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Abstract
In this thesis, the challenges and opportunities of the characteristic mode analysis of
combined metallic and lossy dielectric structures are analyzed. The thesis concentrates
on losses and radiation efficiency: it analyzes the effect of losses from the theoretical
point of view and identifies the opportunities to improve the radiation efficiency of
antennas based on the modal analysis. In addition, the thesis introduces the radiation
modes for lossy dielectric material and briefly discusses their possible applications.

Theoretical properties of the characteristic modes (CMs) for lossy structures are
investigated from the mathematical and numerical points of view. The mathematical
analysis shows that the orthogonality with respect to operators of the eigenvalue
equation cannot be assumed, and the numerical experiments confirm this observation.
Furthermore, it is shown that neither far-field orthogonality is valid in the lossy case.

In addition, the feasibility of the theory for designing antennas is investigated. It
is shown that the modal analysis cannot always identify the most efficient modes
from the antenna structure point of view. Therefore, a new method for estimating
the radiation efficiency of modes is developed. The characteristic mode analysis is
then applied on a smartwatch on the human wrist, and the radiation efficiency of
modes is analyzed with the developed method.

The characteristic mode analysis is shown to provide beneficial information from
the radiation efficiency point of view. However, the non-orthogonality of the modes
hinders the exploitation of this design method. Nevertheless, the theory applies to
studying electrically small radiators with small losses.
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Tiivistelmä
Tässä diplomityössä analysoidaan ominaismoodianalyysin (engl. characteristic mode
analysis) soveltuvuutta häviölliselle dielektriselle materiaalille. Työssä keskitytään
siihen, miten häviöt vaikuttavat ominaismooditeoriaan ja moodien ominaisuuksiin, ja
kuinka moodianalyysiä voidaan hyödyntää antennien säteilyhyötysuhteen parantami-
sessa. Lisäksi työssä esitellään säteilymoodit häviölliselle dielektriselle materiaalille.

Teorian ominaisuuksia analysoidaan matemaattisesti ja numeerisesti. Analyysi
osoittaa, ettei häviöllisen dielektrisen kappaleen ominaisvirtojen ortogonaalisuut-
ta voida olettaa ominaisarvoyhtälön operaattorien suhteen. Numeeristen kokeiden
perusteella myöskään kaukokentät eivät ole tässä tapauksessa ortogonaalisia.

Vaikka ominaisvirtojen ortogonaalisuus osoitetaan puutteelliseksi, ominaismoo-
dianalyysia voidaan soveltaa myös häviöllisille rakenteille tietyin reunaehdoin. Diplo-
mityössä tutkitaan, kuinka antennirakenteen häviöitä voidaan arvioida, ja kuinka
antennirakenteen säteilyhyötysuhdetta voidaan parantaa ominaismoodien avulla.
Moodien tulkinta säteilyhyötysuhteen kannalta osoittautuu vaikeaksi, minkä vuoksi
työssä esitetään uusi menetelmä säteilyhyötysuhteen analysoimiseksi metallisen anten-
nirakenteen näkökulmasta. Menetelmää sovelletaan ihmisranteessa olevan älykellon
antennirakenteen analyysiin.

Työ osoittaa, että ominaismoodianalyysi antaa hyödyllistä tietoa häviöllisestä
antennirakenteesta myös säteilyhyötysuhteen osalta, jos analysoitava rakenne on
sähköisesti pieni ja melko vähähäviöinen. Toisaalta häviöllisen materiaalin moodien
epäortogonaalisuus hankaloittaa moodien hyödyntämistä ja tulkintaa.
Avainsanat antenni, dielektrinen materiaali, häviöt, integraaliyhtälömenetelmä,

karakteristiset moodit, käyttäjän vaikutus, momenttimenetelmä,
numeerinen mallintaminen, ominaismoodianalyysi, säteilyhyötysuhde,
säteilymoodit
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Symbols and Abbreviations

Symbols
b method of moments excitation vector
D electric displacement field (Cm−2)
E electric field (V/m)
F equivalent current, F = [J , M ]T
f frequency (Hz)
G field, G = [E, H ]T
Gi scalar Green’s function in domain i
H magnetic field (A/m)
I identity matrix
J electric surface current (A/m) or current density (Am−2)
ki wavenumber in domain i (rad/m)
L general method of moments matrix
M equivalent magnetic surface current (V/m)
n exterior unit normal
P diss dissipated power (W)
Pe polarization vector (Cm−2)
P rad radiated power (W)
P reac reactive power (W)
R real part of Z
r position vector
X imaginary part of Z
Ysub admittance matrix of sub-structure
Z method of moments impedance matrix
Zsub impedance matrix of sub-structure
αn expansion coefficient of mode n
βn characteristic angle of mode n (◦)
Γ matrix containing modal currents in columns
δnm Kronecker delta
ϵ permittivity (F/m)
ϵr relative permittivity
ζn modal excitation coefficient of mode n
η wave impedance (Ω)
ηn modal efficiency of mode n (characteristic modes)
ηr

n modal efficiency of mode n (radiation modes)
ηrad radiation efficiency
κn modal coupling parameter of mode n
Λ diagonal matrix of eigenvalues
λ wavelength (m)
λn eigenvalue of mode n (characteristic modes)
µ permeability (H/m)
ρ complex correlation coefficient
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ρECC envelope correlation coefficient
ϱn eigenvalue of mode n (radiation modes)
σ conductivity (S/m)
σeff effective conductivity (S/m)
σn modal significance of mode n
χe electric susceptibility
ω angular frequency (rad/s)
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Abbreviations
CH Chang-Harrington (formulation)
CM characteristic mode
CMA characteristic mode analysis
ECC envelope correlation coefficient
EFIE electric field integral equation
GEP generalized eigenvalue problem
MFIE magnetic field integral equation
MIMO multiple-input and multiple-output
MoM method of moments
PEC perfect electric conductor
PMCHWT Poggio-Miller-Chang-Harrington-Wu-Tsai
RWG Rao-Wilton-Glisson (basis functions)
SIE surface integral equation
SIO surface integral operator
TCM theory of characteristic modes
VIE volume integral equation
VIO volume integral operator

Operators
(·)H conjugate transpose
(·)T transpose
(·)∗ complex conjugate
⟨f ∗, g⟩ inner product of f and g
∇ · f divergence of f
∇s · f surface divergence of f
∇ × f curl of f
∇f gradient of f
γtf tangential component of f
D dissipation operator
K magnetic field integral operator (MFIO)
L integral operator
M weight operator
N dissipation power operator (dielectric)
R real part of Z
RS dissipation power operator (general)
T electric field integral operator (EFIO)
W radiation power operator
X imaginary part of Z
Z impedance operator
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1 Introduction
For over a decade, mobile smart devices have developed at a phenomenal rate in the
wake of smartphone technology. In addition to mobile phones, new applications, such
as smartwatches and smart rings, have appeared on the market. The purpose of these
smart devices has been continuously multiplying as manufacturers supply the devices
with new properties. However, the manufacturers simultaneously strive to create
products that are slimmer, more responsive, and more appealing for the customer.
This often means denser and more complicated devices with smaller batteries. Lower
energy capacity and available volume are true challenges from the hardware point of
view; all needed components, such as screen, processor, RF circuits, and antennas
should be optimized in the sense of size and energy efficiency.

Antennas are a crucial part of modern smart devices. Due to the growing need
for online applications and inter-device communication, the data rates of wireless
communication have constantly expanded. This trend, combined with the more
complicated devices, imposes high demands on antennas: they should be small and
efficient, and their bandwidth should be sufficient to provide required data rates.
The devices are often used in the proximity of the human body. This, so-called user’s
effect, changes the impedance matching of the antenna and deteriorates radiation
efficiency. Since the power is dissipated in tissue, the smart device is forced to
transmit more power to ensure satisfactory signal strength. This negatively affects
battery life and exposes the body to extra radiation.

To minimize the dissipation power caused by the user, the antennas are designed to
ensure adequate radiation efficiency in the presence of human tissue. Conventionally,
the radiation efficiency is investigated by simulating the 3-D model of the device
in realistic use scenarios. These full-wave simulations accurately estimate the real
operation of the antenna and losses in the human tissue. However, the full-wave
simulation cannot suggest any improvements to the antenna. In practice, the antenna
designer alters the shape, size, and position of the antenna until a satisfactory solution
is found. This is often a laborious and time-consuming way to design the antenna.

One promising approach for mitigating dissipation power in dielectric material
would be to analyze the lossy structure using the characteristic mode analysis (CMA).
The characteristic modes (CMs) are a set of eigenfunctions that can be used to
describe the operation of a radiating structure. Every possible solution to the
antenna problem can be expressed as a weighted sum of these modes. The method
is entirely excitation independent, and it can be used to analyze general antenna
structures without predefined feeding structures. The modes can be sorted based on
their radiation properties, such as radiation efficiency. In other words, CMA would
reveal all possible solutions to the antenna problem, and the designer can design
better antennas based on this information.

The theory of characteristic modes (TCM) is an old theory. It was first formulated
in the late 1960s [1], [2] for arbitrarily shaped perfect electric conductors (PEC).
Later, in the 1970s, the theory for PEC was refined to its current form [3]. In
addition, formulations of the CMs were defined for dielectric and magnetic materials
[4], [5]. Although the CMs were defined for dielectric material over 40 years ago, the
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research in this area is still active. The method for solving the modes developed in
[5] was shown to create spurious modes that are non-physical solutions [6]. Recently,
this problem has been solved and analyzed in [7]–[9]. The method has also been
applied for lossy dielectric materials in [8], thus allowing for investigation of the
dissipation properties of a dielectric object. The present formulations also allow
combining dielectric material bodies and PEC structures such that the analysis of
more complicated structures is possible [10], [11].

Even though the CMs are already defined for lossy dielectric materials and
combined structures, they have hardly been used in antenna design. To the author’s
knowledge, only a few publications (e.g. [10]–[12]) have studied the interaction
between the antenna and lossy dielectric bodies using CMA. The same publications
show that the interpretation of the modes is difficult, and the feasibility of the analysis
method remains uncertain. The CMs of lossy combined structures have mostly been
applied in general cases, but at least one publication [13] has also exploited the modal
analysis in practical design.

The aim of the thesis is to evaluate the feasibility of the CMA for investigating
the dissipation properties of the radiating structure. In addition, a new CMA-based
method is developed to clarify the interpretation of modes. This method estimates
the radiation efficiency of conducting antenna structure near the dielectric body
and also provides fundamental information on desirable current distributions of the
antenna element.

The rest of this thesis is divided into five chapters. Chapter 2 reviews the concept
of the characteristic modes in detail and analyzes their important orthogonality
relations. After that, an alternative base for modal expansion, called radiation modes,
is briefly introduced in Chapter 3. The fourth chapter proposes a method to estimate
the radiation efficiency of modal currents restricted to the PEC structure. Chapter 5
applies the presented theory to simple antenna structures and compares the results
to full-wave simulations. Lastly, Chapter 6 reviews future prospects and summarizes
the main results of the thesis.
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2 Theory of Characteristic Modes
TCM for arbitrarily shaped objects was first invented by Garbacz and described
in his dissertation [2] and other publications (e.g. [14]). Later, Harrington et al.
refined the theory introduced by Garbacz for conducting [3], dielectric and magnetic
[4] bodies. Let us first introduce the classical CMs and their properties for PEC
structures described by Harrington and Mautz [3].

The solution of the radiation problem of an antenna, or currents on the surface
of any radiating body, can be expanded into characteristic modes. These modes are
a set of current distributions and corresponding fields that characterize the radiating
structure, and they are obtained from a generalized eigenvalue equation. The classical
CMs have the following main properties:

1. The far-fields created by the modal currents are orthogonal, i.e., they diagonalize
the scattering matrix

2. The modal currents diagonalize the impedance matrix

3. Any current distribution or far-field pattern of the radiating body can be
expressed as a weighted sum of modal currents or modal far-field patterns,
respectively

4. The eigenvalue of a mode describes the ratio of reactive and radiating power

The generalized eigenvalue problem (GEP) is constructed from the method of
moments (MoM) impedance matrix of the radiating structure. The eigenvectors
of the equation are called modal currents, and these current distributions create
orthogonal far-fields.

The GEP is formulated such that the eigenvalue has power-related physical
interpretation: for a lossless body, they describe the ratio of reactive and radiating
power of the mode:

λn = P reac
n

P rad
n

. (1)

Therefore, the eigenvalue allows the designer to identify well radiating, resonant
modes.

The third property gives a possibility to describe the solution of the radiation
problem as a weighted sum of the CMs. Mathematically, the current of the radiating
body is

J =
N∑︂

n=1
αnJn, (2)

where αn is the modal expansion coefficient and Jn characteristic current. Similarly,
the electric field in the far-field regions is

E =
N∑︂

n=1
αnEn, (3)
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where En is the characteristic electric field.
It is possible to formulate this kind of modal expansion for other modes, too.

However, the characteristic modes are capable of describing the radiation problem
with only a few most significant modes (magnitude of the eigenvalue is near zero).
This allows the simplification of a complicated problem, which can be beneficial, e.g.,
in optimization problems.

The theory has also been extended to lossless and lossy dielectric material (e.g.
[4], [8]). In lossy case, the GEP can be formulated in two manners, resulting in two
different physical interpretations for the eigenvalue:

λn = P reac
n

P rad
n

− j
P diss

n

P rad
n

. (4)

or
λn = P reac

n

P rad
n + P diss

n

. (5)

In (4), the imaginary part of the eigenvalue describes losses of the corresponding
mode, but in (5), losses are included in the real part. In this thesis, the formulation
corresponding to (4) is mainly followed.

In the rest of this chapter, the formulations of the eigenvalue problems for PEC
and dielectric structures are presented, and some numerical examples are given.

2.1 Perfect electric conductors
The currently used formulation for perfectly conducting materials was first derived
by Harrington et al. in 1971 [3]. This section is based on this work. Time convention
ejωt of the time-harmonic fields is followed through this work.

The well-known boundary condition for perfect electric conductors states that
the tangential electric field vanishes on the surface, i.e.

[Esca + Einc]tan = 0, (6)
where Esca is scattered electric field and Einc incident field on the surface. Let us
express the same boundary condition with the electric field integral operator (EFIO)
T1:

[η1T1[J ] + Einc]tan = 0, (7)

where J is the surface current of the PEC object and η1 =
√︂

µ1/ϵ1 is the wave
impedance of the loss-free background medium with material constants µ1 and ϵ1.
Ti[J ] gives the scattered field at any point in the space. It is defined by [8]

Ti[f ](r) = 1
jki

∇
∫︂

S
Gi(r, r′)∇′

s · f(r′)dS ′ − jki

∫︂
S

Gi(r, r′)f(r)dS ′, (8)

where

Gi(r, r′) = e−jki|r−r′|

4π|r − r′|
. (9)
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Here, r stands for the field point and r′ for the source point. Constant ki = ω
√

µiϵi

is the wavenumber in region i. Gi(r, r′) is the scalar Green’s function and ∇s·
denotes surface divergence. In this thesis, subscript 1 always refers to the background
medium, and 2 refers to the object.

Let us now define impedance operator Z, which maps the surface current on the
body to the tangential incident electric field. That is, Z is defined by

Z[J ] = −η1γtT1[J ] = Einc
tan, (10)

where γt = −n × n× extracts the tangential component on the surface. Subscript
tan is dropped for brevity in the rest of the chapters. Due to the reciprocity theorem,
operator Z is symmetric [3], [15], i.e.

⟨B, Z[C]⟩ = ⟨Z[B], C⟩, (11)

where inner product ⟨·⟩ is defined by

⟨f ∗(r), g(r)⟩ =
∫︂

S
f ∗(r) · g(r) dS. (12)

Now the operator Z can be divided into real and imaginary parts Z = R + jX ,
where

R = Re(Z) (13)

and
X = Im(Z). (14)

Operator R is related to the radiated power of current J and X is related to its
reactive power. The complex power balance of current J can be expressed via
Hermitian quadratic form

P = ⟨J∗, Z[J ]⟩ = ⟨J∗, R[J ]⟩ + j⟨J∗, X [J ]⟩, (15)

where radiated and reactive powers are

⟨J∗, R[J ]⟩ = P rad (16)
⟨J∗, X [J ]⟩ = P reac (17)

Here, superscript ∗ denotes a complex conjugate. Note that R and X are real and
symmetric, and R is also positive definite. In general, these kinds of quadratic forms
often describe some energy property of a physical system [16].

To diagonalize both impedance and scattering matrices, a generalized eigenvalue
equation is formed:

Z[Jn] = νnR[Jn], (18)

where Jn denotes the characteristic surface current of mode n, and νn is the eigenvalue.
Since orthogonal far-field are required, R has been selected as a weight operator.
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This choice also diagonalizes the scattering matrix. If we substitute ν = 1 + jλ, and
remove the common parts from the left and right side of the equation, we obtain

X [Jn] = λnR[Jn], (19)

which is now the well-known formulation for the characteristic modes of the PEC
body.

Since both operators of (19) are real and symmetric and R is positive definite,
the characteristic currents satisfy the orthogonality relationship for both operators
[17], [18]:

⟨J∗
m, R[Jn]⟩ = 0 (20)

⟨J∗
m, X [Jn]⟩ = 0 (21)

where n ̸= m. In addition, the aforementioned properties also guarantee that the
eigenvalues and -vectors are real [3], [16], [18].

Usually, eigencurrents are normalized such that they radiate unity power. This
gives the following equations:

⟨J∗
m, R[Jn]⟩ = δnm (22)

⟨J∗
m, X [Jn]⟩ = λnδnm (23)

⟨J∗
m, Z[Jn]⟩ = (1 + jλn)δnm (24)

where δnm is Kronecker delta. These expressions also describe the orthogonality
properties of surface currents.

If the antenna has a feed port, the applied electric field excites multiple modes.
As a result, the total current of the antenna can be expressed as a weighted sum of
these modal currents. Let us define the modal expansion coefficient αn. First, (2) is
substituted into (10). Since operator Z is linear, we obtain

N∑︂
n=1

αnZ[Jn] = Einc. (25)

Then, the inner product with Jm is taken

N∑︂
n=1

αn⟨Jm, Z[Jn]⟩ = ⟨Jm, Einc⟩. (26)

Using the orthogonality relationship of (24), we obtain

αn = ⟨Jn, Einc⟩
1 + jλn

. (27)

The term ⟨Jn, Einc⟩ is called the modal excitation coefficient. It describes, how well
field Einc excites modal current Jn.

The term 1/(1 + jλn) in (27) is an eigenvalue-dependent weighting coefficient
in the modal expansion. If the eigenvalue is large, the modal expansion coefficient
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becomes a small complex number where the imaginary part dominates. In the case of
self-resonant modal current, the eigenvalue is zero and the modal expansion coefficient
is defined only by the modal excitation coefficient. Since eigenvalues can have any
value between (−∞, ∞), it is quite inconvenient parameter to study the significance
of the mode. Therefore, the parameter called modal significance [19] is used instead.
It is defined by

σn = 1
|1 + jλn|

. (28)

This parameter simply describes how well the mode radiates: if the value of σn is 1,
the mode is self-resonant and significant. The modal significance of poorly radiating
modes is near zero. Physically, the modal significance describes the efficiency of the
mode:

σn = P rad
n

|P rad
n + jP reac

n |
. (29)

The modal significance can only describe how near the mode is to its resonance,
but it does not indicate whether the mode is inductive or capacitive. Therefore, a
characteristic angle βn would be a more informative parameter:

βn = 180◦ − tan−1(λn). (30)

Physically, it describes the phase difference between the characteristic current and the
corresponding electric field on the surface. The resonant mode has its characteristic
angle at 180◦. Wide-band modes are gently sloping and narrow-band modes are
steep.

The characteristic angle also describes the sign of the reactive power. The mode is
capacitive or inductive if the characteristic angle is above or below 180◦, respectively
[20]. The stored electric energy of a capacitive mode is larger than stored magnetic
energy, i.e., W sto

E > W sto
M . An inductive mode has W sto

E < W sto
M , and resonant mode

W sto
E = W sto

M .

2.1.1 Numerical example: PEC plate

In this example, the operation of a simple rectangular plate is studied with the TCM.
The plate is made of a thin PEC sheet and its dimensions and meshing are illustrated
in Fig. 1. The dimensions correspond to the typical dimensions of a mobile phone
ground plane.

In all numerical examples of this thesis, a triangular mesh is used to discretize the
surface of the body, and the surface current is approximated with Rao-Wilton-Glisson
(RWG) [21] basis functions. The MoM matrices are computed with in-house C++
code, using Galerkin’s method. The GEP is solved with Matlab’s eig function [22].
All post-processing, e.g. modal tracking, is also done in Matlab.

Figure 2 illustrates the modal significances and characteristic angles of the most
significant modes. Almost all significant modes are first capacitive, and above the
resonance frequency inductive. The only exception is the third mode that is only
inductive.
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Figure 1: Dimensions of the PEC plate. The triangles illustrate the computation
mesh.
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Figure 2: Modal parameters of the PEC plate. (a) Modal significance and (b)
characteristic angle.

Figure 3 present the surface current distributions of the first three modes at 900
MHz. The first mode is like a half-wave dipole mode along the long side of the
ground plane. The second one is similar but along the short side. The third mode is
a current loop, and therefore it has only inductive reactive power. The corresponding
orthogonal far-field patterns are illustrated in Figure 4.

If the PEC plate is fed with some coupling element, it excites multiple modes.
One important property of the CMs is that only a few most significant modes can
describe the whole, realistic current distribution and far-field pattern quite well.
However, the structure should be electrically small since large structures have a
considerable number of significant modes. In this case, the PEC plate has a moderate
size, and therefore, only five first modes are studied in this example.
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(a) Mode 1 (b) Mode 2 (c) Mode 3

Figure 3: Three most significant characteristic currents of the PEC plate at
900 MHz.

(a) Mode 1 (b) Mode 2 (c) Mode 3

Figure 4: Characteristic radiation patterns of the most significant modes at
900 MHz.

(a) (b)

Figure 5: Combination of the first two modes with (a) equal weights and (b) inverted
weights.
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The designer should note that even if the characteristic modes are "natural" modes
for radiating elements, the modal solution is only a mathematical tool that fulfills
the properties presented at the beginning of Chapter 2. There can be also other
current distributions that are self-resonant and even nearly orthogonal. One example
is diagonal modes of the PEC plate: if the first and second modes are excited at the
same time, a diagonal current distribution is created. The structure supports two
diagonal modes that can be made orthogonal by appropriate excitation coefficients.
The resonant frequency of the diagonal modes is between the resonant frequencies of
the first and the second mode. The diagonal modes are presented in Figure 5.

2.2 Dielectric bodies
In 1972, the theory of characteristic modes was introduced for dielectric and magnetic
bodies [4]. This original formulation is based on the volume integral equation
(VIE). However, the method is computationally burdensome. As a remedy, the
surface integral equation (SIE) based formulation was proposed [5]. This is called
Chang-Harrington (CH) formulation.

The SIE formulation is based on the field equivalence principle, in which the
fields external or internal to the body are described with equivalent surface currents.
However, it was found that CH formulation causes nonphysical solutions, called
spurious modes [6]. Fortunately, the problem has been solved in [9], and this thesis
concentrates on this revised formulation.

Let us first describe the main properties of lossy dielectric material. After that,
the VIE formulation is introduced, followed by the field equivalence principle and
SIE formulation.

2.2.1 Dielectric material and dielectric losses

In general, a dielectric material is defined as an insulator or a very poor conductor
[23]. An external electric field does not cause a significant electric current in the
material, but it gives rise to polarization: positive and negative charges become
slightly displaced along the electric field [23]. The displaced charges create their own
electric field, thus reducing the total electric field strength in the material [23].

On the other hand, the polarized molecules or atoms create a dipole moment that
increases the electric displacement field D by polarization vector Pe [24]:

D = ϵE = ϵ0E + Pe, (31)

where ϵ is the permittivity of the material and ϵ0 permittivity of vacuum. The
polarization vector is related to the strength of the external electric field via electric
susceptibility χe [24]:

Pe = ϵ0χeE (32)
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Thus, electric susceptibility describes the ability to increase the displacement field.
The more common parameter of this property is the dielectric permittivity ϵ that is
related to the susceptibility as follows [24]:

ϵ = ϵ0(1 + χe) (33)

The dielectric permittivity ϵ = ϵ′ − jϵ′′ is a complex quantity. The imaginary part is
related to losses caused by vibrating dipoles in the dielectric material [25].

In addition to vibrating dipoles, losses can be caused by conduction current J ,
which is related to the electric field:

J = σE. (34)

It is often unimportant to know, how the power is dissipated. Therefore, both loss
types can be described with effective conductivity [24]

σeff = ωϵ′′ + σ, (35)

where ω is the angular frequency of time-harmonic fields. For example, human tissue
has both conductivity and dielectric losses, and they can be described with effective
conductivity.

Lossy materials are often characterized by a parameter called loss tangent. It is
defined as [24]

tan δ = ωϵ′′ + σ

ωϵ′ , (36)

where δ is a loss angle. The loss angle is illustrated in Fig. 6. Basically, this quantity
describes the ratio of lost and stored energies in the dielectric material. Therefore, it
is a good figure-of-merit of dielectric materials. If the material is lossless, the loss
angle (and loss tangent) is zero.

The dissipation power in the dielectric material is proportional to the square of
electric field strength. It is defined by

P diss = ω

2

∫︂
V

Im(ϵ)|Eint|2 dV, (37)

where ϵ is the permittivity of the material, ω is the angular frequency, and Eint is the
electric field inside the object [17]. Due to the square-dependence of dissipated power,
high peaks in the electric field strength tend to increase dielectric losses drastically.

2.2.2 VIE formulation

The VIE formulation is computationally burdensome, but it is important to study
since it is physically easier to understand. Additionally, the VIE impedance operator
can be divided into real symmetric parts, which allows identifying some important
mathematical propertied from the formulation. This section is mostly based on [4].

In dielectric bodies, the volume electric current is given by

J = (σ + jω∆ϵ)(Einc + Esca), (38)
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Figure 6: Illustration of loss angle in the complex plane. JC is charging current and
JL loss current. The loss tangent is simply the ratio of JL and JC . Redrawn from
[26].

where σ is electric conductivity, ω angle frequency, and ∆ϵ = ϵ − ϵ0 is the difference
in permittivity. The sum of the incident and scattered field is the total field.

Then, two impedance operators are defined

ZV [J ] = −Esca (39)

and
ZM [J ] = (σ + jω∆ϵ)−1(J). (40)

The first one depends only on the shape of the object, while the second one depends
on the material parameters. Then, (38) can be expressed

(ZV + ZM)[J ] = Einc, (41)

where the sum of the impedance operators describe the relationship of the volume
current and incident electric field. Both impedance operators are complex symmetric.
Therefore, they can be divided into two real symmetric operators by taking real and
imaginary parts:

ZV = RV + jXV (42)
ZM = RM + jXM (43)

Only the shape of object V affects the radiation pattern and only the material
parameters affect the dissipation power. Thus, it can be shown that

P rad = ⟨J∗, RV [J ]⟩ (44)

and
P diss = ⟨J∗, RM [J ]⟩. (45)

In order to obtain a physically meaningful interpretation for the eigenvalue, RV

is selected as a weight operator. This choice should also diagonalize the scattering
matrix in a lossless case. Thus, the generalized eigenvalue equation is

(ZV + ZM)[Jn] = (1 + jλn)RV [Jn]. (46)
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If the common terms are canceled, the equation becomes

(XV − jZM)[Jn] = λnRV [Jn]. (47)

Note that in a lossless case, ZM is purely imaginary and the operator of the left-hand
side becomes purely real. In both cases, lossy or lossless, the following orthogonality
relationship applies:

⟨Jm, RV [Jn]⟩ = 0, (48)

when n ̸= m. This is called complex orthogonality since the complex conjugate is
not taken. Further, if the body is lossless, also

⟨J∗
m, RV [Jn]⟩ = 0 (49)

if n ̸= m, applies.
In [4], Harrington et al. state that the complex orthogonality (48) leads to the

orthogonal far-fields. However, the claim has not been justified. Since orthogonality
is a fundamental property of the CMs, orthogonality is further discussed in Section
2.4.

In the same article, also a second VIE formulation has been presented. In that,
the weight operator includes both RV and RM :

(XV + XM)[Jn] = λn(RV + RM)[Jn]. (50)

This arrangement gives real symmetric operators and a positive definite weight
operator. As a result, both operators on the left and right-hand sides of (50) are
diagonalized, and thus also is the full impedance operator. Because the weight oper-
ator includes ohmic losses, the far-fields are not orthogonal. The non-orthogonality
depends on losses, as the following equation shows:

1
η1

∫︂
S∞

E∗
m · En dS + ⟨Jm, RM [Jn]⟩ = δnm. (51)

The non-orthogonality of far-field in the case of the second VIE formulation is
further studied in [27]. The paper shows that the loss tangent less than 0.01 does not
have a significant effect on the ECC of the modes. However, this thesis concentrates
only on the first formulation since it is used as a basis for further formulations.

2.2.3 Field equivalence principle

The SIE formulation is based on the field equivalence principle that is an important,
fundamental concept in electromagnetic theory. According to this principle, the fields
that are interior or exterior to the object, or virtual domain, can be expressed with
equivalent surface currents. This is very beneficial in numerical computation since
the volumetric problem can be reduced to a simpler surface problem. Thus, SIE
formulations are computationally lighter than the VIE formulation of the previous
section. The rest of this section is mainly based on [28] and [5].
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Let us consider a radiation problem illustrated in Fig. 7. An arbitrary 3–D object
with material properties ϵ2 and µ2 is located in background medium with permittivity
and permeability ϵ1 and µ1. The exterior fields are marked with E1 and H1, while
interior fields are marked with subscript 2. Vector n defines the exterior unit normal.
The problem can be decomposed into two parts, exterior and interior problems.

In the exterior problem, the field outside the object can be created with equivalent
electric and magnetic currents, J and M , respectively. The fields correspond to the
original problem. In this case, the object is replaced with the material of the exterior
domain and only the surface with equivalent currents is left. In addition, there is a
null-field inside the object.

In the interior problem, the exterior is replaced with the material of interior
volume, and the signs of the equivalent currents are changed. The signs are changed
since the unit normal is defined to point outwards, not inwards. In this case, the
equivalent currents perfectly create the same fields in the interior region as in the
original problem. There is a null field in the exterior region.

(a)

(b) (c)

Figure 7: Field equivalence principle: (a) Original problem, (b) equivalent problem
for exterior, (c) equivalent problem for interior.

2.2.4 PMCHWT-SIE formulation

Since the VIE formulation is computationally burdensome, the SIE formulation is
preferred. There are several SIE formulations [29], but only Poggio-Miller-Chang-
Harrington-Wu-Tsai (PMCHWT) formulation is considered in this thesis.

According to the field equivalence principle described in the previous section, the
internal and external fields of the dielectric object can be described with electric and
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magnetic equivalent surface currents, J and M , respectively. Let us define a surface
integral equation for a dielectric object using the surface equivalence principle:

L[F ] = −Ginc, (52)
where L is the surface integral operator (SIO), F = [J , M ]T is the equivalent surface
current and Ginc = [Einc, H inc]T is the incident tangential field on the surface.

PMCHWT equations are used to express the relationship between equivalent
surface currents and incident fields. Equation (52) becomes:[︄

η1γtT1 + η2γtT2 −γtK+
1 − γtK−

2
γtK+

1 + γtK−
2

1
η1

γtT1 + 1
η2

γtT2

]︄ [︄
J
M

]︄
= −

[︄
γtE

inc

γtH
inc

]︄
, (53)

where ηi is the wave impedance in domain i, and γt takes the tangential component
from the operator after it [9], [30]. EFIO T is defined in (8) and the magnetic field
integral equation (MFIO) K is defined as follows [8]:

γtK±
i [f ](r) =

(︃
∇ ×

∫︂
S

Gi(r, r′)f(r′)dS ′ ± 1
2n(r) × f(r)

)︃
tan

, r ∈ S. (54)

On the surface, the integral is evaluated in a principal value sense. The superscript
denotes whether the surface is approached from outside (+) or inside (−).

Now the relationship between equivalent current and tangential field is defined
similarly as in the PEC case, and the eigenvalue equation can be formulated. In CH
formulation [5], the SIO was made symmetric by rearranging it into the form[︄

η1γtT1 + η2γtT2 jγtK+
1 + jγtK−

2
jγtK+

1 + jγtK−
2

1
η1

γtT1 + 1
η2

γtT2

]︄ [︄
J

jM

]︄
= −

[︄
γtE

inc

jγtH
inc

]︄
. (55)

In the same paper, the GEP was formulated similarly as in the PEC case by
using the real and imaginary part of the SIO. However, in [6], it was pointed out
that this formulation produces nonphysical solutions, i.e., spurious modes.

Later, in [9], it was found that the spurious modes are the solutions of a reverse
problem, in which the constitutive parameters of the body and background medium
are swapped. These modes are included in the solution since the weight operator of
the CH formulation is simply the real part of the SIO. Thus, the weight operator
includes the description of both the internal and external problem, while the radiation
of the body is only described by the external problem [17], [31].

As a remedy, the internal part was removed from the weight operator in [9]. The
weight operator corresponding to the asymmetric PMCHWT formulation (53) is now

M =
[︄

Re(η1γtT1) jIm(γtK+
1 )

−jIm(γtK+
1 ) Re(1/η1γtT1)

]︄
. (56)

The weight operator is defined such that quadratic form

P rad = −1
2⟨F ∗, M[F ]⟩ (57)

gives the radiation power of equivalent surface current F . The selection of the weight
operator is based on the fact that an operator describing the radiation power provides
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orthogonal far-fields in the lossless case, and the same physical interpretation for the
eigenvalue as in the PEC case [8], [9]. The same formulation has also been applied
for lossy structures.

The weight operator (56) can also be formed corresponding to symmetric SIO
defined in (55). It becomes

MS =
[︄

Re(η1γtT1) −Im(γtK+
1 )

−Im(γtK+
1 ) Re(1/η1γtT1)

]︄
. (58)

However, the symmetric and asymmetric formulations using these weight operators
have been shown to provide equal solutions for the eigenvalue problem [9].

For dielectric bodies, the generalized eigenvalue equation reads:

L[Fn] = (1 + jλn)M[Fn], (59)

where L[F ] is the left-hand-side of Eq. (53), λn is the eigenvalue and M[F ] is the
weight operator defined in Eq. (56).

Now, the eigenvalue equation contains two operators, and neither one is Hermitian.
Therefore, no known properties of these operators guarantee that the eigencurrents
would be orthogonal with respect to both operators. Nevertheless, the SIE formulation
describes the same physical problem as the VIE formulation, and similar orthogonality
relationships are satisfied as will be shown in Section 2.4.

Albeit it can be shown numerically that the resulting eigenvectors are M- and
L-orthogonal in the lossless case, the result cannot be formally used when defining
the modal expansion coefficients. Instead, a new orthogonality relationship should
be defined in order to obtain similar results as in the PEC case.

Let us first define adjoint operator La [32], [33] such that

⟨g∗, L[f ]⟩ = ⟨(La[g])∗, f⟩. (60)

For a symmetric operator La = L∗. An adjoint eigenvalue equation can be constructed
using adjoint operators:

La[F a
n ] = (1 − jλ∗

n)Ma[F a
n ], (61)

where F a
n is the eigenfunction of the adjoint equation. The eigenvectors are different

with (59) but the eigenvalues are equal. In [32], the expansion coefficients were
derived using the following orthogonality relation:

⟨F a∗
m , M[Fn]⟩ = ⟨(Ma[F a

m])∗, Fn⟩ = 0, if λn ̸= λm. (62)

The eigenvectors can be normalized such that

⟨F a∗
n , M[Fn]⟩ = 1 (63)

and
⟨F ∗

n , M[Fn]⟩ = 1. (64)
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Using this normalization and orthogonality defined in (62), the modal expansion
coefficients are

αn = −⟨F a∗
n , Ginc⟩

1 + jλn

. (65)

In corresponding matrix equations, the left eigenvectors of the original eigenvalue
equation can be used to approximate the eigenvectors of the adjoint problem [32].

2.2.5 Power operators for equivalent surface currents

Conventionally radiated, dissipated, and reactive power of the radiation problem have
been computed from the fields. For example, the radiated power can be calculated
by integrating the time-averaged Poynting vector over a spherical surface far away
from the antenna. However, the same quantities can be computed directly from the
equivalent surface currents. In [31] and [17], the power expressions of the radiating
structure are given in terms of surface integral operators:

P rad
n = −1

2Re⟨F ∗
n , W [Fn]⟩, (66)

P diss
n = −1

2Re⟨F ∗
n , N [Fn]⟩, (67)

and
P reac

n = 1
2Im⟨F ∗

n , W [Fn]⟩. (68)

The operators W and N are defined

W =
[︄
η1γtT1 −γtK+

1
γtK+

1 1/η1γtT1

]︄
, (69)

and
N =

[︄
η2γtT2 −γtK−

2
γtK−

2 1/η2γtT2

]︄
. (70)

Operators W and N show that the radiated and reactive powers are related to the
external operator while the dissipated power is related to the internal operator of
(53).

The dissipated power can also be calculated from the equivalent surface currents
without any integral operators. In the scattering problem, the lossy object does not
scatter all the incident power but some of the power is dissipated. Since the equivalent
surface currents describe the fields on the surface of the body, they also describe
the net power flow towards the object when the time-averaged Poynting vector is
integrated over the surface. As a result, the dissipated power can be expressed as [17]

P diss
n = 1

2Re⟨J∗
n, R[Mn]⟩ = 1

4⟨F ∗
n , RS[Fn]⟩, (71)

where
RS =

[︄
0 R

−R 0

]︄
, R[F ] = n × F . (72)
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2.2.6 Numerical example: dielectric brick

In this example, the CMs of a dielectric brick with parameters given in Table 1 are
analyzed. The material parameters correspond to human tissue properties at 900
MHz [34].

Recall the physical interpretation of the eigenvalue given in (4). For lossy structure,
the modal significance σ describes now the ratio of radiation and apparent power:

σn = 1
|1 + jλn|

= P rad
n

|P rad
n + P diss

n + jP reac
n |

. (73)

In this case, the modal significance describes rather the tendency of radiation, not
resonance properties. The first modal significances of the test structure are shown in
Figure 8a. The results show that the dielectric slab supports two significant modes
that radiate fairly well. The other modes are either lossy or reactive.

The imaginary part of the complex eigenvalue is related to the losses. A modal
efficiency is a new modal parameter describing the radiation efficiency of a single
mode [10]:

ηn = P rad
n

P rad
n + P diss

n

= 1
1 − Im(λn) . (74)

With this parameter, the most efficient modes of lossy structures can be found with
respect to radiation efficiency. Figure 8b shows that the most significant modes are
also the most efficient. Mode 4 is an exception: this mode seems to be efficient but
not significant, i.e., it is far from resonance.

A few conclusions can be made from the analysis: the most desirable modes are
dipole-like modes along the y- or x-axis. In Figure 9, modes 1 and 2 have quite
widely spread, one-directional current distributions. They are well radiating and
near resonance. In addition, the modes with the best modal efficiencies are low-order
modes.

The characteristic radiation patterns are shown in Fig. 10. They show even
better the radiation properties of the first modes: modes 1, 2, and 4 have dipole-like
current distributions and they radiate dipole-like patterns. Mode 3 is a current loop,
and therefore the radiation pattern resembles that of a magnetic dipole.

Table 1: Parameters of dielectric brick.

Parameter Value
Width 100 mm
Height 30 mm
Length 170 mm

ϵ′
r 30

σeff 0.6 S/m
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Figure 8: Modal parameters of the dielectric brick. (a) Modal significance and (b)
modal efficiency.

(a) Mode 1 (b) Mode 2

(c) Mode 3 (d) Mode 4

Figure 9: Equivalent electric surface currents of the first four modes at 900 MHz.

(a) Mode 1 (b) Mode 2 (c) Mode 3 (d) Mode 4

Figure 10: Far-fields of the most significant modes at 900 MHz.
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2.3 Combined structures
The TCM equations can be extended to cover combined structures, i.e., structures
containing both dielectric and PEC material. In this section, the formulation for
combined structures is presented.

2.3.1 EFIE-PMCHWT formulation

The surface integral operator L of the combined structure consists of EFIE for the
PEC structure and PMCHWT based equations for the dielectric body. Equation
(52) can be expressed [12]⎡⎢⎢⎣

η1γtT (1)
CC η1γtT (1)

CD −γtK(+1)
CD

η1γtT (1)
DC η1γtT (1)

DD + η2γtT (2)
DD −γtK(+1)

DD − γtK(−2)
DD

γtK(+1)
DC γtK(+1)

DD + γtK(−2)
DD

1
η1

γtT (1)
DD + 1

η2
γtT (2)

DD

⎤⎥⎥⎦
⎡⎢⎣ JC

JD

MD

⎤⎥⎦ = −

⎡⎢⎣Einc
C

Einc
D

H inc
D

⎤⎥⎦ , (75)

where subscripts DD and CC denote that the operator is applied to the dielectric or
conductive part, respectively. Subscripts DC and CD denote operators that describe
the interaction between the parts. Superscripts (1) and (2) stand for external and
internal regions, respectively. The weight operator for a combined structure reads
[12]

M =

⎡⎢⎢⎣
Re(η1γtT (1)

CC ) Re(η1γtT (1)
CD) jIm(γtK(+1)

CD )
Re(η1γtT (1)

DC) Re(η1γtT (1)
DD) jIm(γtK(+1)

DD )
−jIm(γtK(+1)

DC ) −jIm(γtK(+1)
DD ) Re( 1

η1
γtT (1)

DD)

⎤⎥⎥⎦ . (76)

The eigenvalue problem can be now formulated similarly as in (59).
Since the structure contains both dielectric and PEC parts, it is important to

know the current balance between the parts. For this purpose, let us define the
modal coupling parameter [10]:

κn =
Re(η2)

∫︁
SD

|Jn|2 dS + 1
Re(η2)

∫︁
SD

|Mn|2 dS

Re(η1)
∫︁

SC
|Jn|2 dS

, (77)

where integration is conducted over dielectric or conductor surface, denoted by SD

and SC . When the value is below 1, currents on the PEC dominate. Because the
designer can only control the currents on the PEC structure, the modes with low
coupling factors are usually well excited. Additionally, the low coupling usually
correlates with low losses, if the dielectric material is lossy.

2.3.2 Numerical example: PEC plate above a dielectric brick

In this case, the PEC plate and dielectric brick from the previous examples are
combined. PEC plate is placed above a dielectric brick, as illustrated in Figure 11.
The proximity of the dielectric brick affects the modes of a PEC plate significantly:
it decreases the resonance frequency since the effective wave impedance increases,
and also increases the number of significant modes since the electrical size of the
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Figure 11: Dimensions and meshing of the combined structure.

structure is larger. In this example, the combined structure is analyzed using the
EFIE-PMCHWT formulation.

The modal significance is shown in Fig. 12a. The figure shows that the modal
significance does not reach value 1 at any frequency. This is due to the interpretation
of the eigenvalue: there is dissipation power in the denominator that is always a
positive number, as is the radiation power. This fact causes the modal significance
to be below 1 in the lossy case.

In the case of antenna structures, the designer is usually interested in current
distributions on the PEC plate. Even though the dielectric structure also radiates,
the designer cannot control its current distribution easily. This fact introduces a new
problem. Numerous modes have a similar current distribution on the PEC plate,
and only the current distribution in the dielectric part differs significantly. As a
result, it is greatly more difficult to identify good modes: the PEC part can have
a similar current distribution with very different modal significance and efficiency.
This phenomenon can be seen in Figures 13a and 13e: the current distribution is
different, but still quite similar. Both modes will be certainly excited if an excitation
element is added to the structure. Since the modes exhibit very different modal
significance and efficiency, the designer cannot rely on the information given only by
a few modes.
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Figure 12: Modal parameters of the combined structure. (a) Modal significance, (b)
modal efficiency, and (c) modal coupling.
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(a) Mode 1 (b) Mode 2

(c) Mode 3 (d) Mode 4

(e) Mode 5

Figure 13: Equivalent electric modal currents of the combined structure at 900 MHz.
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2.4 Orthogonality of characteristic modes
During this work, numerical experiments raised the question if the orthogonality of far-
fields is not fulfilled in the presence of losses. Because orthogonality is a fundamental
property of the CMs, it is important to investigate the question. Moreover, in a
perfect situation, the modes should be orthogonal with respect to all operators used
in the generalized eigenvalue equation. Only this property ensures that the modes
can be treated independently, i.e., radiation, dissipation, and reactive power of the
modes can be simply summed together. In other words, the modes are completely
independent of each other.

In this chapter, orthogonality is studied from the mathematical and physical points
of view. The attention is paid to far-field orthogonality, but also other orthogonality
relations are studied. In addition, numerical results supporting the observations are
given.

2.4.1 Definition of orthogonality

In vector algebra, orthogonality of two Euclidean vectors A and B means that they
are perpendicular, i.e., their scalar product is zero:

A · B = 0 (78)

If multiple vectors are pairwise orthogonal, they construct an orthogonal set.
This principle can be expanded to concern also functions. Functions f(x) and

g(x) are said to be orthogonal if [33]

⟨f(x)∗, g(x)⟩ =
∫︂

f(x)∗g(x) dx = 0. (79)

This orthogonality generalizes also for vector functions. The inner product in the
above equation is defined conventionally. However, in some cases, the inner product
would be more beneficial to define with some weight operator. For example, in
EFIE-based TCM, the eigenvectors (or functions) are orthogonal with respect to
weight operator R [3]:

⟨J∗
m, R[Jn]⟩ =

∫︂
S

J∗
m · R[Jn] dS = 0. (80)

Here, integration is done over the surface of the object. In this case, the orthogonality
is only a matter of definition; the weight operator can be selected such that the inner
product, and orthogonality, has some meaning. In this case, the orthogonality with
respect to R designates orthogonal far-fields. In literature, the inner product with
respect to some weight operator w is often denoted ⟨f ∗, g⟩w, and orthogonality in
this sense is called w-orthogonality.

The orthogonality is not only a mathematical detail but it has also physical
applications. For example, the orthogonality of far-fields in the case of CMs can be
defined as follows: ∫︂

S∞
E∗

n · Em dS = 0, m ̸= n, (81)
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where n and m denote the mode number. The integration is conducted over a
spherical surface far away from the radiator. In this case, orthogonality means that
the modes radiate independently, and they do not affect each other’s radiation.

Normally, the orthogonality of different far-field modes n and m is studied with
the correlation coefficient. For the electric field, it is defined as

ρnm =
∫︁

S∞ E∗
n · Em dS√︂∫︁

S∞ E∗
n · En dS

√︂∫︁
S∞ E∗

m · Em dS
. (82)

The correlation coefficient is normalized to range |ρ| ∈ [0, 1] and it describes, how
much the far-field of the mode n correlates (i.e. interferes) with the far-field of the
mode m. The coefficient ρnm is a complex number that describes the magnitude and
phase-shift of the correlation.

However, in most cases, it is not convenient to study complex correlation coeffi-
cients. Therefore, the envelope correlation coefficient is used to describe the similarity
of radiation patterns [35]:

ρECC
nm = |ρnm|2 (83)

In other words, the ECC describes the correlation between the envelopes of radiation
patterns and does not take a phase shift into account. In TCM, the radiation patterns
should be orthogonal in the sense of envelope correlation coefficient, i.e., ρECC = 0 if
n ̸= m.

2.4.2 Orthogonality in different cases

EFIE formulation for PEC In classical TCM for conducting bodies, the orthog-
onality of the far-fields can be deduced by well-known properties of the generalized
eigenvalue equation. Let us first write Eq. (19) with the real and imaginary part of
the MoM impedance matrix such that Z = R + jX:

XΓ = RΓΛ (84)

Here, Γ is the matrix of eigenvectors (currents) in columns, and Λ is the diagonal
matrix of eigenvalues. Due to the reciprocity [15], the impedance matrix is complex
symmetric. Thus, X and R are real symmetric. In addition, the weight matrix is
also positive definite since the object radiates always some power.

Theorem 7.6.4 in [18] gives the proof for orthogonality. If X and R are Hermitian,
and if R is positive definite, there is a non-singular matrix Γ such that

ΓHRΓ = I (85)
ΓHXΓ = Λ. (86)

Here, I is an identity matrix and Λ consists of real values.
Note that R is always positive definite for an open PEC surface. However, this

is not true in the case of a closed surface since there can exist internal resonances.
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VIE formulation The similar deduction can be conducted for a lossless dielectric
structure if the VIE formulation presented in Section 2.2.2 is considered: the for-
mulation similarly consists of real symmetric operators, and the weight operator is
positive definite.

However, if the material is lossy, the real part of the VIO describes both radiation
power and losses. In the first VIE formulation (47), the weight operator describes
radiation power via a quadratic form. Then the losses create an imaginary part
on the left-side-operator of the GEP, constructing a complex symmetric operator.
Therefore, the same orthogonality properties are not necessarily fulfilled as in the
lossless case. Nevertheless, the eigenvectors are complex orthogonal with respect
to weight operators, but this property has no physical meaning since the power
quantities are expressed via the quadratic forms, where complex conjugation is
done. In [4], Harrington et al. state that complex orthogonality leads to orthogonal
far-fields, but no justification has been given.

In the presence of losses, the generalized eigenvalue equation contains effectively
three operators: the weight operator describing radiation power and the left-hand-side
operator that describes both reactive and dissipation power. All three operators
should be diagonalized if perfect orthogonality with respect to all operators is desired.
However, this is perhaps impossible to obtain. Instead of diagonalizing all three
operators, it may be possible to obtain eigenvectors that diagonalize only the weight
operator (resulting in orthogonal far-fields), and diagonalize the impedance operator
in the complex sense [18, Theorem 7.6.5]. However, current formulations cannot
accomplish this kind of diagonalization.

Harrington et al. introduced also a second VIE formulation in [4]. In that
formulation, the weight operator included also the operator describing losses. There-
fore, both sides of the generalized eigenvalue equation are real symmetric. Since
dissipation and radiation powers are always positive, the weight operator is also
positive definite. These properties ensure orthogonal eigenvectors, with respect to
operators (XV + XM ) and (RV + RM ). However, the orthogonality is not fulfilled in
the sense of far-fields as shown in Eq. (51). This formulation gives real eigenvalues
and -vectors, and diagonalizes perfectly the impedance matrix. Orthogonality of
far-fields and applicability of this formulation is further studied in [27].

PMCHWT-SIE formulation PMCHWT-SIE formulation presented in Section
2.2.4 is asymmetric and no orthogonality property can be deduced based on symme-
try. However, in [5], the generalized eigenvalue equation has been modified into a
symmetric form (55). If a similar symmetrization procedure is applied for the recent
PMCHWT formulation in [9], the resulting weight operator is real symmetric, but the
left-hand-side of the GEP remains still complex symmetric. Therefore, only complex
orthogonality can be taken for granted based on the mathematical properties of the
formulation. Nevertheless, the formulation describes the same physical problem as
the VIE formulation, and it can be shown that the far-field orthogonality is fulfilled
in a lossless case.

For the lossy case, the situation is similar to the VIE formulation. Only complex
orthogonality can be obtained based on the mathematical properties of the operators.
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2.4.3 Numerical experiments on orthogonality

In this section, numerical experiments are done in order to verify the orthogonality
properties in different conditions. The experiments are done for far-fields (i.e. electric
fields far away from the antenna) and the operators of the formulation. Only dielectric
objects are considered since the TCM for perfectly conducting bodies is already
extensively studied. Symmetric and asymmetric PMCHWT formulations are used.

Test object The generalized eigenvalue equation is solved for a dielectric object,
whose dimensions are shown in Fig. 14. All dimensions are intentionally different
in order to decrease the symmetry. The surface of the object is meshed into 824
triangles, comprised of 1236 RWG basis functions.

-60
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z 
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m
)

y (mm)

 60

  0  50

x (mm)

  0
-75 -50

Lenght 150 mm
Width 100 mm
Height 120 mm

Relative permittivity 2 − j0.5
Effective conductivity 0.0417 S/m

Frequency 1.5 GHz

Figure 14: Test object and its parameters.

The complex permittivity of the object is defined

ϵ = ϵ′ − jϵ′′ = ϵ0(ϵ′
r − jϵ′′

r) = ϵ0ϵ
′
r − j

σeff

ω
, (87)

where ϵr is relative permittivity, σeff effective conductivity, and ω = 2πf angular
frequency. Prime and double prime denote the real and imaginary parts of ϵ,
respectively. In all cases, ϵr = 2 and f = 1.5 GHz. For lossless body, ϵ′′

r = 0, and for
lossy body, ϵ′′

r = 0.5.

Orthogonality in the case of lossless body As stated in Section 2.2.2, VIE
formulation clearly satisfies the mathematical requirements for far-field orthogonality.
However, with PMCHWT-SIE formulation, it is not as obvious. Because the SIE
formulation describes the same physical problem, the orthogonality should be satisfied
with respect to far-fields and the weight operator. This can be verified from Fig.
15: the M-orthogonality is perfect for asymmetric and symmetric formulations.
In addition, corresponding far-fields are orthogonal when the envelope correlation
coefficient (83) is calculated.

The far-field orthogonality is not the only orthogonality relation of the charac-
teristic modes. The eigencurrents should also be orthogonal with respect to the
surface integral operator L. If the eigencurrents are both M- and L-orthogonal, the
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(d) ECC, symmetric PMCHWT

Figure 15: Orthogonality of the eigencurrents in lossless case. (a) and (c) depicts
the orthogonality with respect to the asymmetric and symmetric weight operators.
In (b) and (c), the orthogonality is computed based on ECC defined in (83).
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Figure 16: Orthogonality of the eigencurrents in lossless case, with respect to (a)
asymmetric SIO and (b) symmetric SIO. The currents are normalized such that the
magnitude at the diagonal is 1.
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eigencurrents are orthogonal with respect to radiation power and reactive power.
The orthogonality can be verified from Fig. 16. The eigencurrents are re-normalized
according to inner product ⟨F ∗

n , L[Fn]⟩ for better illustration.

Orthogonality in the case of lossy bodies In the lossy case, it is impossible to
formulate a VIE-based eigenvalue problem such that the weight operator describes
only radiating power and both sides of the equation are real symmetric. In the first
VIE formulation (47), the weight operator is real symmetric and the left-hand side
operator is complex symmetric. As a result, eigenvectors and -values are necessarily
complex. In [4] Harrington et al. postulate that the complex orthogonality, which
is a mathematical fact, leads to orthogonal far-fields. However, no proof for this is
given. The later research (e.g. [8], [36]) on this field is partly based on this statement.

Let us study the orthogonality relations with the corresponding PMCHWT-SIE
formulation. Figure 17 shows numerically computed orthogonality with respect
to weight operator for symmetric and asymmetric formulations. In addition, the
envelope correlation coefficients are shown. Clearly, the orthogonality is not satisfied
in any cases. Nevertheless, the comparison shows that the M-orthogonality defines
also the far-field orthogonality, despite the non-symmetry of the weight operator.
Note that due to the definition of the ECC (83), the non-orthogonality is not as
clearly visible as in the case of the inner product.

For comparison, the complex orthogonality of the eigencurrents is also computed.
Complex orthogonality means that the inner product is evaluated without complex
conjugation. Figure 18 shows that the complex orthogonality is satisfied in the case of
symmetric formulation, as can be assumed from the corresponding VIE formulation.
Unfortunately, the complex orthogonality is only a mathematical detail, and it has
not any known beneficial physical interpretation. However, the result shows that the
PMCHWT-SIE formulation indeed has the same properties as the corresponding
VIE formulation, despite different operators.

Lastly, the orthogonality with respect to surface integral operator L and dissipation
operator D is studied. Let us define the dissipation operator by

D =
[︄
Re(η2γtT2) −jIm(γtK2)
jIm(γtK2) Re(1/η2γtT2),

]︄
(88)

which is otherwise similar to weight operator M, but evaluated in domain 2. If all
power quantities are desired to be orthogonal, all three operators, M, D, and L,
should be diagonalized. In Figure 19, these relations are computed. Clearly, the
orthogonality with respect to these operators is not satisfied. The results suggest
that the non-orthogonality is mainly caused by losses that are also included in L. An
interesting observation is also that the results of inner products are not symmetric
as they were in the case of the weight operator.

As mentioned before, orthogonality is the fundamental property of the CMs. If
the orthogonality is not preserved, it is possible, for example, that a superposition of
modes provides higher radiation efficiency than any single mode alone. In the lossy
case, three operators should be diagonalized simultaneously, i.e., reactance, loss, and
radiation operators. Even though all of them are real and symmetric (at least in
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the case of VIE formulation), the generalized eigenvalue equation cannot diagonalize
them all in existing formulations.

Nevertheless, two of them can be diagonalized also in the case of lossy dielectric
material. In the next chapter, only radiation and dissipation operators are diago-
nalized such that the resulting eigencurrents are orthogonal with respect to these
operators. These modes are called radiation modes.
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Figure 17: Orthogonality of the eigencurrents in lossy case. (a) and (c) depicts
the orthogonality with respect to the weight operator of asymmetric and symmetric
formulations. In (b) and (c), the orthogonality is calculated based on ECC defined
in (83).
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(b) Complex ECC

Figure 18: Complex orthogonality of the modal currents. (a) Inner product with
respect to the weight operator and (b) complex ECC.
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Figure 19: Orthogonality of the eigencurrents in the lossy case with respect to SIO L
(a, c) and dissipation operator D (b, d). The eigencurrents are normalized such that
the magnitude at the diagonal is one.
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3 Radiation Modes
In TCM for lossless bodies, the eigenvalue problem is formulated such that the most
significant modes are both far-field orthogonal and most resonant. Therefore, the
theory is most applicable in finding well-radiating self-resonant modes, and their
combinations. Sometimes other properties of the antenna are more important than
self-resonance. For this need, several other eigenvalue equations can be formulated
in order to find optimal current distributions, for example, in the sense of radiation
efficiency or Q-factor. The most relevant alternative basis from the radiation efficiency
point of view is the radiation modes.

The radiation modes have previously been studied in [37], where an ordinary
eigenvalue equation was constructed using the radiation operator of a PEC structure.
The purpose was to obtain modes that contribute to the radiation. In [38], the
radiation modes were computed for lossy conducting material by constructing a GEP
with both radiation and dissipation operators. In this way, the resultant eigensolution
would identify the modes with the best radiation efficiency.

In this chapter, the formulation of radiation modes is given and it is extended for
dielectric bodies for the first time.

3.1 Formulation
For lossy structures, the eigenvalue equation can be formed with dissipation operator
D and radiation operator M:

D[Fn] = ϱnM[Fn]. (89)
In this formulation, the eigenvalue describes the ratio of dissipated and radiated
power:

ϱn = P diss
n

P rad
n

(90)

Both operators are positive definite and can be made real symmetric, and therefore,
eigenvalues and -vectors are real. Moreover, far-fields are orthogonal. The radiation
mode with the smallest eigenvalue corresponds to the current distribution with the
smallest possible losses, i.e., the radiation modes reveal the global maximum of
radiation efficiency. This property might be exploited in optimization.

Using the physical interpretation of the eigenvalue, the modal efficiency can be
defined for radiation modes:

ηr
n = 1

1 + ϱn

. (91)

In previous studies (e.g. [38]), the radiation modes have been applied for resistive
conducting structures. In addition, the GEP has been constructed vice versa such
that the weight operator describes losses. This thesis extends radiation modes to
dielectric structures for the first time. For this purpose, appropriate dissipation and
radiation operators should be defined. We use the radiation operator M defined in
Eq. (56) and dissipation operator D defined in Eq. (88) to construct the eigenvalue
equation.



43

Even though the radiation modes have a formally similar formulation to the
characteristic modes, the physical properties of the modes are very different. The
radiation modes diagonalize the radiation and dissipation operators, but neither the
reactance operator nor full SIO is present in the eigenvalue equation. Therefore, the
reactive power does not affect the eigensolution, and the SIO cannot be diagonalized.
This can cause current distributions with high reactive power. Since reactive modes
are difficult to excite, the resulting best modes might have small expansion coefficients.
The aforementioned properties mean that the eigensolution does not describe the
natural radiation properties of the structure as well as the characteristic modes. In
other words, there is no such property that only a few modes could characterize the
structure, but numerous modes are needed. This significantly reduces the applicability
of the radiation modes.

3.2 Example of radiation modes
In this example, the dielectric block of the previous example is analyzed using
radiation modes. Note that now the modes diagonalize only the radiation and
dissipation matrices, i.e., it does not take the reactive power into account by any
means. Due to the perfect diagonalization, far-fields of the modes are orthogonal.
The current distributions of the first four modes can be seen in Figure 20.

The surface current distributions have some similarities compared to the CMs.
The most significant difference is that the current is typically more widely spread,
thus preventing hot spots with high current or charge densities. Since the losses in
dielectric material are proportional to the square of electric field strength, the hot
spots should be avoided in order to improve the radiation efficiency. The similarity
with the characteristic modes emphasizes the fact that simple, low-order modes are
often also the most efficient.

The eigenvalues of the modes are physically related to the ratio of dissipated and
radiated power, and the radiation efficiency of the mode can be calculated from it.
Table 2 shows the smallest eigenvalues and corresponding radiation efficiencies. The
efficiencies are surprisingly high, remembering that the dielectric block is rather lossy.
Therefore, the radiation modes do not predict the realistic radiation efficiency, but
rather give information on desired current distributions of the dielectric block.

Table 2: The smallest eigenvalues of the radiation modes and corresponding modal
efficiencies.

Mode index Eigenvalue Corresponding modal efficiency
1 0.076 0.93
2 0.088 0.92
3 0.21 0.82
4 0.32 0.76
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(a) Mode 1 (b) Mode 2

(c) Mode 3 (d) Mode 4

Figure 20: Equivalent surface current distributions of the most efficient radiation
modes at 900 MHz.

(a) Mode 1 (b) Mode 2 (c) Mode 3 (d) Mode 4

Figure 21: Far-field patterns of the most efficient radiation modes at 900 MHz.

Orthogonality of eigencurrents with respect to operators M and D is an important
property of radiation modes. It ensures that the radiation and dissipation powers
of the modes can be treated independently. It also ensures that the best mode has
actually the best possible radiation efficiency. Therefore, the orthogonality properties
are verified numerically, and the results are shown in Fig. 22.
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Figure 22: Orthogonality of the radiation modes at 900 MHz.
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4 Estimating Radiation Efficiency using Charac-
teristic Modes

Let us consider a PEC antenna in the proximity of a lossy dielectric object. The modal
efficiency defined in Eq. (74) describes the radiation efficiency of that particular
mode. However, in a realistic case, it is possible to control the excitation only on the
PEC surface. Therefore, the pure excitation of only one mode is impossible since the
excitation of the dielectric part cannot be controlled. Instead, the excited current
on the PEC surface couples to multiple modes, and the radiation properties of that
PEC current are a superposition of these modes.

Because of the coupling to numerous modes, the modal efficiencies of single modes
do not describe the realistic radiation efficiency of some PEC current distribution.
Nevertheless, the CMs can still be used to analyze and estimate radiation efficiency.
To do this, we should know what modes the PEC current excites and what are the
corresponding expansion coefficients.

In this chapter, the expansion coefficients and radiation efficiency of arbitrary
current distribution are derived. The aim of this procedure is to show, how the
current on the PEC surface couples to different modes and how these modes affect
the radiation efficiency. The method is also compared to the radiation efficiency
computed by commercial simulator software.

To estimate the radiation efficiency based on modal solution, let us make two
assumptions:

1. The structure is electrically small

2. Losses are low

The first assumption guarantees that only a few modes are enough to characterize
the structure. The number of significant modes should be small since numerically
computed high order modes are inaccurate. In addition, the error in the estimated
radiation efficiency caused by non-orthogonality accumulates when the number of
significant modes increases.

The second assumption guarantees that the operators are diagonalized well enough.
High losses tend to increase non-orthogonality.

Because of these assumptions, the radiation efficiency is an estimate. Nevertheless,
this procedure helps to define the modes that couple to specified current distribution
and gives valuable information on the radiation and dissipation properties of the
structure.



47

4.1 Radiation efficiency and coupling to other modes
By definition, the radiation efficiency is

ηrad = P rad

P rad + P diss
, (92)

whose terms can be expressed with radiation and dissipation operators defined in
(56) and (71):

ηrad = −⟨F ∗, M[F ]⟩
−⟨F ∗, M[F ]⟩ + 1

2⟨F ∗, RS[F ]⟩ . (93)

Computation of radiation efficiency can be even simpler if orthogonality relations
with respect to radiation and dissipation operator are assumed. If currents are
normalized with respect to radiated power, the total radiation power is approximately

P rad = −1
2⟨F ∗, M[F ]⟩ ≈ −1

2

N∑︂
n=1

N∑︂
m=1

⟨(αnFn)∗, M[αmFm]⟩ ≈ −1
2

N∑︂
n=1

α∗
nαn. (94)

And the total true power

P rad + P diss = − 1
2ηrad

⟨F ∗, M[F ]⟩ ≈ −1
2

N∑︂
n=1

α∗
nαn/ηn, (95)

where ηrad is the radiation efficiency and ηn modal efficiency. Using the definition
(92), the radiation efficiency is

ηrad ≈
∑︁N

n=1 α∗
nαn∑︁N

n=1 α∗
nαn/ηn

. (96)

In other words, radiation efficiency can be estimated based on the modal solution if
expansion coefficients are known. They can be computed using the method described
in previous chapters if the incident field (i.e. excitation) is known. This is the case,
for example, with defined feeding ports and delta-gap excitation.

One might also consider the radiation efficiency of some predefined current
distribution on the PEC surface or another restricted area. For example, the radiation
efficiency of the modal current on the PEC surface would be important to know if
the antenna is designed using CMA. If the current is given only at single feed points,
the excitation field can be solved from the port impedance matrix. If the current is
known on the whole PEC structure, one should define the impedance operator for
only the PEC part of the structure. Note that this operator differs from the SIO of
the combined structure and the SIO of the PEC structure.

Let us next define the impedance operator for PEC structure only. At the starting
point, the SIO for the whole structure is defined:

L[F ] = −Ginc. (97)
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This equation is usually applied such that the excitation is given, and the corre-
sponding currents are solved. The excitation can be confined only for certain areas
of the structure by forcing it zero elsewhere. The same is not meaningful in the other
direction since the current cannot be left undefined in any areas of the structure. If
we want to obtain an incident field on the PEC surface that creates a predefined
current on the same surface, the SIO should be modified to correspond only to the
PEC part of the structure. Let us define a new operator describing the relation of
PEC current and incident electric field on the PEC surface:

Zsub[JC ] = −Einc
C . (98)

With this operator, the expansion coefficients for predefined PEC current JC are

αn = ⟨F a∗
n , Zsub[JC ]⟩
1 + jλn

. (99)

In the next section, this method is formulated numerically with matrices.

4.2 Matrix representation
In this section, the method introduced shortly in the previous section is developed in
more detail for PMCHWT-SIE formulation. Let us use matrix equation

LF = −b, (100)

where b is the excitation vector and F is the current vector. L is the method of
moments matrix of the whole structure.

Now, current F of the whole structure can be expressed as a weighted sum of
modal currents

F = Γα, (101)

where Γ = [F1, F2, . . . , FN] is the matrix of the characteristic currents and α is
the vector of modal expansion coefficients. Then, for given excitation b, the modal
expansion coefficients are

α = −(LΓ)−1b. (102)

Alternatively, Equation (65) can be used.
If the expansion coefficients are calculated for predefined PEC current JC , the

corresponding excitation vector bC is needed. This can be computed using a new
impedance matrix Zsub corresponding to Zsub in Eq. (98).

Let us now derive Zsub from the full MoM matrix L. The current response Γ̃ for
unity excitation at every interior edge of the PEC surface is

Γ̃ = −L−1b̃, (103)

where
b̃ =

[︄
I
0

]︄
. (104)
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Here, I is M × M identity matrix and 0 is N × M zero matrix. M is the number of
basis functions of the PEC part and N is twice the number of basis functions of the
dielectric part (if PMCHWT formulation is used).

Next, recall the definition of the elements in the MoM admittance matrix:

ynm = fn

bm

, (105)

where fn is the RWG coefficient (surface current) at edge n and bm is the excitation
at edge m. Elsewhere, the excitation is zero. Since the excitation in Eq. (103) is 1
for every edge separately, the admittance matrix Ysub for the PEC part is directly
the current response of the PEC part, i.e.,

Γ̃ =
[︄
Γ̃C

Γ̃D

]︄
with Γ̃C = Ysub. (106)

Here, subscripts C and D denote PEC and dielectric parts, respectively. The
admittance matrix is now inconveniently inside Γ̃. However, Ysub can be easily
extracted by computing

Ysub = b̃TL−1b̃, (107)

where superscript T denotes transpose. The impedance matrix is the inverse of Ysub,
i.e.,

Zsub = Y−1
sub. (108)

This procedure is rather similar to the computation of the port impedance matrix
from the given MoM matrix L [33], [39]. However, the computation is done for MoM
excitations, not port voltages.

The excitation vector for the predefined PEC current is then

bC = −ZsubJC . (109)

Note that this excitation vector has only M elements. Now the expansion coefficients
for the PEC current JC are

α = −(LΓ)−1
[︄
bC

0

]︄
. (110)

This equation can be used to investigate the similarities of PEC modal currents. For
example, some modal current of the PEC part can be used as an excitation, and
then the expansion coefficients indicate the modes that are excited by the given
current. Usually, the modes having a large expansion coefficient have also a similar
PEC current distribution.

The radiation efficiency that is expressed by power operators, is now

ηrad = −FHMF
−FHMF + 1

2FHRSF
, (111)
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where M and RS are discretized radiation and loss power operators defined in (56)
and (72). Current F can be solved using MoM matrix with excitation bC = −ZsubJC ,
or using the modal expansion.

The radiation efficiency can also be estimated using modal expansion coefficients.
If orthogonality with respect to radiation and dissipation operators is assumed, the
radiation efficiency is approximately

ηrad ≈ αHα

αHη−1α
, (112)

where η is the diagonal matrix of modal efficiencies.
Due to the limited accuracy of numerical computation, only the most significant

modes can be taken into account. In addition, possible non-orthogonality can change
the results. Therefore, the estimated radiation efficiencies should be used only in
comparative analyses.

4.3 Verification of the method: discretized antenna
In this example, a PEC plate is discretized into four parts, and the antenna is excited
with eight feeding ports. The antenna has the same outer dimensions as in previous
examples. The antenna lays above a dielectric brick, whose relative permittivity and
conductivity are ϵr = 30 and σeff = 0.6, corresponding to the material properties of
human tissue at 900 MHz [34]. The whole structure is illustrated in Fig. 23.

The purpose was not to create a realizable antenna, but only to demonstrate the
characteristic modes and calculate their radiation efficiencies. The discretization and
multiple ports allow creating a controlled current distribution on the PEC plate.

Table 3: Dimensions of the test structure.

Parameter Dimension (mm)
Dielectric brick height 30
Dielectric brick width 100
Dielectric brick length 170

Antenna width 68
Antenna length 136

Gap between elements 1
Gap between the antenna and dielectric brick 5

4.3.1 Modal analysis

CMA is first done at a frequency range of 500 . . . 1000 MHz, with a step size of 10
MHz. The small step size is crucial in order to ensure correct mode tracking.

Modal significance, efficiency, and coupling are illustrated in Figure 24. The
modal significance and efficiency show that modes 1 and 2 are the most desirable.
Also, mode 4 has a quite good modal efficiency, but its significance is low, implying



51

(a)
(b)

Figure 23: Simulation models of the discretized antenna. (a) Computation mesh
used in CMA and (b) CST model.

that it cannot be easily excited. The modal coupling shows that the current of
mode 2 is more concentrated in the dielectric part than mode 1. Often modes with
high modal efficiency have also a low modal coupling. This rule of thumb is mainly
followed also in this example, but mode 5 is an exception: it has very low modal
coupling, but quite moderate modal efficiency. The surface currents of the six most
significant modes are shown in Figure 28.

Now we know the modal currents of each mode at feeding ports. In order to
compute the corresponding 8 × 1 excitation vector, which induces given currents,
the method described in Chapter 4 is used. This excitation vector is then used
to compute the expansion coefficients for each modal current. In Figure 25, the
expansion coefficients of the first mode are shown. When the first modal current is
predefined only at feeding ports, it couples to the first, fifth, and ninth modes.

The same procedure is applied for other modal currents. Then, the modal
expansion coefficients of the 30 most significant modes are used to estimate the
real radiation efficiency with the method of Chapter 4. The estimated radiation
efficiencies at 600 MHz are shown in Fig. 26. In the same figure, also the radiation
efficiencies with the same excitation computed by CST Studio Suite [40] are shown.
The estimated efficiencies are well in line with the full-wave simulation results.

Some important remarks can be drawn from this analysis: The modal efficiency
cannot always predict the radiation efficiency if the current is controlled only on a
restricted area. This is obvious if modes 1 and 5 are compared: the modal efficiency
is very different but the radiation efficiency is almost the same. Secondly, the results
show that the longitudinal mode (mode 1) is the most efficient. In general, the
higher-order modes have lower radiation efficiency.

In Figure 27, the inner product ⟨F ∗
m, M[Fn]⟩ is illustrated. The figure shows that

the modal solution is approximately orthogonal with respect to the weight operator.
This guarantees a quite reliable estimate for radiation efficiency.
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Figure 24: Modal parameters of the discretized antenna. (a) Modal significance, (b)
modal efficiency, and (c) modal coupling.
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Figure 28: Equivalent surface currents of the most significant modes at 600 MHz.
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4.3.2 Error sources

When estimating the radiation efficiency, the accuracy of the modal solution is
important. However, it is difficult to assess the quality of modes. In this case, the
used characteristic modes were selected using the following criteria:

1. The modes are sorted according to absolute eigenvalue in ascending order

2. Only modes, whose magnitude of the eigenvalue is below 105, are selected. In
this case, the most significant 30 modes were selected.

Figure 29a presents the magnitude of the eigenvalue as a function of frequency and
mode number, and Fig. 29b illustrates the magnitude at 600 MHz. Some remarks
can be made from the figures: the eigenvalue saturates near |λ| = 106. This is caused
by the limitations of numerical computation. On this basis, only 30 . . . 40 modes
are accurate enough to be used in further computation. In addition, the number
of accurate eigenvalues increases as the frequency increases. The reason for this is
that the radiating structure is electrically larger, and it supports a larger number of
significant modes.

One might consider whether the absolute eigenvalue is the right parameter to
sort and select the modes. If the modes are selected in this way, some important
lossy modes might be ignored. Therefore, it would be more natural to sort and select
the modes according to the real part of the eigenvalue. However, from the numerical
accuracy point of view, the absolute value determines whether the eigensolution is
accurate.
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Figure 29: Magnitude of the eigenvalue: (a) As a function of frequency and mode
number in logarithmic scale, (b) at 600 MHz.
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5 Case Study: Smartwatch
The antenna design for smartwatches is challenging since the device is small and
is meant to be used near human tissue. As a result, good radiation efficiency can
be difficult to achieve. The smartwatch example is fruitful from the aspect of the
CMs since the position of the watch remains stable with respect to the wrist. This
allows studying, to which dielectric modes the watch couples, and how they affect
the radiation performance.

This example can be divided into three parts. First, the characteristic and
radiation modes of a lossy, dielectric wrist are analyzed. Then, three different
antenna structures are placed on the wrist, and the combined structures are analyzed
with TCM. The radiation efficiency of each structure is estimated using the method
of Chapter 4. Finally, the best PEC current distributions are excited with appropriate
feeds and coupling elements in CST Studio Suite [40], and the radiation efficiencies
are compared to the modal analysis.

The example is partly based on the work presented in [41] and [11]. However,
in [41], the TCM was applied in order to obtain a good MIMO performance, and
no wrist was used in the analysis. In [11], only the CMs of the combined structure
were investigated, but the excitation of the modes was not studied. This case study
concentrates on radiation efficiency and shows, how the CMs can be used to improve
it.

Let us first analyze the CMs of a bare dielectric wrist. Then a few alternative
antenna structures are compared based on the modal analysis.

5.1 Wrist
First, the modal analysis was conducted on the dielectric wrist model, whose dimen-
sions and parameters are shown in Figure 30 and Table 4. The dielectric material
has material properties of the human wrist at 2.4 GHz [34].

Table 4: Parameters of the wrist model.

Length 100 mm
Height 38 mm

Fillet radius 19 mm
Width 60 mm

Relative permittivity 25.7
Effective conductivity 1.32 S/m

The modal significance and efficiency of the most important modes are shown
in Fig. 31. Clearly, the first mode is the most significant and efficient. Figure 32
shows that the first mode is a dipole-like longitudinal mode, and the current is quite
widely distributed. In general, widely-spread and one-directional current modes tend
to be well radiating since there are fewer hot-spots causing losses. Other modes are
also quite significant due to the large electrical size of the structure.
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(a)
(b)

Figure 30: (a) Dimensions and (b) meshing.

In Table 5, also eigenvalues and corresponding radiation efficiencies of the most
efficient radiation modes are presented. As mentioned in Chapter 3, the best radiation
mode reveals the theoretical maximum for radiation efficiency. The modes can be
difficult to excite, but they give information of desired current distributions. In
Figure 33, the first four radiation modes are illustrated. In this case, the best modes
are either electric or magnetic dipole modes. The first mode can be difficult to excite
since it is a current loop (magnetic dipole). Nevertheless, the second mode is nearly
as efficient, and the current distribution is easier to excite.
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Figure 31: (a) The modal significance and (b) modal efficiency of CMs of the dielectric
wrist.

Table 5: Eigenvalues and modal efficiencies of the most efficient radiation modes.

Mode index Eigenvalue Modal efficiency
1 0.11 0.90
2 0.11 0.90
3 0.17 0.85
4 0.18 0.85
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(a) Mode 1 (b) Mode 2

(c) Mode 3 (d) Mode 4

Figure 32: Equivalent surface currents of the CMs at 2.45 GHz.

(a) Mode 1 (b) Mode 2

(c) Mode 3 (d) Mode 4

Figure 33: Equivalent surface currents of the radiation modes at 2.45 GHz.
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5.2 Alternative antenna structures
In this section, possible antenna structures for a smartwatch are analyzed using
characteristic modes and the methods described in Chapter 4.

Circular smartwatch with rim Most smartwatches on the market have a circular
or rounded rectangular shape. In this case, a circular smartwatch above a dielectric
wrist is analyzed. The smartwatch consists of a metallic, unbroken rim, and a ground
plane. In smartwatches, the screen usually forms the primary ground plane of the
device, but also circuit board or metallic back cover can act as a ground plane. In
this case, the ground plane is located in the place of the screen. The structure is
illustrated in Fig. 34.
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Figure 34: Structure, meshing, and dimensions of the combined structure.

Figure 35 shows the modal significance and efficiency of the combined structure.
When comparing the modal parameters of the bare wrist and combined structure,
no significant difference can be seen. The dielectric part is electrically much larger,
and it dominates the modal solution. Nevertheless, the modal coupling parameter
shows that the 1st, 3rd, 6th, and 7th modes are PEC-dominant modes, i.e., they
have dominating PEC current.

Figure 38 illustrates the first most significant modal currents. The first and
third modes are longitudinal and transverse dipole modes, respectively. They are
fundamental resonant modes supported by the structure. Other PEC-dominant
modes are similar to these modes, but their current distribution in the dielectric part
is different. The similarity of PEC currents can be observed from Fig. 36. In that
figure, the relative modal expansion coefficients are calculated such that the PEC
currents of modes 1 and 3 are impressed only on the PEC surface, as described in
Chapter 4. This procedure is applicable for general antenna structures without any
feeding arrangement. As a result, the modes with similar PEC current have a high
expansion coefficient.

In Fig. 37, the radiation efficiency of PEC currents is estimated based on Eq.
(96). Sixty modes are used in the estimation. The rim modes are clearly the most
efficient, and there is no significant difference between longitudinal and transverse
rim modes (modes 1 and 3). Nevertheless, the longitudinal rim modes seem to have
little better radiation efficiency. Other PEC-dominant modes than these two modes
cannot be easily excited.
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Figure 35: (a) The modal significance, (b) modal efficiency, and (c) modal coupling
of the combined structure.
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Figure 38: Equivalent electric surface currents of CMs at 2.45 GHz.
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Dipole antenna Instead of an internal antenna, the antenna of the smartwatch
can be included in the strap (e.g. [42]). This allows using a dipole-like antenna,
or even monopoles on both sides of the body. This kind of smartwatch, however,
needs a solid strap or otherwise ensured connection to the antenna element. In this
case, a dipole-type antenna is constructed by adding two strips on both sides of
the dial. The structure is effectively a half-wave dipole, see Fig. 39. The circular
ground plane has a radius of 18 mm, and the dipole strips are 20 mm long and
1 mm wide. Again, the gap between the ground plane and the dielectric wrist is
2 mm. The antenna is resonant approximately at 2.4 – 2.5 GHz.

Figure 39: Structure and meshing of the dipole antenna.

The results of the modal analysis are shown in Fig. 40. Again, the dielectric
wrist dominates the results, and they do not differ significantly from previous results.
Nevertheless, the modal coupling shows that the third mode has a current distribution
dominated by the PEC part. From surface current distributions in Fig. 43, it can be
confirmed that this mode is indeed the fundamental mode supported by the antenna
structure. Also, the current distribution of the fourth mode is strong on the PEC
part. However, this mode is a full-wave dipole, and not as easily excitable.

Also, in this case, the third mode is not the only mode that has a dipole-like current
distribution on the PEC part. Figure 42 shows the modal expansion coefficients
when the PEC current of mode 3 is excited on the PEC part. It can be seen that
numerous modes are excited, i.e., they have a similar PEC current as mode 3.

The estimates of the radiation efficiency of the first sixty modes are shown in
Figure 41. The third mode, which is the fundamental mode supported by the PEC
part, seems to have rather good radiation efficiency.
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Figure 40: Modal parameters of the dipole. (a) Modal significance, (b) modal
efficiency, and (c) modal coupling.
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Figure 41: Estimated radiation effi-
ciency when the current corresponding
to the mode number is impressed on
the PEC surface.
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(a) Mode 1 (b) Mode 2

(c) Mode 3 (d) Mode 4

Figure 43: Equivalent electric surface currents of CMs at 2.45 GHz.
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Longitudinal dipole antenna For comparison, the structure similar to the previ-
ous case was analyzed such that the dipole was rotated 90 degrees. The longitudinal
dipole would couple better to the best dielectric mode. However, this kind of antenna
is not realizable for smartwatch purposes due to the inappropriate position of the
antenna strips.

The modal analysis does not show any significant difference compared to the
previous case since the dielectric wrist dominated the analysis. However, Fig. 48
shows that the dominant PEC mode couples now to the dominant dielectric mode.
This effect is shown also in the modal coupling parameter: the first mode is dominated
by the PEC part but the coupling factor is still larger than that of mode 3 in the
previous case.

In Figure 47, the modal expansion coefficients are computed when the PEC
current of mode 1 is excited. There are fewer similar modes than in the previous
case, and the similar modes are also more efficient. This would suggest that the
longitudinal dipole has better radiation efficiency. This can be confirmed from Fig.
46, where the radiation efficiencies are estimated based on the modal solution. The
results show that the fundamental PEC mode (mode 1) in this case has a better
radiation efficiency than the third mode in the previous case. In other words, the
longitudinal dipole would be better in the sense of radiation efficiency.

Figure 44: Structure and meshing of the longitudinal dipole antenna.
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Figure 45: Modal parameters of the longitudinal dipole. (a) Modal significance, (b)
modal efficiency, and (c) modal coupling.
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Figure 46: Estimated radiation effi-
ciency when the current corresponding
to the mode number is impressed on
the PEC surface.
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(a) Mode 1 (b) Mode 2

(c) Mode 3 (d) Mode 4

Figure 48: Equivalent electric surface currents of CMs at 2.45 GHz.



67

5.3 Comparison with full-wave simulations
In this section, the results based on the modal analysis are compared to full-wave
simulations. Simulation models are shown in Fig. 49. In order to excite similar
currents on the antenna as the most efficient modal currents, appropriate feeds and
coupling elements were designed. For circular rim antenna, a similar capacitive
coupling element as in [41] was designed. Two locations for the element were
investigated; one that couples to transverse mode and the other that couples to
the longitudinal mode. The antenna structure that excites the transverse mode is
illustrated in Fig. 50. For dipole antennas, two feed ports were located between the
strips and the dial. They were fed in phase.

The radiation efficiency of the antennas was simulated by CST Studio Suite
time-domain solver. As Fig. 51 shows, the rim-type radiator is more efficient than
the dipoles. In addition, the feed arrangements that couple to the longitudinal modes
of the wrist are more efficient than those that couple to transverse modes. The modal
analysis in the previous section could identify the best modes in the sense of radiation
efficiency. However, the efficiencies were higher than in full-wave simulations.

Figure 49: CST models of the antennas.

Figure 50: Backside and cross-section of the circular watch. The red cone is the
feeding port.

5.4 Discussion
In this analysis example, the opportunities and challenges of the characteristic mode
analysis were investigated using a case study. In all cases, the modal solution was
dominated by the dielectric structure due to its large electrical size. The PEC parts
above the wrist do not affect significantly the modal solution. The most significant
difference can be seen in surface currents.

The differences in potential radiation efficiency can be more clearly seen if the
efficiencies are estimated based on the method presented in Chapter 4. In these



68

2 2.2 2.4 2.6 2.8 3

Frequency (GHz)

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

R
ad

ia
ti

o
n
 e

ff
ic

ie
n
cy

D1 D2 R1 R2

Figure 51: Radiation efficiency simulated by CST Studio Suite. D1 and D2 are
transverse and longitudinal dipole antennas. R1 and R2 are rim antennas with
transverse and longitudinal excitations.

examples, the radiation efficiency was estimated based on the assumption that only
the current on the PEC surface could be perfectly controlled. The results showed that
the longitudinal dipole modes are, again, the most efficient while the higher-order
modes have more losses. This is in line with the modal analysis of the bare wrist: The
longitudinal CM is the most efficient and significant, and the longitudinal radiation
mode has also very high radiation efficiency.

If the different antenna structures are compared, the circular smartwatch with an
unbroken metallic rim has the best radiation efficiency. The efficiency is probably the
best due to the fact that the current is flowing further from the wrist than in dipole
antennas. Moreover, the narrow dipole strips can cause hot-spots in the dielectric
material, causing losses.

It is important to note that the estimated radiation efficiencies are too high in
these examples. There are several reasons, why the radiation efficiency is so high:

1. In a real case, the current cannot be perfectly controlled on the whole PEC
surface.

2. The large electrical size of the wrist supports numerous significant modes.
There can be a number of modes that are not significant, but (almost) resonant.
In other words, they are lossy, but they are not taken into account in the
estimation.

3. The orthogonality issues of the modes can cause an error in the radiation
efficiency due to the approximation made in Eq. (96). When the number of
significant modes is high, the error accumulates.

Nevertheless, the important note is that the estimation can predict the order of the
modes correctly, as in the case of the discretized antenna in Section 4.3. Still, the
designer should be careful when analyzing the results. It is a good idea to obtain
some inspiration from the CMA, but the performance should always be studied using
full-wave simulations too.
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6 Conclusions
This thesis can be roughly divided into two parts: the first part reviewed the theory
of characteristic modes and evaluated its properties in the case of lossy dielectric
materials. In addition, the radiation modes were briefly introduced for dielectric
structures. The second part introduced a method to evaluate the radiation efficiency
of modes when the controllable current is confined only on the PEC surface. This
method helps to identify well-radiating modes in the sense of radiation efficiency. The
opportunities and challenges of this method, and the characteristic mode analysis,
were investigated with numerical examples.

The thesis showed that the orthogonality relations of the characteristic modes
are not fulfilled if the radiating dielectric object contains losses. This observation
is remarkable since orthogonality has been considered a fundamental part of TCM.
Even though the non-orthogonality of far-fields is quite moderate, the loss of orthog-
onality with respect to surface integral operator and dissipation operator hinders
the exploitation of the modes. Without orthogonality, the reactive, radiation, and
dissipation powers of the modes cannot simply be summed together. In other words,
the cooperative action of the modes should be taken into account. To date, only
two operators have usually been diagonalized simultaneously with the generalized
eigenvalue equation. The appearance of the third operator, the dissipation operator,
makes the diagonalization perhaps impossible. Nevertheless, the diagonalization
with respect to two operators might be achievable but needs further research.

The numerical examples of the characteristic mode analysis showed that the modal
efficiency cannot always predict the radiation efficiency of modal current distribution
on the PEC surface. This happens because the dielectric and PEC modes get mixed:
multiple different modes can have a similar current distribution on the PEC surface.
The modal current is actually different in the dielectric part, but due to a large
number of modes, the effect of every mode cannot be investigated manually. As a
remedy, the thesis introduced a new method to study the radiation efficiency of the
modes, when the controlling current is confined only on the PEC surface, or even
to single feed ports. The results had significant correspondence with the full-wave
simulations conducted in CST Studio Suite. However, the non-orthogonality can
become significant with complicated antenna structures, and the accuracy of results
will deteriorate. In addition, the electrical size of the structure shall be moderate in
order to limit the number of significant modes.

Finally, CMA and developed method for evaluating the radiation efficiency was
applied for a smartwatch structure containing the watch and lossy dielectric wrist.
Three different antenna structures were analyzed: one with an unbroken metallic rim
and two with dipole-like strips in the strap. The modal analysis was then conducted,
and the radiation efficiency of the modes was analyzed. Results were not very
accurate due to the large electrical size of the wrist, but they showed that the modal
analysis can give valuable information on the most efficient current distributions.
Then, the best modes were also excited with feeding structure in CST Studio Suite,
and the results were compared to the modal analysis.
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All in all, the thesis investigated comprehensively the use of the characteristic
modes in the case of lossy dielectric and combined structures. The recent progress in
the theory of characteristic modes has been significant, and many problems in the
theory have been solved. However, the analysis of combined structures is much more
difficult than PEC structures, as the thesis has shown. Therefore, further research
on this field is needed in order to get easily understandable and reasonable results
from the modal analysis.

One possible approach in future research is to formulate a so-called sub-structure
problem for a lossy combined structure. In this formulation, the problem is restricted
only to the PEC part. As a result, only the characteristic currents of the sub-structure
are solved such that the effect of the dielectric part is included in the impedance
operator of the PEC part. This approach would result in modes similar to the modes
of the traditional PEC formulation but under the effect of dielectric body and its
losses. This approach has been previously studied e.g. in [43] and [44]. However, to
the author’s knowledge, the analysis has not been done for lossy structures such that
the reactive and loss power is separated in the eigenvalue.
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