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Symbols and abbreviations

Symbols

∃ there exists
∀ for all/every
⇒ implies
⇔ equivalent to/if and only if
∅ empty set
B\A set difference
(x, y) ordered pair of objects x and y
(a1, a2, . . . , an) ordered n-tuple
[a, b] closed interval from a to b
(a, b] half-closed interval from a to b
[a, b) half-closed interval from a to b
(a, b) open interval from a to b
N the set of natural numbers
R the set of real numbers
R+ the set of positive real numbers
C the set of complex numbers
F either the set of real numbers or the set of complex numbers
Fn the Cartesian product of n identical sets F
a.e. almost every/almost everywhere
o(h) small-oh of scalar h
O(h) big-oh of scalar h
−→a generic finite-dimensional vector
û unit vector
A generic tensor of second- or higher order
(O, x, y, z) a standard coordinate system
I identity matrix
1 second-order identity tensor
I fourth-order identity tensor
δij = δj

i = δij Kronecker delta
J [y1, . . . , yn] functional of functions y1, . . . , yn

α multi-index/scalar
|α| the order of multi-index α/the absolute value of scalar α
! factorial
∆ increment/difference
V volume/vector space
−→x generic vector/position vector in current configuration
−→X position vector in reference configuration
B a material body
t time
κ0 initial configuration
κ current configuration/history variable
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χ mapping from reference to current configuration
−→u displacement vector
F deformation gradient
J = det F Jacobian of the motion
n̂ unit normal vector in the current configuration
N̂ unit normal vector in the reference configuration
d−→a differential area element in the current configuration
d
−→A differential area element in the reference configuration
−→v velocity vector in the current configuration
−→V material velocity vector
Ḟ material velocity gradient
L = Ḟ · F−1 spatial velocity gradient
E = 1

2(FT · F− 1) Green-Lagrange strain tensor
C = FT · F Cauchy-Green deformation tensor
εεε = 1

2[−→∇0
−→u + (−→∇0

−→u )T] small deformations strain tensor
≪ much smaller than
−→t traction vector
σσσc Cauchy stress tensor
σσσ small deformations stress tensor
≈ approximately equal
P first Piola-Kirchhoff stress tensor
ρ density in the current configuration
ρ0 density in the reference configuration
−→
b external body force vector
Ψ Helmholtz free energy
ψ specific Helmholtz free energy
U internal energy
u specific internal energy
T temperature
S entropy
s specific entropy
−→q heat conductivity vector in the current configuration
−→q 0 heat conductivity vector in the reference configuration
µ Lamé parameter
λ Lamé parameter/eigenvalue
εeq equivalent strain
D scalar damage variable
D second- or fourth-order damage tensor
σσσ̃ effective small deformations stress
εεε̃ effective small deformations strain tensor
Ẽ effective Young’s modulus
M(D) damage effect tensor
D an even-order damage tensor of any order
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Φe complementary elastic strain energy
Φẽ effective complementary elastic strain energy
εεε nonlocal small deformations strain tensor
εeq nonlocal equivalent strain
D nonlocal scalar damage
Y local damage energy release rate
Y nonlocal damage energy release rate
Vr representative volume element/averaging volume
l internal or characteristic length scale
d̄ inexact differential

Operators

∪ union
∩ intersection
× Cartesian product/cross product/scalar multiplication
Im image
f
⃓⃓⃓
A

restriction of f to A
sup supremum
Re real part
Im imaginary part
· set closure/complex conjugate/nonlocal counterpart
∥ · ∥ norm
(·, ·) inner product (also ordered pair, see symbols above)
dim(·) dimensionality⨁︁ direct sum
AT matrix transpose of matrix A
A−1 inverse of matrix A
detA determinant of matrix A
⊗ tensor product
JvM(·) von Mises operator
δ first variation
Dα multi-index notation for partial derivative
∂xi

partial derivative with respect to xi

u,xi
partial derivative with respect to xi

exp(·) the exponential function
[[·]] jump operator
−→
∇ nabla/del operator with respect to the current coordinates
−→
∇0 nabla/del operator with respect to the reference coordinates
←−
∇ backwards nabla/del operator
∇2 = −→∇ · −→∇ Laplacian
A ·B dot product of tensors A and B
A×B cross product between tensor A and B
A ..B vertical double-dot product of tensors A and B
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A ...B vertical triple-dot product of tensors A and B
−→
∇f gradient of function f
−→
∇ · −→a divergence of vector −→a
∇×−→a curl of vector −→a
CT tensor transpose of second-order tensor C
C−1 inverse of second-order tensor C
C−T transposed inverse of second-order tensor C
det C determinant of second-order tensor C
[B] coefficient matrix of generic tensor B
d
dt total derivative with respect to variable t

D
Dt material time derivative

Φ̇ alternative notation for the material time derivative of a tensor field Φ
Φ̈ double material time derivative of a tensor field Φ
∂

∂t
partial derivative with respect to variable t∫︁

Ω(·)dv volume integral over a volume in the current configuration∫︁
Ω0

(·)dV volume integral over a volume in the reference configuration∑︁
i sum over index i

< · > McAuley brackets
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Abbreviations
iff if and only if
Def. Definition
Eq. Equation
wrt with respect to
etc. etcetera
RHS Right-Hand Side
LHS Left-Hand Side
ODE Ordinary Differential Equation
PDE Partial Differential Equation
IVP Initial Value Problem
BVP Boundary Value Problem
I/BVP Initial Boundary Value Problem
2D, 3D Two-dimensional, three-dimensional
LMM Linear Multistep Method
CoV Calculus of Variations
CCM Classical Continuum Mechanics
UTS Ultimate Tensile Strength
YS Yield Strength
CT Continuum thermodynamics
IVT Internal variable theory
LAS axiom of Local Accompanying State
C-D Clausius-Duhem
RVE Representative Volume Element
CDM Continuum Damage Mechanics; a framework for describing material damage
FEM Finite Element Method; a method for doing numerical computations
FEA Finite Element Analysis
FDM Finite Difference Method
FM Fracture Mechanics
LEFM Linear Elastic Fracture Mechanics; a paradigm of fracture mechanics
SIF Stress Intensity Factor
LAF Local Approach to Fracture
SCA Smeared Crack Approach
SDA Strong Discontinuity Approach
CSDA Continuum-Strong Discontinuity Approach
ABAQUS commercial FEM code for computational mechanics simulations
MATLAB a large collection of commercial computational software (MATrix LABoratory)



1 Introduction

1.1 Background
Predicting the fracture of structural components is central to the ensurance of safe
and reliable usage of any structure of solid matter in an intended loading environment.
Through the ages, several theories have been developed to explain this undesirable
phenomenon, but it was only as recently as in the 1950’s that the earlier results
were assimilated into a complete theoretical framework capable of explaining the
conditions under which a crack will propagate. This theory is known as fracture
mechanics (abbreviated FM). However, even after further development, in its modern
state, (linear elastic) fracture mechanics cannot explain the process leading to the
initiation of a crack, i.e. crack nucleation. Instead, another theoretical framework
has been developed in tandem with fracture mechanics, from the 1950’s onward, to
explain the creation and growth of, and interactions between, microcracks, the seeds
of cracks. This slightly younger theory is known as damage mechanics. Damage
mechanics can either be used alone or in conjuction with fracture mechanics to model
the full process of material degradation up to material failure. One computationally
effective method is to employ damage mechanics to nucleate cracks and fracture
mechanics to calculate the speed and direction in which they propagate. [1] [2] [72]
[24] [56]

Damage mechanics is a field of solid mechanics concerned with the deterioration
of solid materials under the influence of forces, both external and internal. The
deterioration can be observed both visually and empirically through mechanical tests.
Such observable material deterioration is called material damage in the discipline of
damage mechanics. In material models material damage develops as the result of
the evolution of specific damage variables.

Like its supertheory, solid mechanics, damage mechanics comprises a broad
selection of different approaches. The vast majority of damage mechanics theory
is based on the concept of a continuum, and the main field of research is known
as continuum damage mechanics (abbreviated CDM). Damage mechanics utilises
thermodynamic theories to link the damage variables to other model specific variables.
CDM is traditionally coupled to thermodynamics with internal variables and therefore
seen as a subtheory of continuum thermodynamics with internal variables. Continuum
thermodynamics with internal variables is the thermodynamic framework of the
material models in this thesis unless otherwise stated.

With the evolution of computers CDM was increasingly applied to computer
simulations, and researchers started to notice unrealistic behaviour of the models
used when the simulations passed some critical point in the loading history. It
was understood that the classical continuum models were incapable of describing
the material degradation observed in experiments. In particular, the ‘locality’ of
the model was found to cause problems. In response, nonlocal CDM models were
developed, and these were found to behave better in the computer simulations. Among
the large sortiment of proposed nonlocal approaches there are differences, which
have been scrutinised and highlighted, as to find the best methods for description of
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specific material behaviour.

1.2 Research questions
The goal of this thesis is to answer the following questions:

• Why do local elastic-damage material models fail to describe physical phenom-
ena?

• How can one circumvent the inaccuracies of local damage theory?

• What are the benefits of using gradient based elastic-damage models instead
of local elastic-damage models in FEM simulations?

In order to answer these questions, the thesis presents many of the central principles
behind modern continuum damage mechanics and the finite element method. The
thesis also includes a broad introduction to the mathematics behind material models
and the fundamentals of classical continuum mechanics.

1.3 Scope and limitations
This master’s thesis discusses the foundations of damage mechanics, explains the
shortcomings of the classical, local CDM models, gives an overview of both integral
and gradient based nonlocal CDM models, and compares different gradient models
to each other. Lastly, some aspects of the implementation of nonlocal elastic-damage
models in the finite element method (FEM) are given. In addition, some of the
theories rivalling the integral and gradient based CDM theories are introduced. The
topics are investigated through a literature review.

This thesis treats only rate-independent, elastic-damage material models for
monopolar media in isothermal processes. Plasticity, creep, and thermal effects will
not be investigated due to the added complexity they would bring to the models. The
damage mechanics framework applied throughout is continuum damage mechanics,
and most of the models are written for small deformations (infinitesimal strains).
Large deformation concepts and formulations are briefly discussed in comparison to
small deformation formulations of damage mechanics.

As will be seen, continuum mechanics is a very rich subject with a multitude of
competing branches, out of which this thesis presents only a few in relation to CDM.
At appropriate places, references for further reading are recommended for the reader
wanting to deepen their knowledge of the advanced theories touched upon herein.

The struture of the thesis is as follows: Chapters 2 and 3 treat the mathematical
and continuum mechanical theory applied later in the thesis, chapter 4 lists limitations
of the local elastic-damage models, chapter 5 presents nonlocal models to use instead
of the local ones, chapter 6 discusses the finite element method from a damage
mechanics perspective, and chapter 7 summarises the work and comments on the
obtained results.
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2 Mathematical prerequisites
This chapter introduces most of the mathematical terms and notations used in the
current work. Some of the terms and notations used in this work are assumed to be
familiar to the reader, and are therefore not explained here.

2.1 Logic
Logic and set theory are the cornerstones of mathematics. As such, they perme-
ate every aspect of mathematics. Every mathematical expression and statement
has a logical interpretaion, and thus logic provides the most fundamental laws for
interpretation and construction of valid theorems and proofs.

In order to keep mathematical statements short on paper, one can use logical
symbols instead of natural language, such as english, to convey meaning.For future
reference, we present the following listing of important logical symbols and their
meanings [3, pp. 6–7] [4, p. 1]:

∀ stands for “for all” or “for every” (1)
∃ stands for “there exists” or “there is some” (2)
⇒ stands for “implies” (3)
⇔ stands for “if and only if” (abbreviated iff ) (4)

Logical expressions are called propositions. Propositions can either be true or false.
Given two propositions P and Q, the statement “If P is true then Q is also true”
can be written as

P ⇒ Q,

and is called an implication. The validity of an implication can depend on one or more
subsidiary propositions H1, H2, . . . , called hypotheses. If P ⇒ Q when hypotheses
H1, H2, . . . , are true, Q is said to be a necessary condition for P under the given
hypotheses. On the other hand, if Q⇒ P when hypotheses H1, H2, . . . , are true, Q
is said to be a sufficient condition for P under the given hypotheses. If P ⇔ Q,
Q is said to be necessary and sufficient for P . [5, p. 316–322]

We cover some necessary and sufficient conditions for the existence of extrema in
section 2.10 (page 47) and necessary and sufficient conditions for the loss of ellipticity
in chapter 4 (page 93).

2.2 Set theory
A set is a collection of mathematical objects. Examples of mathematical objects are:
coordinates, vectors, functions, matrices, tensors and sets. Objects belonging to sets
are called members or elements. Sets are also known as collections or families. Set
membership is denoted by

a ∈ A, (5)
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which means that “a belongs to A”. In other words, a is a member of A. If “a does
not belong to A” we write

a /∈ A. (6)
The set having no elements is called the empty set and it is denoted ∅. [6, p. 11–12]
Statement (5) may also be written

A ∋ a, (7)

which has the same meaning as (5). The subset symbol below has also a mirrored
version ⊃.

If all of the members of a set B are members of another set A, the set B is called
a subset of A, and this is notated

B ⊂ A, (8)

which is equivalent to saying that “B is contained in A”. This definition allows A and
B to be equal, i.e. A and B may contain exactly the same elements. [6, p. 11–12]
If relation (8) holds, A is said to be a superset of B. Occasionally the symbol ⊆ is
used to denote this kind of relation, and the symbol ⊂ taken to denote that a subset
is strictly different from A.

Sets are often described by notation of the type {x : P} or {x, y, z}. {x : P}
denotes the set of all elements x satisfying the statement P , while the set {x, y, z}
denotes the set of elements x, y and z. Thus, A = {x : P} means “the set of all
elements x such that P is true”. For example, {x : x is an even integer} is the set of
all even integers, and {0, 1, 7} is the set containing only the elements 0, 1 and 7. [6,
p. 12]

It is also common to write {x|P} instead of {x : P}. The latter notation is useful
when the symbol : is already used to describe the element type.

DEFINITION 1 (Union and intersection). [6, p. 14] If A and B are sets, the
union A ∪B of A and B is the set consisting of all elements x which belong to at
least one of the sets A,B:

A ∪B = {x : x ∈ A or x ∈ B}. (9)

The intersection A ∩ B of A and B is the set of all elements x which belong to
both A and B, that is, the set of elements common to A and B:

A ∩B = {x : x ∈ A and x ∈ B}. (10)

Sets A and B are said to be disjoint if A ∩B = ∅. [6, p. 14]

The intersection and union of multiple sets can be notated conveniently with index
notation of the type

∩10
k=1Ak ≡ A1 ∩ A2 ∩ . . . ∩ A10 (11)
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and
∪10

k=1Ak ≡ A1 ∪ A2 ∪ . . . ∪ A10, (12)
where A1, . . . , A10 are individual sets. Note that the union and intersection are
by themselves associative operations, i.e. A1 ∩ (A2 ∩ A3) = (A1 ∩ A2) ∩ A3 and
A1 ∪ (A2 ∪ A3) = (A1 ∪ A2) ∪ A3, and thus the order of the sets does not matter in
definitions (11) and (12). Although, the union and intersection are not associative
with regards to each other, in an expression where both operate on the same family
of sets, and therefore one should use parenthesis in such cases.

DEFINITION 2 (Set difference and complement). [6, p. 16] Let A and B be
subsets of a set X. The set difference B\A is the set of all points of B which do
not belong to A:

B\A = {x : x ∈ B and x /∈ A}. (13)
The difference X\A is called the complement of A relative to X.

Sometimes the set difference and complement are notated by a forward slash
instead of the backslash, e.g. in [116]. A complement X\A can also be notated AC

if it is clear from the context what the larger set X is [4, p. 2–3].
An ordered pair of objects is a set containing two objects, so that one element

of the set is designated as the first term and the other element of the set as the
second term of the pair. For objects x and y, (x, y) denotes the ordered pair whose
first term is x and whose second term is y. For n a positive integer, an ordered
n-tuple (a1, a2, . . . , an) is an ordered arrangement of n objects. [6, p. 19]

DEFINITION 3 (Cartesian product). [6, p. 19] Let A and B be sets. The
Cartesian product or simply product of A and B is the set A×B (read A cross
B) of all ordered pairs whose first terms belong to A and whose second terms belong
to B:

A×B = {(a, b) : a ∈ A and b ∈ B}. (14)

The Cartesian product of a finite sequence of sets {Ai}n
i=1, is denoted by A1 × A2 ×

. . .× An or by ∏︁n
i=1 Ai, and defined by

n∏︂
i=1

Ai = {(a1, a2, . . . , an) : ai ∈ Ai for each i = 1, 2, . . . , n}. (15)

The Cartesian product is defined analogously for an infinite sequence of sets, and
the Cartesian product formed from a sequence of the real numbers R only is denoted
and defined by Rn = {(x1, x2, . . . , xn) : xi is a real number for each i = 1, 2, . . . , n}.
[6, p. 20]

DEFINITION 4 (Relation). [4, p. 4] Let X be any set. A subset of X × X is
called a relation R on X. If (x, y) ∈ R, then x is said to be in relation R with y
and this is denoted xRy.



19

2.3 Topology
DEFINITION 5 (Function). [6, p. 20] A function (also known as a mapping)
f from set X to set Y , denoted f : X → Y or X f−→ Y , is a rule which assigns to
each member x of X a unique member y = f(x) of Y . If y = f(x), then y is called
the image of x and x is called a preimage of y. The set X is the domain of f and
Y is the codomain or range of f .

We will often refer to the image y ∈ Y of x and preimage x ∈ X of y as points
or values. By the above definition, functions are only defined for their respective
domains, and do not assign any value to objects not included in the domain. Note
also that the members of the domain and codomain may be ordered n-tuples and
functions. It is customary to write functions as equations of one or more variables,
where the variables represent unspecified values of the domain. In this notation,
the image is obtained by substituting the corresponding point into the equation in
place of the variables. Let g : Rn → Y , by the above definition, y = g(x), where
x = (x1, x2, . . . , xn), should be notated

y = g((x1, x2, . . . , xn)),

but this is almost predominantly written as

y = g(x1, x2, . . . , xn),

without the extra parenthesis around the ordered n-tuple. We will adopt this notation
in this work.

DEFINITION 6. [6, p. 20] Let f : X → Y be a function: For a subset A of X,
the set

f(A) = {y ∈ Y : y = f(x) for some x ∈ A} (16)
is called the image of A under f . The set f(X), the image of the domain under f ,
is sometimes called the image of the function.

DEFINITION 7 (Restriction). [6, p. 24] If f : X → Y is a function and A is a
subset of X, then the function f

⃓⃓⃓
A

: A→ Y defined by

f
⃓⃓⃓
A

(a) = f(a), a ∈ A, (17)

is called the restriction of f to A. Equivalently, f is called an extension of f
⃓⃓⃓
A

to
X.

When the subset A consists of a single value, such as a = 0, it is common to write

[f ]a=0

instead of (17).
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DEFINITION 8 (Supremum). [6, p. 30] A number u is an upper bound for a
set A of real numbers provided that a ≤ u for all a ∈ A. If there is a smallest upper
bound u0 for A, that is, an upper bound u0 less than all other upper bounds for A,
then u0 is called the least upper bound or supremum of A. The least upper bound
for a set A is denoted by lubA or supA.

DEFINITION 9 (Metric space). [6, p. 55] Let X be a set and d : X ×X → R+

a function from X ×X to the set R+ of non-negative real numbers satisfying the
following properties. For all x, y, z in X,

d(x, y) = 0 if and only if x = y; (18a)
d(x, y) = d(y, x); (18b)
d(x, z) ≤ d(x, y) + d(y, z). (18c)

Then d is called a metric or distance function on X and d(x, y) is called the
distance from x to y. The set X with metric d is called a metric space and is
denoted by (X, d).

For X = Rn the function

dn(x, y) =
(︄

n∑︂
i=1

(xi − yi)2
)︄1/2

, x = (x1, . . . , xn), y = (y1, . . . , yn) ∈ Rn, (19)

is a metric. Metric (19) is called the Euclidean metric or usual metric for Rn.
[6, p. 56]

DEFINITION 10 (Bounded set and diameter). [6, p. 60] Let (X, d) be a metric
space and A a non-empty subset of X. If {d(x, y) : x, y ∈ A} has an upper bound,
then A is called a bounded set and lub {d(x, y) : x, y ∈ A} is called the diameter
D(A) of A. For completeness, we define the diameter of the empty set to be zero. If
the set X is bounded, then (X, d) is called a bounded metric space.

DEFINITION 11 (Open and closed ball). [6, p. 62] Let (X, d) be a metric space,
c a member of X, and r a positive number. The open ball Bd(c, r) with center c
and radius r is the set

Bd(c, r) = {x ∈ X : d(c, x) < r}. (20)

The corresponding closed ball Bd[c, r] is defined by

Bd[c, r] = {x ∈ X : d(c, r) ≤ r}. (21)

DEFINITION 12 (Open and closed sets). [6, p. 63] A subset O of a metric space
(X, d) is an open set with respect to the metric d provided that O is an union of
open balls. The family of open sets defined in this way is called the topology for
X generated by d. A subset C of X is a closed set with respect to d provided
that its complement X\C is an open set with respect to d.
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DEFINITION 13 (Neighbourhood in a metric space). [6, p. 69] Let A be a
subset of a metric space X. A point x in A is an interior point of A, or A is a
neighbourhood of x, provided that there is an open set O which contains x and is
contained in A. The interior of A, denoted intA, is the set of all interior points of
A.

DEFINITION 14 (Derived set). [6, p. 65] Let (X, d) be a metric space and A a
subset of X. A point x ∈ X is a limit point or accumulation point of A provided
that every open set containing x contains a point of A distinct from x. The set of
limit points of A is called its derived set.

DEFINITION 15 (Closure of a set in a metric space). [6, p. 71] The closure A
of a subset A of a metric space X is the union of A with its set of limit points

A = A ∪ A′ (22)

where A′ is the derived set of A.

The closure of A is sometimes notated A− [10, p. 13–14].

2.4 Complex numbers
Here we give a brief introduction to complex numbers. Some of the central charac-
teristics of complex numbers are introduced in order to apply them later in the text,
in sections . This introduction is by no means comprehensive.

A complex number can be written as z = x+iy, where i =
√
−1 is an imaginary

number and x, y ∈ R. The numbers x and y are called the real and imaginary
part of a complex number z = x+ iy, respectively, and they can be extracted from
z by functions

Re(z) = x (23)
and

Im(z) = y. (24)
The set of all complex numbers is notated by C. [11, p. 1–2]

The complex conjugate of a complex number z = x+ iy is defined to be

z = x− iy, (25)

and any complex number z ̸= 0 can be written in the form

z = reiθ, (26)

where r > 0 and θ are real numbers, and

eiθ = sin θ + i cos θ (27)

is a complex exponential. Relation (26) is called the polar form of z, and θ is
known as the argument of z. It is common to write θ = arg z. [11, p. 3–4]

Relation (27) is known as Euler’s formula [12, p. 13].



22

2.5 Differential and integral calculus
Here we present definitions and results of importance for the efficient description of
approximations, the finite element method and the cracking of materials.

DEFINITION 16 (Little oh). [7, p. 85] We say ϕ(t) vanishes to order greater
than p (at the origin), and write ϕ(t) = o(p), if

lim
t→0

ϕ(t)
tp

= 0.

The symbol o is known as little oh [7, p. 86].

DEFINITION 17 (Big oh). [7, p. 87][38, p. 22–23] We say ϕ(t) vanishes at least
to order p (at the origin), and write ϕ(t) = O(p), if there are positive constants
δ, C for which

|ϕ(t)| ≤ C|t|p, (28)

when |t| < δ. Otherwise, we say ϕ(t) fails to vanish to order p, and write
ϕ(t) ̸= O(p).

The symbol O is known as big oh [7, p. 87]. Big oh is used extensively in numerical
analysis. It is a very commonly applied tool in the description of the magnitude of
numerical errors.

DEFINITION 18 (Piecewise continuous). [8, p. 79] A function f(x) is said to be
piecewise continuous on an interval [a, b] if it is defined and continuous except
possibly at a finite number of points a ≤ x1 < x2 < . . . < xn ≤ b. Furthermore, at
each point of discontinuity, we require that the left- and right-hand limits

f(x−
k ) = lim

x→x−
k

f(x), f(x+
k ) = lim

x→x+
k

f(x), (29)

exist. (At the endpoints a, b, existence of only one of the limits, namely f(a+) and
f(b−) is required.) Note that we do not require that f(x) be defined at xk. Even if
f(xk) is defined, it does not necessarily equal either the left- or the right-hand limit.

The points xk in the above definition are called jump discontinuities of f(x), and
the difference

βk = f(x+
k )− f(x−

k ) = lim
x→x+

k

f(x)− lim
x→x−

k

f(x) (30)

is the magnitude of the jump [8, p. 80].
We consider piecewise continuous functions in chapters 4, 5 and 6 in the context

of discontinuity surfaces, discontinuity kinematics, and the finite element method.
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According to Lichnerowicz, the functional determinant or Jacobian is [13, p.
56]

D(x1, x2, . . . , xn)
D(y1, y2, . . . , yn) =

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓

∂x1

∂y1 . . .
∂x1

∂yn

... ...

∂xn

∂y1 . . .
∂xn

∂yn

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓
. (31)

On the left-hand side of relation (31) the D stands for partial derivatives and
(x1, x2, . . . , xn) & (y1, y2, . . . , yn) are n-tuples of the variables x1, x2, . . . , xn and
y1, y2, . . . , yn, respectively. Thereby, one could equally well consider the n-tuples as
vector-valued functions −→x ,−→y (see the next section) and, in the style of Evans [95, p.
632], notate the Jacobian as

|D−→x | = det(D−→x ), (32)

where the D stands for the matrix of partial derivatives seen in (31) and it is
understood from the context or explained explicitly what the variables y1, y2, . . . , yn

are. Evans, however, defines the Jacobian as the absolute value of the determinant.
There exists an ambiguity regarding the term Jacobian. Some sources claim that

the Jacobian is the determinant seen in (31), while others claim that the matrix of
partial derivatives is the Jacobian. We will call the matrix the Jacobian matrix
and the determinant the Jacobian.

We will use the notation
D−→x
D−→y

for the Jacobian, and the notation [︄
D−→x
D−→y

]︄

for the Jacobian matrix.

2.6 Vector algebra and calculus
Vectors are a central concept in physics. Integral to the definition of vectors is the
definition of (algebraic) fields.

DEFINITION 19 (Field). [18, p. 37] [19, p. 7–8] A system (F,+, ·), where F is a
nonempty set and + , · are binary operations on F , is called a field if the following
axioms hold:
(i) The additive operation is associative: (x+ y) + z = x+ (y + z).
(ii) F has a zero element 0 such that x+ 0 = 0 + x.
(iii) Every element x ∈ F has a negative −x ∈ F such that x+ (−x) = 0 = (−x) +x.
(iv) The additive operation is commutative: x+ y = y + x.
(v) The multiplicative operation is associative: (xy)z = x(yz).
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(vi) F ∋ 1 ̸= 0 such that x1 = x = 1x.
(vii) Every element 0 ̸= x ∈ F has an inverse x−1 ∈ F such that xx−1 = 1 = x−1x.
(viii) The multiplicative operation is commutative: xy = yx.
(ix) The multiplicative operation distributes over the additive operation: x(y + z) =
xy + xz.

Fields are said to be closed under the operations + and ·, which means that
x + y ∈ F and x · y ∈ F, for all x, y ∈ F. Two fields that we use in this work are
the real numbers and complex numbers combined with the operations of standard
addition and multiplication.

Definition 19 is for so called algebraic fields. In tensor analysis and, thus, in physics
too, one considers additionally another kind of fields, called tensor fields. We will
define tensor fields in section 2.8 on page 34.

DEFINITION 20 (Vector space). [10, p. 3] A vector space (also known as a
linear space) over a field F is a non-empty set V together with two functions, one from
V × V to V and the other from F× V to V , denoted by x+ y and αx respectively,
for all x, y ∈ V and α ∈ F, such that, for any α, β ∈ F and any x, y, z ∈ V ,

x+ y = y + x, x+ (y + z) = (x+ y) + z; (33a)
there exists a unique 0 ∈ V independent of x such that x+ 0 = x; (33b)
there exists a unique − x ∈ V such that x+ (−x) = 0; (33c)
1x = x, α(βx) = (αβ)x; (33d)
α(x+ y) = αx+ αy, (α + β)x = αx+ βx. (33e)

If F = R (respectively, F = C) then V is a real (respectively, complex) vector
space. Elements of F are called scalars, while elements of V are called vectors. The
operation x+ y is called vector addition, while the operation αx is called scalar
multiplication.

As seen from definition 20, vector space are closed under vector addition and
scalar multiplication.

DEFINITION 21 (Linear combination). [30, p. 3] The vector

x =
n∑︂

i=1
αixi (34)

is called a linear combination of the vectors x1, x2, . . . , xn, where αi ∈ F (i =
1, 2, . . . , n).

By the above definitions it is understood that a vector space is a set combined with
an algebraic structure in the form of two operations, namely: vector addition and
scalar multiplication. A space itself is a set combined with an additional structure,
such as rules, functions and additional sets. The prefix characterises the type of
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the space. Examples of spaces are: metric spaces, topological spaces, vector spaces,
function spaces, and measure spaces. In this work we do not consider topological
spaces, but we do define the other types of spaces mentioned. We already defined
metric spaces on page 20, and vector spaces are defined above. Function and measure
spaces are defined in section 2.9, page 45. Measure spaces are defined only for the
introduction of the concept almost everywhere, which is needed in chapter four.

DEFINITION 22 (Linear independence). [13, p. 4] Let x1, x2, . . . , xp be p non-zero
vectors in a vector space E. These vectors are said to form a linearly independent
system of order p if it is impossible to find p numbers α1, α2, . . . , αp ∈ C, not all zero,
such that

α1x1 + α2x2 + . . .+ αpxp = 0.

In the contrary case the given system of p vectors is said to be linearly dependent.

If it is possible to find an integer n for a given vector space E, such that there
exist linearly independent systems of order n, but not of order n+ 1, we say that
every set of vectors that forms a linearly independent system of order n is a basis
(or Hamel basis) of the vector space E, and the dimension of E is n [14, p. 3].
Then we call E an n-dimensional vector space, and use the notation En to show the
dimension. The vectors in the basis are called basis vectors, and we say that the
n-dimensional vector space is spanned by the basis. [13, p. 4–5]

If a vector space is spanned by a basis, every member of the space can be written
as a linear combination of the basis vectors. There are infinitely many bases of order
n to an n-dimensional vector space.

The dimensionality of a vector space is summarised in the definition below.

DEFINITION 23 (Dimension of a vector space). [17, p. 26] The dimension of
a finite-dimensional vector space V is defined as the cardinality of the set of basis
vectors and notated by dim(V ).

In this text we make a typographic distinction between vectors of finite-dimensional
vector spaces and vectors of infinite-dimensional vector spaces. Vectors of finite-
dimensional vector spaces, i.e. spaces spanned by a finite number of basis vectors,
are from here on notated in boldface with a right-arrow, e.g. −→v . Vectors of infinite-
dimensional vector spaces, that is, spaces that cannot be spanned by any finite
number of basis vectors (e.g. function spaces (page 47)), are written in standard
roman font without an arrow. The vectors of function spaces are indeed functions in
the traditional sense of definition 5, page 19.

This distinction is made to increase the readability of the text in places where
both finite-dimensional and infinite-dimensional vectors are applied. Note also that
the ensuing definitions 24 and 26 for the norm and inner product are equally valid
for both finite- and infinite-dimensional vectors. For convenience, however, we only
use the notation for infinite-dimensional vectors in them, as is done in the preceding
definitions 20, 21 and 22 too.
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A vector −→v with a finite basis E = {−→e i : i = 1, 2, . . . , n} can be written as a
unique linear combination

−→v =
n∑︂

i=1
vi
−→e i, (35)

where vi ∈ C are called the scalar components of −→v . Unless we are dealing with
the zero-dimensional vector space ∅ (the empty set) there are infinitely many bases
to a vector space. Then each vector −→v can be represented by infinitely many sums,
one for each basis. This property is known as invariance in regard to the basis, and
it is explained further in section 2.8, page 34, in the context of tensors.

The set Fk, where F = R or F = C, is a vector space over the field F. The set of
vectors
−→e 1 = (1, 0, 0, . . . , 0), −→e 2 = (0, 1, 0, . . . , 0), . . . , −→e k = (0, 0, 0, . . . , 1), (36)

is a basis for Fk. This basis is called the standard basis for Fk. [10, p. 5]
Unless stated otherwise, we use the standard basis for component representations

of vectors of Fk. The standard basis is the Cartesian basis of a k-dimensional Carte-
sian coordinate system, where the points are elements of Rk.

The vector with all scalar components identically zero is called the zero vector and
is notated −→0 , regardless of the dimension of the finite-dimensional vector space.
DEFINITION 24 (Norm). [10, p. 31–32] (a) Let X be a vector space over F. A
norm on X is a function ∥ · ∥ : X → R such that for all x, y,∈ X and α ∈ F,

(i) ∥x∥ ≥ 0;
(ii) ∥x∥ = 0 if and only if x = 0;
(iii) ∥αx∥ = |α|∥x∥;
(iv) ∥x+ y∥ ≤ ∥x∥+ ∥y∥.

(b) A vector space X on which there is a norm is called a normed vector space or
just a normed space.

(c) If X is a normed space, a unit vector in X is a vector x such that ∥x∥ = 1.

Property (iv) of definition 24 is called the triangle inequality. The standard
norm [10, p. 32] or Euclidean norm [27, p. 88] on Fn is

∥(x1, . . . , xn)∥ =
⎛⎝ n∑︂

j=1
|xj|2

⎞⎠1/2

, (37)

where (x1, . . . , xn) = −→x and |xj| is the absolute value of xj . The chosen norm defines
the magnitude of a vector. The image of the vector under the norm, is called the
magnitude of the vector. The magnitude of unit vectors is 1. Finite-dimensional
unit vectors are often denoted by a hat, but we will just use the same vector arrow for
them, as for all of the other finite dimensional vectors. We will mention specifically
if a vector is a unit vector.
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DEFINITION 25 (Directional derivative). [7, p. 109] Let −→u be a unit vector,
then the directional derivative of z = f(−→x ) at the point −→x = −→a in the direction
uuû is

D−→u f(−→a ) = d

dt
f(−→a + t−→u )

⃓⃓⃓
t=0
, (38)

when the expression on the right-hand side (RHS) exists.

The directional derivative is also notated ∂f(−→a )
∂−→u

. If −→u is the normal of a surface,
the derivative is called the normal derivative.

DEFINITION 26 (Inner product). [10, p. 51–53] [15, p. 14] Let V be a vector
space over a field F. An inner product on V is a function (·, ·) : V × V → F such
that for all x, y, z ∈ V, α, β ∈ F,

(a) (x, x) ∈ R and (x, x) ≥ 0;
(b) (x, x) = 0 if and only if x = 0;
(c) (αx+ βy, z) = α(x, z) + β(y, z);
(d) (x, y) = (y, x), where the bar denotes complex conjugation.

The standard inner product on Rk is (−→x ,−→y ) = ∑︁k
n=1 xnyn , where −→x =

(x1, x2, . . . , xn) and −→y = (y1, y2, . . . , yn) are given with respect to the standard
basis (page 26) [10, p. 52]. In this work we will call it the dot product between
two vectors of Rk, and denote the operation by

−→x · −→y =
k∑︂

n=1
xnyn. (39)

The dot product in equation (39) is equivalent to
−→x · −→y = ∥−→x ∥∥−→y ∥ cos θ(−→x ,−→y ) , 0 ≤ θ(−→x ,−→y ) ≤ π , (40)

where θ(−→x ,−→y ) is the smaller angle between vectors −→x and −→y . [16, p. 2]

DEFINITION 27 (Inner product space). [10, p. 53] A real or complex vector
space V with an inner product (·, ·) is called an inner product space.

Inner product spaces are also known as pre-Hilbert spaces [17, p. 35].

Any inner product space of a general finite-dimensional vector space V with the dot
product as inner product is called an Euclidean vector space. In particular, the
inner product space of Rn with the dot product is an Euclidean vector space, and we
denote it En. [13, p. 14]
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The space E3 will be used extensively in this work, since all of the position
dependent vectors (vector fields) of mechanics belong to it, although most of the
time it is used implicitly, without any explicit mention.

We return to the study of norms and inner products in section 2.9, on page 45. The
following theorem has a central role when transforming global balance laws into local
balance laws in continuum mechanics (see section 3.3, page 65).

THEOREM 1 (Localisation theorem). [29, p. 59] Consider an open set B ⊂ E3

and a continuous function ϕ : B → R, and let Ω denote an arbitrary open subset of
B. If ∫︂

Ω
ϕ(−→x )dV = 0, ∀Ω ⊂ B, (41)

then
ϕ(−→x ) = 0, ∀−→x ∈ B. (42)

2.7 Linear algebra
In this section we denote a set {1, . . . , n} of all positive integers from 1 to n by the
boldface font of its largest included number n. Hence, the cartesian product m× n
stands for the set

m× n = {(i, j) : i = 1, . . . ,m; j = 1, . . . , n}.

Using this notation we can define matrices (plural form of matrix) as follows. [18, p.
39]

DEFINITION 28 (Matrix). [18, p. 39] Let F be a field (Def. 19) and m and n
positive integers. A mapping

A : m× n→ F (43)

is called an m× n matrix over F.

If A is an m× n (read m by n) matrix over F, and (i, j) ∈m× n, then A(i, j),
i.e. the image of (i, j) under A, is called the (i, j) entry (or element/component) of
the matrix A and is notated Aij or aij. Using the notation aij for entries of A, the
matrix A can be written as A = (aij). [18, p. 39]

It is also common to use square brackets instead of parenthesis in the above
notation, so that [aij ] or [Aij ] represents the same matrix A. This notation is used in
the present work to notate the component matrices of tensors, which are explained
in the next section.

An m × n matrix over F is said to be of size m × n. Two matrices A, B
over F are equal, notated A = B, if they are of the same size, say m × n, and
aij = bij ∀ (i, j) ∈m× n. [18, p. 39]



29

An m by n matrix is often depicted as a rectangular array⎡⎢⎢⎢⎢⎣
a11 a12 . . . a1n

a21 a22 . . . a2n
... ... . . . ...
am1 am2 . . . amn

⎤⎥⎥⎥⎥⎦ .

The n-tuple of entries ai1, ai2, . . . , ain of A, notated Ai , is called the ith row of A,
and depicted as [︂

ai1 ai2 . . . ain

]︂
.

Whereas the m-tuple a1j, a2j, . . . , amj , notated Aj, is called the jth column of A,
and depicted as ⎡⎢⎢⎢⎢⎣

a1j

a2j
...
amj

⎤⎥⎥⎥⎥⎦ .
An 1 × n matrix is called a row matrix or row vector, and an m × 1 matrix is
called a column matrix or column vector. An n× n matrix is called a square
matrix of order n. The n-tuple of entries a11, a22, . . . , ann in a square matrix of
order n is called the main diagonal of A. [18, p. 40]

Notice the resemblance of the above vectors to the finite-dimensional vectors
discussed in the previous section. By the definition for a vector space (Def. 20, page
24) the row and column vectors are vectors of the vector space Fn, if we make no
distinction between the rows and columns. If we do make a distinction, they become
vectors of two different, more sophisticated spaces. The square brackets only signify
their relationship to matrices, and that they can be interpreted and used like matrices
too.

DEFINITION 29 (Matrix addition). [18, p. 41] Let A = (aij) and B = (bij) be
two m×n matrices over F. The sum of A and B, written A+B, is the m×n matrix
C = (cij) such that

cij = aij + bij, (i, j) ∈m× n.

Thus, two matrices can be added together if and only if they are of the same size.
The above definition of matrix addition can be visualised as⎡⎢⎢⎣

a11 . . . a1n
... ...
am1 . . . amn

⎤⎥⎥⎦+

⎡⎢⎢⎣
b11 . . . b1n
... ...
bm1 . . . bmn

⎤⎥⎥⎦ =

⎡⎢⎢⎣
a11 + b11 . . . a1n + b1n

... ...
am1 + bm1 . . . amn + bmn

⎤⎥⎥⎦ .

DEFINITION 30 (Scalar multiplication). [18, p. 44] Let A = (aij) be an m× n
matrix over F, and let α ∈ F. The product αA (also written Aα) is the m×n matrix
whose (i, j) element is α aij ∀(i, j) ∈m× n.
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If α = −1 in the above operation of scalar multiplication between α and A, we
get the negative of A, written −A. Likewise, if α = 0 the multiplication between α
and A gives the zero matrix (or null matrix), i.e. the m by n matrix in which
every entry is zero. We denote the zero matrix by 0m×n or simply by 0, if the size is
clear from the context. [18, p. 41]

With these two operations, matrix addition and scalar multiplication, matrices
form vector spaces of their own, where the matrices are the elements, i.e. the vectors.
In this situation it might be clearer to speak of linear spaces, which is the alternative
name for vector spaces. Matrices with only real valued components are called real
matrices and matrices with complex valued components are called complex matrices
respectively. Then, we can say that all the real m× n matrices form a vector space
Rm×n, and all the complex m× n matrices form a vector space Cm×n. If the field
(real of complex numbers) is unspecified, the vector space is notated Fm×n.

The product of two matrices is defined as follows.

DEFINITION 31 (Matrix product). [18, p. 42] Let A = (aij) and B = (bij) be,
respectively, m × n and n × p matrices over F. The matrix product AB is the
m× p matrix C = (cij), where

cij =
n∑︂

k=1
aikbkj, (i, j) ∈m× p.

By the above definition matrix A can be multiplied from the right with matrix B
if and only if the number of columns in A is equal to the number of rows in B. [18,
p. 42]

Definition 31 allows the product Ax, where A ∈ Fn×n and x ∈ Fn×1, and hence
we can formulate matrix equations of the form

Ax = b,

where A ∈ Fn×n and b ∈ Fn×1 are known, and x ∈ Rn×1 is unknown. For this work,
the equation

Ax = 0, (44)

where 0 = 0n×1 , is of special importance.

DEFINITION 32 (Transpose). [18, p. 45] Let A = (aij) be an m× n matrix. The
transpose of A is the n×m matrix B = (bij), where bij = aij ∀(i, j) ∈ n×m.

The matrix transpose is often notated by AT or tA [18, p. 45]. In this work the
transpose of A is denoted by AT.

A matrix is said to be symmetric if A = AT.

THEOREM 2. Let A be an m× n matrix and B be an n× p matrix. Then the
following holds

(AB)T = BTAT. (45)
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A completely analogous result holds for the transpose of the dot product between
two second-order tensors, as is seen in the next section.

The Kronecker delta function is

δ : N× N→ {0, 1},

such that
δ(i, j) ≡ δij =

{︄
1 if i = j
0 if i ̸= j

for i, j ∈ N

In English, the Kronecker delta takes two natural numbers and returns 1 iff they
are the same number and 0 iff they are different numbers. [18, p. 43]

In tensor calculations, where it can be useful to make a distinction between the
character of the two numbers i and j, it is common to use the notations δij = δj

i = δij ,
which all stand for the same function δ(i, j) [30, p. 6]. The Kronecker delta is very
important for the efficient notation and computation of tensor contractions, which
we encounter in the next section and later in chapter 3.

DEFINITION 33 (Identity matrix). [18, p. 44] The n × n matrix in which, for
each (i, j) ∈ n × n, the (i, j) entry is the image of (i, j) under δij , is called the
identity matrix of order n and denoted by In.

We denote the identity matrix In by I if the order n is clear from the context.

DEFINITION 34 (Inverse matrix). [18, p. 44] Let A be an n× n matrix. If there
is an n× n matrix B such that

AB = I = BA,

then A is said to be invertible and B is called the inverse of A.

The inverse matrix is unique. An invertible matrix has only one inverse. The
inverse of A is notated by A−1. A matrix that does not have an inverse is said to be
singular. Likewise, a matrix that is invertible is called non-singular. Notice that
only n× n matrices, i.e. square matrices, are invertible by definition.

THEOREM 3 (Inverse of a matrix product). Let A and B be two invertible n× n
matrices. Then the following holds

(AB)−1 = B−1A−1. (46)

Theorem 3 is a special case of the shoes and socks theorem in abstract algebra.

The invertibility and linear independence (see Def. 22, page 25) of the row and
column vectors of a matrix are characterised by a single scalar, called the determinant.
The determinant is calculated from the set of permutations of the column (or row)
index of a matrix. For the sake of clarity, we state the definition of a permutation:
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DEFINITION 35 (Permutation). [22, p. 10] A permutation is an arrangement
of objects in a definite order.

In this section we will consider permutations of integers. Given a set n =
{1, 2, . . . , n} the set of permutations of n is notated Sn. A permutation σ ∈ Sn is
usually depicted as (︄

1 2 . . . n
σ(1) σ(2) . . . σ(n),

)︄
.

where σ(1) is the first number of the permutation, σ(2) the second number, and σ(n)
the last number of the permutation. Using this notation, a permutation of 1, 2, 3
and 4 can be written as

σk =
(︄

1 2 3 4
1 3 4 2,

)︄
.

Here, σk is understood to be the specific permutation depicted above. A transposi-
tion is a permutation that interchanges two elements and keeps the rest fixed. Every
permutation σ ∈ Sn can be given as a product of transpositions. The number of
transpositions that produce permutation σ is either even or odd. That is, a permuta-
tion can only be represented by either an even or odd number of transpositions, not
both. Accordingly, we call permutations either even or odd. The signum function
sgn : Sn → {1,−1} of permutation σ gives 1 if σ is even and −1 if σ is odd. [18, p.
47–49]

To calculate the determinant of a matrix, the permutations of a set of n integers
established above will be utilised to choose components of the matrix accordingly.
DEFINITION 36 (Determinant). [18, p. 49] Let A = (aij) be an n × n matrix
over a field F. Then the sum ∑︂

σ∈Sn

(sgn σ)a1σ(1) . . . anσ(n)

is called the determinant of A and denoted by detA or |A|.
The above definition for the determinant is the most unstructured representation

of a determinant, and thus, many, more systematic methods have been developed to
obtain the same number. In general, structured approaches are preferred in compu-
tational implementations of mathematical formulas, due to their higher efficiency
compared to the less structured approaches.

The determinant of a 3 × 3 matrix can be computed with the mnemonic rule
known as Sarrus’ rule. This rule only applies to 3 by 3 matrices. It can be verbally
expressed as “main diagonals minus antidiagonals”. This is visualised in figure 1,
where the main diagonals are drawn with solid lines and the antidiagonals are drawn
with dashed lines. Explicitly stated: the determinant of a 3 by 3 matrix A is

detA = a11a22a33 + a12a23a31 + a13a21a32 − a13a22a31 − a11a23a32 − a12a21a33 , (47)

where the three main diagonals are added and the three antidiagonals are subtracted.
Formula (47) represents one possible ordering of the products in the sum of definition
36. [20, p. 7–8]

Determinants are important because they reveal if matrices are invertible or not.
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a11 a12 a13 a11 a12

a21 a22 a23 a21 a22

a31 a32 a33 a31 a32

+ + +

− − −

Figure 1: Sarrus’ rule.

THEOREM 4 (Singular matrix). [21, p. 248] A square matrix A is singular if
and only if detA = 0.

It is a well-known fact of linear algebra, that equation (44),

Ax = 0 , (48)

where A ∈ Fn×n, x ∈ Fn×1 and 0 = 0n×1, has other solutions than the trivial x = 0
only when A is singular [21, p. 27]. We will make use of this fact when formulating
Rice’s localisation condition in section 4.3 (page 98).

Determinants have also the following property, which simplifies the calculation of
determinants for matrix products.

THEOREM 5. [18, p. 52] Let X and Y be n× n matrices. Then

det(XY ) = (detX)(detY ). (49)

Besides equations and there is a third important equation type in linear algebra,
namely, the eigenvalue equation

Ax = λx, (50)

where A ∈ Fn×n is a matrix of known values, λ is a scalar called an eigenvalue of
the matrix A, and x ∈ Fn×1 the eigenvector of matrix A corresponding to λ. The
eigenvalue and its eigenvector are unknowns in the equation. If we use the identity

x = Ix,

where I = In is the identity matrix of order n, equation (50) can be rewritten as

(A− λI)x = 0, (51)

which is of the same form as Eq. (48). Thus, it is evident that the

det(A− λI) = 0 (52)

must hold in order for Eq. (50) to have non-trivial solutions x = 0. Because λ is an
unknown too, we now have a system of two equations

(A− λI)x = 0
det(A− λI) = 0,
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which upon closer inspection reveals the possibility of at most n different pairs of
one eigenvalue and its corresponding eigenvector. It is also possible that the set of
equations has fewer solutions, depending on the matrix A. The pairs are found by
first solving Eq. (52) for one λ and then substituting this value into Eq. (51) to
obtain the eigenvector. [21, p. 283–288]

Real-valued symmetric matrices can be shown to have n distinct real-valued
eigenvalues, and thereby n linearly independent eigenvectors. A real-valued symmetric
matrix A is called positive definite if the following holds:

yTAy > 0 ∀y ̸= 0. (53)

Because the eigenvalue equation (50) can be left-multiplied by xT to obtain

xTAx = λxTx,

condition (53) is equivalent to saying that all eigenvalues λi of A are > 0. This can
be seen by considering that every vector y can be written as a linear combination of
the eigenvectors xi. [21, pp. 298–300, 330–332, 342–344]

A quadratic form in n variables is a poynomial of the type

f(x1, x2, . . . , xn) =
n∑︂

i≤j
i,j=1

uijxixj, (54)

for some parameters uij, where at least some uij must be non-zero [23, p. 409]. It
can be shown that [23, p. 412]:

“Every quadratic form in n variables xi can be written as xTAx, where x is the
column vector of variables and A is a symmetric matrix.”

From the above result for quadratic forms it follows that one can speak of the
positive definitness of quadratic forms too. We will find an application for this in
the theory of partial differential equations in section 4.2, on page 94.

2.8 Tensor algebra and calculus
Tensor algebra and calculus hold a central position in modern physics. Field theories
build on the concept of a tensor field. For the efficient notation of tensor algebra and
calculus it is necessary to adopt the so-called indical notation, which we avoided
in the section on vector algebra and calculus.

In idical notation vectors and tensors are expressed in terms of their components,
which are identified by indices that take values from 1 to n, where n stands for the
cardinality of the set of components. Indical notation assumes that components and
base vectors are enumerated and can be identified by numbers.

In indical notation partial differentiation is usually notated with a comma, as in
∂g

∂xi

= g,xi
, (55)
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where g is a scalar-valued function and xi are some variables. If the variables xi are a
set of coordinates understood from the context the notation can be further simplified
to

∂g

∂xi

= g,i.

[40, p. 48–49]

DEFINITION 37 (Dual basis). [27, p. 10–11] Let −→e i be a finite vector basis.
Then there exists a unique finite vector basis −→e i such that

−→e j · −→e i = δi
j, (56)

where · is the dot product and δi
j is the Kronecker delta (page 31). The basis −→e i is

called the reciprocal or dual basis to −→e i.

Since the dot product is commutative −→e i · −→e j = δi
j. The appearance of the

Kronecker delta does not change its definition, it is only used to reflect that it is the
dot product of a basis and its dual basis.

DEFINITION 38 (Orthonormal basis). [17, p. 38] A basis {−→E i} with the property

−→E i ·
−→E j =

{︄
1 if i = j
0 if i ̸= j

(57)

is called orthonormal. The corresponding reciprocal basis coincides with the
orthonormal basis.

Eq. (57) could equally well be written −→E i ·
−→E j = δij, where δij is the Kronecker

delta. We note that every Cartesian basis is orthonormal, and thus, by the above
definition coincides with its reciprocal basis. This is an important property, which
significantly simplifies the calculation of tensor contractions (see page 41) for Cartesian
tensors (see page 39).

In indical notation tensors are written as the sum of their components, therefore
Einstein proposed the following convention for suppressing the summation sign in
indical notation [13, p. 13]:

The Einstein summation convention: “Whenever, in the same term, the same
index appears twice, once as a superscript and once as a subscript, a summation is
implied over all terms obtained by letting that index assume all its possible values,
unless an explicit statement is made to the contrary.” [13, p. 13]

The summation convention can be exactly defined as follows.

DEFINITION 39 (Einstein notation). [17, p. 27] In Einstein notation, indexing
obeys the following rules:

(i) an index appears, at most, twice within a term;

(ii) indices which appear only once per term must be the same in every term of an
expression;
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(iii) if an index appears twice, it must appear exactly once as an upper index and
once as lower index, and it indicates that this index is a summation index;

(iv) summation indices can be chosen freely as long as this does not conflict with
(i)–(iii).

Mathematical terms are separated by plus and minus signs. In Cartesian coordi-
nate systems the covariant and contravariant bases (basis and its dual) coincide with
the standard unit basis, and thus all of the Cartesian vectors and vector components
are usually notated by subscripts [27, p. 11]. Then, the Einstein summation conven-
tion simplifies to [20, p. 1]: “If a running index appears twice in a term, summation
over the values of the index is implied, without explicitly writing the summation
sign”.

The Kronecker delta (see page 31) changes indices in the following way

δjixi = xj

δjixj = xi

δklahijk = ahijl.

Following the Einstein summation convention, a Kronecker delta with two identical
indices is a sum:

δii = 3 (i = 5, 6, 7), (58)
where the index i may be changed arbitrarily and the corresponding number (three
in our case) changes accordingly.

For more information on the indical notation see the book [20] by Schade and
Neemann.

If we have a general three-dimensional coordinate system (O, q1, q2, q3), where
O stands for the origo, and a position vector −→r (q1, q2, q3) = x(q1, q2, q3)−→i +
y(q1, q2, q3)−→j + z(q1, q2, q3)

−→
k we can construct a covariant frame triad (basis)

(−→r 1,
−→r 2,
−→r 3) through differentiation of −→r

−→r i =
−→r
∂qi

, (59)

and there exists a reciprocal basis −→r i such that
−→r i · −→r j = δi

j. (60)

[27, p. 53–56]
Let (q1, q2, q3) be the coordinates of a general three-dimensional coordinate system.

Let −→r = −→r (q1, q2, q3) be a position vector in the coordinate system (O, q1, q2, q3).
Define the infinitesimal vector d−→r from point (q1, q2, q3) to point (q1 + dq1, q2 +
dq2, q3 + dq3), given by

d−→r = ∂−→r
∂qi

dqi = −→r idq
i. (61)
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Using the reciprocal basis −→r i, one can get dqi from d−→r as

dqi = −→r i · d−→r = d−→r · −→r i. (62)

The differential of a scalar-valued differentiable function f(q1, q2, q3) is

df = −→r i ∂f

∂qi
· d−→r . (63)

This can be written
df = −→∇f · d−→r , (64)

where
−→
∇ ≡ −→r i ∂

∂qi
(65)

is the nabla operator, also known as the del operator. [27, p. 62–63]
By definition (64) the nabla operator is a vector-valued linear differential operator.

Besides scalar fields, as depicted in definition (64), it operates on tensor fields of any
order in the following way

dA = −→∇B · dC, (66)
where dA is a differential tensor (see Def. 41, page 38) of order n+m− 1, B is a
tensor field (see page 44) of order n, and dC is a differential tensor of order m. This
is to say that, the nabla operator takes a tensor field of order n and returns a tensor
field of order n+ 1. Further, the exact representation of the nabla operator depends
on the coordinate system under consideration. Therefore it is common to make
visual distinctions between different forms of the nabla operator in applications where
multiple coordinate systems are utilised. In continuum mechanics one traditionally
uses two sets of coordinates: (X1, X2, X3) and (x1, x2, x3). Thus, the nabla operator
is traditionally depicted as −→∇0 and −→∇ , depending on the coordinate system (see
section 3.1.1, page 59). We will make use of this notation in chapter three.

It is worth noting that some authors and researchers use the separate notation−→
∇ ⊗B (where ⊗ is the tensor product from Def. 40, page 38) to notate the operation
−→
∇B in Eq. (66).

From definition (65) we see that the nabla operator allows the composition
−→
∇ ·
−→
∇ . (67)

The composed operator (67) is a scalar-valued differential operator (see page 50)
known as the Laplacian. The Laplacian is usually denoted

∇2 (68)

or
∆. (69)

In a Cartesian coordinate system (O, x, y, z) the nabla operator (65) takes the
appearance

−→
∇ = −→i ∂

∂x
+−→j ∂

∂y
+
−→
k
∂

∂z
, (70)
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and the Laplacian takes the form

−→
∇2 = ∂2

∂x2 + ∂2

∂y2 + ∂2

∂z2 . (71)

We will use the Laplacian in chapter five to construct non-local gradient base material
models, as is announced by the title of this work.

Now

DEFINITION 40 (Tensor product). [13, p. 29] Given two vector spaces En and Fp

of dimensions n and p respectively, and two vectors −→x ∈ En,
−→y ∈ Fp, the operation

−→x ⊗−→y forms a vector space En ⊗ Fp, and has the following properties:

(a) If −→x ,−→x 1,
−→x 2 belong to En, and −→y ,−→y 1,

−→y 2 to Fp then the distributive law
holds with respect to vector addition:

−→x ⊗ (−→y 1 +−→y 2) = −→x ⊗−→y 1 +−→x ⊗−→y 2, (72)
(−→x 1 +−→x 2)⊗−→y = −→x 1 ⊗−→y +−→x 2 ⊗−→y . (73)

(b) If α is an arbitrary scalar, the associative law holds:

(α−→x )⊗−→y = −→x ⊗ (α−→y ) = α(−→x ⊗−→y ). (74)

(c) If {−→x 1,
−→x 2, . . . ,

−→x n} and {−→y 1,
−→y 2, . . . ,

−→y p} are any two bases of En and Fp

respectively the np elements

−→x i ⊗−→y α (i = 1, 2, . . . , n;α = 1, 2, . . . , p) (75)

of En ⊗ Fp form a basis in that space.
Then En ⊗ Fp is a vector space of dimension np and we say that it is the tensor

product of the vector spaces En and Fp and we call the element −→x ⊗−→y ∈ En ⊗ Fp

the tensor product of the two vectors −→x and −→y .

To be clear, the dimension of En ⊗ Ep is

dim(En ⊗ Ep) = (dimEn)(dimEp), (76)

where we used the notation from Def. 23 (page 25) [28, p. 313].
We note that vectors are one-dimensional tensors, and scalars are often referred

to as zero-dimensional tensors.

DEFINITION 41. [13, p. 31] Each element of the vector space

En ⊗ Fp ⊗Gq ⊗ . . .

constructed from the vector spaces En, Fp, Gq, . . . is called a tensor.
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Henceforth, we will only consider tensors belonging to

En ⊗ Fn ⊗Gn ⊗ . . . , (77)

i.e. tensors that are formed from vector spaces of the same dimension (n in this
case). All standard tensors in continuum mechanics share this property. We will
further require that the vector spaces are 2D or 3D Euclidean vector spaces, so that
every tensor has a physical interpretation.

There are two main schools of notation regarding the tensor product. Some
scientists use the tensor product symbol ⊗ presented above, but avoid the dot-
product. In their notation, two tensors next to each other, without any visible
operator in-between, stands for the dot-product. Other scientists notate the tensor
product as two tensors standing next to each other, without any operator between
them, and the dot-product as a visible dot between the tensors. We will henceforth
write every symbol out. We will not use the notation where two tensors stand side
by side. [43, p. 54]

Tensors are independent of coordinate systems. They are said to be invariant.
That is, the same tensor can be represented in different coordinate systems (of the
same size, e.g. 3D) by changing the basis vectors and scalar components [16, p. 28].
Therefore, a tensor can be thought of as a collection of multi-dimensional arrays, each
array corresponding to the scalar components of the tensor in a specific coordinate
system. The scalar components change in tandem with the basis vectors according
to simple rules. We will, however, not define the rules here, due to their superfluous
information in regards to this thesis, which does not consider coordinate transforms.
In all applications we will restrict ourselves to Cartesian 2D and 3D coordinate
systems. We must, however, note that tensors can be written with respect to the
dual basis introduced in Def. 37 (page 35). Even in the same coordinate system
there are always more than one representation for a tensor, as some of the basis
vectors can be written as their reciprocal form. For example,

ai1
.i2
−→e i1 ⊗

−→e i2

is a so-called mixed representation. Note the dot in ai1
.i2 . It shows the order of the

basis vectors in −→e i1 ⊗
−→e i2 . Note also that the corresponding indices in ai1

.i2 are super-
and subscripts, as in the general definition for the Einstein summation convention.

A tensor of order n may be expressed as

ai1i2...in−→e i1 ⊗
−→e i2 ⊗ . . .⊗

−→e in . (78)

Thus, a tensor of order n has 3n scalar components ai1i2...in in a 3D coordinate system.
This follows from the fact that every index ik, k = 1, 2, . . . , n takes the values 1, 2,
3. [16, p. 20]

A tensor representation written as the linear combination of tensor products of
Cartesian basis vectors is called a Cartesian tensor [16, p. 10]. From now on we
will only write tensors as Cartesian tensors in the indical notation, and hence we
will use only subscripts. Thus,

A = aij
−→e i ⊗−→e j
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is a Cartesian tensor, where −→e i&−→e j are Cartesian basis vectors.
The transpose of a second-order tensor A = aij

−→e i ⊗−→e j is [27, p. 34]

AT = aji
−→e i ⊗−→e j. (79)

The transpose of a transpose is the original second-order tensor

(AT)T = A. (80)

The definition of the dot product · given in (39) for vectors (page 27) is usually
extended for tensors in the following way:

A ·B = (ai1i2...in

−→e i1 ⊗ . . .⊗
−→e in) · (bj1j2...jk

−→e j1 ⊗ . . .⊗
−→e jk

) (81)
= (ai1i2...inbj1j2...jk

−→e i1 ⊗ . . .⊗
−→e in−1 ⊗

−→e j2 ⊗ . . .⊗
−→e jk

)(−→e in · −→e j1), (82)

where (−→e in · −→e j1) is the dot product between the respective base vectors. If we
assume that the tensors A and B are written for the same Cartesian coordinate
system, we have by Def. 37 (page 35), that −→e in · −→e j1 = δinj1 .

The following identity, completely analogous to the case of matrix transposes,
holds for arbitrary second-order tensors A and B [27, p. 35]

(A ·B)T = BT ·AT, (83)

A second-order tensor g is symmetric if [26, p. 36]

g = gT. (84)

A second-order tensor g is antisymmetric or skew symmetric if [27, p. 36]
[43, p. 56]

g = −gT. (85)
Any arbitrary second-order tensor A can be decomposed into a symmetric and

skew symmetric part B respectively C:

A = 1
2(Asym + Askew), (86)

where Asym = 1
2(A + AT) and Askew = 1

2(A−AT). [27, p. 36]

The second-order identity tensor 1 is [26]

1 = δij
−→e i ⊗−→e j. (87)

The fourth-order identity tensor I is [26]

I = δikδjl
−→e i ⊗−→e j ⊗−→e k ⊗−→e l. (88)

The symmetric fourth-order identity tensor Is is [26]

Is = 1
2(δikδjl + δilδjk)−→e i ⊗−→e j ⊗−→e k ⊗−→e l. (89)
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The vertical double-dot product between two second-order tensors A =
Aij(−→e i ⊗−→e j) & B = Bkl(−→e k ⊗−→e l) is defined as the operation

A ..B = Aij(−→e i ⊗−→e j) .. Bkl(−→e k ⊗−→e l) = AijBkl(−→e i · −→e k)(−→e j · −→e l), (90)

where −→e i ·−→e k and −→e j ·−→e l are the dot products between basis vectors −→e i & −→e k and
−→e j & −→e l respectively. If the basis vectors are Cartesian, as assumed, the vertical
double-dot product becomes

A ..B = aijbij. (91)

We will only use one kind of double-dot products, namely the vertical double-dot
product. Thus, we will henceforward call it just the double-dot product. The double-
dot product may equally well act on any tensors larger than the second-order. A
common case in continuum mechanics is the double-dot product between a second-
and a fourth-order tensor. The double-dot product is a so-called tensor contraction.
It combines two tensors into a single tensor, that has 4 basis vectors fewer than the
total sum of basis vectors in the original tensors. As seen from the above equation,
four basis vectors reduce to zero basis vectors.

One can define an infinite amount of tensor contractions. Another case is the
triple-dot product used in Eq. (377), on page 115. The triple-dot product acts
on tensors of order 3 or higher. The triple-dot product of two Cartesian third-order
tensors C and D is

C ...D = cijkdijk. (92)

The fourth-order identity tensor (Eq. (88), page 40) has the property

A .. I = I ..A = A,

for any arbitrary second-order tensor A.

A fourth-order tensor C is said to be minor symmetric if

Cijkl = Cjikl = Cijlk = Cjilk. (93)

Thus, a minor symmetric fourth-order tensor has only 36 independent components.
[24, p. 366]

A fourth-order tensor C is said to be major symmetric if

Cijkl = Cklij. (94)

A fourth-order tensor that is both minor and major symmetric has only 21 independent
components. [24, p. 367]

A tensor whose components are the same in all coordinate systems is called
isotropic [25, p. 123].
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THEOREM 6 (Isotropic fourth-order tensors). [25, p. 124] The most general
isotropic fourth-order tensor has scalar components

aijkl = λδijδkl + µδikδjl + νδilδjk , (95)

where λ, µ, and ν are constants, with respect to any coordinate transformation.
The vertical double-dot product between an isotropic fourth-order tensor C and

a symmetric second-order tensor εεε (see page 40) takes the form

C .. εεε = Cijklεkl (96)
= (λδijδkl + µδikδjl + νδilδjk)εkl (97)
= λδijεkk + µεij + νεji (98)
= λδijεkk + (µ+ ν)εij , (99)

where we used theorem 6 and the Kronecker delta identity.
Because the constants are arbitrary, we can set ν = µ in equation (99) and obtain

C .. εεε = λδijεkk + 2µεij , (100)
where

C = (λδijδkl + µ(δikδjl + δilδjk))−→e i ⊗−→e j ⊗−→e k ⊗−→e l = λ1⊗ 1 + 2µIs , (101)

according to definitions (87) and (89). Notice that the result (100) is obtained even
when

C = λ1⊗ 1 + 2µI , (102)
due to the symmetry of εεε. [25, p. 143]

We will confront isotropic tensors again in the constitutive theory outlined in
section 3.5 (page 73). There the constants λ and µ are named the Láme coefficients,
and play an important role in the theory of elasticity.

Second-order tensors operate on vectors of an Euclidean space through the dot
product. They transform one vector to another in the manner

A · −→x = −→y , −→y ∈ En, −→x ∈ En, (103)

where A is a second-order tensor. The operation A· in relation (103) is a linear
mapping, because the following relations hold:

A · (−→x +−→y ) = A · −→x + A · −→y , ∀−→x ,−→y ∈ En, (104)

A · (α−→x ) = α(A · −→x ), ∀−→x ∈ En, ∀α ∈ C. (105)
For this reason, the set of second-order tensors is denoted Linn. In addition, the
following relations are defined

(αA) · −→x = α(A · −→x ) = A · (α−→x ) (106)
(A + B) · −→x = A · −→x + B · −→x (107)
−A = (−1)A (108)
0 · −→x = 0, (109)
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where α ∈ C, −→x ∈ En, A,B are second-order tensors, and 0 is the second-order zero
tensor. These relations make Linn a vector space in the meaning of Def. 20. [30, p.
12–13]

Tensors can be identified by their scalar components, also known as coefficients.
We use the notation

[A] , (110)

where A is an even-order tensor, to notate the matrix made of the coefficients (scalar
components) of the tensor A. For example, if A is a second-order tensor

[A] =

⎡⎢⎣a11 a12 a13
a21 a22 a23
a31 a32 a33

⎤⎥⎦ ,
where the tensor is represented as a Cartesian tensor aij

−→e i ⊗−→e j. Alternatively, we
may also use the notation

[aij] ≡ [A] . (111)

We call a second-order tensor square if it belongs to a vector space

En ⊗ Fn

with dimension n2. As previously mentioned, all of our second-order tensors will
belong to spaces of that type (Fn may equal En). Analogously to matrix equations
of the form Ax = 0 (see equation (48), page 33), there are tensor equations of the
form

A · −→x = −→0 , (112)

where A is a square second-order tensor and −→x is an unknown vector. By the same
analogy, the second-order tensor A is said to be singular if equation (112) has a
solution −→x ̸= −→0 , and nonsingular if the equation only has the trivial solution
−→x = −→0 . The tensor A is singular if and only if its determinant is zero. The
determinant of a second-order tensor A is defined as the determinant of the matrix
of its mixed scalar components:

det A = |a.j
i | = |ak

.m| =
1
g
|ast| = g|apq|, (113)

where g is the determinant of the coefficient matrix of the metric tensor, i.e.

g =

⃓⃓⃓⃓
⃓⃓⃓
−→e 1 · −→e 1

−→e 1 · −→e 2
−→e 1 · −→e 3−→e 2 · −→e 1

−→e 2 · −→e 2
−→e 2 · −→e 3−→e 3 · −→e 1

−→e 3 · −→e 2
−→e 3 · −→e 3

⃓⃓⃓⃓
⃓⃓⃓ .

Note that g = 1 in a Cartesian coordinate system, and thus one can write

det B = |bij|

for a Cartesian second-order tensor B. [27, p. 20–21, 27–28, 45]
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For nonsingular square second-order tensors A there exist tensor inverses A−1

such that
A ·A−1 = A−1 ·A = 1, (114)

where 1 is the second-order identity tensor (page 40). The following result, again
completely analogous to the case of matrix inverses, holds for nonsingular square
second-order tensors A and B [27, p. 35]

(A ·B)−1 = B−1 ·A−1. (115)

As with matrices, there are also eigenvalue equations for second-order tensors.
These are defined through the dot-product. A general eigenvalue has the form

A · −→x = λ−→x , (116)

where A is a square second-order tensor, −→x is an eigenvector, and λ is an eigenvalue.
[27]

A tensor-valued function that relates a point in space to a specific tensor is called
a tensor field. The field theories in physics describe physical phenomena through
such fields. Continuum mechanics is a field theory. [27, p. 53]

Any arbitrary second-order tensor A (of the space with dimension n2) can be
separated into a spherical and deviatoric part as follows

A = Asp + Adev, (117)

where the deviatoric tensor is

Adev = (I− 1
n

1⊗ 1) ..A, (118)

where I is the fourth-order identity tensor (page 40) and 1 is the second-order identity
tensor (page 40). Because A = I ..A, the spherical tensor is then

Asp = 1
n

1⊗ 1 ..A. (119)

[30, pp. 31–32]

DEFINITION 42 (von Mises operator). [26, p. 38] Let Linn be the set of all
second-order tensors. The von Mises operator is a function JvM(·) : Linn → R such
that for all A ∈ Linn,

JvM(A) =
√︄

3
2Adev

..Adev, (120)

where Adev denotes the deviatoric tensor of A (see Eq. (118)).

DEFINITION 43 (Differentiability). [30, p. 145] Let f(A) : Linn → R be a
scalar-valued tensor function. f(A) is said to be differentiable in a neighbourhood of
A if there exists a tensor f(A),A ∈ Linn , called the tensor derivative of f , such
that

d

dt
f(A + tX)

⃓⃓⃓
t=0

= f(A),A
..X, ∀X ∈ Linn. (121)
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d

dt
f(A+ tX)

⃓⃓⃓
t=0

is called the directional derivative or Gateaux derivative, and

f(A),A = ∂f(A)
∂A

, where the comma stands for a partial derivative.

In the same way that second-order tensors were defined as operators operating
on vectors forming a space Linn, fourth-order tensors can be defined as operators
operating on second-order tensors through the double-dot product:

Y = A ..X, (122)

where Y,X ∈ Linn and A ∈ Linn is a fourth-order tensor. Analogous rules to the
ones defined for the space Linn can then be set up to define the vector space Linn.
[30, pp. 123–124]

DEFINITION 44 (Differentiability). [30, p. 161] Let g(A) : Linn → Linn be a
tensor-valued tensor function. g(A) is said to be differentiable in a neighbourhood of
A if there exists a fourth-order tensor g(A),A ∈ Linn, called the tensor derivative
of g, such that

d

dt
g(A + tX)

⃓⃓⃓
t=0

= g(A),A
..X, ∀X ∈ Linn. (123)

Tensors of the type
T = Tij

−→e i ⊗
−→E j, (124)

where −→e i and −→E j are two different vector bases, are called two-point tensors [31,
p. 70–71].

2.9 Functional analysis
Functional analysis formalises the theory of integral, integro-differential and differen-
tial equations, and is therefore an indispensable part of modern mathematics. It can
prove the existence and uniqueness of solutions to problems in continuum mechanics,
and it can also provide illuminating information about the equations involved. Func-
tional analysis can, however, be very challenging to apply, and therefore we use only
a minimal amount of functional analysis in this thesis. In particular, we only employ
linear functional analysis in any calculations.

2.9.1 Fundamentals

The cornerstones of functional analysis are set theory and vector analysis, and its
main objects of study are functions, of which functionals are a special case. As
already seen in section , functions can be treated as vectors of some linear spaces,
therefore functional analysis is often dubbed “infinite-dimensional vector analysis”.
That would certainly be a fitting name for this field of mathematics.
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DEFINITION 45. [10, p. 5] Let S be a set and let V be a vector space over F.
We denote the set of functions f : S → V by F (S, V ). For any α ∈ F and any
f, g ∈ F (S, V ), we define functions f + g and αf in F (S, V ) by

(f + g)(x) = f(x) + g(x), (αf)(x) = αf(x),

for all x ∈ S (using the vector space operations in V ). With these definitions the set
F (S, V ) is a vector space over F.

The set F (S, V ) is a function space, as will been below (section 2.9.2).

DEFINITION 46 (Linear transformation). [10, p. 6] Let V,W be vector spaces over
the same scalar field F. A function T : V → W is called a linear transformation
(or mapping) if, for all α, β ∈ F and x, y ∈ V ,

T (αx+ βy) = αT (x) + βT (y).

Linear transformations are always preferred when dealing with functions mapping
vectors from one space to another. The linearity often simplifies derivations and
proofs considerably.

DEFINITION 47 (Cauchy sequence). [6, p. 87] Let (X, d) be a metric space. A
sequence {xn}∞

n=1 of points of X is a Cauchy sequence provided that for each
positive number ϵ there is a positive integer N such that if m and n are integers
greater than or equal to N , then d(xn, xm) < ϵ.

The above definition for a Cauchy sequence means that one always can find a
positive number N for any number ε > 0, such that d(xn, xm) < ε, where d is the
metric (see Def. 9, page 20) of the metric space (X, d) and xn and xm are elements
of the sequence. n,m ≥ N . Note that the definition for a Cauchy sequence to be
ordered so that later elements approach each other in the sense of the metric imposed
on the space.

DEFINITION 48 (Complete metric space). [6, p. 87] A metric space (X, d) is
complete if every Cauchy sequence in X converges to a point in X.

“If X is a vector space with norm ∥ ·∥ and d is the metric defined by d(x, y) = ∥x−y∥
then d is called the metric associated with ∥ · ∥” [10, p. 36].

If X is an inner product space with inner product (·, ·) and ∥ · ∥ is the norm defined
by ∥x∥ = (x, x)1/2 then ∥ · ∥ is called the norm induced by the inner product, or
the induced norm [10, p. 57].

See Defs. 9 (page 20), 24 (page 26) and 26 (page 27), for definitions of the
concepts of metric, norm and inner product. It is worth noting that the usual metric
on Rn (19) is associated with the Euclidean norm (37), and the Euclidean norm is
induced by the dot product (39).
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DEFINITION 49 (Hilbert space). [10, p. 63] An inner product space which is
complete with respect to the metric associated with the norm induced by the inner
product is called a Hilbert space.

The following definition actually needs the definitions for a measure µ and measure
space, but for the purposes of this thesis they are seen as redundant, and therefore
we will not define them. The definitions can be found in graduate level books on
measure theory, such as Royden’s and Fitzpatrick’s book [19] on real analysis. For
a short introduction to measure space it may suffices to read the first chapter of
Rynne’s and Youngson’s book [10].

DEFINITION 50 (Almost everywhere). [10, p. 22] Let (X,Σ, µ) be a measure
space. A set S ∈ Σ with µ(S) = 0 is said to have measure zero (or is a null set).
A given property P (x) of points x ∈ X is said to hold almost everywhere if the
set {x : P (x) is false} has measure zero; alternatively, the property P is said to hold
for almost every x ∈ X. The abbreviation a.e. will denote either of these terms.

Instead of defining measures and measure spaces, we note that in the metric
spaces we consider in chapter 4, where a.e. is used, a.e. means that the properties
presented there hold for all but a finite number of points x ∈ X, where X is the set
considered.

2.9.2 Function spaces

Spaces whose elements are functions are called function spaces [32, p. 6]. Definition
45 defines function spaces that are vector spaces. In this work we will make use of
the following vector spaces of functions[32, p. 6][95, p. 618]:

1. The space C[a, b] of all continuous functions y(x) : [a, b] → R. This space is
usually given the norm

∥y∥0 = max
a≤x≤b

|y(x)|. (125)

2. The space Ck(U) = {u : U → R | u is k-times continuously differentiable}.

3. The space C∞(U) = {u : U → R | u is infinitely differentiable} = ∩∞
k=0Ck(U).

Differentiability means that all the possible partial derivatives up to a certain order
are continuous in all of the domain U . Functions of space 3. are called smooth,
because they are infinitely differentiable. The property of being differentiable to a
certain order is known as regularity. One often speaks of functions f with e.g. C1

regularity, which means that f is once differentiable.

2.10 Calculus of variations
Calculus of variations (CoV) is an important subject for applied mathematics. Perhaps
the most widely known application of CoV lies in the principle of least action in
classical mechanics (see section 6.1, page 118). CoV is, however, also strongly present
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in the theory of FEM and other numerical methods. Of course, CoV is used for
purely mathematical problems too, as it was originally devised for the maximisation
and minimisation of functionals. Functionals are the main objects of study in CoV,
and the main difference between pure and applied mathematics, in this aspect, is
that functionals with physical meaning have special names.

2.10.1 Fundamentals

In this work, a functional is a mapping from a specified set of functions to the set of
real numbers R, as is stated in reference [32, p. 1]. By this definition the expression

J [y] =
∫︂ b

a
F [x, y(x), y′(x)]dx, (126)

where F [x, y, y′(x)] is a continuous function of three variables, x ∈ [a, b] ⊂ R, y(x) is
a continuously differentiable function of x defined on the interval [a, b], and y′(x) is
the first derivative of y, is a functional of y. [32, p. 2]

Functionals may have more than one argument. The expression

J [y1, . . . , yn] =
∫︂ b

a
F (x, y1, . . . , yn, y

′
1, . . . , y

′
n)dx, (127)

where F (x, y1, . . . , yn, y
′
1, . . . , y

′
n) is a function with continuous first and second (par-

tial) derivatives with respect to all its arguments, x ∈ [a, b] ⊂ R, and y1(x), . . . , yn(x)
are n continuously differentiable functions, is also a functional. [32, p. 34]

DEFINITION 51 (Continuous functional). [32, p. 7] The functional J [y] of y ∈ V ,
for V a normed linear space, is said to be continuous at the point ŷ ∈ V if for any
ϵ > 0, there is a δ > 0 such that

|J [y]− J [ŷ]| < ϵ, (128)

provided that ∥y − ŷ∥ < δ.

A functional J [y] is said to be continuous if it is continuous at every point ŷ ∈ V .

DEFINITION 52 (Linear functional). [32, p. 8] Given a normed linear space V ,
let each element h ∈ V be assigned a number φ[h] ∈ R, i.e., let φ[h] be a functional
defined on V . Then φ[h] is said to be a (continuous) linear functional if

1. φ[αh] = αφ[h] for any h ∈ V and any real number α;
2. φ[h1 + h2] = φ[h1] + φ[h2] for any h1, h2 ∈ V ;
3. φ[h] is continuous (for all h ∈ V ).

DEFINITION 53 (Variation of a functional). [32, p. 11–12] Let J [y] be a functional
defined on a normed linear (function) space V , and let

∆J [h] = J [y + h]− J [y] (129)
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be its increment, corresponding to the increment h = h(x) of the independent variable
y = y(x). If y is fixed, ∆J [h] is a functional of h. Suppose that

∆J [h] = φ[h] + ϵ∥h∥, (130)

where φ[h] is a linear functional and ϵ→ 0 as ∥h∥ → 0. Then the functional J [y] is
said to be differentiable, and the principal linear part of the increment ∆J [h], i.e.,
φ[h], is called the variation (or differential) of J [y] and is denoted δJ [h].

In the above definition for the variation of a function, the fixing of y(x) necessitates
that x is fixed too, and the only changeable variable in ∆J is then the function h.
Thus, ∆J becomes a functional of h, as seen in relation (130). The variation δJ [h]
can be treated as the image of an operator δ at J [h]. This approach enables a type of
calculus similar to differential calculus. This trail is pursued in the next subsection.

The following lemma and its higher-dimensional generalisations are very important
in CoV. This “Fundamental lemma of calculus of variations” is also a cornerstone
for the finite element method, which relies on CoV.

LEMMA 1 (Fundamental lemma of calculus of variations). [32, p. 9] [132, p.
107–108] If α(x) is continuous in [a, b], and if∫︂ b

a
α(x)h(x)dx = 0

for every function h(x) ∈ C(a, b) (see section 2.9.2) such that h(a) = h(b) = 0, then
α(x) = 0 ∀x ∈ [a, b].

The functions satisfying the constraints of a given variational problem are called
the admissible functions of the problem [32, p. 8]. The solution to a variational
problem is thereby also in the set of admissible functions.

THEOREM 7 (Euler’s equation). [32, p. 15] Let J [y] be a functional of the form∫︂ b

a
F (x, y, y′)dx,

defined on the set of functions y(x) which have continuous first derivatives in [a, b]
and satisfy the boundary conditions y(a) = A, y(b) = B. Then a necessary condition
(see page 16) for J [y] to have an extremum for a given function y(x) is that y(x)
satisfy Euler’s equation

Fy −
d

dx
Fy′ = 0. (131)

2.10.2 delta as an operator

The variation of a function u(x) is δu = ϵv, where ϵ is a constant and v is a function.
δ is named the variational operator. Consider a function F : R× C1 → R, of the
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form F (x, u, u′). The first variation of F is defined by

δF = ϵ[lim
ϵ→0

F (x, u+ ϵv, u′ + ϵv′)− F (x, u, u′)
ϵ

] (132)

≡ ϵ[ d
dϵ

(F (u+ ϵv)]ϵ=0 (133)

= ϵ(v∂F
∂u

+ v′∂F

∂u′ ) = ∂F

∂u
δu+ ∂F

∂u′ δu
′, (134)

where [·]ϵ=0 is the value of the enclosed expression evaluated at ϵ = 0 (see Def. 7 on
page 19), and we used Taylor’s theorem to get from expression (133) to expression
(134). Let F1 = F1(u) and F2 = F2(u) be two functions of u = u(x); the operator δ
has, among others, the following properties:

δ(F1 ± F2) = δF1 ± F2 (135)
d

dx
(δu) = δ(du

dx
) (136)

δ
∫︂ b

a
u(x)dx =

∫︂ b

a
δu(x)dx. (137)

Using results (134) and (137) the first variation of the functional (126) can be written
as

δJ [y] =
∫︂ b

a
(∂F
∂y

δy + ∂F

∂y′ δy
′)dx. (138)

[9, p. 41–43]

2.11 Differential equations
2.11.1 Introduction

Differential equations are equations that involve differential operators. The solution
of a differential equation is a function. Operators are mappings (functions) from
one set of functions to another set of functions. Operators that involve derivatives of
functions, i.e. they relate functions to expressions of the functions derivatives, are
called differential operators. [33, p. 4] [35, p. 251]

Differential operators L that operate in the way

L(αu+ βv) = αL(u) + βL(v), ∀α, β ∈ F & u, v ∈ V, (139)

where V is the set of admissible functions (not necessarily a vector space), is called a
linear differential operator. The condition for linearity (139) is the same as in
Def. 46, for linear transformations. Linear differential operators are usually notated
by L. With this notation a single linear differential equation can be notated

Lu = f, (140)

where L is a linear differential operator, u is an unknown function, and f is a known
function which does not depend on u or its derivatives. If f = 0, i.e. f is the zero
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function, the equation (140) is called homogeneous, whereas if f ̸= 0, the equation
is called nonhomogeneous. [36, p. 5]

Differential equations are also classified according to the order of the highest-order
derivative that appears in the equation. This is called the order of the equation.
[36, p. 6]

If u only depends on one variable Eq. (140) is called an ordinary differential
equation (ODE). On the other hand, if u is multivariate, Eq. (140) is called a partial
differential equation (PDE).

Without auxiliary conditions on the solution, an equation might have several
solutions, but after the specification of restrictive conditions on the admissible
functions, the set of possible solutions usually diminishes to a single function. The
combination of a differential equation and auxiliary conditions is called a problem.
There are three types of problems in physics: initial value problems (IVPs), boundary
value problems (BVPs), and initial boundary value problems (I/BVPs). Initial value
problems describe transient phenomena, where the solution is a function of time,
and the assigned conditions restrict the solution or its derivatives to certain values at
the beginning of time (t = 0). Such conditions are called initial value conditions.
Correspondingly, boundary value problems describe stationary phenomena, where
the solution is a function of space, and the conditions restrict the solution or its
derivatives to certain values at certain points in space. Such conditions are called
boundary value conditions. Lastly, initial boundary value problems describe
phenomena that vary in both time and space. Thus, the conditions in I/BVPs include
both types of the aforementioned conditions and, additionally, the mixed type, where
points in space are related to transient phenomena.

Besides initial value problems, one can also consider so-called final value problems.
Final value problems are not as common in physics as IVPs.

According to the french mathematician Jacques Hadamard, a problem is called
well-posed if it satisfies the following conditions [33, p. 2]:

1. Existence. The problem has a solution.
2. Uniqueness. There is no more than one solution.
3. Stability. A small change in the equation or in the side (auxiliary) conditions
gives rise to a small change in the solution.

If any one of the listed conditions does not hold, we say that the problem is ill-posed.
[33, p. 2]

The quantities in mathematical models (e.q. differential equations) that do not
depend on time are called parameters. Sometimes a small change in the parameter
values can cause a sudden qualitative change in the long-term behaviour of solutions.
This type of parameter change is called a bifurcation. The differential equation is
said to bifurcate if it experiences a bifurcation as the result of a parameter change.
[34, p. 94–95]

In chapter four we will see how a bifurcation can turn a problem ill-posed. This
is a major theme of the present work, and the nonlocal models treated in chapter five
aim to retain the well-posedness of the problems in damage-coupled elastodynamics.
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In the next section we introduce the useful, multi-index notation and formal defi-
nitions for partial differential equations and systems of partial differential equations.

2.11.2 Partial differential equations

In the words of Evans [95, p. 1]: “A partial differential equation (PDE) is an
equation involving an unknown function of two or more variables and certain of its
partial derivatives.”

To facilitate and shorten the notation of partial differential equations we introduce
the multi-index notation. A multi-index is a tuple of integers α = (α1, . . . , αn)
with notational rules of its own. The order of the multi-index α is

|α| = α1 + . . .+ αn. (141)

Assume u : U → R, x ∈ U , where x may be an n-tuple of variables (x1, x2, . . . , xn).
If all the partial derivatives

∂

∂xi1

. . .
∂u

∂xij

of order ≤ k are defined and continuous, i.e. f ∈ Ck (see section 2.9.2, page 47), the
order of differentiation does not matter, and then we can suppress the individual
partial derivatives with a multi-index α and write

Dαu(x) ≡ ∂|α|u(x)
∂xα1

1 . . . ∂xαn
n

= ∂α1
x1 . . . ∂

αn
xn
u, (142)

where |α| ≤ k. If k ∈ N+, i.e. k is a nonnegative integer,

Dku(x) ≡ {Dαu(x) : |α| = k}, (143)

is the set of all partial derivatives of order k. The set Dku(x) can be interpreted as
a point in Rnk , that is the set

nk-times⏟ ⏞⏞ ⏟
R× R× . . .× R,

if one identifies every possible multi-index of order k. [95, p. 617][37, p. 7–12]
The factorial of a multi-index α is

α! = α1!α2! . . . αn!, (144)

and y ∈ Rn raised to the power of α is

yα = yα1
1 yα2

2 . . . yαn
n . (145)

A summation ∑︂
|α|<k

Dαu(x) (146)
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is to be interpreted as∑︂
D0u(x) +

∑︂
D1u(x) + . . .+

∑︂
Dk−1, (147)

where ∑︁D0u(x) and so forth stand for the sum of all the elements in D0 etc. [88, p.
31–32]

With these notational conventions, we can express the Taylor polynomial of a
multivariate, k-times differentiable function f : Rn → R in the concise form

Pf (−→x +−→y ) =
∑︂

|α|<k

Dαf(−→x )
α! (−→y )α, (148)

where −→x ,−→y ∈ Rn. [37, p. 12–13]
Partial differential equations (PDEs) can be conveniently defined with the multi-

index notation.
DEFINITION 54 (PDE). [95, p. 1] An expression of the form

F (Dku(x), Dk−1u(x), . . . , Du(x), u(x), x) = 0 (x ∈ U) (149)

is called a kth-order partial differential equation, where

F : Rnk × Rnk−1 × . . .× Rn × R× U → R

is given, and
u : U → R

is the unknown.

For vector-valued functions we can define the multi-index notation through the
multi-index notation for the scalar-valued functions u : U → R above. In particular,
if m is a positive integer > 1 and −→u : U → Rm , −→u = (u1, u2, . . . , um), we define

Dα−→u = (Dαu1, Dαu2, . . . , Dαum) (150)

for every multi-index α. Then we can define

Dk−→u = {Dα−→u | |α| = k}, (151)

where k ∈ N+ as for the scalar-valued functions. [95, p. 619]
With definitions (150) and (151) we can define systems of partial differential

equations.
DEFINITION 55 (System of PDEs). [95, p. 2] An expression of the form

F (Dk−→u (x), Dk−1−→u (x), . . . , D−→u (x),−→u (x), x) = −→0 (x ∈ U) (152)

is called a kth-order system of partial differential equations, where

F : Rmnk × Rmnk−1 × . . .× Rmn × Rm × U → Rm

is given, and
−→u : U → Rm, −→u = (u1, . . . , um)

is the unknown.
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2.12 Numerical methods
In this section we present some of the most common methods to numerically approx-
imate IVPs and algebraic equations. First we discuss the difference between explicit
and implicit methods, then we present the explicit and implicit Euler’s method, and
lastly we formulate the Newton-Raphson method.

Consider an IVP of the type

x′(t) = f(t, x(t)), t > t0
x(t0) = η

}︄
, (153)

where x′(t) = dx

t
. The IVP (153) is an ordinary differential equation (ODE) wrt

t. It can be numerically solved in incremental steps for specific values of t. The
numerical solutions rely completely on the initial data x(t0) = η, and therefore the
approximation usually worsens the further one comes from t0. The fundamental
idea of the numerical methods is to estimate the following value of x by a formula
involving the previous value(s) of x.

Methods that allow the direct calculation of the next value xn+1 from the previous
data in the form of formulas where xn+1 appears only on one side of the equals
sign are called explicit methods. The converse situation, where xn+1 depends on
fn+1 = f(tn+1, xn+1) and thus cannot be written as a function of previous data only,
is called an implicit method. [38, p. 45, 56–57]

The simplest explicit and implicit methods are the explicit and implicit Euler’s
method. The explicit or forward Euler’s method for IVP (153) is [38, p. 23–24]

xn+1 = xn + hf(tn, xn), n = 1, 2, . . . , (154)

where h = tn+1 − tn is the step size. The implicit or backward Euler’s method
for IVP (153) is [38, p. 48]

xn+1 = xn + hf(tn+1, xn+1), n = 1, 2, . . . , (155)

where h = tn+1−tn. The forward and backward Euler’s method are so-called one-step
linear multistep methods. [38, p. 48]

Implicit methods are always harder to apply than explicit methods due to their
implicit character. However, in exchange for the added complexity one gets an
improved error estimate, as the implicit methods generally are more stable and
accurate than their explicit counterparts. This means that one generally can use
larger steps with implicit methods than explicit methods to acquire the same numerical
accuracy. In particular, the implicit Euler’s method is unconditionally stable,
whereas the explicit Euler’s method is only conditionally stable. This means that the
step size is proportional to the global error regardless of the size, in the implicit Euler’s
method. In the explicit Euler’s method the global error increases exponentially as
the step size exceeds a certain threshold. The global error is the total deviation from
the analytical solution at the end of the iteration. [38]
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An initial value problem (IVP) of the type

−→x ′(t) =
−→
f (t,−→x (t)), t > t0−→x (t0) = −→η

}︄
, (156)

can be solved numerically by an implicit k-step linear multistep method (LMM) of
the type

−→x n+k +αk−1
−→x n+k−1 + . . .+α0

−→x n = h(βk

−→
f n+k +βk−1

−→
f n+k−1 + . . .+β0

−→
f n), (157)

where
−→
f n+k =

−→
f (tn+k,

−→x n+k). If we define

−→g n = h(βk−1
−→
f n+k−1 + . . .+ β0

−→
f n)− αk−1

−→x n+k−1 − . . .− α0
−→x n,

then −→x n+k is the solution −→u of the nonlinear equation

−→u = hβk

−→
f (tn+k,

−→u ) +−→g n. (158)

We will now develop an iterative method to find an approximation to −→x n+k. [38, p.
109–110]

Rewrite equation (158) as −→F (−→u ) = −→0 , where
−→F (−→u ) = −→u − hβk

−→
f (tn+k,

−→u )−−→g n. (159)

The solution of −→F (−→u ) = −→0 is −→u = −→x n+k. Suppose that −→u [l] is an approximation
to −→x n+k and define −→E [l] = −→u [l] −−→x n+k. Then, by Taylor expansion we obtain

−→0 = −→F (−→x n+k)
= −→F (−→u [l] −−→E [l])

≈ −→F (−→u [l])−
⎡⎣D−→F
D−→x

⎤⎦ (−→u [l])−→E [l], (160)

where
⎡⎣D−→F
D−→x

⎤⎦ is the Jacobian matrix of −→F (see Def. 31, page 23). From which we

get the matrix equation ⎡⎣D−→F
D−→x

⎤⎦ (−→u [l])Ê[l] = −→F (−→u [l]), (161)

where Ê
[
l] is the exact solution to Eq. (161), which is solvable if the Jacobian

matrix is nonsingular. We assume that the Jacobian matrix is nonsingular, and that
Ê

[l] ≈ −→E [l]. The new approximation for the solution is hence

−→u [l+1] = −→u [l] − Ê
[l]
. (162)
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Equations (161) and (162) are the Newton-Raphson method. [38, p. 114–116]
Even though the above equations are formulated for an implicit k-step LMM,

the Newton-Raphson method can applied to any nonlinear system of equations−→F (−→u ) = −→0 in the form of equations (161) and (162). The iterative procedure is
terminated by the satisfaction of a predefined convergence criteria. One common
choice is the criteria

∥−→F (−→u [l])∥L2 ≤ ϵ,

where L2 stands for the L2 norm (see e.g. [10, p. 34] and) and ϵ > 0 is the precision
sought for. The process is then halted when the above inequality holds true. [39, p.
126]

The Newton-Raphson method is widely used in numerical applications, such as
FEM and FDM, to quickly find an approximation for the root of a nonlinear system
of equations [39, p. 126]. We present some applications of the Newton-Raphson
method in chapters four and six.

2.13 The finite element method
The finite element method (FEM) is a popular method to approximate BVPs and
I/BVPs that emerge in field theories. FEM is in particular being extensively applied
to solid mechanics.

The idea behind FEM can be crudely summarised as follows: By use of CoV rewrite
the I/BVP as a variational problem, transform the differential equations into integral
equations by application of integral identities, approximate the integrals by discrete
sums to obtain a system of matrix equations, discretise the spatial and temporal
problem domains and link the discrete domains to the matrix equations, solve the
matrix equations for the unknown functions. The solutions will be approximations
of the analytical solutions to the original I/BVP. The discretisation separates the
domain into a finite number of so called elements. In Euclidean 2D and 3D space
the elements are identified by their boundaries, which are defined by a finite number
of points in space. Most of the standard element boundaries are identified by their
corners, which are known as nodes. The simplest possible boundary in 2D space is
a triangle, which is uniquely defined by its three corners. In 3D space the boundaries
can be e.g. tetrahedrons. The nodes and element boundaries define the spatial
discretisation of the spatial problem domain. This discretisation is known as a mesh.
The mesh is said to be coarse if it has elements of large size and fine if the elements
are small. This implies that coarse meshes have fewer elements than fine meshes.
For a well-posed problem (see page 51) a fine mesh should always give more accurate
approximations than a coarse mesh. Two meshes with the same degree of coarseness
should also give quantitatively similar results regardless of the orientation of the
elements. When both of these conditions are satisfied the FEM solution is said to
be mesh objective. Conversely, if any of the two conditions does not hold, the
FEM solution is said to be mesh sensitive. Problems that always lead to mesh
sensitivity are also called mesh sensitive. In chapter 4 we will discuss mesh sensitive
problems in damage mechanics.
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2.14 Additional notation and results
In addition to the aforementioned definitions, we will occasionally make use of some
less common mathematical notation mostly associated with applied mathematics,
some of which will be presented in this section and the rest will be introduced in
later sections together with specific applications. Due to the lack of a better place,
we also introduce some important integral identities at the end of this section.

DEFINITION 56 (McAuley brackets). [41] The McAuley brackets ⟨·⟩ : R→ R is
the function such that

⟨x⟩ = 1
2(x+ |x|), ∀x ∈ R. (163)

The McAuley brackets return the positive part of a variable. Thus, an equivalent
definition is

⟨x⟩ = max(0, x).
Although the above definition is written explicitly for scalars, the McAuley brackets
can be defined to operate component-wise on tensors too. For symmetric second-order
tensors the McAuley brackets operate on the principal values. [42]

The principal values are the eigenvalues of the second-order tensor. See e.g. [30]
and [27].

The operator ←−
∂

∂x
(164)

is called a backward partial differential operator. It operates on the object immedi-
ately to the left of it. Thus,

A
←−
∂

∂x
= ∂A

∂x
,

where A is a tensor of arbitrary order.
The operator

tr(·) (165)
is called the trace. It operates on second-order Cartesian tensors A in the following
way

tr(A) = aii, (166)
where we used the Einstein summation convention (see Def. 39, page 35).

Integral identities

Useful relations between mathematical objects with the significance of lemmas are
known as identities in mathematics. Integral identities relate integrals to each other.

For two functions w(x), v(x) ∈ C1 the following statement holds∫︂ b

a
w
dv

dx
dx = −

∫︂ b

a
v
dw

dx
dx+ [wv]ba, (167)

where [wv]ba = w(b)v(b)−w(a)v(a). This is a result of the product rule in differential
calculus. [9, p. 37]
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For a closed region Ω bounded by the surface ∂Ω with outward pointing unit normal
−→n the following identity called Gauss’ divergence theorem holds, regardless of
if the coordinates (x1, x2, x3) change with time or not:∮︂

∂Ω
ϕ−→n · Sda =

∫︂
Ω

−→
∇ · (ϕS)dv, (168)

where ϕ is a scalar-valued function and S is a tensor field. [43, p. 185]
For a moving volume Ω, moving with velocity −→v , bounded by a moving surface

∂Ω, moving with the same velocity −→v , the following holds:

D

Dt

∫︂
Ω
ϕ(−→x , t)dv ≡

∫︂
Ω

∂ϕ

∂t
dv +

∮︂
∂Ω
ϕ−→n · −→v da, (169)

where D

Dt
is the material derivative (see Eq. (183), page 61), −→n is the outward

unit normal of the bounding surface ∂Ω at point −→x . Identity (169) is known as the
Reynolds transport theorem. [43, p. 186]
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3 Continuum Mechanics
This chapter introduces most of the continuum mechanical terms and notations used
in the current work. As stated in chapter one, this thesis only treats monopolar
media. Therefore, the definitions, equations and results presented are valid only
for monopolar media. We will not discuss multipolar theories, such as the Cosserat
continuum. Some of the terms and notations used in this work will be assumed to
be familiar to the reader, and will therefore be omitted from the description here.

3.1 Kinematics
3.1.1 Central concepts

A body B(t) ⊂ R3 is a set of particles distribute over a continuous region in three-
dimensional Euclidean space. The body B(t) deforms in a continuous manner with
time under the influence of the loads applied to it. Thus, we notate it here as a function
of time t. Due to its continuous character we refer to B(t) as a continuum. The region
occupied by a continuum at a given instance of time t is called a configuration
and denoted by κ. The region occupied by the continuum at time t = 0 is called a
reference or initial configuration, notated by κ0, and the region occupied by B(t)
at the current time is called the current configuration, notated by κ. Then, the
mapping

χ : κ0 × [0, T ]→ κ , (170)

where × is the Cartesian product (see Def. 3, page 18) and T is the final time
for the deformation,is called the deformation mapping of the body B from κ0

to κ. The position of a particle in κ0 is denoted by the position vector −→X =
X1
−→E 1 +X2

−→E 2 +X3
−→E 3, expressed in the reference coordinate system (O,X1, X2, X3).

By use of the position vector −→X and time t, the deformation mapping is then notated

χ(−→X , t) = −→x , (171)

where −→x = x1
−→e 1 + x2

−→e 2 + x3
−→e 3 is the position of the particle in κ, expressed in

the current coordinate system (P, x1, x2, x3). Notice that the origos O and P do not
have to coincide, and the current coordinate system may move and deform with time.
[43, pp. 82–83]

For the two sets of coordinates we define two nabla operators (see Eq. (65), on page
37):

−→
∇ = −→e i

∂

∂xi

(172)

and
−→
∇0 = −→E i

∂

∂Xi

, (173)
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where we used the Einstein summation convention (see Def. 39, on page 35). For
both of the above operators we can separately define a backward counterpart:

←−
∇∇∇ =

←−
∂

∂xi

−→e i (174)

and
←−
∇∇∇0 =

←−
∂

∂Xi

−→E i, (175)

where the position of the base vectors −→e i and −→E i implies that they are concatenated
to the end of the tensor on which the backward differential operators (see page )
operate. We call operators (172) and (3.1.1) forward nabla operators, and operators
(174) and (175) backward nabla operators.

The deformation of a continuum is measured by the displacement vector
−→u = −→x −−→X (176)

and the deformation gradient

F =
(︄
∂χ

∂
−→X

)︄T

=
(︄
∂−→x
∂
−→X

)︄T

≡ −→x
←−
∇∇∇0 = (−→∇0

−→x )T

=
⎛⎝∂(−→u +−→X )

∂
−→X

⎞⎠T

= (−→∇0
−→u + 1)T, (177)

where 1 is the second-order identity tensor (see page 40). For the last identity in
equation (177) we used the definition for the tensor derivative of −→X with respect to
itself. The deformation gradient operates on line segments in the initial configuration

d−→x = F · d−→X = d
−→X · FT. (178)

The deformation gradient F is a two-point tensor (see page 45). It transforms points
in the infinitesimal neighbourhood of −→X to points in the infinitesimal neighbourhood
of −→x . As such, the deformation gradient does not transform like a standard second-
order tensor, and its index representation is

F = FiJ
−→e i
−→E j, FiJ = ∂xi

∂Xj

, (179)

where lowercase indices refer to the current (spatial) Cartesian coordinates, and
uppercase indices refer to the reference (material) Cartesian coordinates. In other
words, the coefficient matrix of F (see Eq. (110), page 43) is

[︂
F
]︂

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂x1

∂X1

∂x1

∂X2

∂x1

∂X3

∂x2

∂X1

∂x2

∂X2

∂x2

∂X3

∂x3

∂X1

∂x3

∂X2

∂x3

∂X3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(180)
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[43, pp. 88–91]
The determinant of the deformation gradient is called the Jacobian determi-

nant, Jacobian of the motion, or just Jacobian, depending on the source, and it
is denoted by J . Note that this is a special case of the mathematical definition of
a Jacobian limited to two sets of three coordinates each (see page 23). It equals
the ratio between the infinitesimal volume of the current configuration and the in-
finitesimal volume of the reference configuration at a point −→X . By this, the Jacobian
determinant is

J(−→X , t) =

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓

∂x1

∂X1

∂x1

∂X2

∂x1

∂X3

∂x2

∂X1

∂x2

∂X2

∂x2

∂X3

∂x3

∂X1

∂x3

∂X2

∂x3

∂X3

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓
= det (F) = dv(−→X , t)

dV (−→X )
. (181)

[26, p. 46][43, pp. 90, 97]
Nanson’s formula relates the infinitesimal area in the reference configuration

to the infinitesimal area in the current configuration:

−→n da = JF−T · −→NdA, (182)

where −→n is the unit normal vector to the infinitesimal area d−→a = da−→n in the current
configuration, da is the magnitude of the current area element, −→N is the unit normal
vector to the infinitesimal area element d−→A = dA

−→N in the reference configuration,
dA is the magnitude of the reference area element, J is the Jacobian, and F−T is the
inverse of the transpose of the deformation gradient. [43, pp. 98, 142]

An important differential operator in continuum mechanics is the material time
derivative. The material time derivative (or just material derivative, for short)
of a scalar, vector, or tensor field ϕ(−→X , t) is defined as [43, pp. 85–86]

D

Dt
ϕ ≡ ∂ϕ

∂t
+−→v · ∇ϕ, (183)

which is often notated by a single dot:

ϕ̇ ≡ D

Dt
ϕ. (184)

The material derivative of the current position −→x (−→X , t) is

D−→x
Dt

= (∂
−→x
∂t

) ≡ −→v , (185)

which is known as the spatial velocity field, seen in definition (183). [43, pp. 182–183].
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The material time derivative of the deformation gradient is

DF(−→X , t)
Dt

= Ḟ = ∂

∂t
(∇0
−→x )T = [∇0(

∂−→x
∂t

)]T = (∇0
−→V )T, (186)

where −→V is the material velocity vector. Ḟ is called the material velocity gradient.
The spatial velocity gradient is

L = (∂
−→v (−→x , t)
∂−→x

)T = (∇−→v (−→x , t))T, (187)

where −→v (−→x , t) = D−→x
Dt

= −→ẋ is the spatial velocity field. The spatial velocity gradient
can also be expressed as

L = (∇−→v )T = (∂
−→X
∂−→x
· ∂
−→ẋ
∂
−→X

)T = (F−T · ḞT)T = Ḟ · F−1, (188)

where we used the chain rule for tensor derivatives, the definition for the deformation
gradient, and the rule on tensor transposes given in (page ). [88, pp. 51, 60–61]

3.1.2 Strain measures

Straining is measured by tensor fields that are functions of position and time. These
tensor fields are commonly called “strain tensors”, and they fall into two categories:
Large or finite deformation tensors and small or infinitesimal deformation tensors. Of
these, the finite deformation tensors are “exact”, in the sense that they contain a full
set of terms responsible for straining and they stay objective under frame changes,
whereas the infinitesimal deformation tensors are approximations, containing a subset
of all the terms contributing to straining, and hence also nonobjective. Nonetheless,
the infinitesimal deformation tensors are very popular in structural analysis, due
to their simplicity compared to finite deformation tensors and the fact that most
structures are designed to stay in static equilibrium, and hence are not expected to
deform substantially.

Perhaps the most important large deformation strain tensor from the solid
mechanics perspective is the Green-Lagrange strain tensor E, also called the
Green-St. Venant (Lagrangian) strain tensor, or the Green strain tensor. The Green-
Lagrange strain tensor relates the squared length (dS)2 of the reference configuration
to the squared length (ds)2 of the current configuration by

(ds)2 − (dS)2 = 2d−→X · E · d−→X , (189)

where

(dS)2 = d
−→X · d−→X , (ds)2 = d−→x · d−→x = d

−→X · (FT · F) · d−→X ≡ d
−→X ·C · d−→X , (190)

where C is the Cauchy-Green deformation tensor

C = FT · F. (191)
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By the above, the Green-Lagrange strain tensor can be written as

E = 1
2(FT · F− 1) = 1

2(C− 1) (192)

= 1
2[(1 +∇∇∇0

−→u ) · (1 +∇∇∇0
−→u )T − 1] (193)

= 1
2[∇∇∇0

−→u + (∇∇∇0
−→u )T + (∇∇∇0

−→u ) · (∇∇∇0
−→u )T], (194)

where we used equation (177). [43, pp. 99–100]
From the Green-Lagrange strain tensor we can derive the infinitesimal strain

tensor εεε by neglecting all the nonlinear terms of E. Define

ϵ(t) = sup
−→
X∈κ

∥
−→
∇0
−→u ∥, (195)

where ∥ · ∥ is the Euclidean norm (see page 26) and sup is the supremum from Def. 8
(page 20). By application of the big-oh notation from Def. 17 (page 22), formulation
(194) can now be written

E = 1
2[∇∇∇0

−→u + (∇∇∇0
−→u )T +O(ϵ2)]. (196)

If ∥∇∇∇0
−→u ∥ ≪ 1, then the terms of E of the order

O(ϵ2), (197)
can be omitted when

ϵ→ 0. (198)
In that case we obtain

εεε = 1
2[∇∇∇0

−→u + (∇∇∇0
−→u )T] (199)

from formulation (196). Because of the smallness of the displacement gradients, it is
common to disregard the difference between the initial and current coordinate systems,
and thereby use a single coordinate system, e.g. (O, x, y, z), in small deformation
theory. [43, pp. 111–112]

The infinitesimal strain tensor εεε is very popular in research and engineering
applications due to its simplicity [72, p. 14]. The infinitesimal strain tensor results
from the assumption of infinitesimally small deformations, but it can be used to a
good degree of accuracy even for finitely small deformations. Continuum mechanics
theory constrained specifically to the description of small deformations is called small
deformations theory, and εεε is a central piece of this theory.

3.2 Stress measures
Cauchy and small deformations stress tensor

The force per unit area at a point in the direction of a normal −→n is the surface
traction vector −→t (−→x , t,−→n ) defined as

−→t (−→x , t,−→n ) = lim
∆a→0

∆
−→
f (−→x , t)

∆a(−→x , t,−→n ) = d
−→
f (−→x , t)

da(−→x , t,−→n ) . (200)
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Cauchy’s stress theorem says that
−→n (−→x , t) ·σσσc(−→x , t) = −→t (−→x , t), (201)

where σc is the Cauchy stress tensor. As seen from Eq. (201), the Cauchy stress
tensor is a second-order tensor. If deformations are small −→x ≈ −→X , and Cauchy’s
stress theorem can modified into the form

−→N(−→X ) ·σσσ(−→X , t) = −→t (−→X , t), (202)

where σ is the small deformations stress tensor. [26]

First Piola-Kirchhoff stress tensor

Consider a continuum B that deforms into a configuration κ. Assign an infinitesimal
force vector d

−→
f to an infinitesimal area da with unit normal −→n in κ. Using Cauchy’s

formula the force vector d
−→
f can be written as

d
−→
f = −→t (−→n )da = σσσ

c · −→n da = σσσ
c · d−→a , (203)

where σσσc is the Cauchy stress tensor and d
−→t −→n is the corresponding stress vector in

the direction of d
−→
f . Let the area of da be dA in the undeformed configuration κ0.

Define a stress vector −→T (−→N) acting on the area dA with normal −→N in κ0 such that

d
−→
f = −→t

−→n da = −→T
−→
NdA. (204)

We can now define a stress tensor P, called the first Piola-Kirchhoff stress tensor,
for the stress vector −→T (−→N), such that

−→T (−→N) = P · −→N . (205)

Then, using equations (203), (204) and (205) we obtain

d
−→
f = σσσ

c · d−→a = P · d−→A , (206)

where d−→a = da−→n and d
−→A = dA

−→N . The first Piola-Kirchhoff stress tensor is also
known as the nominal stress tensor and the Lagrangian stress tensor. [43, p.
164]

From Eq. (205) it is seen that the first Piola-Kirchhoff stress tensor is a two-point
tensor (see page 45), just as the deformation gradient is.

Using Nanson’s formula (182) (page 61 we can express the first Piola-Kirchhoff
stress tensor in terms of the Cauchy stress tensor:

P = Jσσσ
c · F−T , (207)

where F−T is the inverse of the transpose of the deformation gradient. Right-
multiplying relation by FT and dividing by J leads to the converse relation

σσσ
c = 1

J
P · FT (208)

[43, p. 165]
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3.3 Conservation and balance laws
The conservation and balance laws of classical continuum mechanics all share the
same mathematical form. They can collectively be expressed by the so called master
balance principle. The global spatial form of the master balance principle is

D

Dt

∫︂
Ω
f(−→x , t)dv =

∫︂
∂Ω
ϕ(−→x , t,−→n )da+

∫︂
Ω

Σ(−→x , t)dv, (209)

where D

Dt
is the material derivative, Ω is the volume of the body, dv is the differential

volume, f(−→x , t) is a smooth spatial tensor field of order n, ϕ(−→x , t,−→n ) is a tensor
field of order n, −→n is the unit normal of the differential area element d−→a , da is the
magnitude of the differential area element, and Σ(−→x , t) is a tensor field of order n.
[16, pp. 174–176]

Table 3: Specific quantities for the master balance principle (209), and the names of
the resulting laws [16, p. 176].

Balance principles f ϕ Σ

Conservation of mass ρ 0 0

Balance of linear momentum ρ−→v −→t
−→
b

Balance of angular momentum −→r × ρ−→v −→r ×−→t −→t ×
−→
b

First law of thermodynamics ρ−→v 2/2 + ec
−→t · −→v + qn

−→
b · −→v + r

By use of Reynolds transport theorem (169) (page 58), Gauss’ divergence theorem
(168) (page 58) and the localisation theorem (Thm. 1, page 28), the local form of
the master balance principle can be obtained from the global form (209). The global
form is written for the whole body, but the local form is written separately for every
spatial point.

The local spatial form of the master balance principle (209) is
∂f

∂t
= ∇ ·ΨΨΨ + Σ, (210)

where
ΨΨΨ = ΦΦΦ− f ⊗−→v , (211)

where ΦΦΦ is a smooth tensor field of order n+ 1, and −→v is the spatial velocity field.
In case of that f is a scalar field, f ⊗−→v is replaced by f−→v . Equation (210) is the
local spatial form of the master balance principle. [16, p. 176]
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From the global balance of linear momentum, which is acquired by substituting
the correct quantities from table 3.3 into balance principle (209), one arrives to
Cauchy’s equation of motion, where ΦΦΦ is taken to be the Cauchy stress tensor σσσc

(page 64) and
−→
b = ρ

−→
f is the body force per unit volume. ρ is the current density

and
−→
f is the body force per unit mass.

Cauchy’s equation of motion in the spatial description is

∇ ·σσσcT + ρ
−→
f = ρ

(︄
∂−→v
∂t

+−→v · ∇−→v
)︄
. (212)

In the material description equation (212) is

∇0 ·PT + ρ0
−→
f = ρ0

∂2−→u
∂t2

, (213)

where PT is the transpose of the first Piola-Kirchhoff tensor (page 64, and ρ0 is the
reference density. [43, p. 198–199]

The balance of angular momentum leads to the following important result:

σσσ
c = σσσ

cT, (214)

which upon use of formula (208) becomes

P · FT = F ·PT, (215)

where we used the transpose rule (83) (page 40). [43, pp. 203–205]

3.4 Thermodynamics
Here we present some of the foundations of thermodynamics and so called continuum
thermodynamics. We also summarise two branches of modern thermodynamics:
classical irreversible thermodynamics and internal variable theory. The internal
variable theory is customarily chosen as the thermodynamic description for continuum
damage mechanics, and hence we will utilise it later to validate the physical correctness
of elastic-damage material models.

3.4.1 Preliminaries

The terminology explained here is common and central to all of the different branches
of thermodynamics. Hence, it is of utmost importance to have exact and clear
definitions for the concepts.

DEFINITION 57 (System). [45, pp. 21–22] A system S is a topologically open
region of three-dimensional Euclidean space E3 (see page 27). The complement of S
in E3 is called the exterior of S, or Sext. A system is said to be closed when there
is no exchange of matter between it and its exterior. A thermodynamic system is a
system whose energy exchange with its exterior is only an exchange of heat and of
work done by volume forces or by surface forces acting upon S. A thermodynamic
system in which there is no energy exchange with the exterior is said to be isolated.
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DEFINITION 58 (Thermodynamics state variable). [45, p. 22] A thermodynamic
state variable is a macroscopic quantity which is characteristic of a system S, and
which can be a scalar, a tensor, an n-dimensional vector, etc., such as temperature
or a stress tensor.

As thermodynamics is merged with continuum mechanics as explained below,
certain variables in the material model will always be chosen to function as thermo-
dynamic state variables. For short, we will just call them state variables.

DEFINITION 59 (Thermodynamic state). [45, p. 23] The set of values of the
thermodynamic state variables that characterize a system S at a certain moment
constitutes the thermodynamic state E(S, t) of the system at that given moment
t.

A system is said to be in thermodynamic equilibrium if it does not change
thermodynamic state with time. Further, citing Maugin [45, p. 23]: “The transition
from one thermodynamic state to another is called a thermodynamic process.
A thermodynamic process is said to be reversible if the inverse evolution of the
system in time – i.e. the succession of thermodynamic states that the system has
gone through – implies the reversal in time of the action of the external stimuli (that
caused the thermodynamic process). Otherwise the thermodynamic process is said
to be irreversible.” [45, pp. 23–24]

By experiments it has been observed that all known physical processes are
irreversible to some degree. Therefore, reversible processes can only serve as crude
approximations of real processes.

DEFINITION 60 (Thermostatics). [45, p. 23] Thermostatics is the science that
compares systems in thermodynamic equilibrium.

Thermostatics is the discipline often called classical thermodynamics. Today, it is
acknowledged that classical thermodynamics is incapable of describing the physical
transition of a system from a thermodynamic equilibrium to another thermodynamic
equilibrium. Indeed, it has been duly noted that thermostatics only manages to
describe so called quasi-static processes properly. These are processes that develop
so slowly that a system can be imagined to evolve through a series of successive
equilibrium states, and thus are considered reversible. From a physical standpoint,
this postulate is, however, false as all observed processes are irreversible, as already
stated. In theory, a quasi-static process would take an infinite amount of time to
finish. Because of the aforementioned limitation of thermostatics, physicists have
developed improved theories that better account for the irreversible evolution of
systems. These theories are collectively called modern thermodynamics. Modern
thermodynamics is concerned with the description of systems in non-equilibrium.
Thus, modern thermodynamics is often called non-equilibrium thermodynamics.

3.4.2 Continuum thermodynamics

In order to solve complex real world problems involving both mechanical work and heat
transfer, it is necessary to use concepts from both mechanics and thermodynamics.
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Thus, we will incorporate such concepts in our material models. To underline
that our models build upon continuum mechanics expanded by non-equilibrium
thermodynamics we call the theoretical framework continuum thermodynamics,
which is also known as thermomechanics [26].

The specific branch of non-equilibrium thermodynamics that we will use in
this work is called internal variables theory (abbreviated IVT) (or theory of
internal variables (TIV) according to Maugin [45]), and the resulting continuum
thermodynamical theory is called continuum thermodynamics with internal
variables. [46, pp. 215–216] [26]

The problem with classical thermodynamics (also known as thermostatics) is
that it cannot describe the transition from one equilibrium state to another, unless
the transition happens quasi-statically so that every intermediate state between the
initial and final states are equilibrium states too, which means that it would take an
infinite amount of time to reach the end state. Obviously, this is undescriptive of
any real processes in the universe. In thermostatics, temperature and entropy are
defined for equilibrium states, thus, we have to make new assumptions or definitions
in order to use them within non-equilibrium thermodynamics. [26] [46]

Internal variables theory (IVT) is a derivative of classical irreversible ther-
modynamics (CIT). Classical irreversible thermodynamics, as all of the other
branches of non-equilibrium thermodynamics, tries to quantify the behaviour of a
thermodynamic system in all of the state space, and in particular in the transient,
non-equilibrium states.

The most widely accepted approach to classical irreversible thermodynamics relies
on the axiom of local equilibrium state [45, p. 48]:

Axiom of local equilibrium state. Each part Ω of a material system S can
be approximately considered, at each time t, as being in thermal equilibrium.

Under this axiom the temperature and entropy retain their traditional thermostatic
definitions [45, pp. 48–49].

The physical quantity which governs the transition from one thermodynamic
state to another is the rate of entropy production Ṡ = DS

Dt
of the system. [46, pp.

41–42]
Consider a continuum of total mass m and volume V bounded by a surface Σ.

The total entropy of this body (continuum) at time t is S. The rate of entropy
production of the whole system is

Ṡ = Ṡe + Ṡip, (216)

where Ṡe is the rate of entropy exchange with the exterior, and Ṡip is the rate of
internal entropy production. T Ṡip is known as the uncompensated heat and the rate
of dissipation. In this text, quantities supplied to the system are assigned positive
values, whereas quantities transferred to the surroundings will be assigned negative
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values. Following this convention, we may write

Ṡe = −
∫︂

Σ
JJJs · −→n dΣ, (217)

Ṡip =
∫︂

V
σsdV, (218)

where JJJs is the entropy flux, −→n is the unit outwards normal of the surface Σ (note
that the normal changes with position −→x ), σs is the rate of entropy production
per unit volume inside the system, and V is the volume of the system. In classical
irreversible thermodynamics one requires for isolated systems that

Ṡ ≥ 0, (219)

and for non-isolated systems that

Ṡip ≥ 0. (220)

Equations (219) and (220) are the second law of thermodynamics in CIT for isolated
and non-isolated systems respectively. [46, pp. 41–42]

By inseting relations (217) and (218) into the global entropy balance (216) one
obtains the local entropy balance

ρ
Ds

Dt
= −∇ · JJJs + σs, (221)

where s is the specific entropy, a function of position, which is defined by

S =
∫︂
ρsdV, (222)

where ρ is the density of the system. From the local entropy balance (221) it is found
that

σs ≥ 0, (223)

by the second law of thermodynamics. [46, p. 42]
If we can identify all of the processes that produce entropy in a system, it is

possible to formulate the rate of internal entropy production as a sum of individual
contributions. Then, the processes can be identified with parameters ξα, and the
rate of internal entropy production σs can be written as the sum of products of
thermodynamic fluxes Jα and thermodynamics forces Xα:

σs =
∑︂

α

JαXα, (224)

where Jα = Dξα

Dt
and Xα = ∂sip

∂ξα

or Xα = T (∂sip

∂ξα

). The fluxes and forces may be
scalars, vectors, or tensors, and their corresponding product JαXα is scalar valued.
[47] [46, p. 46]
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Empirical results show that the thermodynamic fluxes and forces are related to
each other through equations. In CIT these constitutive equations (or phenomeno-
logical relations) are assumed to be linear, viz.

Jα =
∑︂

β

LαβXβ, (225)

where Lαβ are called phenomenological coefficients. In relations (225) forces are seen
as causes and fluxes as effects. [46, pp. 46–47]

Substitution of the linear relations (225) into inequality (223) leads to constraints
on the phenomenological coefficients, and the reversibility of the microscopic equations
of motion by the reversal of time, t→ −t, imposes the Onsager relation

Lαβ = Lβα. (226)

If time reversal leads to an opposite behaviour, which means that aα(t) = −aα(−t)
for the process-dependent response aα(t), for one of the processes α or β, the Casimir
relation

Lαβ = −Lβα, (227)
follows instead of Onsager’s relation (226). Together (226) and (227) are known as
the Onsager-Casimir’s reciprocal relations. [46, pp. 49–50]

The special trait that essentially distinguishes internal variables theory from classical
irreversible thermodynamics is the inclusion of so called internal variables into the set
of local equilibrium variables. The internal variables are model specific, arbitrary
extensive quantities chosen to describe some microscopic internal structures of the ma-
terial under investigation. The rest of the variables in the set of equilibrium variables
are called external variables, or controllable variables. [46, pp. 215–216][26]

The separation of state variables into controllable and internal is explained by
Santaoja as follows [26]:

The independent variables present in the basic laws and axioms of continuum ther-
modynamics are called controllable variables, The other independent variables are
called internal variables.

This means that internal variables do not appear explicitly in the balance laws,
and they cannot partake in mechanical work. Internal variables are, however, usually
measurable, and they are representative of some dissipative processes inside of the
material. Additional constitutive equations must be introduced to formulate the
evolution of internal variables. [46, p. 216]

In the internal variables theory (IVT) the axiom of local equilibrium state is
replace by the axiom of local accompanying state (LAS). The idea of the axiom
of local accompaying state is to associate a accompanying equilibrium state to every
non-equilibrium state of each particle in the system. In addition, to irreversible
process it is assumed to exist a corresponding accompanying reversible process,
which passes through the accompanying equilibrium states. In IVT the constitutive
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equations for fluxes are not restricted to linear equations of the form (225) (as in
CIT), instead, the equations may be written as general functions of the form

J = J(X;u, a, ξ), (228)

where J is the set of thermodynamic fluxes, X is the set of thermodynamic forces, u
is the specific internal energy, a is the set of controllable varibles, and ξ is the set of
internal variables. [46, pp. 216–217, 220–221] [45, pp. 83–84]

Lebon et al. state that the stress σσσ applied to a solid in a non-equilibrium state
does not in general equal the stress σσσe in the accompanying equilibrium state, but
they can be considered equal, i.e. σσσ ≈ σσσe, in very slow processes. They do not,
however, elaborate further on this statement. [46, pp. 216, 222–223]

Similar to mechanical systems, thermodynamic systems are governed by a few
functions controlling the flow and storage of energy inside of the systems. These are
known as thermodynamic potentials. According to Maugin [45, p. 34]:

“We call thermodynamic potentials those variables from which we can deduce
the variables characterizing all the thermodynamic properties of the system.”

The thermodynamic functions: internal energy U , enthalpy H, Helmholtz free
energy Ψ and Gibbs free energy G, are thermodynamic potentials, and any one of
them can be used for the description of the energy balance inside of a system [44, p.
151]. The Helmholtz free energy is defined for an isothermal system as

Ψ = U − TS, (229)

where U is the internal energy, T is the temperature, and S is the entropy of the
system. From the listed four fundamental potentials one can even construct new
potentials [45]. In continuum thermodynamics one usually uses the so-called specific
forms of the thermodynamic potentials. They are local, position dependent quantities,
and defined in the same way as the specific entropy. The specific Helmholtz free
energy ψ is defined as

Ψ =
∫︂
ρψdV. (230)

The specific internal energy u is defined as

U =
∫︂
ρudV. (231)

The specific Helmholtz free energy at a point −→X is

ψ ≡ u− Ts, (232)

where u is the specific internal energy, T is the temperature, and s is the specific
internal entropy at the material point −→X .

To completely characterise a system one must define two functions: A dissipation
function and a thermodynamic potential. The dissipation function decides the
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routes through which thermodynamic energy is dissipated from the system into
the environment. One must also relate the two thermodynamic functions to the
thermodynamic theory used. This is done via the theory and model specific state
equations and normality rule. The state equations connect state variables to each
other via partial derivatives of the potential function and the normality rule connects
partial derivatives of the dissipation function to the thermodynamic fluxes seen in
(224). The normality rule depends on which principle of entropy production that is
employed for the model. Two popular principles are Ziegler’s principle of maximum
entropy production and Prigogine’s principle of minimum entropy production. They
are not descriptive of all types of non-equilibriums, and suit best for different types
of non-equilibriums. [26] [48] [49] [47] [124]

In continuum thermodynamics it is common to select the specific Helmholtz free
energy as the potential used in a material model.

Combining the local forms of the first and second laws of thermodynamics one
obtains the Clausius-Duhem (C-D) inequality, which is a reformulation of
inequality (223).

In the large deformations framework, the local form of the Clausius-Duhem
inequality is

σσσ
c .. L− ρu̇+ ρT ṡ− ∇T

T
· −→q ≥ 0, (233)

in the spatial description, where σσσc is the Cauchy stress tensor (page see 64), L is
the spatial velocity gradient (page 62), T is the absolute temperature, and −→q is the
heat flux vector in the current configuration. [88, pp. 78–79]

In the large deformations framework, the local form of the Clausius-Duhem
inequality is

P .. Ḟ− ρ0u̇+ ρ0T ṡ−
∇0T

T
· −→q 0 ≥ 0, (234)

in the material description, where P is the first Piola-Kirchhoff tensor (page 64) and
−→q 0 is the heat flux vector in the reference configuration [16, p. 169].

For a solid, in the small deformations framework the Clausius-Duhem inequal-
ity takes the form

σσσ .. εεε̇− ρ0u̇+ ρ0T ṡ−
∇T
T
· −→q ≥ 0, (235)

where σσσ is the small deformations stress tensor, εεε̇ is the material derivative of the
small deformations strain tensor, and −→q is the heat flux vector in the reference
configuration [26].

Because the C-D inequality comprises both the first and second law of thermody-
namics, it is mandatory for any physically consistent material model to satisfy the
inequality. A model that satisfies the C-D inequality is called thermodynamically
consistent, and the process of checking the consistency is called thermodynamic
validation. In particular, because the C-D inequality is equivalent to inequality
(224), where the rate of internal entropy production can be written as a finite sum
of products of thermodynamic fluxes and forces, every material model should satisfy
that rendition of the C-D inequality.
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For example, for material models with elastic deformation inequality (235) can
be rewritten as

σσσ .. εεε̇i + βββ .. ααα̇− ∇T
T
· −→q ≥ 0, (236)

in the small deformations framework [26]. ααα are the internal variables of the model,
and βββ are their corresponding forces. εεε̇

i stands for the rate of the inelastic part of the
small deformations strain tensor (see the next section). This is the “force times flux”
version of the C-D inequality for elastic material models subject to small deformations.
We will disregard any thermal effects in the models presented in this thesis, and will
assume that the material is in an isothermal state with a homogeneous temperature
field at all times. Thus, the last term ∇T

T
· −→q of the inequality assumes the value 0.

3.5 Constitutive theory
Constitutive theory governs the construction of constitutive equations. Constitutive
equations a material specific relations that characterise the material behaviour. In
the words of Reddy [88, p. 78]: “Constitutive equations are those relations that
connect the kinematic variables to kinetic variables”. The kinematic variables are
the once that describe the deformation of a continuum, e.g. displacement, strain,
temperature, whereas the kinetic variables are the material variables explicitly visible
in the balance laws, e.g. stress, heat flux. Constitutive equations are necessary for
the complete definition of an I/BVP in continuum mechanics. However, in CDM an
additional function, known as a loading function, is added to the set of constitutive
equations, for the full description of the problem.

Constitutive equations are governed by axioms or principles, outlined by Eringen
in [66, p. 32] and by Dimitrienko in [67, p. 161]. As noted by Dimitrienko, the exact
form and amount of principles depends on the type of the continuum theory [67, p.
161]. In the framework outlined by the principles chosen there is room for further
restrictions and allowances regarding the constitutive equations in form of the type of
the continua. In this work we only consider the most widely applied type of continua,
namely the ideal continua [67, pp. 209–210]. To save space we only mention three
principles of classical continuum theory, considered especially important for this
work: The principle of local action, the principle of objectivity, and the principle
of admissibility. The principle of local action states [67, p. 208][132, pp. 221–223]:

For any continuum, constitutive equations are such that active variables (e.g. stress,
heat flux, etc.) at every material point −→X ∈ V0 depend only on the reactive vari-
ables (e.g. displacements, temperature, pressure, etc.) at the same point −→X ∀ t ≥ 0.

The principle of local action is fundamental to classical continuum mechanics (CCM).
Removal of the principle of local action pave way for the so-called nonlocal theory.

The principle of objectivity states that every constitutive equation should
“look the same” in regardless of the chosen coordinate system. This necessitates extra
carefulness with regard to the rate tensors in finite deformation theory. We will not
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elaborate further on this, because it is insignificant from the perspective of this thesis.

The principle of admissibility states [132, p. 222]:

“All constitutive equations should be consistent with the conservation of mass, balance
of momenta and energy, and the entropy inequality.”

The principle of admissibility holds if all balance laws obtainable from the mas-
ter balance law holds, and if the second law of thermodynamics holds.

We only consider elastic-damage theory in this thesis, and thus we limit the
investigation in this section to elasticity. The influence of damage on elasticity is
considered in section 3.7, and thereby the elastic-damage constitutive equations are
studied there.

In small deformations theory it is usually assumed that the infinitesimal strain
tensor can be written as an additive decomposition, as in

εεε = εεε
e + εεε

i, (237)

where εεεe is the elastic part of the infinitesimal strain tensor, and εεεi is the inelastic
part of the infinitesimal strain tensor (e.g. pure plastic strain and creep). The
exact decomposition depends on the phenomena accounted for in the material model.
Another example is

εεε = εεε
e + εεε

T + εεε
v,

where εεεe is the elastic strain, εεεT is the thermal strains, and εεεv is the viscous creep
strain. In large deformations theory one cannot generally decompose the strain
measures, e.g. Green-Lagrange tensor and deformation gradient, additively. [58] [26]

In elastic-damage material models the total strain is

εεε = εεε
de, (238)

where de stands for damage coupled elasticity. The superscript highlights that the
elasticity of the material depends on the damage. However, in all of the models
considered in this work εεεde will not have an inelastic part εεεi, i.e. the material will
always be able to unload to zero strain, as long as the specimen does not fracture.

The following exposition of linear elasticity is due to Reddy [43, pp. 237–238].
For small deformations one usually assumes linear elasticity. This means that stress
and strain are related through the generalised Hooke’s law, which is

σσσ = C .. εεεe, (239)

where σσσ is the small deformations stress tensor, C is the elasticity tensor of Hookean
elasticity, and εεεe is the elastic part of the infinitesimal strain tensor. The coefficients
of C have the following properties

Cijkl = Cklij, Cijkl = Cjikl, Cijkl = Cijlk, Cjikl = Cijlk. (240)



75

Thus, C has 21 independent components, and the generalised Hooke’s law (239) can
be written in matrix form as⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

σ11
σ22
σ33
σ23
σ13
σ12

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

C1111 C1122 C1133 C1123 C1113 C1112
C1122 C2222 C2233 C2223 C2213 C2212
C1133 C2233 C3333 C3323 C3313 C3312
C1123 C2223 C3323 C2323 C2313 C2312
C1113 C2213 C3313 C2313 C1313 C1312
C1112 C2212 C3312 C2312 C1312 C1212

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

ε11
ε22
ε33
2ε23
2ε13
2ε12

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
, (241)

when all of the tensors are represented through the same Cartesian base vectors.
Alternatively, matrix equation (241) can be written as⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

σ1
σ2
σ3
σ4
σ5
σ6

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

C11 C12 C13 C14 C15 C16
C12 C22 C23 C24 C25 C26
C13 C23 C33 C34 C35 C36
C14 C24 C34 C44 C45 C46
C15 C25 C35 C45 C55 C56
C16 C26 C36 C46 C56 C66

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

ε1
ε2
ε3
ε4
ε5
ε6

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
, (242)

where every coefficient equals the corresponding coefficient in the same position in
equation (241). The re-indexing done for equation (242) is called the Kelvin-Voigt
notation. [43, pp. 229–230]

If C is invertible one can obtain the converse relation

εεε
e = S ..σσσ, (243)

where S = C−1 is the elastic compliance tensor.
For isotropic materials the scalar components of C are (compare to Eq. (102),

page 42)
Cijkl = λδijδkl + 2µδikδjl. (244)

Inserting Eq. (244) into the generalised Hooke’s law (239) we get

σij = Cijklε
e
kl

= (λδijδkl + 2µδikδjl)εe
kl

= λδijε
e
kk + 2µε

e
ij

= 2µε
e
ij + λtr(εεεe)δij,

where we used the Kronecker delta property to change indices (see page 36) and the
trace operator tr(·) (page 57). Thereby, the generalised Hooke’s law becomes

σσσ = 2µεεε
e + λtr(εεεe)1, (245)

where 1 = δij
−→i i ⊗

−→i j is the second-order identity tensor. λ and µ are known as the
Lamé constants, defined by

µ = E

2(1 + ν) , λ = νE

(1 + ν)(1− 2ν) , (246)
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where E and ν are the material specific Young’s modulus and Poisson’s ratio. Note
that isotropic materials have only one Young’s modulus and Poisson’s ratio, which
are independent of the direction. The stress-strain relations for an isotropic linearly
elastic material are in matrix form

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

σ1
σ2
σ3
σ4
σ5
σ6

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
= E

(1 + ν)(1− 2ν)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1− ν ν ν 0 0 0
ν 1− ν ν 0 0 0
ν ν 1− ν 0 0 0
0 0 0 1− 2ν

2 0 0

0 0 0 0 1− 2ν
2 0

0 0 0 0 0 1− 2ν
2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

ε1
ε2
ε3
ε4
ε5
ε6

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
.

(247)
[43, pp. 237–238]

3.6 Elastic waves
Elastic waves are oscillating or propagating elastic deformations resulting from
external loads.

If the density is constant and no body forces affect the material the equation of
motion (212) (page 66) becomes

ρ0
−→ü = −→∇ ·σσσ, (248)

in the small deformations theory. If the body in question is made of an isotropic
elastic medium (see equation (245), page 75) equation (248) takes the form

ρ0
−→ü = E

2(1 + ν)∆−→u + E

2(1 + ν)(1− 2ν)
−→
∇
−→
∇ · −→u , (249)

where ∆ is the Laplacian (see page 37). Small elastic waves in the aforementioned
medium satisfy equation (249). A wave that is the function of only one coordinate
and the time is called a plane wave. We shall next consider plane waves in an
infinite isotropic elastic medium. For a plane wave propagating along the x-axis the
vector equation (249) produces the componentwise equations

∂2ux

∂x2 −
1
c2

l

∂2ux

∂t2
= 0 (250)

∂2uy

∂x2 −
1
c2

t

∂2uy

∂t2
= 0 (251)

∂2uz

∂x2 −
1
c2

t

∂2uz

∂t2
= 0, (252)
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where

cl =

⌜⃓⃓⎷ E(1− ν)
ρ0(1 + ν)(1− 2ν) (253)

ct =
√︄

E

2ρ0(1 + ν) . (254)

Equations (250) constitute three individual waves, one for each equation, given by the
displacements ux, uy, and uz. The constants cl and ct are the velocities of propagation
of the waves. We see that the waves in the y and z directions move in unison, and
thus are interrelated, whereas the wave in the x direction is independent of them.
Hence, a plane wave actually consists of two waves propagating independently. The
wave that oscillates in the direction of propagation is called a longitudinal wave,
whereas a wave that oscillates perpendicular to the direction of propagation is called
a transverse wave. Hence, we use the subscripts l and t. [50, pp. 87–88]

In this work we study only monochromatic waves. A monochromatic wave has
only one wavelength, or in the case of plane waves which effectively are two waves,
two wavelengths. For a monochromatic plane wave in an isotropic elastic medium
the displacement vector is

−→u = Re(−→u 0(−→r )e−iωt), (255)

where Re is the real part of the complex number (see page 21), −→u 0(−→r ) is a function
of the position vector −→r , i is the imaginary unit, ω ∈ R is the frequency, and t is
the time. Re(e−iωt) is equal to a sine wave, as is found through the application of
Euler’s formula (see page 21). [50, p. 89]

3.7 Continuum Damage Mechanics
In this section we present the fundamentals of the theory of local continuum damage
mechanics. All of the results and equations apply exclusively to local damage
mechanics. The implications of locality are studied and discussed in chapter four,
and promising nonlocal theories are discussed in chapter five, with an emphasis on
gradient models. Chapter six discusses aspects of the implementation of nonlocal
models into finite element analysis.

3.7.1 Introduction

Solids have been observed to deform in a multitude of ways ranging from permanent
irreversible rate-dependent material weakening deformations to momentary, fully
reversible rate-independent deformations. The deformations observed on the macro-
scopic scale are usually the result of multiple smaller deformations happening on the
microscopic scale. Every microscopic deformation is attributed to one or more defor-
mation mechanisms that distort the material structure by moving material particles
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from their original positions or breaking and forming bonds between particles. Due
to the large diversity of the underlying mechanisms of deformation, solid mechanics
contains several subbranches whose primary aim is to study one particular group of
mechanisms that amounts to a special kind of material response. Such subbranches
are: The theory of elasticity, the theory of plasticity, the theory of viscoelasticity, the
theory of viscoplasticity, thermoelasticity, damage mechanics, fracture mechanics, etc.
The phenomenon of elasticity (not viscoelasticity) is perhaps the easiest to research
and explain, and thus has the furthest developed theory today, whereas viscose
reactions are considerably worse understood. Damage mechanics is a relatively recent
branch, but it has already attained a strong position as a vital part of solid mechanics,
due to its great relevance to the study of material failure and deterioration. As stated
above, many of the deformations observed on the macroscale are the result of multiple
deformation mechanisms, and as such, they must be modeled by interdisciplinary
theories that combine elements from the theories involved in the deformation. A
typical example of this are the so called elasto-plastic deformations. In fact, most
of the materials that undergo plastic deformations do also deform elastically, and
thus the theory of plasticity can be viewed as an extension to the theory of elasticity,
rather than as an independent theory. In the same sense, damage mechanics is not
an independent theory either, because material damage (the meaning of which will
be explained shortly) only occurs in conjunction with elastic and plastic deformations
(if we disregard chemical reactions, as we shall do). In this thesis we will mainly
consider elastic-damage models.

Damage mechanics was effectively founded by Kachanov in 1958 [51] (translated
to english in [52]) in the form of a continuum theory [59], and subsequently developed
by Rabotnov in the 1960’s ([53] [54] [55]) [56]. In the present day, damage mechanics
is a wide subject, comprising many differing perspectives on the modeling of damage.
Some of the approaches are of a discrete nature, similar to fracture mechanics, while
others assume a continuous characters. All of the approaches based on the notion of
continuous damage variables are collectively called continuum damage mechanics
(abbreviated CDM). Janson and Hult [60] coined the name continuous damage
mechanics, which later became continuum damage mechanics [57] [59].

Continuum damage mechanics models the accumulation of micro stresses, breaking
of bonds, and formation of micro cracks and micro voids, at the micro and meso scale
of a material. These phenomena collectively describe the creation and growth of
material damage. Material damage is represented by one or more damage variables
in the material model, of which the variable D is usually used to denote isotropic
damage. The physical meaning of damage D depends on the model used. The
material models in damage mechanics serve to describe the progressive deterioration
of a material through the accumulation of material damage. [71, p. 3–8][24, p.
15][77]

CDM is a subset of the theory of continuum thermodynamics with internal
variables (see section 3.4.2, page 67). As such, the damage variables are always
internal variables of the material model. [75, p. 439] [76, p. 1183]
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3.7.2 Representative volume elements

In order to justify the continuum mechanical description of discrete real-world
systems consisting of atoms and molecules, one has to associate the continuum
mechanical quantities with averages of the properties of particles in the real system.
Each material point of the continuum is associated with a set of particles in the
approximate vicinity of the point. This set is then used for the calculation of the
local continuum quantities at that material point. The chosen set and method
of averaging determine the error made in substituting a continuum description in
place of a discrete one. The procedure of actually considering particle dynamics
in a system of millions of particles is resource-intensive. Therefore, it is common
to approximate the set of particles associated with a material point by another
continuum. These two continuums differ by their level of detail, i.e. resolution.
The situation is completely analogous to a comparison between the naked eye and
a microscope. Thus, the first continuum is called a macroscopic continuum, and
the second continuum is called a microscopic continuum. Likewise, one talks about
the macroscopic and microscopic level of description. A microscopic continuum
captures the microscopic structure of grains, grain boundaries, cavities, etc., whereas
the macroscopic continuum smears out these details. The process of averaging
the properties of heterogeneous microstructures in a material to spatially constant
properties representative of a homogeneous material is called homogenisation, and
the obtained properties are called effective properties (not to be confused with
the effective variables of CDM, introduced below) [72, p. 259].

It is also common to introduce a third level of detail, in-between the microscopic
and macroscopic scales, called the mesoscopic scale. The resolution of these scales is
in no way strictly defined, and thus, the values are ultimately chosen by the authors
of each text.

The volume, i.e. shape and size of space, used for the averaging process is called
the representative volume element (RVE). Nemat-Nasser and Hori define an
RVE accordingly [89, p. 11]:
“An RVE for a material point of a continuum mass is a material volume which is
statistically representative of the infinitesimal material neighborhood of that material
point. The continuum material point is called a macro-element. The corresponding
microconstituents of the RVE are called the micro-elements. An RVE must include a
very large number of micro-elements, and be statistically representative of the local
continuum properties.”

Here we interpret the infinitesimal material neighbourhood as a very small subset
of the material surrounding the material point in the sense of definition (Def. 13,
page 21), where the metric is the Euclidean metric of three-dimensional space, i.e.
function (19) (page 20) with n = 3.

Although an RVE has a shape and a size, the size has the largest influence on
the soundness of the obtained effective properties.

RVEs are always implicitly present in macroscopic continuum mechanics. It is
to be understood that the mechanical field variables, such as stress and strain, are
averages of the fields present in the underlying microscopic continuum, i.e. they are
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macroscopic variables. In this way, the macroscopic continuum is understood as
a simplified representation of reality. In CDM one considers the effect of material
damage on the aforementioned macroscopic variables. Traditional continua do
not contain voids and microcracks. Continuum damage mechanics introduces a
fictive continuum, in which the voids and microcracks have been removed, called
the fictive continuum. The real material state is called physical and the fictive
continuum in CDM is called the fictive state of the material. The fictive continuum
is taken to be undamaged, but the removal of the damage is seen as geometrical
changes in the body. Therefore, the size of the continuum is smaller in the fictive
state than in the physical state, because of the removal of all voids and microcracks.
The fictive continuum is subject to the same loading as the real continuum, but
it stays undamaged, regardless of the load. The fictive state is used to construct
the damage coupled constitutive equations, as is explained in the comming sections.
In the physical state the voids and microcracks are considered to be part of the
microstructure of the material, and are thus included in RVEs, associated with the
material points of the continuum, i.e. the damage is not explicitly visible in the
physical continuum either. [90] [91] [65]

A damage variable is a macroscopic measure of the microscopic degradation inside
of the material. The damage assigned to a material point represents the microscopic
degradation of the corresponding RVE. [75, p. 439]

3.7.3 Damage variables

Damage variables are model specific, and they represent macroscopic approximations
of the effects of the underlying micromechanical processes of microdefects in the mate-
rial. Damage variables are defined either from phenomenological or micromechanical
viewpoints. Specifically, the following definition due to Kachanov and Rabotnov is
usually employed to describe damage:

D(−→x ,−→n ) = dAD

dA
, (256)

where D is a scalar damage variable representative of the damage state in a surface
element dA with unit normal −→n at point −→x . In Eq. (256) dA is the total area of the
surface element, and dAD is the part of the area occupied by voids and microcracks.
Voids nucleate, grow and coalesce, as the material damage increases. The surface
element exists inside of an RVE connected to the point −→x . Lemaitre notes that
the area dAD in formula (256) should be adjusted by a correctional term related to
microstress concentrations and interactions between defects, for the damage variable
D(−→x ,−→n ) to be continuous and applicable to continuum mechanics [61]. If the
direction of the normal affects the value of D, this formulation can then be used to
define a vector −→D , second- or fourth-order tensor D for the description of orthotropic
and anisotropic damage states. However, as discussed below, vectors should not be
used for the description of damage. In most applications the direction of the normal
−→n is taken to be insignificant for the damage value, and thus an isotropic damage
state is obtained. As is seen from the definition (256), isotropic damage states D
range from 0, undamaged, to 1, fully damaged. [24, pp. 16–17] [69]
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However, in a 3D isothermal setting for elastic-damage models combined with
the principle of strain equivalence (see section 3.7.7, page 85), the scalar damage
representation D leads to the physically unrealistic notion that Poisson’s ratio is
unaffected by damage growth. Therefore, scalar damage representations are best
suited for one-dimensional models, at least when the principle of strain equivalence
is applied. [68]

Ju, [68], shows that isotropic damage only requires the fourth-order damage tensor
D to be isotropic (see theorem 6, page 42). If an isotropic fourth-order damage tensor
is used instead of a scalar damage variable in the aforementioned three-dimensional
isothermal setting for an elastic-damage model combined with the principle of strain
equivalence, Poisson’s ratio will change during the evolution of damage. [68]

Alternatively, isotropic damage can be accurately described by two independent
scalar damage variables [65]. It has also been observed empirically that anisotropic
damage can develop from an isotropic virgin material state (i.e. undamaged initial
state) [65].

Anisotropic damage is best modelled by fourth-order or higher-order damage ten-
sors, such as eighth-order damage tensors, because fourth-order tensors are the lowest
order tensors capable to express full anisotropy. Fourth-order tensors are usually
preferred over eighth-order tensors due to their lower complexity. [68] Furthermore,
it has been shown that the damage tensor always should be an irreducible even-order
tensor, i.e. vectors should not be used to describe damage [69].

We will follow suit in this thesis and use the scalar damage variable D for isotropic
damage, as is done in numerous articles, despite of its apparent shortcomings.

Other descriptions for material damage are: the void volume fraction [93, pp.
8–9][61]

P = δv

δV
, (257)

where δv is the combined volume of all voids within the total volume δV of the RVE,
the reduction in the elastic modulus (Young’s modulus) [65]

↕ = Ẽ − E
E

, (258)

where Ẽ is the effective elastic modulus associated with a fictive material state where
the damage has been removed (see the previous section, page 80), and E is the elastic
modulus in the damaged state.

Both of the above scalar damage concepts, void volume fraction and reduction in
the elastic modulus, can be linked to the isotropic form of the Kachanov-Rabotnov
damage D.

3.7.4 Strain softening

As opposed to strain hardening, which occurs when dislocations form and accumulate
in the material microstructure, strain softening occurs when atomic and trans-
molecular bonds break. Strain softening or material softening is the phenomenon
when the total strain at a material point increases for a smaller stress than before,
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i.e. the material becomes weaker. In the small deformations framework, a material
softens when

dσijdεij < 0, (259)
where dσij and dεij are the components of the stress and strain increments. So
called material stability can be formulated on the basis of material softening. When
an increase of strain requires an increase of stress, the material behaviour is called
stable, that is,

dσijdεij > 0, (260)
whereas a material behaviour corresponding to material softening is called unstable.
The situation dσijdεij = 0 corresponds to a bifurcation of deformation. [72, pp.
332–333]

Alternatively, one can reformulate stable material behaviour (in the small defor-
mations framework) as

εεε̇ ..σσσ̇ > 0 (261)
In the large deformations framework inequality (261) is replaced by

Ḟ .. Ṗ > 0, (262)

where Ḟ is the material velocity gradient and P is the first Piola- Kirchhoff stress
tensor. [82, p. 179] The pair (P, Ḟ) is energetically conjugate with respect to the
undeformed volume [88, p. 87].

Strain softening can occur for material models describing damage and plasticity
phenomena [82, p. 179]. Strain softening leads to unrealistic results for material
models in the classical continuum mechanical framework, which is applied in this
chapter. The exact problems associated with strain softening phenomena are discussed
in chapter four, and possible solutions are discussed in chapter five.

3.7.5 Loading functions

In the same manner that loading functions are used in the theory of plasticity to
decide the moment of onset and evolution of plastic yielding, loading functions are
used in continuum damage mechanics to decide the moment of onset and evolution
of damage. In CDM a traditional loading function takes the form

f(εeq, κ) = εeq − κ, (263)

where εeq is a positive scalar-valued quantity, called the equivalent strain, rep-
resentative of the strain state, and κ is a threshold, also called history variable,
responsible for the strain limit at which damage grows. [77]

Examples of proposed definitions for the equivalent strain are:

εeq =
√︂
⟨εεε⟩ .. ⟨εεε⟩ (264)

after Mazars [70], and

εeq =
√︄

1
E

εijCijklεkl, (265)
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where εεε is the infinitesimal strain tensor, εij are the components of the strain tensor
and Cijkl are the components of the fourth order constitutive tensor for Hookean
material [71] [42]. The operator ⟨·⟩ is the McAuley brackets, which returns the
positive part of the object enclosed (see Def. 56, page 57). In this case it returns the
positive principal values of the strain tensor εεε. [42]

Depending on the model, the equivalent strain εeq is sometimes replaced by other
measures. For example, in the article [83] by Pijaudier-Cabot and Bažant the loading
function is

f(Y ) = Y − κ(Y ), (266)

where Y is the damage energy release rate (see Eq. (294), page 88). [83]
In plasticity theory it is common to use loading functions of the form

f(σeq,σY ) = σeq − σY , (267)

where σeq is a positive scalar-valued quantity, called the equivalent stress, and σY

is the yield strength (YS) for the material.
The equivalent strains and stresses are scalar-valued expressions of the principal

strains and stresses. Thus, functions of the form (263) and (267) can be represented
as surfaces in three-dimensional Euclidean space, where the principal strains or
stresses serve as Cartesian coordinates. The principal stress space (O,σ1,σ2,σ3),
where the principal stresses serve as Cartesian coordinates whose base vectors point
in the direction of the principal stresses, is called the Haigh-Westergaard space. [79,
p. 6]

A loading function is always accompanied by a set of conditions. These are
usually taken to be the Kuhn-Tucker conditions

f ≤ 0 (268)
κ̇ ≥ 0 (269)
κ̇f = 0, (270)

from optimization theory (see e.g. [5]) [42] [77]. In addition, it is usually assumed
that the damage has a maximal state (e.g. D = 1 for isotropic scalar damage), and
the maximal state is usually obtained when the history variable κ reaches a critical
value

κ = κc, (271)

where the critical value κc is chosen in beforehand. Together with these conditions
the chosen loading function decides when damage may grow, the material may
plastify, or a crack may propagate. However, to fully describe the evolution of
damage, plasticity, or fracture in the material, one needs constitutive stress-strain
equations and evolution equations for the internal variables. The evolution equations
are usually expressed in rate form.

In plasticity theory and fracture mechanics the loading functions are known as
yield and failure conditions, respectively, and their corresponding surfaces are the
yield and failure surfaces of the material. [72, pp. 23–24, 43–44]
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3.7.6 Effective variables

Effective variables represent the response of the material in a fictive state where the
material damage has been removed from the body (see page 80). The variables that
represent the material response in the real damaged state are called real variables.
In conjunction with one of the equivalence principles introduced in the next section
one acquires a connection between the physical and fictive states in the form of one
ore more relations between the effective and real variables. These relations then
naturally lead to constitutive equations between the real variables. Usually at least
the stress-strain relations are derived by this method.

Effective variables are usually denoted by a tilde, for example:

σσσ̃, εεε̃, Ẽ, (272)

are the effective small deformations stress tensor, the effective small deformations
strain tensor, and the effective Young’s modulus. Effective stress and strain can be
defined in relation to their real counterpart. We will next demonstrate a procedure
to define the effective stress from the real stress.

Consider a cylinder in uniaxial tension. Assume that it deforms elastically and
develops material damage for a sufficiently high uniaxial stress. The isotropic scalar
damage concept from section 3.7.3 (page 80), can now be written

D = A− Ã
A

, (273)

where A is the cross-sectional area of the cylinder in the physical, damaged configu-
ration, and Ã is the cross-sectional area of the cylinder in the fictive, undamaged
configuration. Because the normal force −→F N acting on the cylinder is the same in
both the fictive and real configuration, one can assume that

σ̃Ã = σA, (274)

where σ̃ and σ are the uniaxial stresses in the fictive and real configurations, respec-
tively. Then one obtains the relation

σ̃ = σ

1−D (275)

between the fictive and real stresses. Voyiadjs and Kattan [65] note, however, that
the condtion (274) is suitable only up to some distance before the ultimate tensile
stress (UTS). [65]

The result (275) is now generalised for 3D loading states and arbitrary damage
states into the form

σσσ
c̃ = M(D) ..σσσc, (276)

where σσσc̃ is the effective Cauchy stress tensor, M(D) is a fourth-order tensor called
the damage effect tensor, which depends on the even-order damage tensor D, and
σσσc is the Cauchy stress tensor. D may for example be a zeroth-order D, second-order
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D, or fourth-order D tensor. For small deformations one can replace σσσc̃ and σσσc by σσσ̃

and σσσ. [24, p. 34]
If one assumes that the damage effect tensor M is minor symmetric (see equation

(93), page 41), it can be written in matrix form as

[︂
Mpq

]︂
≡

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

M1111 M1122 M1133 M1123 M1131 M1112
M2211 M2222 M2233 M2223 M2231 M2212
M3311 M3322 M3333 M3323 M3331 M3312
M2311 M2322 M2333 M2323 M2331 M2312
M3111 M3122 M3133 M3123 M3131 M3112
M1211 M1222 M1233 M1223 M1231 M1212

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

≡

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

M11 M12 M13 M14 M15 M16
M21 M22 M23 M24 M25 M26
M31 M32 M33 M34 M35 M36
M41 M42 M43 M44 M45 M46
M51 M52 M53 M54 M55 M56
M61 M62 M63 M64 M65 M66

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (277)

where we reduced the four indices i, j, k, l to two indices p and q using the Kelvin-Voigt
notation (see page 75). [24, p. 45]

The 3D equivalent to equation (275) is

σσσ̃ = (1−D)−1
σσσ, (278)

which can be written as

σσσ̃ = M(D) ..σσσ, (279)
M(D) = (1−D)−1I, (280)

where I is the fourth-order identity tensor (see Eq. (88), page 40), and M(D) is the
damage effect tensor.

3.7.7 Equivalence principles

Equivalence principles are applied to connect real variables to effective variables, and
thereby ultimately create constitutive relations between real variables. Sometimes
they are called hypotheses, even though it is clear that they are axioms. For each
material model one picks one equivalence principle that is obeyed in every situation
in which it is applicable. The choice is free, but some principles are physically
more valid than others. As usual in physics, the more correct assumptions are more
complex than the inferior assumptions. The most popular equivalence principle is
the principle of strain equivalence, although it has been shown that the energy based
equivalence principles are in a better agreement with reality [71]. The apparent
popularity of the principle of strain equivalence seems to be a result of its age and
simplicity, exactly as in the case of the concept of isotropic damage. Next we give a
brief account of the most widely used equivalence principles.
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Principle of strain equivalence

Lemaitre formulates the principle of strain equivalence accordingly [64, p. 13]:
“Any strain constitutive equation for a damaged material may be derived in the same
way as for a virgin material except that the usual stress is replaced by the effective
stress”.

For an isotropic elastic-damage model in the small deformations framework this
principle can be expressed as the equation

εεε̃(σσσ̃, 0) = εεε(σσσ, D), (281)

where εεε̃ and σσσ̃ are the strain and stress in the fictive state, respectively. [93, p. 79]
Assume now that we want to derive a stress-strain relation for an isotropic

elastic-damage material model that behaves according to

σσσ = C .. εεεe

in the elastic regime. Where C is the constitutive elasticity tensor of linear elasticity
(see Eq. (244), page 75). The fictive continuum does only experience elastic defor-
mations, thus the effective strain tensor εεε̃ is purely elastic. Hence, the stress-strain
relation for the fictive continuum is

σσσ̃ = C .. εεε̃. (282)

The real strain tensor, on the other hand, has the form εεε = εεεde, where the superscript
de highlights that the deformation is damage-elastic. If we apply the above principle
of strain equivalence (281) we get the condition

εεε̃ = εεε
de. (283)

Then Eq. (282) becomes
σσσ̃ = C .. εεεde. (284)

Lastly, if we use the relation (278), i.e.

σσσ̃ = 1
1−Dσσσ,

in Eq. (284) we get the stress-strain relation

σσσ = (1−D)C .. εεεde. (285)

Notice how Eq. (285) requires both that the relation (278) and the principle of strain
equivalence (281) are assumed to be true [64].

Result (285) is probably the most common choice for an elastic-damage stress-
strain law in elastic-damage material models. Although it has severe drawbacks
in the form of oversimplifications on behalf of both the damage variable and the
equivalence principle, it is often argued that it is good enough for the evaluation of
real material behaviour. Therefore, it is a natural choice for researchers concerned
with the analysis of other phenomena than the exact description of damaged material.
This is the case in the research of nonlocal elastic-damage models, which are the
subject of this thesis. Therefore, we will take equation (285) as the prototype for
local elastic-damage models (see section 3.9, page 91).



87

Principle of stress equivalence

Skrzypek and Ganczarski formulate the principle of stress equivalence accordingly
[93, p. 80]:
“The stress associated with a damaged state under the applied strain εεε is equivalent
to the stress associated with the undamaged state under the effective strain εεε̃”.

This formulation is equivalent to the following equation in the small deformations
framework.

σσσ̃(εεε̃, 0) = σσσ(εεε, D) (286)

Both the principle of strain equivalence and the principle of stress equivalence
are fundamentally flawed, as they result in a material model with constant Poisson’s
ratio(s), and they restrict the influence of damage only to either the stress or strain
tensor. Hence, it is recommended to use one of the energy based principles instead.
[71]

Principle of complementary elastic strain energy equivalence

By the principle of complementary elastic strain energy equivalence the complemen-
tary elastic energy of the fictive state Φ̃e (εεε̃, 0) equals the complementary elastic
energy of the real state Φe (εεε,D), where D is a set of damage variables. This can be
stated as the equation

Φ̃e (εεε̃, 0) = Φe (εεε,D) . (287)

This principle is more realistic than the two previous principles, because it allows
the damage to influence both stress and strain, but at the same time it is limited to
only elastic-damage phenomena. [93, pp. 83–84]

Principle of total energy equivalence

The principle of total energy equivalence can be formulated as follows [93, p. 85]:
“There exists a pseudo-undamaged (homogeneous) solid made of the virgin material in
the sense that the total work done by the external tractions on infinitesimal deforma-
tions during the same loading history as that for the real, damaged (heterogeneous)
solid is not changed.”

Pseudo-undamaged stands for what we call fictive in this work. This principle
can be written as the equation

dΦ̃ = dΦ, (288)

where dΦ̃ is the infinitesimal work of the applied stresses in the fictive undamaged
state, and dΦ is the infinitesimal work of the applied stresses in the real damaged
state. [93, p. 85]
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3.7.8 Material models

Local elastic-damage material models (see section 3.9, page 91) consist of three parts:
A stress-strain constitutive equation

σσσ = Cde(D) .. εεεde, (289)
where Cde(D) is a so-called secant modulus tensor which adjusts the material
stiffness through damage variables D as the material deteriorates, a damage loading
function, typically written for some type of equivalent strain as

f(εde
eq, κ) = ε

de
eq − κ, (290)

combined with the Kuhn-Tucker conditions (see section 3.7.5, page 82) and a critical
value

κ = κc → D = Dmax, (291)
and evolution laws for the damage variables

Ḋ = g(D, εde
eq)ε̇de

eq, (292)
where the dependence on equivalent strain follows from the loading function. Note
that the evolution laws can be multiple and coupled to each other, the loading
function does not have to depend on equivalent strain (it can be written for other
quantities), and the linear dependence of the damage growth rate on the equivalent
strain rate could be relaxed to a nonlinear dependence if rate effects are desired. [77]
[93]

In the rest of this work we will always assume that εεε = εεεde, unless otherwise
stated, and therefore use just εεε, instead of the cumbersome notation εεεde.

For thermodynamic consistency (see page 72, section 3.4.2) each damage model
must be derivable from a consistent thermodynamic potential and dissipation function.
The potential is usually taken to be the specific Helmholtz free energy. For damaged
materials the specific Helmholtz free energy takes the form

ϕ = Λe + w, (293)
where Λe is the elastic strain energy density and w is the dissipated energy density.
Both depend on the damage state. In a nonlocal damage model the specific Helmholtz
free energy contains additional terms accounting for the nonlocality (see chapter
5). In order to actually derive the C-D inequality from the two thermodynamic
functions one also needs the model specific state equations and a normality rule. The
thermodynamic force associated with isotropic scalar damage is usually set to be the
damage energy release rate Y defined by the state equation

Y = −ρ0
∂ϕ

∂D
(294)

Depending on the source Eq. (294) is either written with or without the minus sign.
The damage flux Ḋ then contributes with a term

Y Ḋ (295)
to the C-D inequality. This term is written with a minus sign if Eq. (294) is written
without the minus sign. [62] [63] [64] [127]



89

3.8 Connection to fracture mechanics
3.8.1 Introduction

As already discussed in the previous sections, the main purpose of damage mechanics
is to explain and quantify the onset and growth of material damage, which takes
the form of voids and microcracks. As these microcracks grow and coalesce they
form macrocracks. Damage mechanics is traditionally restricted to the level of micro-
and mesoscopic fractures. Differing from damage mechanics, fracture mechanics
(FM) has traditionally been developed to describe the effect of existing macrocracks
on the mechanical properties of a continuum, and to obtain conditions for the
growth of existing macrocracks. The oldest theoretical basis of fracture mechanics,
called linear elastic fracture mechanics (LEFM), cannot predict or explain the
nucleation of cracks and the growth pattern of cracks. LEFM is also known as
classical fracture mechanics. Instead, a relatively new framework, known as
dynamic fracture mechanics, aims to predict the direction and speed of propagation
of cracks. LEFM is restricted to linear elastic material behaviour, with the exception
of fracture. It has also been acknowledged that LEFM cannot give the exact stress
state in the vicinity of a crack tip. The stresses at the crack tip predicted by LEFM
are always infinite in magnitude, which is unrealistic, because no real material can
sustain an infinite stress. This is widely believed to stem from the restriction to
elastic material responses imposed by LEFM. In reality, there is always found a
plastically deformed region surrounding the crack tip, which restricts the stress levels
to finite values. It is also thought that the completely sharp V-notches used in theory
are physically impossible because of interactions between atoms and molecules. The
curvature of the notch does affect the stress levels, and a U-notch displays lower
maximum stress than a V-notch. Some fracture theories accounting for plasticity in
the material have been developed. These are branches of the so called elastic-plastic
(or cohesive) fracture mechanics. As in the case of many other fields in physics,
e.g. in thermodynamics, they are competing with each other, and some theories
may be better suited for different materials. Despite of the obvious weaknesses of
LEFM, it is still a viable tool for the rudimentary analysis of failure of structures.
That is because in LEFM the stress state around a crack tip is described by a
stress intensity factor (SIF), which is a finite number calculated for each crack with
its accompanying load. The SIFs can be compared to each other, and they fully
characterise the crack geometry with its state of loading. Cracks with associated
loads can also be identified from an energetic quantity, called the energy release rate.
It has be shown that the SIFs and energy release rates are directly comparable, and
thus they can be consistently used to derive each other and completely describe the
failure criteria and stress states for cracks in LEFM. These definitions have been
found to suffice for structural engineering in surprisingly many practical situations.
They have also carried over from LEFM into other branches of fracture mechanics.
[64][1][73][61][72][63]

In this work we will, in the footsteps of some references, show the physical
relationship between CDM and FM. In particular, we will compare results of elastic-
damage material models in CDM to the concepts of LEFM, and thus establish a direct
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connection between the theories. In light of these results to be presented it seems
founded to extend the application of damage mechanics into the scope of macroscopic
fracture, so as to replace FM by CDM in numerical analyses, such as FEM simulations.
This approach has the potential to save large quantities of expensive computational
resources, because of the simpler calculations for damage evolution that replace the
often advanced methods used to calculate SIFs and energetic measures in complex,
fully 3D loading cases. It is also noteworthy that CDM relatively easily allows for the
implementation of a large range of different deformation mechanisms ranging from
elastic-damage to viscoelastic-plastic-creep-damage, and beyond. In contrast, it can
be hard to switch between e.g. LEFM and elastic-plastic fracture mechanics without
modification of the underlying FEM code. It must, however, be noted that no local
CDM model can be implemented for the description of fracture. Instead, one must
always introduce some form of nonlocality (see the next section) into the model,
in order to realistically simulate the material behaviour. This approach has been
proposed and implemented in FEM models with great success for simple material
models. There are, however, problematic features that require careful consideration
in the implementation. Firstly, the damage value should not be allowed to reach
its absolute maximum value, because the material response is nonunique in that
regime and the I/BVP then turns ill-posed at such material points. Instead, it has
been proposed to terminate the growth of damage at a value close to the absolute
maximum, even though this results in some residual stiffness of the “fully damaged”
region. An alternative method is to remove the damaged nodes from the mesh, ones
they reach a critical value of damage chosen beforehand. Secondly, the complexity of
the material model, especially of nonlocal models, can necessitate large modifications
of the underlying FEM code, which can be time-consuming and hard to implement.
Nevertheless, the benefits are often considered larger than the drawbacks, and it
seems worthwhile to follow this trend in the future development of FEM simulations
for material failure. The method of using CDM for the description of the formation
and evolution of macroscopic cracks is called the local approach to fracture (LAF).
[72][77][61][93]

Based on the equilibrium and constitutive equations for an elastic solid LEFM
derives the stress field around a crack tip. For linear elastic materials in a 2D
description the equations can be combined into a single vector equation, known
as the biharmonic equation. Most of the analytical results in LEFM regard 2D
settings. By restricting the displacement field to finite values one obtains useful
solutions from the biharmonic equation. The peak stress is observed at the crack tip
and is always found to be infinite in magnitude (singular), but because the stress field
is expressed as a series of terms depending on the distance to and direction from the
crack tip, different fields can be compared quantitatively. The stress field is usually
expressed in polar coordinates for a 2D cracked specimen. The exact procedure used
to solve the biharmonic equation analytically is usually based on complex potential
functions. The most common choice are the Kolosov-Muskhelishvili equations.
Information on possibilities and limitations of the method of complex potentials can
be found in Muskhelishvilis book [80] and the research article by Goodier found in
[74]. For a comprehensive introduction to classical fracture mechanics the reader is
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encouraged to consult the books [81], [73], and [79], by Knott, Hellan, and Unger.

3.8.2 Local approach to fracture

The idea of the local approach to fracture (LAF) is to use a CDM model with
an additional fracture criterion to simulate the initiation and growth of cracks.
Proposed fracture criteria include: A critical mean value of an equivalent strain over
a finite volume, a critical value of the scalar damage D as a mean value on a finite
mesh, and a critical value of the damage energy release rate Y as a mean value on a
finite mesh. It is important to recognise that all of the above criteria depend on some
distance or volume characteristic of the material model. This makes the damage
response of the models nonlocal (see the next section). This is necessary, because
it has been observed that local models cannot simulate strain softening behaviour
correctly. As the criterion is satisfied at a point, that point becomes part of the
crack. The point can then be completely removed from the body, or its stiffness can
be set close to zero. As already mentioned, the damage should not be allowed to
reach its maximum, and thereby the stiffness should not be allowed to reach zero,
because of the numerical instability this leads to. In fracture mechanics, the fracture
process zone is the small region surrounding the crack tip, that drives the crack
propagation through the formation and coalescence of microcracks and voids. In
fracture mechanics this process zone is traditionally assumed to be negligibly small,
but in CDM this zone can be naturally included into the model through the damage
variables. Thus, CDM can be used to model the fracturing of a material with a
higher accuracy than in FM. Nonetheless, one can draw parallells between fracture
mechanics and damage coupled elastic models in CDM. Mazars and Pijaudier-Cabot
[1] show how these two approaches can be translated into each other, by formulating
methods to interpret a crack as a damage distribution and a damage distribution as
an equivalent crack. This is done through the enforcement of the energy equivalence∫︂

V
Y Ḋ = GȦ, (296)

where V is the volume of the cracked structure, Y is the damage energy release
rate, Ḋ is the rate of damage growth, G is the fracture energy release rate, and
Ȧ is the rate of growth of the crack area. For condition (296) to hold one must,
however, introduce nonlocality into the damage description, as already hinted in
the beginning of this paragraph. This is because local damage models lead to zero
dissipation energy, which equivalent to a zero dissipation rate Y Ḋ, whereas fracture
models always have a finite dissipation rate GȦ. [73] [1] [61] [93, pp. 148–152]

3.9 Local and nonlocal continuum mechanics
All of the theory and results presented in this chapter so far belong to the theory of
classical continuum mechanics (CCM). By the principle of local action defined in
section 3.5 (page 73), classical continuum field theories attribute the values of the
dependent variables (e.g. stress, internal energy, heat) at a material point to the values
of the independent variables (e.g., mass, charge, electric field) at the same material
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point. This type of continuum theories are called local continuum theories. The
local continuum theories are best suited for predictions on a macroscopic scale. Their
accuracy worsens with an increasing resolution of the microstructure of the material.
Similarly, the accuracy of these theories worsens when the field variables display
large variations over short distances, as opposed to relatively small variations over
the same distances. [66, pp. vii-viii] [115]

The problem of classical continuum field theories, which renders them unapplicable
to the analysis of highly detailed material descriptions (in terms of microstructure)
and situations when highly localised fluctuations are experienced in the material
response (such as wave propagation), is the assumption of a completely local cause
to the action measured at a material point. These theories fail to account for the
long-range interatomic forces present in real materials. As a remedy, so called
enriched continuum models have been proposed. One specific category is the
nonlocal continuum models, based on nonlocal continuum theories, which
have been applied to several problems with great success. The nonlocal continuum
theories remove the principle of local action, cited above, from the set of principles
in constitutive theory, in order to better embrace the long-range forces between
particles. [115] [66, pp. vii–xi]

For future reference, we will name material models based on local continuum
theories local material models and material models based on nonlocal continuum
theories nonlocal material models.

In this work, we will consider a small set of nonlocal models, commonly used
in the literature for the description of elastic-damage phenomena. These include
integral and gradient models. The nonlocal models will be presented in chapter five.
In the next chapter we address the problems related to local strain softening models.
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4 Problems of local CDM models

4.1 Problems
Local strain-softening material models render the initial boundary value problem ill-
posed (see page 51) if a point of bifurcation of deformation is reached. Strain-softening
can occur as a result of plastification or material damage. As the initial boundary
value problem becomes ill-posed strains can start to localise into infinitesimally small
volumes. This type of behaviour is called strain localisation. Strain localisation
causes the finite element simulation to become mesh-dependent and no convergence
to a meaningful result can be obtained by refining the mesh. [75, p. 469]

In a uniaxial tensile stress case a bifurcation is possible at the top of the stress-
strain curve, i.e. at the ultimate strength of the material, or any point beyond that. At
points of bifurcation the material can either unload elastically or continue to deform
inelastically. Thus, the structure under investigation can show different behaviour
in different regions. If one has a completely homogeneous material domain (both
distributively and geometrically), the points of bifurcation during the loading process
allow infinitely many material responses. In other words, boundary value problems
written for strain-softening material models become ill-posed in homogeneous material
domains. A simple example of this is a homogeneous beam of a strain-softening
material under uniaxial tensile stress, analysed by Doghri in [75, pp. 469–472].
On the other hand, if the geometry of the domain allows for the emergence of a
heterogeneous stress field, or if the material is heterogeneous, then the strains will
start to localise into the weak parts of the domain and the strains and the material
damage will concentrate in an ever smaller volume in proportion to the growth of
damage.

The problem with local strain-softening material models is that they cause the
strain and damage to localise into infinitesimally small volumes (lines or surfaces)
immediately at the onset of damage, with complete disregard to the magnitude of
damage, which is in strong disagreement with reality. Furthermore, the localisation
of strains into an infinitesimal volume translates to a zero energy dissipation in the
damaged region, i.e. no energy is dissipated, which also is unrealistic. This is seen in
finite element simulations as mesh-dependency, which means that the strains and
damage localise to ever smaller volumes when the mesh is refined under the same
loading conditions. [92] [41] [42] [83] [87]

Additionally, in local models after the damage has reached its maximum value
at a point it propagates with infinite speed through the structure, in form of an
infinitesimally narrow crack [77].

Local continuum damage theories cause the governing partial differential equations
of continuum mechanics, such as the equilibrium equations, to change character
(bifurcate), losing either their ellipticity or hyperbolicity (depending on the equation),
when the damage locally reaches certain thresholds. This causes the numerical
solutions to display mesh sensitivity at the region of localisation of damage when
using finite element models, and other mesh-based numerical methods. [71, pp. 9–13]
[42]
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From a phenomenological perspective, the local continuum damage models cause
this unwanted behaviour because of the assumption of a continuous damage variable.
The continuity would require the damage distribution to be smooth enough on
the microscopic level, but the nature of the continuum models allow discontinuous
solutions, where the damage distribution localises into a surface or line. Peerlings
argues that there are two kinds of remedies to this situation: Either the damage
concept is reformulated into a formulation which allows for discontinuities, or the
continuity is enforced by a modified continuum formulation. [77]

4.2 Types of partial differential equations
To acquire an understanding of the situation outlined in the previous paragraph, we
will now define the three fundamental, characteristically different, types of second
order partial differential equations and systems of second order partial differential
equations, given in the literature. They are, accordingly, elliptic, parabolic, and
hyperbolic equations. In addition, one can identify so-called ultrahyperbolic PDEs
[96, p. 139]. There are many second order PDEs that do not belong to any of the
above named categories. These are, however, usually of lesser importance, as most
of the second order PDEs in physics are either elliptic, parabolic, or hyperbolic.
Specifically, the equations of equilibrium are usually elliptic and the equations of
motion are usually hyperbolic, in the classical continuum theory. However, as already
hinted, local strain-softening material models are known to alter them by changing
material parameters in such a manner, that they bifurcate (see page 51) into forms
that belong to none of the mentioned types of PDE. The point of bifurcation along
the evolution of stress is located at the point where the symmetric part of the tangent
stiffness tensor of the material (see below, pages 100 and 102) ceases to be positive
definite [86] [83] [84] [85]. Of course, in a material body this might occur only locally,
as the material parameters, such as isotropic damage D, reaches a specific value at a
certain point of the body. Then the PDE or system of PDEs is said to have lost its
ellipticity, respectively hyperbolicity, at that point.

The following explanation, ranging from equation (297) to condition (306), for
the classification of second-order linear PDE is due to Zauderer, and is found in [96,
pp. 137–139]. Consider the second-order linear partial differential equation in n
variables

n∑︂
i=1

n∑︂
j=1

aij
∂2u

∂xi∂xj

+
n∑︂

i=1
bi
∂u

∂xi

+ cu+ d = 0, (297)

where u, aij, bi, c and d are functions of x1, . . . , xn. Here, we assume that all the
mixed partial derivatives of u are equal (uxixj

= uxjxi
), and that the coefficients aij

are real-valued. The principal part of the differential operator in equation (297),
i.e. ∑︁n

i=1
∑︁n

j=1 aij∂xi
∂xj

, can then be expressed as

n∑︂
i=1

n∑︂
j=1

aij∂xi
∂xj

= {∂T
x }A{∂x}+ . . . , (298)

where {∂T
x } = [∂x1 , ∂x2 , . . . , ∂xn ] is a row vector of differential operators, {∂x} is the
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transpose of the row vector, A is the real-valued symmetric matrix

A =

⎡⎢⎢⎣
a11 . . . a1n
... . . . ...
an1 . . . ann

⎤⎥⎥⎦ , (299)

and the dots stand for first derivative operators, that result from {∂T
x }A{∂x} if any

aij are non-constant wrt the variables. From section 2.7, we know that all the n
eigenvalues λi of A are real, and to each eigenvalue one finds an eigenvector {ri}. Also,
the n eigenvectors can be made pairwise orthonormal. The orthonormal eigenvectors
form an orthogonal matrix R (which means that R−1 = RT), and by the matrix
theory in section 2.7, this matrix can be used to diagonalise A accordingly

RTAR = D, (300)

where D is the diagonal matrix with eigenvalues on its diagonal. Note, in this
subsection D is not the damage variable from the previous chapter. With the matrix
R of eigenvectors, we can define

{∂ξ} ≡ RT{∂x}. (301)

With definition (301) we can further elaborate Eq. (298) into

{∂T
x }A{∂x}+ . . . = {∂ξ}TD{∂ξ}+ . . . =

n∑︂
i=1

λi∂
2
ξi

+ . . . , (302)

where the ∂ξi
are

∂ξi
= {ri}T{∂x}, (303)

where {ri} are the columns of the matrix R. The PDE (297) is then classified
accordingly [96, p. 138]: ⎧⎪⎨⎪⎩

λi > 0, ∀i,
or elliptic type.

λi < 0, ∀i,
(304)

{︄
One of the λi > 0 or λi < 0,

and all other λi have opposite sign, hyperbolic type. (305)

One or more of the λi = 0, parabolic type. (306)

Applying the above conditions, it is found that: the Laplace equation

∇2u = 0

is elliptic, the wave equation
u,tt −∇2u = 0
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is hyperbolic, and the diffusion equation

u,t −∇2u = 0

is parabolic. u : Rn → R in the above examples. In the above, we used the comma
notation to denote partial derivatives. [96, pp. 137–139]

In Evans’ book [95] elliptic PDEs are defined accordingly.
Equations (307), (308), (309), and definition (310) are taken from [95, pp. 311–

312].
We study the boundary value problem:{︄

Lu = f in U
u = 0 on ∂U,

(307)

where U is an open, bounded subset of Rn and u : U → R is the unknown, u = u(x).
U is the closure of U (see Def. 15, on page 21). Here f : U → R is given, and L
denotes a second-order partial differential operator having either the form

Lu = −
n∑︂

i,j=1
(aij(x)u,xi

),xj
+

n∑︂
i=1

bi(x)u,xi
+ c(x)u (308)

or
Lu = −

n∑︂
i,j=1

aij(x)u,xixj
+

n∑︂
i=1

bi(x)u,xi
+ c(x)u, (309)

for given coefficient functions aij, bi, c (i, j = 1, . . . , n).

DEFINITION. We say that the partial differential operator L is (uniformly) elliptic
if there exists a constant θ > 0 such that

n∑︂
i,j=1

aij(x)ξiξj ≥ θ∥ξ∥2 (310)

for a.e. x ∈ U and all ξ ∈ Rn. [95, pp. 311–312]

In inequality (310), ∥ξ∥2 = (∑︁n
i=1 ξ

2
i ) is the square of the Euclidean norm (see

Def. (37), on page 26) [95, p. 615]. In tha above definition, the abbreviation a.e.
stand for almost every, which is defined in Def. 50, page 47.

By considering the connection between quadratic forms and symmetric n × n
matrices, it is seen that Zauderer’s and Evans’ definitions for elliptic PDEs coincide.

In Evans’ book [95] hyperbolic PDEs are defined accordingly.
Equations (311), (312), (313), and defintion (314) are taken from [95, pp. 377–

378].



97

We write UT = U × (0, T ], where T > 0 and U ⊂ Rn is an open, bounded set,
and study the initial/boundary-value problem⎧⎪⎨⎪⎩

u,tt + Lu = f in UT

u = 0 on ∂U × [0, T ]
u = g, u,t = h on U × t = 0,

(311)

where f : UT → R, g, h : U → R are given, and u : UT → R is the unkonwn,
u = u(x, t). UT is the closure of UT (see Def. 15, on page 21). L denotes for each
time t a second-order partial differential operator, having either the form

Lu = −
n∑︂

i,j=1
(aij(x, t)u,xi

),xj
+

n∑︂
i=1

bi(x, t)u,xi
+ c(x, t)u (312)

or
Lu = −

n∑︂
i,j=1

aij(x, t)u,xixj
+

n∑︂
i=1

bi(x, t)u,xi
+ c(x, t)u, (313)

for given coefficient functions aij, bi, c (i, j = 1, . . . , n).

DEFINITION. We say that the partial differential operator ∂2

∂t2
+ L is (uniformly)

hyperbolic if there exists a constant θ > 0 such that
n∑︂

i,j=1
aij(x, t)ξiξj ≥ θ∥ξ∥2 (314)

for all (x, t) ∈ UT , ξ ∈ Rn. [95, pp. 377–378]

By the connection between quadratic forms and symmetric matrices it is found
that even Zauderer’s and Evans’ definitions for hyperbolic PDEs coincide.

Using the above definitions, the different characters of partial differential equa-
tions can be expressed for a linear second-order 2D PDE in the following way: If we
have a PDE

Lu = f, (315)

where L is a linear second-order partial differential operator defined by

Lu = a
∂2u

∂x2 + b
∂2u

∂x∂y
+ c

∂2u

∂y2 + F

(︄
x, y,

∂u

∂x
,
∂u

∂y

)︄
, (316)

and f is a known function. Then, equation (315) is said to be [97, p. 7]:

elliptic if b2 < 4ac (317a)
hyperbolic if b2 > 4ac (317b)
parabolic if b2 = 4ac. (317c)
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Which follows from considering the determinant⃓⃓⃓⃓
⃓a− λ b/2
b/2 c− λ

⃓⃓⃓⃓
⃓ = 0, (318)

which takes the form of the second order algebraic equation

λ2 − (a+ c)λ+ ac− b2/4 = 0. (319)

Using the standard root formula for Eq. (319), and considering the restrictions on
the two roots (Eq. (304), (305), (306)), one arrives at the conditions (317a), (317b)
and (317c).

The definitions presented in this section for single PDEs can easily be extended
to systems of PDEs. See e.g. [95] and [96] for more information.

4.3 Finding the onset of localisation
The following discussion and analysis is concerning the case of statics. At the end of
this section we show the analogous result for dynamics.

The standard continuum formulation of strain-softening phenomena allows the
localisation of strain into a zone of arbitrarily small width. This is related to the loss of
ellipticity of the equilibrium equations. Making assumptions about the displacement
and strain fields, one can formulate necessary conditions for the localisation of strain
into narrow bands separated from the rest of the body by weak “discontinuity surfaces”.
Assuming that the strains are continuous and the strain rates discontinuous at the
discontinuity surfaces one obtains the continuity conditions of classical localisation
analysis. [98]

Discontinuity surfaces

The study of discontinuity surfaces was initiated by the french mathematician Jacques
Hadamard in 1903 ([103]) [104, p. 144].

If a scalar, vector, or tensor field is continuous up to a surface S from either side
of S, but not across it, we say that the scalar, vector, or tensor field suffers a jump
discontinuity across S [101, p. 209]. We call such surfaces discontinuity surfaces,
and we say that they carry discontinuities. Such surfaces are classified according to
the type of discontinuity they carry [102, pp. 275–276]:

The velocity and the deformation gradient (see chapter 3) are discontinuous across
the surface, when it is of order 1.

The velocity and the deformation gradient are continuous across the surface, but the
acceleration is not, when the surface is of order 2.

The velocity and the deformation gradient are continuous across the surface, to-
gether with the (n− 1)th-order derivatives of all relevant fields, but some nth-order
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derivatives of certain fields contain discontinuities, when the surface is of order n > 2.

A surface of order 1 that carries a discontinuity in the normal velocity is called
a shock wave, and a propagating surface of order 2 is called an acceleration wave.
[102, pp. 275–276]

In the following, a 0 in the sub- or superscript denotes that a quantity is considered
in the reference (initial) configuration. We will also use −→n to denote a unit normal
vector wrt the spatial (current) configuration, and −→N to denote a unit normal vector
wrt the reference configuration.

Assume that a shock wave Sl separates a body Ω0 into two complementary
subregions B+ and B−, so that the normal −→N(−→X , t) of Sl points from B− to B+.
For Φ a generic scalar, vectorial or tensorial spatial or material field discontinuous
across the surface Sl we define

Φ+(−→X , t) = lim
h→0

Φ(−→X + h
−→N(−→X , t), t), (320)

Φ−(−→X , t) = lim
h→0

Φ(−→X − h−→N(−→X , t), t) (321)

for −→X on Sl and h > 0. Then, the jump operator is defined as, [101, p. 209]:

[[Φ]] = Φ+ − Φ−. (322)

If Φ is a continuous function of space, that is [[Φ(−→X , t)]] = 0, its normal derivative
along −→N may be discontinuous, that is [[∇Φ(−→X , t)]] · −→N ̸= 0, but the derivative
orthogonal to −→N must be continuous, i.e

[[−→∇Φ(−→X , t)]] · −→t = −→0 , (323)

for every vector −→t orthogonal to −→N at each fixed time t. [102, p. 278]
Conditions (323) imply

[[−→∇0ΦΦΦ0]] = −→g 0 ⊗
−→N , (324)

where −→g 0 is the normal derivative of [[ΦΦΦ]] along −→N (see Def. 25, page 27, and the
comment below it). Conditions (324) are the Maxwell compatibility conditions.
[102, pp. 278–279]

A discontinuity surface may move relative to the continuum, thus having an
individual velocity separate from the continuum underneath it. In the spatial
configuration we denote the velocity of a point −→y of the surface by w, and the normal
component of the velocity of propagation by wn. [102, p. 277]

For a scalar function Φ continuous across space and time the Maxwell compatibility
conditions (324) lead to

[[Φ̇0]] = −w0
N [[−→∇0Φ0]] ·

−→N (325)
[[Φ̇]] = −ωn[[−→∇Φ]] · −→n , (326)
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where
ωn = wn −−→v · −→n , (327)

where −→v is the spatial velocity field of the continuum (see chapter 3). Equations
(325) and (326) are the kinematic conditions of compatibility for the material
time derivative of a scalar field in the material and spatial descriptions. If ΦΦΦ is
a vector function we obtain the kinematic conditions of compatibility for the
material time derivative of a vector field in the material and spatial descriptions:

[[ΦΦΦ̇0]] = −w0
N [[−→∇0ΦΦΦ0]] ·

−→N (328)
[[ΦΦΦ̇]] = −ωn[[−→∇ΦΦΦ]] · −→n . (329)

ωn (defined in Eq. (327)) is the velocity of the discontinuity surface relative to the
point −→x of the spatial configuration κ superimposed on −→y . [102, p. 279]

The following jump conditions hold for a stationary second-order discontinuity
surface:

[[Ṗ]] · −→N = −→0 (330)
[[Ḟ]] = −→g 0 ⊗

−→N (331)
[[σσσċ ]] · −→n = −→0 (332)
[[L]] = −→g ⊗−→n , (333)

where P is the first Piola-Kirchhoff stress tensor (page 64) and σσσc is the Cauchy
stress tensor (Def. 201, page 64). [102, pp. 283–285]

Strain softening phenomena eventually lead to the localisation of strain into small
regions of the material. The regions of localised strain are surrounded by boundaries,
at which the strain suffers a discontinuity in the form of a jump from one level
of magnitude to another. These discontinuous boundaries render the strain field
discontinuous across the body. FEM and many other numerical methods fail to
predict the behaviour of the material after the onset of strain localisation. Therefore,
several theories have been developed to predict the onset of strain localisation in
different materials.

For simplicity, localisation zones are often considered to take the form of localisa-
tion bands spanning the whole width of the material specimen, separated from the
rest of the body by two discontinuity surfaces. One popular theory for the prediction
of the creation of localisation bands is Rice’s localisation criterion, which is obtained
from the jump conditions for a second-order discontinuity surface as follows. Note
that Rice’s localisation criterion (or the loss of ellipticity) is applicable to any region
of localised strain, regardless of its shape.

The following analysis is done for finite elastic-plastic damage theory, but the
result (Rice’s localisation condition) is applicable to any strain-softening material
model, both in the finite and infinitesimal deformations framework.

In finite deformation elastic-plastic-damage theory one can usually formulate rate
constitutive laws of the form

Ṗ = LP .. Ḟ, (334)
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where P is the first Piola-Kirchhoff stress tensor defined in equation (205) (page
64), LP is an analytical tangent modulus (also known as a tangent stiffness
tensor or tangent operator), and F is the deformation gradient [105] [106] [98].
Now we assume that a localisation band forms in the body. Further, we assume
that the localisation band is separated from the rest of the body by two stationary
second-order discontinuity surfaces. Then, jump condition (330) holds everywhere
in the body, and jump condition (331) is valid at both of the discontinuity surfaces.
Jump condition (330) is

[[Ṗ]] · −→N = −→0 . (335)

By substituting the rate constitutive law (334) into equation (335) we obtain

[[LP .. Ḟ]] · −→N = −→0 . (336)

If we assume that the analytical tangent modulus is the same on both sides of a
discontinuity surface, i.e. is continuous in our domain, equation (335) reduces to

LP .. [[Ḟ]] · −→N = −→0 . (337)

Jump condition (331) is
[[Ḟ]] = −→g 0 ⊗

−→N . (338)

Substitution of equation (338) into equation (337) leads to

(LP ..−→g 0 ⊗
−→N) · −→N = −→0 ⇔

LP
ijkl g0k Nl Nj = 0 ⇔

(−→N ⊙ LP · −→N) · −→g 0 = −→0 , (339)

where we introduced the operator ⊙, which is defined here as

(−→a ⊙B)ijk = alBiljk, (340)

for vectors −→a and fourth-order tensors B. (−→N ⊙ LP · −→N) is called the acoustic
tensor of the material. The acoustic tensor is also called the localisation tensor [98].
According to linear algebra equation (339) has a non-trivial solution −→g 0 ̸=

−→0 if and
only if the acoustic tensor is singular (see page 43) , i.e.

det(−→N ⊙ LP · −→N) = 0. (341)

Equation (341) is called Rice’s localisation condition, after the work of Rice
[107], or the condition for loss of ellipticity. [106][105]

Another stress measure, sometimes used instead of the first Piola-Kirchhoff stress
tensor, is the nominal stress tensor, which is defined as [106]

Σ = PT. (342)



102

In words, the nominal stress tensor is the transpose of the first Piola-Kirchhoff
stress tensor, and thus it can be substituted in place of P in rate constitutive equation
(334). Then, equation (334) becomes

Σ̇ = L .. Ḟ, (343)

where L is related to LP through Lijkl = LP
jikl [106][105]. Thus, the assumptions

and conditions which lead from equation (334) to condition (341), now lead from
equation (343) to the condition

det(−→N · L · −→N) = 0. (344)

In [106] Kotob et al. propose a new kind of algorithm for the detection of loss
of ellipticity in elastoplastic structures. The algorithm is validated for a hypo-
elastoplastic model in a shear loading case. Applying their algorithm to a simple
tube in torsion, they observe that the torque-angle curves become mesh dependent
at the moment when ellipticity is lost through the whole thickness of the tube.

Similar results to equation (341) can be obtained in the infinitesimal strain theory.
Using the infinitesimal strain theory and the rate constitutive law

σσσ̇ = Ctan .. εεε̇, (345)

Jirásek, [98], obtains the equation

(−→n ·Ctan+ · −→n ) · −→m ė = −→n · (Ctan− −Dtan+) .. εεε̇−, (346)

where −→n is the normal of a surface Sd separating a body into two regions, Ctan

is the tangent stiffness tensor of the material, −→m is a so-called polarization vector,

and ė is the magnitude of [[∂
−→u̇
∂−→x

]], i.e. the magnitude of the jump of the velocity
gradient. The surface Sd separates the body into regions V − and V +, and the normal
−→n points from the region V − to the region V +. The superscripts + and − stand for
the value of the tensors in the two separate regions. If the tangent stiffness tensors
are assumed to be the same on both sides of Sd, equation (346) simplifies to

(−→n ·Ctan · −→n ) · −→m = −→0 , (347)

which is equivalent to
det(−→n ·Ctan · −→n ) = 0. (348)

Another condition that causes the failure of local strain softening models, is the loss
of strong ellipticity, which occurs at the beginning of strain softening. According
to section 3.7.4 (page 81), in the large deformations framework strain softening is
initiated when the term

Ḟ .. Ṗ (349)
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ceases to be positive. For the elastic-plastic-damage rate law (334), the work (349)
becomes ≤ 0 when

det((−→N ⊙ LP · −→N)sym) = 0, (350)
where (A)sym is the symmetric part of the second-order tensor A (see page 40). This
criterion is known as the loss of strong ellipticity. This result is again applicable
for all kinds of strain softening models in both finite and infinitesimal deformation
theory. Criterions (350) and (341) are equivalent when LP has major symmetry (see
relation (94) on page 41). That is, for strain softening materials, which have a major
symmetric tangent stiffness tensor, strain localisation is initiated at the same time
as strain softening is initiated. [106]

For such materials condition (341) truly coincides with the loss of ellipticity of
equilibrium equations, and as observed from (341) it then occurs as the tangent
stiffness tensor LP ceases to be positive definite. Peerlings [77] demonstrates this
by analytic calculation for a simple elastic-damage model in the small deformations
framework.

For FEM simulations, the condition of loss of strong ellipticity takes the form

det(K +KT) = 0, (351)

where K is the global tangential stiffness matrix (see section 6.3) [85].
Local damage models fail as soon as either Rice’s localisation criterion or the loss

of strong ellipticity occurs in the simulation.
The foregoing analysis is purely for stationary material. In the case of dynamics

a condition of the form

det(−→n ·G · −→n − ρ0c
21) = 0 (352)

can be derived to analyse the propagation of harmonic waves in a solid. Here G
is a material specific tensor, −→n is the direction of propagation of the wave, c is
the phase velocity of the wave, and 1 is the second-order identity tensor. This
conditions is, however, used to find the admissible waves that can propagate through
a damaged zone, and the dispersive effect of the damaged zone on waves of different
wavelengths. In classical continuum mechanics models (local models) loading waves
cannot propagate through the damaged zones. Thus, the above equation (352) is
practically useful for the analysis of the propagation of waves in nonlocal continua
(see the section below, and the next chapter). [78] [115]

4.4 Remedies
Peerlings [77] argues that in order to avoid mesh-dependency of CDM models one
should either: Reformulate the damage concept into a formulation which allows for
discontinuities, or enforce the continuity of the damage distribution by a modified
continuum formulation. De Vree et al. [41] identify five different approaches that
belong to the latter category. These are:

• nonlocal modelling of the constitutive behaviour
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• gradient dependent material description

• micropolar (Cosserat) continuum theory

• viscous regularisation

• local manipulation of material properties depending on the element size.

All of these depend in some way on localisation limiters. A localization limiter is
a concrete material parameter that in the specific approach controls the degree of
localisation of strain and damage in the material. One common localisation limiter
is the characteristic length l, to be discussed in the next chapter. [87]

Out of these, we will mainly focus on nonlocal modelling of constitutive behaviour
and gradient dependent material description. In our view they will be considered
equivalent, and therefore we will call them collectively nonlocal models. Specifically,
the equivalence of implicit gradient models and integral models can be shown ana-
lytically, as explained in the next chapter, whereas the explicit gradient models are
deemed unreliable for any material description.Nonlocality of material models was
already touched upon in section 3.9, and we will give accounts of nonlocal CDM
models in the next chapter, with a focus on gradient models. In addition to these,
there are other approaches, that in the vein of Cosserat continuum theory, redefine
the kinetic and kinematic definitions of e.g. stress and strain. In section 5.2 we will
describe the fundamentals for two such theories: The strong discontinuity approach,
and peridynamics.
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5 Nonlocal damage mechanics
In the previous chapter it was found that local CDM models are unsuitable for the
description of material deformation after the onset of strain softening, and in the last
section some alternative models and theories were discussed. In this chapter we will
present several nonlocal models (in the sense that the principle of local action from
chapter three is violated). We will compare the proposed approaches and recommend
one, fairly recent, approach that appears best suited for CDM models.

5.1 Nonlocal material models
A number of approaches have been proposed to avoid mesh sensitivity of material
models, which occurs as deformations and damage become localised. This work
focuses on so-called regularized models. Regularized models rely on generalized
continuum theories that introduce a characteristic length l to the model at
hand. Regularized models usually retain the continuity of strain fields, and lead to
continuously differentiable displacement fields. One class of regularized models are
the nonlocal models of integral and differential type. [110]

The concept of nonlocality stands for the negligence of the principle of local
action in classical constitutive theory (see section 3.5, page 73). This leads to the
introduction of so-called nonlocal variable to the material model. The value of a
nonlocal variable at a material point depends on the deformation and deformation
history of the material points in its vicinity. The exact size and shape of the region
affecting the nonlocal variable is decided by the specific material model. If, for
example, our model includes nonlocal damage, the nonlocality will actively strive
to suppress the localisation of strain and damage, which occurs for local damage
models, as explained in the previous chapter. [41]

It is common in the literature to make a distinction between the integral and
differential type of nonlocality by referring to integral models as nonlocal and differ-
ential models as gradient based, due to the different characters of the models. We
will refer to both integral and differential models as nonlocal, because they introduce
an internal length scale, the characteristic length l, and thus address nonlocal effects
to some degree. All of the nonlocal models presented in this section are written for
the small deformations framework.

Integral-type nonlocal models introduce nonlocality to the material model through
a spatially averaged variable as follows. For a local field f(−→x ) in a domain (continuum)
V , its integral-type nonlocal counterpart is

f(−→x ) =
∫︂

V
α(−→x ,

−→
ξ )f(

−→
ξ )d
−→
ξ , (353)

where α(−→x ,
−→
ξ ) is a given nonlocal weight function of the form

α(−→x ,
−→
ξ ) = α0(∥−→x −

−→
ξ ∥)∫︂

V
α0(∥−→x −

−→
ζ ∥)d

−→
ζ

, (354)
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where α0(∥−→x −
−→
ξ ∥) is a monotonically decreasing function of the distance ∥−→x −

−→
ξ ∥ = r,

where ∥ · ∥ is the Euclidean norm on page 26, unless otherwise specified. [110]
A common choice for α0(r) is the isotropic weight function

α0(r) = exp
(︄
− r2

2l2

)︄
, (355)

where exp(·) is the exponential function, and l is the characteristic length.
The overbar above f on the LHS of Eq. (353) stands in this chapter for the

nonlocal operator, which in case of Eq. (353) is the integral operator on the RHS
of the equation. The nonlocality can be imposed on any variable of the material
model. Common choices are: Equivalent strain, damage, and the damage energy
release rate. There is, however, a clear cut difference between nonlocal strains and
nonlocal internal variables, as will be explained shortly.

In [83] Pijaudier-Cabot and Bažant introduced an integral-type nonlocal small
deformations elastic-damage model for isotropic materials with isotropic damage. In
this model the scalar-valued nonlocal damage Ω (in our notation D) is associated
with the nonlocal damage energy release rate Y via a relation of the form Ω = F (Y ).
The nonlocal damage energy release rate Y is related to the local damage energy
release rate Y by

Y = 1
Vr

∫︂
Vr

Y dV, (356)

where Vr is the representative volume element of the material point for which Y is
calculated, and Y = 1

2εεε ..C .. εεε. Close to boundaries formulation (356) is replaced by

Y = 1
Vr − V∗

∫︂
Vr−V∗

Y dV, (357)

where V∗ is the part of the representative volume element that protrudes beyond the
boundary. They use a loading function of the form

f(Y ) = Y − κ(Y ), (358)

that controls the growth of damage (see section 3.7.5, page 82). This model is
only partly nonlocal. The elastic behaviour is completely local. Only the damage
related behaviour is modelled by nonlocal means. The only nonlocal ingredient is
the nonlocal damage energy release rate, which leads to nonlocal damage. At the
time of the article it was a major change from the existing models, which were either
completely local or completely nonlocal. With this type of partly nonlocal models
one achieves a higher computational efficiency compared to fully nonlocal models,
while still obtaining mesh objectivity, as is demonstrated in the cases discussed in
the remainder of the article. [83]

In the follow up article [87] Bažant and Pijaudier-Cabot argue that one should
use partially nonlocal material models instead of fully nonlocal material models,
for the description of damage phenomena. Specifically, they argue that the strain
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tensor should be local. This is because it substantially simplifies the finite element
discretization. [87]

Thus, most of the attention is today turned on similar models, that only incorpo-
rate nonlocality in the variables responsible for strain softening phenomena. We will
mostly discuss this kind of models, due to their apparent simplicity and abundance
in the literature.

Observe, that the volume V in the integral-type nonlocal operator must be ad-
justed close to the boundaries of the continuum, as seen in Eq. (357). Peerlings
[77] notes also that the integral-type formulation can become problematic in the
neighbourhood of very narrow cracks, when the volume V possibly stretches over the
crack, and thus incorporates the effects of particles on the other side of the crack.
From a realistic perspective, particles separated by a macrocrack should not interact
with each other. [77]

Besides integral-type nonlocal models, there are also so-called differential-type nonlo-
cal models. One specific family of differential-type nonlocal models are the gradient
models. Gradient models can be either explicit or implicit. The explicit and implicit
gradient models are derived from the integral-type formulation (353). Next, we will
explain how to derive the explicit and implicit gradient models for an equivalent
strain εeq. The equivalent strain can be expanded into a Taylor series around −→x

ε(−→x )eq = εeq(−→ξ ) + ∂εeq

∂ξi

(xi − ξi) + 1
2!
∂2εeq

∂ξi∂ξj

(xi − ξi)(xj − ξj)

+ 1
3!

∂3εeq

∂ξi∂ξj∂ξk

(xi − ξi)(xj − ξj)(xk − ξk) (359)

+ 1
4!

∂4εeq

∂ξi∂ξj∂ξk∂ξl

(xi − ξi)(xj − ξj)(xk − ξk)(xl − ξl) + . . . ,

and substituted into formula (353). [71, p. 16–18] In expression (359) we used the
multidimensional Taylor polynomial (148) (page 53).

When an isotropic weight function

α0(r) = exp
(︄
− r2

2l2

)︄
, (360)

where l is a parameter called the characteristic length, is used in formula (353) with
expansion (359) as the local field f(−→x ), the nonlocal equivalent strain

εeq(−→x ) = εeq(−→x ) + 1
2 l

2∇2
εeq(−→x ) + 1

8 l
4∇4

εeq(−→x ) + . . . (361)

is obtained. Here, because we use Cartesian coordinates, the Laplacian operator
takes the form ∇2 = ∑︁

i

∂2

∂x2
i

, and the higher-order operators are ∇2n = (∇2)n, n =
1, 2, 3, . . . . Neglecting the terms higher than the second order, we obtain from
equation (361) the explicit gradient-enhancement of equivalent strain

εeq(−→x ) = εeq(−→x ) + c∇2
εeq(−→x ), (362)
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where c = 1
2 l

2 is a so-called gradient parameter. [113]
Alternatively, one can manipulate equation (361) into

εeq(−→x )− c∇2
εeq(−→x ) = εeq(−→x ), (363)

which is the implicit gradient-enhancement of equivalent strain, when terms
higher than the second order again are neglected. [113]

The nonequivalent strain εeq is used in the loading function

f(εeq, κ) = εeq − κ (364)

and the evolution law
Ḋ = g(D, εeq)εeq̇ (365)

in conjunction with a stress-strain equation to form a nonlocal CDM model. Here
we have chosen the isotropic scalar D as the damage variable. Comparing this to
the local CDM model in section 3.7.8, we see how the nonlocality affects the damage
evolution. The nonequivalent strain εeq can be defined by any of the three methods
presented above. The method chosen designates the name of the model.

When applying the local approach to fracture (see section 3.8.2), it is important
to notice that the I/BVP is ill-posed in regions were the damage has reached a critical
value, and therefore such points should be excluded from the material domain [77].

Next, consider the appearance of the three nonlocal models presented so far: The
integral model, the explicit gradient model, and the implicit gradient model. All
three models result into different I/BVPs, when the model is combined with either
the equations of motion or the equations of equilibrium. The integral models lead
to integro-differential equations that can be hard to implement in FEM codes. The
explicit gradient model leads to a system of fourth-order differential equations in the
damaged regions of the material, and must therefore be combined with additional
conditions at the boundaries between damage process zones and the rest of the
material and between damage process zones and the external boundary of the I/BVP.
This is because, in the undamaged material the differential equations are still of
second order. [77]

Because the implicit gradient formulation is a second-order PDE by its own, it
requires boundary conditions. Usually the boundary conditions are chosen to be

−→n ·
−→
∇εeq = 0, (366)

where −→n is the unit normal vector to the boundary of the domain. Condition (366)
is defined both on the boundary of the problem domain and on the boundary of
cracks (i.e. fully damaged regions). [77]

It has been observed that the characteristic length l is of the same order of magnitude
as the largest material inhomogeneities. Despite of the apparent similarity between
the averaging volume V and the RVE of micromechanics (see page 79), the averag-
ing volume, and thereby the length l, are clearly smaller than the size of the RVE. [87]
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Even though the implicit and explicit gradient-enhanced strains might appear equiv-
alent, they are strikingly different, as explained by Peerlings et al. in [115]. The
explicit gradient strain has significant shortcomings compared to the implicit gradient
strain. The explicit gradient model does not limit the wave velocity of a propagating
elastic wave, and it allows cracks to grow infinitely fast in the damage-based local
approach to fracture (see section 3.8.2, page 91). On the other hand, in the implicit
gradient model the elastic wave velocity is bounded and cracks grow with a finite
rate. Further, it can be shown that the implicit gradient model is equivalent to the
integral model for a special nonlocal weight function α, whereas the explicit gradient
model never can become equivalent to the integral model. Hence, implicit gradient
models can be called truly nonlocal, whereas explicit gradient models actually are
local in a mathematical sense. [115]

Therefore, it is recommended not to use explicit strain gradient models. Next,
we give an example of an explicit and an implicit damage gradient model. Although,
the same type of behaviour is expected for explicit damage gradient models too.

In [114, p. 10], Santaoja proposes a gradient-enhanced damage model of the form

σσσ = (1−D)C .. εεε (367a)

Ḋ = Ac

1−DJvM (εεε̇) + h(Ḋ)∇2D if JvM (εεε) > εon and Ḋ ≥ 0, (367b)

where D is a scalar damage variable representing isotropic damage, Ac and h are
material parameters, C is the fourth order constitutive tensor for Hookean material,
JvM is the von Mises-operator (Def. 42, page 44), and εon is the scalar-valued
equivalent strain at the onset of damage evolution. [71]

In a sense, damage model (367) is explicit with regard to damage D, and in view
of the above discussion one should really prefer implicit models over explicit models.
Thus, we suggest the implicit evolution law as a possible improvement over model
(367):

Ḋ = Ac

1−D
JvM (εεε̇e) (368a)

D − h∇2D = D, (368b)

where D is a nonlocal damage variable to be solved from the equations. Of course,
the implicit definition requires a boundary condition, as in the case for implcit strain
gradient models. Frémond and Nedjar [99] study similar implicit damage gradient
models.

5.2 Alternative nonclassical models
In this section we consider two additional nonclassical theories which intend to achieve
the same objectives as the integral and gradient theories of the previous section.
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Besides these theories one can also mention e.g. the smeared crack approach (SCA)
as an interesting alternative theory, not discussed in this thesis. Information on SCA
can be found in the article [100] by Jirásek.

Strong discontinuity approach

Macroscopic bounded discontinuities in the strain field, in the sense of jumps (see sec-
tion 4.3), are called weak discontinuities, and macroscopic bounded discontinuities
(jumps) in the displacement field are called strong discontinuities. Weak disconti-
nuities correspond to localisation bands (where the displacement field is continuous),
whereas strong discontinuities correspond to cracks. Kinematics that incorporate
these kinds of discontinuities are called weak-strong discontinuity kinematics.
The strong discontinuity approach (SDA) considers standard local continuum models
under the influence of weak-strong discontinuity kinematics. The strong discontinuity
approach aims to unify continuum mechanics and fracture mechanics into a joint
framework capable of describing phenomena both before and after fracture. In doing
so, SDA strives to be mesh objective, like the aforementioned nonlocal approaches.
[116]

In FEM SDA requires special elements whose associated shape functions are
discontinuous in order to correctly capture the shape of the displacement and strain
fields. With that kind of finite elements one can avoid the mesh sensitivity that
classical local strain softening models suffer from. [116]

We consider a body Ω with a crack represented by a discontinuity surface S, with
a normal −→n that separates the body into the domains Ω+ and Ω−. −→n points from
Ω− to Ω+. In the small deformations framework, the displacement field of the body
takes the form
−→u (−→x , t) = −→u ∗(−→x , t) +HS[[−→u ]](−→x , t); [[−→u ]] = −→u

⃓⃓⃓
−→x ∈S+

−−→u
⃓⃓⃓
−→x ∈S−

, (369)

where HS(−→x ) is the step function (Heavisides function) placed at S (HS(−→x ) = 0
for −→x ∈ Ω− and HS(−→x ) = 1 otherwise), −→u ∗ is the regular part of the displacement,
and [[−→u ]] is the displacement jump over the discontinuity surface. In the jump
formulation we have used the notation for restrictions (see page 19). The strain field
corresponding to equation (369) is

−→
ε = −→ε ∗(−→x , t) + δS([[−→u ]]⊗−→n ), (370)

where −→ε ∗ is the regular part of the strain and δS is Dirac’s delta function placed at S.
The strain field is thus unbounded in an infinitesimal neighbourhood of the surface.
Equations (369) and (370) are an example of strong discontinuity kinematics. Weak
and strong discontinuities can be modelled by a single strain field, if one replaces the
discontinuity surface in equation (370) by a discontinuity band Sh, i.e. a strain
localisation band, of bandwidth h ≥ 0. Which means that the boundaries S+ and S−

are separated by the possibly finite distance h. Then the strain field (370) becomes

−→
ε = −→ε ∗(−→x , t) + 1

h
µS([[−→u ]]⊗−→n ); µS(−→x ) =

{︄
1 −→x ∈ S
0 −→x ∈ Ω\S , (371)
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where [[−→u ]] = −→u
⃓⃓⃓
−→x ∈S+

−−→u
⃓⃓⃓
−→x ∈S−

, but the boundaries S+ and S− are separated by
the possibly finite distance h. Ω\S is the the set of material points of Ω that do not
belong to S (see the definition of a set complement on page 18). A weak discontinuity
is obtained when h ̸= 0 and a strong discontinuity is obtained when h→ 0. By using
description (371) one can model the process behind crack formation as the collapsing
(shrinkage) of localisation bands. This results in the classical fracture process zone
of non-linear fracture mechanics. [116]

Stresses and strains are not allowed to be simultaneously unbounded, at the same
point in space-time. Otherwise the results will be hard to interpret, and the model
will be of little use. Therefore, in SDA the stresses are assumed to be bounded
despite of the possibly unbounded character of the strains. The stresses are forced to
obey the local form of the linear momentum balance law, and thus the traction has
to be continuous across the discontinuity surface. The traction continuity condition
is −→t (−→x , t) = σσσΩ\S · −→n = σσσS · −→n ∀−→x ∈ S ∀t ∈ [0, T ], (372)

where −→t (−→x , t) is the traction, Ω is the material domain, S is the discontinuity
surface (of infinitesimal width), σσσΩ\S = σσσ(−→x , t)

⃓⃓⃓
x∈Ω\S

is the small deformations
stress restricted to the points of Ω excluding points of S (see the definition of a set
complement on page 18), σσσS = σσσ(−→x , t)

⃓⃓⃓
S

is respectively the small deformations stress
restricted to the points of S, and T is the end of the time interval at which the material
is modelled. Specifically, in this equation σσσΩ/S is the stress at points belonging to
the derived set of S (see page 21). To impose restriction (372) one has to analyse
the specific material model under consideration. This analysis is known as strong
discontinuity analysis. For a CDM model the regularised discontinuity kinematics
(371) leads to the regularisation of the softening law, through the introduction of an
internal length scale. [116]

Oliver et al. [116] show examples of how SDA can be used to model both
material damage and fracture. They impose strong discontinuity analysis on a
three-dimensional isotropic elastic-brittle damage model, and obtain the softening
regularisation condition

H = kH for t ≥ tSD, (373)

where H is the softening parameter of their model, k is the bandwidth of the
discontinuity band, H is what they call the discrete softening parameter, and tSD

is the time at which the weak discontinuity collapses into a strong discontinuity.
Equation (373) is written for the FEM simulations, therefore k > 0 even though the
discontinuity band is supposed to have zero width.

FEM implementations of SDA must be able to describe discontinuities. Therefore,
SDA requires the use of so-called enriched elements, capable of including discontinuous
interpolation functions. Suitable FEM framework are then the extended finite element
method (XFEM) or the generalised finite element method (GFEM).

More information about the SDA can be found in [118] by Huespe et al. and in
[117] by Oliver et al. In [118] the strong discontinuity approach has been renamed
as the continuum-strong discontinuity approach (CSDA). [117] lists specific details
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on the finite element implementation of SDA in finite deformation settings.

Peridynamics

Problems of solid mechanics that involve discontinuities, such as phase changes and
cracks, are usually solved by the application of techniques that work only if we know
the location of the discontinuities in advance. For example, it is a standard procedure
in linear elastic fracture mechanics to redefine the shape of the body by redrawing
its boundaries for every newly formed crack, i.e. a boundary is drawn onto the crack.
According to its founder Silling, peridynamics transforms the standard equations of
continuum mechanics into integral equations that can be applied unaltered anywhere
in the material body, regardless of the presence of discontinuities. This is done to
facilitate the solution of problems in which cracks form spontaneously. [119]

The spatial derivatives in the classical continuum mechanical theory demand
special treatment in the neighbourhood of discontinuities, and therefore peridynamics
replaces the spatial derivatives by volume integrals. This has significant consequences
on the concepts of stress and strain. The main feature of peridynamics is the
vector-valued function L(−→X , t), which is the force per unit reference volume due to
interaction with other particles, evaluated at a point −→X in the reference configuration
at a moment t. It is defined as

L−→u (−→x , t) =
∫︂

R
f(−→u (−→X ′, t)−−→u (−→X , t),−→X ′ −−→X )dV−→

X′ ∀
−→X ∈ R, t ≥ 0, (374)

where −→u is the displacement field, R is the volume occupied by the reference
configuration, and f is a vector-valued function that represents the force between
two particles. f is called the pairwise force function, and it depends on both
the signed initial distance between the particles and the signed difference between
their respective displacements. In peridynamics L replaces the term ∇ ·σσσ of local
continuum mechanics, and Cauchy’s equation of motion becomes

L−→u +
−→
b = ρ−→ü on R, t ≥ 0, (375)

where
−→
b represents external force per unit reference volume. Equation (375) is

called the peridynamic equation of motion. Correspondingly, the peridynamic
equilibrium equation is obtained by setting the acceleration −→ü equal to zero in
equation (375). [119]

As with most theories, peridynamics has shortcomings of its own. In [120], Bažant
et al. show that peridynamics displays some unwanted dispersive properties with
regard to loading waves.

More information on peridynamics can be found in the books [121] and [122] by
Madenci et al.

5.3 Thermodynamic consistency
As with local material models, the nonlocal material models are constrained by the
basic laws and axioms of thermomechanics. They must comply to these laws and



113

axioms, and thus it is important to verify that a proposed model does not violate
any of the thermomechanical laws and axioms assumed in the chosen theoretical
framework, i.e. the model is thermomechanically consistent. As already discussed,
under different theories, the laws and axioms may take very different forms, and
therefore it is important to state which theory is being applied. [123]

The model is said to be thermodynamically consistent if it complies to the first
and second law of thermodynamics. The first and second law of thermodynamics
can be combined to a single inequality, the inequlity of entropy production, which
the material model has to obey. Thus, the model is thermodynamically consistent if
the inequality holds. The exact form of the inequality depends on the theoretical
assumptions made. In solid mechanics the inequality to consider is usually the
Clausius-Duhem inequality, which was presented in different forms in section 3.4.2.

In continuum thermomechanics, the material model is fully specified by two
functions (thermodynamic potentials), from which all of the constitutive equations
can be derived. To obtain the constitutive equations from the given functions, we must
specify the state equations and the normality rule of our thermomechanical framework.
The state equations and normality rule are theory specific and depend on the chosen
set of internal variables and rate of entropy production. The constitutive equations of
the material model are substituted into the inequality of entropy production (usually
Clausius-Duhem inequality) in order to verify that the model is thermodynamically
consistent.

Nonlocal continuum mechanics extends the classical continuum mechanics theory
by introducing one or more length scales for the localisation of strain and material
degradation associated with material softening. The length scales enter the model
through integral terms, nonstandard gradient terms, or interacting rotational degrees
of freedom. The absence of length scales leads to the localisation of deformation and
degradation inside of an infinitesimal volume, which is seen as non-physical behaviour.
Material viscosity can function as a temporal nonlocality, which also can regularise
the localisation. Nonlocal continuum theories were first applied to damage mechanics
by Pijaudier-Cabot and Bažant (e.g. [83]) in the 1980s. They suggested material
models in which nonlocality appears in one of the internal damage related variables,
which leaves the classical stress and strain definitions and the local equilibrium
equations unchanged. Additionally, this allows the elastic behaviour in the virgin
state to remain local. After the pioneering works of Pijaudier-Cabot and Bažant
several nonlocal plasticity and continuum damage models have been constructed.
Most commonly, the nonlocality enters the models through an internal variable, and
the nonlocal effect is inserted via moving weighted averages or higher-order gradients
(e.g. the Laplacian) of some field variables. [127]

There are different theories on how the nonlocality affects the thermodynamic
properties of the material. Most of the theories agree on the point that nonlocality
allows the direct and instantaneous exchange of energy within a certain region of
the continuum. The wider energy exchange may violate the classical local form of
the Clausius-Duhem inequality. Thus, one has to either modify the local form of the
Clausius-Duhem inequality by adding a residual term to it and restrict the new term
by an insulation condition, or alternatively, require the Clausius-Duhem inequality
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to be satisfied in its global form over every region that contains a process zone.
Energy transfer inside of the body is restricted by the type of nonlocality present
in the model. Peerlings et al. [127] state: “Assuming that nonlocality only comes
into play in the dissipative regime in a thermodynamic setting implies that energy
can only be transferred within regions in which the dissipative process is active and
not across the boundary of the process zone”. In particular, the type of gradient
damage models that include the gradient of damage or another damage growth
related internal variable into the set of internal state variables display this type of
behaviour, where the energy exchange resulting from the gradient terms is limited
to the damage process zone. Nonlocal damage models based on the integral of a
kinematic measure (e.g. equivalent strain), on the other hand, do allow the exchange
of energy between the process zone and its surroundings, and therefore demonstrate a
more realistic behaviour. Such integrals may, however, lead to unexpected boundary
effects and integro-differential equations that are harder to approximate than the
traditional partial differential equations of solid mechanics, and their nonlocality
is present from the beginning in the elastic behaviour, before any damaging takes
place. Implicit gradient damage models based on the implicit gradient enhancement
of equivalent strain (not to be confused with the implicit damage gradient models
in section 5.1) are essentially equivalent to the integral formulations, but they are
easier to implement into algorithms. Therefore, Peerlings et al. [127] propose such
an implicit gradient damage model, which is discussed below. [127]

First, we will, however, consider an example of a nonlocal model which incorporates
the gradient of damage into the set of internal variables.

Gradient models

This work is concerned with nonlocal material models within the continuum thermo-
dynamics with internal variables, and therefore both of the models presented in this
section belong to this domain.

In [123], Santaoja discusses the thermodynamical consistency of material models
that include a damage variable D and the gradient of damage −→∇D into the set of
internal variables. D may be a scalar or tensor of any order. The article is limited to
the so-called Maxwell type material models, which incorporate the inelastic strain
tensor εεεi into the set of internal state variables and assume that state functions
depend on the difference εεε − εεεi, instead of the total infinitesimal strain tensor εεε;
And the principle of maximal rate of entropy production by Ziegler (see [124] and
[125]) is deployed to obtain the normality rule. Under these assumption Santaoja
shows that the set of internal state variables {εεεi,D,

−→
∇D,ααα}, where ααα is the set of

additional mechanical internal state variables, leads to a very restrictive constraint
on the material models. As a remedy, Santaoja recommends the introduction of
a new internal state variable sd, called the specific dissipative entropy. With this
new internal state variable the Clausius-Duhem inequality takes a more flexible
form, which allows for a broader range of material models. As an example of the
applicability of this new concept, Santaoja demonstrates how a material model
incorporating Hooke’s law and Le Gac and Duval [126] type of creep behaviour,
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at a virgin state, satisfies the ensuing Clausius-Duhem inequality. Specifically, the
damage evolution law takes the form

Ḋ = a(εεε− εεε
i) ..C .. (εεε− εεε

i) + k(−→∇2D), (376)

where D is a scalar according to the model. The last term on the RHS of equation
(376) is responsible for the nonlocality of the model. [123]

In [127], Peerlings et al. evaluate an isothermal, linear elastic, implicit gradient
damage model with a scalar damage variable D. The specific Helmholz free energy
takes the form

ψ(εεε,εεε, D) = 1
2(1−D)εεε ..C .. εεε + 1

2(εεε− εεε ..C0
.. (εεε− εεε) + 1

2(∇εεε)T ...C1
...∇εεε, (377)

where C is the undamaged elasticity tensor, εεε is a nonlocal strain tensor, regarded
as an internal variable, C0 is a fourth-order tensor of the same dimension as the
elasticity tensor, ... is the triple-dot product (see Eq. (92), page 41), and C1 is a
sixth-order tensor of the dimension of the elasticity tensor times length squared.
Under the assumption that the nonlocality can be described by equivalent strains of
the local and nonlocal strain tensors, εeq and εeq respectively, the specific Helmholz
free energy (377) simplies to

ψ(εεε, ε,D) = 1
2(1−D)εεε ..C .. εεε + 1

2(εeq − εeq)2 + 1
2hl

2|∇εeq|2, (378)

where h is a parameter of the same dimension as Young’s modulus and l is the
characteristic length. It is further assumed that εeq is the local equivalent strain used
in the loading function for damage growth. The Clausius-Duhem inequality cannot
be satisfied in its local form for a nonlocal continuum. Instead, an appropriate form
for the Clausius-Duhem inequality is now

φ̇ =
∫︂

V
(σσσ .. εεε̇− ψ̇)dV ≥ 0, (379)

where V is the entire body volume. After substitution of function (378) into inequality
(379) and integration by parts, one obtains

φ̇ =
∫︂

V
[σσσ− (1−D)C .. εεε− h(εeq − εeq)−→H ] .. εεε̇dV

+
∫︂

V
h[εeq − εeq + l2∇2

εeq]ε̇eqdV −
∫︂

S
hl2∇εeq · −→n ε̇eqdS +

∫︂
V

1
2εεε
..C .. εεεḊdV,

(380)

where −→H = ∂εeq

∂εεε
and S denotes the boundary of V and −→n is the outward unit normal

to S. Assuming the stress-strain relation

σσσ = (1−D)C .. εεε + h(εeq − εeq)−→H , (381)
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and the conditions

h[εeq − εeq + l2∇2
εeq] = 0 in V, (382)

hl2∇εeq · −→n = 0 on S, (383)

the Clausius-Duhem inequality (380) reduces to

φ̇ =
∫︂

V
Y ḊdV ≥ 0, (384)

where the damage energy release rate is

Y = 1
2εεε ..C .. εεε. (385)

If damage cannot decrease, i.e. if Ḋ ≥ 0, inequality (384) holds, and the model is
thermodynamically consistent. [127]

Using a linear damage evolution law of the type [115]

D =

⎧⎪⎨⎪⎩
κc

κ

κ− κ0

κc − κ0
, κ < κc,

1, κ ≥ κc,

(386)

where κ is the history variable equal to the highest εeq experienced locally during
the loading history, κc is the critical threshold after which D = 1, and κ0 is the
initial value of κ in the virgin state, Peerlings et al., [127], evaluate the material
model (381), (382), (383) & (386) numerically for a one-dimensional bar problem.
The solution was verified to be mesh-objective, and some results were plotted. From
the load-displacement curve, which was plotted for several values of h, they observed
that the model displays a small residual strength at maximum damage D = 1 for
h > 0. The stress should, however, approach zero as D → 1. They explain that this
is caused by the fact that D has no effect on the second term in relation (381), and
this in order results from the fact that the terms in the specific Helmholz free energy
(377) responsible for the nonlocality are independent of the damage variable. [127]

5.4 Comparison of nonlocal models
Models based on the gradient of damage or the gradient of a damage-related internal
variable have the benefit that the standard equations of motion can be used in
calculations, as opposed to the integro-differential or fourth-order differential equations
that result from strain based nonlocality. However, restricting the nonlocality to
damage variable through the gradient of damage or damage-related internal variables,
restricts the transportation of energy to and from the process zone; In the sense
that elastic energy cannot flow into the process zone, and damage energy released
by the formation of damage cannot be transported out of the process zone. This is
regarded as unrealistic by Peerlings et al. [127]. Nonlocal models based on nonlocal
kinematic variables (such as strains), conversely, place no restrictions on the exchange
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of energy between the process zone and the remaining body. Thus, equivalent strain
based nonlocality could be considered more realistic than damage gradient based
nonlocality. [127]

We have thus far presented three different types of models based on nonlocal
equivalent strains: Integral, explicit gradient, and implicit gradient. Explicit gradient
models have been found to be flawed and clearly inferior to integral and implicit
gradient models in both analytical and numerical calculations. On the other hand,
integral models are far more tedious and challenging to implement into numerical
schemes than implicit gradient models. This is due to the fact that the resulting
integro-differential equations are harder to deal with than the PDEs acquired from
the implicit gradient description. [115] [127]

However, even the implicit strain gradient models presented earlier are flawed.
They have been observed to lead to spurious damage growth outside of the real
process zone and unjustifiable stress oscillations in the process zone. Therefore, Poh
and Sun [140] have proposed to replace them by a modified approach, called the
loalizing gradient model. In their vocabulary the old implicit gradient model
(363) (page 108) is named the conventional gradient model. In the localizing
gradient model the strain gradient equation has the form

εeq − εeq = −→∇ · (gc−→∇εeq), (387)
where g is a so-called interaction function, and c is a gradient parameter. For an
elastic-isotropic damage model the interaction function can be defined as

g = (1−R) exp(−nD) +R− exp(−n)
1− exp(−n) , (388)

where R and n are constant material parameters. The gradient parameter c can be
taken to be for example l2, where l is the characteristic length. As seen from function
(388), the interaction function is a monotonically decreasing function of damage
D. It is defined so, because of the experimental observations that the interactions
between particles in the damaged zone decrease as the damage grows. [138]

It must be noted that the localizing gradient model requires boundary conditions
in the same way that the conventional gradient model requires boundary conditions.

Sarkar et al. [138] have implemented a localizing gradient based elastic-damage
model for isotropic damage in the FEM software ABAQUS. Their code can be found
as supplementary data to the article [139] at the given DOI address. They have
run several simulation cases with the model in ABAQUS, and the results where
found to be in good agreement with experimental data by other researchers. The
results are shown in [138]. For comparison, they also show results obtained with
the corresponding conventional gradient model for the same simulation cases. It is
seen that the localizing gradient model outperforms the conventional gradient model,
even though the localizing gradient model still causes stress oscillations, but to a
lesser degree.

Among the alternative models in section 5.2 the SDA complies well with experi-
ments, but it necessitates the use of XFEM or GFEM codes. Peridynamics in its
standard formulation, presented in section 5.2, has been found to cause unrealistic
dispersion of elastic waves.
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6 Finite element analysis
The finite element method relies on algebraic equations derived from the conservation
and balance laws of continuum mechanics combined with incremental forms of the
material specific constitutive equations. These algebraic equations follow from
variational formulations of the original equations. [128, p. 83]

6.1 Variational principles
Variational formulations can either be written with mathematical notation or physical
notation. Mathematically oriented literature usually uses test functions v, whereas
physically oriented literature uses variations δu, where δ is the variational operator
from section 2.10.2. We will use both notations alternatingly, depending on the
context. Variations will be used in physical principles, whereas test functions will be
used in variational formulations derived from a set of differential equations without
reference to any specific physical principle.

The most general variational formulation of the motion of a mechanical system is
the principle of least action or Hamilton’s principle. For a discrete system of particles
the principle of least action is

δS = δ
∫︂ t2

t1
L(q, q̇, t) = 0, (389)

where S is the action, L the Lagrangian of the system, q is the set of generalised
coordinates, and q̇ is the set of the corresponding time derivatives. [129, p. 1–3] In
fact, the principle of least action is widely known as the principle of stationary
action, because it actually only guarantees the existence of a stationary action,
which can be seen when studying simple examples [32, pp. 159–162].

The principle of stationary (least) action can also be written for a continuum
(see e.g. [40]), and from that formulation several other variational principles can be
derived.

From the principle of least action one can derive other variational formulations
depending on the system under investigation. An example of the many variational
approaches in use in continuum mechanics is the principle of virtual work. The
principle of virtual work is a popular variational principle often used by engineers to
derive the balance of linear momentum or balance of forces in an equilibrium, from
the conservation of mechanical energy. Actually, the principle of virtual work applies
to a static system and the similar principle applicable to dynamic systems is called
D’Alemberts principle (see e.g. the book [131] by Goldstein et al.), but engineers
usually call both of them the principle of virtual work. [130, pp. 878–881] [131, pp.
16–18]

Virtual work is defined through virtual displacements, which Goldstein, Poole,
and Safko define accordingly [131, pp. 16–17]:

“A virtual (infinitesimal) displacement of a system refers to a change in the con-
figuration of the system as the result of any arbitrary infinitesimal change of the
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co-ordinates δ−→r t, consistent with the forces and constraints imposed on the system
at the given instant t. The displacement is called virtual to distinguish it from an
actual displacement of the system occurring in a time interval dt, during which the
forces and constraints may be changing.”

Virtual work is defined as the dot product between a force and a virtual dis-
placement −→F · δ−→u ,

where δ−→u is the virtual displacement. [131, p. 17]
The principle of virtual work is [132, p. 134]:

“A continuous body is in equilibrium if and only if the virtual work of all forces,
internal and external, acting on the body is zero in a virtual displacement.”

The principle of virtual work can equivalently be expressed as the equation

δW = δWI + δWE = 0, (390)

where δWI and δE are the virtual work done by the internal and external forces,
respectively. Although the definition mentions an equilibrium, the principle is
equally well applicable to dynamic problems in the form of D’Alemberts principle.
D’Alemberts principle includes work done by so-called virtual inertial forces into the
work done by internal forces.

Although this principle has a physical interpretation, it is still a mathematical
device. As is the case with all other variational principles, the principle of virtual
work is just a physical description of a general mathematical method from functional
analysis. [133, pp. 176–178] [128, p. 83]

The principle of virtual work is not applicable to all types of material models.
Instead, a more general variational approach known as the principle of virtual
power is used for general continua, both solids and fluids, with arbitrary behaviour
and energy dissipation.

6.2 The functional setting
Every FEM discretisation originates from a mathematical variational formulation.
Each physical variational formulation has a mathematical interpretation. In fact,
one can even construct variational mathematical formulations that do not have a
sound physical interpretation, but still function as the fundamental basis for a FEM
discretisation of a physical problem. The formulations are functional in nature. In
this section we present and investigate the abstract variational problem for elliptic
BVPs according to the exposition by Larson and Bengzon in [134]. The equilibrium
equations of continuum mechanics are in principle elliptic, unless they lose their
ellipticity due to some bifurcation (see chapter 4).

We start by defining basic objects and properties needed for the exact formulation
of the problem.
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A linear form or linear functional on a vector space V is a mapping l(·) :
V → R that satisfies

l(u+ v) = l(u) + l(v) (391a)
l(λu) = λl(u), (391b)

for all u, v ∈ V and λ ∈ R. A linear form is bounded and continuous if there is a
constant C ∈ R such that

|l(v)| ≤ C∥v∥, ∀v ∈ V, (392)

where | · | is the absolute value and ∥ ·∥ is the norm of the vector space V . A bilinear
form (Gelfand and Fomin [32, pp. 97–98] call this a bilinear functional) on a vector
space V is a mapping a(·, ·) : V × V → R such that

a(u+ v, w) = a(u,w) + a(v, w) (393a)
a(u, v + w) = a(u, v) + a(u,w) (393b)

a(λu, v) = λa(u, v) (393c)
a(u, λv) = λa(u, v), (393d)

for all u, v, w ∈ V and λ ∈ R. A bilinear form is symmetric if

a(u, v) = a(v, u), ∀u, v ∈ V, (394)

and bounded and continuous if there exists a constant C ∈ R such that

a(u, v) ≤ C∥u∥∥v∥, ∀u, v ∈ V. (395)

A symmetric bilinear form a(·, ·) is an inner product if (see Def. 26, page 27)⎧⎪⎨⎪⎩
a(u, u) ≥ 0, ∀u ∈ V
and
a(u, u) = 0, iff u = 0

. (396)

A bilinear form a(·, ·) is coercive (or elliptic) if there is constant m ∈ R such that

m∥v∥2
V ≤ a(v, v), ∀v ∈ V. (397)

Inner products are usually notated (·, ·), as is done in this text. [134, pp. 178–179,
188]

With the above definitions we can now present the following important theorems
that guarantee the existence and uniqueness of solutions to the abstract variational
problem: find u ∈ V such that

a(u, v) = l(v), ∀v ∈ V, (398)

where V is a Hilbert space (see Def. 49, page 47), a(·, ·) is a coercive and continuous
bilinear form, and l(·) is a continuous linear form. Equation (398) is a weak form of
the underlying boundary value problem. [134, pp. 178–179, 188, 196]
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THEOREM 8 (Riesz Representation Theorem). [134, p. 188] Let V be a Hilbert
space with inner product (·, ·). Every continuous linear form l(·) on V can be uniquely
represented as

l(v) = (u, v) (399)
for some u ∈ V .

The Riesz representation theorem can be extended to non-symmetric bilinear
forms in the shape of the Lax-Milgram lemma.

THEOREM 9 (Lax-Milgram Lemma). [134, p. 191] Let V be a Hilbert space with
inner product (·, ·), and let a(·, ·) be a coercive continuous bilinear form on V , and
let l(·) be a continuous linear form on V . Then, there exists a unique solution u ∈ V
to the abstract variational problem: find u ∈ V such that

a(u, v) = l(v), ∀v ∈ V. (400)

The expression a(u, u), where a(·, ·) is a bilinear form (or bilinear functional)
and u ∈ V is a vector, is called a quadratic functional. A quadratic functional is
called positive definite if a(u, u) > 0, ∀u ̸= 0. [32, pp. 97–98]

It can be shown that a general linear second order elliptic boundary value problem
of the type (307) satisfies the criteria of the Lax-Milgram lemma if

1
2c−

n∑︂
i=1

∂bi

∂xi

> c0, (401)

where c0 > 0 is some constant, and

a(u, v) = (a∇u,∇v) + (
−→
b · ∇u, v) + (cu, v) (402)

l(v) = (f, v), (403)

where a ∈ Rn×n, b ∈ Rn, and u, v ∈ H1
0 (Ω) and (·, ·) = (·, ·)L2(Ω) [134, pp. 194–196].

The space H1
0 (Ω) is a special type of Hilbert space of functions on the domain

Ω with sufficient regularity (differentiability) for the problem. One should always
choose a space as broad as possible, in order to allow for the simplest possible
approximations.

Notice that specifically elliptic boundary value problems can be shown to satisfy
the Lax-Milgram lemma, and thus have unique solutions. The author does not know
any methods to prove the existence and uniqueness of a solution to general hyperbolic
boundary value problems. It is also important to acknowledge that the existence
of a unique solution may depend on the parameters of the equations, e.g. in the
form form of an inequality like (401). Then, if the parameters change due to some
auxiliary evolution equations the BVP might become ill-posed. This is what happens
when the BVPs lose their ellipticity or hyperbolicity.

The finite element approximation of problem (398) is: find uh ∈ Vh such that

a(uh, v) = l(v), ∀v ∈ Vh, (404)

where Vh is a finite dimensional subspace of V , consisting of continuous piecewise
linear polynomials on a mesh of Ω.
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6.3 Finite element approximation
Through mathematical manipulation one arrives at a system of algebraic equations
from a variational formulation. The algebraic equations are linked to the mesh chosen
for the problem domain. The system of algebraic equations can be expressed as
a matrix equation, which can be solved by a computer. In solid mechanics there
are essentially two kinds of FEM problems: Time-dependent and time-independent.
Time-dependent problems are harder to solve because they require both a spatial
and temporal discretisation. In the following we will shortly discuss the typical FEM
equations in linear elasticity, and some solution strategies. In the next subsection we
explain and present the implications of damage coupling on the FEM equations of
elastic-damage models.

6.3.1 Linear elastostatics and -dynamics

In the spatial description, the basic problem of linear elastostatics is: Find σσσc and
−→u such that

−→0 =∇∇∇ ·σσσc +
−→
f , in Ω (405)

σσσ
c = C .. εεεe, in Ω (406)
−→u = −→u D, on ΓD (407)

σσσ
c · −→n = −→t N , on ΓN , (408)

where Ω is domain, C is the Hookean elasticity tensor, −→u D is the prescribed displace-
ment on the boundary ΓD, −→t N is the prescribed traction on the boundary ΓN , and
the total boundary is Γ = ΓD ∪ ΓN . In addition, we must always have ΓD ∩ ΓN = ∅
for the existence of a unique solution. [134, pp. 260–267]

Combination of equations (405) and (406) leads to the matrix equation

Ku = f, (409)

where K is the so-called global stiffness matrix, u is the column vector of unknown
displacements, and f is the column vector of known external forces.

In the spatial description, the basic problem of linear elastodynamics is: find σσσc

and −→u such that

ρ−→ü =∇∇∇ ·σσσc +
−→
f , in Ω× I (410)

σσσ
c = C .. εεεe, in Ω× I (411)
−→u = −→u D, on ΓD × I (412)

σσσ
c · −→n = −→t N , on ΓN × I (413)
−→u = −→u 0, in Ω, for t = 0 (414)
−→u̇ = −→v 0, in Ω, for t = 0, (415)

where I = (0, T ] is the time interval and t stands for time, −→u 0 are the initial
displacements, and −→v 0 are the initial velocities. [134, pp. 279–280]
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When the semi-discrete approach, see below, is used, combination of equations
(410) and (411) leads to the matrix equation

Mü(t) +Ku(t) = f(t), (416)

whereM is the global mass matrix, ü is the column vector of unknown accelerations,
K is the global stiffness matrix, u is the column vector of unknown displacements,
and f is the column vector of known forces. t stands for the time-dependence.

In case of an energetically dissipative material model, the semi-discrete matrix
equation (416) is replaced by

Mü(t) + +Cu̇(t) +Ku(t) = f(t), (417)

where C is a so-called damping matrix [134].
Time-dependent problems have to be discreteised both in space and time. There

are two major approaches to the discretisation. The most common method is semi-
discretisation, which asssumes that the test function is separable into a space-
dependent and a time-dependent part. The other possibility is so called space-time
finite element approximation, where the test function may be inseparable into a
space-dependent and time-dependent part. Space-time finite element approximation
reformulates the problem as a variational problem in space-time, whereas semi-
discretisation relies on a variational problem in space, which is iterated through
time. Despite their seemingly different outsets, the space-time approach and the
semi-discrete approach can lead to the same final equations to be implemented. We
will next give a short presentation of the semi-discrete approach. [134, pp. 113–120,
129–131]

Semi-discretisation aims to approximate a spatial problem at several points in
time. The start and end time are fixed, but the rest of the points in time are free to
choose. Due to the time derivatives present in the spatial problem, it has the form of
a system of ordinary differential equations (ODEs). The derivatives are approximated
by finite difference methods, and the resulting set of algebraic equations is solved for
a point in time. Then the system is incremented by a time step and solved again. In
this way the problem is numerically solved from start to finish. The time-steps do
not have to be of constant length, they may be adjusted according to the predicted
reaction of the system in the same way as spatial meshes can be made finer in the
areas where the solution displays large gradients. The finite difference methods can be
linear multistep methods or Runge-Kutta methods. If implicit methods are used one
might be able to save computational efforts by extending the time steps, compared to
explicit methods. This is especially the case when the implicit (or backwards) Euler
method is used instead of the explicit (or forwards) Euler method, since the implicit
Euler method is unconditionally stable. On the other hand, the implicit methods may
lead to nonlinear systems of equations, that have to be solved numerically themselves.
In that case it might still be computationally more efficient to use explicit methods
with smaller time steps. One popular method for the numerical solution of nonlinear
equations or systems of equations is the Newton-Raphson method presented in section
2.12. Due to the differing characters of the finite difference methods it is common to
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use explicit and implicit methods, one after another, on the same problem, to reach
the most computationally efficient results. The dual character of numerical methods
(explicit versus implicit) is acknowledged by e.g. the finite element code ABAQUS,
which offers both an explicit and an implicit solver package.

In the next section on damage-coupled elasticity we will pursue the semi-discrete
approach combined with implicit methods that result in nonlinear equations that
must be solved by e.g. the Newton-Raphson method. The Newton-Raphson method
is very popular with nonlinear equations in FEM implementations, resulting from
material models [137][138][77].

6.3.2 Damage-coupled elasticity

For load-controlled structural problems with a nonlinear elastic-damage material
model the FEM algorithm is often two-fold: First the discretized nodal equilibrium
equations are solved for a given constant external load to obtain the stress state,
and then the nodal displacements are approximated from the stress state. By
raising or lowering the external load in increments, one acquires approximations for
the deformation of the structure as a function of the load. The equations for the
displacements are, however, nonlinear, and must therefore be solved numerically by
an iterative procedure for each new stress state corresponding to a particular level of
loading. We will here utilise superscripts in the left upper corner of every evolving
variable to indicate its corresponding load increment, and subscripts in the right
lower corner of variables to indicate at which iteration of the specified increment
they are obtained. For example,

k−2Di

stands for the damage level at the i-th iteration at the k − 2 load increment. We
now present the iterative procedure for the calculation of nodal displacements for
an isotropic, rate-independent, local elastic-damage material model in the small
deformations framework. We will exclude any thermal effects.

In the following we outline a standard iterative procedure to solve the equilibrium
equation −→

∇ ·σσσ =
−→
f ,

for the standard local isotropic elastic-damage material model consisting of the
equations

σσσ = (1−D)C .. εεε,

f(εeq, κ) = εeq − κ
D = D(κ),

by the Newton-Raphson method (see page 56). The structure is load-controlled,
which means that the load

−→
f is increased incrementally, and the resulting equation

is solved separately for every new value of the force vector
−→
f . The elastic-damage

model results in a system of nonlinear equations, which usually is solved iteratively
by the Newton-Raphson method. The equilibrium equation is discretised as

0 = [f ]ext − [f ]int, (418)
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where [f ]ext is the column vector of external loads and [f ]int is the column vector of
internal unknown forces. By the Newton-Raphson method this matrix equation is
solved iteratively for the nodal displacements of the mesh, so that the difference

[f ]ext − [f ]inti

is gradually decreased towards zero for every new iteration [f ]inti
. The difference is

called the residual force column vector. And the iteration is stopped when the
residual force column vector becomes smaller than a certain threshold value chosen
beforehand. When that happens, the external load vector is incremented and the
next iteration cycle is started. The following analysis is due to de Vree et al. [41].

The new column vector of nodal displacements kui+1 is calculated from
k[u]i+1 = k[u]i + ∆[u]i = k[u]i + (k[K]i) k[r]i, (419)

where k[K]i is the global tangential stiffness matrix and k[r]i is the column vector
with residual forces. The matrix k[K]i is assembled from local tangential stiffness
matrices

k[S]i =
⎡⎣(︄dσσσ

dεεε

)︄
εεε= kεεεi

⎤⎦ (420)

evaluated at every integration point separately. For the standard isotropic, rate-
independent, local elastic-damage material model

σσσ = (1−D)C .. εεε, (421)

where C is Hooke’s elasticity tensor, under the assumption of scalar damage and the
principle of strain equivalence. Then, the local tangential stiffness matrix can be
written as

k[S]i = (1− kDi)[C]−
⎡⎣ kσσσi

1− kDi

⊗
(︄
dD

dεεε

)︄
εεε= kεεεi

⎤⎦ . (422)

If D is a monotonically increasing variable controlled by a strain-dependent loading
function

f(εeq, κ) = εeq − κ (423)
and the conditions

Ḋ < 0 iff εeq = κ and ε̇eq > 0 (424)
Ḋ = 0 if εeq < κ or if ε̇eq ≤ 0 (425)
κ̇ = ⟨ε̇eq⟩ iff εeq = κ (426)
κ̇ = 0 iff εeq < κ, (427)

the derivative
(︄
dD

dεεε

)︄
εεε= kεεεi

in formula (422) becomes

(︄
dD

dεεε

)︄
εεε= kεεεi

=
(︄
dD

dκ

)︄
κ= kκi

× h[ k
εeqi
− k−1κf ]

⎡⎣(︄dεeq

dεεε

)︄
εεε= kεεεi

⎤⎦ , (428)
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where × is the standard product between two scalars, h[ ] is the Heaviside step
function, k−1κf is the final converged threshold value of the previous increment, and

kκi = max[ k
εeqi

, k−1κf ]. (429)

The operator ⟨·⟩ in (426) is the McAuley brackets defined in Def. 56, page 57. The
residual force column vector in equation (419) is calculated for every iteration step i
from

k[r]i = k[f ]ext − k[f ]inti
( k

σσσi), (430)

where k[f ]ext is the column of external forces and k[f ]int( kσσσi) is the column of
internal forces. As denoted, the internal forces depend on the stress state.[41]

The internal force vector [f ]int is computed from

[f ]int =
∫︂

V
BT(−→x )[σσσ(−→x )]d−→x , (431)

where B is a strain-displacement matrix and [σσσ] is the column vector of stress
components. The integral in Eq. (431) is approximated by a discrete sum

[f ]int =
∑︂

p

wpB
T(−→x p)[σσσ(−→x p], (432)

where the summation is done over all of the integration points, −→x p are the coordinates
of the integration points, and wp are integration weights associated with the points.
[42]

Consider next the nonlocal counterpart to the above local elastic-damage model.
The following analysis is also due to de Vree et al. [41]. The nonlocal damage
counterpart of equation (421) is

σσσ = (1−D)C .. εεε, (433)

where the nonlocal damage is

D(x, t) = D({εεε(ξ, τ)|ξ ∈ Ω(x); τ ≤ t}), (434)

which highlights that D depends on all the strains in the surrounding volume Ω(x)
at all times ≤ t. The loading function (423) is replaced by its nonlocal counterpart

f(εeq, κ) = εeq − κ, (435)

and D is taken to be a function of the history variable κ which depends on the
nonlocal equivalent strain εeq. The conditions (424), (425), (426) and (427) are
replaced by their nonlocal counterparts, where εeq is substituted for εeq. In FEM the
nonlocal equivalent strain at an integration point P can be calculated as

ε
P
eq = 1∑︁nip

ip=1 w
ip∆V ip

nip∑︂
ip
wip∆V ip

ε
ip
eq, (436)
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where ip is the index for integration points in a set of integration points in the volume
Ω surrounding integration point P , nip is the total number integration points in this
set, ∆V ip is the integration volume corresponding to integration point ip, and wip is
a weighting function evaluated for the distance r from the integration point ip to
the point P . The local stiffness matrix used in the FEM computation is given by
equation (420), as before. For the nonlocal stress equation (433) the iterative stress
variation becomes

∆σσσ = (1−D)C ..∆εεε−∆DC .. εεε = (1−D)C ..∆εεε−∆D σσσ

1−D
, (437)

where
∆D = dD

dκ

dκ

dεeq
∆εeq. (438)

Employing the nonlocal counterpart of conditions (426) & (427) and the formula
(436) one can write the iterative variation of nonlocal damage in an integration point
P as a function of the variation of local and nonlocal strain in the volume Ω, as
is done by de Vree et al. [41]. But de Vree et al. [41] argue that this approach
necessitates large modifications of the overall FEM code and therefore they propose
an uncoupled local stiffness matrix of the type

k[S]i = k[V ]i + k[W ]i (439)
k[V ]i = (1− kDi)[C] (440)

k[W ]i = −
⎡⎣ kσσσi

1− kDi

⊗
(︄
∂D

∂κ

)︄
κ= kκi

h[ k
εeqi
− k−1κf ]× w(r = 0)∆V

V

(︄
dεeq

dεεε

)︄
εεε= kεεεi

⎤⎦ ,
(441)

where
V =

nip∑︂
ip
wip∆V ip. (442)

The displacement vector is then computed as before, with the global stiffness matrix
assembled from these local stiffness matrices k[S]i. [41]

For the equations of equilibrium, the localizing gradient model presented in section
5.4 must be written as a coupled matrix equation[︄

Kuu Kuε

Kεu Kεε

]︄{︄
dũ
dε

}︄
=
[︄
F u

ext − F u
int

F ε

]︄
, (443)

where the upper row is the discretisation of the equations of equilibrium and the
lower row is the discretisation of the localizing gradient equation (387) (page 117)
[138].
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7 Conclusions
This work discussed the limitations of local elastic-damage models, and showed the
potential of nonlocal elastic-damage models. It explained the problems involved
with FEM simulations of local elastic-damage models, and presented several nonlocal
models suggested in the literature as replacements for the local models. It highlighted
the difference between integral strain, explicit strain gradient, and implicit strain
gradient type models. It discussed the difference between models based on the
gradient of internal variables and the gradient of equivalent strain. It presented an
improvement over the conventional implicit strain gradient models. It discussed
the FEM implementations of both local and nonlocal elastic-damage models, and it
presented the mathematical and physical background theory to continuum damage
mechanics.

The material models considered in this work were restricted to monopolar, isother-
mal, isotropic continua in the small deformations framework. The models considered
were both local and nonlocal elastic-damage models. The models were isotropic
both in regards to elasticity and damage behaviour. Therefore, the standard scalar
damage variable of classical continuum damage mechanics was used in all of the
models. This was done to limit the complexity of the mathematical expressions used,
and to elucidate the most important points of the subject of the thesis.

Major themes of the work are: The mathematical and physical background of
continuum thermodynamics, the problems of local damage models, the nonlocal
models used instead of local models, and the finite element theory concerning elastic-
damage models. The mathematical background is investigated in considerable detail,
ranging from logic and set theory to tensor analysis and differential equations. The
continuum thermodynamical theory is introduced through the fundamental definitions
for a continuum and its kinematics, extending through the basics of non-equilibrium
thermodynamics to the specific case of continuum damage mechanics. The problems
of local damage models are explained both verbally and in notation, with a focus on
the characters of partial differential equations and discontinuity surfaces. Specifically,
the jump operator is introduced, and the kinematic conditions for discontinuity
surfaces are presented. The thesis presents three different types of nonlocal models,
namely: The integral-type models, the explicit gradient-enhanced models, and the
implicit gradient-enhanced models. The models are compared to each other, and
their differences are evaluated. Lastly, some finite element theory is explained, with
a focus on both the functional setting and the elastic-damage models.

It was found that local damage models are incapable of correctly describing
deformation once strain softening starts to occur. It was also found that amongst
the nonlocal models proposed, the explicit gradient models should not be used, and
that the implicit gradient models are equivalent to integral models. The conventional
implicit gradient models are not optimal, as they introduce spurious damage growth
and unphysical stress oscillations to the continuum. Therefore, Poh and Sun [140]
have proposed an improvement, called the localizing gradient model, which behaves
considerably better than the conventional gradient model. Sarkar et al. [138] have
implemented the localizing gradient model in the ABAQUS code, and their results
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agree well with the experimental results obtained by other researchers. It was,
however, noted that some small-scale stress oscillations still persist in the localizing
gradient model, and therefore one should aim at improving this model further.
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