount of uncertainty. The schedule is constantly changing, and it is hard 
to forecast incoming orders, product variations and potential issues in production. Therefore, algo-
rithms allowing rescheduling can be held as more practical to use in MTO manufacturing. Further-
more, free rescheduling algorithm allows more freedom and has the best ability to reoptimize the 
schedule. Postponement algorithm could be used for reducing the amount of nervousness in the sys-
tem and amongst the workers in the shop, compared to usage of free rescheduling. This way jobs may 
only be pushed to a later stage if processing has not started yet.  
 
Computation-wise rescheduling algorithms could be introduced with more rules to reduce the amount 
of runtime especially when there are lots of orders in the order pool.  

6.1 Practical implications 

In a real MTO environment, free rescheduling could be useful when the system lacks robustness, and 
events could have impact on the machinery. In such events, event-driven rescheduling points should 
be included into the periodic rescheduling strategy. The free algorithm could result in nervousness on 
the shop-floor due to numerous changes in the schedule. However, a threshold of allowed reschedul-
ing operations could be introduced, including penalties for exceeding the rescheduling threshold. This 
would limit the nervousness, as well as reduce the total computation time.  
 
The postponement algorithm could be a good option to reduce some of this nervousness, since jobs 
are always strived to push to a later time point. However, this could backfire if postponing the jobs 
too close to the deadline, and random events affecting the schedule occurs. In this case, the due date 
might not be met, which is usually one of the main objectives MTO companies strive for. 
 
If the system is robust and dependable, some variation of the frozen algorithm could be useful. The 
problem with freezing all scheduled jobs is that WIP jobs might need to be rescheduled, if there 
occurs some sudden problems in manufacturing, which results in jobs being interrupted. If interrupted 
jobs cannot be rescheduled, the schedule becomes infeasible. Here, an unfreezing rule should be im-
plemented to WIP affected by events.  
 
The framework in general, should be useful for MTO environments, since the model is dynamic of 
nature, which corresponds to the uncertainty typical to order driven manufacturing. The algorithms 
could be integrated into the ERP or APS systems software modules, so that data can be fetched from 
the manufacturing floor in real-time. This way the algorithm could also learn to include events in its 
replanning philosophy.  

6.2 Limitations of the study 

A hybrid rescheduling policy might increase the credibility of the model, where the rescheduling is 
both periodic and event driven. Events happening in the industry can result in production shutdown, 
and thus the schedules should be rescheduled as soon as possible. In this case, where only periodic 
rescheduling is considered, it could be problematic and very costly in the real world to wait for the 
next rescheduling point. Especially, if the schedule is rescheduled every third day for weekly tasks. 
Daily periodic rescheduling strategy would perhaps still be viable in real MTO industry. When con-
sidering aggregate planning on the mid-levels in the APS i.e., scheduling in a wider time horizon, 
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pure periodic rescheduling might suffice. But the short-term scheduling consisting of weekly precise 
schedules, would definitely have to be rescheduled in case of significant events affecting the process. 
 
The model in this thesis did not use any soft constraints, which was a common sight in other research 
papers. Instead, all constraints were required to be satisfied. If the model would have included capac-
ity constraints, some hard constraints would have been switched to soft constraints with penalties.  
 
Furthermore, the fact that every order is accepted considering no jobs are late, is an optimistic view 
on the MTO industry, since usually the manufacturing facility has some restrictions. In the real world, 
there could be several large orders arriving at once, with tight due dates. In this scenario, orders would 
have to be neglected or result in being late. If late jobs are disallowed, order acceptance should be 
introduced, where the most profitable orders are selected. The other approach is to accept every order, 
resulting in some jobs being late. This is a far better approach since it maintains the credibility of the 
MTO company.  
 
On the other hand, by adding more constraints and making the model more precise, the computation 
time increases since the MIP model would become more complex. This study had its focus on com-
paring different dynamic scheduling strategies under different circumstances, which is one of the 
reasons the model was not too complex. Generally taken, it is still applicable to the MTO industry 
and alterable to become more precise. In other words, it can be developed by adding more constraints 
and perhaps introducing multi-objective optimization and new variables.  
 
Even though the MIP solvers have become more effective frequently, large scale rescheduling prob-
lems, could use some rules. The free- and postponement strategies used in this thesis, required a lot 
of computation power, especially when the number of orders was high, with a low interarrival time. 
This increased the number of comparable jobs to the dynamic algorithms, which resulted in the model 
becoming heavier computation wise. This could have been avoided by introducing a set of rules, for 
example of how many times an order may be rescheduled. When the rescheduling amount for a certain 
job is exceeded, the order would be frozen in place. This would narrow the bridge between free- and 
postponement rescheduling strategies to the frozen strategy, which is very fast computationally.  
 
Some errors mentioned earlier in this thesis occurred in the experiments, from which the JWCV var-
iations had to be dropped out due to a human error in generating the datasets in Excel. Furthermore, 
some minor errors had to be fixed in the code at early stages in the experiments, which should not 
have impacted the objective results.  

6.3 Suggestions for further research 

Further research could include some more parameter settings, with maybe some alterations to the 
algorithms. The postponement algorithm did not perform as well as the other two, which may be due 
to some limitations that had to be made for it. The postponement algorithm could be either altered 
slightly or replaced by another kind of replanning algorithm with a different set of behaviour and 
rules. Alternatively, the amount of initial postponement of jobs could be regulated with different 
weights or removed completely, to see if it would have any impact on the objective results. The OIT 
and JWCV variations could have given a bit more insight of how these might have impacted the 
different algorithms. It was originally intended to include these in the design of experiments, but the 
amount of model variations increased the combinations to an extensive level. Furthermore, different 
weights were supposed to be used for the forward and backward shifting but would also have in-
creased the combinations significantly. 
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In further experiments some model variations could be excluded, and more parameter variations could 
be included. For example, distributions and timing template had quite straight forward relationships 
between the algorithms, which could mean that the better of these options could be used for analysis 
of other parameters or relevant settings. 
 
Furthermore, the algorithms could be introduced with a set of rules of how many times rescheduling 
is possible, even though the earliest starting time would allow rescheduling. This way more jobs and 
orders could be included. Furthermore, this would also reduce the amount of nervousness. 
 
This research assumed that processing and product settings of every order were the same, whereas in 
real MTO job shops, the products with its stages vary a lot. Furthermore, the machines or resources 
usually allow jobs to be processed on any machine in the job shop. 
 
All in all, this was a relatively basic model, to replicate the dynamic environment of MTO manufac-
turing, with different algorithms. More, constraints could have been included to make the environ-
ments more realistic, such as introduction of capacity constraints and soft constraints. In reality, it is 
impossible to assume that every order is delivered and shipped on time to the customer, due to nu-
merous reasons that affect the process.  
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7 Summary 

This chapter summarizes the work done, and the major findings of the experiments.  
  
The objective in this thesis was to develop a mathematical programming model for optimizing sched-
ules, applicable to the MTO industry. A MIP model was developed, which included three different 
dynamic planning algorithms. Furthermore, the model was built to see how different variations in 
parameters, algorithms and model structures would affect the objective result, which was minimiza-
tion of resource load peaks. 
 
The theoretical part of the thesis included reviewing relevant topics useful for the model building 
process. Furthermore, previous research on the topic were reviewed to gain a better understanding of 
similar studies. 
 
In the research part a MIP model was coded in a Python environment and solved using Gurobi, which 
is a commercial optimization software. Parameters such as job work content variability, order inter-
arrival time, product variability and due date timing slack were generated using different probability 
distributions in Microsoft Excel. The manufacturing system used in the model resembled a closed job 
shop, with a set of precedence constraints. The process structure remained unchanged throughout the 
experiments. Initially, a static model was built which was used as a base for the dynamic model. The 
dynamic model was based on time dependent periodic scheduling and rescheduling, where the arrival 
of orders was unknown. In other words, a rolling horizon strategy was used. Furthermore, the dynamic 
model included model variations, such as alternative distribution strategies, timing templates, replan-
ning intervals, and objective shifting. Moreover, three different algorithms were developed and used 
in the experiments. The free rescheduling algorithm and postponement algorithm allowed reschedul-
ing, whereas the frozen algorithm immediately froze jobs that had been scheduled once.  
 
Running the experiments begun by initially configuring model and parameter settings for each run. 
After this, the input parameters were imported from an Excel file into the MIP model. With all settings 
configured, the schedules were optimized dynamically consecutively for each algorithm.  The results 
were acquired by importing the output to data handling software and sorting them in various ways. 
Schedules were sorted resource-wise, to analyse the resource load levelling between algorithms. Fur-
thermore, objective values were summed together to acquire mean sums for different parameter and 
model settings. Moreover, statistical analyses were conducted on various scenarios. 
 
The results showed that rescheduling less frequently improved the frozen algorithm significantly, 
because it resulted in a scenario where almost all jobs were scheduled and optimized at once. On 
rescheduling algorithms, it did not really have any significant effect. Namely, free algorithm did not 
improve at all, and postponement algorithm only improved slightly. More variation in product sizes 
made the objective values for all algorithms worse, which could be expected since a wide selection 
of different products require a lot of adapting in manufacturing, compared to manufacturing similar 
products. The DDT had significant improvement when increasing the slack. The tightest slack re-
sulted in quite poor results since it forced jobs to overlap due to tight timing horizons. When increas-
ing the slack, the rescheduling algorithms improved a lot and resulted in them yielding better results 
than the frozen algorithm. Changing the workload distribution from even to free gave the most im-
provement of all model and parameter variations, for all algorithms. The timing template shift from 
fixed to flexible also gave quite large improvements but, not nearly as much as the distribution 
change. The objective did not quite affect the objective values, but rather shifted the jobs either for-
ward or backward. The postponement algorithm was the only one to significantly improve when 
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changing from backward to forward planning. This was only because backward planning and post-
ponement algorithm is a poor combination, and not really useful in any scenario. 
 
As a summary, it can be said that for frequent replanning, rescheduling algorithms are better, espe-
cially free rescheduling. In a scenario where rescheduling occurs seldom, the frozen algorithm per-
forms better. The postponement algorithm is decent in some scenarios, but overall it performs the 
worst out of all three strategies. 
 
Computation-wise it could be concluded that the frozen strategy was the fastest since no rescheduling 
occurred. Furthermore, postponement was the next fastest since it had the restrictions of not being 
able to reschedule jobs by advancing them. The free rescheduling algorithm was the slowest due to 
its complexity. Moreover, distribution variation had the biggest impact on runtime. Using free distri-
bution and flexible timing template resulted in significant increases in run times which resulted in 
having to cut off some data sets to limit the runtime of the experiments. The mapping of slow datasets 
was used for experiments where replanning occurred daily, which is why this setting had a very high 
runtime. The modifications or cut-offs were made for replanning twice and thrice a day, which is why 
the difference between these run times were minimal.  
 
To summarize, a MIP based optimization model was built for dynamic planning and scheduling, 
which is applicable to various MTO industries. The model is easily adjustable and is usable for further 
research on the topic.  
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Appendix A: Figures and charts of results 

 

 
 
 

Figure A1: Sum of resource load peaks as a function of model variation.

Figure A2: Sum of resource load peaks as a function of model variation.
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Figure A3: Sum of resource load peaks as a function of model variation.

Figure A4: Sum of resource load peaks as a function of model variation.
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Figure A5: Sum of resource load peaks as a function of model variation.

Figure A6: Sum of resource load peaks as a function of model variation. 
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Figure A7: Resource load profiles resource-wise. 
 

 
Figure A8: Resource load profiles resource-wise. 
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Figure A9: Resource load profiles resource-wise. 

 
Figure A10: Resource load profiles resource-wise. 
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Figure A11: Resource load profiles resource-wise. 

 
Figure A12: Resource load profiles resource-wise. 
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Figure A13: Resource load profiles resource-wise. 

 
Figure A14: Resource load profiles resource-wise. 
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Figure A15: Resource load profiles resource-wise. 

 
Figure A16: PV * DDT for frozen algorithm. 
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Figure A17: PV * DDT for postponement algorithm. 

 
Figure A18: PV * DDT for free algorithm. 
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Figure A19: DDT * Distribution for frozen algorithm. 
 
 

 
Figure A20: DDT * Distribution for postponement algorithm. 
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Figure A21: DDT * Distribution for free algorithm. 
 

 
 
Figure A22: Distribution * Timing template for frozen algorithm. 
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Figure A23: Distribution * Timing template for postponement algorithm.  
 

 
 
Figure A24: Distribution * Timing template for free algorithm. 
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Figure A25: Distribution * Replanning interval for frozen algorithm. 

 
Figure A26: DDT * Timing template for free algorithm 
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Figure A27: Mean sum of resource load peaks as a function of replanning interval. 
 

 
Figure A28: Mean sum of resource load peaks as a function of product variability. 
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Figure A29: Mean sum of resource load peaks as a function of DDT. 
 

 
Figure A30: Mean sum of resource load peaks as a function of distribution.  
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Figure A31: Mean sum of resource load peaks as a function of timing template. 
 

 
Figure A32: Mean sum of resource load peaks as a function of objective shifting. 
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Appendix B: Final code for the model 

 



103 

 

 



104 

 

 



105 

 

 



106 

 

 



107 

 

 



108 

 

 



109 

 

 



110 

 

 
 
 



111 

 

Appendix C: VBA macros for organizing result data. 
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