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Default-implied asset correlation plays a critical role in determining regulatory
capital and in measuring credit risk. Modelling correlations between default events
is one of the biggest challenges in credit risk modelling. The Basel committee aims
to strengthen the capital market by specifying the asset correlations for bank
exposures.

The dependence between borrowers in credit risk models is estimated using asset
correlations. The accuracy of these models therefore depends on the precision of
the estimated asset correlations. Asset correlation set by authorities can be overly
conservative for Finnish small and medium-sized enterprises (SMEs). High asset
correlations can lead to overly large credit risk estimates.

In this work we estimate asset correlations between different Finnish SME industry
sectors. The joint default probabilities between borrowers are estimated from
historical default data. The asset correlations between borrowers are calculated
numerically from the joint default probabilities. The effect of asset correlations on
credit risk is simulated using one-factor and multi-factor models.

Our results suggest that larger companies have higher asset correlations. Our
results also suggest that supervisory estimates of asset correlations are overly
conservative for Finnish SMEs. Well-defined industry groups with high mutual
asset correlations were not found, but there exists higher asset correlations between
some industry sectors. However, our grouping of industry sectors may understate
asset correlations. Our simulations show that credit risk is higher for portfolios
with higher asset correlations. The implication to Finnish banks would be to use a
more precise analysis of asset correlations in their risk management.
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Pankkien lakisääteisen pääoman ja luottoriskien määrittäminen perustuu mer-
kittävästi yritystoiminnan maksukyvyttömyystilastoihin sekä niissä esiintyviin
omaisuuserien välisiin korrelaatioihin. Luottoriskimallinnuksen suurin haaste on
ymmärtää nämä korrelaatiot. Pankkitoimintaa valvovan Baselin komitean tavoit-
teena on vahvistaa pääomamarkkinoita määrittelemällä pankkien eri vastuulajien
välisiä korrelaatioita.
Lainansaajien maksuhäiriöiden välisiä riippuvuuksia luottoriskimalleissa arvioidaan
omaisuuserien välisillä korrelaatioilla. Mallien hyvyys riippuu näin ollen korrelaa-
tioiden laskentatarkkuudesta. Viranomaisten asettamat korrelaatiot voivat olla
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Diplomityössä arvioimme korrelaatioita suomalaisen pk-yritystoiminnan eri toi-
mialueiden välillä. Arviomme lainansaajien samanaikaisen maksukyvyttömyyden
todennäköisyyttä historiallisten tilastojen perusteella. Ratkaisemme korrelaatiot lai-
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toimialoihin voi johtaa liian alhaisiin korrelaatioarvoihin. Simulaatiotuloksemme
erilaisille lainasalkuille osoittavat luottoriskin kasvavan omaisuuserien välisten
korrelaatioiden kasvaessa. Suomalaisyrityksiä rahoittavien tulisi käyttää näiden
korrelaatioiden tarkempaa analyysiä riskienhallinnassaan.
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1 Introduction

1.1 Background
Companies share a common playground and dependence on the economic environment.
As a result, the fortunes of individual companies are affected by company-specific
events and general economic conditions. Modelling correlations between default
events is one of the biggest challenges of credit risk modelling [1, 2, 3, 4]. Monitoring
this dependence is essential, especially to understand the correlation between multiple
default events. An obvious reason for evaluating default correlations is that they affect
the distribution of loan portfolio losses. For instance, a bank can have significant
exposures to a group of correlated companies, in other words, to companies that react
in the same way to economic shocks. Thus, understanding the dependence between
default events is crucial for correctly determining exposures and credit risks when
allocating capital for solvency purposes and investigating the effects of systematic
risks.

The correlation between bankruptcies has been studied extensively. For large banks
and portfolio managers, this type of analysis is an essential part of normal portfolio
management. One of the most well-known portfolio analysis tools called RiskFrontier
is provided by Moody’s [5]. One of its key parts is Gcorr, a correlation framework for
large companies. Moody’s tool is excellent and is widely used in the Nordic countries,
but its data is based on listed companies and thus does not necessarily give a good
picture of Finnish companies in the small and medium-sized enterprise (SME) sector.

Default correlations can be estimated by combining default probabilities and asset
correlations [3]. The fundamental idea is that two borrowers default at the same
time when their asset values fall below their obligations at the same time. Higher
asset correlation implies higher joint default probability.

Typically, the relationship between asset correlation and realized default correlation
can be observed in two ways [3]. One known method for examining default-implied
asset correlation is to use observed default data to calculate both single and pair-wise
default probabilities. The asset correlation can then be derived from the pair-
wise default probabilities. Another known method uses asset returns to calculate
default-implied asset correlations.

1.2 Research objective and questions
The objective is to answer the following four research questions.

1. What type of asset correlations exist between different Finnish industry sectors?

Asset correlations play a critical role in determining regulatory capital and measuring
credit risk. It is interesting to measure what types of asset correlations exist in
Finnish SMEs because widely used portfolio tools are typically built using only data
from listed companies. There is a clear lack of studies on asset correlations for Finnish
SMEs.
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2. How does company size affect asset correlations?

The magnitude of asset correlations between different industries can vary. Between
some industries, it may be very large, especially during an economic downturn. Larger
companies are typically more cyclical, whereas smaller tend to follow idiosyncratic
factors [6]. Therefore, studying the effect of company size on asset correlation is very
interesting.

3. How do default probabilities and asset correlations affect portfolio credit risk?

To understand the motives for measuring asset correlations and default probabilities
better, it is interesting to model their effect on portfolio credit risk. It is well known
that higher asset correlations and default probabilities result in higher credit losses.
The Basel credit risk model reflects this relationship. Therefore, risk weight formulae
provided by the Basel committee are used to estimate risk weights and regulatory
capital requirements.

4. Are Basel regulatory capital requirements at the right level for Finnish SMEs?

Banks must hold capital to cover their unexpected losses. However, holding more
capital than necessary is economically inefficient, as freeing capital allows them to
direct resources to profitable investments. The asset correlation function in the Basel
risk weight formula is built around two limit correlations [6]. Thus, it is interesting to
study whether current regulatory capital parameters are inline with asset correlations
and default probabilities present in Finnish SMEs.

1.3 Research design, methodology and scope
1.3.1 Research design and methods

The research consists of the theoretical and empirical part. The literature review is on
the academic research on asset correlation, realized default correlation, and portfolio
credit risk. The aim is to understand the relationship between asset correlations
and realized default correlation, and how these factors affect portfolio credit risk.
Hypotheses have been created from previous findings of the literature on the topic.

In the second part, a quantitative approach has been used to validate the hypotheses.
Finnish consumer information provider, Suomen Asiakastieto Oy, was used as the
main data source. The data consists of the total number of defaults and active
enterprises. The analysis consists of two parts - calculating the default-implied asset
correlation matrix and modelling portfolio credit risk with a multi-factor Merton-type
model using Monte Carlo simulation. The numerical analysis is conducted using the
Python programming language.

1.3.2 Data Sources

Suomen Asiakastieto Oy is one of Finland’s leading providers of consumer information
services. They use data sources from the likes of Trade Register, Statistics Finland,
Tax authorities, and many more. Depending on the external source, data is delivered
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daily, weekly or monthly to Asiakastieto. In this thesis, the number of defaults
and corresponding active companies were acquired from Asiakastieto. Economic
indicators data is retrieved from the databases of Statistics Finland. The initial data
is shown in Appendix A.

1.3.3 Scope and limitations

Due to the huge bond market, the study of default correlations has received plenty of
interest. Still, as far as we know, not much research has been made on default-implied
asset correlations in Finland. Jakubik (2007) [7] has previously examined default
rates in the Finnish economy, but this study did not cover default correlations in
detail. The research results might also be outdated since the employed data is over
the period from 1988 to 2003. The objective of the thesis is to study the level of
asset correlations between different industries and company sizes in Finnish SMEs
and to study further their effects on portfolio credit risk.

The main focus of this study is on the levels of default-implied asset correlations
between companies in different industries and of different sizes. The effects of default
probabilities and asset correlations on portfolio credit risk are discussed to show and
build a better understanding of the importance of their empirical relationship.

We have given an overview of related studies, to ensure the reliability of the theoretical
part. Relevant studies were found by systematically searching for literature using
Google Scholar and relevant journals. Sources of the key findings were found through
the lists of references in the key articles.

In the empirical part of the study, asset correlations were calculated from the data.
The available data has some limitations:

1. Default correlations are estimated using finite historical data of different industry
sectors. The problem with this is that defaults are rare in large highly rated
companies. Thus, there is not time series data from a sufficiently long time
interval to estimate accurately the default correlations.

2. Credit rating classification is not available. For this reason, asset correlations
become averaged inside the used categories that are based on only company
size and industry sectors.

3. Default correlations vary as a function of time stochastically. Historical data
may not reflect on what is happening right now. The relatively short time
interval of the data may also lack information on possible economic cycles.

1.4 Structure
The thesis consists of six chapters. After this introduction, the second chapter covers
the theoretical part of this thesis. The literature review covers the fundamentals of
credit risk practices. The Merton model is studied in depth, which forms the basis for
our study. We look into the Basel II IRB model to understand the motives to study
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the asset correlations between borrowers. We cover the mathematical theory for
estimating the joint default probability of borrowers, which then leads to the default-
implied asset correlation. Finally, single- and multi-factor Merton-type models are
studied. They serve as the basis of the simulations. We form our hypotheses from
the synthesis of the literature review.

In the third chapter, we present a model for modelling asset correlations in Finnish
SME sectors. We begin by conduction the descriptive analysis of our data. We
discuss the computational methods for our model. We then analyse our results for
the asset correlations. We compare them to the asset correlation coefficient in the
Basel II IRB model.

In the fourth chapter, we propose the model for calculating credit risks for loan
portfolios. We finally assess the effects of asset correlations in a credit portfolio. The
final two chapters analyse the validity and reliability of our results and methods and
summarize the findings. The structure of the thesis is visualized in Fig.1.

Figure 1. Structure of the thesis.



5

2 Theory of credit risk management

2.1 Fundamentals of risk management
2.1.1 Financial risk

Banks act as brokers for securities [8, 9], they take short-term deposits and transform
them into credits. Banks are not immune to risks and are exposed to a variety of
different risks. Their goal is to trade financial products and price them according to
the risk characteristics. Therefore, banks must understand their financial risks that
they take from their operations to reduce the risk of becoming insolvent.

Risks, in general, can be understood as the probability of something negative occurring
[8]. Credit risk can be interpreted as the randomness of the return of investment and
the potential losses of financial products. In general, a greater return of investment is
associated with higher risk. Uncertainty on investments can never be fully eliminated,
but numerous steps can be taken to reduce the exposure to the risk. Banks can
go both long and short on their exposures. They can hedge risk by taking inverse
exposures to their short and long positions. Derivatives are used extensively in
hedging, because of the flexibility they add [9].

2.1.2 Risk categories

The Basel II accord classifies the sources of risk into three categories [10]: credit risk,
market risk, and operational risk. The Basel II accord serves as the basis of capital
measurement.

Due to the nature of the banking business, credit risk can potentially be the largest
type of risk in terms of potential losses. Credit risk happens when a borrower defaults
and does not fulfill its obligation [8]. Credit risk can also be understood as the
deterioration in the ability of a borrower to meet their financial obligations. The
book value of such a loan does not change, but the increase in the likelihood of
default decreases the quoted price of a traded debt [9].

Default risk, loss given default (LGD) and exposure at default (EAD) are the basic
building blocks for credit risk management [8]. Instead of default risk, probability of
default (PD) is typically used to express the probability of a default event. PD depends
on many factors. Individual borrowers tend to be more sensitive to idiosyncratic
factors. Factors such as weak financial situation, high levels of debt, and low unstable
income contribute to higher PDs. Individual borrowers’ credit risk may also increase
with the competition, reduced industry margins, and macroeconomic meltdowns.

Exposure at default (EAD) is an estimation of the amount of loss that a bank faces
in the event of a default, i.e., the outstanding amount in the case that a borrower
defaults [6]. Since a default can happen at an unknown future date, the loss is tied
to how exposed the bank is at the time of default. For normal term loans where
the repayment schedule is fixed, EAD is dynamic because it changes as a borrower
repays a lender. However, in some credit lines, a borrower may draw within a limit
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set by a bank. When difficulties arise, limits are usually topped. However, EAD is
calculated so that this is already taken into account [11].

The loss given default (LGD) determines the loss as a fraction of the exposure at
default (EAD). In the case of no loss, the LGD is zero [8]. Inversely an LGD of 100%
means a complete loss. In practice, a zero or 100% LGD are not common. LGD
values depend considerably on the collateral provided for the loan, e.g., LGD is small
for a loan with full mortgage collateral. LGD values typically vary and depend on
the default type. A company can recover after default and continue its payments.
A debt can be restructured which may result in longer maturity and partial debt
forgiveness. In this case, a bank accepts a small loss to avoid larger losses. The
worst case scenario involves liquidation. The borrower’s belongings are liquidated.
Typically, this involves high legal costs and results in high losses.

Market risk is the risk related to taking positions on the market [8] [9]. Large and
unexpected market movements that cause fluctuations include interest rates, equity
prices and foreign exchange rates. The time it takes to sell an asset affects the market
risk of the particular asset. For example, the magnitude of market movements tends
to be larger over longer periods. Therefore, assets with longer liquidation periods
are subject to larger losses.

Operational risks are losses that are a result of inadequate internal processes and/or
external events [8] [9]. In addition to the three main sources identified by the Basel
II accord, banks face other risks [10]: liquidity risks, interest rate risks, and foreign
exchange risks.

2.1.3 Risk management

Managing credit, market, and operational risks [9] is essential in bank operations,
especially in decision-making processes. Risk management requires that all risks that
a bank faces are identified, measured, quantified and that strategies are developed to
manage and control the risks [8]. The motivation behind adequate risk management
is clear, e.g., balancing the risk and the returns. It is often attractive to lend to
a risky borrower for higher potential revenues. However, this comes with a higher
risk and potentially larger losses compared to a prudent bank that does the careful
screening of risky borrowers. Being too prudent has its own share of drawbacks.
Potential losses are lower but excessively prudent banks will have lower revenues
and market shares. Therefore, balancing the relationship between risk and returns
cannot be overlooked.

Figure 2 presents the main steps in the risk management process [8, 9]. Risk
management processes include the identification, measurement, treatment, and
implementation. Risk models are used to measure and quantify risk and help risk
management in decision making and strategy development. The identification of
potential risks can start by analysing potential sources of risk and threats. For
example, the identification process can examine which factors result in higher losses
in different financial products.
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Figure 2. Risk management process steps [8].

After identifying the sources of risk, the next step is to quantify the risk. This can be
carried out by measuring the changes in the PD and the LGD of a borrower [9]. The
highest concerns are the high-risk products. These include products that have high
exposure and a high probability of default. Next down the list are smaller exposures
with high probabilities of default and large exposures that are relatively low risk.
The lowest priority is in products with small exposures and low-risk [8].

Identified and quantified risks can be treated in four ways [8, 12]. The simplest way
is to avoid risk. This means investing only in products for which risks are understood.
An alternative approach is to invest only in a few risky investments, which reduces
the exposure to such investments [8]. Risk can be reduced by requiring collateral
from high-risk counterparts. Collaterals are used to cover the losses in case of a
borrower default. For low-risk assets, risks are typically accepted. Low risk is dealt
by diversifying the investments to various sectors and countries. This lowers the
likelihood of simultaneous defaults. The final approach is to transfer the risk to
another bank or insurance company. For example, a credit default swap is a type
of security that holds different types of debt. The seller agrees to compensate the
buyer in the event of a debt default.

The final step is to implement the risk management strategy. The aim is to avoid
bank failure with the supervision of senior management and by allocating capital
according to banking regulations.
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2.2 Merton model
Robert Merton’s famous publication from 1974 [13] is regarded as the first true
credit-risk modelling work. His framework is still widely used in credit risk modelling
and has strong links to the family of threshold credit-risk models [14]. The framework
was developed for pricing corporate debt with a significant probability of default. In
Merton’s model, default events occur when the value of the company at a certain
maturity is lower than the level of its liabilities. Thus, two outcomes are possible
at maturity. If the equity level is lower than the level of its liabilities, the result is
bankruptcy. If the equity level is higher than the level of its liabilities, the company
can reimburse its debt.

Next, we will summarize Merton’s model and its key assumptions that are essential
for the development of our computational model.

2.2.1 Pricing corporate liabilities

Merton recognized that the approach used by Black and Scholes in 1973 [15] in the
equilibrium theory of option pricing could be applied for pricing corporate liabilities.
Merton assumes [13] that the value of a corporate debt depends on three items:

1. The rate of return on riskless debt. For example, government bonds and very
high-grade corporate bonds.

2. The specifications of the issue. For example, maturity rate, coupon rate, etc.

3. The probability of default, i.e., the probability that a company is unable to
pay its obligations.

Prior to Merton’s study, there had not been a theory for pricing bonds with a
high probability of default. Therefore, in Merton’s study, a given interest rate and
specification of the issue are assumed. Possible gains or losses to bondholders are
only affected by changes in the probability of default.

Merton used the following assumptions [13, 16] for his Black-Scholes type pricing
model:

A.1 No transaction costs, taxes, or problems with indivisibilities of assets.

A.2 Enough investors with comparable wealth levels so that each investor believes
that they can buy and sell as much of an asset as they wish at the market price.

A.3 There is an exchange market for borrowing and lending at the same interest
rate.

A.4 Short sells of all assets with full use of the proceeds is allowed.

A.5 Trading in assets takes place continuously in time.

A.6 The Modigliani-Miller theorem that the value of the company is invariant to
its capital structure obtained.
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A.7 The term-structure is flat and known with certainty. In other words, the price
of a riskless discount bond that promises a payment of one dollar at timet in
the future is P (t) = exp(� rt ), where the riskless rate of interestr remains the
same over time.

A.8 The Merton model is built on the following key principles:

1 The dynamics for the value of the companyV through time can be described
by geometric Brownian motion using a stochastic differential equation [13, 17]:

dV = ( �V � C)dt + �V dz; (1)

where � is the instantaneous expected rate of return on the company per unit
time, C is the total dollar payout by the company per unit time, � 2 is the
instantaneous variance of the return on the company,dz is a standard Wiener
process associated to the systematic risk.

2 Companies can only issue one discount bond maturing inT periods. Under
these assumptions, the underlying value of the company can be considered as a
call option and the value of the company’s debt as the strike price at maturity.

Merton’s model assumes that the market valueY of a security can be written as a
function of the valueV of the company and timet, Y = F (V; t). The dynamics of
this security can be described with the help of a stochastic differential equation as

dY = ( � Y Y � CY )dt + � Y Y dzY ; (2)

where� Y , � Y , Y, CY and dzY have the same dynamics as the corresponding variables
in the company valueV in Eq. (1).

Next we study the nature of the dynamics of Eq. (2) using Itô’s lemma [13]. The
target is to derive a Black-Scholes type of a partial differential equation for the value
of a security. Using Itô’s lemma, we can write:

dY =
"

1
2

@2F
@V2

� 2V 2 +
@F
@V

(�V � C) +
@F
@t

#

dt +
@F
@V

�V dz: (3)

Comparing terms in Eqs. (2) and (3), we get

� Y Y = � Y Z �
1
2

@2F
@V2

� 2V 2 +
@F
@V

(�V � C) +
@F
@t

+ CY ; (4)

� Y Y = � Y F �
@F
@V

�V; (5)

dzY � dz: (6)
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From Eq. (6), we see that the instantaneous returns onY and V are perfectly
correlated.

Using Merton’s earlier paper [18] on option pricing and the derivation of the Black-
Scholes model as inspiration, we form a portfolio containing three securities. The
portfolio consists of a company, the security of that company, and a riskless debt.
The portfolio is set up as a zero-investment portfolio. This is achieved by financing
long positions with proceeds from short-sales and borrowings. LetW1 represent
the amount invested in a company,W2 the amount invested in the security, and
W3 the amount invested in riskless debt. For a zero-investment portfolio to hold
W1 + W2 + W3 = 0. The instantaneous return on the portfoliodx can be written as

dx = W1
dV + Cdt

V
+ W2

dY + Cdt
Y

+ W3rdt: (7)

By substituting Eqs. (1) and (2) into Eq. (7) and rememberingW3 � � (W1 + W2)
we get:

dx = [ W1(� � r ) + W2(� y � r )] dt + W1�dz + W2� ydzy: (8)

This can be further reduced using Eq. (6) as

dx = [ W1(� � r ) + W2(� y � r )] dt + [ W1� + W2� y] dz: (9)

If W1 and W2 are chosen in a way that the coefficient ofdz is always zero,dx becomes
non-stochastic. To avoid arbitrage profits, due to zero required investments, the
portfolio must satisfy the following equilibrium conditions [18]:

W1� + W2� y = 0
W1(� � r ) + W2(� y � r ) = 0

(10)

A solution other than W1 = 0 and W2 = 0 of Eq. (10) exists if and only if:

� � � r
�

�

=
� � Y � r

� Y

�

(11)

We can rewrite Eq. (11) by substituting � y and � y from Eqs. (4) and (5):

� � � r
�

�

=
1=2 (@2F=@V2� 2V 2) + ( @F=@V)( �V � C) + @F=@t+ CY � rF

�V (@F=@V)
(12)

Finally, we simplify Eq. (12) by rearranging it as [13]

@F
@t

+
1
2

@2F
@V2

� 2V 2 +
@F
@V

(rV � C) + CY � rF = 0 : (13)
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Eq. (13) is the partial differential equation for the value of a security. Any security
whose value can be written as a function of the value of the company and time
satisfies this equation. This is called the Black-Scholes-Merton equation, and it is
similar to the original Black-Scholes equation for options.

From Eq. (13) we see that the value of a security depends on the value of the
company, time, interest rate, and the volatility of the company’s value. For this
reason, even if two investors have different expectations on the future of a company
but agree with the values of the other variables, they will end up with the same value
for a particular security. Ending up with similar estimates for the value of a security
by multiple investors is also realistic because all variables except the volatility are
observable, and the volatility can be estimated from historical data [13].

2.2.2 Merton Distance to Default model

The Merton distance to default (DD) model [19] is used to calculate the probability
of default. The probability of the value of the company to be less than the value of
the debt is calculated using so-called z-value. The z-value is the estimated market
value of the company minus the debt divided by the volatility of the company� V .
The default probability is calculated from the cumulative distribution function using
the z-value.

The equity value of a company is usually readily available. However, a reliable market
value on the debt is not. The market value of debt is estimated by applying Merton’s
bond pricing model, Eq. (1). Under the two assumptions of the Merton model and
put-call parity, the value of the equity of a company is given by

E = V � (d1) � e� rT F � (d2); (14)

where E is the market value of the company equity,V is the total value of the
company,F is the face value of the company’s debt,� (�) is the cumulative standard
normal distribution function, and the parametersd1 and d2

d1 =
ln(V=F) + ( R + 0 :5� 2

V )T
� V

p
T

and d2 = d1 � � V
p

T : (15)

The Merton DD model makes use of the Black-Scholes-Merton equation (14) and the
relationship of Eq. (5). In the Black-Scholes-Merton model the equality@E=@V=
� (d1) holds. Under these assumptions, the volatilities of the company value and its
equity are related by [19]

� E =
� V

E

�

� (d1)� V : (16)

The Merton DD uses Eqs. (14) and (16) to estimate a company’s probability of default.
While the equity of the company is readily available, for example, by multiplying the
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number of shares by their current stock price, the value of the companyV has to be
deduced. The same applies to the volatility of equity and the underlying company
value.

Implementing the Merton DD model consists of four steps [19]. First, estimating
the volatility � E of the equity. Second, forecasting the time horizon and taking a
measure of the face value of the company’s debt. It is common to use historical
return data to estimate � E . A common time horizon is one year. It is a good policy
to take the company’s total liabilities to be the face value of the company’s debt.
The third step is to collect the risk-free rate and the value of the company’s equity.
The final step is to solve Eq. (14) numerically to getV and � V .

Once these steps are completed and we have estimates forV and � V , the distance to
default can be calculated as

DD =
ln(V=F) + ( � � 0:5� 2

V )T
� V

p
T

; (17)

where � is the estimated return on the company’s assets. This estimation is the
z-score that is substituted into the cumulative normal distribution function. As a
result, the expected default probability is given by:

EDFMerton = �
 

�
 

ln(V=F) + ( � � 0:5� 2
V )T

� V
p

T

!!

: (18)

As a summary, the most important inputs for the Merton DD model are the market
value of equity V , the volatility of equity � V , and the face value of the company’s
debt F . The model does not rely on estimation, instead, parameters are calibrated
and the expected default is solved. For the model to work, assumptions in A.8 must
be met.

2.3 Vacisek loan portfolio model
The Vasicek model [20] follows Merton’s idea in which a loan defaults when the
borrower’s assets fall below its payables at the loan maturity. At its simplest, the
Vasicek model can be interpreted as a trigger mechanism for determining whether a
borrower defaults.

The company’s asset valueA i can be expressed as a stochastic differential equation
[21]:

dAi = � i A i dt + � i A i dxi (19)

where� i and � i are the drift and volatility of the asset value, anddxi is the Brownian
motion. We illustrate the dynamics of the model in our Monte-Carlo simulations in
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Section 3.1.6. Solving this stochastic differential Eq. (19) allows us to obtain the
value of the company’s assets. At timeT , this is given by

A i (T) = exp( A(0) + � i T �
1
2

� 2
t T + � t

p
TX i ): (20)

When A i (T ) < B i , company i defaults. Therefore, the probability of such an event is

P [A i (T) < B i ] = P [X i < c i ] = � (ci ) � p� ; (21)

where ci is a function of through-the-cycle PD, � (�) is the cumulative normal
probability density function, and X i is the asset value of thei -th obligor at time T .
The default of a single obligor happens if the value of a normal random variable falls
below ci .

Asset valueX i can be represented as a sum of two normally distributed random vari-
ables; a systematic factor across all companies and a company-specific idiosyncratic
factor [21]:

X i =
p

� i Yi +
p

1 � � i � i : (22)

The systematic factorY follows the normal distribution N (0; 1) as does the idiosyn-
cratic factor � (0; 1). � i is the correlation between defaults introduced in theA i
process through the asset valueX i . It is assumed that the values of the assets are
pair-wise correlated in Eq. (20). The asset correlation is given according to the
factor � i . The probability of default of obligor i can be written as

P [A i (T) < B i ] = P [X i < c i ] = P [X i < � � 1(p� )] (23)

= P [Yi
p

� i + � i
p

1 � � i < � � 1(p� )] (24)

= P
"

� i <
� � 1(p� ) � Yi

p � ip
1 � � i

#

= �
 

� � 1(p� ) � Yi
p � ip

1 � � i

!

: (25)

If the systematic factor Yi remains fixed, the conditional loss of any loan is given by
Eq. 25. Portfolio losses at different scenarios can be determined by weighting the
probabilities of each scenario by their individual probabilities [20].

2.4 Basel II Internal Ratings-Based (IRB) model
2.4.1 Introduction

Next, we summarize the Basel II IRB model according to the official document of the
Basel committee, see Refs. [6, 10, 22]. Risk regulations are set to prevent the collapse
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of the entire financial system due to correlations between financial companies [9].
Capital requirements are used to cover losses from unpaid interests and principals.
In the financial sector, these kinds of losses happen all the time, and the magnitude
of losses varies from year to year. The distribution of losses for a bank as a function
of time is illustrated in Fig. 3.

Figure 3. Representative loss distribution for a bank [6].

Banks create forecasts on the expected losses (EL) to combat yearly changes in
their losses. EL are represented by the dotted line in Fig.3. As the name suggests,
financial institutions treat these losses as the cost of doing business. As illustrated in
Fig. 3, losses can exceed the EL. These events are rare but losses can be large when
they do happen. Banks set additional capital to protect themselves from losses that
exceed expected levels. These losses are called unexpected losses. Some unexpected
losses may be absorbed with interest on credit exposures but the rest is covered by
capital.

The most unlikely event for banks would be to lose their entire credit portfolio.
Holding capital for such a loss would be inefficient. For banks, more economic capital
means that they can invest more into profitable investments, which is a clear incentive
to free capital. Having said that, holding less capital leaves a bank vulnerable to
larger losses, which can lead to insolvency. Therefore, it is crucial to balance the
risks and rewards of holding capital.

A typical framework to determine adequate capital reserves is the internal ratings-
based (IRB) approach. The IRB approach determines capital requirements by setting
a level of insolvency frequencies that supervisors are willing to accept. Losses can
be simulated with a stochastic credit portfolio model. The amount of losses are
estimated using a fixed probability that represents the probability of losses that
would exceed the unexpected losses. This probability reflects the point after which
the bank would become insolvent, as represented in Fig.4.
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Figure 4. Likelihood of losses for a bank [6].

Figure 4 represents the probability density function of different losses that a portfolio
may experience. Losses below the expected loss are accounted as operational costs that
occur more frequently. The likelihood that a bank becomes insolvent is represented
by the highlighted area above the unexpected losses (UL). The probability of losses
exceeding this point is called the confidence level [6]. The threshold along the x-axis
at a given confidence level is called Value-at-Risk (VaR). As an example, if capital is
set at the VaR, and EL is covered by capital, the probability that the bank remains
solvent for a year equals the confidence level.

Under Basel II accord, the IRB approach provides a framework for regulatory
minimum capital requirements which is given with a set of inputs [22]. For the
revised IRB model to be applicable with the general class of credit VaR models, the
model should be portfolio invariant. Portfolio invariance means that held capital
only depends on the loan and not on the portfolio [6]. In VaR models a portfolio is
invariant when correlations across obligors are affected only by a single systematic
factor, and all individual exposures in a portfolio form only a small share of the total
exposure [23].

2.4.2 Asymptotic Risk Factor approach (ASRF)

The Basel framework uses so-called asymptotic risk factor (ASRF) approach to
compute the necessary capital for one year to prevent bankruptcy. The adopted
credit risk portfolio model is an extension of the Vasicek model. Based on the ASFR
model, the Basel Committee developed the risk weight formulae [6]. These formulae
are used to estimate capital requirements for unexpected losses and banks’ exposures
according to the risk [23]. The models assume that the portfolio is well-diversified
and consequently portfolio invariant. In this model portfolio, the invariance principle
enables fast computations of capital requirements. The ASFR model is discussed
thoroughly by Lütkebohmert in Ref. [24].

The ASRF model is based on the law of large numbers. It assumes that by having a
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portfolio made of loans, that are equally distributed by their exposure size, cancels
out the idiosyncratic risk that is associated with individual loans [23, 24]. In other
words, the exposure to the idiosyncratic risk in a portfolio consisting of two loans
is significant, whereas in a diversified portfolio only the systematic risk remains.
Therefore, the ASRF model is not valid for small portfolios and is only suitable to
portfolios of larger banks. Thus, for most portfolios computing the required capital
with the assumption of an infinitely fine-grained portfolio will underestimate the
required capital.

2.4.3 The Risk Weight Asset Formula (RWA)

With the IRB approach, Basel II provides a formula for banks to minimize their
unexpected losses. Given the ASRF framework, it is possible to discuss how the
risk-weight asset formula is built.

Under the ASRF framework, the conditional expected loss (CEL) associated with an
exposure can be estimated using the conditional expected loss function of Eq. (25)
and multiplying it by the downturn estimate of the loss given default (LGD). The
systematic risk factorYi in Eq. (25) is replaced by� � 1(0:999), i.e., the inverse cu-
mulative normal distribution function at the 99.9% confidence level. The conditional
expected loss can be written as [6]

CEL = �
 

� � 1(PD) � p � i � � � 1(0:999)
p

1 � � i

!

� LGD; (26)

wherePD is the probability of default and � i the correlation between assets and the
systematic factorYi . The model of asset correlation� i will be discussed in detail in
Section 2.4.4.� i can be calculated, according to Eqs. (31) and (32), depending on
the size of the company.

The expected loss of an exposure is given by multiplying the average PD with the
downturn LGD. Subtracting the expected loss from the conditional expected loss
gives us the unexpected losses (UL) for an exposure as

UL =
 

�
 

� � 1(PD) + p � i � � � 1(0:999)
p

1 � � i

!

� PD
!

� LGD: (27)

The final capital charge is given by multiplying the unexpected losses of an exposure
by a maturity adjustment MA:

Capital Requirements (K) = UL � MA : (28)

The smoothed maturity adjustment MA is given by the formula:

MA =
1 + ( M � 2:5) � b(PD)

1 � 1:5 � b(PD)
; (29)
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where b(PD) = (0 :11852� 0:05478� log(PD))2. The maturity adjustment is used
because long-term credits tend to be riskier than short-term credits and maturity
tends to affect more companies with lower probabilities of default, since they have
more time to migrate from one credit rating to another. These claims are based on
both intuition and empirical evidence [6].

The risk-weighted assets (RWA) are given by the product of the capital requirements
(K), exposure at default (EAD), and the reciprocal of the capital hold ratio that
equates to 12.5 [6]. The complete formula for RWA is given by:

RWA = K � SF � MCR � EAD (30)

where SF is the scaling factor and MCR the minimum capital required. The scaling
factor is a coefficient that is used to make the formula more or less conservative. The
scaling factor SF according to the regulations by the European parliament is 1.06
[25].

2.4.4 Parameters of the RWA formula

Banks estimate the probability of default with their internal rating systems. These
estimates are supposed to represent the default rates under normal economic condi-
tions.

The loss given default parameter is estimated by banks for each loan. Banks are
encouraged to provide figures for downturn LGDs. It is depicted as a percentage
of total exposures at the time of default. In the Basel II capital function [6], the
conditional default probability and the average PD are multiplied by the downturn
LGD. The difference between these yields a UL-only capital requirement.

In the ASFR model, the sensitivity of the asset value to the systematic risk is
expressed by the asset correlation. These systematic risk factors represent industry,
global, and other relevant indices that affect borrowers’ defaults systematically [26]. In
other words, asset correlations describe the dependence between individual borrowers
and the systematic risk factor.

The importance of asset correlations is illustrated in Fig.5. The paths of two
identical portfolios apart from one having much stronger asset correlation are shown.
The path with higher asset correlation is represented by the dotted blue curve. Over
time the loss rates clearly show much higher variation. This can be interpreted as a
portfolio where defaults are linked strongly with the overall state of the economy
[3, 6].

The loss rates represented by the solid curve show lower variation. This implies that
the systematic risk factor has a lower influence on this portfolio. Typically, these
borrowers are less dependent on the economic cycle.
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Figure 5. Il lustration of the effect of asset correlation on the loss rate [6]. The loss
rate of a portfolio with high asset correlation is depicted by the dotted blue line,
and corresponding loss rate for low asset correlation by the solid green line.

The Basel IRB framework sets correlation coefficients for different asset classes. Banks
must use these in their RWA calculations. These levels do not necessarily match
with every credit portfolio and may lead to economic inefficiencies. The formulae
proposed by the Basel II framework for large corporates and SMEs are built of
two limit correlations of 0.12 and 0.24 for very high and very low PDs, respectively.
Correlations between these limits follow an exponential weight function [6].

For large corporates and institutions (LCI), the asset correlation is given by

� LCI = 0 :24 � 0:12 �
1 � e� 50�PD

1 � e� 50 : (31)

Thus, the bounding values for the asset correlation are0:12 � � LCI � 0:24. For
smaller enterprises, a size adjustment must be added. For enterprises with annual
sales ranging between 5 and 50 million euros, the asset correlation is given by

� ME = � LCI � 0:04 �
�

1 �
T � 5

45

�

; (32)

where5MEuros < T � 50MEuros and � LCI is the correlation for LCIs. According to
the IRB approach, the bounding values for the asset correlation between enterprises
with annual sales ranging between 5 and 50 MEuros is0:08 � � ME � 0:24. Small
enterprises with reported sales less than 5 million euros are treated equivalent to 5
million euro companies [25].
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