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Abstract
Unbalanced magnetic pull in electrical machines is due to unevenly distributed
magnetic field in the air-gap between the stator and the rotor, which direction is
towards the shortest air-gap. Parallel paths in winding are for long known to mitigate
the influence of unbalanced magnetic pull, which may be caused for several reasons.
The unbalanced magnetic pull excites mechanical vibration of the generator and the
whole powertrain in electricity production unit, that might lead to their instability.

In this thesis, the stability analysis of a hydropower unit is conducted. For this
purpose the Campbell diagram is constructed and the stability is examined in selected
operating points using the parameters of two different stators, which have different
number of parallel paths in their winding.

The computation of electromagnetic forces of the generators, rotordynamic analy-
sis and vibration analysis are conducted using finite element method-based programs.
The result of the analysis shows no clear indication that the parallel stator paths
mitigate the influence of the unbalanced magnetic pull. The compared generators
have different power output, which might explain these results. In the rotordynamic
analysis the critical speeds are identified and they are located outside of the operation
speed range. The vibration analysis shows that the response of the hydropower unit
is stable when the examined shape deviation of the lowest eccentricity values are
applied.
Keywords Rotordynamics, stability, unbalanced magnetic pull, electromechanics
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Tiivistelmä
Epätasaisesti jakautunut magneettikenttä staattorin ja roottorin välisessä ilmavälissä
aiheuttaa magneettisen vedon, jonka suunta on kohti ilmavälin kapeinta kohtaa.
Käämityksen rinnakkaisten haarojen on pitkään tiedetty heikentävän epätasaisen
sähkömagneettisen vedon suuruutta, mikä voi olla seurausta monesta eri syistä.

Tässä diplomityössä tutkittiin vesivoimalaitoksen turbiini-generaattoriakselin
stabiiliutta generaattorin eri toimintapisteissä käyttäen kahden eri staattorin läh-
tötietoja ja tehtiin turbiini-generaattoriakselin roottoridynamiikka analyysi. Työn
tavoitteena oli selvittää, pienentääkö turbiini-generaattoriakselin staattorin käämi-
tyksen rinnakkaiset haarat sähkömagneettisen vedon voimakkuutta.

Generaattorin ilmavälin sähkömagneettisten voimien laskenta ja vesivoimalai-
tosyksikön ominaisarvo- sekä värähtelylaskenta suoritettiin käyttämällä element-
timenetelmään perustuvia ohjelmistoja. Suoritetun analyysin perusteella ei voitu
osoittaa, että staattorin rinnakkaiset haarat pienentävät sähkömagneettista vetoa.
Vertaillut generaattorit olivat lähtötehoiltaan erilaiset, mikä voi selittää tutkimustu-
losta. Roottoridynamiikka analyysissa turbiini-generaattoriakselin kriittiset nopeudet
todettiin sijaitsevan riittävän kaukana käyttönopeusalueesta. Värähtely analyysissa
vaste arvioitiin stabiiliksi tutkittujen muotopoikkeamien ja vain pienten suhteellisten
eksentrisyys arvojen osalta.
Avainsanat Roottoridynamiikka, stabiilisuus, epätasainen magneettinen veto,

sähkömekaniikka
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Symbols and abbreviations

Symbols

A amplitude of displacement
B magnetic flux density
B̂

ν amplitude of harmonic ν of air-gap induction
C mechanical damping matrix
c mechanical damping
cc mechanical cross-damping
cd mechanical direct damping
D electric flux density
D structural (hysteric) damping matrix
Di diameter of air-gap
E electric field strength
E internal damping matrix
e magnetomotive force
eper permissible residual specific unbalance
F electromagnetic force
F0 static force
f force vector
fd damped eigenfrequency
G gyroscopic matrix
g damping coefficient
gn acceleration of gravity
H magnetic field strength
i current
J current density
j imaginary unit
K stiffness matrix
k stiffness coefficient
kc cross-stiffness
kd direct stiffness
kw winding factor
L inductance
le effective air-gap length
M mass matrix
m mass
mc number of current phases
mm modal mass
N number of winding turns
n unit-vector normal to surface
n positive integer
p number of pole pairs
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Q number of stator slots
r radius
t unit-vector tangential to surface
u angular velocity of the permissible residual unbalance
Wf magnetic co-energy
γ gyroscopic factor
δ0 air-gap length
ϵ electric permittivity
ϵr relative eccentricity
ζ damping ratio
θ angle of rotation
θs position on stator
θκ

r phase angle of harmonic κ of dynamic air-gap deformation
θν phase angle of harmonic ν of centered machine
Λr dynamic deformation
Λs static deformation
λ eigenvalue
µ permeability
µ0 vacuum permeability
µc ratio of cross-stiffness coefficient to direct stiffness coefficient
ξ damping factor
ρ electric charge density
σ electric conductivity
σm magnetic pressure
σr decay rate
τ Maxwell stress tensor
τp pole pitch
τu zone distribution
Φ magnetic flux
ϕ eigenvector
Ψ flux linkage
Ψe electric flux
Ω rotational speed
ω angular velocity
ωd damped natural frequency
ωi eigenvalue of ith mode
ωn natural frequency
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Operators

∇ × A curl of A
∇ · A divergence of A
d
dt

derivative with respect to variable t∫︁
A

surface integral of area A∮︁
a line integral along curve a∑︁ sum∑︁

i sum over index i

Abbreviations

1D one dimensional
3D three dimensional
AC alternating current
BW backward whirl
DC direct current
FEM finite element method
FW forward whirl
ISO International Organization for Standardization
MDOF multi degree of freedom
MMF magnetomotive force
RPM revolutions per minute
SDOF single degree of freedom
UMP unbalanced magnetic pull



1 Introduction
The first hydropower plants have been operational since the late 19th century, and
since then, the potential of this cheap and green energy production method has been
exploited worldwide. One of the necessary elements for hydropower energy production
is a generator which is connected to a rotating turbine shaft. The generator, or more
commonly the synchronous machine, is an electrical machine which uses mechanical
rotation of a rotor and an electric system to convert the mechanical energy of the
turbine to electrical energy at the terminals of the generator. Energy is converted by
the mean of a magnetic field in the air gap between the stator and the rotor. In the
synchronous machine, rotor field winding is supplied with direct current to produce
the magnetic field around the rotor. When the rotor starts revolving, the rotating
magnetic field induces voltage and hence current to the stator field winding over
the air gap, thus supplying the induced current to the power grid. Although large
hydropower synchronous machines can have a diameter of several meters, the air-gap
between the stator and the rotor is measured in millimeters.

The power produced in the synchronous machine is generated by tangential electro-
magnetic forces in the air gap, which produce the torque. Additional electromagnetic
forces are generated in case the stator and rotor alignment is not symmetrical. For
stable operation and efficient energy production the uniform magnetic field in the
air gap between the stator and the rotor would be the most optimal. However, the
magnetic field distribution in the air gap is in practice never in balance as deviations
may occur due to several reasons. Deviations in the magnetic field are already caused
by different material properties within the machine. Rotor and stator shape defects
due to fatigue or thermal stress also have impact on even distribution of magnetic
field. In addition, due to joint operation of the hydropower unit, non-linearities in
other parts of system, such as in bearings, may also influence the operation of the
synchronous machine. Lastly, when dimensions of the large synchronous machine
are proportioned to the possible precision of the installation, it is very likely that
magnetic field deviations will occur.

Deviations have direct impact on the electromagnetic properties of the system.
The unbalanced magnetic pull (UMP) arise from the nonuniform magnetic field
in the air gap between the stator and the rotor. Deviations in the air gap create
harmonic waves into the magnetic field that interact with the fundamental field. The
interaction causes additional radial and tangential forces known as UMP. UMP is
unbalancing force which tries to pull together the stator and the rotor. Hence, the
direction of UMP is roughly towards the point where the air gap is at shortest. If the
magnetic stiffness exceeds the mechanical stiffness of the system, the rotor and the
stator will collide, thus leading to serious damage of machine structure. Therefore, it
is necessary to mitigate and control the effect of the UMP.

The effect of UMP has been the focus of studies for decades and many solutions
have been developed to mitigate the effect of UMP. Already in the beginning of 20th

century, in [1] parallel paths in windings has been proposed to overcome the effect of
UMP. The aim of the thesis is to use Finite Element Method (FEM) computation
for determining the influence of parallel winding paths in the stator of the machine
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of the UMP. In addition, the thesis studies the stability of the hydropower unit
using rotordynamic analysis and examining the response of the hydropower unit in
selected operating points.

FEM calculation tool of Fcsmek program is used to obtain the UMP magnitudes.
UMP calculations are conducted using parameters of two generators, which have
different stator parameters such as number of parallel paths in the stator winding.
Same combinations of eccentricities and shape deflections in rotor and stator are
calculated for both generators. The results of FEM computation are used as input
values for the stability analysis. To develop the analysis, a one dimensional (1D)
simulation model of the existing hydropower unit turbine-generator shaft is built
using MSC Nastran. The complex eigenvalue analysis is used to obtain the Campbell
diagram and to identify the critical speeds. Additionally, forced vibration analysis is
performed to determine the response of the shaft in selected operating points.

The rotordynamic analysis investigates only the rotating part of the hydropower
unit. The unit is connected to the ground by bearings and preset values of stiffness
and damping coefficients are used for bearings. The medium effects, air resistance and
water flow resistance in the turbine runner are excluded from the analysis, whereas the
water mass and moment of inertia are taken into account in calculations. In stability
analysis critical speeds are identified and vibration analysis conducted, which includes
residual mass unbalance analysis on nominal speed according to ISO 21940-11:2016
(Mechanical vibration. Rotor balancing. Part 11: Procedures and tolerances for
rotors with rigid behaviour). In this thesis, the hydropower unit turbine-generator
shaft is defined stable when operating range is below critical speeds and response of
the hydropower generator is within approved range of ISO 7919-5:2005 (Mechanical
vibration — Evaluation of machine vibration by measurements on rotating shafts —
Part 5: Machine sets in hydraulic power generating and pumping plants).

The thesis is structured as follow. Chapter 2 presents the primary laws and
fundamentals of electromagnetism. In addition, the chapter provides theoretical
background on rotor eccentricity and UMP. Chapter 3 reviews the literature on the
dynamics of rotating systems and presents the principles of rotordynamic analysis.
Chapter 4 describes the proposed 1D model of studied hydropower unit turbine-
generator shaft and the FEM calculations for the UMP. Chapter 5 presents and
analyzes the simulation results. Chapter 6 concludes by verifying the influence on
the UMP of the parallel paths in the stator winding and shape deflections of the
rotor and the stator.
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2 Fundamentals of electromagnetism
In this section primary laws and fundamentals of electromagnetism are examined.
First, the basic quantities used in electromagnetic calculations and Maxwell equations
are presented. This is followed by verbal explanations of equations, where the
physical phenomena are analyzed. Lastly, constants defining material properties in
electromagnetism are stated.

Electrical machines take an advantage on both mechanic and electromagnetic
properties. Electricity is fed into a rotating system through windings creating a
revolving magnetic field. Therefore, interaction between the electric and the magnetic
fields form a complex system where also the media influence the operation. Hence, the
fundamentals behind the electromagnetic phenomena are necessary for understanding
operation of the machine.

The analysis of electromagnetic fields are based on the Maxwell equations since
the 19th century formulated by several scientists [2]. They can be presented using a
charged object and a current-carrying conductor, which are examined under forces
exerted by electromagnetic fields. When the electromagnetic field analysis is expanded
to the area and the volume densities, it can be noted that the electric and the magnetic
properties have big influence in the machine operation. This can be seen from the
basic quantities and units used in electromagnetism which are presented in Table 1.
[3].

Table 1: List of basic quantities in electromagnetism.

Name of quantity Symbol Unit
Electric field strength E [V/m]
Magnetic field strength H [A/m]
Electric flux density D [C/m2]
Magnetic flux density B [Vs/m2], [T]
Current density J [A/m2]
Electric charge density, dQ/dV ρ [C/m3]

The Maxwell equations congregate the control of electromagnetic phenomena.
The complexity arises from interrelationships between the quantities, which are
presented in the differential equations. However, the benefits in this presentation
form is that we are not dependent of the shape or position of the examined area [3].
So called Maxwell equations are

∇ × E = −∂B

∂t
(1)

∇ × H = J + ∂D

∂t
(2)

∇ · D = ρ (3)
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∇ · B = 0 (4)
Equation (1), Faraday’s law of induction, defines how a time variation of the

magnetic flux induces a voltage to a conductor element. The bigger the change of
the magnetic flux is, the bigger is the induced voltage. The induced voltage, when
connected to an electric circuit, produces electric current into the conductor which
opposes the change of magnetic field. A negative sign in Equations (1) and (5)
implies this tendency. If there is a winding with N turns, the magnetomotive force
MMF produced by the changing magnetic flux can be approximated using effective
turns ratio kw < 1, which equals always less than one. [3].

e = −kwN
d
dt

∫︂
S

B · dS = −kwN
dΦ
dt

= −dΨ
dt

(5)

where,

N = number of turns
kw = winding factor
Φ = magnetic flux
Ψ = flux linkage

Flux linkage Ψ is defined as a product of inductance L and current i as follow

Ψ(t) = NΦ(t) = Li(t) (6)
It may be noted from Equations (5) and (6) that the flux linkage is as if extension

of the magnetic flux. The flux linkage equals the magnetic potential difference
between the two ends of observation. This explains the relation to inductance L,
which illustrate coils ability to oppose a time changing current by producing flux
linkage. L is defined as follows,

L = N
Φ
i

= Ψ
i

(7)

Inductance may also be noted in case of adjacent coils. This is due to magnetic
coupling between the two coils that give arise for the mutual inductance. The
magnitude of mutual inductance depends on the proportion of the flux, which is
created in the coil due to current flowing in the adjacent coil. It can be seen that the
quantities are linearly dependent and therefore this presentation for flux variation
is not directly usable for nonlinear materials such as ferromagnetics due to the
saturation effect [7].

The second Maxwell Equation (2) defines how a changing magnetic field is caused
by current density and a change of electric flux density. This so called Ampère’s
law is illustrated in Figure 3, where current in the conductor produces magnetic
field around the conductor. The strength of the magnetic field can be calculated
with line integral along the closed path l, which defines the surface S. According to
Ampère’s law it has to be equal to the surface integral of current density and electric
flux density over the surface S. Notable in Equation (2) is the displacement current
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that is defined as the change of electric flux density D in time. It could be described
that the displacement current is the magnitude of time-varying electric field as result
of the induction of magnetic field [4]. [3].

Ampère’s law can be presented in integral form using Green’s theorem as follow∮︂
l
H · dl =

∫︂
S

J · dS + d
dt

∫︂
S

D · dS = i(t) + dΨe

dt
(8)

where,

Ψe = electric flux

In electromechanical problems Ampère’s law is presented generally in the quasi-
static approximation form. This means that time dependent displacement current is
neglected and only current density term is considered in MMF calculation. [2]

e =
∮︂

l
H · dl =

∫︂
S

J · dS =
∑︂

i(t) (9)

This is due to neglecting the electromagnetic wave propagation where an electric
and a magnetic field cause electromagnetic waves travelling perpendicular to the
current conductor. Other reason is that current displacement becomes significant
when operating at radio frequencies [3]. [2]

Figure 1: Amperè’s law defined by the closed path l around a current-carrying
conductor. [3]

Equations (3) and (4) are Gauss’s laws for electric field and magnetic field respec-
tively. Equation (3) defines the electric field to be directed from a positively charged
particle towards a negatively charged particle. Furthermore, it gives the relation be-
tween electric flux density and electric charge density in a closed envelope. Equation
(4) explains the characteristic of magnetic flux to form closed lines. Therefore there
does not exist magnetic monopolies.
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The constants defining material properties and combining field quantities in
electromagnetism are: permittivity ϵ, permeability µ and conductivity σ. The
relations with field quantities are formulated as follow

D = ϵE (10)

B = µH (11)

J = σE (12)
Material properties have significant influence in electromagnetism. By choosing
applicable materials, electric and magnetic properties can be acquired. This saves
resources and increase efficiency. However, material properties are not always linear,
which can be seen in effects called magnetic saturation and hysteresis. Magnetic
materials have certain level, where the flux density does not increase even though
magnetic field intensity is increased. Magnetic hysteresis is referred to delay in
magnetizing or demagnetizing of material. These both effects influence the outcome
in magnetic phenomena and are required to bear in mind.

In this section, basic knowledge of electromagnetism was presented. The presented
quantities and equations are relevant for understanding, because they bind together
electric and magnetic phenomena. The constants permittivity, permeability and
conductivity are important as they influence magnitudes of the electromagnetic
field quantities. Therefore, it is always required to consider the whole system in
electromagnetic calculations in order to fully understand the phenomenon.
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3 Electromechanic analysis of hydropower
generator

This section is structured as follow. First, electromechanical structure of generator
is presented. The focus have been in parts which influence the most electromagnetic
properties. This is followed by examining the air-gap deformation between the stator
and rotor and its influence on machine operation. Finally, methods to calculate
electromagnetic forces are presented together with the UMP.

3.1 Structure of hydropower generator
A generator used in a hydropower plant is normally a salient pole synchronous
machine. The stator is the static part and the rotor is the rotating part of the
generator. The working principle is based on the electromagnetic induction, where
currents flowing in the windings create the MMF according to Equation (5). The
salient pole synchronous machine has generally three independent electric circuits
forming the machine windings. This may be noted from the conceptual drawing of a
wound field synchronous generator in Figure 2. The field winding is supplied with
the direct current DC, the stator winding is supplied with the three phase alternating
current AC and damper bars form the short-circuited damper winding.

Figure 2: A conceptual drawing of a wound field synchronous generator. [14]

The generator excitation, where DC is supplied into the field winding can be
conducted in several ways. Basically there are in place the brushless excitation
method using separate exciter with rectifiers and the method governing the current
from generator terminals through slip ring and brushes. The rotating magnetic field is
produced using symmetrical 3-phase current and winding in the stator which couples
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magnetically with the magnetic field of the field winding. It may be concluded that
the operation is controlled by the generator windings.

The generator parts are made of materials with good electric and magnetic
properties. In the rotor and in the stator core laminated steel sheets are used to
ensure small losses and high permeance. The damper bars are generally made from
copper. Their function is to dampen the harmful oscillation due to transients and to
harmonize the air gap flux [14].

The configuration of a integral slot winding is acquired by dividing first the stator
rim equally between poles. One pole is 180 electrical degrees and the size of the
machine is acquired by multiplying that with number of poles. The pole pitch in
meters is defined as follow,

τp = πDi

2p
(13)

where,

τp = pole pitch
Di = diameter of air gap
p = number of pole pairs

Then, zones are divided symmetrically between the current phases. Due to
3-phase supply network, nearly all electrical machines have phase number mc = 3.
The zones are divided between the phases so that the positive phases have difference
of 120 electrical degrees between each other and the negative phases are located 180
electrical degrees from the corresponding positive phase. The phase zone distribution
is defined as follow,

τv = τp

mc

(14)

where,

τv = phase zone distribution
mc = number of phases

Total number of slots Q is then divided according to number of zones 2pm to acquire
the integral slot winding, which is defined as follow

q = Q

2pm
= z

n
(15)

In the most simple design value q equals one. However, the value is designed to
be higher as the magnetomotive force is then closer to sine wave and it produces less
harmonic waves. The connection types for coils are the series or the parallel, and
either the star or the delta connection. In practice the generators are connected only
in the star due to the several benefits of this connection type. Then coils can be
placed into slots either in the single or in the double layer. When placing coils into
the double layer it enables a fractional slot winding and leads to a fraction value of q



18

in Equation (15). The studied generator has the fractional slot winding, where coils
are placed in two layers. The modelling is more complex, but it can be still dealt in
numerical simulations. The double layer winding has an advantage to implement
the short pitching of layers. However, the short pitching deforms the symmetry of
coil sections and therefore increases harmonic waves in the air gap and decreases the
flux linkage. According to Equation (6) this can be compensated by increasing the
number of turns in the winding. [9]

3.2 Air-gap deformation
In Figure 3, a cross-sectional area of an electrical machine and used variables in this
chapter are presented. Or states for the geometrical center of the rotor shaft and
O for the equivalent part of the stator. The point G stands for the gravity center
of the rotor shaft. The distance between the rotor and the stator centres is e. The
relation between the deviation e and nominal air gap length δ0 is called the relative
eccentricity ϵr and it is defined as follow

ϵr = Or − O

Rs − Rr

= e

δ0
(16)

Technically the asymmetries of the air gap due to the stator and the rotor
shaft deviations and the shape deformations can be divided into two categories:
the static deformation and the dynamic deformation [7]. Characteristic of both
deformations is that only in the 1st orders O and Or do not coincide. Generally
in papers and literature only these particular 1st order cases of the static and the
dynamic eccentricities are discussed. However, other frequencies of shape deviations
also occur causing more complex vibration and instability of the system. Many times
in practice these deformations occur simultaneously being combination of both. For
clarity in this thesis the static and the dynamic eccentricity are related only to the
particular 1st order cases of the static and the dynamic deformations.

In the 1st order static deformation O and Or do not coincide but the largest air
gap deviation e remains to the same direction θr over the revolution cycle. As defined
in [7] the higher static deformation orders include the stator shape deviations but O
and Or are aligned. The following static deformation orders the 2nd and the 3rd are
an oval and a triangular form respectively. The feature of the static deformation is
tendency of the system towards equilibrium whereas the dynamic deformation yields
to synchronous whirling [10]. The whirling phenomena is discussed in the Section 5.

In the 1st order dynamic deformation Or rotates around O in a cyclic period.
Hence, the air gap deviation is not in the same direction as in the equivalent static
deformation order but changes at the rotating speed Ω as a function of time and
position. The higher order deformations are similar to the static deformation orders
but form of the rotor alternates instead of the stator.

In [10] effect of the unbalanced rotor and the frequencies of shape deviations of
the rotor and the stator were examined. The frequencies of shape deviations were
eccentric, oval and triangular. It was shown that some shape deviations resulted
harmful complex and non-smooth whirling. These results were obtained using the
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Figure 3: The cross-section of the eccentric rotor. [14]
.

oval rotor together with either the eccentric or the triangular stator. In addition, the
triangular rotor together with either the eccentric or the oval stator resulted to the
complex and non smooth whirling. It can be noted that especially the higher rotor
shape deviation frequencies, the oval and the triangular form, can cause unpredictable
problems in operation of the large electric generator which lead to the complex and
non smooth whirling.

These findings are supported with other studies in [12] and [13]. The papers
used the same linearized Jeffcott rotor model with balanced mass and resulted to
the similar conclusions in which the shape deviations lead to the complex whirling
motion. The shape deviation range was relatively wide in comparison to [10], where
5% relation of frequency shape deviation was used for each simulation. The significant
difference in [10] compared to [12] and [13] was the unbalanced mass. In practice the
unbalanced mass occurs in large synchronous generators due to other deviations in
the machine. Manufactures may even add additional masses in the rotor to balance
the synchronous whirling orbit, but as noted before, this may lead to other complex
whirling frequencies.

3.3 Calculation of electromagnetic force
The rotating magnetic field and the winding currents exerts electromagnetic forces
on the rotor of the machine, which are changing in time. The methods to calculate
these forces can be divided into two groups [8]. The former group is based on the
direct formulation using the vector potential equations and the latter is based on
calculating the force density over the examined surface. Drawback of the force density
methods compared to the direct formulation methods are their requirement for higher
computing capacity. Therefore, only the direct formulation methods are discussed in
this thesis.
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Commonly used direct formulation method to calculate the electromagnetic forces
is the Maxwell stress tensor method. The Maxwell stress tensor method is generally
used due to its efficiency and usability in different applications. The method requires
two initial conditions to be realized. The body has to be enclosed by air or material
having the same permeability of vacuum µ = µ0. In addition, the magnetic field of
the surface of the body has to be known. [8].

The Maxwell stress tensor method is based on idea of flux lines containing the
information of stresses [3]. The stress tensor τ is defined based on energy density of
the magnetic field and divided into magnetic flux density components in x-, y-, and
z-directions, where B2 = B2

x + B2
y + B2

z .

τ = 1
µ0

⎡⎢⎢⎢⎢⎢⎢⎣
B2

x − 1
2B2 BxBy BxBz

ByBx B2
y − 1

2B2 ByBz

BzBx BzBy B2
z − 1

2B2

⎤⎥⎥⎥⎥⎥⎥⎦ (17)

It is considered that enclosed body covers the stress produced by the magnetic field
when the force density is given as a divergence of the stress tensor. Hence, the total
force can then be obtained by integrating over the surface as follow

F =
∫︂

V
f dV =

∫︂
V

∇ · τ dV =
∮︂

S
τ · n dS (18)

where
F = total electromagnetic force
f = magnetic force density
τ = Maxwell stress tensor
n = unit-vector normal to boundary S of region V

After applying the Gauss’s theorem, the force integration can be obtained by
integrating over the boundary S instead of volume integral V. Assuming the magnetic
field not to vary in the horizontal direction, only normal and tangential components
are presented. Hence, the magnetic flux density vector can be defined with normal
n and tangential t unit-vectors to the boundary S as follow

B = Bnn + Btt (19)
Now Equation (18) can be formulated as follow

F =
∮︂

s

⎛⎝ 1
µ0

BnB − 1
2µ0

B2n

⎞⎠dS =
∮︂

S

⎛⎝ 1
2µ0

(B2
n − B2

t )n + 1
µ0

BnBtt

⎞⎠dS (20)

By assuming the magnetic field variation to be in xy-plane and the normal
magnetic flux density component to be significantly larger than the tangential
component, Equation (20) can be formulated as follow

F = ler

2µ0

∫︂ 2π

0
B2

nn dθ (21)
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where

le = effective air-gap length
r = bore radius

The virtual work is the other generally used direct formulation method to calculate
the electromagnetic forces. It is based on the calculation of the magnetic co-energy
which is defined as

Wf =
∫︂

Ω

(︃ ∫︂ H

0
BdH

)︃
dΩ (22)

The force is defined to act in the direction s of the virtual displacement of the
body. When the body is being displaced by a small displacement ds, the force can
be calculated according to principle of virtual work as follow

F = ∂Wf

∂s
(23)

In electrical machine, the increment in the co-energy is the sum of the mechanical
and the electrical energy, which are calculated in the both ends of the displacement.
As the virtual work calculation is based on principle of the constant current, the
electrical increment is zero. Therefore, the force can be calculated as the partial
derivative with respect to the displacement according to the Equation (23).

3.4 Unbalanced magnetic pull
In an ideal machine the stator winding produces sinusoidally distributed magnetic
field in the air-gap of the machine. In practice this is not possible as windings are
placed in slots. This causes the magnetic field distribution to be stepping, even
though the slots are divided symmetrically around the stator and the rotor rim. The
uneven magnetic field distribution increases number and amplitudes of harmonic
waves. As the energy conversion is done in the fundamental wave, the harmonic
waves have only negative impact on the performance. These harmonic waves generate
losses and undesirable forces, which influence the stability of system. The effect of
the harmonic waves can be weakened with the short pitching even though it produces
additional harmonic waves of other pole pairs. The property of short pitching is that
it produces more sinusoidal current and therefore magnetic field distribution in the
air-gap which results better outcome.

An uneven distribution of the magnetic field would have itself finite influence in an
concentric machine, where the stator and the rotor bore are aligned. However, in large
low speed hydro-generators this never realizes in practice. First of all, the parts are
brought in pieces to the site and therefore it is difficult to mount them in alignment.
Within manufacturers’ tolerances there are likely to occur deviations in masses and
sizes in the generator parts due to the large size. The characteristic of large low
speed hydro generators is their relatively small air gap width in comparison with the
stator inner radius, about 0,2% [10]. Hence, there is always likely to exist eccentricity
as even the small deviations in size, mass or shaft alignment has importance.
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The disturbed magnetic field distribution in the air-gap between the stator and
the rotor results to the phenomena called unbalanced magnetic pull. As the symmetry
of the magnetic field changes it creates unbalance of the magnetic field strength and
the magnetic flux density. This is seen as the magnetic pull which tries to bring the
stator and the rotor core together. If magnetic ’pulling’ force exceeds the mechanical
stiffness of the machine, the system becomes unstable and eventually the rotor and
the stator will collide.

Different reasons leading to the air gap deviation cause the resultant magnetomo-
tive force over the air gap to be non zero. This resultant radial force is the UMP and
it acts in the direction of the shortest air-gap. The magnitude of the UMP depends
on the angular speed of the rotor and its axis centre displacement compared to the
stator axis centre [2]. UMP has only negative effects on the generator operation
causing instability of the system and additional wearing of machine parts, which
motivates to study reasons causing the UMP and the methods to reduce its effect.

The UMP occurs when the resultant radial force over the air gap do not balance
out. The air gap deviation cause the permeance and therefore the magnetic flux
density and induction over the air-gap to vary. By modelling the induction in different
positions in the air-gap, it is possible to calculate the radial force distribution and
the UMP. The static deformation Λs(θs) and the dynamic deformation Λr(θs, t) can
be modelled with modulation functions using Fourier series as follow

Λs(θs) = 1 +
∑︂

η

ϵη
s sin(ηθs + θη

s ) (24)

Λr(θs, t) = 1 +
∑︂

κ

ϵκ
r sin(κ(θs − Ωt) + θκ

r ) (25)

where

θs = position on stator
ϵη

s = relative amplitude of harmonic η of static air-gap deformation
θη

s = phase angle of harmonic η of static air-gap deformation
ϵκ

r = relative amplitude of harmonic κ of dynamic air-gap deformation
θκ

r = phase angle of harmonic κ of dynamic air-gap deformation

The air-gap induction, B(θs ,t) can be expressed as combination of air-gap induc-
tion of centered and deformed machine as follow

B(θs, t) =
(︃ ∑︂

ν

B̂
ν sin(p(θs − Ωt) + θν)

)︃
Λs(θs)Λr(θs, t) (26)

where

B̂
ν = amplitude of harmonic ν of air-gap induction of centered machine

θν = phase angle of harmonic ν of centered machine
p = number of pole pairs
Ω = rotating speed
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As we have formulated the air gap induction, we can calculate the magnetic
pressure σm(θs, t) using the Maxwell stress tensor as follow

σm(θs, t) = B2(θs, t)
2µ0

(27)

The UMP can now be derived by integrating the magnetic pressure around the
stator.

F (t) = ler
∫︂ 2π

0
σm(θs, t) dθs (28)

If considering the static or the dynamic eccentricity according to Equation (28),
when η = 1 and κ = 1, it can be noted that two additional permeance waves are
produced in the air gap induction. The permeance waves, which wave orders differ
with p-1 and p+1, interact with MMF harmonic waves and as a result create magnetic
field harmonics. These waves influence the fundamental magnetic field disturbing its
balance and symmetry, and eventually causing the UMP.

The influence of the UMP is possible to mitigate by taking advantage of parallel
winding configuration in the rotor and the stator. When applying the Faraday’s
law of induction, a voltage and a current is being induced to the parallel winding
paths due to the harmonic waves. As the induced currents flow in opposite direction
compared to the harmonics they result in a magnetic field, which oppose the one
create it and thus mitigate the UMP.

Burakov studied in [2] effect of the parallel windings in the stator and rotor
on the UMP in an eccentric synchronous machine. The simulations were carried
out using wide whirling frequency range in lieu of particular cases of the dynamic
eccentricity. In addition, it was studied the interaction of currents in parallel paths
of the stator and rotor winding. It was noted that both winding configurations excite
higher UMP magnitude on separate whirling frequencies. When the parallel winding
configurations in the stator and rotor were studied separately parallel winding in the
stator was seen to reduce more the UMP. It was concluded that the UMP mitigation
was the biggest when the parallel winding configuration was installed in both the
stator and rotor windings. However, the harmonic wave peaks and thus the more
potent UMP occurred on both whirling frequencies of separate winding configurations.
It was also noticed that the parallel stator winding may cause asymmetry in the UMP
distribution whereas same effect was not noticed with the parallel rotor windings.
[2].

The effect of the UMP is known to be reduced due to several reasons. In addition
to parallel paths in the stator or the rotor, saturation and eddy currents in rotor
core have reducing effect on the UMP. In case of static eccentricity, the direction of
stator deviation in relation to the parallel circuits have also influence on the UMP.
This was studied in [15], where simulations and measurements were conducted on
a 12-pole generator with static eccentricity and with two different stator winding
configurations: one circuit or two parallel circuits. In the parallel stator winding
configuration there was 20 degrees separation between the parallel paths. It was
noted that the UMP reduction was bigger when there were two parallel circuits in
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the stator and the deviation was directly towards a parallel circuit than between
them.

In the third section hydropower generator was examined based on electromechanic
point of view. Generator structure and winding configuration was briefly discussed.
Concept of eccentricity was introduced and how it relates to destabilizing effect,
UMP. Basic direct formulation methods to calculate electromagnetic forces and thus,
UMP were presented.
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4 Rotordynamics of hydropower unit
In the fourth section dynamics of rotating system is presented. A rotating single
degree of freedom system is analyzed, which is analogous to explain behavior of
systems with higher number of degrees of freedom. Basic concepts and terminologies
related to rotordynamics are quoted which is followed by the equation of motion and
a calculation method to solve an eigenvalue problem.

4.1 Dynamics of rotating system
Rotordynamics is a field of study which investigates rotating mechanical systems. The
intention is to explain dynamic behavior of rotating and static parts of the system,
which are generally referred as the rotor and the stator respectively. The study can
be applied to rotating system to analyse its operation in different circumstances, and
to ensure safe and reliable operation.

The physical properties which define the response of the system are basically
the mass, stiffness and damping [22]. They determine the system natural and
forced behavior, which are described as a set of vibration modes. Each mode shape
relates to corresponding natural frequency of the structure and therefore the different
parts of the system vibrate with different amplitude and phase. Basically, the
rotordynamic analysis examine these modal properties in wide frequency range which
gives understanding of the system operation in different circumstances which may
occur.

The special characteristic of a rotating system is the gyroscopic effect. The
gyroscopic effect is a binding element which relates fundamentally in the system
behavior. The rotor vibration in a horizontal and a vertical plane are related together
due to the gyroscopic forces. When the rotor rotates, the conical vibration in either
plane exerts gyroscopic forces which have influence on the rotor movement in both
planes.

Another influence of the gyroscopic forces is on the natural frequencies of the
system. The forward natural mode increases and the backward natural mode decreases
in frequency when the gyroscopic forces are presented. The gyroscopic force is
dependent on the rotational speed and therefore it have influence also on the damping.

The simplest vibrating system can be modelled using a single degree of freedom
(SDOF) system. It can be presented using a single point mass which is connected to a
spring. The number of degrees of freedom is one because the position of the mass can
be expressed using one coordinate at any given time. The understanding of structural
vibration in SDOF system is important as basic of the vibration phenomena are
exactly the same in multi degree of freedom (MDOF) system.

The fundamental behavior of the rotating system is generally explained using
a model with low number of degrees of freedom. As mentioned above, any MDOF
system can be reduced to a SDOF model which explains their feasibility. A rigid
SDOF system supported with a sliding bearing is presented in Figure 4. Assume
that the rotor system is placed vertically when the shaft line coincide with geometric
center of the bearing according to Figure 5. The rotor rotates with angular speed
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Ω about one spin axis between the thin oil-film. When the rotor is being displaced
from steady state position, the dynamic characteristics of the stiffness and damping
are radially symmetric as follow,

kxx = kyy = kd, kxy = −kyx = kc

cxx = cyy = cd, cxy = −cyx = cc
(29)

The equation of motion is the second order differential equation. When the
system is at steady state and no external forces are being exerted, the equation of
motion is as follow,

mmz̈ − jΩGż + (cd − jcc)ż + (kd − jkc)z = 0 (30)
where

mm = modal mass
z = complex displacement (z = x + jy)
j = imaginary unit
ω = angular speed
G = modal gyroscopic effect
cd = direct damping
cc = cross-damping
kd = direct stiffness
kc = cross-stiffness

Equation (30) has a solution z = aeλt, which results to characteristic equation as
follow,

λ2 + 2[(ζd − jζc) − jpγ/2]ωnλ + (1 − jµc)ω2
n = 0 (31)

where
ζd = cd/2/

√
mmkd; magnitude of direct damping

ζc = cc/2/
√

mmkd; magnitude of cross damping
p = Ω/ωn; dimensionless rotational speed
γ = G/mm; gyroscopic factor
ωn =

√︂
kd/mm; undamped natural frequency

µc = kc/kd; ratio of cross-stiffness coefficient to direct stiffness coefficient
The solution is pair of eigenvalues as follow,

λ

ωn

= −ζd + jζc + j
γp

2 ± j
√

D (32)

where
D = 1 − jµc − (ζd − jζc − jpγ/2)2

In practice the applications may have even several thousands of degrees of freedoms
why they require more precise models done with computer programs. However, the
above mentioned model explains the basic dynamics of the rotating system as influence
of gyroscopic effect and damping. In the following subsections the basic concepts of
rotating system are discussed more profoundly.
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Figure 4: A schematic drawing of a single degree of freedom system. [20].

Figure 5: A schematic drawing of dynamics of a sliding bearing. [16].

4.1.1 Vibration

The vibration phenomena is in the center of rotordynamic analysis. The vibration of
the shaft can be divided according to the direction of the displacement in the axial,
torsional and lateral vibration. These vibration types are illustrated in Figure 5. The
lateral vibration causes displacement of the rotor perpendicular to the rotation axis
and is usually the dominating vibration type. The lateral vibration forces the rotor
into orbital motion which exert additional forces on bearings and support structures
of the system. This causes clearly excessive wearing of the machine parts. Lateral
vibration is measured often in power plants and is easier to detect than torsional
vibration. Torsional vibration is possible to detect at rest when external excitation is
provided. Therefore torsional vibration frequencies are not dependent on rotational
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speed as lateral vibration frequencies are.

Figure 6: The vibration types of rotating system according to direction of displace-
ment. [16].

The excitation force that actuates the vibration and deformed motion of the
system can be due to several reasons. The nature of the force can be for instance
periodic or aperiodic, forced or self-excited. When the mass centerline and rotation
axis do not coincide, the mass exerts additional inertia forces as the rotor rotates.
The mass unbalance is one general and well studied excitation that causes lateral
vibration of the system due to periodic centrifugal force. The other possible forces
causing the rotor whirling are the oil-film force, the internal damping force and the
rubbing friction applied on the tip of the rotor. The transient vibration is due to
short external impulse that forces the system to vibrate according to its frequency.
The self-excited vibration occurs when continuous internal or external energy source
arises the vibration modes of the system. Hence, the energy is not dissipated but
increases in time accelerating the vibration. The self-excited vibration causes certain
rotational speed ranges where vibration occurs after exceeding certain threshold level
are called instability fields or instability ranges. They are generally some operating
ranges where self-excited vibration occurs independently from natural frequencies of
the system, which differ them from below defined critical speeds. [17], [23].

4.1.2 Whirling motion

An important part of the rotordynamic analysis of rotating systems is considering
whirl motion. The rotor motion in an orbital plane around its axis is called a whirling
motion or a whirl seen in Figure 6 [23]. This is possible as the rotor can vibrate
horizontally and vertically at the same time, which in turn may tilt the rotational
motion. The tilt of the shaft line is due to the gyroscopic effect which divides the
planar motion into two precessional modes. One of the modes is to the same direction
as the spin direction and the other in to opposite direction. These modes are referred
as forward and backward whirl respectively. The whirl frequency is obtained from
Equation (33), where the natural frequency refers to whirling frequency.

The whirling motion can be defined in several ways according to its properties. The
main interest in analysis is the force causing the whirling, the frequency of the whirling
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Figure 7: Whirling motion: forward and backward whirling. [21].

in relation with rotational speed and the motion pattern of the whirling. The frequency
related classification divides whirl motion into synchronous and non-synchronous
whirl. The mass unbalance related forces lead generally to synchronous whirl together
with rotational speed and increases according to the square of angular frequency. In
nonlinear systems non-synchronous whirl can cause vibration components to be also
multiple or fraction of the excitation frequency. They are called super-synchronous or
subsynchrnous whirl respectively. In addition, non-synchronous whirl can be excited
due to unstable rotation of the rotor, which in some cases turns into periodic motion
after exceeding certain threshold speed. This whirl motion has clearly different
frequency than the rotational speed. As frequencies of whirl motion may differ from
rotational speed, it may cause some whirl modes to vibrate. Therefore it is necessary
to consider deformed motion in wide whirling frequency range. [23].

4.1.3 Modal properties

The vibration analysis is based on examining the modal properties of the system,
eigenvalues and eigenvectors. Eigenvalues forms complex conjugate pairs, where
both real and imaginary values give important information of the system behavior.
Eigenvalue is defined as follow,

λ = σr ± iωd = −ξωn ± iωn

√︂
1 − ξ2 (33)
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where

λ = eigenvalue
σr = decay rate
ωd = damped natural frequency
ωn = natural frequency
ξ = damping factor

The natural frequency is referred to the frequency when the system is in free
vibration. It is determined by square root of the stiffness and the mass [22], as follow

ωn =
√︃

m

k
(34)

Eigenvalues are solved from equation of motion of the system which yields to
same number of eigenvalues and eigenvectors as the system have degrees of freedom.
Eigenvalues and eigenvectors define the system motion why they are referred to the
modal properties. Eigenvalues include both natural frequency and decay rate whereas
eigenvectors contain system mode shapes. When the system is being displaced, the
consistency of the system moves each part in relation to the other according to
the natural frequencies. Eigenvalues and eigenvectors are conjoin as each mode
shape have corresponding natural frequency and decay rate. The decay rate describe
how fast the oscillation will damp and the system will return to its steady state
when no damping is applied. The natural frequency is the frequency which excite
the corresponding mode shape to vibrate and thus enable to predict the effect of
excitations on the system operation.

As the system starts vibrating, the cohesive moment of the adjacent components
of the system generate wave forms which are referred as modes. Depending of the
system, the modes can be either real or complex. The main difference is in the mode
properties, as the complex mode has in addition to the amplitude also the phase.
Hence, complex modes form a set of travelling waves, which have only common start
and end node.

The mode shapes of the system are orthogonal. Orthogonality of mode shapes
is presented in structures which have some degree of symmetry. This refers to the
situation where separate modes have same natural frequency. Now the modes can be
used to model free vibration in a particular frequency through any linear combination
of corresponding modes and the system response can be presented as superposition
of each of the natural modes of the system. [18].

In the Figure 8 peak amplitude and static amplitude ratio is presented as a function
of frequency ratio. The figure illustrates the characteristic of the natural frequency
to contain the information of the eigenvector, which excites the corresponding mode.
When the frequency of the applied force and the natural frequency of the system are
in unity (β = 1) the response of the mode is the largest.
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Figure 8: Resonant response. [26].

4.1.4 Critical speed

The natural frequency is defined according to Equation (34). Each natural frequency
and corresponding mode shape contain the information how the related part of the
structure vibrates. When the internal or external forces are being applied, it may
happen that one frequency of the forcing function component or its harmonic coincide
with the natural frequency of the system. Those rotational speeds in which they
coincide with natural frequencies are called as critical speeds. Generally, critical
speeds refer to excitation of forward modes due to mass unbalance.

The critical speeds can be defined from the Campbell diagram. In the Campbell
diagram the natural frequencies are plotted as a function of rotational speed, which
is illustrated in Figure 9. The modelled system is axially symmetrical as the forward
(FW) and backward whirl (BW) branches coincide at standstill in the diagram.
After the rotational speed increases the branches diverge and separate into two
whirl frequencies. The gyroscopic stiffening effect increase the values of the forward
whirl frequencies and the softening effect decrease the values of the backward whirl
frequencies [22].

The critical speeds are found in points where the dashed red line crosses the
horizontal lines 1BW, 1FW, 2BW and 2FW in Figure 9. It can be noted that there
are four critical speeds. The speed range between zero and first critical speed is
referred as the subcritical range and after first critical speed as the supercritical
range. The hydropower turbine-generators operate below the first critical speed in
subcritical range. Hence, the critical speeds do not pose threat in normal operation
but they have to be considered in the design due to maximum runaway speed when
unit is tripped from the grid.
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Figure 9: Visualization of Campbell diagram. [26].

4.1.5 Damping

Damping is a necessary property for mechanical systems to weaken the forces which
are exerted during the operation. Damping is defined as dissipation of energy and it
is generally proportioned over time gap or vibration cycle of loading and unloading.
Energy dissipation varies according to the material and its properties.

Considering a 1-DOF system which consists of a spring, damper and point mass.
Thereby, the physical properties the mass, stiffness and damping are known. If
the rotor is being displaced in vertical direction by a constant sinusoidal force with
magnitude F0, the system starts vibrating. The standard frequency domain solution
obtained from the differential equation of motion of the system yields to the following
response which is defined as follow,

A =
F0
k√︂

(1 − mω2

k
)2 + ( cω

k
)2

(35)

where

A = amplitude of displacement
F0 = total static force
k = stiffness
m = mass
ω = angular speed
c = damping

Equation (35) indicate that the response is proportional to the relation of force,
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stiffness, damping, angular speed and mass. The response of excitation can be
controlled by increasing the magnitude of damping.

Effect of the damping factor on the system response is illustrated in Figure 9.
The largest amplitude is occurred in damped natural frequency where the frequency
of considered mode and the harmonic of activity coincide. Furthermore, the value of
the damping factor can be used to evaluate stability of the transient motion. The
response of the undamped system, which critical damping ratio is ξ < 0, does not
decay and it is defined to be unstable. Damping factor range ξ > 0 is defined to
be stable as the transient motion decay to equilibrium. Under damped system has
the damping factor in the range 0 < ξ < 1. The transient motion is oscillatory, but
decay gradually to equilibrium. Over damped system has damping factor ξ > 1 and
the response is non-oscillating. However, it is not optimal as the system response
decay slowly to the equilibrium after the overshoot. The system with damping factor
value of ξ = 1 is said to be critically damped and the response decay faster to the
equilibrium than with other values of the damping factor. The damping ratios are
close to 1% in practical systems, which highlight the importance of anticipated safety
measurements in case of resonance at critical speed. Otherwise, the magnification
factor will result large values, which may lead to system breakdown.

There are three common sources of energy dissipation i.e. damping: viscous
damping, material hysteresis and Coulomb damping (dry friction). Normally, only
viscous damping has been considered. Viscous damping is proportional to the speed
and the viscous dashpot c of the system. For example damping of the journal bearings
behaves according to the viscous damping model when molecules in the oil film rub
together. Dry friction is nearly inevitable energy dissipation form in mechanical
systems. Dry friction damping is presented in joints between the components and
it can be noticed in heating. Unlike viscous damping, dry friction is not dependent
on frequency and therefore it material deflection with respect to force is basically
linear. Contact of the system parts is avoided in hydropower unit, why importance
of dry friction in normal operation is low. Material hysteresis is damping which
occurs within the material. In the molecule level it can be noted that, the molecular
layers rub each other when passing which explains the properties of hysteresis to
be between viscous and friction damping. The damping force is proportional to the
displacement of some quiescent state.

4.1.6 Gyroscopic effect

The significant phenomena which occur in rotating systems is gyroscopic effect. The
system that rotates about an axis has angular momentum along its spinning axis and
the torque perpendicular to it. When precessive motion appears it exerts gyroscopic
moment on system, which cause the gyroscopic effect. The magnitude of gyroscopic
effect depends on the rotational speed and the polar mass of inertia [21]. In addition,
the relatively large mass and radius of a hydropower generator increase the polar
mass of inertia, which in turn increase the gyroscopic effect.

The influence of the gyroscopic effect on rotor motion can be noted also from
Campbell diagram. The split of the natural frequencies into forward and backward
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whirl is due to the gyroscopic effect. This is dependent on the rotational speed of the
rotor and form of the mode shape. In case of conical mode shapes the gyroscopic
effect increase the stiffness for forward whirl which increase the natural frequency
[22]. For backward whirl the influence is opposite. When mode shape is cylindrical,
the gyroscopic effect have little influence on motion.

4.1.7 Stability

Stability of the system indicates how the system behaves with different excitations.
According to definition of asymptotic stability, the system is stable when the response
of the system approaches certain threshold value in long time interval. However, it may
occur that a system with damping factor value ξ close to zero is seen asymptotically
stable as the motion decay in time to equilibrium even though in reality the system
would be unstable. In this thesis asymptotic stability definition is used to evaluate
stability of eigenmodes. Displacement ranges are used in vibration analysis to define
acceptable deviations levels.

4.2 Rotating multi-degrees-of-freedom rotor system
The dynamics of real structures can be modelled primarily in two different ways, using
discrete-parameter or distributed-parameter systems. The idea in discrete-parameter
model is to discretize or lump the system in parts, why the assembly consist of rigid
body masses and massless deformable elements. Basically the model consists of point
masses, springs and dampers. The distributed-parameter system is treated as a
continuous system where the mass and deformabilty are distributed over the system.
The complexity of the model defines which of the two modelling techniques is used.
The distributed-parameter system is clearly more accurate, but but in practical
solutions the discrete-parameter model is used due to its simplicity. [25].

The equation of motion of MDOF is based on same principles as the equation
of SDOF system. The equation of motion is calculated generally using computer
programs, as in practice, the matrices become very large due to high number of
degrees of freedom. This requires large computational power in difficult structures
and also very accurate models may lead to the same problem. There may arise
some complications in non-linearities of the system which can be non-symmetric
components and damping. This may result divergence in the results as the linear
model is not totally adequate for them.

There are basically two approaches to derive the equation of motion, Newtonian
or Lagrangian mechanics. In Newtonian mechanics the derivation process of the
equation of motion is based on vector quantities momentum, acceleration, velocity and
displacement. They are linked together with forces applied on each mass which enable
to define equation of motion for each component separately. Newtonian mechanics
gives explicitly the information of motion in parts where as the Lagrangian approach
examine the system as a whole. [11].

The equation of motion of MDOF system can be presented using vector approach
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as follow,
[M ]{ẍ} + [[C] + [G(Ω)]]{ẋ} + [[K] + i[D] + [E(Ω)]]{x} = {f(t)} (36)

where
M = mass matrix
C = damping matrix
G = gyroscopic matrix
K = stiffness matrix
D = structural (hysteric) damping matrix
E = internal damping matrix
Ω = speed of rotation
x = displacement vector
f = force vector

In Equation (36) the gyroscopic and internal damping matrices are dependant
on the rotational speed. In addition, due to their non-linear behavior the matrices
are skew-symmetric, while other matrices are symmetric. Increase in the speed of
rotation reinforce the gyroscopic effect and internal damping, which is seen in the
change of damping and stiffness matrices. Due to their influence both matrices
become skew-symmetric. This have destabilizing effect on the system and once the
speed of rotation crosses the certain threshold speed the system becomes unstable.
For machines which operate in subcritical speed range, such as large hydropower
generators, structural damping and internal damping matrices are generally neglected.

The differential equation of motion of general stator-rotor system presented above,
is linear and time-invariant. Often structural damping and internal damping matrices
are neglected due to their low impact on the final result. Depending on the symmetry
of the system, stationary or rotating coordinates are used. In case of non-symmetric
stator and rotor some coefficients become time-dependent and this conventional
eigensolution procedure becomes invalid. In addition, the effect of UMP can be
assumed to be linear only when displacements of the rotor are relatively small.

Basically, the solution to the equation of motion is found using one of the
discretization or lumped parameters methods. As mentioned before, the idea is to
create a model which yield to finite number of degrees of freedoms. The desired
accuracy is proportioned to that number and results to eigenvalue problem. The
solution is set of complex eigenvalues according to number of degrees of freedom.

In the following Rayleigh’s method is presented to solve an eigenvalue problem.
Supposing that the eigenvalue problem is

ω2Mϕ = Kϕ (37)
where M is diagonal mass matrix and K is a positive definite symmetric matrix

with eigenvalues ω2
i and eigenvectors ϕi as solutions. Due to orthogonality property

of eigenvectors, the eigenvalue for the ith mode can be expressed using the Rayleigh
quotient as follow,

ω2
i = ϕt

iKϕi

ϕt
iMϕi

(38)
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By knowing that Ky = [m1 m2 m3 ...]tgn, the deflection y = [y1, y2, y3, ..]
due to gravity can be calculated. This will allow to estimate the lowest-order natural
frequency and thus, Equation (38) can be rewritten as follow,

ω2
1 = ytKy

ytMy
= yt[m1 m2 m3 ...]tgn

ytMy
= gn

∑︁
miyi∑︁

miy2
i

(39)

where

gn = acceleration of gravity

Using the orthogonality condition of eigenvectors and property of any eigenvector
to be expressed as linear combination of other eigenvectors which are normalized
by the mass matrix in form ϕa = c1ϕ1 + c2ϕ2 + c3ϕ3 + ... quadratic forms can be
presented as follow,

ϕ2
aKϕa = c2

1ω
2
1 + c2

2ω
2
2 + c2

3ω
2
3...

ϕ2
aMϕa = c2

1 + c2
2 + c2

3...
(40)

If this vector ϕa is close to the kth eigenvector ϕk, i.e., ϕa ≈ ϕk, the Rayleigh
quotient is,

ω2
a = ϕt

aKϕa

ϕt
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1ω

2
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2ω
2
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k

(41)

This can yet be expressed according to the number of quotients,
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Efficiency of the Rayleigh’s method to approximate kth maximum eigenvalue is
due to the property of ωi ≪ ωk and ci ≪ ck ≈ 1 to converge quickly.

In this section basic concepts of rotating system and its special characteristics
were introduced. Formulation of equation of motion and a method to solve eigenvalue
problem were presented.
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5 Stability analysis of hydropower unit
In this section characteristics of hydropower unit are presented. Computation of
electromagnetic forces, which results are used in vibration analysis is presented.
Stability analysis of hydropower unit is performed and results discussed.

5.1 Dynamic characteristics of hydropower unit
Hydropower units can be placed in vertical or horizontal direction. A vertically placed
Kaplan type hydropower unit is illustrated in Figure 10. The assembly direction
have influence in designing support system which needs to sustain the stability at
rest and during the operation. A general solution in vertical hydropower units is
to place them on a bearing, which support the whole weight of the unit. The shaft
may be merged of several pieces. The number of the flange couplings depend on
the length of the shaft and the configuration of the unit. In general, the shaft of
a large hydropower generator is being supported with three journal bearings. The
bearing generate stiffness and damping according to the thickness of the thin oil film
in the bearing. The oil film in bearing gets warmer and is pressurised in relation to
the exerted forces. The bearings act as stabilizing components in the system and
support the shaft rotation.

Figure 10: A schematic drawing of a Kaplan type hydropower unit.

Large dimension and mass of the hydropower generator are its special characters
which define design, installation and service. The shaft line is made of steel and
the rotor contain significant part of the total mass and inertia of the system. In
comparison to the other parts, the rotor has significant part of its mass relatively
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distant from rotation axis. Therefore, mass unbalance is likely to occur in the rotor,
which increase the necessity of support. Another important factor is water, which is
directed through penstock and spiral casing to the turbine runner. The water flow in
the runner exert significant forces on the shaft in wide frequency range. Therefore, it
may excite and reinforce vibration caused by other non-linearities.

The increasing usage of hydropower as adjustment power in energy network,
means more frequent changes in water flow. Hence, peak magnitudes and frequencies
of exerted forces fluctuate, which influence the operation and expose the shaft and
bearings for excessive wearing. The additional forces have to be minimized also
due to the relatively small air gap between the rotor and the stator. Already small
millimeter deviations in the shaft line increase the effect of UMP significantly and
thus, instability. The long shaft line require support from several points so that
sufficient damping can be provided. This is conducted using supportive brackets and
bearings. The modelling of bearings is difficult due to non-linear behavior of oil-film.
This in turn complicate evaluation of provided stiffness and damping magnitudes,
but with use of on site measurements and linearized models relatively good accuracy
of required values can be obtained.

The modelled vertical hydropower turbine-generator shaft unit consists of shaft
line, oil head, exciter, generator, Kaplan-type runner and bearings. The oil head is
on top of the unit and connected with the extension shaft to the generator. The
generator has 48 poles, equivalent to 24 pole pairs. The nominal rotational frequency
of the hydropower unit is 2.083 Hz and 125 revolutions per minute (RPM) operating
at the electric network frequency rate of 50 Hz. The total height of the unit is 14.205
meters. The modelled shaft is supported with four bearings: upper generator guide
bearing, lower generator guide bearing, thrust bearing and turbine guide bearing.
Number of bearings may vary depending on the runner type, height and power output
of the hydropower unit. The upper generator guide bearing and lower generator guide
bearing are located above and under of the generator respectively. Their function is
together with turbine guide bearing to support the shaft radially. The thrust bearing
below the lower generator guide bearing support the shaft axially and holds the total
weight of the shaft.

5.2 Computation of electromagnetic forces in air-gap
Calculations of the thesis are conducted using FEM. The idea in FEM is to implement
numerical procedures to approximate the given problem. The given structure is
divided to smaller structures which are referred to elements. Each element is being
formulated in equations and boundary conditions. Depending on the sophistication
of the used FEM, structures can be formed of regularly or irregularly shaped elements.
The mesh is generally constructed using the first, second or third order triangular
elements. The main differences between order of elements are the number of nodes
and polynomial basis. For given nature of the problem in the study, the use of second
order elements give more accurate results than linear first order elements. Nodes
are connectors between the elements, which merge the elements together in coherent
formation called mesh. This is illustrated in Figure 11, where the mesh is constructed
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of triangular elements. The element size and complexity influence the mesh density
and thus, accuracy of the solutions of the finite element model. The mesh density
have direct impact to calculation resources and computing time, which have to be
taken into account in larger models. The solution is acquired, when all equations are
solved for the elements.

Figure 11: A part of the finite element mesh of the synchronous generator.

The UMP magnitudes have been calculated using Fcsmek software. The input
data of the modelled synchronous generator is written into simulation data file, which
include the structure and technical data of the generator. Based on input data,
program generates the finite element mesh. When the input data is defined, chosen
asymmetries and fault conditions can be implemented separately in the program.
The applied asymmetries and eccentricities, which are being used in simulations are
presented in Table 2. The simulations are conducted for two different synchronous
generators, which have different number of parallel paths in stator winding. The
rotor parameters are same. The differences in input data between the two generators
are in stator dimensions and technical properties. The main interest in simulations
is on the static and dynamic eccentricities, which are very common and create large
UMP force magnitudes.

In Figure 11 is presented a part of the mesh of the synchronous machine. The
mesh is constructed of 54420 triangular elements, which are connected with 109460
nodes. It can be seen that the mesh density is increased in boundary regions where
air-gap divides the stator and the rotor.

When the finite element mesh is created for the machine, operating characteristics
can be computed. Analysis solve field equation and circuit equations of the stator
winding to first obtain solution of a DC field. Material properties are defined in
separate program file, which includes nonlinear magnetization. Operating state
characteristics of the machine are obtained by setting correct rotation angle of
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Table 2: Simulation matrix of different operating states of the machine.

the rotor and field winding voltage when other values are being set according to
manufacturer. Idea of the DC field analysis is to find same steady state values which
correspond to values set by manufacturer for the machine. This saves considerably
time in the time-stepping analysis, as the acceleration phase of the machine is not
performed in each simulation. The corresponding output values of computation and
values of the manufacturer are presented in Table 3 when the rotor and the stator
are ideal. There are some differences between the computed and rated values due to
tolerances and non-linearities in machine structure and electromagnetic properties.
The new stator is designed to withstand higher current values and thus to produce
more power with better efficiency.

UMP forces are computed using time-stepping analysis. In time-stepping analysis
rotor is being rotated in small steps, and between each step circuit equations are
computed according to previously computed values. The time-stepping analysis
utilizes computed steady state characteristics of previously discussed DC field analysis,
why the computation can be started at nominal speed. Operating points, where are
applied static eccentricity are computed for 2.5 revolutions and combination of static
and dynamic eccentricity for 4 revolutions. The other operating points are computed
for one revolution. The computation time of one revolution is 6 hours. Time-stepping
analysis create a result file, which include computed UMP force components in
xy-plane.
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Table 3: Operating characteristics of the synchronous generators.

Operating state characteristics of synchronous generators.
Rated value of new generator in parenthesis.

Rated Old generator New generator
Connection Star Star Star
Terminal voltage (V) 10500

(10500)
10500 10500

Terminal current (A) 1155
(1524)

1118.3 1568.1

Power factor 0.85.Cap.
(0.9.Cap.)

0.8592 Cap. 0.9024 Cap.

Rotation angle 261.0 El.deg. 283.0 El.deg.
Rotation speed (RPM) 125

(125)
125 125

Air-gap torque (Nm) -1455212.0 -2115506.3
Apparent power (kVA) 21000

(27700)
20337.4 28519.0

Active power (kW) -17473.4 -25735.4
Reactive power (kVAR) -10406.3 -12289.3
Shaft power (KW) -19048.7 -27691.9
Rotor voltage (V) 240

(295)
212.0 233.0

Rotor current (A) 600
(690)

522.6 641.3

5.3 Simulation model of hydropower unit
The built simulation model of the hydropower unit is based on its dimensional
drawings where component dimensions and locations are defined. The model is built
using MSC Nastran software utilizing FEM. The model is made by 1D beam elements
in a bulk data file. The bulk data file is the input file of Nastran, which contains
definitions of the finite element model. The 1D simulation model satisfy required
accuracy as the hydropower unit is relatively simple mechanical device. Steel shaft
line form the frame structure of the unit, which is generally assumed to be rigid. The
majority of the mass is located in the rotor and runner. They and other components
are modelled using concentrated point masses, because of its simplicity and on the
other hand accurate modelling of each component is very time consuming. Yet, it is
clear that discrete mass distribution is more accurate, but also more susceptible for
errors. The unit is mostly axisymmetric and does not include complex geometries.
This aspects support the use of the chosen 1D model type. In addition, the use of
1D model instead of 3D model in Nastran software environment, gives good accuracy
in final results which has been studied in [32].

The 3D visualisation of the hydropower unit is presented in Figure 12. The
frame structure of the model is done using beam elements. The dimensions, order



42

and material properties are defined in Nastran using PMEAL and MAT1 entries
for each beam element respectively. The oil head, the generator and the runner are
modelled as concentrated masses using CONM2 entries. The CONM2 entries include
also inertia values which are obtained from component manufacturer. The influence
of water flow is taken into account in the values of turbine runner. The order of
elements is implemented using GRID entries. The GRID entry defines the location
of the node and corresponding element, thus composing the structural geometry of
the unit.

Figure 12: 3D visualisation of the hydropower unit.

The bearings are modelled in 1D model in fixed reference frame using rigid body
elements RBE2 together with spring CELAS1 and damper CDAMP1 elements. Each
RBE2 element is connected in one end to the corresponding rotor node based on its
location in the shaft line and on the other head to spring elements and further to
damper. This is illustrated in Figure 13. Damping and stiffness values are defined
using PELAS and PDAMP entries respectively. They enable to implement cross
influence between the radial directions. Bearing properties have been obtained from
previous internal projects, which have related to the studied hydropower generator.
The used stiffness and damping values for each bearing are presented in Table 4. It
can be noted that thrust bearing is having only stiffness value in vertical direction
carrying the mass of the unit where as other bearings support the shaft radially.
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Figure 13: Bearing configuration used in 1D model in MSC Nastran. [31].

Table 4: Stiffness and damping coefficients of bearings.

Upper generator guide bearing
kxx [N/m] kxy [N/m] kyx [N/m] kyy [N/m]
5.00E+08 3.84E+07 -4.10E+06 5.00E+08
cxx [Ns/m] cxy [Ns/m] cyx [Ns/m] cyy [Ns/m]
1.00E+07 3.00E+05 -4.10E+06 1.00E+07

Lower generator guide bearing
kxx [N/m] kxy [N/m] kyx [N/m] kyy [N/m]
5.00E+08 3.84E+07 -4.10E+06 5.00E+08
cxx [Ns/m] cxy [Ns/m] cyx [Ns/m] cyy [Ns/m]
1.00E+07 3.00E+05 -4.10E+06 1.00E+07

Thrust bearing
kzz [N/m]
1.00E+13

Turbine guide bearing
kxx [N/m] kxy [N/m] kyx [N/m] kyy [N/m]
5.00E+08 3.84E+07 -4.10E+06 5.00E+08
cxx [Ns/m] cxy [Ns/m] cyx [Ns/m] cyy [Ns/m]
1.00E+07 3.00E+05 -4.10E+06 1.00E+07

5.4 Rotordynamic analysis
In rotordynamic analysis the 1D model of the hydropower generator is used to
analyze stability of the system. The calculated eigenfrequencies are used to construct
Campbell diagram, which shows the critical speeds of the hydropower generator. The
eigenvalues are calculated in a speed range of 0 - 12.5 1/s, which is more than twice
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the runaway speed 5.67 Hz of the unit. In addition, damping coefficients for each
mode are calculated.

Eigenvalues are calculated using MSC Nastran SOL 107 complex eigenvalue
analysis. Complex eigenvalue analysis is conducted using Upper Hessenberg method,
which is designed to be used in small size eigenvalue problems. The analysis is
performed using two different analysis methods of MSC Nastran to calculate complex
eigenvalues, asynchronous and synchronous. The synchronous analysis gives critical
speeds of the model as an output in results file whereas in asynchronous analysis the
user defines rotor spinning speeds where the response is calculated. In asynchronous
analysis responses were set to be calculated at rotor spinning speeds 0 1/s, 1 1/s,
2.083 1/s, 5 1/s, 7.5 1/s, 10 1/s and 12.5 1/s. MSC Nastran calculates a separate
result file, where eigenvalues, eigenvectors, eigenfrequencies and damping coefficients
are presented for each rotational speed. Analysis include in equation of motion also
gyroscopic moments, which have influence on operation. For magnetic pull in the
rotor center of gravity is used a negative stiffness value, which is made similarly to
bearings discussed in 5.3.

The stability of the model is examined according to stability definition, which
states each mode to have positive damping ratio. Eigenvalues of each mode are
listed in result file and for stable system all real parts are negative. This means that
when eigenvalues are presented in p-plane, all the real values are located on the left
half plane. Instead of damping ratio, MSC Nastran calculates damping coefficient g,
which relation to damping ratio is defined as follow,

g = −2σr

|ωd| = − 2(−ωnζ)
ωn

√
1−ζ2

= 2ζ√
1−ζ2

(43)

ζ = g√
4+g2

(44)

where

g = damping coefficient
σr = decay rate
ωd = damped natural frequency
ωn = natural frequency
ζ = damping ratio

In synchronous complex eigenvalue analysis the excitation is set synchronous to
the rotor and speed range is defined to be same as in asynchronous analysis, 0 - 12.5
1/s. MSC Nastran computes critical speeds directly to the damped eigenfrequency
column in the result file. Computed damped eigenfrequencies fd and damping
coefficients g of synchronous analysis are presented in Table 5. The result show that
critical speeds of the first backward and forward whirling modes are at 5.879 Hz and
6.411 Hz respectively, which are above the operation speed range.

Campbell diagram and damping coefficient plot presented in Figures 14 and 15
are constructed from the result file of asynchronous complex eigenvalue analysis.
Damping coefficients are calculated at the same rotational speeds as eigenfrequencies
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Table 5: Complex eigenvalue summary of synchronous analysis.

fd [Hz] g [-]
1st backward mode 5.879 2.967
1st forward mode 6.411 2.776
2nd backward mode 7.240 1.038
2nd forward mode 7.812 1.017

presented in Campbell diagram. The additional 1X curve in Campbell diagram is to
illustrate interceptions of eigenfrequency curves where critical speeds are found.

It has been studied that only forward modes are being excited by mass unbalance.
Mechanical or electrical forces, which are other primary forces in operation are caused
by rotor eccentricity. As backward modes are not excited, only those interceptions
of 1X curve and FW curves indicate critical speeds of the unit. It can be seen from
Figure 14, that the first critical speed is at 6.536 1/s and the second at 7.838 1/s.
Results are in good alignment with obtained values of synchronous analysis in Table
5. The difference between the runaway speed nr = 340 rpm and the first and the
second critical speed are 15.4% and 38.3% respectively. According to [33] there are
general guideline of 20% difference between the first critical speed and the runaway
speed for new and refurbished hydropower units. The results show that this is not
fulfilled. However, damping ratios of the first forward and the second forward modes
at nominal speed are 0.801 and 0.446 respectively. The first forward whirling mode
is heavily damped and results a weak resonant response as the graph in Figure 8
indicates. This corresponds also the curve shape of FW 1st in Figure 14, which
is nearly horizontal. Additionally, the eigenfrequencies of the BW 1st mode are
increasing as a function of rotational speed, as damping coefficients decrease.

The stability was further studied by decreasing the radially supportive bearing
damping values by one decade to 1.00E+06 Ns/m. The calculated critical speeds and
damping coefficients are presented in Table 6. The first forward whirling mode has
the critical speed at 8.261 1/s, and damping coefficient of 0.0872. Difference between
the runaway speed and the first critical speed in now 45.8%, which is more than 20%
above the runaway speed. This indicates that the FW 1st forward whirling mode
in Figure 14 is stable and the first resonant speed is at the interception of second
forward whirling curve FW 2nd and 1X at rotational speed 7.838 1/s. According to
obtained results the system is seen stable as critical speeds are located outside of the
operation speed range.

Table 6: Complex eigenvalue summary of asynchronous analysis with radially sup-
portive bearing damping values of 1.00E+06 Ns/m.

fd [Hz] g [-]
1st backward mode 7.711 0.0916
1st forward mode 8.261 0.0872
2nd backward mode 9.892 0.161
2nd forward mode 10.449 0.158
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Figure 14: The Campbell diagram of the modelled hydropower unit.

Figure 15: Damping coefficients as a function of rotational speed of the modelled
hydropower unit.

The first and the second whirling modes at nominal speed 2.083 1/s with bearing
stiffness and damping values presented in Table 4 are seen in Figure 16. The vertical
line illustrate the unit at rest and the circles node points, which are starting from
the top upper generator guide bearing, rotor, lower generator guide bearing, thrust
bearing and turbine guide bearing. Colour map shows that the displacement of the
shaft in both modes is the largest in lower end in the turbine runner. Mode form in
relation to the bearings indicate that the lower generator guide bearing is located in
a nodal point and thus do not have significant influence on the damping.
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(a) The first forward whirling mode. (b) The second forward whirling mode.

Figure 16: The first and the second forward whirling modes at nominal speed 2.083
1/s.

5.5 Vibration analysis
Vibration analysis was performed using the rotor model of the hydropower generator
presented in 5.3. The analysis was conducted in two parts. In the first part computed
UMP forces were applied in to the model in radial x and y components acting on the
rotor center of gravity and response examined in selected node points in the shaft
line. Starting from the top of the unit, vibration was examined in oil head, upper
generator guide bearing, rotor, lower generator guide bearing, thrust bearing, turbine
guide bearing and runner. The rotor was first accelerated to the nominal speed
during 0.5 seconds. After 0.5 seconds from the start of computation UMP forces
were applied. Hence, the length of vibration analysis is formed of the computation
length of UMP with Fcsmek and 0.5 seconds acceleration phase.

In the second part residual mass unbalance analysis on nominal speed is conducted.
Unbalanced mass is added to the simulation model according to the standard ISO
21940-11:2016 and the response is examined in previously mentioned node points.
The phases of mass unbalance and UMP are not considered in the study. Stability of
the hydropower generator is evaluated in both parts of the vibration analysis using
stability regions presented in Annex A of ISO 7919-5:2005.

The residual mass unbalance analysis is used to define shaft deflection dependency
on rotational speed. The analysis can be used to balance system loading or to
determine need for additional damping. The example of the unbalance loading is
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rotor mass unbalance which excites the whirl motion.
The standard ISO 21940-11:2016 defines guidelines for balancing rotors, which

are considered rigid. The rotors are divided into balance quality grades, where
hydropower generator belong to class G 6,3. The balance quality grade defines the
magnitude of product eperω to be 6.3 mm/s. [34]. The value of the permissible
residual specific unbalance, which defines the offset of the unbalanced mass in the
analysis is obtained as follow,

u = eperω (45)
where

u = angular velocity of the permissible residual unbalance
eper = the permissible residual specific unbalance
ω = angular velocity

At nominal speed, equation result the permissible residual specific unbalance to
be 0.4813 mm. The unbalanced mass is applied to the distance of the permissible
residual specific unbalance from the rotor centre of mass and centre of the shaft line.
The magnitude of unbalanced mass equals the mass of the rotor and it is effective
from the start of the computation.

The vibration is evaluated according to the standard ISO 7919-5:2005, which gives
guidelines for vibration analysis in hydraulic power generating and pumping plants.
Evaluation is based on Figure A.1 in Annex A, where maximum displacement values
in the plane of measurement are presented as a function of rotational speed. The
displacement values are divided into four ranges from A to D. Machines operating
within ranges A and B are acceptable for long-term use, whereas C and D are
considered to be high vibration ranges. Therefore, machines operating in those
ranges should be inspected and stability of the machine considered again. In Table 7
is presented magnitudes of evaluation ranges, which are used in the analysis to define
the stability [35]. The vibration magnitudes below threshold of B and C ranges are
considered stable in this study.

Table 7: Maximum displacement values for shaft vibration.

Evaluation ranges at nominal speed 2.083 Hz
A [µm] B [µm] C [µm] D [µm]
0 - 86 86 - 144 144 - 285 285 -

Evaluation ranges at runaway speed 5.667 Hz
A [µm] B [µm] C [µm] D [µm]
0 - 79 79 - 136 136 - 269 269 -

Presented UMP force figures are performed using Matlab and vibration figures
MSC Nastran. First, vibration magnitudes of the old and the new stator in selected
operating points are listed and compared in Tables 8 and 9. In relative change
column is calculated the difference in the maximum displacement of the new and
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Table 8: Maximum displacement values of the shaft when only UMP is applied.

the old stator in comparison to the value of the old stator. After, selected operating
points are presented and discussed in detail.

In Table 8 results of vibration analysis in chosen operating points are listed
and compared for both the old and new stator when only UMP is applied. Row
numbers from 18 to 23, where elliptic and triangular shape deviations are applied in
either rotor or stator result small displacement values. For both stators computed
displacements are in nanometers, and it cannot be said if parallel stator winding
paths in the new generator mitigate UMP or not. All displacement values are located
in the major range A of ISO 7919-5:2005 and therefore classed as stable.

Combination of elliptic and triangular shape deviations on rows 24 and 25 result
two decades higher displacement values than operating points on rows 18-23. Vi-
bration magnitudes are clearly located in the stable operation range A. Relative
changes in percentages are the highest of all the examined operating points. Elliptic
shape deviation in stator and triangle shape deviation in rotor resulted 21.92% and
operating point with triangle stator and elliptic rotor 47.66% higher displacement
values in the new stator than in the old.

Operating points, where are applied static and dynamic eccentricities on rows
2-17 result the largest absolute displacement values. The maximum displacement
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Table 9: Maximum displacement values of the shaft when UMP and unbalanced
mass are applied.

values are within stable major ranges A and B only when 3% relative eccentricity
is used. Dynamic eccentricity 10% on row 7 and static eccentricity 10% on row
13 are located already in the boundary region of C and D ranges, and therefore
they are unstable according to the used stability criteria. Combination of static
and dynamic eccentricities result the largest maximum displacement values when
operating points with equal relative eccentricity values are compared. The largest
displacement 1.83E-03 meters is achieved with static-dynamic eccentricity 40%.
Relative changes in percentages were between 2.82% and 12.38%. The lowest relative
changes are obtained with 3% relative eccentricity values and the highest with 40%
values. Operating points on rows 2, 6, 10, 11, 12, 16 and 17 where are applied 3%
relative eccentricity values of static and dynamic eccentricities result on average 4.94%
higher displacement values in the new stator compared to the maximum displacement
values of the old stator. Compared to operating point dynamic eccentricity 3% on
row 6 there are seen no increase in displacement values when elliptic or triangle shape
deviations are applied in the stator at the same time with dynamic eccentricity. Either
static eccentricity combined with elliptic or triangle rotor shape deviation showed no
increase in displacement in comparison with operating point static eccentricity 3%
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on row 12.
Static eccentricity, dynamic eccentricity and their combination were computed

with 3%, 10%, 20% and 40% relative eccentricity values. It can be noted that
displacement values increase quite linearly up to 40% in each of three operating
points. As mentioned in 5.2 magnetic saturation is taken into account in the UMP
computation and that the MSC Nastran model 5.3 does not have any non-linear
components. The relative change between the stators in operating points on rows
2-17 vary between 4.65% and 12.15%. Due to the increase in displacement values, it
cannot be stated whether parallel paths in stator winding mitigate UMP or not

Results of the vibration analysis in chosen operating points are listed and compared
for both generators in Table 9. In each operating point related UMP and mass
unbalance are applied. When there are applied no asymmetries mass unbalance
results maximum displacement of 1.17E-05 meters, which is within major range A.
As the influence of elliptic and triangle shape deviations were seen negligible in Table
8, they result equal response with mass unbalance. Only combination of elliptic
and triangle shape deviations on rows 24 and 25 show small increase in maximum
displacements in both generators. In operating points 12-17 mass unbalance has
destabilizing influence in comparison with maximum displacements listed in Table 8
whereas in operating points 2-11 the influence is opposite. However, the influence
of mass unbalance does not change locations of examined node points in evaluation
ranges from stable to unstable.
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Figure 17: Loci of the force acting on the rotor during one revolution in the new
generator.

In Figure 17a is presented loci of the force acting on the rotor in the new generator
when no asymmetries are applied and in Figure 17b when triangle shape deviations
are applied. Small shape deviations have exclusively low importance, which can be
noted of similar loci of the force figures. Force magnitudes varied between zero and
100 newtons, which are negligible compared to the rotor weight of 1200000 newtons.
Same conclusion can be made for operating points where elliptic shape deviations are
applied. The small influence of shape deviations can be seen also when examining
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the relative changes in displacements between the stators in Table 9.
Loci of the force acting on the rotor is presented in Figure 18, when combinations

of elliptic and triangle shape deviations are applied. They create UMP, which
circulates with higher rotation frequency than the rotor. In addition, the UMP
force curves separate into two circle obits, which have destabilizing influence for
rotor operation. Combination of elliptic stator and triangle rotor shape deviations in
Figure 18a rotates three revolutions and when applied vice versa in Figure 18b UMP
revolves two revolutions during one rotor revolution.
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(b) Triangle stator and elliptic rotor.

Figure 18: Loci of the force acting on the rotor during one revolution when combina-
tion of triangular asymmetries are applied. Legend NS refers to the new generator
and OS to the old generator.

In Figure 19 is presented shaft displacement as a function of time when only mass
unbalance applied. The shaft vibration is increased during the acceleration phase
and result shaft vibration in angular frequency. The displacement is the largest in
oil head and decrease gradually to turbine guide bearing, which seems to be close to
the nodal point of the vibration. Runner is in opposite phase than other examined
nodes and result vibration magnitude of 3.03 µm.

Dynamic eccentricity result UMP, which revolves in angular frequency of the
rotor. In Figure 20 is presented loci of the force of dynamic eccentricities 3%, 10%,
20% and 40% acting on the rotor. UMP magnitude increase is almost linear between
the examined operating points, and therefore in operating points 6-9 in Table 8 shaft
displacement increase also linearly as the model is linear. UMP magnitude varies in
radial directions between -67000 and 67000 newtons in case of dynamic eccentricity
3% and between -900000 and 900000 newtons when dynamic eccentricity 40% is
applied. They equal 5.5% and 75% of the rotor weight respectively.

Combined dynamic eccentricity 3% and mass unbalance result similar time-
displacement graph in Figure 21 as mass balance exclusively between 0 and 0.5
seconds. At 0.5 seconds, when UMP is applied it is clearly seen that dynamic
eccentricity starts dominating and shifts the phase of the shaft vibration to opposite.
Therefore mass unbalance stabilizes operation of the hydropower generator and
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Figure 19: Displacement of the shaft presented at different node points, when only
unbalanced mass is applied.
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Figure 20: Loci of the force of dynamic eccentricities 3%, 10%, 20% and 40% acting
on the rotor during one revolution in the new generator.

maximum displacement values are decreased on rows 6-9 in Table 8 in comparison
with computed values on rows 6-9 in Table 9.

Orbit plots of bearing displacements are presented in Figures 22 and 23. In
Figure 22 dynamic eccentricity 3% is applied and there can be seen deviation in
bearing displacements before stabilizing to orbit circle. When mass unbalance is
added to dynamic eccentricity 3% in Figure 23, displacement curves stabilize quickly
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Figure 21: Displacement of the shaft with new stator presented at different node
points, when dynamic eccentricity of 3% and unbalanced mass are applied.

Figure 22: Displacement orbit of bearings, when dynamic eccentricity 3% is applied.

to orbit circles as total inertia of the system is increased. In addition, mass unbalance
increases displacement of upper and lower generator guide bearings in the positive
and negative directions of y-axis.

Force components of static eccentricity 3%, 10%, 20% and 40% as function of
time are presented in Figure 24. We observe that initial displacement of stator is
to the positive direction of x-axis and the highest force magnitudes are obtained on
x-axis in each operating point. In addition, y-components are lagging x-components
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Figure 23: Displacement orbit of bearings, when mass unbalance is added to dynamic
eccentricity 3%.

Figure 24: Force components of static eccentricity 3%, 10%, 20% and 40% in the
new generator.

by 90 degrees.
Force components of static eccentricity 3%, 10%, 20% and 40% are presented in

xy-plane in Figure 25. It shows that initial displacement of the stator increases the
magnitude of UMP and that static eccentricity results a static pull, which is to the
direction of the shortest air-gap. Eccentric forces stabilize on each revolution closer
to the position of equilibrium in spiral.
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Figure 25: Loci of the force acting on the rotor in new generator, when static
eccentricity 3%, 10%, 20% and 40% are applied.

In Figure 26 is showed time-displacement graph of static eccentricity 3% and
mass unbalance. The time-displacement graph has similarities to Figure 24 as after
UMP is applied at 0.5 seconds displacement peaks and then starts to decay. Due to
the static pull upper part of the shaft remain displaced to the negative direction of
x-axis. Static eccentricity 3% is dominating but as mass unbalance is in the same
phase the resulting displacement increases.

Figure 26: Displacement of the shaft with new stator presented at different node
points, when static eccentricity 3% and unbalanced mass are applied.
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Loci of the force acting on the rotor in the new generator is showed in Figure
27, when static eccentricity 3% and dynamic eccentricity 3% are applied. Dynamic
eccentricity cause circularity of the force curve and stator displacement to the positive
direction of x-axis produce magnetic pull roughly to an angle of 200◦. On each
revolution magnetic pull due to static eccentricity tend to the position of equilibrium
as in Figure 25.

Figure 27: Loci of the force acting on the rotor in new generator, when static
eccentricity 3% and dynamic eccentricity 3% are applied.

Displacement of the shaft as function of time in the new generator is presented
in Figure 28 when mass unbalance is added to static eccentricity 3% and dynamic
eccentricity 3%. We observe that dynamic eccentricity 3% is dominating and the
displacement has phase difference of 180◦ in comparison with operating point static
eccentricity 3% and mass unbalance in Figure 21. Growth of the shaft displacement
decay on each revolution as computed eccentric forces approach the position of
equilibrium. Similarly to the other examined operating points, thrust bearing is
located in nodal point and displacement is the largest in the oil head.

In this section characteristics of the hydropower unit were discussed. In addition,
the steps of the stability analysis of the hydropower unit were explained and the
results discussed.
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Figure 28: Displacement of the shaft with new stator presented at different node
points, when static eccentricity 3%, dynamic eccentricity 3% and unbalanced mass
are applied.
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6 Summary
The stability of the hydropower generator in different operating points and influence
of parallel winding paths in the stator winding have been analyzed in this thesis.
The forces due to asymmetries of the stator and the rotor in a large synchronous
machine are computed using a FEM program. The hydropower generator is modelled
and visualized with a 1D beam element model, which is used in rotordynamic and
vibration analysis. In the rotordynamic analysis critical speeds of the modelled
hydropower generator have been identified using Campbell diagram. In the vibration
analysis the hydropower generator is excited with computed eccentric forces acting
on the rotor and vibration is examined in selected node points in the shaft line. In
addition, unbalanced mass is added to the system according to ISO 21940-11:2016 and
response examined at nominal speed of 2.083 Hz. Stability of vibration magnitudes
are defined using vibration ranges which are specified in ISO 7919-5:2005.

In the rotordynamic analysis critical speeds for the two first backward and forward
whirling modes has been identified in 0-12.5 Hz frequency range. In addition, damping
coefficients of corresponding modes has been computed. Due to mass unbalance and
high damping of bearings, backward whirling modes are not excited in operation.
The critical speed of the first forward whirling mode is found at 6.536 Hz and the
second at 7.838 Hz. The result shows that the first forward whirling mode is heavily
damped. Its damping coefficient is 2.67, which equals damping ratio of 0.801. When
bearing stiffness values are decreased by one decade, the critical speeds are found at
8.261 Hz and 10.449 Hz. Hence, it shows that the first critical speed at 6.536 Hz
does not excite and there is a difference more than 20% between the first critical
speed and the runaway speed. The system is seen stable as critical speeds are clearly
outside of the operating speed range.

Visual examination of the two first forward whirling modes shows that the
displacement is the largest in the runner in both modes. The shaft bends slightly
also from the upper part whereas the lower generator guide bearing is located in the
nodal point in both modes.

The results of the vibration analysis show increase in absolute displacement values
between the old and the new stator. Hence, based on the results presented in this
thesis it cannot be said whether parallel paths in the stator winding of the new
generator mitigate the UMP or not compared to the old generator. However, the
power output of the new generator is significantly higher than the output of the old
generator as presented in Table 3. Naturally higher current and voltage magnitudes
increase destabilizing eccentricity forces and response when there are asymmetries in
the unit.

In both vibration analysis operating points where only elliptic and triangle shape
deviations are applied result small response. The vibration magnitudes are located
within the stable major ranges A and B of ISO 7919-5:2005. Even though the
response is insignificant, it can be seen that combination of elliptic and triangle shape
deviations result to complex whirling of the rotor.

Dynamic eccentricity, static eccentricity and their combination is seen the most
significant of examined asymmetries. Combination of static and dynamic eccentricity
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results the largest displacement values. The response of the hydropower model is
stable and within the stability ranges A and B only when 3% relative eccentricity is
applied. Displacements of dynamic eccentricity 3% and static eccentricity 3% are
located in the stability range A whereas static & dynamic eccentricity 3% in range B
with displacement of 132 µm. Elliptic and triangle shape deviations show no increase
in maximum displacement when applied together with dynamic eccentricity or static
eccentricity. Relative change in displacement values varies between 4.65% and 12.15%
when only UMP is applied. Examined operating points where static eccentricity 3%
or dynamic eccentricity 3% are applied result on average 4.94% higher displacement
values in the new generator than in the old. The lowest relative change percentages
are obtained with 3% relative eccentricity values and the highest with 40% relative
eccentricity values.

The influence of mass unbalance in examined operating points is seen in three
ways. Mass unbalance increase vibration magnitude in operating points, where only
elliptic and triangle shape deviations are present. At nominal speed, mass unbalance
results 12 µm displacement at maximum, which is located in stable range A of ISO
7919-5:2005. Mass unbalance has stabilizing influence on operating points where are
applied static & dynamic eccentricity 3%, 10%, 20% and 40%. In addition dynamic
eccentricity and its combinations with stator shape deviations result minor response
when applied together with mass unbalance. Mass unbalance has reinforcing influence
when exclusively static eccentricity or its combination with rotor shape deviations
are applied. The influence of mass unbalance is small in comparison with UMP and
hence locations of responses remain same in vibration ranges.

Mitigating influence of parallel stator paths is not seen in the results even though
previous studies have shown this. Partly, this is due to different operating charac-
teristics of the new generator. The obtained results verify the stability of the new
hydropower generator according to the set stability criteria. UMP of each operating
point was computed separately and after used in the model of hydropower unit.
In further studies, the response could be examined after each time step and taken
into account in the UMP computation of the following time-step. In addition, the
non-linear behavior of bearings requires further research.
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