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We present a moment-based method to estimate extreme probability contours un-
der the assumption that the underlying multivariate distribution belongs to the
elliptical family. First, a brief introduction to univariate extreme value theory
is provided and properties of the most well known tail-index estimators are de-
scribed. Moreover, we conduct a number of simulations to illustrate the behavior
of the moment-based extreme quantile estimators.

Next, we describe how the assumption of ellipticity allows us to convert the mul-
tivariate problem of extreme probability contour estimation into a univariate one.
Order statistics, an important concept in univariate extreme value theory, is not
straightforward to extend into the multivariate setting. This poses a challenge,
as answering the question of how extreme an observation is requires us to put
observations in some sort of order. The assumption of ellipticity simplifies this
problem as random observations can be ordered using the corresponding Maha-
lanobis distances, which can be thought to be a multivariate generalization of
standardization by mean and standard deviation.

Building on the existing literature, we then propose a methodology to estimate
extreme probability contours. First, location and scatter of the observations
are estimated so that the corresponding estimated Mahalanobis distances can
be computed. Next, we apply the moment-based extreme quantile estimator to
obtain an estimate of the distance corresponding to some tail probability. This,
with the estimated location and scatter allows us to draw the estimated, elliptical,
extreme probability contour. We provide an illustrative example on the proposed
method using simulated draws from t-distributions.

Keywords: extreme value theory, quantile estimation, probability contour
estimation

Language: English
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Tässä työssä esitämme momentteihin pohjautuvan menetelmän moniuloitteisten
elliptisten jakaumien häntätodennäköisyyksien estimoimiseen. Keskitymme ja-
kauman tasa-arvokäyrien estimoimiseen, minkä voidaan ajatella vastaavan kvan-
tiilien estimointia yksiuloitteisessa tilanteessa. Annamme käytännön esimerkin
menelmästä, joka on toteutettu simuloidulla aineistolla. Esittelemme myös yk-
siulotteisen ääriarvoteorian tärkeimpiä tuloksia, joita voidaan hyödyntää myös
moniuloitteisessa tapauksessa, erityisesti elliptisten jakaumien analysoinnissa.

Jotta voisimme ilmaista kuinka äärimmäinen jokin on, täytyy havainnot jollain
tavalla saada järjestettyä. Järjestyslukujen konsepti ei ole monen muuttujan ta-
pauksessa yhtä suoraviivainen kuin yhden muuttujan tapauksessa. Kun taustalla
oleva jakauma on elliptinen, voidaan moniuloitteinen aineisto järjestää Maha-
lanobiksen etäisyyksien avulla. Koska elliptisen satunnaismuuttujan Mahalano-
biksen etäisyys, lokaatio ja hajonta määrittävät sen tasa-arvokäyrät, oletus el-
liptisyydestä mahdollistaa moniulotteisen ongelman ratkaisemisen yksiuloitteisen
ääriarvoetorian menetelmillä.

Esittämämme menetelmän toetutus on kaksivaiheinen: ensimmäisenä, estimoim-
me aineiston lokaation ja hajonnan, joiden avulla voimme vuorostaan estimoida
joukon Mahalanobiksen etäisyyksiä. Tämän jälkeen hyödynnämme tuloksia yk-
siulotteisesta ääriarvoteoriasta ja estimoimme momenttipohjaisella menetelmällä
näistä etäisyyksistä äärikvantiiliin, joka vastaa haluttua todennäköisyystasa-
arvokäyrää. Tämä äärikvantiili ja estimoidut lokaatio ja hajonta määrittelevät
jakauman tasa-arvokäyrän.

Asiasanat: ääriarvoteoria, kvantiiliestimointi, todennäköisyystasa-
arvokäyrä

Kieli: Englanti
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1 Introduction

A typical way to introduce extreme value theory (EVT) is by treating it as an
extrapolation problem. Given a sample of observations of some random phe-
nomena, how can one estimate extreme quantiles falling outside the observed
values? EVT aims to provide a theoretically rigorous framework to answer
such questions about probabilities of events that are more extreme than the
previously observed values. In various research areas, such as economics,
geography or even sports analytics, distributions of the observed phenomena
exhibit heavy tails and such tools are needed.

For instance, in the field of financial risk management, portfolio managers
are often following a measure called value at risk. It gives an estimate of how
large loss a portfolio of assets can suffer at a given probability level, that is,
it gives an estimated quantile. First step for estimating value at risk could
be just looking at the historical returns and compute the empirical quantile.
This approach, however, would be limited to quantile estimates in the range
of the observed values. Say for instance, historically the portfolio has suffered
maximum weekly loss of 5%. Using only empirical estimates, what can the
portfolio manager say about a probability of weekly 8% loss?

An alternative approach could be to assume that returns follow some
specific distribution, find optimal parameters for that distribution using e.g.
a maximum likelihood estimate, and compute the quantile estimates using
the analytical form of the distribution. Problem with this methodology is
the finding of the correct distribution for the returns, which might not even
be possible as such distribution is not guaranteed to exist in an analytical
form. Moreover, distribution might not be stable through out the time. The
use of EVT in finance and insurance is discussed extensively by Embrechts,
Klüppelberg, and Mikosch (2013).

EVT can improve these two methods at least in two ways. First, it allows
extrapolation of quantiles beyond the observed values. Secondly, it is a semi-
parametric approach as parameters are fitted using tail-observations and the
distributional form of the whole sample is not considered.

In general, EVT provides two methods to obtain results regarding extreme
statistics. First is called block maxima method, in which series of e.g. annual
maxima is modeled. Standardized maximum can be shown to be following a
particular class of distributions. This is the result of a theorem by Gnedenko
(1943), who build on the earlier works by Fréchet (1906), Fisher and Tippett
(1928) and Von Mises (1936). This theorem is typically referred as Fisher,
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Tippet and Gnedenko theorem.
The second method, peak over threshold, relies on result which states that

under suitable conditions, the distribution of a random variable conditional
on its value being larger than some large threshold, is of the generalized
Pareto form. This means that the tail behavior can be modeled using distri-
bution

1− (1 + γx)−1/γ

where parameter γ controls the shape of the tail. This thesis utilizes methods
related to peak over threshold to estimate extreme quantiles.

Many mathematical results of the univariate theory can extensively be
used also in the multivariate settings. In the thesis, focus is on elliptical
distributions which allows to turn the problem from multivariate settings
into univariate. We propose a new, simple method for the estimation of
extreme probability contours, which can be thought as a multivariate version
of extreme quantiles.

The thesis is structured as follows. First, introduction to the univari-
ate EVT is provided. Next section introduces tail-index estimators which
describe the heaviness of a tail of a distribution. The fourth section de-
scribes how extreme quantiles and tail probabilities can be estimated and
fifth section conducts an illustrative simulation study on extreme quantile
estimation. The last section turns the focus from univariate into multivariate
setting, draws the links from univariate results into multivariate and proposes
a method for extreme probability contour estimation under ellipticity.

2 Univariate Extreme Value Theory

The aim of this section is to provide an introduction to univariate extreme
value theory. Section follows closely the book by De Haan and Ferreira (2007)
and, moreover, we present useful lemmas, theorems and concepts which are
needed when constructing tail-index and extreme quantile estimators.

Extreme value theory of a single variable is often motivated by con-
sidering observations of independent and identically distributed (i.i.d) ran-
dom variables and the distribution of the sample maxima of them. Let
X1, X2, ..., Xn be i.i.d observations from some distribution F . Moreover, de-
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fine x∗ := sup {x : F (x) < 1} as the right endpoint of F . Then

P (max {X1, X2, ..., Xn} ≤ x) = P (X1 ≤ x,X2 ≤ x, ..., X3 ≤ x)

= F n(x),

which clearly converges to zero if x < x∗ and to one if x ≥ x∗ as n → ∞.
To say anything useful about about the behavior of the sample maxima, one
needs to normalize the observations to obtain non-degenerate distribution.1

Suppose that there exists a sequences of real valued constants an > 0 and
bn for n = 1, 2, ... such that

max {X1, X2, ..., Xn} − bn
an

has non-degenerate limit distribution G as n→∞. That is, for every conti-
nuity point x of G

lim
n→∞

F n(xan + bn) = G(x). (2.1)

The class of distributions F that satisfy (2.1) is called maximum domain of
attraction of G (or MDA of G). Notation for this is F ∈ D(Gγ) where γ is
the tail-index of G.

2.1 Alternative formulations of the MDA limit relation

The following results use extensively the concept of the left-continuous inverse
which is defined as follows.

Definition 2.1. For any non-decreasing function f , left-continuous inverse
is defined as

f← (y) := inf {x : f(x) ≥ y}

If f is strictly increasing, left-continuous inverse becomes ’normal’ inverse.

Condition (2.1) can be manipulated to obtain alternative formulations
of the limit relation, which can be used to derive numerous useful results.

1Univariate degenerate distribution is a distribution function for which all the proba-
bility mass lies at a certain point x0.
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Taking natural logarithms from both sides of (2.1) yields the following rep-
resentation for all continuity points of G for which 0 < G(x) < 1

lim
n→∞

log nF (xan + bn) = logG(x).

Note that since logG(x) is finite and n→∞, it must hold that logF (xan +
bn)→ 0 and consequently 1− F (xan + bn)→ 1.

Lemma 2.1. Let an > 0 and bn be real valued sequences of constants and
G a non-degenerate distribution function. Then the following statements are
equivalent:

1. For each continuity point x of G: limn→∞ F
n(xan + bn) = G(x).

2. For each continuity point x of G for which 0 < G(x) < 1:

lim
t→∞

t(1− F (a(t)x+ b(t))) = − logG(x)

where a(t) = a[t] and b(t) = b[t].
2

3. Let U(t) = 1
1−F

←
(t) , t > 1. Then for each continuuity point x of

D(x) := G←
(
exp(− 1

x
)
)
:

lim
t→∞

U(tx)− b(t)
a(t)

= D(x) (2.2)

where a(t) = a[t] and b(t) = b[t].

Proof. See Appendix A.

Function U(t) = 1
1−F

←
(t) in Lemma 2.1 plays an important role in the

upcoming discussions. Loosely speaking, it tells the point in distribution F
for which there is at most 1

t
of probability mass in the tail of F . To see this,

one can just apply the definition of left-continuous inverse:

U(t) = inf

{
x :

1

1− F (x)
≥ t

}
= inf

{
x :

1

t
≥ 1− F (x)

}
.

This means that if one wants to estimate the quantile for some 1− p with p
small, i.e. compute F← (1− p), she can compute instead U(1/p).

2[x] denotes largest integer less than or equal to x
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2.2 Extreme value distributions

Arguably the most fundamental result of extreme value theory was presented
in the following theorem by Fisher and Tippett (1928) and Gnedenko (1943).
It characterizes the class of distributions in the limit relation (2.1).

Theorem 2.1 (Fisher, Tippet and Gnedenko). The class of extreme value
distributions is Gγ(ax+ b), with real valued a > 0 and b, where

Gγ(x) = exp
(
−(1− γx)−

1
γ

)
, 1 + γx > 0 (2.3)

where for γ = 0 the right-hand side is interpreted as exp(−e−x).

Proof. See Appendix A.

This theorem shows that distributions of suitably scaled maximum of
i.i.d. random variables converge to a simple family of distributions. This
family contains distributions with different features. Namely, the cases for
γ > 0, γ = 0 and γ < 0 (De Haan & Ferreira, 2007):

• For γ > 0 it is clear that Gγ(x) < 1 for any x. This means that the
right end point of the distribution is infinity. Also, by noting that for
t close to 0, exp(t) ≈ 1 + t we get that

lim
x→∞

1−Gγ(x)

x−
1
γ γ−

1
γ

= 1

meaning that the distribution has a rather heavy tail. Moreover, mo-
ments of order grater than or equal to 1/γ do not exist.

• For γ = 0 right end point of the distribution is again infinity, but

lim
x→∞

1−G0(x)

exp(−x)
= 1

so all moments exist.

• For γ < 0, the distribution has a right endpoint at −1/γ.

The next theorem is used to construct the extreme quantile estimator:

Theorem 2.2. For γ ∈ R, the following statements are equivalent.
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1. Equation (2.3) holds.

2. There is a positive function a such that for x > 0,

lim
t→∞

U(tx)− U(t)

a(t)
= Dγ(x) =

xγ − 1

γ
. (2.4)

Proof. See Appendix A.

Equation (2.4) motivates the formula for estimating extreme quantiles.

U(tx) ≈ U(t) + a(t)
xγ − 1

γ
.

Or equivalently

U(x) ≈ U(t) + a(t)

(
x
t

)γ − 1

γ
.

Note that that Equation (2.4) holds for a large t. Choose t := n/k with k
being an intermediate sequence. That is, k := kn → ∞ and k/n → 0 as
n→∞. The approximation now becomes:

U(x) ≈ U
(n
k

)
+ a

(n
k

) (xk
n

)γ − 1

γ
.

Hence, to estimate extreme quantiles one needs to find estimators Û and â
at point n/k and a tail index estimator γ̂. U

(
n
k

)
can be estimated using

an intermediate order statistic: Û
(
n
k

)
:= Xn−k,n. Now, a quantile estimator

corresponding to tail probability (1 − pn) can be given as

x̂pn ≈ Xn−k,n + â
(n
k

) ( k
npn

)γ̂
− 1

γ̂
. (2.5)

Hence, extreme quantile estimation consists of extrapolating some empirical
quantile with a suitable function. Under certain conditions, estimation error
x̂pn − xpn can be shown to be asymptotically normal. This result will be
presented in the upcoming sections.

As the previous lemma states, F ∈ D(Gγ) is required for the use of the
quantile approximation that was sketched. Following theorem gives alterna-
tive formulations that guarantee F ∈ D(Gγ) for the case γ > 0. Moreover,
these properties turn out to be useful when formulating the Hill estimator
for the tail index.
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Theorem 2.3. For γ > 0, F ∈ D(Gγ) if and only if

• Right end point of distribution F x∗ := sup {x : F (x) < 1} is infinite
and

lim
t→∞

1− F (tx)

1− F (t)
= x−1/γ

for all x > 0.

• F (x) < 1 for all x,
∫∞

1
(1− F (x))dx

x
<∞ and

lim
t→∞

∫∞
t

(1− F (x))dx
x

1− F (t)
= γ.

2.3 Regular variation and second order condition

The concept of regularly varying functions is closely related to the extreme
value theory. In this thesis, they are not investigated in depth, but the
following relation establishes a link between the class of functions of regular
variation and extreme value distributions. Extensive literature exists for
regular variation, see e.g. De Haan et al. (1988) and Galambos and Seneta
(1973). Below, we give definitions for regular variation and extended regular
variation.

Definition 2.2. Function f is said to be of regular variation (notation: f ∈
RVα) if

lim
t→∞

f(tx)

f(t)
= xα with x > 0,

where α is the index of regular variation. If α = 0, f is called slowly varying.

Note that from the first property of Theorem 2.3 we observe that F ∈
D(Gγ) if and only if 1−F ∈ RV−1/γ . Loosely speaking, the regular variation
condition ensures that the tail of F behaves smoothly enough so that it can
be approximated in a reasonably way.

Definition 2.3. Function f is said to be of extended regular variation (writ-
ten f ∈ ERVγ) if there is a non-negative function a such that for some γ
and for all x > 0

lim
t→∞

f(tx)− f(t)

a(t)
=
xγ − 1

γ
.

If γ = 0 right hand side is interpreted as log x.
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This definition in turn indicates that according to relation in (2.4), condi-
tions U ∈ ERVγ and F ∈ D(Gγ) are equivalent. Hence condition F ∈ D(Gγ)
is linked to the concepts of regularly varying functions.

It turns out that a second order version of class ERVγ is useful in studying
asymptotic properties of extreme quantile and probability estimators, as it
guarantees the asymptotic normality of the distribution of the difference
between quantiles and order statistics, Xn−k,n − U

(
n
k

)
. Consequently, the

second order version of ERVγ is required for the asymptotic normality of
extreme quantile estimators.

Definition 2.4 (Second order condition). The quantile function U (or the
probability distribution connected to it) is said to satisfy the second order
condition if for some positive function a and positive or negative function A
with limt→∞A(t) = 0, the following limit exists:

lim
t→∞

U(tx)−U(t)
a(t)

− xγ−1
γ

A(t)
:= H(x), x > 0 (2.6)

where H is not a multiple of the function (xγ − 1)/γ.

Functions satisfying the second order condition in turn satisfy the follow-
ing theorem.

Theorem 2.4. Suppose that second order condition holds. The there exists
real valued constants c1, c2 and parameter ρ ≤ 0 such that

H(x) = c1

∫ x

1

sγ−1

∫ s

1

uρ−1duds+ c2

∫ x

1

sγ+ρ−1ds

Moreover, for x > 0, it holds that

lim
t→∞

a(tx)
a(t)
− xγ

A(t)
= c1x

γ x
ρ − 1

ρ

and

lim
t→∞

A(tx)

A(t)
= xρ.

Remark 2.1. Note that for ρ 6= 0, by expanding the integrals, H(x) in the
theorem above can be written as

H(x) = c1
1

ρ

(
xγ+ρ − 1

γ + ρ
− xγ − 1

γ

)
+ c2

xγ+ρ − 1

γ + ρ
. (2.7)
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In Equation (2.6), it is also possible to replace a(t) by its slightly modified
version ã(t) to obtain a simpler expression for the limit function H than in
(2.7). By slightly modified, it is meant that

lim
t→∞

a(t)

ã(t)
= 1

should hold. Using a such modification of a allows H to be written as

H(x) :=
1

ρ

(
xγ+ρ − 1

γ + ρ
− xγ − 1

γ

)
.

This from of H is typically used in the derivation of asymptotic properties
of extreme quantile estimators, see De Haan and Ferreira (2007).

3 Tail index estimators

As noted in earlier sections, answering questions regarding tail probablities
and extreme quantiles requires estimation of the tail-index. In this thesis, so
called moment estimator by Dekkers, Einmahl, and De Haan (1989) is used.
There are, however, other well studied estimators, Hill estimator (Hill, 1975)
being the best known. Disadvantage of Hill estimator is that it is suitable
only for the case γ > 0. Moment estimator generalizes to case γ ∈ R. Here,
we first present the Hill estimator and its convergence properties. Secondly,
the moment estimator is discussed.

There exists other well known tail-index estimators, such as Pickand’s
estimator (Pickands III et al., 1975), probability weighted moment estimator
(Hosking & Wallis, 1987) and mixed moment estimator (Alves, Gomes, de
Haan, & Neves, 2009) but these are not considered here.

3.1 Hill estimator

Hill estimator (Hill, 1975) is one of the most studied tail-index estimators.
The estimator can be derived in multiple ways, for instance, maximum like-
lihood and using a mean excess function. The latter is discussed here.

Hill estimator is constructed using the second property stated in Theorem
2.3. So suppose that F ∈ D(Gγ) and that γ > 0. Partial integration of the
numerator in the second property

lim
t→∞

∫∞
t

(1− F (x))dx
x

1− F (t)
= γ

13



yields ∫ ∞
t

(1− F (x))
dx

x
= (1− F (x)) log x

∣∣∣∞
t

+

∫ ∞
t

log xf(x)dx

=

∫ ∞
t

log xf(x)dx− (1− F (t)) log t

=

∫ ∞
t

log xf(x)dx−
∫ ∞
t

log tf(x)dx

=

∫ ∞
t

(log x− log t)f(x)dx,

where f(x) is the density function related to the distribution F . Hence we
have that the parameter γ can be seen as the limit of the mean excess function
of logX over the threshold log t:

lim
t→∞

∫∞
t

(log x− log t)dF (x)

1− F (t)
= γ.

In order to derive an estimator based on this asymptotic result, replace dis-
tribution F with its empirical counterpart Fn and the parameter t by the
intermediate order statistic Xn−k,n, so Fn(Xn−k,n) = n−k

n
. Hill estimator is

defined as follows.

Definition 3.1 (Hill estimator). Hill estimator is defined as

γ̂H :=
1

k

k−1∑
i=0

(logXn−i,n − logXn−k,n) . (3.1)

From (3.1), we see that Hill estimator is constructed using order statis-
tics of sequence X1, X2, .... Choosing the cutoff value k is an important and
widely discussed matter in Hill estimator and the performance of the estima-
tor depends strongly on the value of k. Various methods have been proposed
in finding optimal k. For instance, Drees, De Haan, Resnick, et al. (2000)
discuss so called Hill-plots, where estimator values are plotted against dif-
ferent cutoff values and a region in which estimator values remain stable is
chosen.

Analytical methods for choosing k has been proposed by e.g. Hall (1982),
who aims to find a balance between the bias induced by choosing large k and
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variance, which is large when k is small. The method is based on minimizing
the asymptotic variance of Hill estimator.

The consistency of Hill estimator was shown by Mason (1982) and it is
stated in the following theorem. For the proof see original paper or De Haan
and Ferreira (2007). Note that the consistency requires only the assumption
of F belonging to MDA of G.

Theorem 3.1. Let X1, X2, ... be an i.i.d sequence of random variables with
distribution function F . Suppose F ∈ D(Gγ) with γ > 0. Then as n → ∞,
k := kn →∞, k/n→ 0,

γ̂H
P−→ γ.

Asymptotic normality of Hill estimator is discussed for instance by Haeusler
and Teugels (1985) and De Haan and Resnick (1998). For the asymptotic
normality, one also needs to assume that the second order condition, pre-
sented in the previous chapter, holds. Proof of the next Theorem can be
found from the book by De Haan and Ferreira (De Haan & Ferreira, 2007).

Theorem 3.2. Suppose that the distribution function F satisfies the second
order condition (Definition 2.4) with γ > 0 and ρ ≤ 0. Moreover, let n→∞,
k := kn, k/n→∞. Then

√
k(γ̂H − γ)

D−→ N

(
λ

1− ρ
, γ2

)
provided that

lim
n→∞

√
kA
(n
k

)
= λ,

with λ finite.

3.2 Moment estimator

As noted earlier, so called moment estimator by Dekkers et al. (1989) general-
izes Hill estimator to the case γ ∈ R. The immediate problem with applying
Hill estimator to the case γ ≤ 0 is that U(∞) ≤ 0 is possible (see discussion
in Section 2), in which case logarithms in (3.1) might not be defined if order
statistics are negative. To deal with this problem, we apply a location shift to
the data and assume U(∞) > 0. However, this shift influences the behavior
of the estimator and needs to be accounted when constructing the estimator.
Results from following lemmas are used to construct the moment estimator.
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Lemma 3.1. Suppose that (2.4) holds, i.e., F ∈ D(Gγ).

1. If γ > 0, then limt→∞ U(t) =∞ and

lim
t→∞

U(t)

a(t)
=

1

γ
.

2. if γ < 0, then limt→∞ U(t) <∞

lim
t→∞

U(∞)− U(t)

a(t)
= −1

γ

which implies that limt→∞ a(t) = 0.

3. if γ = 0, then

lim
t→∞

U(tx)

U(t)
= 1

and limt→∞ a(t)/U(t) = 0.

Lemma 3.2. Let X1, X2, ... be an i.i.d sequence of random variables with
distribution function F . Suppose F ∈ D(Gγ) and that x∗ = U(∞) > 0.

Define for j = 1, 2

M (j)
n :=

1

k

k−1∑
i=0

(logXn−i,n − logXn−k,n)j .

Then for n→∞, k := kn →∞, k/n→ 0

M
(j)
n(

a
(
n
k

)
/U
(
n
k

))j P−→
j∏
i=1

i

1− iγ−
,

with γ− = min(0, γ).
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First, note that γ̂H = M
(1)
n . Using Lemma 3.2 we get for γ > 0

M
(1)
n

a
(
n
k

)
/U
(
n
k

) P−→ 1,

which is by first property of Lemma 3.1 equivalent to

M (1)
n

P−→
a
(
n
k

)
U
(
n
k

) = γ

as n→∞. For case γ ≤ 0 we conclude by properties 2 and 3 of Lemma 3.1
that

M (1)
n

P−→ 0

and for general case γ ∈ R that γ̂H
P−→ γ+ := max(0, γ). This motivates

combination of Hill estimator and statistic M
(j)
n to find a consistent estimator.

Noting that

(M
(1)
n )2

M
(2)
n

P−→ 1− 2γ−
2(1− γ−)

leads to the following definition of moment estimator:

Definition 3.2 (Moment estimator). For j = 1, 2, define

M (j)
n :=

1

k

k−1∑
i=0

(logXn−i,n − logXn−k,n)j .

Moment estimator is then defined as

γ̂M := M (1)
n + 1− 1

2

1−

(
M

(1)
n

)2

M
(2)
n


−1

. (3.2)

Remark 3.1. If γ > 0, then γ̂M and γ̂H estimate the same population quan-
tity.

Results from the above lemmas with some additional regularity conditions
guarantee the consistency of the moment estimator.
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Theorem 3.3. Let X1, X2, ... be an i.i.d sequence of random variables with
distribution function F . Suppose F ∈ D(Gγ) and that x∗ > 0.3 Then as
n→∞, k := kn →∞, k/n→ 0,

γ̂M
P−→ γ.

Asymptotic normality is given by the following theorem. Again, the sec-
ond order condition is assumed to hold.

Theorem 3.4. Let X1, X2, ... be an i.i.d sequence of random variables with
distribution function F and that x∗ > 0. Suppose that that F also satisfies
the second order condition (Definition 2.4) with γ 6= ρ. Moreover, assume
that n→∞, k := kn →∞, k/n→ 0 and

lim
n→∞

√
kQ
(n
k

)
= λ.

Then
√
k(γ̂M − γ)

D−→ N (λbγ,ρ, varγ) ,

with N standard normal, where

bγ,ρ =



(1−γ)(1−2γ)
(1−γ−ρ)(1−2γ−ρ)

, γ < ρ ≤ 0
γ(1+γ)

(1−γ)(1−3γ)
, ρ < γ ≤ 0

− γ
(1+γ)2

, 0 < γ < −ρ and l 6= 0
γ−γρ+ρ
ρ(1−ρ)2

, (0 < γ < −ρ and l 6= 0) or γ ≥ −ρ > 0

1, γ > ρ = 0

and

varγ =

{
γ2 + 1, γ ≥ 0
(1−γ)2(1−2γ)(1−γ+6γ2)

(1−3γ)(1−4γ)
, γ < 0.

3.3 Scale estimator

As the approximation (2.5) suggests, we also need to estimate the scale pa-
rameter a(n

k
) to estimate extreme quantiles. Here, we will only consider a

scale estimator related to moment estimator of tail-index γ.

3Recall that x∗ := sup {x : F (x) < 1} is the right endpoint of F
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Definition 3.3. Scale estimator is defined as

σ̂M := Xn−k,nM
(1)
n (1− γ̂−)

with

γ̂− = 1− 1

2

1−

(
M

(1)
n

)2

M
(2)
n


−1

.

That is, γ̂− = γ̂M − γ̂H .

Following theorem gives the convergence properties of the scale estimator.
Proof can be found from De Haan and Ferreira (2007).

Theorem 3.5. Let X1, X2, ... be an i.i.d sequence of random variables with
distribution function F .

1. If F ∈ D(Gγ) and x∗ > 0 then

σ̂M
a(n

k
)

P−→ 1

if k/n→ 0 as n→∞ with k := kn →∞.

2. Suppose that the second order condition (def. 2.4) holds, F ∈ D(Gγ)
and k/n→ 0 as n→∞ with k := kn →∞. If

lim
n→∞

√
kA(

n

k
) = λ

with A from Definition 2.4 and λ finite, then

√
k(

σ̂M
a(n

k
)
− 1)

D−→ N (λbγ,ρ, varγ)

bγ,ρ =



− ρ
(1−γ−ρ)(1−2γ−ρ)

, γ < ρ ≤ 0

− γ
(1−2γ)(1−3γ)

, ρ < γ ≤ 0
γ

(1+γ)2
, limt→∞ U(n)− a(t)/γ 6= 0, 0 < γ < −ρ

− ρ
(1−ρ)2

, (limt→∞ U(n)− a(t)/γ = 0, 0 < γ < −ρ) or γ ≥ −ρ > 0

0, γ > ρ = 0.
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4 Extreme quantile and tail probability esti-

mation

4.1 Extreme quantile estimation

Tools of the extreme value theory are required when one needs to estimate an
extreme quantile xp related to a probability (1− p) on the basis of a sample
of size n where p is much smaller than 1/n. In other words, these tools are
needed with cases in which the expected number of observations above xp,
np, is a ’very small’ number. This means that xp is to the right of almost all
observations or equivalently, one needs to extrapolate outside of the observed
range of values. When considering asymptotic properties of extreme quantile
estimators, it is conventional to let p to depend on n such that pn → 0.

The second order condition defined in the previous section plays an im-
portant role in the asymptotic normality of the extreme quantile estimator
as it guarantees that the tail of the underlying distribution is sufficiently
smooth.

The functional form of the extreme quantile estimator was motivated ear-
lier and follows from the relation between Fisher-Tippet-Gnedenko theorem
and Equation (2.4). The estimation on extreme quantiles requires estimates
of the three quantities, namely, the quantile U

(
n
k

)
, scale a

(
n
k

)
and the tail

index γ.
For the rest of the section, it is assumed that errors of the estimators for

these quantities are asymptotically normal. More precisely, let k again be
an intermediate sequence, that is, k := kn → ∞, kn/n → 0 as n → ∞ and
suppose that for suitable estimators Û

(
n
k

)
, â
(
n
k

)
and γ̂,

√
k

(
γ̂ − γ,

â
(
n
k

)
a
(
n
k

) − 1,
Û
(
n
k

)
− U

(
n
k

)
a
(
n
k

) )
D−→ (Γ,Λ, B). (4.1)

Here, n → ∞ and (Γ,Λ, B) is a random vector with a multivariate normal
distribution with a known mean and covariance matrix.

This, along with some additional conditions guarantees that the extreme
quantiles can be estimated in an asymptotically consistent way:

Theorem 4.1. Suppose that the second order condition holds. Moreover,
assume that the following conditions hold.

1. second order parameter ρ is negative; or it is zero and γ is negative.
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2. k := kn → ∞, k/n → 0 and
√
kA
(
n
k

)
→ λ, where λ ∈ R is some

constant.

3. condition (4.1) holds.

4. (npn)/k → 0 and log(npn)/
√
k → 0 as n→∞.

Define quantile estimator for xpn := U
(

1
pn

)
as

x̂pn = Û
(n
k

)
+ â

(n
k

) ( k
npn

)γ̂
− 1

γ̂
. (4.2)

Then as n→∞,

√
k
x̂pn − xpn
a
(
n
k

)
qγ(dn)

D−→ Γ + γ2
−B − γ−Λ− λ γ−

γ− + ρ

with dn := k/(npn), γ− := min(0, γ) and where for t > 1,

qγ(t) =

∫ t

1

sγ−1 log sds.

4.2 Tail probability estimation

Tail probability estimation aims to answer the following question: given a
large value of x, how can one estimate p = 1− F (x). Estimator for the tail
probability is obtained by simply inverting the extreme quantile estimator
(4.2):

p̂n ≈
k

n

{
max

(
0, 1 + γ̂

xn −Xn−k,n

â
(
n
k

) )}−1/γ̂

Here, xn is assumed known and pn is to be estimated with p̂n. When con-
sidering the asymptotic behavior of the extreme quantile estimator, it was
argued that p should depend on n and approach to zero. In turn, when
deriving the asymptotic properties for the tail probability estimator, it is
similarly required that x depends on n and is increasing, that is, x := xn and
consequently pn = 1− F (xn)→ 0.

The following theorem gives conditions for the asymptotic normality of
the tail probability estimator.
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Theorem 4.2. Suppose γ > −1
2

and that second-order condition holds. As in
theorem 4.1, dn := k/(npn). Moreover, assume that the following conditions
hold:

1. second order parameter ρ is negative; or it is zero and γ is negative.

2. k := kn → ∞, k/n → 0 and
√
kA
(
n
k

)
→ λ, where λ ∈ R is some

constant.

3. dn →∞ and ωγ(dn)/k → 0,where for t > 0

ωγ(t) := t−γ
∫ t

1

sγ−1 log sds.

4. condition (4.1) holds.

Then, as n→∞,

√
k

ωγ(dn)

(
p̂n
pn
− 1

)
D−→ Γ + γ2

−B − γ−Λ− λ γ−
γ− + ρ

with γ− := min(0, γ).

5 Simulations

In this section, we conduct various simulations to illustrate the behavior of
the moment based extreme quantile estimator. In our simulations, we use the
t-distribution, which belongs to the class of heavy tailed distributions. We
try various degrees of freedom. The first set of simulations aims to show how
the estimator behaves under different cutoff values with sample size fixed to
n and illustrate how an improper choice of the cutoff value can induce bias
to the estimators. Recall that the cutoff value k determines the last order
statistic X(n−k,n) in tail-index estimators (Definitions 3.1 and 3.2). In the
second set of simulations, we let k to depend on n sot that it satisfies the
intermediate order condition k := kn k/n → 0 as n → 0, and test how the
behavior changes when n is made larger.
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5.1 Fixed sample size

The setup for simulations is as follows. First, we set a range of cutoff values
k to an interval between 20 and 1 000. Secondly, we choose two extreme
quantiles to be estimated. We pick quantiles related to the tail-probabilities
(1− p) = 10−3 and (1− p) = 10−4. The simulation proceeds as follows:

1. Draw 10 000 pseudo random draws from a univariate t-distribution
with a given number of degrees of freedom.

2. Compute the empirical quantile estimator Û
(
n
k

)
:= Xn−k,n, the scale

estimator â
(
n
k

)
and the moment estimator γ̂M (3.2) for tail-index.

3. Compute an estimate x̂p given by (4.2) and compute the difference
x̂p − xp.

4. Repeat 1 000 times.

5.1.1 Case p = 10−3

The first plot below depicts simulation results for a fixed sample size of 10
000 draws with varying cutoff values. Each panel represents different degree
of freedom values and the horizontal black bar is the true quantile that is
being estimated. Blue curves plot the mean values of the estimator and
shaded areas represent the area between 2.5th and 97.5th percentiles. We
immediately see that too large cutoff values start to induce bias into the
estimators.

Even though the ’shapes’ of the mean estimate curves are similar, taking
look at the second and third figures reveal big differences between the sim-
ulation results. Figure 2 shows the error distributions for the cutoff values
that resulted in the best estimates. For all four distributions, the mean error
is very close to zero. However, the variance of the errors is clearly larger for
t-distributions with smaller degrees of freedom. In particular, the variance of
the errors is the largest with degrees of freedom equaling 2 as is seen in panel
(a). One explanation for this might be that second moment for t-distribution
with 2 degrees of freedom does not exist.4

4If v is the degrees of freedom, moments higher than equal to v do not exist. See e.g.
Casella and Berger (1990)
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Story is the same with Figure 3 where error distributions are shown for
a fixed cutoff value k = 50. The error distributions are wider for smaller
degrees of freedom but the estimates otherwise are relatively unbiased.

Figure 1: Extreme quantile estimator simulations corresponding to tail proba-
bility p = 10−3 for t-distributions with different degrees of freedom and varying
cutoff values. Vertical black line is the true quantile, blue line is the mean estimate
and shaded blue area represents the area between 2.5th and 97.5th percentiles of
the estimators.

(a) degrees of freedom: 2 (b) degrees of freedom: 4

(c) degrees of freedom: 10 (d) degrees of freedom: 30
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Figure 2: Error distributions for the best cutoff value with p = 10−3.

(a) degrees of freedom: 2 (b) degrees of freedom: 4

(c) degrees of freedom: 10 (d) degrees of freedom: 30
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Figure 3: Error distributions for the cutoff value k = 50 with p = 10−3.

(a) degrees of freedom: 2 (b) degrees of freedom: 4

(c) degrees of freedom: 10 (d) degrees of freedom: 30
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5.1.2 Case p = 10−4

We conduct the same set of simulations as above but we use a smaller tail
probability p = 10−4. Figure 4 shows again how the moment based quantile
estimators behave for different cutoff values. Interestingly, estimators seem to
be biased for the smallest cutoff values. With 10 and 30 degrees of freedom
the mean errors change sign twice, with 2 and 4 the mean bias seems to
increase and then remain somewhat stable.

The shapes of error distributions in Figures 5 and 6 look also similar to
the case with p = 10−3, but the variance, not surprisingly, is larger. With
10 and 30 degrees of freedom, distributions are roughly normal but error
distributions with 2 and 4 degrees of freedom have long right tails.
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Figure 4: Extreme quantile estimator simulations corresponding to tail proba-
bility p = 10−4 for t-distributions with different degrees of freedom and varying
cutoff values. Vertical black line is the true quantile, blue line is the mean estimate
and the shaded blue area represents the area between 2.5th and 97.5th percentiles
of the estimators.

(a) degrees of freedom: 2 (b) degrees of freedom: 4

(c) degrees of freedom: 10 (d) degrees of freedom: 30
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Figure 5: Error distributions for the best cutoff value with p = 10−4.

(a) degrees of freedom: 2 (b) degrees of freedom: 4

(c) degrees of freedom: 10 (d) degrees of freedom: 30
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Figure 6: Error distributions for the cutoff value k = 50 with p = 10−4.

(a) degrees of freedom: 2 (b) degrees of freedom: 4

(c) degrees of freedom: 10 (d) degrees of freedom: 30
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5.2 Varying sample size

This subsection studies how the estimation errors of the moment based ex-
treme quantile estimators behave when sample size increases. Now, instead
of choosing a range of cutoff values k, the cutoff values are chosen to be an in-
termediate sequence kn = 3

√
n. The sample size is chosen to be in the interval

[100, 100000]. In particular, We pick 100 evenly spaced points from that in-
terval with limits included. The simulations are conducted for t-distributions
with degrees of freedoms 4 and 10, and for the tail probabilities p = 10−3

and p = 10−4. The simulation procedure is as follows:

1. Let n ∈ [100, 100000] and the corresponding cutoff value kn = 3
√
n.

2. Compute the empirical quantile estimator Û
(
n
k

)
:= Xn−kn,n, the scale

estimator â
(
n
kn

)
and the moment estimator γ̂M (3.2) for the tail-index.

3. Compute the estimate x̂p given by (4.2) and the estimation error x̂p−xp.

4. Repeat 1 000 times for each chosen n.

5.2.1 Case p = 10−3

First plot below shows the mean errors and the area between 2.5th and 97.5th
percentiles of the extreme quantile estimators with varying sample size and
kn. Interestingly, we observe that error distibutions actually widen as the
sample size increases. An explanation for this could be that the probability
(10−3) related to the quantile being estimated is too ’large’ compared to the
sample size. As noted in the previous section, when deriving the asymptotic
properties of the extreme quantile estimator, the probability related to the
quantile was required to depend on the sample size n. More specifically,
Theorem 4.1 assumes that (npn)/k → 0. With fixed p and k = 3

√
n this

assumption is obviously violated to a some degree.
Table 1 reports statistics for the simulations in Figure 7 for sample sizes

100, 25 000, 50 000, 75 00 and 100 000 respectively. With only sample size
of 100, the results are clearly biased and noisy but when the sample size
increases, the bias starts to diminish. The estimators start to be slightly
skewed to the negative side when sample size is larger than 60 000, but as
noted, this relates to the fact that the probability p = 10−3 is not an optimal
choice.

31



Figure 7: Mean error of the extreme quantile estimator for a given value of sample
size n and tail probability (1 − p) = 10−3. Solid blue line is the mean error and
the shaded blue area represents the area between 2.5th and 97.5th percentiles of
the estimators.

(a) degrees of freedom: 4 (b) degrees of freedom: 10

Table 1: Error statistics for the extreme quantile estimators for tail probability
p = 10−3. Columns indicate the sample size n.

(a) df = 4

100 25000 50000 75000 100000

Std error 4.1175 0.3562 0.3716 0.4233 0.5165
Mean error -1.3102 -0.0106 -0.0750 -0.1064 -0.1220
Median error -2.5704 -0.0287 -0.0873 -0.0873 -0.1007
Skewness 3.4246 0.2389 0.2383 -0.2988 -0.3976
Min -5.4997 -1.2034 -1.0993 -1.6240 -2.1933
Max 33.2123 1.2447 1.2442 1.1045 1.3243

(b) df=10

100 25000 50000 75000 100000

Std error 1.3850 0.1235 0.1171 0.1329 0.1663
Mean error -0.5944 -0.0075 -0.0189 -0.0373 -0.0489
Median error -0.9640 -0.0134 -0.0209 -0.0334 -0.0354
Skewness 2.2889 0.1961 0.0419 -0.1878 -0.5687
Min -2.6766 -0.3662 -0.4407 -0.5996 -0.8258
Max 10.7359 0.4155 0.3572 0.3444 0.3896

5.2.2 Case p = 10−4

Next, we report the results for the extreme quantile related to the probability
p = 10−4. First look at the figure below shows that the estimators behave as
expected: increasing the sample size reduces variance in the estimates. This
is also in line with the theoretical assumptions which state that (npn)/k → 0
should hold. For instance, with p = 10−4 and n = 90000 ratio equals 0.2,
with p = 10−3 ratio equals 2.

Table 2 tells the same story. Mean and standard errors decrease with
the sample size. Moreover, the skewness of the errors decreases from 9.71
and 5.52 to 0.41 and 0.16 for 4 and 10 degrees of freedom respectively. Not
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surprisingly, the standard errors are of a larger magnitude with 4 degrees of
freedom ranging between 24.15 and 0.90 compared to 4.0 and 0.2 with 10
degrees of freedom.

Figure 8: Mean error of the extreme quantile estimator for a given value of sample
size n and for tail probability p = 10−4. Solid blue line is the mean error and the
shaded blue area represents the area between 2.5th and 97.5th percentiles of the
estimators.

(a) degrees of freedom: 4 (b) degrees of freedom: 10

Table 2: Error statistics for the extreme quantile estimators for tail probability
p = 10−4. Columns indicate the sample size n.

(a) df = 4

100 25000 50000 75000 100000

Std error 24.1458 1.6117 1.2506 1.0689 0.8988
Mean error -1.4916 -0.2387 -0.0660 -0.0651 -0.0001
Median error -7.5332 -0.3479 -0.1731 -0.1581 -0.0485
Skewness 9.7100 0.5372 0.6610 0.6658 0.4099
Min -11.3009 -3.9387 -2.9783 -2.5221 -2.8285
Max 421.2491 6.9348 7.9703 4.4279 3.7508

(b) df=10

100 25000 50000 75000 100000

Std error 3.9984 0.3608 0.2707 0.2174 0.1949
Mean error -1.1456 -0.0334 -0.0183 -0.0226 0.0053
Median error -2.4064 -0.0659 -0.0406 -0.0375 0.0019
Skewness 5.5225 0.5693 0.4001 0.2621 0.1648
Min -4.0484 -0.9345 -0.7960 -0.7712 -0.6196
Max 51.6843 1.7099 0.9847 0.7294 0.7231

6 Multivariate setting: elliptical distributions

So far, we have discussed only the univariate extreme value theory but many
of the real-world applications require multivariate tools. Fortunately, many
of the results in the univariate extreme value theory can be extended to
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multivariate distributions as well. However, in the multivariate setting, there
are things requiring consideration.

Since an obvious concept of an order relation does not exist in the mul-
tivariate setting it is not immediately clear how multivariate extreme value
theory should be approached. Recall that, for instance, in the case of moment
based tail-index estimation, order statistics Xn−k,n play an important role as
we are required to take the k-largest observations from which the estimator
is computed.

Also, the concept of quantiles and extreme quantiles is not as straight
forward in the multivariate setting as in the univariate. Clearly, in the mul-
tivariate setting, quantile should not be a single point, but a set of of points
so the problem is to find a set of the form{

z ∈ Rd : f(z) < p
}
,

where f is a density function and p is a small probability. In this thesis, we
focus on the family of elliptical random variables, for which these sets are
bounded by elliptical probability contours, i.e. points

{
z ∈ Rd : f(z) = p

}
form an ellipsoid.

Elliptical distributions were first proposed by Kelker (1970). See also Fang
(2018) for a comprehensive review. The following definition chracterizes the
elliptical family.

Definition 6.1. Random variable X : Ω → Rd is said to be elliptically dis-

tributed if it has the stochastic representation X
D
= µ+RΛU . Here ΛΛT = Σ

is a positive definite symmetric matrix with rank d, U ∈ Rd is uniformly dis-
tributed on the unit hypersphere

{
u ∈ Rd : uTu = 1

}
and R is a non-negative

univariate random variable, called generating variate. R and U are indepen-
dent.

Numerous well known distributions belong to this family of distributions,
including the multivariate normal, multivariate t, Laplace and Cauchy dis-
tributions.

For the probability contours of an elliptical random variable it holds that
any point falling outside (inside) a particular probability contour has a lower
(higher) density than a point inside the contour. Hence, intuitively speak-
ing, the extremeness of an observation should only depend on the elliptical
distance from the center of the observations. By the elliptical distance it
is meant that we should adjust for the covariance and variance structure in
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the data instead of using just the Euclidian distance. It turns out that this
elliptical distance is relatively easy to obtain using a concept called Maha-
lanobis distance which generalizes the concept of distance from mean into
the multivariate setting.

These distances allow then us to find the extreme contour by just studying
the extreme behaviour of Mahalanobis distances, turning the problem of the
multivariate quantile estimation into a univariate problem. Hallin et al.
(2010) define multivariate quantiles and ordering via depth contours. Their
procedure theoretically is neat but the practical use in higher dimensions is
challenging given the high computational costs. Despite of the dimension, our
proposed method is feasible also in higher dimensions due to the properties
of the elliptical distributions.

Mahalanobis distance is defined as follows.

Definition 6.2. (Mahalanobis, 1936) Mahalanobis distance with respect to
Euclidian inner product of an observation X from its location (or mean)
vector is defined as

dΣ,µ(X) =
√

(X − µ)TΣ−1(X − µ),

where Σ is the scatter (or covariance) matrix of X.

Using the definition of Mahalanobis distance to an observation from ellip-
tical distribution turns out to be a neat way to extract the value of R when
µ and Σ are known:

dΣ,µ(X) =
√

(X − µ)TΣ−1(X − µ)

=
√

(µ+RΛU − µ)T (ΛT )−1Λ−1(µ+RΛU − µ)

= R
√
UTΛT (ΛT )−1Λ−1ΛU

= R.

The Mahalanobis distance can then be used to construct a distance metric
in the elliptical, multivariate setting which is used to give an order for a
random sample X1, ..., Xn as Dominicy, Ilmonen, and Veredas (2017) do.
They define the separating ellipsoid as follows.

Definition 6.3. Separating ellipsoid with respect to location µ and scatter
matrix Σ is defined as

S(µ,Σ, r) =
{
x ∈ Rd : dΣ,µ(x, µ) ≤ r, r > 0

}
.
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Next, they define measure of distance between x and x∗ as5

Dd(x, µ,Σ, k, n) =
‖x− µ‖1

‖x∗ − µ‖1

,

where x∗ is chosen so that x∗−µ is on the boundary of the ellipsoid S(µ,Σ, r)
and that there is a constant c ∈ R satisfying c(x∗ − µ) = x− µ. The radius
r of the ellipsoid in turn is chosen so that there are exactly k − 1 of the
random variables X1, ..., Xn lie inside Rd \E(µ,Σ, r), i.e. interior part of the
separating ellipsoid. Hence, in elliptical multivariate case we also choose a
cutoff value k that governs how many observations from the tail are used in
estimation. Putting all together, d-variate random variables X1, ..., Xn are
now given the order Xn,n ≥ ... ≥ X1,n by Dd as

Dd(Xn,n, µ,Σ, k, n) ≥ ... ≥ Dd(X1,n, µ,Σ, k, n).

Finally, Lemma 6.1 by (Dominicy et al., 2017) reduces the multivariate
situation into a univariate:

Lemma 6.1. Let X follow a d-dimensional elliptical distribution (see def-
inition 6.1) with generating variate R and let z follow a one-dimensional
elliptical distribution with the same generating variate R. Then

Dd(X,µ,Σ, k, n)
d
= D1(z, 0, 1, k, n)

Proof. See Dominicy et al. (2017).

The lemma indicates that we can instead of Dd work with generating
variates R, which can be easliy computed using the Mahalanobis distance.

6.1 Tail-index estimators under multivariate ellipticity

The introduced concepts of the Mahalanobis distance, separating ellipsoid
and multivariate order relation are used to construct the multivariate tail-
index estimators. It turns out that under ellipticity, these estimators share
similar properties as their univariate counterparts.

5‖·‖p denotes p-norm, i.e. ‖x‖p = p
√∑

i |xi|p
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Similar to functions of one variable, regular variation is also defined for
multivariate functions. Hult and Lindskog (2002) show that regular varia-
tion of an elliptical distribution function is completely governed by the corre-
sponding generating variate. More specifically, they show that the distribu-
tion of X, FX is regularly varying if and only if the distribution of R, FR, is
regularly varying. This result can be used for instance to derive the asymp-
totic properties of the multivariate Hill estimator for ellipitically distributed
random variables.

Dominicy et al. (2017) do this under known location and scatter and
show that the tail index of R can be estimated applying Mahalanobis dis-
tance to observations X and then computing the univariate Hill estimator
of the obtained distances. The multivariate Hill estimator obtained this way
has similar convergence as the univariate estimator. This estimator is also
referred as the separating Hill estimator due to the use of the separating
ellipsoid.

Definition 6.4. (Dominicy et al., 2017) Multivariate (separating) Hill esti-
mator is

Ĥ(d,k,n) =
1

k

k−1∑
i=0

log (Dd(Xn−i,n, µ,Σ, k, n)) .

However, in practice, the location and scatter are rarely know. Hence
Heikkilä, Dominicy, and Ilmonen (2019) study the multivariate Hill estimator
by Dominicy et al. (2017) and show that the estimator is also consistent and
asymptotically normal under estimated location and scatter.

Heikkilä, Dominicy, and Ilmonen (2017) show that the moment estimator
can also be generalized to a multivariate elliptical setting.

Definition 6.5. (Heikkilä et al., 2017) Multivariate moment estimator is

τ̂M(d,k,n) = 1 + Ĥ
(1)
(d,k,n) +

1

2


(
Ĥ

(1)
(d,k,n)

)2

Ĥ
(2)
(d,k,n)

− 1


−1

,

where

Ĥ
(i)
(d,k,n) =

1

k

k−1∑
i=0

log (Dd(Xn−i,n, µ,Σ, k, n))(i) .
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6.2 Extreme probability contour estimation

In this section, we proceed under the assumption that we have an i.i.d. sam-
ple X1, ..., Xn from an elliptical distribution. As an illustrative example, we
simulate data from bivariate t-distribution. Our goal is to find a probabil-
ity contour so that a small amount of probability mass, p, lies outside of
it. We define this probability contour in terms of Mahalanobis distances of
the observations, which correspond to values of the generating variate of the
elliptical random variable. The contour of interest is defined as the points
satisfying equation √

(z − µ)TΣ−1(z − µ) = rp, (6.1)

where rp is the extreme quantile corresponding to a small tail probability p
of the generating variate R. Hence, the extreme probability contour corre-
sponding to probablity p is defined by points being rp Mahalanobis distances
away from the center µ of the distribution.

For the illustrative examples, we need to have the correct probability
contour to compare it to the estimated one. It turns out that for random
variable following multivariate t-distribution, contour defined by points z in
(6.1) is related to F -distribution (F-distribution). In particular, the scaled,
squared Mahalanobis distance of t-distributed random variable follows F -
distribution, which is the result of the following lemma by (Roth, 2012):

Lemma 6.2. Let X follow a d-dimensional t-distribution with location µ,
scatter Σ and v degrees of freedom. Then

1

d
(X − µ)TΣ−1(X − µ) ∼ F(d, v).

I.e. squared Mahalanobis distance scaled by factor 1
d

follows F-distribution
with parameters d and v.

Proof. See (Roth, 2012).

Hence, the theoretical contour related to probability p can be derived by
finding the quantile corresponding to this probability from F -distribution.

We find the estimator for the extreme probability contour by utilizing the
univariate, moment based extreme quantile estimator. In particular, we first
need to compute the Mahalanobis distances of the sample X1, ...Xn under
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estimated location and scatter which will be the observations to which the
extreme quantile estimator is fitted. I.e., we compute

dµ̂,Σ̂(Xi) =

√
(Xi − µ̂)T Σ̂−1(Xi − µ̂),

where the estimators of location and scatter are computed using sample mean
and covariance respectively:

µ̂ =
1

n

n∑
i=1

Xi

Σ̂ =
1

n− 1

n∑
i=1

(Xi − µ̂)(Xi − µ̂)T

Now, using Formula (4.2) for the univariate extreme quantile estimator to
distances dµ̂,Σ̂(Xi) with some cutoff value k and tail probability p, we obtain
an estimate r̂p of the elliptical distance corresponding to the extreme desired
probability contour.

Figures 9, 10, 11 and 12 show an illustrative example of the extreme
probability contour estimation using n = 5000 and n = 50000 simulated
i.i.d. random draws from a bivariate t-distribution with 4 and 10 degrees of

freedom respectively. Location is µ = [1, 1]T and scatter is Σ =

[
1 0.6

0.6 1

]
.

We choose the tail probability p = 10−4 and cutoff value k = 3
√
n. The

true probability contour is drawn using a solid black line and the estimated
one using a dashed line. Blue (red) points correspond those lying inside
(outside) the true probability contour. Details on how to run the examples
are provided in Appendix B.

Table 3 reports summary statistics for 100 repetitions of the examples
presented in Figures 9, 10, 11 and 12. Idea is that we compare the estimated
elliptical distance r̂p to rp and compute the statistics for their difference. Re-
call that rp is the value satisfying Equation (6.1) so that proportion p of the
observations X1, ..., Xn lie outside the ellipse. In the context of elliptical dis-
tributions, studying these differences is reasonable as the generating variate
R fully governs the extreme behavior of X. However, as will be discussed,
under the estimated location and scatter this approach has some flaws and
more comprehensive studies are needed for further conclusions. For instance,
the behavior and convergence properties of the area between the true and
estimated ellipse could be studied, see e.g. He and Wang (1997).
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When investigating the behavior of estimates r̂p in similar fashion as
in the univariate simulations, we firstly observe that there seems to be a
similar negative bias in the estimates that we had in the univariate case. In
Table 5.2.2 we saw, not surprisingly, that this negative bias reduces when the
sample size increases. Error distributions also seemed to be slightly skewed
to right, which is also the case in our multivariate situation: means are larger
than medians.

We see that with the estimated location and scatter, especially for the
case with 4 degrees of freedom, bias is surprisingly large. Taking a look at
the covariance estimates reveals that our procedure is prone to underestimate
the elliptical distance rp and compensate it with larger variance components
of the covariance matrix. This is the downside of our illustrative approach.

Table 3: Statistics for 100 repetions of the extreme probability contour estima-
tion. Reported numbers are statistics for r̂p − rp for different settings.

Known location and scatter Estimated location and scatter

n = 5000, df = 4
Mean error -1.0630 -6.9248
Median error -2.4175 -7.5135

n = 50000, df = 4
Mean error -0.2945 -6.0516
Median error -0.1956 -5.9824

n = 5000, df = 10
Mean error -0.2625 -1.0151
Median error -0.3328 -1.0967

n = 50000, df = 10
Mean error -0.0255 0.7900
Median error -0.0587 0.8078
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Figure 9: 5 000 draws from bivariate t-distribution with 4 degrees of freedom.
Blue dots represent points lying inside the probability contour corresponding to
tail probability p = 10−4 and solid black line depicts this contour. Dashed line
represents the estimated contour.
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Figure 10: 50 000 draws from bivariate t-distribution with 4 degrees of freedom.
Blue dots represent points lying inside the probability contour corresponding to
tail probability p = 10−4 and solid black line depicts this contour. Dashed line
represents the estimated contour.

42



Figure 11: 5 000 draws from bivariate t-distribution with 10 degrees of freedom.
Blue dots represent points lying inside the probability contour corresponding to
tail probability p = 10−4 and solid black line depicts this contour. Dashed line
represents the estimated contour.
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Figure 12: 50 000 draws from bivariate t-distribution with 10 degrees of freedom.
Blue dots represent points lying inside the probability contour corresponding to
tail probability p = 10−4 and solid black line depicts this contour. Dashed line
represents the estimated contour.
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7 Conclusion

Extremely rare phenomena and heavy-tailed distributions are present in var-
ious different fields of research: economics, geology and even sports analytics,
to name a few. In practice, statements about quantiles or probability con-
tours are of a great interest. For instance, a portfolio manager might be
interested what is the region of individual stock returns for which the portfo-
lio won’t exceed some loss on a given time span. For this, tools from extreme
value theory are needed.

In this thesis, we provide a moment based method to estimate multivari-
ate extreme probability contours under the assumption of ellipticity. We pro-
ceed by giving a brief introduction into the univariate extreme value theory.
The assumption of ellipticity allows us to convert the multivariate problem
of contour estimation into a univariate one. Hence, we can utilize the intro-
duced tools from the univariate extreme value theory and we aim to point
out links between the univariate and multivariate theory.

The presented method is based on the fact that under the assumption of
ellipticity, observations can be given an order by the Mahalanobis distances
of the observations. Loosely speaking, this allows us to assess how extreme a
particular observation is and we can study the set of Mahalanobis distances
instead of the actual observations. Next, the well studied univariate tail-
index estimator by Dekkers et al. (1989), moment estimator, is applied to
the Mahalanobis distances. For some fixed tail probability, we compute the
moment based extreme quantile estimator to obtain an estimate of the Ma-
halanobis distance corresponding to the given tail probability. This, along
with location and scatter estimates, characterizes the probability contour of
the elliptical distribution. We provide an illustrative example of the proposed
method and it is left for a further research to study the asymptotic behavior
of the method.
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Fréchet, M. M. (1906). Sur quelques points du calcul fonctionnel. Rendiconti
del Circolo Matematico di Palermo (1884-1940), 22 (1), 1–72.

Galambos, J., & Seneta, E. (1973). Regularly varying sequences. Proceedings
of the American Mathematical Society , 41 (1), 110–116.

Genz, A., & Bretz, F. (2009). Computation of multivariate normal and t
probabilities. Springer Science & Business Media.

46



Gnedenko, B. (1943). Sur la distribution limite du terme maximum d’une
serie aleatoire. Annals of Mathematics , 423–453.

Haeusler, E., & Teugels, J. L. (1985). On asymptotic normality of hill’s esti-
mator for the exponent of regular variation. The Annals of Statistics ,
743–756.

Hall, P. (1982). On some simple estimates of an exponent of regular varia-
tion. Journal of the Royal Statistical Society: Series B (Methodologi-
cal), 44 (1), 37–42.
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Appendix A Proofs

This section provides proofs for some of the lemmas and theorems in the main
text. Most proofs follow loosely those provided by De Haan and Ferreira
(2007) with some intermediate steps and comments added for additional
clarity. Proofs from other sources are also presented, these are indicated
individually.

For the proof of Lemma 2.1 we need the following lemma for the manip-
ulation of limits and inverses.

Lemma A.1. Suppose fn is a sequence of nondecreasing functions and g is
a non-decreasing function. Suppose that for each x in some open interval
(a, b) that is a continuity point of g

lim
n→∞

fn(x) = g(x).

Then for each x in the interval (g(a), g(b)) that is a continuity point of g← ,
we have

lim
n→∞

f←n (x) = g← (x) .

Proof. (Lemma A.1) Let y be a continuity point of g←. We need to prove
that for a large n and ε > 0

f←n (y)− ε < g← (y) < f←n (y) + ε.

Consider the right-hand side. Let x = g← (y) and 0 < ε1 < ε such that
x1 = g← (y)− ε1 is a continuity point of g. By assumption, g← is continuous
at y and consequently x is a point of increase of g so g(x) > g(x1). Now let
0 < δ < g(x)− g(x1). Given that x1 is a continuity point of g, eventually

fn(x1) < g(x1) + δ < y.

Consequently g← (y)− ε1 ≤ f←n (y) i.e.

g← (y) < f←n (y) + ε.

Proof for the left-hand side is similar.
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Proof. (Lemma 2.1) To get from statement 2 to statement 3, note first that
the second statement

lim
t→∞

log tF (a(t)x+ b(t)) = logG(x)

is equivalent to

lim
t→∞

1

t(1− F (a(t)x+ b(t)))
=

1

− logG(x)
. (A.1)

Where a(t) = a[t] and b(t) = b[t]. Applying lemma A.1 to left-hand side of
(A.1) yields

inf

{
z :

1

t(1− F (a(t)z + b(t)))
≥ x

}
= inf

{
y − b(t)
a(t)

:
1

t(1− F (y))
≥ x

}
=
U(tx)− b(t)

a(t)

and from right-hand side:

inf

{
z :

1

− logG(z)
≥ x

}
= inf {z : logG(x) ≥ −1/x}

= inf {z : G(x) ≥ exp(−1/x)}
= G← (−1/x)

which shows the relation 2 → 3.
To get from 1 to 3, we start by taking logarithms from both sides of the

first statement (i.e. (2.1)) yields the following for all continuity points:

lim
n→∞

log nF (xan + bn) = logG(x).

That is, the second statement with the difference that we are working with
integer valued n instead of t, where t ∈ R. By taking left continuous inverse,
we again get

lim
n→∞

U(nx)− bn
an

= G← (−1/x) := D(x).

It remains to be show that statement 3 follows from this. Let x be a continuity
point of D

U([t]x)− b[t]

a[t]

≤
U(tx)− b[t]

a[t]

≤
U([t]x(1 + 1/ [t]))− b[t]

a[t]

.
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The right-hand side is eventually less than D(x′) for any continuity point
x′ > x so we obtain

lim
t→∞

U(tx)− b[t]

a[t]

= lim
t→∞

U(tx)− b(t)
a(t)

= D(x)

which is statement 3, so we have 1 → 3.

Proof. (Fisher, Tippet, Gnedenko theorem) We start by taking the class of
limit functions D in 2.1:

lim
t→∞

U(tx)− b(t)
a(t)

= D(x)

where D(x) := G←
(
exp(− 1

x
)
)
. We assume that 1 is a continuity point of D

and we can then write for all continuity points x > 0 of D,

lim
t→∞

U(tx)− U(t)

a(t)
= D(x)−D(1) =: E(x).

Take y > 0 and write

U(txy)− U(t)

a(t)
=
U(txy)− U(ty)

a(ty)

a(ty)

a(t)
+
U(ty)− U(t)

a(t)
. (A.2)

Next we make a claim that limits limt→∞
U(ty)−U(t)

a(t)
and A(y) := limt→∞

a(ty)
a(t)

exist. To see this, suppose that claim does not hold. Then there would be
A1, A2, B1 and B2 with A1 6= A2 and B1 6= B2 where Ai are limit points of
A(y) and Bi limit points of U(ty)−U(t)

a(t)
. Note that we have from (A.2)

E(xy) = E(x)Ai +Bi (A.3)

for all continuity points x of E(·) and E(·y). For an arbitrary x, take a
sequence of continuity points xn and let them approach x from left. By the
left-continuity of E we get E(xny) → E(xy) and E(xn) → E(x) so (A.3)
holds for all x and y positive. Subtracting the expressions above for i = 1, 2
yields

E(x)(A1 − A2) = B1 − B2

for all x > 0. Since G was assumed to be non-degenerate, by definition of E,
it cannot be constant so it must hold that A1 = A2 and B1 = B2. Hence, we
conclude that A(y) = limt→∞

a(ty)
a(t)

exists for y > 0 and that for x, y > 0

E(xy) = E(x)A(y) + E(y) (A.4)
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Now, define s := log x, t := log y and H(x) = E(ex) and plug them into
(A.4):

E(xy) = H(t+ s) = H(s)A(et) +H(t) (A.5)

which can be written as (since H(0) = 0)

H(t+ s)−H(t)

s
=
H(s)−H(0)

s
A(et).

Since H is monotone (by monotonicity of D), it is differentiable at some t.
But by the above equation it is differentiable at all t. Hence,

H ′(t) = H ′(0)A(et).

Write Q(t) := H(t)/H ′(0). Note that H ′(0) cannot be zero since H cannot
be constant given that G is non-degenerate. Then Q(0) = 0 and Q′(0) = 1.
Now dividing (A.5) by H ′(0) gives

Q(t+ s)−Q(t) = Q(s)A(et) = Q(s)Q′(t)

and subtracting the same expression with s and t interchanged we get

Q(s)−Q(t) = Q(s)Q′(t)−Q(t)Q′(s) ⇔ Q(t)

s
(Q′(s)−1) =

Q(s)

s
(Q′(t)−1).

Letting s→ 0 yields the following differential equation

Q(t)Q′′(0) = Q′(t)− 1,

since
Q′(s)− 1

s
=
Q′(s)−Q′(0)

s
and

Q(s)

s
→ 1.

To solve it, we differentiate both sides with respect to t getting Q′′(t)/Q′(t) =
Q′′(0) from which we get simple differential equation

(logQ′)′(t) = Q′′(0) := γ,

that is Q′(t) = eγt from which we get, since Q(0) = 0, that

Q(t) =

∫ t

0

eγsds =
eγt − 1

γ
.
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Recall definition of Q leads to H(t) = H ′(0) e
γt−1
γ

. In turn, from definition of

H we get H(x) = E(ex) = D(ex)−D(1) which means

D(t) = D(1) +H(t) = D(1) +H ′(0)
tγ − 1

γ
.

Next, take left continuous inverse from both sides which gives

D← (x) =

(
1 + γ

x−D(1)

H ′(0)

)1/γ

.

Recall that D(x) := G←
(
exp(− 1

x
)
)

so D← (x) = − 1
logG(x)

and finally

G(x) = exp(−1/D← (x))

and
G(ax+ b) = exp(−(1 + γx)−1/γ).

If 1 is not a continuity point of D, follow the proof with the function U(tx0)
with x0 a continuity point of D.

Proof. (Theorem 2.2)
Suppose that the first statement holds. Consider first the right-hand side

equality in (2.4). Recall that D(x) = G←
(
exp(− 1

x
)
)

and by assumption

Gγ(x) = exp
(
−(1− γx)−

1
γ

)
which is strictly increasing. Inverting Gγ gives

G← (x) =
− log−γ x− 1

γ

and plugging in exp(− 1
x
) yields

Dγ(x) = G←
(

exp(−1

x
)

)
=
xγ − 1

γ
.

Left-hand side equality is simply obtained by taking equation (2.2) and
subtracting D(1) from it:

lim
t→∞

U(tx)− U(t)

a(t)
= Dγ(x)−Dγ(1)

= Dγ(x)

since Dγ(1) = 0 by the arguments above.
Relation to other direction follows directly from the proof of Fisher-

Tippet-Gnedenko theorem, which can be found from De Haan and Ferreira
(2007), for instance.
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Appendix B Algorithm to produce examples

in Section 6.2

This section illustrates how the examples in Section 6.2 are produced.
First, fix sample size n, cutoff value k, tail probability p and the degrees

of freedom v in the t-distribution. Moreover, fix location µ and Σ of the
t-distribution. Then, proceed as follows.

1. Simulate n i.i.d. draws from bivariate t-distribution with v degrees
of freedom. One sample is obtained by first drawing Y from normal
distribution N(0,Σ) and Z from X 2

v , i.e., chi-squared distribution with
v degrees of freedom. Then X = µ + Y√

U
v

has bivariate t-distribution

with v degrees of freedom. See details from Genz and Bretz (2009).

2. Find the true Mahalanobis rp distance corresponding to the tail prob-
ability p using Lemma 6.2. That is, p observations of X lie outside
ellipse defined by rp, µ and Σ.

3. Use

µ̂ =
1

n

n∑
i=1

Xi

Σ̂ =
1

n− 1

n∑
i=1

(Xi − µ̂)(Xi − µ̂)T

to compute estimates for µ and Σ.

4. Compute estimated Mahalanobis distance of each Xi using

dµ̂,Σ̂(Xi) =

√
(Xi − µ̂)T Σ̂−1(Xi − µ̂).

5. Compute univariate quantile estimator r̂p using Moment estimator as
tail-index estimator and Formula (4.2).

6. Draw the extreme probability contour defined by equation√
(z − µ̂)T Σ̂−1(z − µ̂) = r̂p.
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