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1. Introduction

The main topic of the present PhD thesis is Complex Analysis. In partic-
ular, the class of harmonic mappings is being investigated as well as its
connections with its subclass of analytic functions. The primary goal is to
examine under which conditions it is possible to generalise well-known
results about analytic functions to harmonic mappings.

The development of the theory of harmonic mappings was achieved in
two different stages. At the beginning of the twentieth century, differential
geometers were studying harmonic mappings due to their connection with
minimal surfaces. Significant results were obtained during this period
by important mathematicians such as Tibor Radó, Erhard Heinz and Jo-
hannes Nitsche. The second stage begins with the work of Mocanu [23] in
1981, where he obtains univalence criteria for certain classes of complex
functions, including harmonic mappings. Next was the paper, which is
considered to be the cornerstone of the area of harmonic mappings, by
James Clunie and Terry Sheil-Small [9], in 1984. The authors proved
harmonic analogues of known results for conformal mappings as well as
a method for constructing a harmonic mapping by a given conformal one,
when both image domains are convex in one direction. Motivated by this
paper, many complex analysts worked on establishing the whole theory and
answering the open questions posed by Clunie and Sheil-Small. Right after
that, Hengartner and Schober published a collection of papers [16, 17, 18]
with significant contribution to the investigation of the behaviour of a
harmonic mapping near the boundary. In 2005, Peter Duren published his
monograph “Harmonic mappings in the plane" [12], containing most of the
known results on the topic. Other references could be the survey articles
by D. Bshouty and W. Hengartner [7] and by S. Ponnusamy and A. Rasila
[25].
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2. Preliminaries

2.1 Harmonic Mappings

This chapter contains basic definitions and important results about the
theory of planar harmonic mappings, that are necessary for the last part
of the dissertation.

Let f = u+ iv be a complex-valued function defined in a domain Ω, where
u and v denote its real and imaginary parts respectively. The function f

is said to be a harmonic mapping if both u, v are real harmonic functions,
i.e. Δu = Δv = 0. By writing z = x+ iy, f is harmonic in Ω if and only if
Δf = 4fzz = 0.
The above definition makes it clear that the Cauchy-Riemann equations
need not be satisfied in order for a complex function to be harmonic. On
the other hand, every analytic function is a harmonic mapping. An imme-
diate consequence of the Cauchy-Riemann equations is that the analytic
functions are independent of z. For an analytic function h, this applies also
to hz (which is the derivative of h) and finally, Δh = 0.
A harmonic mapping f , defined in a simply connected domain Ω, admits
the representation f = h+ g, where h, g are analytic in Ω. This is unique
up to an additive constant and the special case where g(0) = 0 is called the
canonical representation of f . The function h is said to be the analytic part
of f and g is the co-analytic part.

Example 1. Let f = z+ 1
2z

2 defined in the unit disk. Then, fzz = 0 implies
that f is a harmonic mapping of the form f = h + g, with h(z) = z and
g(z) = 1

2z.

The Jacobian of a harmonic mapping f is given by the formula

Jf (z) = |fz(z)|2 − |fz(z)|2.

11
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As h and g are analytic, it can also be expressed in the form

Jf (z) = |h′(z)|2 − |g′(z)|2.

In 1936, Hans Lewy showed the direct connection between the Jacobian of
a harmonic mapping and its local univalence by proving the following.

Theorem 2.1.1. A harmonic mapping f is locally univalent in a neigh-
bourhood of a point z0 if and only if its Jacobian Jf (z) does not vanish at
z0.

This implies that f is locally univalent in a domain Ω if and only if
Jf (z) �= 0 for all z ∈ Ω. Then, f is called sense-preserving if Jf (z) > 0 in Ω

or sense-reversing if Jf (z) < 0 in Ω.
Now, let f be a sense-preserving harmonic mapping in the simply connected
domain Ω. The quantity

af (z) =
fz(z)

fz(z)
=

g′(z)
h′(z)

, z ∈ Ω

is called the second complex dilatation of f in Ω. Since af has been defined
for a sense-preserving function, it can be seen that it is an analytic function,
bounded by the unity. The second complex dilatation is closely related with
the quantity

Df =
|fz|+ |fz|
|fz| − |fz| ,

known as the dilatation of f . A simple calculation shows that |af (z)| ≤
k < 1 if and only if Df (z) ≤ K < ∞. A sense-preserving homeomorphism f

with Df ≤ K in Ω is called a K-quasiconformal mapping in Ω. Throughout
the thesis, both terms “dilatation" and “second complex dilatation" will
be used for describing the function af (z) (also denoted by ωf (z) or a(z)).
When we refer to Df (z), this will be clearly stated.

For an analytic function φ with φ(z0) = 0, we say that φ has a zero of
multiplicity (or order) n and we write μ(z0, φ) if

φ(z0) = φ′(z0) = · · · = φ(n−1)(z0) = 0

and φ(n)(z0) �= 0. Consider a locally univalent sense-preserving harmonic
mapping f , with the canonical representation f = h+ g. If μ(z0, h) = n and
μ(z0, g) = m , then n ≥ m and we say that f has multiplicity n at z0.

The composition of two analytic functions is always analytic. This is
not true for the harmonic mappings. In addition, the square f2, the recip-
rocal 1/f and the inverse f−1 of a harmonic mapping are not necessarily
harmonic. The same is also true for the composition of a harmonic with an
analytic function. More precisely,

12
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• If f : Ω → C is analytic and g : f(Ω) → C is harmonic, then g ◦ f is
harmonic.

• If f : Ω → C is harmonic and g : f(Ω) → C is analytic, then g ◦ f is not
necessarily harmonic.

The next two inequalities are due to Erhard Heinz [14], [15]. Both results,
proved in the middle of the twentieth century, have played a significant
role in the theory of harmonic mappings. The first one is known as Heinz’s
Lemma and states that

Theorem 2.1.2. (Heinz’s Lemma) For any univalent harmonic mapping f

of the unit disk onto itself, with f(0) = 0, there is an absolute constant c > 0

such that
|fz(0)|2 + |fz(0)|2 ≥ c.

The second theorem acts as a harmonic analogue of Schwarz’s Lemma.
In particular,

Theorem 2.1.3. (Harmonic Schwarz’s Lemma) Let f be a harmonic map-
ping of the unit disk into itself, with f(0) = 0. Then, the inequality

|f(z)| ≤ tan−1 |z|
is sharp for every z ∈ D. This upper bound remains sharp for univalent
harmonic mappings of D onto itself under the same normalisation as above.

In the analytic case, the celebrated Riemann Mapping Theorem guar-
antees the existence of a univalent function from the unit disk (or more
generally from a simply connected Ω � C) onto any simply connected do-
main which is not equal to C. On the other hand, as a result of Liouville’s
theorem, it is known that such a function does not exist when one of the
domains is the whole complex plane. In the harmonic case, Riemann’s Map-
ping Theorem still holds and Liouville’s theorem can be used for proving
the non-existence of a univalent harmonic mapping of C onto D. The next
theorem was firstly stated by Tibor Radó and shows that such a mapping
from D onto C does not exist either. More precisely

Theorem 2.1.4. (Radó ’s Theorem) There is no univalent harmonic map-
ping of the unit disk onto the whole complex plane.

In 1926, Radó [26] gave a partial proof of it. Later L. Bers [3] and J. C. C.
Nitsche [24] proved independently a more general version. Nitsche’s proof
is based on the Heinz lemma.

2.2 Polyharmonic Mappings

A complex-valued function f is called polyharmonic mapping (or p-harmonic
mapping) if it satisfies the equation Δpf = 0, for p ≥ 1. When p > 1, Δp

13
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is given by Δpf = Δ(Δp−1f) and Δ1f = Δf . In the particular case where
p = 2, the mapping is called biharmonic. These mappings have been stud-
ied extensively as they have many applications in different fields such as
Physics and Engineering.

Restricting our attention to polyharmonic mappings defined in the unit
disk, we see that they have a representation of the form

f(z) =

p∑
k=1

|z|2(k−1)Gk(z),

where Gk are harmonic mappings in D, for p = 1, . . . , k.

Example 2. Consider the function f(z) = z − |z|2 z26 . Clearly Δ2f = 0 and
hence f is a biharmonic mapping, with G1(z) = z and G2(z) =

z2

6 .

2.3 Boundary Behaviour

The Dirichlet problem on a domain D is about finding a harmonic function
in D, which is continuous in D and coincides with a given function on
the boundary. The problem can be explicitly solved when the domain is
the unit disk. Then, for an arbitrary continuous function φ in [0, 2π], with
φ(0) = φ(2π), the solution is given by the integral

u(reiθ) =
1

2π

∫ 2π

0
P (r, θ − t)φ(t)dt 0 ≤ r < 1,

where

P (r, t) =
1− r2

1− 2r cos t+ r2

is the Poisson kernel. This is also a method to define a harmonic mapping
in D, for a given continuous function φ on T. However, it can be used
whenever φ has a finite number of jump discontinuities, as well. In this
case, the sided limits both exist, but they are not equal. Then, u(z) is
harmonic in the unit disk, with

u(reiθ) =
1

2

(
φ(θ+) + φ(θ−)

)
,

where φ(θ−) and φ(θ+) denote the left-hand and right-hand limits respec-
tively.

It is known that conformal mappings behave nicely near the boundary of
the domain they are defined in. For example, Carathéodory’s boundary
extension theorem states that if f is a conformal mapping of the unit disk
onto a Jordan domain Ω, then it can be extended to a homeomorphism
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from D onto Ω. A similar result is true also for quasiconformal mappings
([21], pp 42-44). On the other hand, an analogue of Carathéodory’s result
cannot be proved for harmonic mappings. The following example shows
that whenever the dilatation of a mapping is not bounded away from one,
irregular behaviour may occur.
Before stating the example, we give the definition of the cluster set. For
a function f defined in the nit disk, we say that the cluster set of f at the
point eit, is the quantity

C(f, eit) =
⋂
U

f(U ∩ D),

where the intersection is taken over all neighborhoods U of eit.

Example 3. Let f be the function given by the Poisson formula

f(z) =
1

2π

∫ 2π

0

1− |z|2
|eit − z|2 e

iθ(t)dt, z ∈ D,

where

θ(t) =

⎧⎪⎪⎨
⎪⎪⎩

0, 0 ≤ t ≤ 2π/3,

2π/3, 2π/3 ≤ t ≤ 4π/3,

4π/3, 4π/3 ≤ t < 2π.

Then f maps univalently D onto the triangle with vertices at the points 1,
e2πi/3, e4πi/3. Concerning its boundary function, the cluster sets of f at the
points 1, e2πi/3 and e4πi/3 are the three sides of the triangle and the three
circular arcs that they define are mapped to the three vertices. This shows
that the boundary function of f is not a homeomorphism on the unit circle.

In 1926, T. Radó conjectured that if φ is a homeomorphism from the
boundary of the unit disk onto a closed curve, bounding a convex domain,
then the solution f of the Dirichlet problem is univalent in D. In the same
year, H. Kneser proved the following stronger form

Theorem 2.3.1. Let φ be a homeomorphism from the unit circle T onto the
boundary Γ of a bounded Jordan domain Ω. Then, the solution f of the
Dirichlet problem, given by

f(z) =
1

2π

∫ 2π

0

1− |z|2
|eit − z|2φ(e

it)dt,

is univalent if and only if f(D) = Ω.

Note that the quantity P (z, t) = 1−|z|2
|eit−z|2 is equal to the Poisson kernel

defined earlier.

Not having knowledge about Kneser’s result, Gustave Choquet gave a
second proof on Radó’s conjecture in 1945 ([10]). Today, the theorem is
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known as the Radó-Kneser-Choquet Theorem.

Sense-preserving harmonic mappings can be seen as the solutions of linear
elliptic partial differential equations of the form

fz(z) = a(z)fz(z), z ∈ D, (2.1)

where a is an analytic mapping of the unit disk into itself. A famous
conjecture was that a harmonic counterpart of the Riemann mapping
theorem also exists. More precisely, for a simply connected domain Ω

containing a point w0 and a given analytic function a, defined as above,
there is a unique harmonic mapping f from the unit disk onto Ω, fulfilling
the equation (2.1), with f(0) = w0 and fz(0) > 0. The existence part of
the conjecture appears to be true under the restriction |a(z)| ≤ k < 1 in D.
The uniqueness part has not been proved for arbitrary simply connected
domains yet. The closest result to Riemann’s theorem was given by W.
Hengartner and G. Schober in [16].

Theorem 2.3.2. Let Ω be a bounded, simply connected Jordan domain
whose boundary is locally connected. Suppose that a(D) ⊂ D and w0 is
a fixed point in Ω. Then there exists a univalent function f such that
fz(z) = a(z)fz(z) with the following properties

(a) f(0) = w0, fz(0) > 0 and f(D) ⊂ Ω.

(b) There is a countable set E ⊂ ∂D such that the unrestricted limits
f∗(eit) = limz→eit f(z) exist on ∂D \ E and they are on ∂Ω.

(c) The functions

f∗(eit−) = ess lim
s↑t

f∗(eis) and f∗(eit+) = ess lim
s↓t

f∗(eis)

exist on ∂D and are equal on ∂D \ E.

(d) The cluster set of f at eit ∈ E is the straight line segment joining f∗(eit−)
with f∗(eit+).

The boundary function f∗ is said to have a jump discontinuity at every
point of the set E. Otherwise it is continuous. The function f is called a
Generalised Riemann Mapping from the unit disk onto Ω. Here, the term
“onto" is used in a weaker sense than the usual one, as there could exist
points in Ω which are not images of any point in D under the mapping f .

In [8], the authors obtained necessary and sufficient conditions for a Gener-
alised Riemann Mapping to have continuous boundary function at a point
of ∂D.
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Theorem 2.3.3. Let f = h + g be a Generalised Riemann Mapping from
the unit disk onto a bounded Jordan domain Ω with a rectifiable boundary.
Then, the limits limr→1−(1− r)h′(reiθ0) = c and limr→1−(1− r)g′(reiθ0) = d

exist, are finite and satisfy ceiθ0 = deiθ0 . Moreover, either limit is zero if and
only if f∗ is continuous at eiθ0 .

A second result from [8] about the continuity of the boundary function
when the dilatation is a Blaschke product in D is the following

Theorem 2.3.4. Let f = h + g be a Generalised Riemann Mapping from
the unit disk onto a bounded convex domain Ω, whose dilatation af is a
Blaschke product with zeros ζn, n = 1, 2, . . . . If

∞∑
n=1

1− |ζn|
|eiθ0 − ζn| = ∞,

then f∗ is continuous at eiθ0 .

2.4 Modulus of Families of Paths

The modulus of a family of paths Γ in a domain Ω, is a conformally invariant
quantity, which characterises Ω with respect to Γ. A continuous mapping
γ : I → C, where I is an interval on the real line, is called a path on the
complex plane. Consider a domain Ω and a family of paths Γ in Ω. We
denote by F(Γ) the set of all Borel functions ρ : Ω → [0,∞] with∫

γ
ρ(z)|dz| ≥ 1,

for all paths γ ∈ Γ. Then, the modulus of Γ in Ω is given by the formula

m(Ω,Γ) = inf
ρ∈F(Γ)

∫∫
Ω
ρ2(z)dxdy.

Let Ω be a domain in C. Then, the following properties hold for the modulus
of the families Γj , j = 1, 2, . . . in Ω.

• m(Ω, ∅) = 0.

• If Γ1 ⊂ Γ2 in Ω, then m(Ω,Γ1) ≤ m(Ω,Γ2).

• m(Ω,∪jΓj) ≤
∑

j m(Ω,Γj).

• Let f : Ω → Ω′ be a conformal mapping, with Ω′ = f(Ω) and Γ′
1 = f(Γ1).

Then m(Ω,Γ1) = m(Ω′,Γ′
1).

17
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The last property shows that the modulus of a family of paths remains
invariant under conformal mappings.

Example 4. We consider the annulus D = R(D(R),D(R′)) = {z = reiθ :

R < r < R′, 0 < θ ≤ 2π}. Let Γ be the family of those curves that connect
the opposite boundary components of D. For the function

ρ∗(z) =
1

|z| log R′
R

, z ∈ D,

we have that ∫
γ
ρ∗(z) |dz| ≥ 1

log R′
R

∫ R′

R

1

t
dt = 1,

for every curve γ ∈ Γ and hence, ρ∗ ∈ F(Γ).
In addition,∫∫

D
ρ∗(z) dxdy =

(
log

R′

R

)2 ∫ R′

R

∫ 2π

0

1

|reiθ|2 r dθdr =
2π

log R′
R

,

which implies that m(D,Γ) ≤ 2π

log R′
R

.

For an arbitrary function ρ ∈ F(Γ) it holds that
∫ R′
R ρ(reiθ) dr ≥ 1 and thus,∫∫

D

ρ(z)

|z| dxdy =

∫ 2π

0

∫ R′

R
ρ(reiθ) drdθ ≥ 2π.

Finally,

0 ≤
∫∫

D

(
1

|z| log R′
R

− ρ(z)

)2

dxdy

=

∫∫
D
ρ2(z) dxdy − 2

log R′
R

∫∫
D

ρ(z)

|z| dxdy +

∫∫
D

(
1

|z| log R′
R

)2

dxdy

≤
∫∫

D
ρ2(z) dxdy − 2π

log R′
R

,

or
∫∫

D ρ2(z) dxdy ≥ 2π

log R′
R

, for any ρ ∈ F(Γ). therefore, we deduce that

m(D,Γ) = 2π

log R′
R

.

A domain Ω in Ĉ is called a ring if C \ Ω consists of two components.
Suppose that E and F are the boundary components of Ω. Then Δ(E,F ; Ω)

denotes the family of paths in Ω, connecting E with F .

In certain cases that the domain Ω, where the family of paths Γ is de-
fined, is either obvious or specified by the definition of the Borel functions
ρ, the simplified notation M(Γ) is preferred, instead of m(Ω,Γ). There-
fore, the modulus of the above-mentioned family of paths, joining the two
boundary components of a ring domain, will be denoted by M (Δ(E,F ; Ω)).

18
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2.5 Bohr’s inequality

Harald Bohr was born in 1887 in Denmark. He was the younger brother of
the nobelist Niels Bohr, who is known for his work on the atomic structure
and the quantum theory. Harald studied mathematics at the University of
Copenhagen and he became a professor at the Copenhagen’s Polytechnic
Institute, in 1915. He mainly worked on the field of almost periodic
functions, while he is mostly known for the Bohr-Landau theorem, about
the zeros of the zeta function. Bohr died on January 22, 1951, near
Copenhagen.
In 1914, Bohr wrote a paper about the upper bound of the majorant series
of a bounded analytic function in the unit disk (see [5]). More precisely, the
simplest version of the so-called Bohr theorem (or Bohr inequality) states
that

Theorem 2.5.1. If f(z) =
∑∞

n=0 anz
n is an analytic function in D, bounded

by 1, then
∞∑
n=0

|an|rn ≤ 1, for |z| = r ≤ 1/3,

and the inequality is sharp.

The series
∑∞

n=0 |an|rn is called the majorant series of f .
H. Bohr originally proved the above result for r ≤ 1/6 and then, M. Riesz,
I. Schur and F. Wiener showed independently that it holds for all r ≤ 1/3,
which cannot be further improved. The constant 1/3 is the Bohr radius
for the analytic self-maps of the unit disk. The term is also used for any
radius giving a sharp Bohr-type inequality.
Bohr realised that this type of inequalities are related to the convergence
of the ordinary Dirichlet series. Although he proved the above theorem
as a part of his study on the Dirichlet series and his attempt to prove the
Riemann hypothesis, he noticed that the result could be of independent
interest. However, for almost 80 years, only few researchers worked
in this area. In 1995, Dixon [11] used Bohr’s inequality to disprove an
open question concerning Banach algebras satisfying the von Neumann
inequality. Since then, Bohr’s theorem has attracted the attention of
several mathematicians and many Bohr-type results have been proved in
different settings (see for example [2, 4, 6, 13]). In 2010, Y. Abu-Muhanna
[1] was the first to prove a Bohr-type inequality for harmonic mappings. In
this harmonic version of the classical theorem, Abu-Muhanna considered
a harmonic mapping of the unit disk into itself:

Theorem 2.5.2. Let f(z) = h(z) + g(z) =
∑∞

k=0 akz
k +

∑∞
k=1 bkz

k be a
harmonic mapping in D, with |f(z)| < 1 for all z ∈ D. Then,

∞∑
k=1

(|ak|+ |bk|) rk ≤ 2

π
, for r ≤ 1/3.
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The main problem with considering Abu-Muhanna’s theorem as a gener-
alisation of Bohr’s inequality to harmonic mappings is the absence of the
constant term from the last inequality. However, the problem cannot be
solved for harmonic mappings in the classical setting, where f is a self-map
of the unit disk with majorant series bounded by one. A counterexample,
given in [1], makes it clear.

Example 5. Consider a real-valued harmonic mapping f in the unit
disk, such that f(0) = 0 and |f(z)| < 1 in D. Then, f(z) =

∑∞
n=1 anz

n +∑∞
n=1 anz

n.
The mapping

Fβ(z) = f(z) sinβ + i cosβ, β ∈ R

is still harmonic, with |Fβ(z)| < 1 in D. If an �= 0, then

| sinβ||an + an|
1− | cosβ| → ∞ as β → 0.

Hence, there is not any r > 0 such that

|i cosβ|+
∞∑
n=1

| sinβ(an + an)|rn ≤ 1.

Another harmonic analogue of Bohr’s inequality was proved by Kayu-
mov, Ponnusamy, and Shakirov in [19]. There, the authors take the con-
stant term into account and change the starting assumption into sense-
preserving mappings, with bounded analytic part. In particular, they prove
that

Theorem 2.5.3. If f(z) = h(z) + g(z) =
∑∞

k=0 akz
k +

∑∞
k=1 bkz

k is a har-
monic mapping in D, with |h(z)| ≤ 1 and |g′(z)| ≤ |h′(z)| for all z ∈ D,
then

|a0|+
∞∑
k=1

(|ak|+ |bk|) rk ≤ 1, for r ≤ 1/5

and the inequality is sharp.
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