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1. Introduction

The main purpose of a power system is to ensure that the net demand
for electrical energy by consumers is met by the electricity producers.
The power system under consideration in this thesis is a transmission
grid, which consists of power generating stations, transmission lines and
substations. The consumers in this system are typically large entities
which purchase electricity at wholesale rates such as heavy industry or
electricity retailers.

Power system state estimation (PSSE) is one of the key components in
the suite of computational tools which assist in managing the day to day
operations of electric grids. This suite of tools, collectively known as the
energy management system (EMS), is employed to analyse contingencies,
and take corrective action when necessary such that the system is oper-
ating in a secure state. A power system is said to be in a secure state if
it can withstand a likely disturbance, e.g, a short-circuit or the loss of a
system element, without entering an emergency or restorative state. A
power system is said to be in an emergency state or restorative state when
either operating or load constraints are not satisfied, respectively.

The minimal set of network parameters which represent the state of a
power system is the collection of the voltage magnitudes and phase angles
at every node in the power network. State estimation is the process of
acquiring measurements from all parts of the grid and extracting the
system state from these measurements.

The general infrastructure of the power grid has remained largely un-
changed for over a century. However, certain assumptions like centralized,
unidirectional electric power transmission and distribution are no longer
true. Moreover, the recent quantum leap in information and communica-
tion technologies has not permeated the energy infrastructure adequately.
This has motivated a new paradigm in electric power systems known as
the smart grid. State estimation in the smart grid poses some unique
challenges, and this thesis describes how recent advances in the field of
signal processing can be harnessed to tackle them.
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Figure 1.1. Electricity ecosystem of the smart grid featuring various players and levels of
interaction.

1.1 Motivation

Much of the work herein is motivated by two specific trends that have
emerged as we transition to a smart grid. The first is the introduction
on new measurement and protection devices called phasor measurement
units (PMUs), and the second is the institutional trend towards electric-
ity market liberalisation, particularly in the United States and Europe.
Fig. 1.1 shows a schematic view of the smart grid.

Phasor measurement units provide globally synchronized measurements
of the voltage and current magnitude and phase angle up to 50 times per
second. Phasor measurement units are mainly used in the realm of power
system protection today, and employing PMUs for PSSE is still in the
planning stages in much of the world. Estimating the system-wide state
using only PMUs is still prohibitively expensive, and in the immediate
future, PSSE will need to be performed using a combination of PMU
measurements and conventional, unsynchronized measurements which
are aggregated over several seconds. This is called hybrid state estimation,
and such schemes are urgently needed to enhance situational awareness
in today’s power grids.

Electricity market liberalisation is part of a broader trend towards energy

14
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market deregulation in the last few decades. The most relevant aspect
of electricity liberalization to this work is the dismantling of vertically
integrated private or public monopolies into mainly privately owned gener-
ation and distribution companies. Here, the operation of the transmission
system is taken over by an independent system operator (ISO). The ISO is
tasked with maintaining the transmission system in a secure state, and
also ensures that the system is operated such that all market participants
are treated fairly. As markets expand and more subsystems become part
of the wider interconnection, ISOs will collectively need to monitor power
systems over ever-increasing geographical areas. Consequently, the num-
ber of measurements in the system would also increase to the point that
centralized state estimation schemes would fail under the load. This calls
for resource-efficient and decentralized approaches to PSSE.

Furthermore, as more ISOs participate in the wider interconnection,
complex and cumbersome regulatory frameworks need to be established to
govern the sharing of data between different operators. It would therefore
be beneficial to minimize the amount of information shared between oper-
ators when decentralized PSSE methods are employed. This specifically
calls for privacy preserving approaches to decentralized PSSE.

1.2 Scope

This work studies the development of algorithms for state estimation in
power transmission systems. Where applicable, it is either assumed that
the entire system is administered by one ISO, or different ISOs are respon-
sible for different subsystems (termed areas) of the wider interconnection.
Unless explicitly stated otherwise, the following assumptions apply to all
the algorithms studied:

1. The system is assumed to be in a quasi-steady state

2. The transmission system is a balanced three-phase system.

3. Line parameters are perfectly known.

4. The system topology is constant and known.

The algorithms presented here focus on estimating the voltage magnitude
and phase angle at all nodes in a power system from a set of measurements
under various measurement scenarios. Measurements are not perfect and
are subject to both gross errors (e.g., an instrument transformer being
wired backwards) and random errors. Here, we assume that gross errors
are absent, since they are handled by the bad data processing component
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of the state estimator. The random errors stem from many sources in
the measurement chain: the instrument transformer, the measurement
device electronics, and the communication network used to transmit these
measurements. It is common in the PSSE literature to assume that mea-
surement errors are independent and normally distributed. The standard
deviation of these measurement errors are typically characterized by the
accuracy class of the instrument transformer used in taking these mea-
surements [1,2].

1.3 Contributions

The contributions of this thesis apply to two separate sub-fields of research
in PSSE, namely, hybrid state estimation, and multi-area state estimation
(MASE).

One of the main challenges in hybrid state estimation is the integra-
tion of PMU measurements with conventional power flow, injection and
voltage magnitude measurements taken by remote terminal units (RTUs).
Existing solutions generally follow one of two approaches:

1. The mixed measurement approach: Phasor measurements are mixed
with conventional measurements in a single state estimator. This ap-
proach provides improved measurement redundancy at the cost of in-
creased computational complexity.

2. The two-stage approach: The state estimate obtained from conventional
measurements is improved by incorporating PMU measurements in a
linear post-processing step. This method has the advantage of leaving
the existing state estimation software intact.

Both of the above approaches, however, do not take into account the fact
that conventional measurements are neither synchronized amongst them-
selves nor with the PMU measurements. When this time-skew is taken
into account, using both conventional and PMU measurements to estimate
the PMU observable variables reduces the quality of those estimates. This
thesis propounds the idea that under time-skew, PMU observable state
variables should be estimated using PMU measurements alone. In Publi-
cations I and II, this philosophy is harnessed to develop a reduced-order
hybrid state estimator, which is the first contribution of this thesis. The
main advantages of this approach are reduced computational complexity,
improved numerical stability, and robustness to time-skew errors. A vi-
tal contribution here is the modelling and analysis of the performance of
hybrid state estimation under time-skew errors. This has hitherto not
been attempted before. Our results show that if PMU measurements have
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a sufficiently low variance, the reduced order approach outperforms the
mixed measurement approach.

The second contribution of this thesis is a method to reduce the variance
of PMU measurement errors by averaging over a buffer of measurements.
Since PMUs have a very high reporting rate, it is not yet clear how to utilize
all the measurements reported by PMUs in state estimation. Using only
the most recent measurement snapshot means that we are throwing away
a lot of useful information. Under the assumption that the system state
is static, we can average over a fixed buffer of measurement snapshots
to reduce the impact of measurement errors. However, in practice, the
system state is never truly static, and we risk averaging over small drifts
in the underlying measurements yielding an erroneous estimate of the
true mean of the measurement buffer. In Publication III, we present a
signal-dependent scheme for choosing the length of the buffer. The scheme
is based on the principles of change detection. We derive certain reliability
metrics for the proposed scheme and simulation results show that the
proposed method outperforms the state-of-the-art approach when faults
occur in the system.

In the MASE paradigm, the power system is partitioned into control
areas, each equipped with a local state estimator. The estimates produced
by the local state estimators are fused using a variety of methods to
arrive at an estimate of the system-wide state. Recent work supports fully
decentralized approaches to MASE over traditional hierarchical methods.
The main advantage of MASE is that it reduces the amount of data that
each state estimator needs to process (reducing computational complexity),
and it improves the robustness of the system by distributing the knowledge
of the state over multiple nodes. The main drawback of MASE is the
added communication overhead which is often a more pressing concern
than computational cost. Of late, a new class of methods for MASE have
appeared in the literature, which rely on information exchange between
neighboring areas (termed network gossiping) to estimate the system-wide
state vector in each area.

The third contribution of this thesis is dealt with in Publications IV and V.
We develop a new scheme for network gossiping which drastically reduces
the amount of information exchange required to achieve consensus. This
scheme is known as clustered gossip and share. We apply this scheme to the
mixed measurement state estimation approach to validate its effectiveness
through numerical simulations. We also present analytical results where
we prove that it indeed achieves distributed average consensus. We also
attempt to quantify the information exchange in the CGS scheme, and
prove that this approach always results in reduced information exchange
when compared with a naïve approach to network gossiping. We employ
the CGS scheme in two new approaches to MASE. The first is an extension
of the reduced-order method to the MASE setting, and the second is a
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privacy preserving scheme for linear state estimation.
The fourth contribution of this thesis, also presented in Publication V,

is the extension of the reduced-order state estimation approach discussed
previously to the MASE setting. This is motivated by the fact that the
measurement and communication architecture of the PMU network is
independent of the conventional supervisory control and data acquisition
(SCADA) system. The PMU measurement system is based on the newer
standards like IEEE C37.118, while the SCADA system is still largely
dependent on a myriad of vendor-dependent, non-standard legacy devices
with proprietary software and communication protocols. Therefore, it is a
good idea to decouple the two systems when state estimation is performed
by information sharing between areas.

The next contribution of this thesis is a privacy preserving approach to
decentralized MASE, and it is presented in Publication VII. The main idea
behind taking a privacy preserving approach is that as more and more
TSOs become part of the wider interconnection, it becomes infeasible to
establish frameworks for the sharing of sensitive data between different
parties. In the proposed method, each area estimates its own state vector
using a minimal set of PMU measurements.The system matrices and state
variables of each area are hidden from all other areas. We propose two
approaches to solve the problem, one based on the alternating direction
method of multipliers, and the other based on a distributed variant of
the coordinate descent approach. We also propose a method to improve
convergence by using a hybrid of the two methods. We study the perfor-
mance of the proposed method and show that its accuracy is equivalent to
centralized state estimation.

The final contribution of this thesis is an event-triggered approach to
traditional heirarchical MASE outlined in Publication VI. Implementation
of real-time hierarchical MASE at PMU reporting rates would lead to a
communication bottleneck. To avoid this, local state estimators transmit
their estimates to the coordination layer only when such action is informa-
tive, which is signaled by a quantifiable triggering event. This approach is
derived from the principles of SMAF which features selective updates of
estimates. The proposed method delivers reliable estimates and reduces
both the communication load as well as the computational load of state
estimation.

1.4 Structure of the Thesis

The rest of this work is structured as follows: The preliminary aspects
of power system state estimation including measurement models and
state of the art approaches are detailed in Chapter 2. Chapter 3 begins
with a detailed treatment of the reduced-order approach to hybrid state
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estimation. The signal dependent scheme for preprocessing buffered PMU
measurements is described towards the end of this chapter. Chapter 4
summarizes the contributions related to reduced-communication MASE,
namely, the reduced-order method, the privacy preserving method and the
event-triggered method. We also provide a description and analysis of the
CGS method in this chapter. Chapter 5 draws the conclusions and provides
ideas for future work.
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2. Measurement Models

In this chapter we establish mathematical relationships between power
system measurements and the state variables. The algorithms developed
in future chapters are based on these measurement models. We begin
with a brief overview of power system state estimation. Next, we develop
measurement models for conventional and PMU measurements. Finally,
we place these models in the context of multi-area state estimation.

2.1 Power System State Estimation – An Overview

The study of power generation and transmission is one of the oldest
branches of engineering. It is a vast and diverse field with over two
hundred years of research and thousands of books dedicated to the field.
Therefore, in this chapter, only those aspects of power systems are ex-
plained which are crucial in understanding topics covered in later chapters.
However, a detailed treatment of the basics of power systems may be found
in [3,4].

The EMS/SCADA (Energy Management System/Supervisory Control
and Data Acquisition) system is a set of computational tools used to
monitor, control, and optimize the performance of a power system. Ini-
tially, power systems were overseen only by supervisory control systems.
These were control systems which monitored the status of circuit breakers
at substations along with generator outputs and the overall system fre-
quency [5]. Later, supervisory control systems were enhanced by adding an
interconnection-wide real-time data acquisition function giving rise to the
first SCADA system. Coupled with the planning and analysis functions,
this is called the SCADA/EMS or EMS/SCADA system.

During normal operation, the power system is either in a secure or inse-
cure state. The security of a power system is defined as “an instantaneous
time-varying condition reflecting the robustness of the system relative
to imminent disturbances; the complement of the risk of disruption of
unimpaired system performance” [6]. In other words, the power system
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Figure 2.1. Relationship between the different elements that collectively constitute the
EMS/SCADA.

is said to be in a secure state if disturbances within the power grid do not
impair system performance. State estimation is a vital component of the
EMS/SCADA and it is used to analyze the security of the power system
and take corrective or preventive action when necessary.

The relationship between state estimation and the EMS/SCADA sys-
tem is shown in Fig. 2.1. The data acquisition system obtains real-time
measurement from devices like remote terminal units (RTU) and, more
recently, phasor data concentrators (PDC) scattered throughout the sys-
tem. The state estimator then calculates the system state and provides the
necessary information to the supervisory control system which then takes
action by sending control signals to the switchgear (circuit breakers).

The conventional state estimator built into the EMS consists of four main
processes [5] as shown in Fig. 2.1:

Topology Processing which is a process that tracks the network topol-
ogy and maintains a real-time database of the network model. This is
done by analysing the position of circuit breakers and other switchgear
in the substations.

Observability Analysis which is a process that is run to ensure the mea-
surement set is sufficient to perform state estimation. If it is found
that the measurement set is incomplete, pseudo-measurements are
added to the measurement sets. Pseudo-measurements are measure-
ments generated from short-term load forecasts, historical records or
similar approximation methods.
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State Estimator which functions by operating on the measurement set
and, using some kind of estimation algorithm, arrive at an estimate
of the system state.

Bad-Data Processing which is a process that identifies any gross errors
in the measurement set and eliminates bad measurements.

2.2 Conventional Measurements

Commonly used conventional measurements include line power flows, bus
power injections and bus voltage magnitudes. Typically, the first link in
the measurement chain for electrical quantities in power systems con-
sists of instrument transformers. These are responsible for stepping down
the voltage and current levels. This is followed by the actual measure-
ment device, which usually includes signal conditioners, anti-alias filters,
analog-to-digital converters, and processing units. Measurements are then
aggregated over a desired timeframe. When state estimation needs to be
performed, the SCADA system polls the measurement devices and collects
the measurement set.

Note that due to the way measurements are generated, conventional
measurements are asynchronous, and it is impossible to say exactly at
what instant the measurement was taken. When there are small variations
in the underlying system state in the data acquisition time-window, this
leads to errors known as time-skew errors.

For simplicity, we assume that the variance of the errors introduced
in the measurement chain are perfectly known. However, in reality, the
modeling and estimation of measurement uncertainty must be considered
in practical systems [1,7].

The state vector of an N-bus system, x ∈R(2N−1)×1, consists of the voltage
magnitudes and phase angles on each bus in the system, i.e., N bus voltage
magnitudes and N −1 phase angles. The phase angle of one bus, known as
the reference bus or slack bus, is assumed to be known and set to 0. The
state vector has the following form:

x= [θ2,θ3, . . . ,θN , |V1|, . . . , |VN |]T, (2.1)

where θn denote the phase angles and |Vn| the magnitudes of the voltages
at the n-th bus.

From the definition of the state vector, it is obvious that voltage mag-
nitude measurements are related to the state by simply selecting the
appropriate state variables using an appropriate selection matrix. The re-
lationship between power measurements and the state vector is nonlinear,
and the derivation is briefly outlined below.

Fig 2.2 shows the two port π-model of a transmission line connected
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Figure 2.2. Two-port π-model of a transmission line connecting nodes m and n.

between Buses m and n showing the lumped line admittance ymn and shunt
admittances ySm and ySn. We begin by writing a set of nodal equations
obtained by applying Kirchhoff ’s current law at each bus. The vector of net
current injections at each bus is denoted by ī ∈CN , and the vector of voltage
phasors at each bus by v̄ ∈ CN , where v̄n = |Vn|e jθn . The nodal equations
now take the following form:

ī=




I1

I2
...

IN



=




Y11 Y12 · · · Y1N

Y21 Y22 · · · Y2N
...

...
...

...

YN1 YN2 · · · YNN







V1

V2
...

VN



=Yv̄, (2.2)

where Y is called the admittance matrix, and any entry Ymn =Gmn + jBmn

of Y is given by

Ymn =





0 if bus m is not connected to bus n

ySm +
∑

l∈Nm

yml if m = n

−yi j otherwise

(2.3)

where Nm is the set of all buses connected to bus m,i.e., the neighborhood
of m.

The real power injection Pi and the reactive power injection Q i at bus i
are related to the state variables |Vn| and θn, n = 1,2, . . . , N, as

Pi = |Vi|
∑

m∈Gi

|Vm|(G im cosθim +Bim sinθim) (2.4)

Q i = |Vi|
∑

m∈Gi

|Vm|(G im cosθim −Bim sinθim) (2.5)

The real power and reactive flows from bus i to bus j denoted by Pi j and
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Q i j respectively are given by

Pi j = |Vi|2(gSi + g i j)−|Vi||Vj|(g i j cosθi j +bi j sinθi j) (2.6)

Q i j =−|Vi|2(bSi +bi j)−|Vi||Vj|(g i j sinθi j +bi j cosθi j) (2.7)

Let c ∈ RL, where L > N, be the measurement vector obtained by col-
lecting all the measurements taken throughout the interconnection. The
measurements vector is expressed in terms of the state vector as

c=h(x)+ε (2.8)

where h :R2N−1 7→RL is a vector valued function, and each element of h(·)
corresponds to an appropriate measurement function. The measurement
error is represented as a zero-mean random vector, denoted by ε, with
covariance matrix Cε.

Estimating the state is cast as a weighted least-squares problem [8–11]
given by

x̂= argmin
x

[c−h(x)]TW−1[c−h(x)] (2.9)

where weighting matrix W is commonly taken as the error covariance
matrix Cε. The problem is solved by employing Gauss-Newton iterations,
where the normal equations are given by

G( j)∆x( j) = HT( j)W−1[c−h(x( j)] (2.10)

x̂( j+1) = x̂( j)+∆x( j) (2.11)

where G( j)=HT( j)W−1H( j) is the so-called gain matrix at iteration j. The
Jacobian matrix, H( j) ∈RL×(2N−1), at each iteration, is the first-order partial
derivative of h(x) with respect to x, evaluated at x̂( j). The iterations are
terminated when ‖∆x‖∞ falls below a certain predetermined threshold
δ [8]. In addition to the above approach, several computationally efficient
methods exist to solve the WLS problem of state estimation with conven-
tional measurements. An excellent treatment of these methods can be
found in [12] and [13]

2.3 Phasor Measurements

Figure 2.4 shows how PMUs collect phasor measurements and send them
to the SCADA system. Phasor measurement units (PMUs) calculate the
positive sequence voltage and current phasors from voltage signals at
instrument transformer secondary windings. These signals are passed
through an anti-aliasing filter to satisfy the Nyquist criterion. Next, the
analog signal is sampled such that the sampling clock is phase-locked with
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the GPS clock pulse and the sampled signal is converted to a digital signal
using an analog-to-digital converter. A microprocessor then estimates the
frequency and positive sequence phasors based on the algorithms described
in [14]. A time stamp is created based on two signals derived from the
GPS receiver and this, along with the current and voltage phasor data is
transmitted to a data concentrator through a modem.

Figure 2.3. Important components of a modern PMU [14].

PMUs are placed at substations and provide measurements of time-
stamped positive sequence voltages and currents of all monitored buses
and feeders. At the next level of the measurement hierarchy we find phasor
data concentrators (PDCs). The function of a PDC is to gather data from
several PMUs, reject bad data and align the time stamps while creating
a coherent record of simultaneously recorded data from the wider-area
interconnection. On a system-wide scale, in the case of a centralized
EMS/SCADA, a higher level may be envisioned known as the super data
concentrator (Super PDC) [14] with a functionality similar to that of the
PDC.

The PMU measurement set consists of voltage and current phasors
expressed in rectangular coordinates [15]. Hence, we also express the
state vector in rectangular coordinates. This new state vector, denoted by
v ∈R2N−1 has the following form:

v= [ℜ{V1}, . . . , ℜ{VN } ℑ{V2}, . . . , ℑ{VN }]T, (2.12)

where ℜ{Vn} and ℑ{Vn} are, respectively, the real and imaginary parts of
the voltage phasor at the nth bus. As with state estimation in polar co-
ordinates, the phase angle at the reference bus is assumed to be zero. As a
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Figure 2.4. Hierarchy of phasor measurement systems and phasor data concentrators.

result, here, the imaginary part of the voltage becomes zero.
Consider the π-model of a transmission line connecting nodes p and q

as shown in Figure 2.5. Let us assume there is a PMU at node p. Let
the complex voltage phasors at p and q be Vp and Vq, respectively. The
PMU measures the current phasor Ip and the voltage phasor Vp. The state
vector for this system is given by

v=
[
ℜ{Vp} ℜ{Vq} ℑ{Vp} ℑ{Vq}

]T
. (2.13)

The voltage measurements of the PMU at p are given by

pvp =
[
ℜ{Vp}

ℑ{Vp}

]
+µ1

=
[

1 0 0 0

0 0 1 0

]
v+µ1

=Bv+µ1

(2.14)

where pvp is the vector of PMU voltage measurements and µ1 is zero-mean
Gaussian measurement noise.

Similarly, the current measurements of the PMU at p are given by

pi p =
[
ℜ{Ip}

ℑ{Ip}

]
+µ2 (2.15)

27



Measurement Models

gpq + jbpq

gSp + jbSp gSq + jbSq

p q
Vp Vq

Ip
Ipq

ISp

A

Figure 2.5. Two-port π-model of a transmission line connecting nodes p and q. A PMU is
placed at node p.

where pi p is the vector of PMU measurements and µ2 is zero-mean Gaus-
sian measurement noise.

In order to relate the current Ip to the state vector we apply Kirchhoff ’s
currentlaw at node A. Now, we have

Ip = Ipq + ISp (2.16)

= (gpq + jbpq)(Vp −Vq)+ (gSp + jbSp)V p. (2.17)

Simplifying the above and separating the real and imaginary parts, we
have

ℜ{Ip}= (gpq + gSp)ℜ{Vp}− gpqℜ{Vq}− (bpq +bSp)ℑ{Vp}+bpqℑ{Vq} (2.18)

and

ℑ{Ip}= (bpq +bSp)ℜ{Vp}−bpqℜ{Vq}+ (gpq + gSp)ℑ{Vp}− gpqℑ{Vq}. (2.19)

Combining (2.18) and (2.19), we have
[
ℜ{Ip}

ℑ{Ip}

]
=
[

(gpq + gSp) −gpq −(bpq +bSp) bpq

(bpq +bSp) −bpq (gpq + gSp) −gpq

]
v (2.20)

=Yv. (2.21)

Substituting (2.20) in (2.15), we have

pi p =Yv+µ2. (2.22)

By combining (2.14) and (2.22) and extending the reasoning employed in
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their derivation to an N bus system, we have

p=
[

B

Y

]
v+µ (2.23)

=Av+µ (2.24)

where p is the vector of PMU measurements with L1 voltage measurements
and L2 current measurements. The measurement errors are represented
by a zero-mean random vector µ with a covariance matrix Cµ.

Estimating the state is a linear WLS problem given by

v̂= argmin
v

(p−Av)T W−1 (p−Av) (2.25)

where the weighting matrix is chosen to be the measurement error covari-
ance matrix Cµ. It is clear from the above that if ATW−1A is invertible, the
state is obtained in closed form as

v̂=
(

ATW−1A
)−1

ATW−1p (2.26)

However, this is only possible if the entire state vector is PMU observable.
Even though making the system fully observable using PMUs is not yet
realizable due to financial constraints, it seems likely that in the near
future, we could see large-scale deployment of PMUs in power grid as the
deployment costs decrease. However, presently, there is a need for state
estimators that combine conventional SCADA and PMU measurements.
This approach, known as hybrid state estimation is studies in detail in
Chapters 3 and 4.

2.4 Multi Area State Estimation

Since the power grid is inevitably a large network, a centralized solution to
the associated SE problem amounts to tremendous computational complex-
ity. An alternative is to divide the large power system into smaller control
areas, each equipped with a local processor to provide a local SE solution.
Comparing to a centralized SE approach, MASE reduces the amount of
data that each state estimator needs to process (hence reduces complexity)
and it improves the robustness of the system by distributing the knowl-
edge of the state. However, its implementation requires an additional
communication overhead.

There are three distinct measurement models used in the algorithms
presented here. They are listed below along with their features. In each
case, the N-bus power system is divided into K non-overlapping areas.
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2.4.1 Overlapping State Variables (OSV) Model

This model was first introduced in [16], and was subsequently employed in
many hierarchical MASE schemes. A survey of such schemes can be found
in [17]. In this model, each area has local conventional measurements
given by

cm =hm(xm)+εm, m = 1, . . . , K (2.27)

where xm = [xi
T
m xb

T
m]T is the local state vector of Area m, which is further

partitioned into internal state variables, xi
T
m, and border state variables,

xb
T
m. Internal variables are those state variables that are observable for the

particular area while border variables are states of those buses with lines
connecting two areas (so-called tie-lines). The above model can readily be
extended to the linear PMU measurement model in (2.23), i.e.,

pm =Amvm +µm, m = 1, . . . , K (2.28)

This model is also employed in the two-stage event-triggered scheme intro-
duced in Publication VI.

2.4.2 Global State Variable (GSV) Model

In this model, the measurement vector of each area is expressed as a func-
tion of the system-wide state vector. This model was introduced in [18], and
the algorithms of [19] and [20] also employ this model. The conventional
measurements are given by

cm =hm(x)+εm, m = 1, . . . , K (2.29)

where x is the system-wide state vector. Similarly, PMU measurements in
each area are expressed in terms of the system wide state vector v as

pm =Amv+µm, m = 1, . . . , K (2.30)

Note that if the area is not fully PMU observable Am will contain zero
columns. The algorithms described in Chapter 4 make use of this model.

2.4.3 Non-overlapping State Variables (NSV) Model

This model was first introduced in Publication VII. It can only be employed
when the measurements can be linearly expressed in terms of the state,
and is suitable for PMU-only state estimation. Existing approaches to
decentralized state estimation partition the measurement vector p such
that each area attempts to perform state estimation with measurements
taken within its own area. This leads to overlapping local state vectors,
which are handled by using a coordination layer [16], exchanging the
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estimates of overlapping state variables [21], or making the system-wide
state vector available in all areas [19, 20]. We approach the problem by
partitioning the state vector such that each area estimates the states of its
own buses.

We partition v into non-overlapping subvectors vi ∈ R|Mi |, i = 1, . . . ,K ,
where disjoint sets Mi ⊂ {1, . . . ,2N −1} are sets of indices of those elements
of v which constitute vi such that

∑K
i=1 |Mi| = 2N −1. Correspondingly, A is

partitioned columnwise into matrices Ai ∈RL×|Mi |. Consequently, (2.23) is
rewritten as

p=
K∑

i=1

Aivi +µ (2.31)

Note that since each area is not PMU observable, Ai contains zero-rows.
Furthermore, since each area is responsible for estimating its own state
variables, this model features enhanced privacy. We present a state esti-
mation algorithm which works on this model in Chapter 5, wherein the
state variables and system matrix of each area are hidden from all other
areas.

2.5 Discussion

The accuracy of PMU measurements is inherently higher than the accuracy
of conventional measurements [22]. This arises from the different methods
used to acquire measurements, as described in Sections 2.2 and 2.3. In
terms of measurement uncertainty, PMU measurements exhibit much
lower uncertainty since they are time-stamped and collected much more
frequently when compared to conventional measurements which have a
refresh rate as low as 0.1 to 0.25 Hz [23]. In terms of the measurement
models, this is expressed as a higher dispersion in the measurement errors
for conventional measurements when compared to PMU measurements.
This discrepancy serves as the main motivation for the work presented in
the following chapter.
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3. State Estimation with Phasor
Measurement Units

Implementation of a smart grid will require more timely and accurate wide-
area monitoring of the grid [24–27]. This is made possible by deploying
a network of globally synchronized phasor measurement units (PMUs),
particularly at the transmission level. More importantly, since PMUs have
a reporting rate of up to 60 Hz, they offer a more real-time picture of
the power system dynamics than conventional measurements rendered
by the supervisory control and data acquisition (SCADA) system, which
are typically aggregated over several seconds. The idea of performing
state estimation with PMUs was first proposed in [28,29]. When enough
PMUs are deployed on the grid, the system becomes fully PMU observable,
i.e., the entire state vector can be estimated from PMU measurements
alone with a linear estimator [30]. However, making the system fully
observable by PMUs is not yet realizable due to financial constraints. A key
challenge facing engineers today is to combine these two fundamentally
heterogeneous measurement types and perform state estimation with
improved reliability and precision under incomplete PMU observability.
This paradigm is called hybrid state estimation.

3.1 Prior Art

Broadly speaking, approaches to hybrid state estimation can be grouped
into two distinct categories [15, 31]: The first class of methods, referred
to as the mixed-measurement approach, employs a state estimator where
PMU measurements are mixed in with conventional measurements. In the
second class of methods, state estimates from the conventional measure-
ments are jointly processed by a second stage estimator which incorporates
PMU measurements. Hence, we refer to this as the two-stage approach.
This approach has the advantage of leaving the existing state estimation
software intact.

In [32], it was shown that using a combination of PMU measurements and
conventional measurements in a hybrid state estimator greatly enhances
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estimation precision. In [33], three different methods are presented for
the inclusion of current phasor measurements in hybrid state estimation.
In [34], the idea of equality constrained state estimation [12,35] is used to
formulate a hybrid state estimation where the state vector is augmented
by the branch currents measurements by PMUs expressed in polar form.
The mixed-measurement approach, however, faces serious obstacles in
practical implementation because the existing SCADA software needs
to be changed significantly. More importantly, conventional and PMU
measurements are sampled at very different rates and have different
measurement uncertainties. It would therefore make more sense to treat
them separately. This is the philosophy behind the two-stage approach.

The two-stage approach to hybrid state estimation was introduced in [15],
where state estimates from conventional state estimation were improved
by using PMU measurements in a linear post-processing step. A similar
approach is presented in [36], where state estimates from conventional
state estimation are treated as a priori state information in a second-stage
state estimator. Recently, a multistage method was proposed based on
multisensor data fusion theory [31].

The main drawbacks associated with the above approaches are:

1. Numerical stability: Since PMU measurements are significantly more
accurate than conventional measurements, inclusion of those measure-
ments in the estimation process often results in ill-conditioned measure-
ment noise covariance matrices. This in turn leads to an ill-conditioned
gain matrix which affects the convergence of the Gauss-Newton itera-
tions [37,38].

2. Disparate timescales: Synchronized PMU measurements are reported
much more frequently than asynchronous conventional measurements,
which are aggregated over the course of several seconds. These two sets
of measurements have significantly different sampling rates and are
not synchronized with each other. Therefore, to facilitate the real-time
monitoring of the system, it would be more advantageous to rely on PMU
measurements alone to estimate the states of PMU observable buses.

These drawbacks are addressed by a new approach introduced in Publica-
tion I and extensively analyzed in Publication II. The main results from
these publications are discussed in Section 3.2

A pressing issue when performing state estimation with phasor mea-
surement units is the different time scales of conventional and PMU mea-
surements. While the reduced order approach allows us to estimate PMU
measurements independently of conventional measurements, it also uses
a less redundant measurement set. Consequently, some measurements to
become critical measurements, and gross errors in these measurements
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will become undetectable. To overcome this, we propose to leverage the
high reporting rate and utilize several PMU measurements in the state
estimation process. It was first suggested in [39] that several measurement
snapshots should be stored in a buffer. Under ideal conditions, averaging
these measurements would help reduce the impact of random errors. This
also allows an accurate estimation of the covariance matrix of the PMU
measurement errors. This helps to considerably improve the performance
of the reduced order method. For example, Fig. 3.1 shows that if the system
state is static, performance gains of as much as an order of magnitude can
be obtained by averaging over as little as 81 measurements, or 2.7 seconds
of PMU data assuming a standard reporting rate of Fp = 30Hz.

0 500 1000 1500
10-6

10-5

10-4

10-3

K

M
S
E
[v̂
]

Last measurement only

Averaging over K snapshots

Figure 3.1. Performance gained by using a buffer of K PMU measurements in an IEEE
14 bus system with one PMU placed at Bus 6. Relative standard deviations of
PMU and RTU voltage measurement errors and RTU power measurement
errors are set to 1% and 2%, respectively.

It is critical, however, that the measurements in the buffer are consis-
tent with the state of the power system as observed by the PMUs. In
other words, the length of the buffer must depend on the signal in the
buffer, and sudden changes and drifts must be excluded. A solution to
choose the buffer length is suggested in [39], which first buffers all PMU
measurements in memory and partitions the measurement sequence into
contiguous segments. Next, starting with the most recent partition and go-
ing backwards in time, consecutive partitions are subjected to a statistical
test where the null hypothesis is that the samples in both partitions are
drawn from a distribution with the same mean. The process stops when
the null hypothesis is rejected. The main drawback of this approach is that
since only consecutive partitions are compared, small drifts in the mean
within the margin of error of the statistical test can go undetected. This is
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exacerbated when transients occur towards the end of the buffer.
In Publication III, we propose a signal-dependent approach to deter-

mine the number of measurements used to estimate the underlying mean
of noisy PMU measurements. Similar approaches were independently
presented by the authors of [39] in [40] at the same time. The method
introduced in Publication III is based on the principles of change detec-
tion, e.g., [41,42] which have recently been employed to design reporting
schemes for smart metering applications [43,44]. In [40], methods based
on statistical hypothesis testing and the PELT algorithm [45]. In contrast
with [40], we derive theoretical performance guarantees on the proposed
method. We also devise a heuristic to deal with oscillatory transients
captured in the buffered PMU measurements.

3.2 A Reduced Order Approach

We begin with the measurement models for conventional and PMU mea-
surements, given by (2.8) and (2.23) respectively. Combining them, we
have:

[
c

p

]
=
[

h(x)

Av

]
+
[
ε

µ

]
(3.1)

We first express x in rectangular coordinates by means of a vector valued
function f :R2N−1 7→R2N−1 such that

x=




tan−1
(

ℑ{V2}
ℜ{V2}

)

...

tan−1
(

ℑ{VN }
ℜ{VN }

)

√
(ℜ{V1})2 +0√

(ℜ{V2})2 + (ℑ{V2})2
...√

(ℜ{VN })2 + (ℑ{VN })2




= f(v) (3.2)

yielding [
c

p

]
=
[

g(v)

Av

]
+
[
ε

µ

]
(3.3)

where g(·) is the composition of h(·) and f(·).
The term PMU observable is defined as follows.

Definition 1. Let the columns of the system matrix A ∈RL2×(2N−1) in (2.23)
be denoted by a1, . . . ,a2N−1. A state variable vi ∈R, with index i ∈ {1, . . . ,2N−1}
is said to be PMU observable if and only if ai 6= 0.
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PMU observable states are uniquely defined by the PMU placements and
the type of PMU measurements. Therefore, the indices of PMU observable
state variables in v are known a priori; they do not change unless new
PMUs are added, or existing ones are relocated. We can now denote the
PMU observable states by vp ∈RK , and the PMU unobservable states by
vc ∈RM . Let Π be a permutation matrix to reorder the state vector v such
that the PMU unobservable states are stacked over the PMU observable
states, i.e.,

Πv=
[

vc

vp

]
(3.4)

3.2.1 Estimating the PMU observable states

In reduced-order approach PMU observable states are estimated from
PMU measurements alone. Consider (2.23); we have

p=AΠTΠv+µ

=
[
0 Ã

][vc

vp

]
+µ (3.5)

It follows from Definition 1 that the first M columns of AΠT are zero. Matrix
Ã ∈RLp×K consists of the nonzero columns of A, where Lp is the number of
PMU measurements. Since Lp ≥ K [15,33], we have the overdetermined
system of equations:

p= Ãvp +µ (3.6)

From the above, the linear WLS estimator of the PMU observable states
vp, denoted by v̂p, is given by

v̂p =
[
ÃTC−1

µ Ã
]−1

ÃTC−1
µ p (3.7)

3.2.2 Estimating the PMU unobservable states

Estimating the PMU unobservable states is formulated as a weighted
least-squares problem given by

minimize
vc

∥∥R−1/2{c−g(vc, v̂p)
}∥∥2 (3.8)

where the weighting matrix R is the covariance matrix of c−g(vc, v̂p). This
can be solved using the Gauss-Newton method as follows.
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We begin with an initial guess of the total state vector v̂(0), given by

v̂(0)=Π
[

v̂c(0)

v̂p

]
(3.9)

We initialize v̂c(0) such that state variables corresponding to the real part
of the voltage phasor are set to 1, while those corresponding to imaginary
parts are set to 0. This is analogous to the flat start condition commonly
employed for initialization in the state estimation literature.

The Gauss-Newton step for the jth iteration is derived as follows: Lin-
earizing (3.1) about the state estimate at the jth iteration, denoted by v̂ j

yields

c= g(v̂( j))+Γ(v̂( j)) [v− v̂( j)]+ε

= g(v̂( j))+Γ(v̂( j))ΠTΠ [v− v̂( j)]+ε

= g(v̂( j))+Γc( j) [vc − v̂c( j)]+Γp( j)
[
vp − v̂p

]+ε (3.10)

where
Γ(v̂( j))= ∂g(v)

∂v

∣∣∣∣
v=v̂( j)

(3.11)

and
Γ(v̂( j))ΠT =

[
Γc( j) Γp( j)

]
(3.12)

where Γc( j) ∈RL1×M and Γp( j) ∈RL1×K .
This yields a reduced-order measurement equation for vc given by

c−g(v̂( j))=Γc( j)(vc − v̂c( j))+ ε̃ (3.13)

where
ε̃= ε−Γc( j)

[
ÃTC−1

µ Ã
]−1

ÃTC−1
µ µ (3.14)

is a zero-mean random vector with covariance matrix

C̃ε( j)=Cε+Γc( j)
[
ÃTC−1

µ Ã
]−1

ΓT
c ( j) (3.15)

We now have the normal equations of the Gauss-Newton iterations to
estimate v̂c from (3.13) given by

(
ΓT

c ( j)C̃−1
ε ( j)Γc( j)

)
∆v̂c( j)=ΓT

c ( j)C̃ε( j)−1 [c−g(v̂( j))
]

(3.16)

v̂c( j+1)= v̂c( j)+∆v̂c( j) (3.17)

The iterations terminate when ‖∆v̂c( j)‖∞ is less than a predefined thresh-
old δ, and the final estimate of the state vector in Cartesian coordinate
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Table 3.1. Reduced-Order Two-Stage SE

1: input v̂c(0), Π, g(·), Γc(·), Γp(·), Ã, Cε, Cµ, c, p.
2: compute v̂p using (3.7)
3: set j = 0
4: repeat
5: compute Γc( j) and Γp( j).
6: compute C̃ε( j) using (3.15).
7: compute v̂c( j) using (3.16) and (3.17)
8: j ← j+1
9: until ‖v̂c( j)− v̂c( j−1)‖∞ < δ

10: output v̂ using (3.18)

form, denoted by v̂, is given by

v̂=ΠT

[
v̂c

v̂p

]
(3.18)

The proposed state estimation procedure is summarized in Table 3.1.

3.2.3 Analytical Results

The main analytical insights into the working of the reduced-order state
estimator are summarized here. First, we prove the convergence of the
Gauss-Newton iterations in (3.16) and (3.17). Next, we show that the
reduced order method is more numerically stable by proving that the
condition number of the gain matrix for the Gauss-Newton iterations of
the reduced order method is less than that of the mixed measurement
scheme. In the absence of time-skew errors, we quantify the performance
gap between the reduced order and mixed measurement approaches.

Convergence of the Gauss-Newton iterations
The Gauss-Newton iterations given by (3.16) and (3.17) correspond to
solving a nonlinear weighted least-squares problem given by

min
v1∈V1

‖ϕ(v1)‖2 (3.19)

where ϕ(v1) = C̃−1/2
ε

[
c−g(vc, v̂p)

]
. The weighting matrix C̃1 depends im-

plicitly on vc through Γp(vc, v̂p). The Jacobian matrix does not change
considerably during several iterations, and is well approximated by a piece-
wise constant [10]. Under this assumption, we may establish the local
convergence of the Gauss-Newton iterations. The following proposition es-
tablishes that the Fréchet derivative of ϕ(vc) satisfies the center Lipschitz
condition, which is shown in [46] to be a necessary condition for the local
convergence of the reduced-order estimator for the PMU unobservable
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states.

Proposition 1. Let Dϕ(vc) denote the Fréchet derivative of ϕ(vc). If the set
of all stationary points of (3.19) is V ∗

c , and v∗
c ∈ V ∗

c , then Dϕ(vc) satisfies a
Lipschitz condition given by

∥∥Dϕ(vc)−Dϕ(v∗
c )
∥∥≤ L

∥∥vc −v∗
c
∥∥ (3.20)

for all vc ∈ Vc, where L is a constant.

Proof. We have Dϕ(v) = −C̃−1/2
ε Γc(vc, v̂p). Let T ∈ R2N−1×M, Ti j ∈ {0,1} for

all i = 1, . . . ,2N −1, j = 1, . . . , M, be a selection matrix which selects the M
columns of Γ(vc, v̂p) which constitute Γc(vc, v̂p), i.e., Γ(vc, v̂p)T = Γc(vc, v̂p).
Therefore, Dϕ(v)=−C̃−1/2

ε Γ(vc, v̂p)T. For all vc ∈ Vc, we have

∥∥Dϕ(vc)−Dϕ(v∗
c )
∥∥2

=
∥∥C̃−1/2

ε

[
Γ(v∗

c , v̂p)−Γ(vc, v̂p)
]
T
∥∥2

≤
∥∥C̃−1/2

ε

∥∥2∥∥Γ(v∗
c , v̂p)−Γ(vc, v̂p)

∥∥2 ‖T‖2

=λ2
max(C̃−1/2

ε )
∥∥Γ(v∗

c , v̂p)−Γ(vc, v̂p)
∥∥2 (3.21)

It can be shown that

∥∥Γ(v∗
c , v̂p)−Γ(vc, v̂p)

∥∥2
F = (v∗

c −vc)TM(v∗
c −vc) (3.22)

where M ∈RM×M is a matrix whose elements depend only on system admit-
tances and topology of the power system [19]. By the Cauchy-Schwartz
inequality, we have

(v∗
c −vc)TM(v∗

c −vc)≤ ‖M‖
∥∥v∗

c −vc
∥∥2 (3.23)

Since ‖ ·‖2 ≤ ‖·‖2
F , from (3.21), we have

∥∥Dϕ(vc)−Dϕ(v∗
c )
∥∥≤ L

∥∥v∗
c −vc

∥∥ (3.24)

where L =
√
λmin(C̃ε)‖M‖.

Numerical Stability
Numerical stability depends critically on the condition number of the
coefficient matrix when solving a system of linear equations. In the case of
Gauss-Newton iterations of weighted least-squares state estimation, the
coefficient matrix is the so-called gain matrix. In the mixed measurement
approach, we need to express v as a function of x. Let this function be
d :R2N−1 →R2N−1, and we denote its Jacobian matrix by D(x). Note that d(·)
is the inverse of f(·). Bringing together (2.8) and (2.23), and substituting
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for v, we have [
c

p

]
=
[

h(x)

Ad(x)

]
+
[
ε

µ

]
, (3.25)

The normal equations of the Gauss-Newton iterations are given by
[
HT( j)C−1

ε H( j)+DT( j)ATC−1
µ AD( j)

]
∆x( j)=

HT( j)C−1
ε {c−h(x( j))}+DT( j)ATC−1

µ p (3.26)

x( j+1)= x( j)+∆x( j) (3.27)

Now, the gain matrix at the jth iteration, denoted by Gm( j) is given by

Gm( j)=H( j)C−1
ε H( j)+DT( j)ATC−1

µ AD( j) (3.28)

The gain matrix for the Gauss-Newton iterations of the reduced-order
approach at the jth iteration, denoted by Gr( j), is seen from (3.16) to be

Gr( j)=Γc( j)C̃εΓc( j) (3.29)

Proposition 2. Let Gr and Gm denote the gain matrices in (3.29) and
(3.28), where the Jacobians are evaluated at the true states v and x, respec-
tively. Let κ(Gm) and κ(Gr) denote the respective condition numbers of Gm

and Gr. Then, κ(Gm)≥ κ(Gr) holds true.

Proof. Let Φ be the Jacobian matrix of f(v) with respect to ,v. Under
normal operating conditions, voltage magnitudes are very close to 1, and
Φ can be approximated by

Φ≈




0 0 0 · · · 0 1 0 · · · 0

0 −ℑ{V2} 0 · · · 0 ℜ{V2} 0 · · · 0
...

...
... . . . ...

...
... . . . ...

1 0 0 · · · −ℑ{VN } 0 0 · · · ℜ{VN }

0 ℜ{V2} 0 · · · 0 ℑ{V2} 0 · · · 0
...

...
... . . . ...

...
... . . . ...

0 0 0 · · · ℜ{VN } 0 0 · · · ℑ{VN }




. (3.30)

It is trivial to show that Φ is orthonormal. By the inverse function theorem,
we also have DΦ= I.

Let G̃m , ΠΦT(v)GmΦ(v)ΠT. Since the condition number is invariant
under orthonormal transformations, we have κ(Gm)= κ(G̃m).
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Since Γ=HΦ, G̃m is expressed as

G̃m =
[
ΓT

c C−1
ε Γc ΓT

c C−1
ε Γp

ΓT
pC−1

ε Γc ΓT
pC−1

ε Γp + ÃTC−1
µ Ã

]
(3.31)

From (3.15) and (3.16), we have

Gr =ΓT
c C−1

ε Γc −
(
ΓT

pC−1
ε Γc

)T(
ΓT

pC−1
ε Γp + ÃTC−1

µ Ã
)−1(

ΓT
pC−1

ε Γc

)
(3.32)

From (3.31) and (3.32), we see that Gr is the Schur complement of
ΓT

c C−1
ε Γc in G̃m. Furthermore, since G̃m and Gr are both positive definite,

from Theorem 5 in [47], we have λmax(G̃m)≥λmax(Gr)≥λmin(Gr)≥λmin(G̃m).
Therefore, we have κ(Gm)≥ κ(Gr).

Performance comparison with the mixed measurement approach
The performance of an estimator is characterized by the mean-squared
error (MSE) matrix. We use the notation MSE(·) to refer to the MSE
matrix of an estimator. The estimators of the PMU observable and PMU
unobservable states with the reduced order approach are denoted by v̂D

p
and v̂D

c , respectively. With the mixed measurement approach, the same
quantities are denoted by v̂M

p and v̂M
c , respectively. The MSE matrix of a

nonlinear weighted least-squares estimator is given by the inverse of the
gain matrix evaluated at the converged state estimate [8]. Therefore, we
have the following first order approximations of the MSE matrices

MSE(v̂D
p )=

(
ÃTC−1

µ Ã
)−1

(3.33)

MSE(v̂D
c )=

[
ΓT

c C−1
ε Γc −

(
ΓT

pC−1
ε Γc

)T(
ΓT

pC−1
ε Γp + ÃTC−1

µ Ã
)−1(

ΓT
pC−1

ε Γc

)]−1

(3.34)

MSE(v̂M
p )=

[
ÃTC−1

µ Ã+ΓT
pC−1

ε Γp −
(
ΓT

c C−1
ε Γp

)T(
ΓT

c C−1
ε Γc

)−1(
ΓT

c C−1
ε Γc

)]−1

(3.35)

MSE(v̂M
c )=

[
ΓT

c C−1
ε Γc −

(
ΓT

pC−1
ε Γc

)T(
ΓT

pC−1
ε Γp + ÃTC−1

µ Ã
)−1(

ΓT
pC−1

ε Γc

)]−1

(3.36)

Remark 1. We see from (3.34) and (3.36) that using the estimate of the
PMU observable states to reduce the model order of the state estimator does
not affect the precision of the estimates of the PMU unobservable states.

Assuming σ2
Pmax

= ‖Cµ‖∞ ¿σ2
Cmax

= ‖Cε‖∞, the difference in performance
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between v̂D
p and v̂M

p is given by

MSE(v̂D
p )−MSE(v̂M

p )≈
(
σ4

Pmax

σ2
Cmax

)(
ÃTC̄−1

µ Ã
)−1

{
ΓT

pC̄−1
ε Γp −

(
ΓT

c C̄−1
ε Γp

)T

×
(
ΓT

c C̄−1
ε Γc

)−1(
ΓT

c C̄−1
ε Γc

)}(
ÃTC̄−1

µ Ã
)−1

(3.37)

where C̄ε,σ−2
Cmax

Cε and C̄µ,σ−2
Pmax

Cµ.

Remark 2. We see that the right hand side of (3.37) is positive-definite.
Moreover, as PMU measurements become more accurate, i.e., as σ2

Pmax
=

‖Cµ‖∞ → 0, the performance gap approaches zero. In other words, when
PMU measurements are sufficiently accurate, the performance of the pro-
posed reduced-order estimator of the PMU observable states will approach
that of the mixed measurement method.

Impact of Time-Skew Errors on Estimation Accuracy of PMU Observable
States with Mixed Measurements
When the power system is in a steady state, the measured quantities
remain constant between consecutive measurements, and the time-skew
between measurements does not introduce errors. However, if there are
perturbations in the underlying system state, measurements taken in a
window of a few seconds are not consistent with each other [48], leading to
time-skew errors.

Let c̃ denote the time-skewed, noise-free conventional measurements,
and let ve be a solution to the system of nonlinear equations c̃= gc(v). The
time-skewed state ve is related to the true state v by ve = v+e, where
e ∈ R2N−1 is a random vector with mean E[e] = me and covariance matrix
Cov[e]=Ce. In the presence of time-skew errors, (2.8) can be written as

c̃= gc(ve)+ε (3.38)

Assuming that the time-skew error is small, we can approximate gc(ve) by
its first-order Taylor series expansion about v, i.e., gc(ve)= gc(v)+Γc(v)e+
O (‖e‖2). Therefore, if conventional measurements are affected by time-
skew errors, (3.38) becomes

c̃= gc(v)+ne (3.39)

where ne =Γc(v)e+ε, and E[ne]=Γc(v)me and Cov[ne]=Cε+Ce, since ε and
e are independent.

Since both the mixed measurement and reduced order approaches depend
on only conventional measurements to estimate the PMU unobservable
states, it stands to reason that they will be affected similarly by time-skew
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in conventional measurements. We therefore focus our attention on the
estimate of the PMU observable states.

Let the mixed measurement estimator of vp with time-skewed conven-
tional measurements be v̂Mt

p . Now, its MSE matrix is given by

MSE(v̂Mt
p )=MSE(v̂M

p )+QPE
[
epeT

p

]
PTQT (3.40)

where ep ∈ RK contains those elements of e which correspond to PMU
observable states. Matrices P and Q are defined as

P=
[
ΓT

pC−1
ε Γp −

(
ΓT

c C−1
ε Γp

)T(
ΓT

c C−1
ε Γc

)−1(
ΓT

c C−1
ε Γc

)]
(3.41)

Q=
[
ÃTC−1

µ Ã
]−1

(3.42)

The reduced order approach is said to perform better than the mixed
measurement approach if MSE(v̂Mt

p )−MSE(v̂M
p ) is positive definite. We have

the following condition on the second moment of ep for this:

E[epeT
p]ÂP−1 [I−PQ]−1 P [I−PQ]−1 P−1 (3.43)

where the notation AÂB indicates that A−B is positive definite.

Remark 3. If the second moment of the time-skew errors exceeds the bound
in (3.43), then the performance improvement (seen in (3.37)) gained by
using both types of measurements in the absence of time-skew is negated.

3.2.4 Numerical Results

Here, we present results from simulations performed on the IEEE 14, 30,
57 and 118 bus test system. The results of these simulations corroborate
the analytical results presented previously. Additionally, we also investi-
gate the impact of the placement of PMUs on the estimation accuracy of
the reduced order approach.

Simulation Setup
To calculate the true state, a Gauss-Newton load-flow calculation is per-
formed using the MatPower toolbox in MATLAB [49]. Conventional mea-
surements are then generated using (2.8), where it is assumed that voltage
magnitude measurements are taken at every bus in the system and real
and reactive power flow measurements are taken on every transmission
line. PMU measurements are generated using (2.23).

Zero-mean, normally distributed random errors are added to the mea-
surements to simulate measurement uncertainty. The standard deviation
of these errors is expressed relative to the ideal, error-free measurement.
Let σv denote the standard deviation of the measurement errors in conven-
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tional voltage magnitude measurements and σc denote those in conven-
tional power flow and injection measurements. We set these to 0.1% and 2%
following [50]. Let σp denote the standard deviation of PMU measurement
errors. Since the reduced order approach only makes sense when PMU
measurements are more accurate than conventional measurements, we
express the standard deviation of of PMU measurement errors σp relative
to those of conventional voltage magnitude measurements, i.e., σp = kσv,
where k ∈ (0,1].

Numerical Stability
Since the condition number of the gain matrix depends indirectly upon
the PMU placement, it is important to have a consistent PMU placement
strategy for incomplete PMU observability. We apply the method in [51]
and [52] to obtain the PMU locations in Table 3.2. Phasor measurement
units are placed with depth-of-one unobservability, i.e., there is one unob-
served bus linked to two or more observed buses. PMU observability is
defined as the proportion of state variables observed by PMUs expressed
as a percentage, i.e., observability O is given by O, {K /(2N −1)}×100%.

No. Buses PMU locations O

14 4, 6 74.07%
30 6, 10, 15, 27 69.5%
57 4, 10, 15, 20, 76.99%

24, 29, 32, 37, 41,
48, 54

118 11, 19, 30, 32, 51%
40, 49, 59, 69, 89,

96, 103

Table 3.2. PMU locations in the IEEE test systems

With the above PMU placement configurations, the condition number
of the gain matrices for different SE techniques are shown in Fig. 3.2. In
accordance with Proposition 2, we see that the reduced-order approach
always exhibits a lower condition number when compared to both the
mixed measurement and the traditional WLS approaches.

Impact of Time-Skew Errors on the Mixed Measurement Estimator
Since the reduced order approach employs perfectly synchronized PMU
measurements, the state estimate is unaffected by them. We first study
the sensitivity of the performance of the mixed measurement estimator of
the PMU observable states to the mean and standard deviation of time-
skew errors. From Fig. 3.3, we observe that the estimation error is more
sensitive to the variance of the time-skew errors than to their mean. It is
apparent that if the variance of the time-skew errors is large, their mean
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Figure 3.2. Condition number of the gain matrix in the reduced-order, mixed measure-
ment and traditional WLS approaches for the IEEE 14, 30, 57 and 118 Bus
test systems with k = 0.1.

has less of an effect on the estimation accuracy. Additionally, we find that
if the mean of the time-skew errors is large, then their variance has a
smaller effect on the estimation accuracy

We now simulate the performance of the reduced order and mixed mea-
surement approaches on the IEEE 118 Bus system with PMUs placed as
given in Table 3.2. PMU measurements are assumed to be an order of
magnitude more accurate then conventional voltage magnitude measure-
ments. The results of the initial load flow calculation represent the true
state of the system, to which a normally distributed random vector with a
specific mean and covariance matrix is added. This yields the time-skewed
state ve. The time-skewed conventional measurements are then generated
in accordance with (3.38), and state estimation is performed using this
measurement set combined with the PMU measurement set generated
from the true system state. The MSE is calculated by averaging over 5×103

Monte Carlo iterations, and the results are summarized in Figs. 3.4a and
3.4b. We see that the simulation results agree closely with the analytically
calculated values from (3.33), (3.40) and (3.35). In accordance with Remark
3, we see that as either the mean or the variance of the time-skew errors
increases, the performance of the mixed measurement estimator of the
PMU observable states degrades. On the other hand, the performance of
the proposed approach in estimating PMU observable states is unaffected
by time-skew errors, since conventional measurements are not used to
perform state estimation. We see that the reduced-order approach out-
performs the mixed measurement approach when the condition given by
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Figure 3.3. Trace of the MSE matrix of the mixed measurement estimator of the PMU
observable states as a function of the mean and standard deviation of the
time-skew error vector.

(3.43) is satisfied.

Impact of PMU placement
The performance of a hybrid estimations scheme depends on the PMU
placement configuration, and observability alone does not guarantee good
performance [53]. We study the performance of the reduced order approach
by selecting a Pareto optimal PMU placement by trading off observability
against estimation accuracy. We use the trace of the MSE matrix, denoted
by F, as a measure of performance, i.e., F , tr{MSE(v̂D

c })+ tr{MSE(v̂D
p )}.

There are finitely many possible PMU placements and each placement i
can be mapped to a pair (Fi,Oi). The set of Pareto optimal PMU placements
are those PMU configurations whose image in the value space is not strictly
dominated by that of any other PMU configuration.

Fig. 3.5b shows the boundaries of the set of performance-observability
pairs for all PMU placements from 1 through 7 PMUs in the IEEE 30 Bus
system. It can be inferred from Fig. 3.5b that installing additional PMUs
is subject to a “diminishing returns law", i.e., performance gain obtained
by installing additional PMUs while holding all other parameters constant
will decrease with each additional PMU added to the system.

Fig. 3.6 shows how performance is affected by the placement of PMUs
in an IEEE 30 Bus system as the precision of PMU measurement varies.
The sub-optimal PMU placement is chosen from Table 3.2, while the opti-
mal PMU placement is obtained from Fig. 3.5a. We see that when PMUs
are placed optimally, the performance gap is negligible if PMU measure-
ments are an order of magnitude more precise than conventional voltage
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Figure 3.4. Performance of the estimator of the PMU observable states as a function of
the mean (a) and standard deviation (b) of the time-skew errors. The standard
deviation is fixed to 0.001% in (a), while the mean is set to zero in (b). Solid
lines represent the analytically calculated values and simulated values are
marked by (*).
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Figure 3.5. Results of the combinatorial search used to identify the optimal PMU place-
ments given four PMUs in the IEEE 30 Bus system (a), and boundaries of the
set of performance-observability pairs for the same system with 1 to 7 PMUs
(b). The Pareto optimal PMU placements are marked by a (?) and the optimal
placement with respect to SE is marked with a (�).

magnitude measurements. We also see from Fig. 3.6 that as the PMU
measurement error decreases, the performance gap diminishes quadrat-
ically, as predicted by (3.37). This confirms the intuition that as PMU
measurements become more accurate, we need not rely on conventional
measurements to estimate PMU observable states, even if conventional
measurements are perfectly synchronized. In what follows we study the
impact of time-skew errors in conventional measurements on hybrid state
estimation.
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Figure 3.6. Trace of the MSE matrix as a function of k in an IEEE 30 Bus system with
four PMUs.

3.3 A Scheme for Preprocessing PMU measurements

We now summarize the main results of Publication III. The method is
based on the following model of PMU measurements: Consider a data
acquisition time-window [0,T] where state estimation is performed at time
T. The state vector at time t ∈ [0,T] is given by vt ∈ R2N−1. Let Tp be the
interval between successive PMU reports. This corresponds to a reporting
rate of Fp = T−1

p . Let K = bTFpc be the number of measurements obtained
from each PMU in the data acquisition window before state estimation.
Each measurement snapshot consists of L2 phasor readings, denoted by
pk ∈RL2 , which is linearly related to the system state by

pk =Avk +µpk
, k = 1, . . . ,K (3.44)

where vk , vt=kTp denotes the system state at the kth sampling instant.
The measurement uncertainty is represented as independent and identi-
cally distributed (i.i.d.) random sequence {µpk

}k=1,...,K , where µpk
∼N (0,Cp).

We seek to obtain a sequence PMU measurements of length K , {pk}k=1,...,K ,
such that it forms an ergodic process. Since the variance of PMU measure-
ments does not change, we are interested in ensuring that mean function
of the sequence is constant.

3.3.1 Proposed Approach

Without loss of generality, we will consider only one PMU measurement
stream, say pki , which we will rename pk. The first step in the proposed
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method is to partition measurement sequence into N consecutive segments
of n measurements each such that Nn = K . Since we are interested in
detecting mean changes in pk, we first compute the averages of measure-
ments in each segment, i.e.,

p̄i = 1
n

n∑

j=1

pn(i−1)+ j, i = 1, . . . , N (3.45)

Using a larger value of n allows for a better approximation of the true
mean of the buffered measurements, but on the other hand, making n too
large would smooth over important changes in the state dynamics which
should be detected.

We then use the Shewhart change detection test to flag changes in the
mean of the segment averages p̄i. The traditional Shewhart test relies
on the perfect knowledge of the mean µ of the process p̄k, and it is given
by [54]

| p̄N−k −µ| > h, k = 1, . . . , N −1 (3.46)

where h is the largest change in the mean that can go undetected, also
known as the maximum tracking error. In the proposed application, the
true mean µ of the buffered data is not known. Therefore, we propose to
use p̄N as a proxy for the true mean. Consequently, (3.46) is modified to

| p̄N−k − p̄N | > h, k = 2, . . . , N −1 (3.47)

The proposed method is summarized as follows: Starting with p̄N0 and
proceeding backwards in time relative to p̄N , we perform the modified
Shewhart test in (3.47). If the test is positive for some p̄i where i ∈ {1, . . . , N−
1}, this indicates that a change in the mean larger than ±h has been
observed in p̄i. The threshold h must be chosen by taking into account
the tradeoff between the magnitude of the smallest change that can be
detected and the probability of false alarm due to the random nature of
{p̄i}N−1

i=1 and p̄N .

3.3.2 Analytical Results

To demonstrate the effectiveness and reliability of the modified Shewhart
test, we will derive expressions for the probability of flagging a change
due to noise even if there was no change in the mean of the underlying
process. For this purpose, we assume pk

i.i.d.∼ N (µ,σ2) for all k = 1, . . . ,K ,
and consequently, p̄i

i.i.d.∼ N (µ,σ2/n) for all i = 1, . . . , N. The conditional
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probability of false alarm, denoted by P f , is expressed as

P f =Pr(| p̄i − p̄N | > h | p̄N )

= 2+Pr(p̄i ≤ (p̄N −h) | p̄N )−Pr(p̄i ≤ (p̄N +h) | p̄N )

= 2+Φ
(

(p̄N −h−µ)
p

n
σ

)
−Φ

(
(p̄N +h−µ)

p
n

σ

)
(3.48)

where Φ(·) is the cumulative distribution function of a standard normal
distribution. Since p̄N is random, we need to average over all possible
starting values to get the final probability of false alarm, denoted by P̄ f ,
which is given by

P̄ f =
∞∫

−∞

[
2+Φ

(
(s−h−µ)

p
n

σ

)

−Φ
(

(s+h−µ)
p

n
σ

)]
ϕ

(
(s−µ)

p
n

σ

)
ds

= 2+Φ
(−pnhp

2σ

)
−Φ

(p
nhp
2σ

)
(3.49)

where ϕ(·) denotes the probability density function of a standard normal
distribution.

Another important reliability metric is the probability of using all avail-
able measurements given that pk has the same mean for all k = 2, . . . ,K .
The probability of false alarm at the ith Shewhart test conditioned on p̄N

follows a geometric distribution given by

Pr(T = i| p̄N )= (2−P f )i−1P f (3.50)

The conditional probability of using all N values of p̄i, i.e., the entire buffer
is

Pr(T > N0| p̄N )=
∞∑

i=N

Pr(T = i| p̄N )

= (2−P f )N−1 (3.51)

and the final probability, denoted by Pb, is obtained by integrating over
the distribution of p̄N , i.e.,

Pb =
∞∫

−∞

[
Φ

(
(s+h−µ)

p
n

σ

)

−Φ
(

(s−h−µ)
p

n
σ

)]N0

ϕ

(
(s−µ)

p
n

σ

)
ds (3.52)
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Figure 3.7. Probability of false alarm (a), and the probability of averaging over the entire
buffer (b) for different values of n and h. The values obtained by Monte Carlo
simulation are marked with a (•) symbol.

The integral in (3.52) can be solved numerically or approximated using
Monte Carlo methods since Pb = E[(2−P f )N−1].

Based on the above analysis, we gain some insight into choosing the
parameters of the proposed scheme. The two design parameters in the
proposed scheme are the partition size n and the test threshold h. Typically,
the test threshold is set relative to the process variance σ, i.e., h = mσ,
for some m ∈ R+. Fig. 3.7a shows the values taken by P̄ f for different
values of n and h. For a given value of n, smaller changes can be detected
by decreasing h. However, we see from Fig. 3.7a that the probability of
false alarm increases when that is done. We also see that for the same
probability of false alarm, smaller changes in the mean can be detected by
increasing n. However, n should be small enough to avoid smoothing over
important changes in the state dynamics which should be detected.

Fig. 3.7b shows the probability of averaging over the entire buffer of
K = 500 measurements assuming the data in the buffer are drawn from
the same distribution. For a given h, this probability can be increased
dramatically by increasing n. However, we see a clear diminishing return
as n increases further.

3.3.3 Handling Transient Phenomena

The voltage and current waveforms associated with transient phenomena,
like those after a fault, have a well studied structure (see e.g., [55, 56]).
They usually consist of sinusoidal oscillations whose amplitude decays
exponentially with time as shown in Fig. 3.8

As we proceed backwards through the buffer we first see only the smallest
of changes which get larger as we go further. If transients occur close to
the end of the buffer, the performance of any processing scheme is reduced
dramatically. This is because the small changes which characterize the
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Figure 3.8. System state consisting of the real part (above) and imaginary part (below) of
the complex voltage phasor at all system buses measured with respect to the
slack bus. The fault occurs at 0.2s.

end of a transient cannot be detected easily and averaging over those
oscillations adversely affects the estimate of AvT which is needed for state
estimation. In what follows, we present an approach to limit the worst-case
performance of our method.

Let us suppose that a change is detected when comparing p̄N−1 to p̄N

using the Shewhart test. Since we are moving backwards through the
buffered measurements, it is possible the changepoint is in either the
Nth or N −1th segment. This means that p̄N may no longer be a good
estimate of the state at time T. We therefore use pK , i.e., the last PMU
measurement in the state estimator.

Similar to the above argument, if the Shewhart test detects a change
when comparing p̄N−2 to p̄N , it is still possible that the data which consti-
tute p̄N−1 are corrupted by the tail of the transient oscillations. At this
point, the tradeoff is between the performance gained by using p̄N instead
of pK and the potential decrease in performance due to changes in the
mean of the data used to calculate p̄N . It would, however, be safer to
use pK instead of p̄N . Taking this into account, the proposed method is
summarized in Algorithm 1.

3.3.4 Numerical Results

In this section we present simulation results which show the performance
of the proposed scheme. The test system under consideration is the stan-
dard IEEE 14-bus system with one PMU placed at Bus 6 as shown in
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Algorithm 1 Proposed signal-dependent processing scheme for buffered
PMU measurements.

for i = 1, . . . , N do
p̄i = 1

n
∑n

j=1 pn(i−1)+ j
end for
for i = 1, . . . , N −1 do

if | p̄N−i − p̄N | > h then
if i = 1∨ i = 2 then

p̂ = pK
break

else
p̂ = 1/(i−1)

∑i−2
j=0 p̄N− j

break
end if

else
p̂ = 1/N

∑N−1
j=0 p̄N− j

end if
end for

Fig. 3.9. In order to illustrate the behavior of the proposed method under
transient phenomena, a three-phase to ground fault is simulated at Bus
2, and we assume that the fault is cleared in 2 cycles. For simplicity, we
assume that all generators in the system have the same damping coeffi-
cient of 0.05, and all other system parameters are maintained constant.
The voltage dynamics of the system under the fault is simulated using the
MatDyn toolbox [57] in MATLAB, with the system frequency set to 50Hz.
The voltage values thus obtained are used to generate PMU measurements
using (3.44). Typically, PMUs have a reporting rate based on the system
frequency [58]. Here, we choose a reporting rate of 50 frames per second.
The standard deviation of the errors in PMU measurements is assumed
to be 0.1% of the value of the noise-free measurements and the errors are
assumed to be normally distributed with zero mean.

There are K = 500 measurement snapshots representing 10 seconds of
PMU measurements arriving at 50 per second. We allow the fault to occur
at a time corresponding to the k f th measurement in the buffer for k f =
1, . . . ,K . Since the objective is to find a good estimate of AvT , we chose as the
performance metric tr{Cov[p̂−AvT ]}, which is approximated by averaging
over 500 Monte Carlo iterations. As k f increases the transient waveform
approaches the end of the buffer and adversely affects the ability to reliably
estimate AvT . A small value of k f corresponds to normal operation and a
large value corresponds to an extreme event where a fault occurs close to
the instant of performing state estimation.

We simulate the performance of the proposed method by setting Pb =
0.99. We get the corresponding values of h and n from Fig. 3.7b, and the
performance is shown in Fig. 3.10a. The performance measure is subject
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Figure 3.9. IEEE 14-bus test system with the faulted bus highlighted. There is one PMU
in the system placed at Bus 6.

to oscillations because of the oscillatory nature of the transient waveform,.
To aid clarity, only the peaks of the oscillations are shown. These can
be thought of as a localized measure of worst-case performance. We see
that when k f is small the performance is similar for all choices of design
parameter pairs. However, we see that when the fault occurs near the end
of the buffer, the performance is least adversely affected by choosing n = 5.

Next, we study the performance of the proposed method by setting
n = 5 and varying the threshold of the Shewhart test h. This is shown in
Fig. 3.10b. We see that when k f is small, choosing a low value of h leads to
a small degradation in performance. This is because the probability of aver-
aging over all available measurements, i.e., Pb, is low, as seen in Fig. 3.7b.
On the other hand, when k f is large, using a smaller threshold allows the
detection of smaller changes, thereby limiting the worst-case performance.
From Fig. 3.10b, we see that choosing h = 3 yields a good tradeoff between
the best-case and worst-case performance. Additionally, from Figs. 3.10b
and 3.10a, we conclude that the performance of the proposed method is
robust to the choices of h and n.

Fig. 3.11 compares the performance of the proposed method with the
method described in [39]. For the proposed method, following the results
from Figs. 3.10a and 3.10b, we choose h = 3 and n = 5. This yields 1−Pb =
4×10−4 and P̄ f = 2×10−6, respectively as seen from Figs. 3.7b and 3.7a. For
the method of [39], the measurements are partitioned sequentially into 100
segments of n = 5 measurements each. The exact statistical test to compare
the means of the segments is not mentioned in [39]. In this paper, we use
a two sample Student’s t-test, which is a widely used to test whether
the means of two populations are equal. The significance level of the
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Figure 3.10. Performance of the proposed method for different values of h and n such that
Pb = 0.99 (a), and for different values of h with n = 5 when a fault occurs at a
time corresponding to the k f th measurement in the buffer for k f = 1, . . . ,500.

test, denoted by α, is experimentally tuned such that the performance is
identical to that of the proposed method when k f = 1 yielding α= 5.5×10−3.
We note that due to the fact that p̄N is random, there is no correspondence
between α and the probability of false alarm P̄ f . We see from Fig. 3.11
that the proposed method performs as well as the method of [39] under
normal conditions and outperforms the method proposed in [39] when a
fault occurs close to the instant of state estimation. We also see that the
method of [39] actually performs worse than using the last available PMU
measurement if a fault occurs just before the instant of state estimation.
The reason for this is that consecutive segments are tested, which prevents
gradual shifts in the mean from being detected. As a result, the method
averages over samples taken from a process where the mean is changing.
This results in a poor estimate of AvT .

3.4 Discussion

This chapter considers the problem of state estimation with phasor mea-
surement units. Under incomplete PMU observability, we propose that
only PMU measurements should be used to estimate the PMU observable
state variables. This is because conventional measurements are asyn-
chronous and collected over a time window of several seconds, whereas
PMU measurements are globally synchronized and have a reporting rate of
up to 60 frames per second [59]. In fact, the IEEE C37.118.1-2011 standard
encourages the development of PMUs with a reporting rate of up to 120
frames per second. Consequently, PMU measurements provide a more
accurate picture of the system state at the time of state estimation. This
idea is used to develop a two-stage approach to hybrid state estimation
where only PMU measurements are employed in estimating the PMU
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Figure 3.11. Performance of the proposed method and the method of [39] when a fault
occurs at a time corresponding to the k f th measurement in the buffer for
k f = 1, . . . ,500.

observable state variables. The remaining states are estimated by a non-
linear weighted least-squares estimator using conventional measurements.
The main benefits of the proposed method are improved numerical stability,
reduced computational complexity and the ability to handle measurements
arriving at different reporting rates.

If conventional measurements were perfectly synchronized, the reduced
order scheme incurs a performance penalty because of decreased measure-
ment redundancy. We see that this gap can be reduced significantly by
decreasing the PMU measurement variance and by placing PMUs opti-
mally. The latter is an NP hard problem, and an efficient algorithm finding
a PMU placement scheme that achieves a tradeoff between observability
and state estimation accuracy deserves further investigation. However,
in practice, conventional measurements are never free from time-skew
errors, and therefore, the reduced order method produces a more accu-
rate estimate of the PMU observable states then a mixed measurement
approach. An important direction for future research are effective models
for time-skew errors in conventional measurements.

Since the reporting rate of PMU measurements is high, several con-
secutive PMU measurement snapshots can be combined for use in state
estimation. It is important to ensure these snapshots are consistent with
each other and with the most recent available snapshot. We developed
a signal dependent scheme for choosing the number of measurements to
buffer for use in applications like state estimation and bad-data identifica-
tion. This method can be applied to improve the performance of the reduced
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order method. Firstly, averaging over the buffer reduces the variance of
PMU measurement errors, this drastically reduces the performance gap be-
tween the mixed measurement and reduced order methods in the absence
of time-skew errors. Additionally, it partially addresses the problem of
bad data processing by automatically excluding measurements affected by
bursty errors. This method for preprocessing PMU measurements can also
be applied to other state estimation algorithms, for example, distributed
approaches presented in the following chapter.
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4. Distributed Approaches to Hybrid
State Estimation

So far, we have looked at a centralized approach to PSSE, wherein, mea-
surements from throughout the grid are collected and processed at a single
point. However, for reliability, computational efficiency and model mainte-
nance reasons, it is more reasonable to adopt a decomposition-coordination
approach. This approach involves the division of a large power system into
smaller areas, each equipped with a local processor to provide a local SE
solution. These local state estimators are then coordinated either explic-
itly or implicitly such that an estimate of the system-wide state vector is
obtained. This paradigm is known as multi-area state estimation (MASE).

Multi-area state estimation was first developed to overcome computa-
tional issues involved in centralized state estimation of large power sys-
tems, and it is still being used for the same purpose [60]. However, we
study MASE in the context of a power system with geographically sep-
arate control areas, each equipped with a local state estimator. In this
scenario, a key factor affecting the performance of distributed estimation
algorithms is the reliability of the communication network between local
state estimators. Specifically, communication delays and errors can slow
down estimation algorithms. One way to avoid this is to minimize the
amount of communication between areas altogether. This is a cost effective
solution that avoids heavy investment in communication infrastructure.
The focus of this chapter is the reduction of inter-area communication by
leveraging advances in the field of signal processing.

4.0.1 Prior Art

Distributed approaches to power system state estimation have been exten-
sively studied for several decades. The methods available in the literature
on distributed power system state estimation can be divided into four
groups. Based on the coordination scheme, we have hierarchical and fully
distributed methods. In the hierarchical approach, there is an explicit
central entity which coordinates the estimates of the local state estimators
of each area. Furthermore, the local state estimators can only communi-
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cate with the coordination level. On the other hand, in the decentralized
approach, local state estimators share information among themselves
through a communication network to obtain the state estimate. In this
case coordination is implicit. Publications IV, V and VII present new,
fully distributed static state estimation algorithms. In Publication VI, we
present a new event-triggered approach to hierarchical state estimation.

Hierarchical approaches to static MASE have been studied extensively,
and an extensive body of work exists about the subject. An early sur-
vey of hierarchical MASE is found in [17]. An excellent classification of
more recent approaches can be found in [61]. Methods for static MASE
with phasor measurement units have also been proposed (see e.g., [62]
and [63]. Methods such as those in [62,64,65] do not converge to the opti-
mal centralized solution. Methods such as the ones in [66] and [67] achieve
the optimal centralized solution, but involve substantial data exchange
between estimators and the coordination layer. One of the main design
criteria for a MASE scheme is to minimize the amount of communication
between areas. In Publication VI, we propose an event triggered approach
to hierarchical multi-area state estimation wherein areas update their
estimates and share information only when such an action is informative,
which is signalled by a triggering event. The triggering event is charac-
terized by the estimation error exceeding a prescribed magnitude bound.
The method is based on set-membership adaptive filtering. More recently,
a new method based on sensitivity function exchange has been proposed
in [68], which also aims to decrease the amount of communication.

Fully distributed approaches to MASE do not require a central control
center, but instead, the local state estimators share information amongst
themselves through a communication network. This idea was even briefly
discussed by Schweppe in his seminal paper [10]. Several approaches to
decentralized MASE have been proposed since. In [69] and [70], decen-
tralized solutions to state estimation are proposed for the overlapping
state variables (OSV) model (See Section 2.4.1). In both approaches, the
information exchange between areas is limited exchanging the state esti-
mates of boundary buses. However, these methods require that each area
have enough measurement redundancy to compute the local estimates.
The authors of [21], present a robust solution to the OSV model which
only required that the system-wide state vector is observable. The au-
thors of [71] present a dynamic formulation of the OSV model based on
forecasting-aided state estimation and solve it using an approach based on
factor graphs.

When fully decentralized MASE is performed with the OSV measurement
model, neighboring areas exchange state estimates of boundary buses. If
the system is fully PMU observable, and conventional measurements are
no longer used, the problem of state estimation becomes linear and convex.
In this case it is possible to further minimize the amount of information
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exchanged between neighboring areas. In Publication VII, we present such
a measurement model, where each are maintains its own state variables.
Only current measurements on tie-lines linking areas is shared. This leads
to the non-overlapping state variable model (NSV). We present a solution
to this formulation of the state estimation problem using the alternating
direction method of multipliers (ADMM) and a distributed flavor of the
coordinate descent algorithm.

When implementing a system for wide-area monitoring protection and
control (WAMPAC), it is recommended that the system-wide state vector
be available to each area in the interconnection [27]. This calls for MASE
using the global state variable (GSV) measurement model. The authors
of [20] present a solution to this using a diffusion-based approach. However,
this approach is said to converge slowly [19], and its convergence is not
guaranteed since the state estimation problem is not convex. Another
method proposed in [19] estimates the system-wide state vector in each
area by sharing information using network gossiping [72]. The method
is shown to converge faster than the method proposed in [20], and is
also robust against bad-data. The method is based on the gossip-based
Gauss-Newton (GGN) algorithm, and the convergence of this method is
analytically proven [73]. The method in [19], however, does not take into
account the fact that in practical power systems, measurement coupling
between areas is weak [61]. Each area participates in the information
exchange related to all state variables regardless of whether the state
variable was observed in that area. Hence, the number of gossip iterations
performed is larger than necessary, resulting in an undesirable increase in
communication between areas. In Publication IV we outline an information
exchange scheme for gossip-based Gauss-Newton which drastically reduces
inter-area communication. This scheme is called clustered gossip and share
(CGS). In Publication V, we analyze the scheme in more detail and also
extend the idea of reduced order state estimation to MASE. In [74], a
solution to dynamic state estimation with a global state variable (GSV)
model has been proposed. The method uses Gaussian point approximations
and Bayesian filtering.

4.1 Reduced Communication Average Consensus for MASE

A key step in state estimation algorithms like that of [19] and Publications
V and VII is average consensus through network gossiping. Consider the
mixed measurement GSV model obtained by stacking (2.30) and (2.29),
given by

zi = gi(v)+ηi, i = 1, . . . ,K (4.1)
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where the covariance matrix of ηi is denoted by Ci. The estimate of v is
the solution to the nonlinear WLS problem given by

min
v

∑

i∈K

‖zi −gi (v)‖2
C−1

i
(4.2)

where K = {1, . . . ,K}, and the Gauss-Newton iterations that solve the above
problem are given by

[∑

i∈K

ΓT
i ( j)C−1

i Γi( j)

]
∆v( j)=

∑

i∈K

ΓT
i ( j)C−1

i ri( j) (4.3)

v̂( j+1)= v̂( j)+∆v( j) (4.4)

where ri( j)= [zi −gi(v̂( j))
]
.

After the nth Gauss-Newton update, the local state estimator in Area
k has a state estimate v̂k(n). Each local state estimator creates a gossip
vector m(l)

k (n) ∈RS, where S = 2N(2N −1) and l is the iteration index of the
gossip iterations. Initially,

m(0)
k (n)=

[
ΓT

k (v̂k(n))C−1
k {zk −gk(v̂k(n))}

vec
{
ΓT

k (v̂k(n))C−1
k Γk(v̂k(n))

}
]

, k ∈K (4.5)

At each gossip iteration, every local state estimator updates its gossip
vector according to the following rule:

m(l+1)
k (n)=Wiim(l)

k (n)+
∑

i∈Ni

Wikm(l)
k (n) k ∈K (4.6)

where Ni = { j ∈ V |{i, j} ∈ E } denotes the neighborhood of Area i, and the
weighting matrix W ∈ RK×K , with elements Wi j, is a doubly stochastic
matrix [75]. The gossip iterations eventually converge, and each area has
the average of the initial gossip vectors of all the areas, i.e., liml→∞m(l)

k (n)=
(1/K)

∑
k∈K m(0)

k (n).
This naïve approach to gossiping, however, does not take into account the

fact that in practical power systems, measurement coupling between areas
is weak [61]. Each area participates in the information exchange related to
all state variables regardless of whether the state variable was observed in
that area. Hence, the number of gossip iterations performed is larger than
necessary, resulting in an undesirable increase in communication between
areas. In what follows, we derive a new approach to gossiping wherein
only areas with information about a certain state variable participate in
gossip iterations pertaining to it. The information exchange protocol has
two steps, namely, the clustered gossip stage, and the sharing stage. In
the clustered gossip stage, groups of areas exchange information about
the state variables they share. In the subsequent sharing stage, one of
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the areas in the group transmits the consensus value to the remaining
areas. We show analytically that this scheme converges to the average of
the initial gossip vectors of all areas.

4.1.1 Clustered Gossip and Share Approach

The main idea behind the proposed method is the decomposition of the
communication network graph into subgraphs based on which subset of
areas observe a specific set of elements of the consensus gossip vector. An
area is said to observe the ith element of the consensus gossip vector if the
ith component of the local gossip vector is non-zero.

Let us denote the initial gossip vector associated with Area k in an N-bus
system by m(0)

k ∈RS for all k ∈K , where S = 2N(2N −1). Let M ∈RS×K be a
matrix formed by m(0)

k for all k ∈K such that

M,
[
m(0)

1 · · · m(0)
K

]
(4.7)

A key insight we develop here is that the rows of M are related to obser-
vations of state variables, while its columns represent the areas in which
those measurements are taken. Let m̄k ∈RK , for all k = 1, . . . ,S be columns
of MT, i.e., rows of M. Furthermore, let the index set of all clusters be J .
Now, a cluster is defined as follows:

Definition 2. For any j ∈J , a cluster C j is a pair (K j,S j) such that for a
specific K j ∈ 2K ,

S j =


m̄k | m̄k =

∑

i∈K j

aieT
K i

, k = 1, . . . ,S



 (4.8)

where ai ∈R, ai 6= 0, 2K is the power set of K , and eK i is the ith canonical
basis vector in RK .

Each set S j consists of those rows of M with an identical pattern of non-
zero elements, where the positions of the non-zero elements correspond to
the areas in K j.

The gossip vector associated with each cluster is derived as follows: Let
H j ∈ R|S j |×K , be a matrix such that each element of S j is a column of HT

j ,
i.e.,

H j ,T jM, j ∈J (4.9)

where T j ∈ {0,1}|S| j×S is a selection matrix that selects those rows of M that
belong to C j . The initial gossip vector associated with Area i in Cluster
C j, denoted by h(0)

j i
, is the ith column of H j, i.e.,

h(0)
j i

=H jeK i i ∈K j, j ∈J (4.10)
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We represent the connectivity model between the areas by an undirected
graph G = (V ,E ), where the vertex set V corresponds to areas, i.e, V =K ,
and the edge set E ⊂ {(i, j)|∀i, j ∈ V } and (i, j) ∈ E if and only if Areas i and j
can exchange information with each other. Now, the connectivity model
associated with each cluster C j is denoted by G j = (V j,E j), where V j = K j

and E j ⊆ {(i, j)|i, j ∈K j, (i, j) ∈ E } for all j ∈J . Note that G j is a subgraph of
G . The local state estimator in each area in Cluster C j iteratively updates
its gossip vector using its neighbors’ gossip vectors such that

h(l+1)
jk

=Wjkkh(l)
jk
+
∑

i∈N ji \k

Wjki h
(l)
j i

, l = 0,1. . . (4.11)

for all k ∈K j and j ∈J , where the neighborhood of Area i in cluster C j is
defined as N j i , {k ∈ K j|(i,k) ∈ E j}. The weights, Wjki , are elements of a
weighting matrix W j ∈ R|K | j×|K | j . If W j is doubly stochastic and ρ(W j −
(1/|K j|)11T)< 1 for all j ∈J , then

h∗
j , lim

l→∞
h(l)

j i
= 1

|K j|
∑

k∈K j

h(0)
jk

(4.12)

for all j ∈J and i ∈K j.
Remark: The CGS scheme is subject to more stringent connectivity

requirements for convergence than naïve gossiping. The URE information
exchange employed in [19] is more robust to failure of communication
links since it only requires that the system-wide connectivity graph G

is connected. However, the convergence of each set of clustered gossip
iterations requires that each local connectivity model G j is connected for
all j ∈J . In practice, however, this condition is easy to satisfy since clusters
only contain topologically adjacent areas. Therefore, it is sufficient that
communication links exist between such neighboring areas to satisfy the
above condition.

At the end of the clustered gossip stage, at Area k, only a subset of
the converged gossip vectors {h∗

j |k ∈ K j, j ∈ J } is available. However,
we require h∗

j for all j ∈ J at each local state estimator. Therefore h∗
j

for each cluster in J must be relayed to every area outside that cluster.
In principle, the local state estimator in any area of K j can transmit its
information, however, it makes sense to choose the local state estimator
that accomplishes this in the most communication-efficient manner. A
good choice is one with the smallest average distance (in hops) to all other
areas outside the cluster. Let us define a symmetric matrix D ∈NK×K

0 such
that an element D i j is the smallest number of hops between Vertices i and
j in the communication graph G . Furthermore, let δ : K 7→ R such that
δ(i) = (1/K)

∑
j∈K D i j. The area in C j that must be chosen to transmit its
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gossip vector to all other areas, denoted by i∗j is given by

i∗j = argmin
i∈K j

δ(i), j ∈J (4.13)

Accordingly, Area i∗ ∈K j transmits h∗
j to each area in K \K j for all j ∈J .

Now, the local state estimator in each control area has access to h∗
j for all

j ∈J . In what follows, we prove that access to h∗
j for all j ∈J at every area

is equivalent to the average consensus described earlier.

4.1.2 Analytical Results

The average of the initial gossip vectors in each area, i.e., (1/K)M ·1, is re-
quired to perform state estimation. We will now show that this is obtained
by merely rearranging the vector h ∈RS defined as

hT, 1
K

[
|K1|h∗T

1 · · · |K j|h∗T

|J |
]

(4.14)

Theorem 1. Suppose Π is a permutation matrix with dimension S. If h
and M are given by (4.14) and (4.7), respectively, then Π ·h= (1/K)M ·1

Proof. From (4.12) and (4.10) we have

|K j|h∗
j =

∑

k∈K j

h(0)
jk

=
∑

i∈K

H jeK i =H j
∑

i∈K

eK i

Substituting for H j using (4.9), and since
∑

i∈K eK i = 1, we have

|K j|h∗
j =T jM1 (4.15)

From (4.14) and (4.15), we have

h= 1
K




|K1|h∗
1

...

|KJ |h∗
|J |


= 1

K




T1
...

T|J |


M1 (4.16)

Definition 1 implies that S j, ∀ j ∈J are disjoint sets. Therefore,
[
TT

1 · · · TT
|J |
]T

is a permutation matrix. Hence, we have ΠTh= (1/K)M1.

Remark: In power systems, buses at the boundary of a control area are
connected to neighboring areas through tie-lines. Due to current limits on
buses, it is very unlikely that a bus is connected to more than a few tie
lines. As a result, |K j| is very small compared to the number of areas in
the system. This number remains small even as we increase the number
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of areas in the system. A cluster would typically contain a few neighboring
areas which can all exchange information with each other. In this case,
|G j| becomes a fully connected graph and the clustered gossip iterations
converge in one iteration.

Next, we quantify the information exchange involved in performing
MASE using the clustered gossip and share (CGS) scheme and compare it
with the URE algorithm employed in [19]. We assume that each element
of a gossip vector can be encoded in one symbol. A measure of information
exchange is the total number of required symbols transmitted over a
communication link per iteration. Consider the best-case scenario for naïve
gossiping using the URE protocol. This is when it behaves equivalently
to centralized estimation, and convergence occurs in one iteration. This
corresponds to the smallest amount of information that must be exchanged
to perform state estimation, and happens when the following conditions
hold

C1 The communication graph G is complete, i.e., A (G )= 11T −I.

C2 The maximum-degree weighting scheme is used to obtain the weighting
matrix.

Equation (4.20) then becomes

IURE = SK(K −1) (4.17)

Let n j be the number of gossip iterations required to achieve consensus
in C j . The amount of communication (in symbols) during the clustered
gossip stage, denoted by ICG , is given by

ICG =
∑

j∈J

∑

k∈K j

n j|S j|(|N jk |−1) (4.18)

During the sharing stage, multiple communication links (hops) may be
used to transmit information, as discussed previously. The amount of
communication during the sharing stage, denoted by IS, is given by

IS =
∑

j∈J

∑

k∈K \K j

|S j||K \K j|D i∗j k (4.19)

We now compare the total amount of information exchange using the
CGS scheme with that of the URE scheme employed in [19]. Let the URE
gossip iterations converge in n steps. This is denoted by IURE, and

IURE = n
∑

k∈K

S(|Nk|−1) (4.20)

Theorem 2. Suppose Conditions C1 and C2 hold. If ICG, IS and IURE

are given by (4.18), (4.19) and (4.20), respectively, then ICG +IS ≤IURE.
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Proof. Since G j is a subgraph of G , G j is also complete. Therefore, we have
n j = 1, ∀ j ∈J , and (4.18) and (4.19) become

ICG =
∑

j∈J

|S j||K j|(|K j|−1) (4.21)

IS =
∑

j∈J

|S j|(K −|K j|) (4.22)

Let ICGS ,ICG +IS. From (4.21) and (4.22), we have

ICGS =
∑

j∈J

|S j||K j|(|K j|−1)+
∑

j∈J

|S j|(K −K j)

=
∑

j∈J

|S j|
{

(|K j|−1)2 + (K −1)
}

(4.23)

Since S =∑ j∈J |S j|, we write (4.17) as

IURE =
∑

j∈J

|S j|K(K −1)

=
∑

j∈J

|S j|
{

(K −1)2 + (K −1)
}

(4.24)

Since 1≤ |K j| ≤ K , comparing (4.23) and (4.24), we have ICG +IS ≤IURE

Remark: In practice, the majority of information is contained in singleton
clusters, i.e., where the cluster has only one area. These clusters are not
involved in the clustered gossip stage, where only information related to
boundary buses is exchanged. Most state variables are internal and the
elements of the gossip vector related to these variables is only transmitted
in the sharing stage. As a result, the communication cost is drastically
reduced when compared to the method of [19].

4.1.3 Numerical Results

We now show the results of numerical simulations which showcase certain
properties of the CGS approach. We consider the IEEE 118 bus system
with 9 areas. We place PMUs on buses 3, 15, 35, 25, 72, 47, 102, 81, and
53. We first look at the impact of different weighting schemes on the CGS
protocol and compare it with the URE protocol.

Fig. 4.1 shows the convergence of the CGS gossip iterations and the
URE gossip iterations for different weighting schemes. Columns of Mk are
gossip vectors for each area at the kth gossip iteration. Let M∗ be a matrix
such that each column of M∗ is the consensus gossip vector. We set the
performance measure to be ‖Mk −M∗‖F /‖M∗‖F . We employ a communica-
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Figure 4.1. Convergence of the CGS and URE schemes for different weighting matrices.
‘Darse’ indicates the weighting scheme employed in [19].

tion graph that minimally satisfies the conditions for convergence of the
CGS method. In this case, the edges of the communication graph are the
edges of each cluster subgraph which form a Hamiltonian path for that
subgraph. It is seen that in each case, the CGS method outperforms the
URE method.

Employing the CGS information exchange scheme results in a method
that is also more scalable than the URE scheme employed in [19]. Assume
we employ a coding scheme where each symbol is encoded in 32 bits.
With expressions derived before and the convergence rates of the URE
scheme obtained from Publication V, we plot the total information exchange
against the number of areas in Fig. 4.2. It is evident that employing the
CGS scheme leads to a massive reduction in the amount of communication.
Furthermore, we see that the amount of communication does not increase
as much as traditional gossiping as the number of areas increases. This
is because gossip iterations are localized to only a few areas, irrespective
of the size of the wider interconnection. The increase in communication
is because the number of areas that a cluster needs to share information
with increases. In fact, we see that on average, each additional control
area increases the amount of information by 12kB for the CGS scheme
whereas that increase is 41.4 MB for the URE scheme.

4.2 Reduced Order Decentralized MASE

In addition the motivating factors for a reduced order approach presented
in Chapter 3, one factor motivates the extension of the reduced order
approach to the MASE paradigm. When we examine the measurement
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Figure 4.2. Total amount of information exchanged per Gauss-Newton iteration by the
SCADA/EMS of control areas when employing CGS and URE schemes.

architecture of a modern multi-area power system (shown in Fig. 4.3), we
see that the measurement architecture of the PMU network is indepen-
dent of the conventional SCADA system. The PMU measurement system
is based on the newer standards like IEEE C37.118, while the SCADA
system is still largely dependent on a myriad of vendor-dependent, non-
standard legacy devices with proprietary software and communication
protocols. When performing decentralized MASE involving information
exchange between areas, a natural solution would be to separate the state
estimation with conventional measurements from state estimation with
PMUs. We therefore extended the reduced order approach to centralized
state estimation to a distributed setting.

Figure 4.3. Monitoring architecture of the smart grid.
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4.2.1 Estimation Approach

The proposed state estimation algorithm has two separate stages. In the
first stage, the (Super-)PDCs obtain an estimate of the system-wide PMU
observable states vp by solving the weighted least-squares problem

minimize
vp

∑

i∈K

‖pi −Aivp‖2
C−1
εi

(4.25)

The normal equations of the above problem are given by
(∑

i∈K

AT
i C−1

εi
Ai

)
vp =

∑

i∈K

AT
i C−1

εi
pi (4.26)

The averages on either side of (4.26) are obtained by CGS average con-
sensus where the initial gossip vector in each area is given by

m(0)
i ,AT

i C−1
εi

pi (4.27)

One advantage of estimating the PMU observable states separately is
that they are estimated more frequently than PMU unobservable states.
The term on the right hand side of (4.26) depends only on line parame-
ters, and remains constant throughout several state estimation epochs.
Therefore, it can be precomputed and stored in all the state estimators.
This reduces the estimation of vp to a matrix-vector multiplication. It also
reduces the amount of information that needs to be exchanged. These
factors allow for a near real-time view of the states of PMU observable
buses to be presented to the system operator.

The second stage of the state estimation process yields a nonlinear
weighted least-squares problem in vc given by

minimize
vc

∑

i∈K

∥∥R−1/2
i

{
ci −gi(vc, v̂p)

}∥∥2 (4.28)

where the weighting matrix R must take into account the estimation error
of the first stage. The optimal weighting matrix is given by

Ri =Cµi +Γpi (vc, v̂p)
(

AT
i C−1

εi
Ai

)−1
ΓT

pi
(vc, v̂p) (4.29)

for all i ∈ K , where Γpi (vc,vp) = ∂gi(vc,vp)/∂vp. The problem is solved
by employing Gauss-Newton iterations where the normal equations are
written as (4.30) and (4.31).
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(∑

i∈K

ΓT
ci

(v̂( j)
c , v̂p)R−1/2

i (v( j)
c , v̂p)Γci (v̂

( j)
c , v̂p)

)
∆v̂( j)

c

=
∑

i∈K

ΓT
ci

(v̂( j)
c , v̂p)R−1/2

i (v( j)
c , v̂p)

[
ci −gi(v̂( j)

c , v̂p)
]

(4.30)

v̂( j+1)
c = v̂( j)

c +∆v̂( j)
c (4.31)

Here again, the averages on either side of (4.30) are obtained by iterated
network gossiping as described previously. The initial gossip vector for
each Area i is given by

m(0)
i =


vec

(
ΓT

ci
(v̂( j)

c , v̂p)R−1/2
i (v( j)

c , v̂p)Γci (v̂
( j)
c , v̂p)

)

ΓT
ci

(v̂( j)
c , v̂p)R−1/2

i (v( j)
c , v̂p)

[
ci −gi(v̂

( j)
c , v̂p)

]

 (4.32)

where where Γci (vc,vp)= ∂gi(vc,vp)/∂vc, and j denotes the iteration index
of the Gauss-Newton iterations. After each set of gossip iterations, the
estimate v̂( j)

c is updated by evaluating (4.30) and (4.31). Subsequently,
another set of gossip iterations are carried out. This continues until an
appropriate stopping criterion is met, usually given by ‖∆v̂( j)

c ‖∞ < η where
η is a predefined threshold.

Thus, iteratively updating the local gossip vectors of a control area
with a weighted sum of the gossip vectors of neighboring areas allows for
the system-wide state vector to be obtained in each area. In principle,
any gossip scheme would yield an accurate state estimate asymptotically.
However, the speed of obtaining this state estimate can be vastly improved
compared to the naïve gossiping approach employed in [19].

4.2.2 Numerical Results

We now look at the effect of combining reduced order decentralized MASE
with the CGS information exchange scheme through simulations carried
out on the IEEE 118-bus system. A load-flow calculation is performed
using the MatPower toolbox in MATLAB [49] to update voltage magnitudes
and phase angles throughout the system. The results of this load-flow
calculation, i.e., the voltage magnitudes and phase angles, represent the
true state variables of the system. Measurements are generated from these
values using (2.30) and (2.29).

In the SCADA system, it is assumed that voltage magnitude measure-
ments are taken at every bus in the system and real and reactive power
flow measurements are taken on every transmission line. The measure-
ment errors have zero-mean and are normally distributed. The standard
deviations of voltage magnitude and power flow measurements are chosen
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to be 0.1% and 2% of their true value, respectively. We assume that PMUs
produce both voltage and current phasor measurements, and the standard
deviation of PMU measurements is 0.01% of their true value.

We first compare the performance of the DARSE approach in [19] with
the proposed reduced-order method. We use an IEEE 118 bus system
with 9 areas. We place PMUs on buses 3, 15, 35, 25, 72, 47, 102, 81,
and 53. The DARSE method consists of n gossip iterations followed by a
Gauss-Netwon descent. Furthermore, note that DARSE follows a mixed
measurement approach where PMU and conventional measurements are
estimated together. The performance measure chosen is the mean squared
error (MSE), given by

MSE= 1
2N

( N2∑

i=1

(v̂pi −vpi )
2 +

N1∑

i=1

(v̂ci −vci )
2

)
(4.33)

The information exchange model of the SCADA/EMS systems of control
areas is such that only adjacent areas can exchange information with each
other. This is because, mainly due to historical reasons, the SCADA/EMS
uses proprietary data models and database management systems to handle
data, and such data cannot not be easily exchanged [76]. However, it is
reasonable to assume that control areas with tie lines between them would
have some means of exchanging data. When we employ this model, the
clustered gossip stage converges in one iteration, since the cluster graph is
fully connected.

Due to standardization efforts for PMUs, it is very likely that PDCs from
several vendors will exchange data in a common format [59,77]. In that
case, the information exchange model of the WAMS typically would resem-
ble a fully connected graph (every node is connected to all other nodes).
In fact, this is equivalent to performing a centralized state estimation,
and the results of Theorem 2 are applicable in this case. However, to
demonstrate the efficacy of the CGS approach, we will assume that only
adjacent areas can share information with each other.

Fig. 4.4 shows the MSE of the DARSE approach with 10 and 50 gossip
iterations after each Gauss-Newton iteration. We compare this with the
MSE of the reduced-order CGS method after each iteration. We see that
the proposed method performs better in comparison with the DARSE
approach. This is despite the fact that the reduced order approach incurs a
performance penalty when there are no time-skew errors in conventional
measurements.

Under the same conditions as above, when applying the CGS method,
the gossip iterations in each cluster converge in one iteration. The URE
protocol, on the other hand, would take many iterations to converge since
areas that do not have any information about an element in the gossip
vector still participate in gossip iterations. This is clearly observed in
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Figure 4.4. Performance of the proposed method when compared with the DARSE scheme
of [19] with 10 and 50 gossip iterations between Gauss-Newton descent steps.

Figs. 4.5 and 4.6. We also observe that the convergence speed of the URE
scheme degrades considerably as the number of control areas in the system
increases. This is because weighting matrix becomes sparse and many
more gossip iterations are needed to achieve consensus. On the other
hand, the CGS scheme does not incur any penalty as the system becomes
larger since the local connectively model (and hence the weighting matrix)
remains dense.
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Figure 4.5. Comparison MSE of estimate of the PMU unobservable states obtained by
reduced order estimator for (a)4, (b)7, (c)11, and (d)14 areas when using CGS
and URE gossip schemes.
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Figure 4.6. Comparison of MSE of estimate of the PMU observable states obtained by
WAMS for (a)4, (b)7, (c)11, and (d)14 areas when using CGS and URE gossip
schemes.
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4.3 Privacy Preserving Decentralized MASE

As more transmission system operators (TSOs) participate in the wider in-
terconnection, complex and often cumbersome regulatory and legal frame-
works need to be established to govern the sharing of data between differ-
ent operators. Therefore, it would be beneficial to minimize the amount
of information shared between different system operators and privacy-
preserving schemes are generally preferred [21,61,78,79].

In what follows, we present the MASE problem in a model-distributed
regularized least-squares (MDRLS) framework [80], which ensures that
the state, internal measurements, internal line parameters and network
topology of each area is hidden from all other areas. This approach facil-
itates the development of privacy preserving solutions which work well
with the hierarchical measurement architecture of the WAMS (see Fig. 4.3),
while taking full advantage of decentralized methods.

We present a solution to the primal MDRLS problem based on the alter-
nating direction method of multipliers (ADMM) [81]. We also present a sec-
ond approach that is based on applying the coordinate descent method [82]
to the dual of the MDRLS problem. The algorithms employ a minimalistic
information sharing scheme where only terms related to tie-line current
measurements are exchanged between areas. We study the performance of
the proposed methods in terms of the estimation error and verify that both
the proposed fully-distributed solutions converge to the optimal centralized
solution.

Consider the non-overlapping state variables (NSV) measurement models
for a multi-area power system with K areas indexed by K (see (2.31)).

p=
K∑

i=1

Aivi +µ (4.34)

The problem of estimating vi, for all i ∈ K is now cast as a model dis-
tributed regularized least-squares problem [80], and is formulated as

minimize ‖
∑

i∈K

Aivi −p‖2 +η
∑

i∈K

‖vi‖2 (4.35)

with variables vi, where η> 0 is the regularization parameter. The regular-
ization is required since Ai is non-invertible for all i ∈K . This is because
each area is not fully PMU-observable even though the entire system is
fully PMU-observable.

In order to estimate its local state vector, each area only requires compo-
nents of p that relate to observations of its own states. Therefore, to further
preserve privacy, the super-PDC uses a masking matrix Si ∈ {0,1}L×L to
securely transmit pi ,Sip to Area i ∈K . The masking matrix Si is a diag-
onal matrix with the kth diagonal entry being 1 if k ∈H i and 0 otherwise,
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where H i ⊂ {1, . . . ,L} is a set of indices of non-zero rows of Ai.

4.3.1 Estimation approach

In what follows, we derive two distributed solutions to the problem in
(4.35). We also describe an efficient information exchange algorithm that
exploits the structure of both algorithms.

ADMM-Based Approach
The ADMM allows for robust, readily parallelizable solutions to optimiza-
tion problems of the form (4.35). The state estimation algorithm using
ADMM is derived as follows. We begin by reformulating (4.35) as a con-
strained minimization problem

minimize ‖
∑

i∈K

zi −p‖2 +η
∑

i∈K

‖vi‖2

subject to Aivi −zi = 0, i ∈K (4.36)

with augmented variables zi ∈ RL. Next,we define the scaled augmented
Lagrangian [81] as

Lρ({vi}, {zi}, {ui})= η
∑

i∈K

‖vi‖2 +‖
∑

i∈K

zi −p‖2

+ρ
2

∑

i∈K

‖Aivi −zi +ui‖2 − ρ

2

∑

i∈K

‖ui‖2 (4.37)

with step-size ρ and Lagrange multipliers ui ∈RL ∀i ∈K . Following [81],
the augmented variables zi are combined as z̄= (1/K)

∑
i∈K zi. As a result,

we find that the Lagrange multipliers are all equal, i.e., ui =u for all i ∈K .
The update equations of the ADMM algorithm are given as

vk+1
i =

(
ηI+ ρ

2
AT

i Ai

)−1 ρ

2
AT

i

(
Aivk

i + z̄k
i −gk

i −u′k
i

)
(4.38a)

gk+1
i = (1/K)Si

∑

i∈K

Aivk+1
i (4.38b)

z̄k+1
i = 1

K + ρ
2

(
pi + ρ

2

(
gk+1

i +u′k
i

))
(4.38c)

u′k+1
i =u′k

i +gk+1
i − z̄i

k+1 (4.38d)

where u′
i =Siu and z̄i =Siz̄.

Remark 1: The average gk+1
i in (4.38b) can be obtained by iteratively

exchanging so-called gossip vectors defined as mi ,Aivk+1
i . This is seen

as a partial prediction of the PMU measurement vector p. In practice, it
is sufficient that only areas which share tie-lines exchange information
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related to current measurements on those lines. In fact, by definition,
Sim j = 0 if i, j ∈K do not share any tie-lines, and therefore, Area i has no
use for m j. Remark 2: The ADMM has recently been shown to converge at
a linear rate provided the local objective functions are strongly convex [83].

Coordinate Descent-Based approach
The dual of the MDRLS problem has a global variable [80], and this allows
us to set it up as a consensus problem [84]. We use the coordinate descent
algorithm to solve the resulting optimization problem since coordinate
descent steps can be executed efficiently using a closed-form solution
for each coordinate-wise minimization. The method can also exploit the
sparsity of the model by evaluating only inner products of variables with
non-zero values [85].

The dual of the MDRLS problem is given by

minimize
∑

i∈K

(1
2

fT
{

AiAT
i + η

K
I
}

f− fTp̃i

)
(4.39)

with global variable f ∈ RL, where p̃i = D−1Sip, and D =∑i∈K Si. Let fk,
k ∈ {1, . . . ,L} be the kth coordinate of f. Given an initial guess for fk, denoted
by f (0)

k , starting with k = 1, each coordinate is sequentially updated as

f (n)
k =

(1/K)
∑

l∈K

(
plk −

∑
i∈Ml

aik
∑L

j=1
j 6=k

ai j f (n/n−1)
j

)

(1/K)
∑

l∈K

(∑
i∈Ml

a2
ik +η/K

) (4.40)

where ai j denotes the jth element in the ith row of A, and plk denotes the
kth element of pl. The notation f (n/n−1)

j indicates that f (n)
j is used if it has

already been updated in the nth iteration, or f (n−1)
j is used otherwise. The

local state vector of an area is obtained from f using only the local system
matrix for that area, i.e., vi =AT

i f for i ∈K .
We now describe how the local state estimate in Area i is obtained by

only updating the relevant coordinates of the local f vector. Let the kth
coordinate of the local f vector of Area i be f i,k. The estimation in each area
begins with f (0)

i,k = 0 for all k = 1, . . . ,L. Starting with k = 1, each Area i ∈K

first computes the terms within the sum in the numerator and denominator
of (4.40) only if k ∈H i, i.e.,

αi,k, pik −
∑

l∈Mi

al,k

L∑

j=1
j 6=k

al, j f (n/n−1)
j,k (4.41)

βi,k,
∑

l∈Mi

a2
l,k +η/K (4.42)

The averages in the numerator and denominator of (4.40) are obtained by
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Figure 4.7. Information flow of the proposed schemes. Solid lines indicate measurement
flows, and dotted lines indicate the exchange of gossip vectors.

localized information exchange. Only areas which share tie-lines exchange
and combine αi,k and βi,k until the averages in (4.40) are obtained. We
denote these averages by ᾱi,k and β̄i,k, respectively. Each area then updates
its estimate of f as

f (n)
i,k =

{
ᾱi,k/β̄i,k, k ∈H i, i ∈K

0, otherwise
(4.43)

Remark 3: If Areas i and j do not share tie-lines, then α j,k = 0, and
therefore neither α j,k nor β j,k is needed to obtain f (n)

i,k . In what follows, we
describe an information exchange protocol that takes this into account.

Remark 4: The coordinate descent method has been shown to converge
for strictly convex and differentiable functions in [86].

Information Exchange Protocol
Let hi,k = mi,k in the case of the ADMM-based approach, or hi,k ∈ {αi,k,βi,k}
in the case of the coordinate descent-based approach for i ∈ K and k ∈
{1, . . . ,L}. To estimate vi, we observe from (4.38b) and (4.40) that we need
the average (1/K)

∑
i∈K hi,k. If Measurement k, related to the state of a bus

in Area i, is not a tie-line current measurement, then hl,k = 0 ∀l ∈ K \ i
since the kth row of Al is zero. Hence the average, denoted by h̄i,k, in this
case is simply (1/K)hi,k. If Measurement k is related to a current measure-
ment on a tie-line between Areas i and j, then hl,k = 0 ∀l ∈K \ {i, j}, and
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h̄i,k = h̄ j,k = (1/K)(hi,k +h j,k). Therefore, by only exchanging terms related
to tie-line current measurements, each area is able to estimate its own
state vector even without full local observability. Furthermore, this infor-
mation exchange scheme meets the goal of privacy preservation because
the amount of information shared is minimal. A schematic representation
of the information exchange is shown in Fig. 4.7. This scheme is in fact a
special case of the clustered gossip stage of the CGS scheme where clusters
consist of at most two areas.

Information related to tie-line measurements is only exchanged between
those areas which share that tie-line. Presumably, these areas have some
protocols in place for sharing that information. The amount of communi-
cation in the proposed scheme is far less that the iterative, network-wide,
gossip-based consensus building in [19]. The scheme is also more privacy
preserving than the method described in [21], where state estimates of the
boundary buses to which tie-lines are connected are exchanged between
neighboring areas.

4.3.2 Numerical Results

In this section, we present the results of simulations carried out on the
IEEE 14-bus system. The system is divided into 3 areas with PMUs
placed on Buses 2, 6, 7, and 9 to ensure that the system is fully PMU-
observable. A load-flow calculation is performed using the MatPower
toolbox in MATLAB [49] to update voltage magnitudes and phase angles
throughout the system. The results of this load-flow calculation, i.e., the
voltage magnitudes and phase angles, represent the true state variables of
the system. Measurements are generated from these values using (2.31).
PMU errors are assumed to be zero-mean, normally distributed with a
standard deviation of 0.01. The performance metric is the normalized
estimation error per bus expressed as a percentage:

Error= 1
N

· ‖v̂−v‖
‖v‖ ×100% (4.44)

The centralized state estimates for the primal and dual forms of (4.35) are
given by v̂ = (ATA+ηI

)−1 ATp and v̂ = AT (AAT +ηI
)−1 p, respectively, and

they are both optimal solutions to (4.35). We choose η empirically such
that the error in centralized solution is 0.05%.

Fig. 4.8a shows the performance of the ADMM based solution. In each
area, v0

i is set to flat start values, where the state variables corresponding
to the real and imaginary parts of the bus voltages are set to 1 and 0,
respectively. The variables z̄0

i , g0
i and u0

i are initialized to zero. We see
that the error of the ADMM solution converges to the optimal solution for
different values of the step-size parameter ρ. The desirable convergence
properties of the ADMM have been well documented in the literature.

79



Distributed Approaches to Hybrid State Estimation

0 100 200 300 400 500
10-2

10-1

100

101

ρ=2
ρ=3
ρ=4
Centralized

Iteration Index

E
rr

o
r

%

(a)

0 100 200 300 400 500
10-2

10-1

100

101

Coordinate Descent (Centr.)
Coordinate Descent (Distr.)
Centralized

Iteration Index

E
rr

o
r

%

(b)

Figure 4.8. Performance of the ADMM-based method for different values of ρ (a) and the
coordinate descent-based method (b) in comparison with the optimal solution

0 50 100 150 200
10 -2

10 -1

10 0

10 1

Hybrid
ADMM
Coordinate Descent
Centralized

Iteration Index

E
rr

o
r

%

Figure 4.9. Performance of the hybrid method compared to that of the centralized, ADMM
and coordinate descent based solutions.

Fig. 4.8b shows the performance of the coordinate descent-based solution.
Here, f(0)

i is initialized to zero in each area. We see that the speed of
convergence to the centralized solution is high at first, but reduces later.
In fact, although the asymptotic convergence of the coordinate descent
method has been proven, the finite-time convergence properties is not very
well understood [87].

We see a tradeoff between the two proposed privacy preserving solutions.
The ADMM-based solution is more computationally complex, but it con-
verges to the optimal solution faster. On the other hand, the coordinate
descent-based approach is more computationally efficient and provides an
approximate state estimate quickly, but takes a long time to converge to
the optimal solution, thus incurring a higher communication cost. The
proposed methods can be combined to yield a hybrid approach where the
coordinate descent method is used to initialize the ADMM based approach.
The convergence properties of such a scheme is shown in Fig. 4.9. We
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switch from using the coordinate descent to ADMM when the maximum
absolute value of the difference between consecutive state estimates falls
below 0.005. Fifteen iterations of the coordinate descent method are used
to obtain an initial guess for the ADMM algorithm. We see that the con-
vergence time is reduced by close to an order of magnitude by employing
the hybrid approach.

4.4 Event-triggered Hierarchical MASE

Consider a power system with K areas. A dynamic version of the OSV
mixed measurement model obtained by stacking (2.28) and (2.27) is given
by

zm[k]=hm(xm[k])+nm[k] (4.45)

where zm[k] ∈RLm is a vector of combined conventional and PMU measure-
ments. The time-invariant mapping hm(·) relates the state vector at time
k, xm[k] ∈RNm to the measurements. The measurement error is captured
by the zero-mean, i.i.d random process nm[k] with covariance matrix R.
The local state vector xm[k] is partitioned into internal and border state
variables, i.e., xm[k]= [xT

im[k] xT
bm[k]]T. Internal state variables are those

that are observed only within a particular area, and border state variables
are states of buses to which tie-lines are connected. We employ the frame-
work of set-membership adaptive filtering (SMAF) [88–90] to provide a
recursive update for the unknown state such that the output estimation
error is upper bounded in magnitude by some predefined value, say γ2

m.

4.4.1 Estimation approach

A requirement for SMAF is that the set of all possible states such that
the estimation error is bounded by γ2

m should be ellipsoidal. Therefore, we
linearize (4.45) about the previous estimate x̂m[k−1], obtaining

z′m[k]=Hm[k]xm[k]+nm[k] (4.46)

where Hm[k]= {∂hm(x)/∂x)}x=x̂m[k−1], and z′m[k]= zm[k]−hm (x̂m[k−1])+Hm[k]x̂m[k−
1], At each time instant k, the pair

(
z′m[k],Hm[k]

)
defines a constraint set

Hm[k] for area m, given by

H k
m = {xm ∈RNm×1 : ‖z′m[k]−Hm[k]xm‖2 ≤ γ2

m} (4.47)

where γm is the specified estimation error bound. At time k, given a
sequence

{(
z′m[l],Hm[l]

)}k
l=1 , the intersection of all constraint sets is given

by
Ωk

m,∩k
l=1Hm[l] (4.48)
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The closed, convex set Ωl
m is known as the exact membership set. Since

Ωl
m is difficult to represent mathematically, consider an ellipsoid E k

m which
outer bounds Ωl

m, given by

E k
m =

{
x : (x− x̂m[k])TP−1

k (x− x̂m[k])≤σ2
k

}
(4.49)

The bounding ellipsoid of E k
m∪Hk

m, denoted by E k+1
m has been shown to be

given by a linear combination

E k+1
m = E k+1

m +λm[k+1]Hk
m (4.50)

where λ ≥ 0. Furthermore, E k+1
m is shown to be the smallest possible

bounding ellipsoid when

λm[k+1]=
{

0, if ‖em[k+1]‖2 ≤ γ2

1
ρ

(
‖em[k+1]‖2

γ2 −1
)

otherwise
(4.51)

where em[k+ 1] = z′m[k+ 1]−Hm[k]xm[k], and ρ is the spectral radius of
HT

m[k]PkHm[k]. This ellipsoid is centred on x̂m[k+1], which is given by

x̂m[k+1]= x̂m[k]+λm[k+1]Pm[k+1]HT
m[k]em[k+1] (4.52)

where P−1
m [k+1]=P−1

m [k]+λm[k+1]HT
m[k]Hm[k]. From the above expressions,

we see that the state is updated only when a new measurement passes the
innovation check given by ‖em[k+1]‖2 > γ2. When the innovation check is
found to be true, the triggering event is said to have occurred, and the area
transmits its estimate to the coordination level. The above recursions are
a nonlinear extension of the MI-BEACON algorithm in [91].

To obtain an interconnection-wide state estimate in a two-level MASE
scheme, the co-ordination level receives tie-line measurements, boundary
measurements and suitable pseudo-measurements from all the regions
[92]. These collectively make up a set of measurements zc[k] ∈ RLc and
a consensus state estimate is obtained by solving a second estimation
problem expressed as

zc[k]=hc (xc[k]]+nc[k] (4.53)

where nc[k] is the error associated with the measurements zc[k] and

xc[k]=
[
xT

b1[k] · · · xT
bK [k] θs1[k] · · · θsK [k]]T

]
(4.54)

where θsm[k] is the phase angle of the local slack bus of region m with
respect to the global slack bus.

The updated (or consensus) border variables {x̂′
bm(k)}M

m=1, obtained by
solving (4.53), are sent back to all the regions to be used in the next
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iteration of the local state update. If no update occurs in a particular
area, it will not transmit anything to the coordination level. Furthermore,
if none of the areas sharing border variables performed an update, the
coordination level need not solve (4.53) and x̂′

m(k−1)= x̂m(k−1).

4.4.2 Numerical Results

1
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12 13 14
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Figure 4.10. IEEE 14 bus system divided into three areas with PMU placements.

The proposed algorithm is now tested with the standard IEEE 14 bus
system partitioned into three areas as shown in Fig. 4.10. The simulation
is performed over 250 time instants. The dynamics of the system are
simulated by introducing a sudden load increase of 10% on all load buses
at the 90th time instant and then restoring the load to its original value
at the 150th time instant while a zero-mean normally distributed jitter
with standard deviation σP = 0.8×10−3 was added to the load at every time
instant. A load flow calculation was then performed using the MatPower
toolbox in MATLAB to update line flows, voltage magnitudes and phase
angles throughout the system. A zero-mean, white Gaussian noise is added
to the measurements, which are generated according the models described
in Chapter 2. Both the voltage and current magnitude measurements have
a standard deviation of 0.006 p.u., while the voltage and current phase
angles have standard deviation of 0.52◦ and 1.04◦, respectively. We assume
that the system is fully observable by PMUs, which are placed at buses
2,6,8 and 9. PMUs measure voltage phasors at PMU buses and current
phasors through all incident buses. A simplified consensus algorithm is
used, given by

x̂′bm,n(k)= c(n)
m,m(k)x̂bm,n(k)+

∑

l∈Gmn\{mn}

c(n)
l,m(k)x̂bl,n(k)
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The simulations are performed for different error bounds γm , specified
by

γm =
√
αtr(E[nm[k]nT

m[k]]) (4.55)

where α can be varied so as to control the frequency of updates, trading off
with performance.

Figure 4.11 shows that the algorithm is capable of tracking the sud-
den drop in voltage caused by, e.g., a surge in demand. This kind of
event-triggered SE offers considerable saving in communication between
subsystems, particularly when the grid is quasi-static.
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Figure 4.11. Tracking ability of the MI-BEACON algorithm showing the real (top) and
imaginary (bottom) parts of the voltage at bus 4 when α= 4.

Figure 4.12 shows the performance of the proposed algorithm, and com-
pares it to that of the recursive least-squares (RLS). We see the perfor-
mance degrades as α is increased from 2 to 4. The MI-BEACON algorithm
also performs better than the RLS algorithm. The performance measure
δ(k) is calculated by averaging the measurement error over I realizations

δ(k)= 1
MI

I∑

i=1

M∑

m=1

1
Lm

||z(i)
m (k)−H(i)

m x̂(i)
m (k)||2 (4.56)

where x̂m(k) is the estimate of xm(k).
The amount of communication is quantified by the average update fre-

quency, i.e., the number of times an update occurred as a percentage of
the total number of time instants. Figure 4.13 shows how changing the
error bound affects the average update frequency and the steady-state
performance as measured by δs = 1

50
∑250

k=200δ(k). We can see that the per-
formance degrades at a much slower rate when compared to the decrease
of the update frequency. This means that a careful choice of γm would sig-
nificantly reduce the amount of communication between regions without
significantly compromising the performance.
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as a function of α.

4.5 Discussion

This chapter presents novel approaches to multi-area state estimation
inspired by recent advances in signal processing. Gossip-based approaches
to MASE have the advantage of requiring that only the entire system be
observable, not the individual control areas. However, in power systems
state variables are observed only in a few areas. Naïve approaches to
gossiping employed in recent papers lead to solution with an unnecessarily
high amount of information exchange, and consequently, slow convergence
to the optimal solution. By introducing a mathematical structure into the
gossiping through the notion of clusters we greatly improve the convergence
speed of the gossip iterations and reduce the amount of information shared.
This approach, however, comes at the cost of more stringent communication
requirements. While it can be argued that this renders the algorithm less
robust, it essentially means that the areas which share tie-lines should be
able to exchange information. From a practical standpoint, each area must
have some idea about which cluster it belongs to, and there is an additional
computational and memory overhead in maintaining this data structure.
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We develop a reduced order formulation of the decentralized hybrid MASE
problem outlined in [19] to align with the heterogeneous measurement
and communication architectures of the conventional SCADA/EMS and
WAMS. We show the efficacy of the CGS approach when compared to the
naïve gossiping employed in the method of [19].

Because of the way the WAMS is set up, it is easier for control areas to
share measurements rather then state estimates. Moreover, when neigh-
boring areas do not trust each other, it becomes imperative to protect the
details of state estimates and system matrices. Based on this, we develop a
privacy preserving approach to power system state estimation based on a
different partitioning of the system-matrix. However, this is only possible
when the measurement model is linear. We develop solutions based for
this problem based on the ADMM and coordinate descent approaches. A
clear tradeoff if apparent between the two solutions: the ADMM is more
computationally heavy, but converges faster. The coordinate decent-based
method converges quickly at first, but slows down close to the optimal solu-
tion. We therefore propose to use the coordinate descent-based approach to
quickly get close to the optimal solution and then use the ADMM solution
to converge rapidly to the optimal solution. Further research is needed on
methods to decide the optimal time to switch between the two methods. We
only consider the case of a fully PMU observable system in this thesis, but
the method can readily be applied to linear conventional state estimation
with the fast-decoupled measurement model.

We also present an event-triggered method for hierarchical state estima-
tion wherein state estimation is only performed when a specified bound
on the estimation error is exceeded. The method is capable for tracking
the state of the power system and can respond to even step changes more
effectively than comparable adaptive filtering methods like recursive least-
squares. Simulation results show a strong tradeoff between the amount
of information exchange and the loss is estimation accuracy. While we
present the approach in a hierarchical setting, the method can be modified
to be fully decentralized. Moreover, this approach is strongly linked to
forecasting-aided state estimation (see e.g., [74]) and can be formulated as
such.
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5. Conclusions

Power system state estimation (PSSE) is a critical operation to ensure that
a power system remains in a secure state. Since its inception in the early
1970s, it has been extensively studied and hundreds of papers have ap-
peared in the literature over the years. In the early 21st century, however,
several factors have necessitated the development of a modernized power
grid. Consequently, there is a need for modern state estimation algorithms
that make use of the latest advances in applied mathematics. In particular,
this dissertation proposes new state estimation methods inspired by ideas
from statistical signal processing.

In Chapter 3, influenced by the work of [93] we posit that since PMU
measurements are much more accurate then conventional measurements,
the state vector should be partitioned into PMU observable and PMU
unobservable parts. The resulting state estimation method is shown to
be more numerically stable and more robust to time-skew errors then
existing mixed measurement approaches. To improve the performance of
the method, we further develop the idea of buffering several PMU mea-
surement snapshots, an idea first presented in [39]. We develop a signal
dependent buffering scheme based on the Shewhart change detection test
to reduce the error covariance of the estimator of PMU observable states
in the reduced order method.

In Chapter 4, we present state estimation algorithms for decentralized
multi-area state estimation (MASE) with both conventional and PMU
measurements. A new class of methods has emerged in the literature
based on ideas from distributed estimation like gossiping [19] and diffu-
sion [94]. A central contribution of this dissertation is a new approach to
achieving average consensus through network gossiping. We posit that
only areas which observe an element of the gossip vector should participate
in gossip iterations about that element. We study the properties of such an
algorithm and conclude that it not only results in faster convergence, but
also scales better as the number of areas in the interconnection increases.
The idea of reduced order state estimation is also applicable to MASE be-
cause of the heterogeneous measurement architecture of the conventional
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measurements-based SCADA system and the PMU-based WAMS. We show
that this approach to MASE, when combined with the new information
exchange protocol, outperforms a similar gossip-based mixed measurement
approach to state estimation.

In Chapter 4, we apply the idea of model distributed least-squares [80] to
derive a privacy preserving approach to linear distributed state estimation.
We develop a solution to this problem based on ADMM and also to the
dual of this problem based on the coordinate descent method. We propose
a system of cheaply initializing the ADMM-based solution by solving the
dual problem using the coordinate descent method.

Lastly, in Chapter 4, we also present an event-triggered method for hierar-
chical state estimation based on set-membership adaptive filtering [88,89].
The method only performs state estimation, and hence transmits informa-
tion to the coordination layer, when a triggering event is detected. The
updates are triggered by the estimation error exceeding a bound on the
estimation error. Simulation results show a strong tradeoff between the
amount of information exchange and the loss is estimation accuracy.

The work in this dissertation has uncovered two promising avenues for
future research. Firstly, the optimal placement of PMUs in the power
system and its ramifications on state estimation accuracy is far from
resolved. The empirical study in Chapter 3 shows that the performance
of the same algorithm varies considerably based on the positioning of
PMUs. This topic is also addressed in [53]. More research is needed in
discovering algorithms which can efficiently identify a PMU placement
that achieves the optimal tradeoff between state estimation accuracy and
system observability. Secondly, the convergence properties of the privacy
preserving state estimation scheme in Section 4.3 are not fully understood.
We propose a switching scheme based on a heuristic, but more study is
required to understand when to switch from one algorithm to the other.
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