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Superconducting circuits provide a promising approach for constructing a large-
scale quantum computer in the future. In theory, a fault-tolerant quantum com-
puter is suitable for efficiently simulating quantum-mechanical systems, such as
molecules, or factorizing large integers—to name a few examples. However, reach-
ing a practical quantum advantage will probably require scaling up the number of
qubits in current quantum-processing units by several orders of magnitude while
retaining high controllability and high coherence of individual qubits.

In this thesis, we first provide a review of the most common superconducting
qubit types in order to shed light on the factors that affect the coherence, an-
harmonicity, and operation of single qubits. Using the insight gained from the
review, we theoretically study a novel superconducting qubit circuit that consists
of a grounded coplanar waveguide resonator incorporating an embedded Joseph-
son junction in the center conductor of the resonator. The non-linear Josephson
junction renders the normal modes of the resonator anharmonic, as a result of
which one of the normal modes can be utilized to implement a qubit. The studied
circuit, nicknamed as the coplanarium, may provide a high-coherence supercon-
ducting qubit since it contains no isolated superconducting islands rendering the
qubit immune to dephasing arising from low-frequency charge noise.

We derive the quantum Hamiltonian of the distributed circuit from first prin-
ciples both with and without an external magnetic flux. Using numerical cal-
culations based on our theoretical results, we show that the anharmonicity of
the coplanarium qubit can exceed 500 MHz for a qubit frequency of 5 GHz at
a flux-insensitive sweet spot if an appropriate external magnetic flux is applied.
Importantly, the parameter values used in the numerical simulations are experi-
mentally feasible, and the characteristic impedance of the resonator needs to be no
greater than Z0 = 100 Ω. The relatively high anharmonicity can be attributed to
a partial cancellation of the quadratic potential-energy terms associated with the
Josephson junction and the linear inductance of the resonator. In conclusion, the
promising coherence and anharmonicity properties may render the coplanarium
qubit an interesting alternative for reducing leakage errors, and the ratio between
coherence times and the duration of quantum logic gates in superconducting
quantum processors.
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Language: English
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Suprajohtaviin piireihin perustuvat kvanttiprosessorit ovat yksi lupaavimmista
lähestymistavoista skaalautuvan kvanttitietokoneen rakentamiseen. Virheenkor-
jauksella varustettu kvanttitietokone voisi teoriassa simuloida tehokkaasti mole-
kyylejä, tai jakaa suuria kokonaislukuja tekijöihinsä. Kubittien määrää nykyisissä
suprajohtavissa kvanttiprosessoreissa tulee kuitenkin todennäköisesti kasvattaa
useita kertaluokkia, ennen kuin kvanttietokoneet voivat päihittää nykyiset su-
pertietokoneet joissakin hyödyllisissä laskutoimituksissa. Samalla kun kubittien
määrää kasvatetaan, on tärkeää, että yksittäisten kubittien koherenssiominaisuu-
det säilyvät hyvänä tai jopa paranevat.

Tässä diplomityössä tarkastelemme ensin yleisimpien suprajohtavien kubittien
ominaisuuksia ymmärtääksemme, mitkä tekijät vaikuttavat kubittien koherens-
siin, epäharmonisuuteen ja toimintaan. Tämän jälkeen tutkimme teoreettisesti
uudenlaista suprajohtavaa kubittipiiriä, joka muodostuu maadoitetusta mikroaal-
toresonaattorista, jonka keskelle on sijoitettu Josephsonin liitos. Josephsonin lii-
toksen epälineaaristen ominaisuuksien seurauksena resonaattorin ominaismoodit
muuttuvat epäharmonisiksi, minkä ansiosta niitä voidaan käyttää efektiivisenä
kaksitilasysteeminä eli kubittina. Tutkitun kubittipiirin koherenssiominaisuudet
voivat olla poikkeuksellisen hyvät, koska piiri ei sisällä yhtään varaussaarta, ja se
on siten suojassa matalan taajuden varauskohinalta.

Yhtenä työn keskeisimpänä tuloksena johdamme tutkittavalle kubittipiirille
Hamiltonin operaattorin ottamalla huomioon myös ulkoisen magneettikentän
vaikutuksen. Teoreettisten tulostemme avulla arvioimme, että kubittipiirin
epäharmonisuus voisi ylittää 500 MHz kubitin taajuuden ollessa 5 GHz, mikäli
ulkoinen magneettikenttä täyttää tietyt ehdot. On olennaista, että näin suu-
ri epäharmonisuus voidaan saavuttaa, vaikka resonaattorin karakteristinen im-
pedanssi olisi niinkin matala kuin Z0 = 100 Ω. Suuri epäharmonisuus ai-
heutuu siitä, että Josephsonin liitoksen potentiaalienergian neliöllinen ter-
mi kumoaa osittain resonaattorin induktanssiin liityvän neliöllisen potenti-
aalienergiatermin. Tutkitun kubittipiirin suotuisilta vaikuttavat koherenssi- ja
epäharmonisuusominaisuudet voivat tulevaisuudessa mahdollistaa kvanttilogiik-
kaporttien keston lyhentämisen ja niin kutsuttujen vuotovirheiden vähentämisen.

Asiasanat: Kvanttiteknologia, suprajohtava kvanttipiiri, suprajohtava
kubitti, varaussaareton kubitti, mikroaaltoresonaattori
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Chapter 1

Introduction

In recent years, the potential of quantum computing has attracted increasing atten-
tion among scientists, companies, investors, and the general public alike. The interest
towards quantum computing stems from the fact that universal quantum computers
can, in theory, provide vast speed-ups in certain computational problems by exploiting
superposition and entanglement between a large number of two-level quantum systems,
i.e., qubits [1]. Perhaps, the most well-known quantum algorithm is the Shor’s algorithm
[2, 3] that would allow an ideal quantum computer to factorize integers consisting of
thousands of bits in a reasonable amount of time, thereby threatening several public-
key cryptography systems. In addition, an ideal quantum computer can, in principle,
be used to search an unstructured database with a quadratic speed-up as compared
with a classical computer [4], or to simulate quantum-mechanical systems, such as
intermediate-sized molecules [5–7] or the Bose–Hubbard model [8], with exponential
time and memory savings. It has even been envisioned that in the future, quantum
computers may provide useful tools for optimization tasks [9–11], machine learning
[12, 13], finance [14] and simulation of classically behaving physical systems [15].

During the past three decades, physicists and engineers have developed several differ-
ent approaches for realizing physical qubits and proof-of-principle quantum processors
consisting of up to tens of connected qubits. It has been experimentally demonstrated
that qubits can be realized, for example, with photons [16, 17], electron spins in silicon
[18–20], defect centers in diamond [21, 22], trapped ions [23–25], and superconducting
circuits [26–28]. Importantly, a practical quantum-computing architecture must satisfy
the five DiVincenzo’s criteria [29]: 1) It must represent a scalable physical system with
well defined qubits; 2) It must have the ability to initilize the state of the qubits; 3) The
qubits must exhibit long coherence times in comparison with the duration of quantum
gates; 4) It must be able to implement a universal set of quantum gates; And 5) it must
have the capability to measure the states of the individual qubits.

Currently, it is widely accepted that superconducting circuits and trapped ions con-
stitute the leading candidates for realizing a scalable quantum computer since both of
these architectures satisfy the five DiVincenzo’s criteria and proof-of-principle quantum
processors with tens of qubits have been realized with both approaches [27, 30]. In 2019,
superconducting qubits were even utilized to demonstrate quantum supremacy [27].
In the quantum supremacy experiment, Google’s Sycamore processor consisting of 53
qubits was used to sample random numbers in a way that was prohibitively hard for a
classical computer.

In this thesis, we focus on superconducting qubits that are operated at microwave
frequencies at sub-kelvin temperatures. Superconducting circuits have several important
advantages when it comes to realizing a scalable quantum computer: Firstly, supercon-
ducting circuits are fabricated with etching and lithography processes that are well

1



CHAPTER 1. INTRODUCTION 2

established, and they enable the fabrication of a scalable quantum processor on a pla-
nar substrate, such as a silicon wafer. Secondly, superconducting qubits are so-called
artificial atoms, the parameters and couplings of which can be optimized according to
the application. Thirdly, superconducting qubits can be used to implement fast (∼ 10 –
100 ns) single- and two-qubit gates with fidelities exceeding the threshold for quantum
error correction [31]. Quantum-error-correction codes can be used to protect a physical
quantum-computing system from errors arising from decoherence, gate infidelities, and
measurement by entangling several physical qubits into a logical qubit, the state of
which can be corrected with the help of syndrome measurements [1, 32, 33]. Provided
that the gate and measurement fidelities exceed a given threshold, it is, in principle,
possible to correct the computations to arbitrary precision by using a sufficiently large
overhead of physical qubits for the error correction.

Despite of these advantages and the great progress in the research of superconducting
qubits, there exist still significant obstacles that must be tackled before a scalable quan-
tum computer and quantum advantage can be realized using superconducting circuits.
For example, the state-of-the art coherence times of superconducting qubits are ap-
proximately 103 times longer than the duration of single- and two-qubit gates, whereas
industrially relevant chemical simulations would require 1010 − 1015 multi-qubit gates
and hours to months of computational time according to current estimates and methods
[7, 34, 35]. The future challenges of superconducting quantum computing include, for
example, 1) complex microwave properties and wiring in scaled-up systems, 2) the need
to further improve the coherence and reproducibility of qubits, 3) the need to further
mitigate leakage errors to high-energy quantum states, 4) the need to improve the state
measurement fidelity in multi-qubit processors together with a low-latency feedback
system, and 5) the realization of quantum error correction [36].

This work consists of two main parts. First, we provide a review of the most com-
mon superconducting qubit types with the focus on the coherence, anharmonicity and
operation of single qubits. Using the understanding gained from the review, we then
theoretically study a novel superconducting qubit circuit that consists of a grounded
coplanar-waveguide resonator incorporating an embedded Josephson junction in the
center conductor of the resonator. The proposed qubit, nicknamed as the coplanarium,
holds potential for realizing a high-coherence superconducting qubit. Namely, the cir-
cuit contains no isolated superconducting islands and thus, it should be immune to
dephasing owing to low-frequency charge noise. In addition, the circuit contains a pair
of gradiometric loops, which may be beneficial for reducing dephasing arising from flux
noise. We also show that the coplanarium qubit can exhibit a relatively large anhar-
monicity (∼ 10%) at a flux-insensitive sweet spot if an appropriate external magnetic
field is applied. As a result of the potentially high coherence and anharmonicity, the
coplanarium qubit might provide a possible approach for reducing leakage error and
improving coherence in future superconducting quantum processors.

This thesis is structured as follows: First in Chapter 2, we provide the necessary
background information required for analyzing superconducting circuits. In Chapter 3,
we introduce the concepts of anharmonicity and decoherence that are needed to describe
the behavior of superconducting qubits. In addition, we provide an extensive review of
the most common superconducting-qubit types including charge qubits, transmons, flux
qubits and fluxoniums. In Chapter 4, we present our theoretical and numerical results
for the coplanarium circuit. Finally, conclusions are drawn in Chapter 5.



Chapter 2

Background

In this chapter, we introduce the theoretical framework required for analyzing super-
conducting quantum circuits. We begin by providing a brief introduction to the concept
of superconductivity at a phenomenological level. Subsequently, we discuss the kinetic
inductance of superconductors and the flux quantization condition that is of importance
when considering superconducting circuits with loops. This is followed by a brief review
of the most important properties of the Josephson junction that is a widely used circuit
element in many interesting superconducting circuits due to its non-linear nature and
low intrinsic dissipation. Next, we provide an introduction to the circuit quantization
procedure that allows one to consider the quantum-mechanical properties of supercon-
ducting circuits. To this end, we present a few examples of the quantization process by
using the quantum harmonic oscillator and the transmission line resonator as model
systems. Finally, we introduce the coplanar waveguide structure that provides a widely
used physical implementation of a transmission line resonator.

2.1 Superconductivity

Superconductivity is a macroscopic quantum phenomenon that manifests itself as zero
dc electric resistance and perfect diamagnetism in a material whose temperature is be-
low its superconducting critical temperature Tc and that is subjected to an external
magnetic field smaller than the critical field strength Bc. The first observation of super-
conductivity dates back to 1911 when the team of Heike Kamerlingh Onnes measured
the resistance of a mercury sample that had been cooled down to a temperature of
few Kelvins using a cryostat operated with liquid Helium [37]. According to their mea-
surements, the resistance of mercury practically vanished below a critical temperature
suggesting that the metal had made a transition to a new state. Later in 1933, Meiss-
ner and co-workers found that a superconductor is additionally characterized by the
complete expulsion of magnetic fields [38]—a phenomenon that is nowadays known as
the Meissner effect. In the Meissner effect, an external magnetic field induces supercur-
rents on the surface of a superconductor, and the magnetic field of these supercurrents
cancels perfectly the external magnetic field within the bulk of the superconductor. Im-
portantly, the total magnetic field can have a non-zero value close to the surface of the
superconductor but the magnetic field strength decays exponentially within the bulk
superconductor with a characteristic decay length given by the magnetic penetration
depth.

It took several decades before a full theoretical description of superconductivity was
developed. The modern theoretical description of type 1 superconductivity is based on
the BCS theory named after John Bardeen, Leon Cooper, and John R. Schrieffer [39].
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CHAPTER 2. BACKGROUND 4

According to the BCS theory, electrons pair up to form bosonic Cooper pairs and con-
dense to a collective ground state below a critical temperature provided that there exists
a small attractive interaction between the electrons. Typically, the attractive interac-
tion between the electrons is attributed to electron-phonon coupling that overcomes the
repulsive Coulomb interaction between the electrons. Below the critical temperature, a
supercurrent can flow since the Cooper pairs are not scattered from lattice vibrations.
Namely, the typical thermal energy of the lattice vibrations ∼ kBT is not sufficient
to break the Cooper pairs that are bound together by a binding energy of 2∆, where
∆ is often referred to as the BCS gap parameter. At finite temperatures, there can,
however, exist a small number of quasiparticles, i.e., unpaired electrons, that give rise
to a residual resistance – albeit very small.

Over the years, several useful phenomenological models of superconductivity have
been developed including the London model, the macroscopic quantum model of super-
conductivity and the Ginzburg–Landau model [40]. Here, we briefly outline the macro-
scopic quantum model since it can be used to give a phenomenological explanation
for the current-voltage characteristics of a Josephson junction and to justify the cir-
cuit quantization procedure of superconducting circuits. According to the macroscopic
quantum model of superconductivity, the Cooper pair condensate in a superconductor
can be described with a single macroscopic wave function ψ(r, t) that has a well-defined
phase

ψ(r, t) =
√
n(r, t)eiθ(r,t), (2.1)

where n(r, t) is the density of Cooper pairs at location r and at time t, i denotes the
imaginary unit, and θ(r, t) is the macroscopic phase. The motivation behind the macro-
scopic quantum model is that all the Cooper pairs in the condensate have a common
energy corresponding to the ground state meaning that all their phases evolve with the
same rate according to the Schrödinger equation. In essence, this results in the locking
of the quantum phases of the Cooper pairs and justifies the fact that superconductivity
is a coherent macroscopic quantum phenomenon.

The macroscopic quantum model of superconductivity can be used to derive the
phenomenological London equations of superconductivity by considering the time evo-
lution of the macroscopic wave function according to the Schrödinger equation under
the influence of an electric field E and a magnetic field B. Intuitively, the first Lon-
don equation states that an electric field gives rise to a supercurrent density Js that
continues to flow even after removing the electric field

∂

∂t
(ΛJs) = E, (2.2)

where Λ = m∗/(n∗sq
∗2) and {m∗, n∗s , q∗} are the mass, density, and charge of Cooper

pairs, respectively. On the other hand, the second London equation describes the perfect
diamagnetism of superconductors and it reads

∇× (ΛJs) = −B. (2.3)

The macroscopic quantum model of superconductivity can also be used to relate the
supercurrent density to the location dependent quantum phase θ as [40]

Js = q∗n∗s

(
~
m∗
∇θ − q∗

m∗
A

)
, (2.4)
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where ~ = 1.054 × 10−34 Js is the reduced Planck constant, and A is the magnetic
vector potential defined as B = ∇×A. Below in Sec. 2.3, the equation for the super-
current density will turn out to be useful when investigating the phenomenon of flux
quantization in a superconducting loop.

2.2 Kinetic inductance

If a current increases in an ordinary conductor, a counter-electromotive force opposing
the current flow arises according to Faraday’s law and a magnetic field builds up around
the conductor. Importantly, the energy required to increase the current can be viewed
to be stored in the corresponding magnetic field. Since the magnetic field and the
associated magnetic energy depend on the geometry of the conductor, such a conductor
is typically modeled as a geometric inductance. In superconductors, the electric current
has an additional energy contribution that can be associated with the kinetic energy of
the Cooper pairs carrying the current

1

2
(wtl)(2me)n

∗
sv

2 =
1

2
LkI

2 ⇒ Lk =
me

2e2n∗s

l

wt
, (2.5)

where w, t, and l are the width, depth and length of the superconductor, respectively,
me is the electron mass, and v denotes the average velocity of the Cooper pairs. In
addition, Lk denotes the kinetic inductance of the superconductor, e = 1.602× 10−19 C
is the elementary charge, and I = −2en∗svwt denotes the electric current carried by the
Cooper pairs with a charge of q∗ = −2e.

A more useful expression for the kinetic inductance can be derived with the Mattis-
Bardeen theory [41], according to which superconductors have a finite complex conduc-
tivity corresponding to a kinetic surface inductance even at zero temperature. In the
limit of a thin superconducting film, the kinetic inductance predicted by the Mattis-
Bardeen theory can be approximated with the following result [42]

lk =
~
π∆

ρn

wt
, (2.6)

where lk denotes the kinetic inductance of the thin film per unit length, ∆ is the BCS
gap parameter as above, and ρn is the normal-state resistivity of the thin film. If the
thickness and the width of the superconducting thin film are in the nanometer regime,
the kinetic inductance of the film can be several orders of magnitude larger than the
corresponding geometric inductance [43].

Importantly, the kinetic inductance of a superconducting thin film can also exhibit
non-linear behavior meaning that it depends on the supercurrent as [42]

lk(I) = lk,0[1 + I2/I2
2 +O(I4)], (2.7)

where lk,0 is the kinetic inductance per unit length at zero current, and I2 is a parameter
characterizing the extent of non-linearity. During the past decade, the non-linear nature
of the kinetic inductance has been utilized in several applications, such as frequency-
tunable superconducting resonators [44, 45] and ultra-sensitive magnetometers [46].
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2.3 Flux quantization

In this section, we present the curious phenomenon of flux quantization, according
to which the total magnetic flux penetrating a superconducting loop can only attain
certain, quantized values. The phenomenon of flux quantization was observed for the
first time in experiments conducted by two independent research groups in 1961 [47, 48],
and these experiments also gave experimental verification to the BCS theory by showing
that the charge of Cooper pairs is indeed q∗ = −2e.

To shed light on this phenomenon, we employ the macroscopic quantum model of
superconductivity introduced in Sec. 2.1 and consider a superconducting ring illustrated
in Fig. 2.1(a). We can derive an equation corresponding to the flux quantization by
integrating the supercurrent density Js [see Eq. (2.4)] over the whole ring across the
closed path visualized in Fig. 2.1(a). Since the current density is zero within the bulk
superconductor, we obtain the following result

0 =

ˆ
γ12

Js · dl =

ˆ
γ12

~q∗n∗s
m∗

(
∇θ − q∗

~
A

)
· dl (2.8)

=
~q∗n∗s
m∗

(
θ2 − θ1 −

q∗

~

˛
A · dl

)
=

~q∗n∗s
m∗

(
θ2 − θ1 −

q∗

~
Φtot

)
, (2.9)

where γ12 denotes the closed integration path illustrated with red color in Fig. 2.1(a),
and we have used the fact that the line integral of the magnetic vector potential A
around a closed loop is equal to the magnetic flux Φtot =

‚
B · dS through the corre-

sponding loop based on Stoke’s theorem. Importantly, the macroscopic wave function of
the superconductor must be single valued at a given point implying that θ2 = θ1−2πn,
n ∈ Z. By inserting this condition into Eq. (2.9), we obtain the following equation for
the total flux through the loop

θ1 − 2πn− θ1 −
−2e

~
Φtot = 0 ⇒ Φtot = Φ0n, n ∈ Z (2.10)

where Φ0 = h/(2e) = 2.067 × 10−15 Wb is known as the flux quantum, and h = 2π~
is Planck’s constant. The above equation states that the total magnetic flux can only
attain certain quantized values that are multiples of the flux quantum Φ0. Importantly,
Φtot denotes the total magnetic flux which consists of both the external magnetic flux
and the flux corresponding to the induced supercurrents. The value of n in Eq. (2.10)
depends on the external flux during the cool-down of the superconducting loop.

The flux quantization rule is closely related to Faraday’s law as can be seen by
modeling the geometric and kinetic inductance of the superconducting loop with a
single lumped element inductance L. In this model circuit depicted in Fig. 2.1(b), the
applied magnetic flux Φext gives rise to an electric field that induces a supercurrent I
in the loop according to Kirchhof’s voltage rule

−dΦext

dt
− LdI

dt
= 0 ⇒ d

dt
(Φext + LI) = 0. (2.11)

Thus, the Kirchhof’s voltage rule and Faraday’s law tell us that the total magnetic flux
Φtot = Φext + LI through a perfectly conducting loop has a constant value. However,
the value of the total magnetic flux can be, in principle, any constant based on this
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(a) (b) (c)

Figure 2.1: (a) Schematic of a superconducting loop, through which an external magnetic
flux is applied. The total magnetic flux Φtot through the loop is quantized in the units of the
flux quantum Φ0. Note that the total magnetic flux Φtot includes both the external flux Φext

and the flux due to induced supercurrents. The red arc illustrates the directed and closed
integration path γ12 used for deriving the flux quantization condition. Note that the phases
θ1 and θ2 correspond to the quantum phase of the superconductor at the same location. (b)
Simple circuit model of a superconducting loop subjected to an external magnetic flux Φext.
In this circuit model, the geometric and kinetic inductance of the superconducting loop are
modeled as a lumped element inductor L. (c) Schematic of a superconducting loop interrupted
by an insulating barrier, i.e., a Josephson junction. The red and orange arcs illustrate the
directed integration paths γ12 and ξ12 used for deriving the flux quantization condition. Note
that the arrow representing the gauge-invariant phase difference ϕ points into the direction
of increasing phase, and opposite to the direction of the corresponding electric current. In
all of the panels, the positive direction of the magnetic flux is out of the page. We use these
conventions for the gauge-invariant phase difference and the magnetic flux also in all of the
following figures of this thesis.

classical model, and a quantum-mechanical treatment of a superconductor such as that
above is required to show that the allowed values of the flux are quantized in steps
of Φ0. Nevertheless, the close relation between the flux quantization condition and
Faraday’s law can be useful if one needs to write the flux quantization condition for
more complicated superconducting circuits that contain, e.g., capacitors [49].

Importantly, the flux quantization condition is altered if the superconducting ring is
interrupted by one or more insulating barriers as illustrated in Fig. 2.1(c). Such a sce-
nario is common in many quantum devices that contain a single Josephson junction or
multiple Josephson junctions (see Sec. 2.4) in a superconducting loop. Again, we derive
the appropriate flux quantization condition by integrating the supercurrent density Js

from side 1 of the junction to the side 2 of the junction around the superconducting
loop via the path γ12 as illustrated with the red arc in Fig. 2.9(c). This time, we obtain
the following condition

0 =

ˆ
γ12

Js · dl =

ˆ
γ12

~q∗n∗s
m∗

(
∇θ − q∗

~
A

)
· dl

=0︷ ︸︸ ︷
−
ˆ
ξ21

n∗sq
∗2

m∗
(A−A) · dl

=
~q∗n∗s
m∗

(
θ2 − θ1 −

ˆ
ξ12

q∗

~
A · dl

)
− n∗sq

∗2

m∗

˛
A · dl, (2.12)

where we have added and subtracted a line integral of the magnetic vector potential
across the insulating barrier to complete the circle. As illustrated with orange color
in Fig. 2.9(c), ξ12 corresponds to an integration path from the side 1 of the junction
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through the insulating barrier to the side 2 of the junction, whereas ξ21 denotes the
same path but with opposite direction.

The above condition can be written in a simpler form by defining the so-called
gauge-invariant phase difference ϕ across the insulating barrier as

ϕ = θ1 − θ2 −
2π

Φ0

ˆ
ξ12

A · dl, (2.13)

where the gauge-invariant phase is positive if the supercurrent flows from the side 1 of
the junction to the side 2 of the junction. By using Stoke’s theorem and the definition
of the gauge-invariant phase, we can rewrite Eq. (2.12) to obtain the flux quantization
condition for a superconducting loop interrupted by an insulating barrier

~q∗n∗s
m∗

(
−ϕ+ 2πn− −2e

~
Φtot

)
= 0 (2.14)

⇒ ϕ = 2π
Φtot

Φ0

+ 2πn, n ∈ Z, (2.15)

where the term 2πn arises since we can add an arbitrary multiple of 2π to the phase θ2

without changing the macroscopic wavefunction of the supercondutor.

2.4 Josephson junction

A Josephson junction incorporates two superconducting electrodes that are interrupted
by a thin layer of an insulating material as illustrated schematically in Fig. 2.2(a). In
the Josephson effect, a supercurrent flows between the superconducting electrodes of
the junction in the absence of an applied voltage since the Cooper pairs can tunnel
through the insulating barrier without any dissipation. The Josephson effect was first
proposed theoretically by Brian D. Josephson in 1962 [50], and soon thereafter confirmed
experimentally in 1963 by the physicists of Bell Labs [51].

The Josephson effect in an ideal Josephson element can be described mathematically
by two Josephson relations that characterize both the dc and ac nature of the super-
current. These relations can be derived phenomenologically by using the macroscopic
wave function model of superconductivity [52]. Namely, the finite overlap of the wave
functions corresponding to the left and right electrodes gives rise to a supercurrent that
depends on the difference of the macroscopic quantum phase across the junction.

According to the dc Josephson relation, the supercurrent across the junction depends
sinusoidally on the gauge-invariant phase difference ϕ between the two electrodes as [40]

I(ϕ) = Ic sin(ϕ), (2.16)

where Ic is the critical current of the junction, and the gauge-invariant phase difference
ϕ is defined in Eq. (2.13). If the Josephson junction is current-biased with a supercur-
rent exceeding the critical current Ic, the junction will make a transition to a resistive
state meaning that it develops a measurable voltage across itself. This phenomenon is
naturally undesirable in applications that rely on the low-loss nature of the Joseph-
son junction but it has been exploited in various classical superconducting devices,
such as superconducting quantum interference device (SQUID) magnetometers [53–55]
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(a) (b)

Figure 2.2: (a) Schematic illustration of a Josephson junction that consists of two super-
conducting (S) electrodes and an insulating barrier (I) between them. The schematic also
illustrates the parameters ni, θi, i ∈ {1, 2} of the macroscopic quantum model of a supercon-
ductor and the gauge-invariant phase difference ϕ across the junction. (b) Potential energy
function U(ϕ) associated with the supercurrent flowing across a Josephson junction as a func-
tion of the gauge-invariant phase difference ϕ. Note that the potential energy function has a
non-quadratic form, which implies that one can use Josephson junctions to realize anharmonic
superconducting circuits.

and SQUID current amplifiers. In addition, this phenomenon has even been utilized to
observe a superposition of the persistent current states in a flux qubit [56].

On the other hand, the ac Josephson equation relates the rate of change of the
gauge-invariant phase difference ϕ(t) to the voltage drop V =

´ 2

1
E · dl across the

Josephson junction as
∂ϕ

∂t
=

2π

Φ0

V. (2.17)

By combining the dc and ac Josephson relations in Eqs. (2.16) and (2.17), one can infer
that a constant voltage across the junction would result in a periodically oscillating
current. In addition, a finite current can flow across the junction even after removing
the external voltage source.

By employing the two Josephson relations in Eqs. (2.16) and (2.17), we can derive
an equation for the energy stored in the Josephson supercurrent by integrating the
instantaneous power P = IV over time

U(ϕ) =

ˆ
IV dt =

ˆ
Ic sin(ϕ)

Φ0

2π

∂ϕ

∂t
dt = −EJ cos(ϕ) +D, (2.18)

where EJ = IcΦ0/(2π) denotes the Josephson energy of the junction, and D is an arbi-
trary integration constant. Here, we use the letter U to denote the energy since it plays
the role of a potential energy in the quantum-mechanical treatment of superconducting
circuits. Importantly, the potential-energy landscape associated with the Josephson ele-
ment is inherently non-quadratic as illustrated in Fig. 2.2(b). In later sections, we show
that this allows one to use Josephson junctions to construct anharmonic resonators that
can be employed as qubits in the quantum realm.

In practice, the supercurrent is only one component of the total electric current
across the junction. In fact, the total current can be described more accurately with the
so-called resistively and capacitively shunted junction (RCSJ) model [57, 58] that also
accounts for losses due to the tunneling of quasiparticles across the junction and the
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Figure 2.3: Schematic illustration of the RCSJ model describing a Josephson junction. In
the RCSJ model, the Josephson junction is treated as an ideal Josephson element with a
critical current Ic (denoted with a cross) placed in parallel with a capacitance CJ and a small
resistance Rq. On the right, we show an alternative circuit symbol for the Josephson junction
incorporating all these three effects.

charging of the superconducting electrodes. In the RCSJ model, the Josephson junction
is modeled as an ideal Josephson element satisfying Eqs. (2.16) and (2.17) placed in
parallel with a capacitance and a small resistance as schematically illustrated in Fig. 2.3.
As a result, the RCSJ model for the total electric current across a Josephson junction
reads

I = Ic sin(ϕ) +
V

Rq

+ CJ
dV

dt

= Ic sin(ϕ) +
~

2eRq

dϕ

dt
+

~CJ

2e

d2ϕ

dt2
, (2.19)

where Rq is the resistance associated with the tunneling of the quasiparticles, and CJ is
the capacitance of the junction. In the following discussions, we ignore, in general, the
quasiparticle current and the associated losses since the concentration of quasiparticles
is very low at typical operation temperatures of superconducting devices.

2.5 Superconducting quantum interference device

A superconducting quantum interference device, i.e., a SQUID, consists of two parallel
Josephson junctions that form a loop, through which an external magnetic field can
be applied to control the device as illustrated schematically in Fig. 2.4. In the context
of superconducting quantum devices, SQUIDs are frequently used in place of a sin-
gle Josephson junction since one can tune the effective Josephson energy of a SQUID
with an external magnetic flux. This effect can be exploited, for example, to fabricate
superconducting qubits, the frequency of which depends on the applied magnetic flux
[59, 60]. Other applications of SQUIDs include, for example, magnetometers for sensing
weak magnetic fields [55].

To show that a SQUID can be modeled as a flux tunable Josephson junction, we
note that a flux quantization condition relates the phases ϕ1 and ϕ2 across the two
junctions as

ϕ1 − ϕ2 = 2π
Φtot

Φ0

+ 2πn, (2.20)

where the positive directions for the phases has been defined in Fig. 2.4, and Φtot

denotes the total magnetic flux through the SQUID loop including both the external
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Figure 2.4: Schematic of a SQUID that consists of two Josephson junctions with energies
EJ,1 and EJ,2. An external magnetic field can be applied between the two junctions to control
the total magnetic flux Φtot and thus, the effective Josephson energy of the SQUID. Note that
the schematic explicitly shows the junction capacitances CJ,1 and CJ,2.

flux and the magnetic flux owing to the induced supercurrents. Note that the geometric
inductance of the loop can often be assumed to be small meaning that the magnetic
flux enclosed by the loop is approximately equal to the external magnetic flux. Based
on Eq. (2.18), the energy associated with the supercurrent flowing across the device can
be written as

U(ϕ1, ϕ2) = −EJ,1 cos(ϕ1)− EJ,2 cos(ϕ2), (2.21)

where EJ,1 and EJ,2 denote the Josephson energies of the two junctions.
Since the flux quantization condition in Eq. (2.20) reduces the number of degrees of

freedom from two to one, we define the average phase ϕ = (ϕ1 +ϕ2)/2 that is associated
with the total current flowing across the two junctions. Using the average phase ϕ, the
potential energy of the SQUID in Eq. (2.21) can be expressed as [59]

U(ϕ1, ϕ2) = −EJΣ

∣∣∣∣ cos

(
πΦtot

Φ0

) ∣∣∣∣
√

1 + d2 tan2

(
πΦtot

Φ0

)
cos(ϕ− ϕ0)

= −EJ(Φtot) cos(ϕ− ϕ0), (2.22)

where EJΣ = EJ,1 + EJ,2 is the total Josephson energy, d = (EJ,2 − EJ,1)/(EJ,1 + EJ,2)
describes the asymmetry of the junctions, and the offset phase is given by tanϕ0 =
d tan

(
πΦtot/Φ0

)
.

Equation (2.22) can be interpreted such that the external flux Φext allows one to tune
the effective Josephson energy of the device EJ(Φtot), and the tuning range depends on
the asymmetry of the junctions. For symmetric junctions, the Josephson energy can be
tuned between 0 and EJΣ, whereas the tuning range is reduced for asymmetric junctions
as illustrated in Fig. 2.5. Importantly, the effective Josephson energy EJ(Φtot) is first-
order insensitive to the external flux at Φtot = 0. As a result, superconducting qubits
incorporating SQUIDs are often operated at this so-called sweet spot, which reduces
detrimental effects of dephasing as explained in more detail in Sec. 3.2. To further reduce
the sensitivity to external flux and the associated fluctuations, it may be beneficial to
utilize an asymmetric SQUID with a reduced tuning range [60].
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Figure 2.5: Effective Josephson energy of a SQUID EJ(Φtot) as a function of the external
magnetic flux Φtot for a symmetric pair of junctions (d = 0, blue color) and for an asymmetric
pair of junctions (d = 1/2, red color).

2.6 Circuit quantization

In this section, we provide a brief introduction to the process of circuit quantization
that allows one to treat superconducting circuits quantum-mechanically [61, 62]. Even
though the Cooper pair condensate in a superconducting circuit consists of a large
number of electrons, we can conveniently describe the supercurrents in the circuit with
only a few independent degrees of freedom in analogy to the macroscopic quantum
model of superconductivity (see Sec. 2.1) in which a single phase parameter is practically
sufficient for the description of the supercurrent. To describe a superconducting circuit,
we can use so-called node fluxes of the circuit as the independent degrees of freedom.
For a given node, the corresponding node flux is defined as the time integral of the
corresponding node voltage

Φ(t) =

ˆ t

−∞
V (τ) dτ ⇒ V (t) = Φ̇(t), (2.23)

where V (t) denotes the node voltage, and the dot denotes time derivative.
In summary, the process of quantizing a superconducting circuit goes as follows:

First, one defines the independent degrees of freedom in the quantum circuit by defining
a branching tree that goes through all of the nodes of the electric circuit. The node
fluxes corresponding to the branching tree are then chosen as the independent degrees
of freedom of the system. Subsequently, one writes the flux quantization condition for all
the loops of the circuit, which reduces the number of independent degrees of freedom
in the circuit. Note that the flux quantization condition should be written only for
physical loops in the actual quantum circuit. Having chosen the independent fluxes,
one constructs the classical Lagrangian of the system

L({Φi}, {Φ̇i}, t) = T ({Φ̇i}, t)− U({Φi}, t), (2.24)

where T ({Φ̇i}, t) denotes kinetic energy that is a function of the node voltages {Φ̇i} and
possibly time, and U({Φi}, t) denotes potential energy that is a function of the node
fluxes {Φi} and possibly time.
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We define the classical conjugate momenta for each of the node fluxes as

Qi =
∂L
∂Φ̇i

. (2.25)

Often, the conjugate momenta correspond to the node charges. Using the classical
Lagrangian and the conjugate momenta, one constructs the classical Hamiltonian via
a Legendre transformation as

H({Φi}, {Qi}, t) =
∑
i

QiΦ̇i − L, (2.26)

where the Hamiltonian is a function of the node fluxes, conjugate charges, and possibly
time. In later sections, we see that it is a more intuitive approach to associate the
fluxes {Φi} with coordinates and the charges {Qi} with momenta than the other way
around. Namely, the kinetic energy terms related to the charges are often quadratic,
whereas the potential-energy terms related to the fluxes may be highly non-quadratic.
Thus, the Hamiltonian can be interpreted to describe a particle moving in a (possibly
complicated) potential landscape, which can give intuitive insight into the system under
study.

Finally, the transition to a quantum-mechanical treatment is done by imposing the
canonical commutation relation for each of the node-flux–conjugate-momentum pairs
as

[Φ̂i, Q̂i] = i~. (2.27)

The obtained quantum Hamiltonian can then be diagonalized either analytically or
numerically to obtain the energy spectrum and eigenstates of the quantum circuit.
In addition, the quantum Hamiltonian can be used to assess the susceptibility of the
quantum circuit to different types of noise sources and to even predict coherence times
of the corresponding qubit under the Bloch-Redfield formalism [59, 63].

In the following two subsections, the process of circuit quantization is further il-
lustrated with two examples corresponding to the quantum LC oscillator and a λ/2
transmission line resonator. The quantum LC oscillator is a frequently appearing model
in circuit quantum electrodynamics since it can be used to describe single modes of a
transmission line resonator, weakly anharmonic quantum circuits such as the transmon
qubit (see Sec. 3.4) or even the dissipative environment of quantum circuits that can
be modeled as a continuum of quantum harmonic oscillators [64]. On the other hand,
insight into transmission line resonators is vital in the context of circuit quantum elec-
trodynamics since resonators can be utilized to readout the qubit state [65] or to even
couple distant qubits with one another [66, 67].

2.6.1 Quantum LC oscillator

Let us consider the quantization of a superconducting LC oscillator illustrated schemat-
ically in Fig. 2.6 as an example of the circuit quantization procedure. We begin by iden-
tifying the single degree of freedom of the system that is the node flux Φ as depicted
in Fig. 2.6. Using the node flux, we can write the classical Lagrangian of the circuit as

L =
C

2
Φ̇2 − Φ2

2L
, (2.28)
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(a) (b)

Figure 2.6: (a) Lumped element model of a superconducting LC oscillator whose quanti-
zation is used as an example of the circuit quantization procedure. (b) Harmonic potential of
the LC oscillator and the corresponding wave functions of the four lowest-energy eigenstates
in the flux basis. Each of the wave functions has been displaced in the vertical direction by
the corresponding eigenenergy.

where L and C are the lumped element inductance and capacitance of the oscillator,
respectively. Note that the kinetic energy term CΦ̇2/2 corresponds to the capacitive
charging energy stored in the electric field of the capacitor, whereas the potential energy
Φ2/(2L) corresponds to the inductive energy stored in the magnetic field of the inductor.

The conjugate momentum corresponding to the node flux turns out to equal the
charge on the capacitor plates

Q =
∂L
∂Φ̇

= CΦ̇. (2.29)

By inverting the above equation, we can express Φ̇ in terms of Q and write the classical
Hamiltonian of the circuit as

H =
Q2

2C
+

Φ2

2L
, (2.30)

which is the well-known Hamiltonian of a harmonic oscillator.
The quantum Hamiltonian is obtained by imposing the canonical commutation re-

lation [Φ̂, Q̂] = i~ to yield

Ĥ =
Q̂2

2C
+

Φ̂2

2L
, (2.31)

where the hats denote quantum-mechanical operators as usual. Note that the commu-
tation relation [Φ̂, Q̂] = i~ and the above Hamiltonian are perfectly analogous to an
ordinary quantum harmonic oscillator, for which the position and momentum operators
satisfy [x̂, p̂] = i~. For the quantum LC oscillator, the flux Φ̂ plays the role of position x̂,
whereas the charge Q̂ plays the role of momentum p̂. As a result, we can interpret that
the quantum Hamiltonian in Eq. (2.31) describes a so-called phase particle that has a
mass C and location Φ. In addition, the phase particle moves in a harmonic potential
characterized by the spring constant 1/L. The term ’phase particle’ originates from the
fact that a similar analogy can be drawn for more complicated superconducting circuits
containing Josephson junctions whose phases are often used as the coordinates of the
Hamiltonian.
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The quantum Hamiltonian can be diagonalized by introducing the ladder operators
of a quantum harmonic oscillator â and â† that satisfy [â, â†] = 1. The flux and charge
operators can be expressed in terms of the ladder operators as

Φ̂ = ΦZPF(â+ â†), (2.32)

Q̂ = −iQZPF(â− â†), (2.33)

where ΦZPF and QZPF correspond to the zero-point fluctuations (ZPF) of the flux and
the charge that are given by

ΦZPF =

√
~Z0

2
, (2.34)

QZPF =

√
~

2Z0

. (2.35)

Here, the characteristic impedance Z0 of the circuit is given by the usual expression

Z0 =

√
L

C
. (2.36)

When expressed in terms of the ladder operators â and â†, the quantum Hamiltonian
of the LC oscillator reduces to the well-known form

Ĥ = ~ωr

(
â†â+

1

2

)
, (2.37)

where ωr = 1/
√
LC denotes the resonance frequency of the oscillator. As is evident

from Eq. (2.37), the allowed energies of the quantum circuit are quantized in steps of
~ωr. In Fig. 2.6(b), we illustrate the eigenenergies and -states of an LC oscillator in the
flux basis. As usual, the square modulus of the mth eigenstate |〈Φ|m〉|2 in the flux basis
gives the probability distribution for the outcome of a flux measurement given that the
oscillator is in the mth eigenstate.

2.6.2 Transmission line resonator

As an example of the circuit quantization procedure for a distributed circuit element,
we consider the quantization of a half-wavelength transmission line resonator that can
be, for example, of the coplanar waveguide type as illustrated in Fig. 2.7(a). The trans-
mission line resonator is characterized by a total capacitance per unit length ctot and a
total inductance per unit length ltot. The capacitance of the resonator per unit length
is equal to the geometric capacitance per unit length cg, whereas the inductance of
the resonator per unit length is a sum of the geometric inductance lg and the kinetic
inductance lk.

To quantize the circuit of the transmission line resonator, we employ the well-known
lumped element model of a transmission line resonator depicted in Fig. 2.7(b). In this
model, the transmission line resonator of length l is divided into short sections of length
∆x each having an inductance of ltot∆x and a capacitance of ctot∆x. Within this ap-
proximation, the Lagrangian of the resonator reads

L =
∑
i

[
ctot∆x

2
Ψ̇2
i −

1

2ltot∆x
(Ψi −Ψi−1)2

]
(2.38)
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(a)

(b)

Figure 2.7: (a) Schematic illustration of a λ/2 resonator of length l that has been realized
as a superconducting coplanar waveguide resonator. The pink curve illustrates the voltage
envelope V (x, t) for the lowest-frequency mode in the center conductor, whereas the yellow
curve illustrates the current envelope I(x, t) of the corresponding mode. Note that the current
envelope has a node at the ends of the resonator, whereas the voltage envelope has an antinode
at the ends of the resonator and a node at the center of the resonator. (b) Lumped element
model of the distributed transmission line resonator shown in panel (a) obtained by slicing
the resonator into N short pieces of length ∆x = l/N . Each short piece of the resonator has
an inductance of ltot∆x and a capacitance to ground of ctot∆x. The characteristic parameters
of the resonator are the total inductance per unit length ltot and the total capacitance per
unit length ctot. The node fluxes Ψi, i ∈ {0, 1, . . . , N} are defined as a time integral of the
corresponding node voltages Vi.

→
ˆ l

0

[
ctot

2
ψ̇2 − 1

2ltot

(∂xψ)2

]
dx =

ˆ l

0

L̃ dx, (2.39)

where have denoted the node fluxes with Ψi(t) =
´ t
−∞ Vi(τ) dτ on the first line. To

obtain the second line, we have taken the continuum limit ∆x → 0 and denoted the
flux at location x and at time t by ψ(x, t) =

´ t
−∞ V (x, τ) dτ . In addition, we have

denoted the Lagrangian density of the resonator with L̃.
Before writing the Hamiltonian corresponding to the Lagrangian in Eq. (2.39), it

pays to find the (classical) normal modes of the transmission line resonator since this
allows a decomposition of the Lagrangian into a sum of Lagrangians corresponding
to independent harmonic oscillators. To this end, we first observe that the classical
equation of motion for the flux ψ within the transmission line resonator reduces to the
ordinary dispersionless wave equation

d

dt

∂L̃
∂ψ̇

+
d

dx

∂L̃
∂(∂xψ)

− ∂L̃
∂ψ

= 0⇒ ψ̈ =
1

ltotctot

∂xxψ, (2.40)
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where vph = 1/
√
ltotctot is the phase velocity of the voltage waves in the center conductor

of the transmission line resonator. By definition, the normal modes of the resonator
must have a definite frequency ωm, and therefore, they can be expressed in the form
cm exp(−iωmt)um(x), where um(x) denotes a dimensionless spatial envelope function of
the mth mode. Inserting this oscillatory ansatz to the wave equation in Eq. (2.40), we
see that the mode envelope um(x) must satisfy the one-dimensional Helmholtz equation

∂xxum = −k2
mum, (2.41)

where km = ωm/vph is the wavenumber of the mth mode.
To infer the form of the envelope function um(x), we use a boundary condition that

is based on the fact that the current at both ends of the resonator must be zero. To find
an expression for the current in the center conductor in terms of the flux ψ, we return to
the discrete circuit element approximation of the resonator in Fig. 2.7. We consider the
current through the ith inductor that is subjected to a voltage difference of Ψ̇i−1 − Ψ̇i

due to a spatially non-uniform charge density. According to Kirchhof’s voltage rule,
the current across the inductor is such that the counter-electromotive force developed
across the inductor ltot∆xdI/dt counteracts the voltage difference. By equating the
voltage difference and the counter-electromotive force, integrating over time and taking
the continuum limit, we obtain the following equation for the current at location x

I(x) = − 1

ltot

∂ψ

∂x
. (2.42)

Thus, we must require that the derivative of the envelope function equals zero,
∂xum = 0, at the both ends of the resonator (x = 0 and x = l). This is satisfied for the
following set of solutions to the Helmholtz equation

um(x) =
√

2 cos(kmx), m ∈ {0, 1, 2, . . . } (2.43)

where the allowed values for the wavenumber are km = mπ/l. Importantly, the mode
envelopes and their derivatives are orthogonal in the following sense

ˆ l

0

ctotum(x)un(x)dx = CΣδmn, (2.44)

ˆ l

0

l−1
tot∂xum(x)∂xun(x)dx = CΣω

2
mδmn, (2.45)

where CΣ = ctotl is the total capacitance of the transmission line resonator and δmn
denotes Kronecker’s delta function. Now, any spatial and temporal distribution of the
flux can be expressed as a linear combination of the normal modes in analogy to a
Fourier series

ψ(x, t) =
∑
m

ψm(t)um(x), (2.46)

where ψm(t) denote the time dependent coefficients of the decomposition that have the
units of flux. Using the orthogonality relations in Eqs. (2.44) and (2.45), the Lagrangian
of the transmission line resonator in Eq. (2.39) decomposes into a sum of independent
harmonic oscillators as follows

L =

ˆ l

0

[
ctot

2

(∑
m

ψ̇mum

)2

− 1

2ltot

(∑
m

ψm∂xum

)2 ]
dx
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=
∑
m

(
CΣ

2
ψ̇2
m −

CΣω
2
m

2
ψ2
m

)
. (2.47)

Here, we can choose the time-dependent mode coefficients ψm(t) as our independent
coordinates. The corresponding conjugate momenta with the units of charge are given
by

qm = ∂L/∂ψ̇m = CΣψ̇m, (2.48)

which allows us to write the classical Hamiltonian of the transmission line resonator as

H =
∑
m

(
q2
m

2CΣ

+
CΣω

2
m

2
ψ2
m

)
. (2.49)

Thus, the Hamiltonian decomposes into a sum of independent harmonic oscillators in
the normal-mode basis. After imposing the canonical commutation relation between all
the coordinate-momenta pairs [ψ̂m, q̂m] = i~, we can introduce the ladder operators âm
and â†m for each of the modes in analogy to the previous section, where we considered
a single harmonic oscillator. Based on Eqs. (2.32) and (2.33), the operators ψ̂m and q̂m
can be written in terms of the ladder operators as

ψ̂m =

√
~

2ωmCΣ

(âm + â†m), (2.50)

q̂m = −i

√
~ωmCΣ

2
(âm − â†m). (2.51)

Using the ladder operators, the quantum-mechanical Hamiltonian for the resonator
can be expressed as a sum of infinitely many harmonic oscillators each corresponding
to a single normal mode

Ĥ =
∑
m

~ωm
(
â†mâm +

1

2

)
. (2.52)

Furthermore, we can use Eqs. (2.46), (2.48) and (2.51) to write the quantum-mechanical
voltage operator within the resonator as

V̂ (x) =
∑
m

ˆ̇ψmum(x) =
∑
m

q̂mum(x)

CΣ

(2.53)

= −i
∑
m

√
~ωm
ctotl

cos(kmx)(âm − â†m). (2.54)

Similarly, we can use Eqs. (2.42), (2.46) and (2.50) to obtain an expression for the
corresponding current operator

Î(x) = −l−1
tot

∑
m

ψ̂m∂xum(x) (2.55)

=
∑
m

√
~ωm
ltotl

sin(kmx)(âm + â†m). (2.56)
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Even though the transmission line resonator considered in this section is inherently
a multi-mode system, it is often a good approximation to ignore all but one of the
modes of the resonator as long as the frequency range of interest is close to only one
of the resonance frequencies. This is known as the lumped element LC oscillator ap-
proximation of the resonator. Note also that the eigenfrequencies ωm of the resonator
are, in essence, determined by the laws of classical electromagnetism, whereas quantum
mechanics is responsible for the quantization of the energy states of the resonator.

2.7 Coplanar waveguide resonator

In this section, we briefly introduce the coplanar waveguide (CPW) resonator struc-
ture that provides one widely used physical implementation of the transmission line
resonator discussed in the previous section. A coplanar waveguide resonator consists of
a superconducting center conductor separated from two superconducting ground planes
as illustrated in Fig. 2.7(a) and Fig. 2.8. Typically, the center conductor and the ground
planes are fabricated on a dielectric substrate, such as a silicon wafer, that is often cov-
ered by a thin oxide layer. To support standing voltage modes, the center conductor
has a finite length l that determines the frequencies of the normal modes as

fn =
n

2l

c
√
εeff

, (2.57)

where n ∈ Z+ is the mode index, c is the speed of light and εeff is the effective permit-
tivity of the resonator.

Figure 2.8: Schematic illustration of a cross section of a CPW resonator. The CPW res-
onator consists of a superconducting center conductor of width w that is separated from two
superconducting ground planes by a distance s. In the figure, the superconducting parts of
the CPW have been visualized with light blue color. The CPW is patterned on a dielectric
substrate (light red) that is typically covered by a thin oxide layer (black). The blue and red
arrows illustrate the electric and magnetic fields, respectively, arising from the supercurrent
oscillating in the center conductor.

The effective permittivity εeff of the CPW structure can be derived using a conformal
mapping approach, and the final result reads [68, 69]

εeff = 1 + q1(ε1 − 1) + q2(ε2 − ε1), (2.58)

where ε1 and ε2 are the relative permittivities, i.e., the dielectric constants, of the
dielectric substrate and the oxide layer, and the partial filling factors q1 and q2 are
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given by

q1 =
1

2

K(k̃1)

K(k̃′1)

K(k̃′0)

K(k̃0)
, (2.59)

q2 =
1

2

K(k̃2)

K(k̃′2)

K(k̃′0)

K(k̃0)
. (2.60)

Here, the geometric factors k̃i and k′i, i ∈ {0, 1, 2}, are defined as

k̃0 =
w

w + 2s
, k̃i =

sinh[πw/(4hi)]

sinh[π(w + 2s)/(4hi)]
, i = 1, 2, (2.61)

k̃′i =

√
1− k̃2

i , i = 0, 1, 2, (2.62)

where w is the width of the center conductor, s is the separation between the center
conductor and the ground planes, and hi, i ∈ {1, 2}, denote the thicknesses of the
dielectric substrate and the oxide layer defined as in Fig. 2.8. Finally, K(k) refers to
the elliptic integral of the first kind defined as

K(k) =

ˆ 1

0

dt√
(1− t2)(1− k2t2)

. (2.63)

Importantly, the capacitance and the geometric inductance of the CPW structure
can also be derived using a conformal mapping approach [68, 70]

ctot = cg = 4ε0εeff
K(k̃0)

K(k̃′0)
, (2.64)

lg =
µ0

4

K(k̃′0)

K(k̃0)
, (2.65)

where cg and lg denote the geometric capacitance and inductance per unit length,
ε0 = 8.854 × 10−12 F/m is the vacuum permittivity, and µ0 = 1.256 × 10−6 H/m
is the vacuum permeability. Note that the ratio w/(w + 2s) largely determines the
capacitance and inductance per unit length of the CPW resonator. This means that
the characteristic impedance of the transmission line Z0 =

√
ltot/ctot can be tuned to

some extent by altering the dimensions of the CPW. The CPW resonator may also have
additional kinetic inductance lk that is given by an equation similar to that in Eq. (2.6)
apart from an overall geometry dependent scaling factor [70].

The CPW geometry has several advantages, and it is therefore widely used in the re-
search of superconducting quantum circuits. First, it is easy to design CPW resonators
with frequencies in the GHz range [71] that is optimal for superconducting qubits con-
sidering their operation temperatures and the current supply of microwave electronics.
Second, it is possible to fabricate low-loss CPW resonators with high internal quality
factors ranging up to several million in the single photon regime [72]. Third, the small
lateral dimensions of the CPW resonator result in large vacuum fields that can be used
to realize a strong coupling between the resonator and a superconducting qubit [65].
As a disadvantage, CPW resonators can also support so-called slot line modes [69] that
can be mitigated with the help of proper grounding realized, for example, by using air
bridges connecting the two ground planes.



Chapter 3

Review of superconducting qubit
types

We begin this chapter by introducing the concept of two-level systems, i.e., qubits, that
are the elementary building blocks of a quantum computer. Since physical qubits based
on superconducting circuits are neither ideal two-level systems nor completely isolated
from their environment, we additionally discuss two important properties of physical
qubits: anharmonicity and susceptibility to unavoidable electromagnetic noise. Since the
goal of this thesis is to investigate a new kind of superconducting qubit, it is important
to understand the working principles of previously developed superconducting qubit
types together with their advantages and disadvantages. Therefore, we introduce and
discuss the properties of the most common superconducting qubits including charge
qubits, transmons, flux qubits, and fluxoniums. All of these superconducting qubits
incorporate Josephson junctions that provide the non-linearity required for creating
an effective two-level system. In addition, these superconducting qubit circuits can
incorporate capacitors or superinductors in order to make the qubits less prone to some
of the noise sources. Throughout this chapter, our focus is on understanding why these
superconducting circuits can be utilized as effective two level systems and to what
extent the coupling to noise sources degrades the qubit performance. In our discussion,
we put the most focus on the transmon qubit and its predecessor, the charge qubit,
since transmons are currently the most widely used superconducting qubit type in the
research on superconducting quantum processors. Nowadays, transmons are utilized,
for example, in the quantum processors of Google, IBM, and Rigetti. In the context
of transmon qubits, we also discuss how single qubits can be controlled coherently and
measured using the widely applied dispersive measurement scheme. The discussion of
the realization of two-qubit gates is, however, out of the scope of this thesis.

3.1 Concept of qubits

An ideal qubit is a quantum-mechanical two-level system that can be described with
the Hamiltonian

Ĥ =
~Ω

2
σ̂z +

~∆

2
σ̂x, (3.1)

where Ω and ∆ are parameters of the Hamiltonian in the units of angular frequency,
and the Pauli operators are defined as σ̂z = |1̃〉〈1̃|− |0̃〉〈0̃| and σ̂x = |1̃〉〈0̃|+ |0̃〉〈1̃|. Note
that the basis {|0̃〉, |1̃〉} may not correspond to the qubit eigenbasis {|0〉, |1〉} that is
obtained by diagonalizing the Hamiltonian. The eigenenergies of the qubit are obtained

21
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as the eigenvalues of the Hamiltonian in Eq. (3.1)

E1/0 = ±~
2

√
Ω2 + ∆2, (3.2)

where E1 corresponds to the excited state energy and E0 to the ground state energy.
Note that it is also common to denote the excited state of the qubit with the letter e
and the ground state with the letter g and hence, we use both of these conventions in
the remaining sections of this thesis. The angular frequency of the qubit ω01 (or ωq) is
defined as

ω01 =
E1 − E0

~
=
√

Ω2 + ∆2. (3.3)

On the other hand, the eigenstates of the qubit can be expressed in the {|0̃〉, |1̃〉}
basis as

|1〉 = sin(ϑ)|1̃〉+ cos(ϑ)|0̃〉, (3.4)

|0〉 = cos(ϑ)|1̃〉 − sin(ϑ)|0̃〉, (3.5)

where we have defined the shorthand ϑ = arctan[∆/(
√

Ω2 + ∆2−Ω)]. The qubit eigen-
states can be used as the computational space in quantum algorithms that can, in
principle, outperform corresponding classical algorithms in certain problems [2, 4, 27]
by exploiting coherent control of superposition and entanglement between several qubits
enabled by single- and two-qubit gates [1].

In the qubit eigenbasis, the Hamiltonian in Eq. (3.1) is represented as a diagonal
operator

Ĥ ′ =
~ω01

2
σ̂′z, (3.6)

where σ̂′z = |1〉〈1| − |0〉〈0| denotes the Pauli z-operator defined using the qubit eigen-
states. In the qubit eigenbasis, a general superposition state |ψ〉 = cos

(
θ/2
)
|0〉 +

eiϕ sin
(
θ/2
)
|1〉 can be visualized conveniently by interpreting it as a point (sin(θ) cos(ϕ),

sin(θ) sin(ϕ), cos(θ)) on the surface of a sphere with unit radius. This is known as the
Bloch sphere representation that is illustrated in Fig. 3.1(a). On the Bloch sphere, the
north pole corresponds to the qubit ground state |0〉, whereas the south pole corresponds
to the excited state |1〉. Note that these are the eigenstates of the Pauli z-operator σ̂′z.
In an analogous fashion, the intersection points of the x axis and the sphere correspond
to the eigenstates of the Pauli x-operator σ̂′x, and the intersection points of the y axis
and the sphere turn out be the eigenstates of the Pauli y-operator σ̂′y.

The time evolution of the qubit state |ψ〉 under the Hamiltonian in Eq. (3.6) cor-
responds to a constant-velocity rotation around the z axis. Thus, it is often most con-
venient to illustrate the qubit state in a frame rotating with the qubit frequency such
that the state representation is a constant of time if there are no additional terms in the
Hamiltonian. Note that an additional term ∝ σ̂′i in the qubit Hamiltonian expressed in
the qubit eigenbasis results in a unitary evolution corresponding to a rotation around
the ith axis in the Bloch sphere representation.
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(a) (b)

Figure 3.1: (a) Illustration of the Bloch Sphere representation of a two-level system in a
frame rotating with the qubit frequency. The north pole of the Bloch sphere corresponds to the
ground state |0〉 (blue) in the qubit eigenbasis {|0〉, |1〉}, whereas the south pole corresponds
to the excited state |1〉 of the qubit. The red arrow illustrates a general (pure) superposition
state |ψ〉 = cos

(
θ/2
)
|0〉 + eiϕ sin

(
θ/2
)
|1〉 located at the surface of the sphere. The green

arrow depicts a mixed state located within the sphere and is characterized by Tr(ρ̂2) < 1. (b)
Illustration of the three lowest eigenenergies and -states in the phase basis for a fluxonium-type
physical qubit with the Hamiltonian Ĥ = 4ECn̂

2 + EL/2ϕ̂
2 − EJ cos(ϕ̂), where EL = 0.5EC

and EJ = 3EC. Note that physical qubits based on superconducting circuits have, in general,
more than two eigenstates. However, the two lowest eigenstates can be used as the qubit states
provided that the qubit frequency ω01 differs sufficiently from the other transition frequencies.
Note that the phase ϕ in panel (a) refers to the phase in the qubit superposition, whereas
in panel (b), the phase ϕ denotes the gauge-invariant phase difference across a Josephson
junction.

3.2 Important properties of superconducting qubits

To realize a physical qubit using superconducting circuits, one can take advantage of
the non-quadratic potential-energy landscape of the Josephson element presented in
Sec. 2.4. Although already a single Josephson junction can behave, in principle, as an
anharmonic oscillator and thus as a physical qubit, it is typical to incorporate also other
circuit elements to the qubit circuit, such as additional capacitors (e.g., transmon and
C-shunt flux qubit), superinductors (fluxonium qubit) or few to several other Josephson
junctions in an array (flux qubit and fluxonium) as illustrated in Fig. 3.2. In intuitive
terms, the quantum information of a superconducting qubit can be stored in either the
charge accumulated in one of the junctions (e.g., charge qubit), the phase/flux across
one or several junctions (e.g., flux qubit) or both (e.g., transmon and quantronium).

Unfortunately, physical qubits based on superconducting circuits are neither ideal
two-level systems nor perfectly decoupled from noisy environmental degrees of freedom.
In general, qubits based on superconducting circuits have a large number of eigenstates
as illustrated in Fig. 3.1(b), in which we show the energy spectrum of a fluxonium-
like qubit. However, one can use the two lowest energy levels of the superconducting
circuit as the computational subspace {|0〉, |1〉} if the transition energy between the
first two levels ~ω01 is sufficiently different from the transition energies between the
other levels. This ensures that the qubit is unlikely to leak outside the computational
subspace during a quantum computation.
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Figure 3.2: A schematic circuit diagram of a general superconducting qubit. The blue part
of the circuit depicts a Josephson junction that is a part of all superconducting qubit circuits
since it provides the non-linearity that is necessary for creating an effective two-level system.
In superconducting circuits, a physical Josephson junction is typically modeled as an ideal
Josephson element in parallel with a capacitance. In addition, a superconducting qubit can
contain a large geometric shunt capacitance Csh (e.g., transmon and C-shunt flux qubit), a
superinductor L (fluxonium) or few to several Josephson junctions in an array (flux qubit,
quarton, fluxonium). These optional circuit elements are denoted with light red color.

An important figure of merit for a physical qubit system is the absolute anharmonic-
ity defined as

α = ω12 − ω01, (3.7)

where ~ω12 denotes the energy difference between the second excited state and the first
excited state. In practice, the anharmonicity α dictates the shortest possible duration
of microwave control pulses that can be used in single-qubit gates. Namely, a pulse
with a finite duration T always contains frequencies from a range approximately equal
to ∼ 2π/T around the average frequency of the pulse. To avoid leakage errors to non-
computational states during a single-qubit gate, the frequency range associated with the
control pulse should be smaller than the anharmonicity α in order to avoid excitations
to the second excited state. Therefore, a large anharmonicity is desirable in physical
qubits to enable fast and accurate single-qubit gates. However, one can mitigate leakage
errors due to a small anharmonicity by constructing the control pulse using, e.g., the
derivative removal by adiabatic gate (DRAG) scheme [73].

Furthermore, physical qubits are not perfectly isolated from their surroundings since
they must be coupled to other circuit elements in order to control and readout their
state. Even though there exists ways of mitigating the decay of the qubit to the control
[74] and readout channels [75, 76], there always remains some additional coupling to
undesired noise sources, as a result of which the state of a qubit becomes entangled
with its surroundings. Intuitively, this means that the quantum information stored in
the qubit leaks to its environment—a phenomenon known as decoherence. Importantly,
the amount of decoherence limits the number of single- and two-qubit gates that can
be performed with the qubit before the quantum information has been mostly lost to
the environment.

To describe the phenomenon of decoherence, it is often convenient to introduce the
mixed state representation, in which the state of the qubit is described with a density
operator ρ̂ as

ρ̂ =
∑
i

pi|ψi〉〈ψi|, (3.8)

where pi denote (classical) probabilities that the qubit is in a superposition state |ψi〉.
Note that the state of the qubit cannot be expressed as a simple superposition state like
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(a) (b)

Figure 3.3: (a) Illustration of longitudinal relaxation caused by a transversely coupled noise
source through an interaction Hamiltonian V̂x = νxδλx(t)σ̂x. Due to the transversely coupled
noise source, the qubit decays from the excited state to the ground state with an average rate
of Γ1 = 1/T1. Here, we assume that the thermal energy scale kBT is much lower than the
qubit frequency ~ωq meaning that the excitation rate associated with the transverse noise
is negligible. (b) Illustration of pure dephasing due to a longitudinally coupled noise source
through an interaction Hamiltonian V̂z = νzδλz(t)σ̂z. Due to the longitudinally coupled noise
source, the frequency of the qubit fluctuates resulting in an uncertainty in the qubit phase,
i.e., dephasing, with a rate of Γϕ = 1/Tϕ. Note that the figure was inspired by the great
introduction to superconducting quantum computing by the MIT group [28].

in the case of an isolated quantum state since the qubit-environment coupling renders
the state of the qubit probabilistic in the classical sense. In general, mixed states can
be modeled as points located inside the Bloch sphere as illustrated in Fig. 3.1(a), and
formally, they satisfy Tr(ρ̂2) < 1, where Tr denotes the trace operator. On the other
hand, pure states are characterized by Tr(ρ̂2) = 1. The distance to the origin in the
Bloch sphere representation can thus be viewed as a measure of the qubit coherence. At
the origin, the state of the qubit is a fully mixed classical state with equal probabilities
for the qubit to be in the state |0〉 and |1〉.

To illustrate the effect of decoherence more concretely, we examine a qubit that
couples to a noise source λ. The noise source can represent, for example, offset charge
(see Sec. 3.3) or external magnetic flux. The Hamiltonian of such a qubit system can
be written in the qubit eigenbasis as a sum of the ideal qubit Hamiltonian and two
coupling terms

Ĥ =
~ω01

2
σ̂z + νzδλz(t)σ̂z + νxδλx(t)σ̂x, (3.9)

where νz and νx denote coupling strengths to the longitudinal δλz(t) and transverse
δλx(t) components of the noise source, respectively.

Here, the term proportional to σ̂x represents the transverse component of the noise
source, and it causes the qubit to rotate around the x axis in the Bloch sphere repre-
sentation resulting in (longitudinal) relaxation from the excited state |1〉 to the ground
state |0〉 as illustrated in Fig. 3.3(a). In the case of a single qubit, the relaxation may
occur via a quantum jump [77] to the ground state, but the ensemble average of the
excited state population decays exponentially in a smooth manner. At finite tempera-
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tures, the transverse coupling to a noise source can also result in qubit excitation from
the ground state to the excited state, but this effect is suppressed at typical operation
temperatures of superconducting qubits and is thus ignored in further discussions. In
superconducting qubits, relaxation can be caused by charge noise, flux noise, critical
current noise, dielectric losses due to defects acting as two-level systems in surface and
interface layers, Purcell decay through the readout resonator coupled to the qubit or
noise due to quasiparticle tunneling [28]. See Sec. 3 of Ref. [28] for a brief but nicely-
written discussion on different noise sources in superconducting qubits.

The average relaxation rate Γ1 caused by a transversely coupled noise source can
be evaluated using the first-order perturbation theory in order to obtain the following
final result [28, 64]

Γ1 =
1

T1

=
ν2
x

~2
Sλxλx(ω01) =

1

~2

∣∣∣∣〈0|∂Ĥ∂λ |1〉
∣∣∣∣2Sλλ(ω01), (3.10)

where T1 denotes the qubit relaxation time under the Bloch-Redfield formalism [63],
Sλxλx(ω01) denotes the power spectral density of the transverse component of the noise
at the qubit frequency, and Sλλ(ω01) corresponds to the total power spectral density of
the noise source λ. The noise power spectral density is defined as

Sλxλx(ω) =

ˆ ∞
−∞

dτe−iωτ 〈δλx(τ)δλx(0)〉, (3.11)

where 〈δλx(τ)δλx(0)〉 denotes the autocorrelation function defined as an ensemble av-
erage. Note that the derivation of the relaxation rate in Eq. (3.10) only holds for time
scales that are sufficiently long as compared with 2π/ω01. It is also noteworthy that the
expression for the relaxation rate is of the Fermi golden rule type since the transition of
the qubit state is induced by a continuum of noise modes. The relaxation rate Γ1 and
the corresponding relaxation time T1 of a qubit can be measured by preparing the qubit
into the excited state with a π-pulse multiple times and then measuring the average
excited state probability as a function of time [78].

On the other hand, the longitudinal component of the noise couples to the qubit
through a term proportional to σ̂z in the Hamiltonian, and it results in temporal fluctu-
ations of the qubit frequency. As illustrated in Fig. 3.3(b), this leads to an uncertainty
in the phase of the qubit—a phenomenon known as pure dephasing. In superconducting
qubits, dephasing can arise from charge noise, flux noise, critical current noise, quasi-
particle tunneling or ac Stark shift caused by residual thermal photons in the readout
resonator coupled to the qubit.

To estimate the rate of dephasing, we note that the phase of the qubit ϕ(t) after
time t is given by

ϕ(t) = ω01t+
2νz
~

ˆ t

0

δλz(τ)dτ = ω01t+ δϕ(t). (3.12)

Assuming that δϕ(t) is a well-behaved stochastic process, we can use the cumulant
expansion of 〈exp(iδϕ)〉 to estimate the dephasing rate as

〈eiδϕ〉 ≈ ei〈δϕ〉−〈δϕ2〉/2 = e−〈δϕ
2〉/2 = e−Γϕt, (3.13)
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where we have defined the pure dephasing rate Γϕ in line with the Bloch-Redfield
formalism.

We can evaluate the variance 〈δϕ2〉 as follows

〈δϕ(t)2〉 =
(2νz)

2

~2

ˆ t

0

ˆ t

0

〈δλz(τ)λz(τ
′)〉dτdτ ′ (3.14)

=
(2νz)

2

~2
Sλzλz(ω = 0)t, (3.15)

where we have used the Wiener–Khinchin theorem relating the noise power spectral
density and the autocorrelation function to obtain the final result (see, e.g., the Ap-
pendix A of Ref. [64]). Based on the variance 〈δϕ(t)2〉, we can thus estimate the pure
dephasing rate as

Γϕ =
1

Tϕ
=

2ν2
z

~2
Sλzλz(ω = 0) =

1

2

(
∂ω01

∂λ

)2

Sλλ(ω = 0), (3.16)

where Tϕ denotes the pure dephasing time. Importantly, the above result for the pure
dephasing rate cannot be applied in the case of 1/f -noise that is characteristic, e.g., for
flux noise [79] and charge noise. This is for the fact that the power spectral density of
1/f -noise diverges at ω = 0 resulting in modifications to Eq. (3.16) (see, e.g., Ref. [63]).

In addition to the relaxation rate and the pure dephasing rate, there exists a third
important decay rate known as the transverse decay rate Γ2 that takes into account
both relaxation and dephasing effects as

Γ2 =
1

T2

=
Γ1

2
+ Γϕ, (3.17)

where T2 is typically known as the coherence time. The transverse decay rate and
the corresponding coherence time are said to be T1-limited if the relaxation rate Γ1

dominates over the dephasing rate Γϕ. The coherence time T2 can be measured, e.g.,
with a Ramsey interferometry measurement, in which the qubit is prepared into an
equal superposition of the ground and exited states with a π/2-pulse that is followed by
another π/2-pulse and a state measurement after a delay of varying duration [80, 81].
In a Ramsey interferometry measurement, the excited state population oscillates in
time but the amplitude of the oscillation decays due to both dephasing and relaxation
of the qubit. If the measured coherence time T2 is not T1-limited, it can often be
improved by applying re-focusing echo pulses between the two π/2-pulses in the Ramsey
interferometry measurement [82–84]. The echo pulses namely have an effect of filtering
out noise at low frequencies, which reduces the detrimental effects of dephasing.

The equations for the relaxation and dephasing rates in Eqs. (3.10) and (3.16) mean
that one can reduce the effect of decoherence due to a noise source λ in two ways. The
first strategy is to engineer the Hamiltonian of the quantum circuit to be insensitive
to changes in the noise source λ. The second possibility is to reduce the noise power
spectral density Sλλ(ω) at the frequency of interest with improved shielding against
external electric and magnetic fields or by using materials and interfaces with improved
quality or lower losses (see, e.g., Ref. [85] for a brief review on material developments in
superconducting circuits). In this thesis, we shall mostly focus on the first strategy to
design superconducting qubits at a theoretical level. As an important note, it is naturally



CHAPTER 3. REVIEW OF SUPERCONDUCTING QUBIT TYPES 28

impossible to design a circuit Hamiltonian that is insensitive to all possible noise sources
since the degrees of freedom used for the qubit operation are always associated with
noise to some extent. Ideally, one would like to make the qubit insensitive to noise
sources that are associated with large power spectral densities, such as charge noise, by
engineering the Hamiltonian of the quantum circuit appropriately. On the other hand,
a variable associated with a smaller amount of noise can be used as the qubit degree of
freedom.

3.3 Charge qubit

In this section, we introduce the charge qubit that was the first superconducting cir-
cuit, in which quantum-coherent oscillations were observed, and the quantum state of
the circuit could be controlled coherently [26]. A charge qubit consists of a Josephson
junction that is capacitively coupled to a dc voltage source from one side of the junc-
tion and connected to the ground from the other side of the junction. Thus, a charge
qubit can often be modeled to a good approximation with the simple electric circuit
depicted in Fig. 3.4. In the circuit, an island is formed between the Josephson junction
and the gate capacitance. Thus, Cooper pairs can tunnel across the Josephson junction
between the ground and the island, and importantly, the energy of the system depends
on the number of Cooper pairs on the island. As we shall show below in more detail,
the eigenstates of the system are superpositions of several charge states, and the exact
form of the superpositions depends on the applied dc gate voltage.

Like many other superconducting qubits, charge qubits are characterized by two
energy scales that are the Coulomb charging energy of the island EC and the Josephson
energy of the junction EJ. The charging energy EC corresponds to the change in the
capacitive energy of the island when a single excess electron is added to the supercon-
ducting island, whereas the Josephson energy depends on the critical current of the
junction (see Sec. 2.4) and it can be associated with the coherent tunneling of Cooper
pairs across the junction. For a charge qubit, the charging energy of the island EC dom-
inates over the Josephson energy EJ and the ratio of these energy scales is typically on
the order of EJ/EC ∼ 0.1− 1 [86]. Thus, one can think that the quantum information
is stored in the charge state of the charge qubit.

In practical implementations of a charge qubit, the single Josephson junction is
often replaced by two parallel junctions, i.e., a SQUID. This gives one the possibility to
control the Josephson energy EJ of the circuit and thus the qubit frequency by tuning
the external magnetic flux through the SQUID loop as discussed in Sec. 2.5. However,
this also subjects the qubit to flux noise, the effect of which can be detrimental to the
coherence of the qubit unless the qubit is operated at the flux-insensitive sweet spot
where the Josephson energy and thus the qubit energy are first-order insensitive to flux
fluctuations.

3.3.1 Quantization of the charge qubit circuit

Let us then investigate the energy spectrum of the charge qubit in more detail. To this
end, we derive the Hamiltonian corresponding to the circuit model in Fig. 3.4 using the
circuit quantization procedure described in Sec. 2.6. To begin with, the Lagrangian of
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Figure 3.4: Simple circuit model of a charge qubit also known as a single Cooper-pair box.
We use a light blue colour to denote the part of the circuit that corresponds to either the
superconducting island or the Josephson junction. The Josephson junction has a Josephson
energy of EJ and a capacitance of CJ. The island is formed between the junction and the
geometric gate capacitance Cg that couples the island to a voltage source Vg (light red).
The voltage source is used to model both dc and ac voltage controls applied for the qubit
as well as unavoidable sources of charge noise. The node flux of the island Φ is used as
the free coordinate when constructing the Lagrangian of the circuit, whereas Q denotes the
corresponding conjugate charge.

the charge qubit circuit reads

L =
1

2
CJΦ̇2 +

1

2
Cg(Φ̇− Vg)2 −

[
− EJ cos

(
2π

Φ0

Φ

)]
, (3.18)

where Φ is the node flux at the island defined as a time integral of the corresponding
voltage, CJ is the junction capacitance, Cg is the gate capacitance, and Vg denotes the
gate voltage. Note that we have used the ac Josephson relation in Eq. (2.17) to relate the
gauge invariant phase ϕ to the node flux Φ. Now, the canonical momentum conjugate
of the flux Φ is given by

Q =
∂L
∂Φ̇

= CJΦ̇ + Cg(Φ̇− Vg)⇒ Φ̇ =
Q+ CgVg

CΣ

, (3.19)

where CΣ = CJ + Cg denotes the total capacitance of the circuit. Using the relation
between the conjugate momentum Q and the time derivative of the flux Φ̇ in Eq. (3.19),
we can write the classical Hamiltonian of the charge qubit circuit after simplifications
as

H = Φ̇Q− L =
1

2

(Q+ CgVg)2

CΣ

− EJ cos

(
2π

Φ0

Φ

)
(3.20)

= 4EC(n− ng)2 − EJ cos (ϕ) , (3.21)

where EC = e2/(2CΣ) denotes the charging energy associated with the total capaci-
tance, n = Q/(2e) is a dimensionless charge variable normalized by the absolute charge
of Cooper pairs |q∗| = 2e, ng = −CgVg/(2e) denotes the number of Cooper pairs as-
sociated with the gate voltage, and ϕ = 2πΦ/Φ0 denotes the gauge invariant phase
difference across the Josephson junction. Note that the dimensionless charge variable n
corresponds to the number of excess Cooper pairs on the superconducting island mul-
tiplied by −1. Importantly, the offset charge ng can be influenced by three independent
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factors that are the dc voltage applied to the gate electrode, additional ac gate volt-
age used to control the state of the qubit and unavoidable charge noise arising due to
electric fields attributable to the environment of the qubit.

Subsequently, we move onto a quantum-mechanical description of the charge qubit
Hamiltonian by imposing the canonical commutation relation between the flux and
conjugate charge operators

[Φ̂, Q̂] = i~⇔ [ϕ̂, n̂] = i. (3.22)

Note that the operator n̂ is often called the charge operator even though it has no units.
Subsequently, the quantum Hamiltonian is obtained simply by replacing the classical
variables (n, ϕ) in Eq. (3.21) by the corresponding quantum operators (n̂, ϕ̂) as

Ĥ = 4EC(n̂− ng)2 − EJ cos (ϕ̂) , (3.23)

where the operators n̂ and ϕ̂ satisfy the commutation relation in Eq. (3.22). Importantly,
the number of Cooper pairs n transferred across the junction is a well-defined integer,
whereas the phase of the junction ϕ̂ is a compact operator, i.e., it obeys 2π-periodic
boundary conditions [62]. This is analogous with the formalism of angular momentum,
where the z-component of angular momentum is quantized in equidistant steps and the
operator associated with the azimuthal angle is 2π-periodic.

To diagonalize the charge qubit Hamiltonian in Eq. (3.23), we can work either in the
discrete charge basis corresponding to the eigenstates of n̂ or the continuous phase basis
corresponding to the eigenstates of ϕ̂. In the charge qubit regime, the eigenstates are
localized in the charge basis meaning that the charge on the island n is approximately
a good quantum number. Therefore, it will be computationally more efficient and also
more intuitive to express the Hamiltonian in the charge basis {|n〉}∞n=−∞ before solving
the eigenenergies of the system.

However, it is not directly evident how the cosinusoidal Josephson potential−EJ cos(ϕ̂)
should be expressed in the charge basis. In order to find a charge-basis representation
for this potential term, we first expand the cosine as a sum of two exponentials as
cos(ϕ) = [exp(iϕ) + exp(−iϕ)]/2. Subsequently, we claim that the operator exp(iϕ)
corresponds to a raising operator in the charge basis. We can validate this claim by
computing the charge associated with the state exp(iϕ̂)|m〉 as

n̂eiϕ̂|m〉 = n̂
∞∑
k=0

1

k!
(iϕ̂)k|m〉 =

∞∑
k=0

1

k!
ik(ϕ̂kn̂− ikϕ̂k−1)|m〉

=
∞∑
k=0

1

k!
(iϕ̂)km|m〉+

∞∑
k=1

1

(k − 1)!
(iϕ̂)k−1|m〉

= (m+ 1)eiϕ̂|m〉, (3.24)

where we have used the Taylor series expansion of the exponential function and re-
peatedly applied the canonical commutation relation presented in Eq. (3.22). The final
result implies that the state exp(iϕ̂)|m〉 is equivalent with an incremented charge state
|m + 1〉 indicating that exp(iϕ̂) indeed acts like a raising operator. As a result, the
operator exp(iϕ̂) has the following charge basis representation

eiϕ̂ =
∞∑

m=−∞

|m+ 1〉〈m|. (3.25)
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In an analogous fashion, the operator exp(−iϕ̂) corresponds to a lowering operator in
the charge basis

e−iϕ̂ =
∞∑

m=−∞

|m〉〈m+ 1|. (3.26)

By combining the relations in Eqs. (3.25) and (3.26), we can write the operator
cos(ϕ̂) in the charge basis as

cos(ϕ̂) =
1

2

(
eiϕ̂ + e−iϕ̂

)
=

1

2

 ∞∑
m=−∞

|m+ 1〉〈m|+ |m〉〈m+ 1|

 . (3.27)

Interestingly, the above result resembles the coupling term of a tight-binding Hamilto-
nian describing the electronic structure of a one-dimensional periodic atomic chain. In
the tight-binding model, the coupling term gives rise to electron transitions between
adjacent atoms or lattice sites, and the strength of the tunnel coupling determines the
width of the resulting energy bands, i.e., the energy dispersion. This analogy to the
tight-binding Hamiltonian means that we can interpret the term −EJ cos(ϕ̂) as being
responsible for the coherent tunneling of Cooper pairs across the Josephson junction.

By using the charge basis representation of cos(ϕ̂) in Eq. (3.27), we can write the
charge qubit Hamiltonian in the charge basis as

Ĥ = 4EC

∞∑
n=−∞

(n− ng)2|n〉〈n| − EJ

2

∞∑
n=−∞

(
|n+ 1〉〈n|+ |n〉〈n+ 1|

)
. (3.28)

If we are to use the quantum circuit as a qubit, we are interested in only the two
lowest energy levels. Assuming that ng ∈ (0, 1) and EJ . EC, it is a relatively good
approximation to restrict the basis to two adjacent charge states {|0〉, |1〉} corresponding
to a situation with no excess Cooper pairs on the island or with a single excess Cooper
pair on the island. Under this approximation, the two-level Hamiltonian becomes after
simplifications

Ĥ = 4EC(1− 2ng)|1〉〈1| − EJ

2
(|0〉〈1|+ |1〉〈0|) (3.29)

=
Eel

2
σ̂z −

EJ

2
σ̂x, (3.30)

where Eel = 4EC(1− 2ng) denotes an offset charge dependent charging energy, and the
Pauli spin operators are defined as σ̂z = |1〉〈1| − |0〉〈0| and σ̂x = |1〉〈0| + |0〉〈1|. Note
also that we have added a constant energy offset to the Hamiltonian without affecting
the underlying physics. In the following sections, we often ignore constant energy shifts
when simplifying Hamiltonians.

The eigenergies of the two-level Hamiltonian in Eq. (3.30) can be solved analytically
to obtain the following result

Ee/g = ±1

2

√
E2

el + E2
J , (3.31)

where Ee denotes the excited state energy and Eg denotes the ground state energy. This
implies that the qubit frequency ωq depends on the offset charge as ng as

ωq =
Ee − Eg

~
=

1

~

√
Eel(ng)2 + E2

J , (3.32)
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where Eel(ng) is a function of the offset charge ng. At ng = 1/2, Eel equals zero meaning
that the qubit frequency attains its minimum as a function of the offset charge. In this
so-called degeneracy point, the energy spacing of the qubit states is equal to the Joseph-
son energy EJ, and the eigenstates are symmetric and anti-symmetric superpositions
of the charge states |0〉 and |1〉 explaining the name ’degeneracy point’. Note that the
qubit frequency is first-order insensitive to the offset charge ng at the degeneracy point,
as a result of which the degeneracy point is also often known as the charge-insensitive
sweet spot.

(a) (b)

(c) (d)

Figure 3.5: Energy spectrum of the charge qubit for the three lowest energy states as a
function of the offset charge ng for four different values of the ratio EJ/EC. The eigenenergies
have been solved by numerically diagonalizing the charge qubit Hamiltonian in the truncated
charge basis {| − 20〉, . . . , |0〉, . . . , |20〉} [see Eq. (3.28)]. The four different values of EJ/EC

are (a) EJ/EC = 0.1, (b) EJ/EC = 1, (c) EJ/EC = 10, and (d) EJ/EC = 50. In panel (b),
the double arrow illustrates the fact that the qubit frequency is approximately equal to EJ

at the sweet spot ng = 1/2 for EJ/EC ≤ 1. The panel (d) corresponds to a typical transmon
qubit, for which the qubit frequency is approximately equal to

√
8EJEC−EC and the energy

anharmonicity is given by −EC.

To obtain a more rigorous understanding on the energy spectrum of a charge qubit,
we numerically diagonalize the full Hamiltonian presented in Eq. (3.28). In order to
make the eigenvalue equation computationally tractable, we restrict the charge state
basis into the subspace |n〉 ∈ {| − 20〉, . . . , |0〉, . . . , |20〉}. In Fig. 3.5, we have plotted
the resulting energies of the three lowest eigenstates as functions of the offset charge for
four different values of the ratio EJ/EC. The panels (a) and (b) show the energy spectra
of a typical charge qubit, for which EJ/EC ≤ 1 [86]. Importantly, the energy spectrum
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of the charge qubit is periodic in the offset charge ng (for any EJ/EC), and the qubit
frequency is strongly dependent on the offset charge if the ratio EJ/EC has a value on
the order of unity. The periodic dependence of the eigenenergies on the offset charge is
often termed as charge dispersion in analogy to the energy dispersion in periodic solids.

By further inspecting Fig. 3.5(b) corresponding to EJ/EC = 1, one can observe
that the energy spacing between the two lowest energy states attains a minimum of
approximately EJ at the charge-insensitive sweet spot ng = k + 1/2 as previously
predicted by the two-level approximation. Importantly, the anharmonicity of the charge
qubit can be very large close to this charge-insensitive sweet spot. Therefore, it is in
principle possible to perform very fast single-qubit gates with the charge qubit without
the fear of leakage errors into states beyond the computational subspace {|g〉, |e〉}.

3.3.2 Measurement, control, and decoherence of charge qubits

Let us then briefly discuss how one can measure the state of a charge qubit. Importantly,
the ground and excited states of a charge qubit are associated with a different charge
configuration at the superconducting island making it possible to determine the qubit
state via a charge measurement. The state measurement of early charge qubits was thus
often based on an indirect charge measurement that could be performed, for example,
by probing the tunneling current between the island and an additional probe electrode
[26] or by employing a single-electron transistor [87]. A more modern approach for
the state measurement is to capacitively couple the charge qubit to a superconducting
readout resonator, and then measure the microwave transmission/reflection coefficient
of the readout resonator in the so-called dispersive regime [65]. Namely, the resonance
frequency of the readout resonator depends on the state of the qubit, which allows one
to perform a quantum non-demolition measurement of the qubit state by probing the
resonator as explained in more detail in Sec. 3.4.

To gain further insight into the control and decoherence of charge qubits, it pays
to express the two-level approximation of the charge qubit Hamiltonian [see Eq. (3.30)]
in the qubit eigenbasis {|e〉, |g〉}. Under the two-level approximation, the eigenstates of
the qubit are superpositions of the charge states |0〉 and |1〉

|e〉 = sin(θ)|1〉+ cos(θ)|0〉, (3.33)

|g〉 = − cos(θ)|1〉+ sin(θ)|0〉, (3.34)

where θ = arctan(EJ/(Eel−
√
E2

el + E2
J)), |e〉 refers to the excited state, and |g〉 denotes

the ground state. When expressing the Hamiltonian in the eigenbasis, it is illuminating
to take into account possible fluctuations in the values of the Josephson energy EJ

and the offset charge dependent charging energy Eel. These fluctuations may originate
either from control pulses applied to the qubit or from random noise attributable to
the environment of the qubit. When these fluctuations are included into the model, the
effective two-level Hamiltonian in Eq. (3.30) can be written as

Ĥ =
Eel + δEel

2
σ̂z −

EJ + δEJ

2
σ̂x, (3.35)

where δEel = 2eCgδVg/CΣ and δEJ = −EJΣπδΦext/Φ0 sin
(
πΦext/Φ0

)
assuming that a

symmetric, flux-controllable SQUID is used in the charge qubit circuit in place of a
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single Josephson junction. Now, we can rotate the Hamiltonian in Eq. (3.35) to the
qubit eigenbasis {|e〉, |g〉} in order to obtain the following result

Ĥ ′ =
~ωq

2
σ̂′z −

δEel

2
[cos(2θ)σ̂′z + sin(2θ)σ̂′x]

− δEJ

2
[sin(2θ)σ̂′z − cos(2θ)σ̂′x], (3.36)

where the Pauli operators in the eigenstate basis are given by σ̂′z = |e〉〈e| − |g〉〈g| and
σ̂′x = |e〉〈g|+ |g〉〈e|.

We can make a few important observations based on the rotated Hamiltonian in
Eq. (3.36). Firstly, it is possible to coherently control the state of the charge qubit by
applying an ac gate voltage pulse with a frequency close to the qubit frequency ωq

since this modulates δEel sinusoidally and acts like a driving force [26]. It is simplest to
describe the effect of the drive in a frame rotating with the drive frequency as we will see
in the following section when considering the control of transmon qubits more carefully.
In principle, any rotation around the Bloch sphere can be achieved by choosing the
phase of the ac control pulse appropriately.

Secondly, time-dependent fluctuations, i.e., noise, in the offset charge ng and the
magnetic flux Φext through the SQUID loop make the qubit susceptible to decoherence.
Importantly, these sources of noise can cause both qubit relaxation through a term
proportional to σ̂′x in Eq. (3.36) and dephasing through a term proportional to σ̂′z. In
a charge qubit, the offset charge noise greatly degrades the quantum coherence, and
in the first charge qubit implementations, the coherence time was limited to a few
nanoseconds [26]. Note that the susceptibility of charge qubits to charge noise is due
to the strong dependence of the qubit frequency on the offset charge as illustrated in
Figs. 3.5(a) and (b).

However, the dephasing originating from charge noise can be reduced by increasing
the ratio EJ/EC since this makes the qubit frequency less dependent on the offset
charge as can be seen by comparing the energy spectra for different EJ/EC in Fig. 3.5. In
addition, the dephasing owing to both charge and flux noise can be reduced by operating
the charge qubit at a sweet spot, in which ng = 1/2 and Φext = 0. At this sweet spot,
the qubit frequency is first-order insensitive to fluctuations of the offset charge and the
external magnetic flux. By employing a charge qubit variant with EJ/EC = 1.27 at a
sweet spot, Vion et al. managed to significantly improve the dephasing time of a charge
qubit to Tϕ = 0.50 µs [88]. However, this is still several orders of magnitude lower than
in modern superconducting qubits. As a result, charge qubits are rarely used nowadays
despite of their initial success.

3.4 Transmon qubit

As pointed out at the end of the previous section, the susceptibility of charge qubits to
charge noise can be greatly reduced by increasing the ratio of the Josephson energy EJ

to the charging energy EC. This idea led to the invention of the transmon qubit [59], in
which the charging energy EC of the superconducting island is decreased significantly
by shunting the Josephson junction with a large geometric capacitor as schematically
illustrated in Fig. 3.6(a). Typically, the dimensions of the capacitor are chosen such
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(a)

(b) (c)

Figure 3.6: (a) A schematic illustration of a transmon qubit, in which the large shunting
capacitance Csh is realized by a finger capacitor as in the first experimental realizations of the
transmon [90]. Note that the effective Josephson energy can be modified by tuning the external
magnetic flux Φext between the two junctions. (b) Simple circuit model of a transmon qubit
comprising of a Josephson junction (EJ, CJ) shunted by a large geometric capacitance Csh.
Note that a SQUID can be interpreted as a flux-tunable Josephson junction. (c) Potential
energy diagram of the Josephson potential −EJ cos(ϕ) (solid blue line) as compared with
the corresponding harmonic potential (solid red line). The energy levels associated with the
cosine potential (dashed blue lines) are characterized by a small negative anharmonicity in
the transmon regime EJ � EC. For reference, the energy levels of the corresponding harmonic
oscillator are also shown with solid red lines. Furthermore, the black dot illustrates the ’phase
particle’ corresponding to the qubit.

that the ratio EJ/EC is on the order of ∼50–100 [89] meaning that transmons work in a
very different parameter regime as compared with charge qubits, for which EJ/EC . 1.
As illustrated in Fig. 3.5(d), this greatly reduces the charge dispersion and renders
the energy spectrum of transmons largely independent of the offset charge ng. Thus,
transmons are immune to dephasing arising from low-frequency charge noise. This also
signifies that a dc voltage source can no longer be used to control the qubit, and
therefore, it is typical to neglect the gate voltage in the bare transmon circuit model
as illustrated in Fig. 3.6(b). It is also important to note that the introduction of the
shunt capacitance does not make the transmon qubit any more susceptible to other
common decoherence channels, such as, flux noise, critical current noise or quasiparticle
tunneling.
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Intuitively, the capacitance plays the role of mass in the transmon Hamiltonian
[see Eq. (3.23)] meaning that the phase oscillations across the Josephson junction are
reduced as the large shunting capacitance is introduced. As visualized in Fig. 3.6(c),
this means that the phase particle corresponding to the transmon qubit is essentially
trapped into one of the potential minima of the cosinusoidal Josephson potential and
correspondingly, the tunneling rate between adjacent potential minima is greatly re-
duced resulting in a narrow charge dispersion. Since a large ratio of EJ/EC essentially
turns the transmon into a weakly anharmonic oscillator, the shunt capacitor also has
the effect of reducing the anharmonicity of the transmon in comparison with the charge
qubit. Therefore, one can think that a relatively small anharmonicity is the price to
pay for the reduced charge dispersion and the associated immunity to charge noise.
However, the energy spectrum of a transmon is still sufficiently different from that of a
harmonic oscillator in the typical transmon regime as illustrated in Fig. 3.6(c).

Importantly, Koch et al. [59] argued that it is feasible to construct a transmon qubit
that is well protected against charge noise while preserving a sufficient anharmonicity.
This is for the fact that the charge dispersion decreases exponentially as a function
of EJ/EC, whereas the anharmonicity of the transmon qubit depends only linearly on
EC. To be more precise, Koch et al. argued that the charge dispersion εm = Em(ng =
1/2)− Em(ng = 0) for the mth state depends on the Josephson and charging energies
as

εm = (−1)mEC
24m+5

m!

√
2

π

(
EJ

2EC

)m
2

+ 3
4

e−
√

8EJ/EC , (3.37)

where the expression is valid for EJ/EC � 1. This exponential suppression of the
charge dispersion as a function of

√
EJ/EC was experimentally verified in Ref. [78],

where it was estimated that the charge dispersion was only on the order of 10 kHz in
the typical transmon regime EJ/EC ∼ 50 indicating that charge noise is not be the
limiting dephasing channel for transmon qubits.

The exponential suppression of the charge dispersion can be intuitively understood
as follows: As discussed in Sec. 3.3.1, the charge dispersion related to the Hamiltonian
of a charge qubit or a transmon is analogous to the energy dispersion of a tight-binding
model describing a periodic one-dimensional atomic chain. In such a tight-binding
model, the width of the energy dispersion is linearly proportional to the strength of
the tunnel coupling between adjacent lattice sites. In the case of the transmon qubit,
the corresponding tunnel coupling strength is determined by a Wentzel—Kramers—
Brillouin-type (WKB) overlap integral between eigenstates of two anharmonic oscilla-
tors localized in the neighboring potential wells. The eigenstates of a weakly anharmonic
oscillator can be approximated with those of a harmonic oscillator whose eigenstate

wavefunctions decay with a rate of ∝ exp
[
−1/2

√
EJ/(8EC)ϕ2

]
as a function of ϕ suf-

ficiently far away from the potential minimum. As a result, the value of the overlap

integral and thus the charge dispersion are proportional to exp
(
−ξ
√
EJ/EC

)
, for some

ξ ∈ R.
Let us then investigate the Hamiltonian of the transmon qubit more carefully in

order to derive a useful approximation for the Hamiltonian. To help the reader follow
the discussion, we rewrite the Hamiltonian of the transmon qubit that is naturally
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equivalent with the charge qubit Hamiltonian

Ĥ = 4EC(n̂− ng)2 − EJ cos (ϕ̂) , EJ � EC. (3.38)

Before deriving the approximation, we point out that it is, in principle, possible to solve
the eigenenergies and -states of the transmon Hamiltonian analytically by working in the
phase basis, where the conjugate charge operator reads n̂ = −i∂ϕ and the Hamiltonian
is given by

Ĥ = 4EC(−i∂ϕ − ng)2 − EJ cos (ϕ) . (3.39)

As discussed in more detail in Ref. [59], the solutions to the corresponding eigenvalue
equation ĤΨ(ϕ) = EΨ(ϕ) with 2π-periodic boundary conditions can be expressed in
terms of Mathieu’s functions and characteristic values.

However, it is often sufficient to employ a small phase approximation, ϕ � 1,
motivated by the fact that the phase particle corresponding to the qubit is trapped
close to one of the minima of the cosine potential. This allows one to approximate
the transmon Hamiltonian by expanding the Josephson potential into a Taylor series
around the potential minimum at ϕ = 0 up to the fourth order

Ĥ ≈ 4ECn̂
2 +

EJ

2
ϕ̂2 − EJ

24
ϕ̂4, (3.40)

where we have ignored constant terms and the offset charge ng since it has a negligible
effect in the transmon regime.

Since the approximate Hamiltonian in Eq. (3.40) resembles the Hamiltonian of a
harmonic oscillator apart from a small quartic term, it pays to introduce the ladder op-
erators b̂ and b̂† of the corresponding harmonic oscillator such that the ladder operators
satisfy [b̂, b̂†] = 1 as usual. By employing the ladder operators, the charge n̂ and phase
operators ϕ̂ can be expressed as

n̂ = − i

2

(
EJ

2EC

)1/4

(b̂− b̂†), (3.41)

ϕ̂ =

(
2EC

EJ

)1/4

(b̂+ b̂†), (3.42)

and consequently, the Hamiltonian simplifies to the following approximate form

Ĥ ≈ ~ωqb̂
†b̂− EC

2
b̂†b̂†b̂b̂. (3.43)

In the above expression, we have ignored constant factors and fast rotating terms that
have an unequal number of the operators b̂† and b̂. Furthermore, the qubit frequency
ωq is given by the expression

~ωq =
√

8ECEJ − EC. (3.44)

Importantly, the approximate Hamiltonian in Eq. (3.43) describes a weakly anhar-
monic oscillator characterized by a Kerr-type, fourth-order non-linearity. It is straight-
forward to apply the first-order perturbation theory to determine the energies associated
with the two lowest-energy transitions as

〈1|Ĥ|1〉 − 〈0|Ĥ|0〉 = ~ωq, (3.45)
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〈2|Ĥ|2〉 − 〈1|Ĥ|1〉 = ~ωq − EC, (3.46)

where |j〉, j = {0,1,2}, denote the eigenstates of the Hamiltonian Ĥ0 = ~ωqb̂
†b̂.

Equations (3.45) and (3.46) imply that the transmon anharmonicity is approxi-
mately given by

α =
E12 − E01

~
= −EC

~
. (3.47)

As already stated above, this result signifies that the anharmonicity of transmons de-
creases only linearly with EC. As a result, typical transmons are well immune to charge
noise while preserving an anharmonicity of α/(2π) = 200−300 MHz [90–92]. This level
of anharmonicity is sufficient for performing single-qubit gates of duration ∼ 15−20 ns
with a fidelity reaching as high as 0.9995 when the DRAG scheme is used [93]. Note also
that the anharmonicity of the transmon is negative as can be intuitively inferred from
the fact that the Josephson potential increases slower than the correponding quadratic
potential around ϕ ≈ 0.

3.4.1 Control and measurement of transmon qubits

Since transmon qubits are nowadays the most widely used and studied superconducting
qubit type, we shall briefly consider the control and measurement of transmon qubits.
Importantly, a large ratio of EJ/EC not only renders transmons immune to charge
noise but also makes it impractical to use any low-frequency quantity, such as, charge
[26] or quantum capacitance [87] to measure the state of the qubit [78]. Remarkably,
a transmon can be made to couple strongly to radiofrequency electric fields due to its
large dipole moment, which implies that transmons can still be controlled and measured
using microwave pulses [59].

To better understand this phenomenon, it pays to separate the ac and dc parts of
the offset charge as

ng = ndc
g −

CgV (t)

2e
. (3.48)

By inserting this expression for the offset charge into the transmon Hamiltonian in
Eq. (3.38), we obtain

Ĥ = 4ECn̂
2 − EJ cos(ϕ̂) + 2e

Cg

CΣ

V (t)n̂ = Ĥq + Ĥd, (3.49)

where Ĥq = 4ECn̂
2 − EJ cos(ϕ) denotes the bare qubit part of the Hamiltonian, and

Ĥd = 2eCg/CΣV (t)n̂ denotes the coupling to an ac voltage source. Note that we have
discarded terms containing the dc offset charge ndc

g due to its negligible effect in the
transmon regime. In the following subsections, we shall discuss how the Hamiltonian in
Eq. (3.49) helps us to understand how transmons can be controlled and measured.

3.4.1.1 Control of transmon qubits

First, we investigate how the state of a transmon qubit can be controlled using mi-
crowave voltage pulses that allow for the realization of single-qubit gates. To this end,
we treat the ac voltage V (t) as a classical variable and assume it to be of cosinusoidal
form, i.e., V (t) = V0 cos(ωdt+ φd), where ωd is the frequency of the voltage pulse, and
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φd denotes the phase of the pulse. By expanding the charge operator in terms of the
ladder operators presented in Eq. (3.41), we can write the drive part of the Hamiltonian
as

Ĥd ≈ e
Cg

CΣ

V0

2

(
EJ

2EC

)1/4 [
b̂†e−i(ωdt+φ

′
d) + h.c.

]
(3.50)

= hd

[
b̂†e−i(ωdt+φ

′
d) + h.c.

]
, (3.51)

where we have defined φ′d = φd − π/2, used h.c. to denote a hermitian conjugate, and
defined a shorthand hd = eCgV0[EJ/(2EC)]1/4/(2CΣ) for the prefactor. In addition, we

have already discarded the terms b̂† exp(iωdt) and b̂ exp(−iωdt) since they rotate quickly
in a frame rotating with the qubit frequency meaning that they essentially average out.
This commonly applied approximation is known as the rotating-wave approximation,
and it is valid if the drive amplitude hd/~ is much smaller than the drive frequency ωd.

Subsequently, we adopt the two-level approximation that is valid also in the trans-
mon regime assuming that the anharmonicity of the qubit is sufficiently large as com-
pared with the bandwidth of the control pulse. To this end, we make the replacements
Ĥq → ~ωqσ̂z/2, b̂→ σ̂−, b̂† → σ̂+, which yields the two-level Hamiltonian

Ĥ =
~ωq

2
σ̂z + hd

[
σ̂+e−i(ωdt+φ

′
d) + h.c.

]
, (3.52)

where the Pauli operators are defined in terms of the qubit excited state and ground
state as σ̂z = |e〉〈e| − |g〉〈g|, σ̂+ = |e〉〈g|, and σ̂− = |g〉〈e|.

To better understand the effect of microwave control pulses, it pays to move to a
frame rotating with the free evolution of the qubit via a unitary transformation of the
form |ψ′〉 = R̂|ψ〉, where the unitary transformation is defined as R̂ = exp

(
iωqσ̂zt/2

)
.

The interested reader is referred to the Appendix D of Daniel Sank’s PhD thesis for
a pedagogically written summary on the rotating frame and its application to the
analysis of qubit drive [94]. In this rotating frame, the Hamiltonian transforms as Ĥ ′ =

R̂ĤR̂† + i~ ˙̂
RR̂† resulting in the following transformed Hamiltonian

Ĥ ′ = hd

[
σ̂+ei(δωt−φ′d) + h.c.

]
, (3.53)

where we have defined the detuning of the drive δω = ωq − ωd and used the relation

R̂σ̂+R̂
† = σ̂+ exp

(
+iωqt

)
. Note that the bare qubit part of the Hamiltonian has been

eliminated in a frame rotating with the qubit frequency.
Ideally, the detuning of the drive is zero, δω = 0, meaning that the time dependent

terms in the drive part of the Hamiltonian are eliminated. By replacing the lowering and
raising operators in the transformed Hamiltonian with the Pauli x- and y-operators, we
end up with the following convenient form of the transformed Hamiltonian

Ĥ ′ = hd

[
σ̂x cos

(
φ′d
)

+ σ̂y sin
(
φ′d
)]
, (3.54)

where we have denoted the Pauli x- and y-operators as σ̂x = |e〉〈g| + |g〉〈e| and σ̂y =
−i|e〉〈g|+ i|g〉〈e|. Since the Pauli operators σ̂x and σ̂y give rise to rotations around the
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corresponding axes in the Bloch sphere representation, it is now possible to achieve an
arbitrary rotation around the Bloch sphere by choosing the phase φ′d and duration of
the drive pulse appropriately.

As a particular example, we consider an X gate, i.e., a π-pulse that corresponds to
the excitation/de-excitation of the qubit. To this end, we choose the phase of the drive
such that φ′d = 0, as a result of which the qubit Hamiltonian in Eq. (3.54) reduces to the
simple form Ĥ ′ = hdσ̂x. The evolution of the qubit under the Hamiltonian Ĥ ′ = hdσ̂x
in the rotating frame is given by the unitary transformation

e−ihdσ̂xt/~ = cos

(
hdt

~

)
Î − i sin

(
hdt

~

)
σ̂x, (3.55)

where Î denotes an identity operator. If the duration t of the pulse is chosen to satisfy

hdt

~
= e

Cg

CΣ

V0

2

(
EJ

2EC

)1/4
t

~
=
π

2
, (3.56)

the unitary evolution corresponds to the application of the Pauli x-operator σ̂x apart
from an arbitrary overall phase factor.

3.4.1.2 Readout of transmon qubits

Let us then consider the measurement, i.e., readout, of the state of a transmon qubit.
Typically, the readout of a transmon qubit is realized by coupling the qubit to a super-
conducting resonator, which enables a so-called dispersive measurement [65]. In practice,
the capacitive coupling between the qubit and the resonator can be realized by plac-
ing the transmon between the center conductor and the ground planes of the readout
resonator [see Fig. 3.7(a)] [78, 95], or by placing the capacitor plate of the transmon
close to, but still outside of, the readout resonator like in the Xmon architecture [see
Fig. 3.8(b)] [81]. Due to the coupling between the qubit and resonator, the resonance
frequency of the resonator attains a qubit-state dependent shift. Consequently, the state
of the qubit can be measured by, e.g., investigating the reflection or transmission co-
efficient of the readout resonator. Note that the dispersive measurement scheme is not
limited to transmons but it can be used for other qubit types as well [79, 96].

To understand the dispersive measurement in more detail, we consider the coupling
between the qubit and the readout resonator more carefully. As stated in Sec. 2.6.2,
it is often a good approximation to ignore all but one of the resonator modes since
typically only one of the modes has a frequency close to that of the qubit. The mode
of interest, m, can be represented with its lumped element circuit model, which allows
one to model the coupling between the qubit and the resonator with the circuit model
shown in Fig. 3.7(b). The effect of the readout resonator can then be incorporated
to the transmon Hamiltonian by either quantizing the full circuit model depicted in
Fig. 3.7(b) or by noting that the oscillating voltage of the resonator contributes to the
ac offset charge [see Eqs. (3.48) and (3.49)]. Using both approaches, one finds that the
coupling between the qubit and the resonator gives rise to the following coupling term
in the Hamiltonian [59]

Ĥcoupling = 2e
Cg

CΣ

n̂V̂r = −2ie
Cg

CΣ

n̂

√
~ωr

2C
(â− â†), (3.57)
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(a)

(b)

Figure 3.7: (a) Schematic of a transmon qubit (blue and red) embedded within a coplanar
waveguide resonator (sliding black color) in order to capacitively couple the transmon to the
second normal mode of the resonator (dashed red lines). Such a coupling scheme was utilized
in the early transmons to realize a dispersive measurement of the qubit state [90]. However,
the coupling scheme was plagued by a rapid Purcell decay of the qubit through the resonator.
(b) Circuit model of a transmon qubit capacitively coupled (Cg) to a readout resonator (black)
that is presented by its lumped element circuit model (L, C).

where V̂r = Q̂r/C = −i
√

~ωr/(2C)(â− â†) denotes the resonator voltage operator at the
location of the qubit [see Eq. (2.33) in Sec. 2.6.1], ωr denotes the resonator frequency,
C corresponds to the lumped element capacitance of the resonator, and the ladder
operators are defined in analogy to Sec. 2.6.1.

If the qubit is modeled as a two-level system and the rotating-wave approximation
is invoked, the Hamiltonian for the full system incorporating both the qubit and the
resonator reduces to the well-known Jaynes–Cummings Hamiltonian

ĤJC = ~ωrâ
†â+

~ωq

2
σ̂z + ~g(â†σ̂− + âσ̂+), (3.58)

where the coupling angular frequency is given by

g =
e

~
Cg

CΣ

(
EJ

2EC

)1/4
√

~ωr

2C
= ωr

Cg

CΣ

(
EJ

2EC

)1/4√
Zrπ

RK

, (3.59)

where Zr =
√
L/C denotes the characteristic impedance of the lumped element res-

onator and RK = h/e2 denotes the von Klitzing constant. Note that the coupling
angular frequency g can be very high for transmons and the coupling angular frequency
actually increases with increasing EJ/EC due to an increase in the dipole moment of
the transmon. Remarkably, transmons couple strongly to ac electric fields while being
immune to low-frequency charge noise. As a drawback of the large dipole moment, the
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transition matrix element between the ground state and the excited state is often large
for transmons rendering them susceptible to, e.g., dielectric losses [97] [see Eq. (3.10)
for a relation between the transition matrix element and the relaxation rate].

Importantly, the coupling term of the Jaynes–Cummings Hamiltonian in Eq. (3.58)
results in a hybridization of the qubit and the resonator modes. The effect of hybridiza-
tion is more pronounced when the detuning ∆ = ωq − ωr between the qubit and the
resonator is small. For quantum information processing, it is thus desirable to work
in the dispersive regime |g/∆| � 1, where the hybridization effects are small and the
quantum information is stored mainly in the qubit. This also has the advantage that
the qubit is less likely to relax through the resonator in a phenomenon known as the
Purcell decay [98].

In the dispersive regime, the Hamiltonian of the resonator-qubit system can be ap-
proximated using a Schrieffer–Wolff -type transformation (see Appendix A) that digo-
nalizes the Jaynes–Cummings Hamiltonian to second order in (g/∆)2 in the low photon-
number regime [36, 59, 99]. In constructing the dispersive Hamiltonian for transmon
qubits, it is important to take into account the multi-level nature of the transmon since
the second excited state enables virtual transitions that affect the frequencies of the
resonator and the qubit in the dispersive Hamiltonian. The dispersive Hamiltonian for
the transmon qubit can be shown to be of the form [59]

Ĥdisp =
~ω′q
2
σ̂z + ~ω′râ†â+ ~χâ†âσ̂z, (3.60)

where ω′q = ωq + g2/∆ and ω′r = ωr − g2/(∆ − EC/~) denote the qubit and resonator
frequencies including the Lamb shift arising from the coupling, and χ denotes the dis-
persive shift which is given by

χ = − g2EC/~
∆(∆− EC/~)

. (3.61)

Importantly, the last term in the dispersive Hamiltonian can be interpreted as a
qubit state dependent frequency shift of the resonator as can be seen by grouping the
terms in the dispersive Hamiltonian as

Ĥdisp =
~ω′q
2
σ̂z + ~(ω′r + χσ̂z)â

†â. (3.62)

Thus, the resonance frequency of the resonator ω′r±χ depends on whether the qubit is
in the excited state or in the ground state. This means that a quantum non-demolition
measurement of the qubit state can be performed by probing the resonator.

However, the term ~χâ†âσ̂z can also be interpreted as a frequency shift of the qubit
that depends on the resonator photon number as can be inferred by grouping the terms
in the dispersive Hamiltonian as

Ĥdisp = ~

(
ω′q
2

+ χâ†â

)
σ̂z + ~ω′râ†â. (3.63)

This photon number dependent frequency shift of the qubit is known as the ac Stark
effect [100, 101], and it has the consequence that photons in the readout resonator
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lead to dephasing of the qubit. Thus, a dispersive measurement evidently leads to
dephasing of the qubit – a phenomenon known as measurement backaction. Due to
the dephasing arising from the ac Stark shift, it would also be desirable to reset the
resonator to its ground state after a dispersive measurement by employing, for example,
the multichannel driving technique [102].

3.4.2 Developments in transmon qubit designs

Due to the the significance of transmon qubits to the research on superconducting
quantum computing, we briefly address the major developments in the transmon qubit
designs during the past years. The first experimental realizations of transmon qubits had
both relaxation and coherence times on the order of ∼ 1− 3 µs [78, 90, 95], which was
a clear improvement over the coherence times of charge qubits. In these experiments,
the transmons were located between the center conductor and the ground plane of the
readout resonator resulting in a strong coupling between the qubit and the resonator.
As a result, it appeared that the qubit relaxation was dominated by the Purcell decay
through the readout resonator [90]. This notion was also supported by the fact that
the coherence times of the measured qubits were T1-limited. The major role of Purcell
decay in the qubit relaxation gave rise to the invention of Purcell filters [75]. Purcell
filters modify the electromagnetic environment seen by the qubit at the frequency of
the qubit in order to suppress Purcell decay. By 2012, the coherence times of state-of-
the-art planar transmon qubits had reached the 10 µs mark (T1 ∼ 8− 9 µs, T2 ∼ 7− 10
µs) [103].

However, a major advancement in the coherence times of transmon qubits was
achieved in 2011, when Paik et al. embedded a transmon qubit in a 3D cavity instead
of coupling it to a 1D transmission line resonator as illustrated in Fig. 3.8(a) [80]. The
relaxation times of these so-called 3D transmons were found to be in the T1 ∼ 20−60 µs
range, and the corresponding coherence times (without echo pulses) were T2 ∼ 6 − 20
µs. The improved relaxation and coherence times were attributed to the large mode
volume of the 3D cavity and the well-controlled electromagnetic environment provided
by the cavity. Soon after the experiment of Paik et al, the group at IBM found that
the coherence times of 3D transmons could be further improved to the T2 ∼ 100 µs
level without echo pulses if the 3D cavity was engineered to efficiently thermalize to low
temperatures [91]. This made it possible to drastically reduce dephasing arising from
thermal cavity photons.

During the past decade, the coherence times of state-of-the-art planar transmons
have also improved significantly from the early transmons thanks to improvements in
both materials and design. In 2013, the group led by J Martinis proposed and demon-
strated the so-called Xmon architecture for planar transmons allowing them to reach
relaxation times of up to T1 ≈ 40 µs and coherence times of T2 ≈ 15 µs without echo
pulses [81]. In the Xmon architecture, the shunt capacitance is not realised with an
interdigitated finger capacitor but instead by intersecting two short aluminum trans-
mission line resonators into a cross-shaped capacitor that is surrounded by a common
aluminum ground plane from all sides as depicted in Fig. 3.8(b). This has the effect
of grounding the Xmon qubit in contrast to previous transmon designs, in which the
transmons were floating. The authors argued that the high-quality of the superconduct-
ing Aluminum material and the grounding of the qubit led to a reduction in radiative
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(a) (b)

Figure 3.8: (a) Schematic figure illustrating the first 3D transmon setup [80] that incor-
porated a transmon qubit (red and blue) in a 3D cavity made out of Aluminum. To ensure
a sufficiently large coupling between the transmon and the cavity mode of interest, the elec-
trodes of the transmon had to be made larger than in a planar transmon. The figure on the
right shows a close-up of the transmon qubit. (b) Schematic of the Xmon architecture pro-
posed by Barends et al. in Ref. [81]. In the Xmon architecture, the qubit is grounded and the
shunt capacitor has been fabricated into a shape of a cross. This enables convenient control,
readout, and coupling of the qubit via the arms of the capacitor plate. Note that the XY
control of the qubit can be performed via microwave pulses, whereas the Z control can be
implemented, for example, by a low-frequency flux line that tunes the external magnetic field
through the SQUID loop.

losses and a weaker coupling to defects.
As is often the case with superconducting qubits, the relaxation time appeared to

be limited by dielectric losses that arise due to a coupling between the qubit and defects
residing in surfaces or interfaces. It was found that these losses could be reduced by using
wider capacitor designs, for which the surface participation ratio, i.e., the proportion
of electric energy in the surface layer is lower. Later studies have also underlined the
major role of dielectric losses as the main factor limiting the relaxation time of trasmons
[97, 104, 105], and a general solution to alleviate the problem is to use larger capacitors
with a simple geometry such as a square shape or a cross shape in contrast to the early
transmons that incorporated finger capacitors.

Recently, Place et al. proposed that high-coherence transmon qubits could be real-
ized by using Tantalum as the superconducting material of the capacitor plates in place
of the more typically used Aluminum or Niobium [106]. According to their studies,
transmons fabricated out of superconducting Tantalum had an average relaxation time
of T1 ≈ 230 µs across several devices and an average coherence time (with echo pulses)
of T2 ≈ 200 µs in the best device [106], which was almost a factor of 3 improvement
to the previous state-of-the-art average relaxation times in planar transmons (T1 = 76
µs averaged across 24 qubits) [107]. The authors argued that the native surface oxides
of Tantalum had much lower dielectric losses as compared with the surface oxides of,
e.g., Niobium resulting in an improved coherence. To fabricate high-coherence Tan-
talum transmons, the fabrication pipeline was improved and important developments
included, e.g., thermal cleansing of the substrate before the sputtering of the supercon-
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ducting material, a piranha cleaning process to remove contaminants from the substrate,
and an optimized wet etching procedure.

3.5 Flux qubit

In this section, we present the flux qubit and describe its characteristic properties.
As illustrated in the circuit diagram shown in Fig. 3.9, a typical flux qubit circuit
incorporates three Josephson junctions in a single superoconducting loop [108]. Two of
the three junctions have an approximately equal size and therefore, they ideally share an
equal Josephson energy EJ and junction capacitance CJ. The third Josephson junction
is smaller by a fraction of α̃ < 1 as compared with the two other junctions. In the
flux qubit, the ratio of the Josephson energy EJ to the charging energy EC = e2/(2CJ)
is typically on the order of ∼100 [79], which is similar to typical transmon designs
but very different to charge qubits. Intuitively, one can think that in a flux qubit, the
quantum information is stored in the phase of the Josephson junctions and thus the
current circulating in the loop.

The flux qubit can be controlled by applying an external magnetic flux Φext through
the superconducting loop. Importantly, a flux quantization condition relates the three
junction phases ϕi, i = {1, 2, 3} and the external flux Φext as

ϕ1 − ϕ2 + ϕ3 = −2π
Φext

Φ0

. (3.64)

As a result of the flux quantization condition, the circuit only has two independent
degrees of freedom which we choose to be the phases ϕ1 and ϕ2 that are defined as in
Fig. 3.9. Typically, the flux qubit is operated around Φext/Φ0 = 0.5 corresponding to a
sweet spot against flux fluctuations.

Figure 3.9: Circuit model of a three-junction flux qubit consisting of two junctions of
approximately equal size (EJ, CJ) and one junction that is smaller by a fraction of α̃ < 1.
The potential landscape in the flux-qubit Hamiltonian can be modified by tuning the external
magnetic flux Φext. The blue part of the circuit corresponds to an ideal flux qubit that is
decoupled from charge noise, whereas the pink part of the circuit denotes capacitive coupling
(Cg) to charge noise arising from its electromagnetic environment.

3.5.1 Potential-energy landscape of the flux qubit

Since the flux qubit circuit has two degrees of freedom, the analysis and diagonalization
of the circuit Hamiltonian are somewhat more technical as compared with the theo-



CHAPTER 3. REVIEW OF SUPERCONDUCTING QUBIT TYPES 46

(a) (b)

(c) (d)

Figure 3.10: (a) The potential-energy landscape of a flux qubit given by Eq. (3.65) for
α̃ = 0.8 and an applied magnetic flux satisfying Φext/Φ0 = 0.50. Note that the potential is
2π-periodic in both of the phase variables ϕ1 and ϕ2. The two potential minima within the
unit cell are located on the line ϕ1 = −ϕ2 and marked with red crosses. The dashed red line
shows the path corresponding to the trace shown in panel (b). (b) A trace of the potential-
energy landscape along the line ϕ1 = −ϕ2 for α̃ = 0.8, α̃ = 0.5, and α̃ = 0.3 when the applied
magnetic flux equals Φext/Φ0 = 0.5. Note that the potential landscape exhibits two nearby
minima for α̃ = 0.8, whereas the two minima have merged into a single minimum for α̃ = 0.5
and α̃ = 0.3. (c) Ground state 〈ϕ1, ϕ2|0〉 of the flux-qubit Hamiltonian in the phase basis for
α̃ = 0.80 > 0.50. The ground state can be viewed as a symmetric superposition of the ground
states associated with the individual potential minima. (d) First excited state 〈ϕ1, ϕ2|1〉 of
the flux-qubit Hamiltonian in the phase basis for α̃ = 0.80 > 0.50. The excited state can be
viewed as an antisymmetric superposition of the ground states associated with the individual
potential minima. Unless otherwise specified above, we have utilized the following parameter
values that are similar to those used in Ref. [108] : EJ/EC = 80, α̃ = 0.80, Cg/CJ = 0.02,
ng1 = 0, ng2 = 0 and Φext/Φ0 = 0.5.

retical considerations of the charge qubit and the transmon. Therefore, it pays to first
consider the potential energy function U(ϕ1, ϕ2) of the circuit in order to gain some
intuitive understanding on the system. By expressing the phase of the smaller junction
ϕ3 in terms of the phases of the larger junctions ϕ1 and ϕ2 using Eq. (3.64), we can
write the potential energy associated with the circuit as

U(ϕ1, ϕ2) = EJ

[
2 + α̃− cos(ϕ1)− cos(ϕ2)− α̃ cos

(
ϕ1 − ϕ2 + 2πΦext/Φ0

)]
. (3.65)

Note that we use the junction phases as the coordinates instead of the corresponding
fluxes that are, however, equivalent apart from a scaling transformation. As depicted in
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Fig. 3.10(a), the potential energy function U(ϕ1, ϕ2) is a 2π-periodic function in both
ϕ1 and ϕ2. Within the unit cell (ϕ1, ϕ2) ∈ [−π, π]×[−π, π], the potential can have either
one or two minima depending on whether the value of α̃ is smaller or larger than 0.50,
respectively. This is illustrated in Fig. 3.10(b), where we show a trace of the potential
along the path ϕ1 = −ϕ2 for α̃ = 0.8, α̃ = 0.5, and α̃ = 0.3.

Especially in the early flux qubits [56, 109], the coefficient α̃ was often designed to
be on the order of α̃ ∼ 0.8 > 0.5. If α̃ > 0.5 and the applied flux is close to the sweet
spot Φext/Φ0 = 0.5, the potential exhibits two minima that classically correspond to
clockwise and counter-clockwise flowing persistent currents based on the dc Josephson
relation [see Eq. (2.16)]. In the quantum realm, the phase-basis wavefunction of the
clockwise (counter-clockwise) flowing current corresponds to a wavepacket localized in
the left (right) minimum of the potential trace shown in Fig. 3.10(b). As a result, the
quantum-mechanical ground state of a flux qubit with α̃ > 0.5 is a symmetric super-
position of the clockwise and counter-clockwise current states as can be explained by
a tight-binding type approximate model [108]. Correspondingly, the first excited state
of the persistent-current flux qubit is an asymmetric superposition of these opposite
current states. Since the quantum states can be associated with macroscopically mea-
surable currents, such a flux qubit is often termed as a persistent-current flux qubit
[56, 108, 109]. The (exact) ground state and the first excited state of the persistent-
current flux qubit are illustrated in the phase basis (ϕ1, ϕ2) in Figs. 3.10(c) and (d).

According to the approximate tight-binding model of a flux qubit, the energy sepa-
ration of the two lowest energy states is determined by a tunneling rate between the left
and right potential minima. Since the energy barrier between the two minima is fairly
low, the energy spacing between the two lowest energy states turns out to be small as
compared with the |1〉 → |2〉 transition resulting in a large anharmonicity at the sweet
spot Φext/Φ0 = 0.5. This is illustrated in Fig. 3.11(b) where we show the eigenenergies
of a flux qubit as functions of the applied magnetic flux around the sweet spot. Thus,
the anharmonicity of persistent-current flux qubits can be much larger than that of
transmons.

3.5.2 Quantization of the flux qubit circuit

Let us then derive the quantum Hamiltonian of the circuit model in Fig. 3.9 to obtain
a more rigorous understanding of the flux-qubit energy spectrum. Note that the circuit
model incorporates two gate capacitors Cg that we use to model the coupling between
the circuit and charge noise arising from its electromagnetic environment. In analyzing
the circuit, we use the phases across the junctions 1 and 2 as the canonical coordinates.
To write the charging energies associated with each of the capacitances, we apply the
ac Josephson relation in Eq. (2.17) that allows us to express the junction voltages in
terms of the junction phases. As a result, the kinetic energy of the circuit is given by

T =
Φ2

0

(2π)2

[
CJ

2
ϕ̇2

1 +
CJ

2
ϕ̇2

2 +
α̃CJ

2
(ϕ̇1 − ϕ̇2)2 +

∑
i=1,2

Cg

2
(ϕ̇1 − 2πVi/Φ0)2

]
, (3.66)
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where Vi, i = {1,2}, denote gate voltages representing sources of charge noise. To
simplify notation, we adopt the following matrix representation

C = CJ

(
1 + α̃ + Cg/C −α̃

−α̃ 1 + α̃ + Cg/C

)
, ϕ̇ = (ϕ̇1, ϕ̇2)T , Vg = (V1, V2)T . (3.67)

With the help of the matrix-vector formalism, we write the kinetic energy term as

T =
1

2

Φ2
0

(2π)2
ϕ̇TCϕ̇− Φ0

2π
Cgϕ̇

TVg, (3.68)

where we have neglected a constant energy offset.
To derive the classical Hamiltonian of the circuit, we determine the canonical mo-

mentum conjugates P = (P1, P2)T to the junction phases ϕ = (ϕ1, ϕ2)T as

P =
∂L
∂ϕ̇

=

(
Φ0

2π

)2

Cϕ̇− Φ0

2π
CgVg. (3.69)

After simplifications, the classical Hamiltonian of the circuit H = P T ϕ̇ − L can be
written as

H =
1

2

(
P +

Φ0

2π
Qg

)T
M−1

(
P +

Φ0

2π
Qg

)
+ U(ϕ1, ϕ2), (3.70)

where Qg = CgVg denotes a vector containing offset charges associated with the gate
voltages, M = Φ2

0/(2π)2C is a mass matrix associated with the capacitances and
U(ϕ1, ϕ2) corresponds to the potential energy function presented in Eq. (3.65).

Subsequently, the transition to a quantum-mechanical treatment of the Hamiltonian
is carried out by imposing the canonical commutation relations between the coordinates
ϕ and momenta P

[ϕ̂i, P̂i] = i~, i ∈ {1, 2}. (3.71)

By introducing the charge operators n̂i = P̂i/~, i ∈ {1, 2} and performing some algebra,
we write the kinetic part of the Hamiltonian in Eq. 3.70 into a more familiar-looking
form that is a generalization of the kinetic term of the charge qubit/transmon Hamil-
tonian [see, e.g., Eq. (3.38)]

Ĥ = 4(n̂− ng)TEC(n̂− ng) + U(ϕ1, ϕ2), (3.72)

where n̂ = (n̂1, n̂2)T is a vector containing the charge operators satisfying the commuta-
tion relations [ϕ̂1, n̂1] = [ϕ̂2, n̂2] = i, ng = (ng1, ng2)T = −Qg/(2e) is a vector containing
the offset charges associated with each junction, and EC = e2C−1/2 is a matrix, the
entries of which depend on the charging energies of the junctions.

Having derived the quantum-mechanical Hamiltonian of the flux qubit in Eq. (3.72),
our next task is to gain insight into the energy spectrum of the device by solving
its eigenenergies and -states as functions of different parameters, such as the external
magnetic flux Φext and the offset charges ng. As in the case of the charge qubit in
Sec. 3.3, we can diagonalize the Hamiltonian in either the charge basis or the phase
basis. Although the solution is more efficiently obtained in the truncated charge basis,
we choose to work in the phase basis to illustrate this alternative method and to provide
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further insight into the charge dispersion by drawing the analogy between the flux qubit
and a particle in a two-dimensional periodic potential.

In the phase basis, the charge operators are represented by the differential operators
n̂i = −i∂ϕi

, i = {1, 2}, and the phase-basis wavefunction Ψ(ϕ1, ϕ2) = 〈ϕ1, ϕ2|Ψ〉 must
be 2π-periodic in both ϕ1 and ϕ2 due to the equivalence of the phases ϕi and ϕi+2πk for
all k ∈ Z. In order to remove the offset charges ng from the Hamiltonian in Eq. (3.72),

we apply a unitary transformation of the form Û = exp
[
−i(l1ϕ̂1 + l2ϕ̂2)

]
, where l1 and

l2 are real-valued numbers. In this time-independent transformation, the Hamiltonian
and the wavefunction transform as

Ĥ ′ = ÛĤÛ †, |Ψ′〉 = Û |Ψ〉. (3.73)

To choose l1 and l2 appropriately, we note that the momentum operators are trans-
formed as

Û n̂iÛ
† = e−iliϕ̂in̂ie

+iliϕ̂i = n̂i − ili[ϕ̂i, n̂i] = n̂i + li, (3.74)

meaning that we should choose

li = ngi = −Cg

2e
Vi, i ∈ {1, 2} (3.75)

to cancel the gate charge dependent terms from the kinetic part of the Hamiltonian.
As a result of this unitary transformation, the Hamiltonian becomes

Ĥ ′ = 4n̂TECn̂ + U(ϕ1, ϕ2). (3.76)

Importantly, the transformed Hamiltonian is of the same form as for a phase particle
with an anistropic mass tensor moving in a 2π-periodic two-dimensional potential-
energy landscape U(ϕ1, ϕ2). This suggests that the eigenstates of the transformed
Hamiltonian are of the Bloch wave form

Ψ′(ϕ1, ϕ2) = e+i(n1ϕ1+n2ϕ2)u(ϕ1, ϕ2), (3.77)

where u(ϕ1, ϕ2) is a 2π-periodic function in both ϕ1 and ϕ2, and (n1, n2) corresponds
to the dimensionless Bloch wave vector. For the corresponding particle in a periodic
potential, the eigenenergies form energy bands, and in a given band, the energy is a
function of the Bloch wave vector (n1, n2).

Here, we show that the gate voltage vector Vg determines the value of the Bloch
wave vector (n1, n2) because the original wavefunction Ψ(ϕ1, ϕ2) must be 2π-periodic.
To see this, we write the original wavefunction Ψ(ϕ1, ϕ2) as

Ψ(ϕ1, ϕ2) = e+i(l1ϕ1+l2ϕ2)Ψ′(ϕ1, ϕ2) = ei((l1+n1)ϕ1+(l2+n2)ϕ2)u(ϕ1, ϕ2), (3.78)

which is a 2π-periodic function in both ϕ1 and ϕ2 if ni = −li, i = {1, 2}. Thus, the
Bloch wavevector for a given gate voltage Vg is given by the condition

ni = −ngi =
Cg

2e
Vi, i ∈ {1, 2}. (3.79)

This implies that the eigenstates of the quantum circuit form energy bands as functions
of the gate voltage Vg. Note that we would have reached a similar kind of conclusion
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Figure 3.11: (a) A trace of the potential-energy landscape given by Eq. (3.65) along the line
ϕ1 = −ϕ2 for α̃ = 0.8 and α̃ = 0.5 when the applied magnetic flux equals Φext/Φ0 = 0.46.
Note that the potential well is asymmetric since Φext/Φ0 6= 0.50. (b) Energy spectrum of a flux
qubit as a function of the applied magnetic flux Φext/Φ0 around the sweet spot Φext/Φ0 = 0.5
in the case of zero gate charge n1 = n2 = 0. (c) Energy spectrum of a flux qubit as a function
of the gate charge ng1 for ng2 = 0. For typical parameter values of a flux qubit, the energy
spectrum is fairly insensitive to dephasing arising from charge noise. In panels (a), (b), and
(c), we used the parameter values EJ/EC = 80, α̃ = 0.8, and Cg/CJ = 0.02 to obtain the plots.
(d) Energy spectrum of a flux qubit as a function of the applied magnetic flux Φext/Φ0 around
the sweet spot Φext/Φ0 = 0.5 for the parameter values EJ/EC = 80, α̃ = 0.4, Cg/CJ = 0.02,
and n1 = n2 = 0.

if we had considered the charge qubit Hamiltonian in the one-dimensional phase basis
instead of the charge basis. Therefore, the phase-basis analysis gives another view into
why the numerically computed eigenenergies of the charge qubit Hamiltonian form
energy bands as functions of the offset gate charge in Fig. 3.5.

The transformed Hamiltonian in Eq. (3.76) can be numerically diagonalized in the
phase basis by first inserting the Bloch wave ansatz in Eq. (3.77) to the Hamiltonian in
Eq. (3.76), and then discretizing the eigenvalue equation for u(ϕ1, ϕ2) using the finite
difference scheme in the unit cell (ϕ1, ϕ2) ∈ [−π, π] × [−π, π] with periodic boundary
conditions. We used 80 lattice points along each direction ϕi, i = {1, 2}, to obtain
the numerical results visualized in Figs. 3.10 and 3.11. In Fig. 3.11(b), we show the
energy spectrum of the flux qubit circuit for EJ/EC = 80 and α̃ = 0.8 as a function
of the external magnetic flux Φext. Importantly, the qubit frequency ωq = (E1 − E0)/~
attains its minimum value at the sweet spot Φext/Φ0 = 0.5, where the qubit frequency
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is insensitive to dephasing induced by the flux noise to the first order.
If the external flux Φext is not equal to Φ0/2, one of the potential minima becomes

deeper and the other shallower as illustrated in Fig. 3.11(a), which makes it preferential
for the supercurrent to flow in either clockwise or counter-clockwise direction. As a
result, the qubit frequency ωq = (E1−E0)/~ increases when moving away from the sweet
spot Φext/Φ0 = 0.5. For the parameter values corresponding to panel (b) of Fig. 3.11,
the qubit frequency ωq = (E1 − E0)/~ is highly dependent on small changes to the
magnetic flux away from the sweet spot Φext/Φ0, which makes the qubit susceptible to
dephasing arising from the flux noise. Due to a large ratio of EJ/EC, the flux qubit
is, however, well shielded against charge noise as can be seen from Fig. 3.11(c) that
illustrates the flat charge dispersion of a flux qubit characterized by EJ/EC = 80,
α̃ = 0.8, and Cg/CJ = 0.02.

3.5.3 Developments in flux qubit designs

Let us then briefly discuss how the flux qubit designs have improved from the persistent-
current flux qubits [56, 109] to the current state-of-the art flux qubits [79]. In the
first flux qubits that were observed to exhibit quantum coherence [109], the measured
dephasing time Tϕ = 20 ns was very modest as compared with a relaxation time of
T1 = 900 ns. In these early experiments, the dephasing time appeared to be limited
by flux noise that caused the qubit frequency to fluctuate. The effect of the flux noise
was amplified by the fact that the qubit could not be operated at the sweet spot of
Φext/Φ0 = 0.5 where the qubit frequency is insensitive to flux noise to the first order. By
using the sweet spot for operating a flux qubit, Bertet et al. managed to greatly improve
the coherence time to approximately T2 ≈ 4 µs (with echo pulses) [110]. Furthermore,
Bertet et al. measured a relaxation time T1 of 4 µs for the same flux qubit.

In 2007, You et al. [111] noticed that if either the ratio EJ/EC or the factor α̃ were
decreased, the energy spectrum of the flux qubit would become a flatter function of
the applied flux, and consequently, the coupling to flux noise would be reduced. This
effect can be observed by comparing flux qubit energy spectra corresponding to α̃ = 0.8
and α̃ = 0.4 shown in Figs. 3.11(b) and (d). However, the circuit can become prone
to relaxation induced by charge noise if the value of either EJ/EC or α̃ is decreased.
What is more, the decrease in either of these quantities need not be substantial before
charge noise becomes the dominant source of noise since the power spectral density of
charge noise SQ(ω)/e2 (normalized with the electron charge) is typically six orders of
magnitude larger than the power spectral density of flux noise SΦ(ω)/Φ2

0 (normalized
with the flux quantum) [28].

Importantly, You et al. argued based on numerical simulations that the susceptibil-
ity of flux qubits to charge noise could be reduced by introducing a geometric shunt
capacitor in parallel with the smallest of the three Josephson junctions as illustrated in
Fig. 3.12(a). In analogy to transmons, the shunt capacitor reduces the charge disper-
sion, and mathematically, it has the effect of replacing the value of α̃ with α̃ + Csh/CJ

in the capacitance matrix presented in Eq. (3.67). Since the shunt capacitance provides
protection against charge noise, one can decrease the value of either α̃ or EJ/EC (or
both) in order to make the qubit less sensitive to flux noise while avoiding the detri-
mental effects of charge noise. Furthermore, the additional capacitance reduces the role
of stray capacitances improving the reproducibility of flux qubits [112]. Nowadays, the
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Figure 3.12: (a) A circuit model of a C-shunt flux qubit, in which a geometric shunt capacitor
Csh is placed in parallel with the smallest junction. (b) Relaxation time T1 of a C-shunt flux
qubit as a function of the qubit frequency as reported in Ref. [79]. At low frequencies (1-
3 GHz), the relaxation time appears to be flux noise limited (dashed black line), whereas
ohmic charge noise (dashed pink line) can explain the frequency dependency of the relaxation
time at higher frequencies (4-6 GHz). (c) Schematic of a C-shunt flux qubit used in Ref. [79].
Here, the shunt capacitance is realized as two superconducting square plates, and the qubit
is additionally capacitively coupled to a superconducting resonator for dispersive readout.
Figures shown in panels (b) and (c) are reprinted from Ref. [79] under the Creative Commons
Attribution 4.0 International License.

design suggested by You et al. is known as the C-shunt flux qubit. Importantly, the
anharmonicity of C-shunt flux qubits at the sweet spot Φext/Φ0 = 0.50 is typically sev-
eral times larger than that of transmons. At the sweet spot, the quadratic energy terms
related to − cos(ϕ̂1)− cos(ϕ̂2) and α̃ cos(ϕ1 − ϕ2) partially cancel each other increasing
the relative significance of the higher order potential-energy terms and thus also the
anharmonicity.

Currently, the state-of-the-art C-shunt flux qubits have relaxation times of up to
T1 ∼ 55 µs and coherence times of up to T2 ∼ 40 − 80 µs (when applying re-focusing
Carr–Purcell–Meiboom–Gill echo pulses) [79]. Based on the studies reported by Yan
et al. in Ref. [79], the best coherence times were achieved with flux qubits that incor-
porated both a large shunt capacitance (Csh ∼ 50 fF) and small Josephson junctions
(small EJ, but large EJ/EC). To mitigate dielectric losses due to surface defects, it
was also important to utilize square-shaped capacitor pads in the shunt capacitor as
illustrated in Fig. 3.12(c) instead of using an interdigitated finger capacitor. Namely,
Yan et al. found that the power spectral density of charge noise was two times larger
with the interdigitated capacitor geometry as compared with the square-shaped geom-
etry, which was attributed to a larger electric participation ratio of the surface defects
in the interdigitated geometry. In addition, Yan et al. were able to infer that the re-
laxation time of the measured flux qubits was limited by 1/f flux noise in the low
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frequency regime [ωq/(2π) = 1− 3 GHz] as illustrated in Fig. 3.12(b), whereas Ohmic
charge noise appeared to limit the relaxation time in the intermediate frequency regime
[ωq/(2π) = 4−6 GHz]. At higher frequencies, the relaxation rate was dominated by Pur-
cell decay through the readout resonator that was used in the dispersive measurement
of the qubit state.

Furthermore, the parameter values of flux qubits with the longest relaxation times
were found to satisfy EJ/EC ∼ 100 and α̃ ≈ 0.4 < 0.5. In this region of the parameter
space, the potential-energy landscape exhibits only a single minimum in contrast to
the early persistent-current flux qubits. Due to the single-well structure of the potential
energy and the introduction of the shunt capacitance, the flux-qubit Hamiltonian can be
approximated with the Hamiltonian of an anharmonic oscillator Ĥ = ~ωqb̂

†b̂+~Kb̂†b̂†b̂b̂
at the sweet spot Φext/Φ0 = 0.5 [cf. Eq. (3.43) for the approximate Hamiltonian of a
transmon]. Importantly, the corresponding anharmonicity can be several times larger
than that of transmons, and as an example, the anharmonicity was approximately
∼0.9 GHz in the C-shunt flux qubits with the longest relaxation times in Ref. [79]. As
a disadvantage of the parameter regime α̃ ∈ [0.4, 0.5], the qubit frequency is highly
dependent on the exact value of α̃ meaning that it is fairly difficult to fabricate C-shunt
flux qubits with a desired target frequency.

3.6 Fluxonium qubit

Based on our discussion of qubit coherence in the previous sections, it has become clear
that charge noise is a major source of both dephasing and relaxation in superconducting
qubits. So far, we have come across one successful technique for mitigating charge noise:
the introduction of a geometric shunt capacitor in parallel with one of the junctions in
the circuit. However, the shunt capacitance acts effectively as an additional mass that
has the effect of trapping the phase particle corresponding to the qubit close to a local
minimum of the Josephson potential. As a result, the qubit is turned into a weakly
anharmonic oscillator and the anharmonicity may be only 5% of the qubit frequency
as in typical transmons.

This gives rise to the question whether it is possible to construct a superconducting
qubit that retains a large anharmonicity while being immune to charge noise. In 2009,
this question received an affirmative answer with the invention of the fluxonium qubit
[96]. In the ideal model of a fluxonium qubit depicted in Fig. 3.13(a), a small Josephson
junction (EJ, CJ) is shunted by a superinductance L that makes the circuit immune
to low-frequency offset charge noise. To understand this phenomenon, we write the
Hamiltonian of the fluxonium circuit as

Ĥ = 4EC(n̂− ng)2 +
1

2
ELϕ̂

2 − EJ cos
(
ϕ̂− 2πΦext/Φ0

)
, (3.80)

where ϕ̂ = 2πΦ̂/Φ0 denotes the reduced flux, i.e., superconducting phase, across the
superinductor that is defined in terms of the flux Φ̂ across the superinductor, n̂ is the
charge operator conjugate to ϕ̂ satisfying [ϕ̂, n̂] = i, and ng accounts for offset charges.
In addition, EL = (Φ0/(2π))2L−1 denotes the inductive energy of the superinductor
and Φext accounts for an external magnetic flux applied through the loop formed by the
Josephson junction and the superinductor.
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(a) (b)

Figure 3.13: (a) Circuit model of an ideal fluxonium qubit, in which a small Josephson
junction (EJ, CJ) is shunted by a superinductance L. The figure also illustrates the phase ϕ
and the charge n that are the conjugate variables of the fluxonium circuit. The fluxonium
qubit can be tuned with an external magnetic flux Φext applied through the loop. (b) Circuit
model of the fluxonium qubit, in which the superinductor has been realized as a Josephson
junction array. The junctions in the array (Ea

J , Ca
J) are large in order to make them immune

to phase slips and offset charge noise. The islands in the junction array have unavoidable
parasitic capacitance to ground that has been modeled with Cg. Note that the figure only
shows two of the many (40–100) junctions in the array.

As opposed to the previously considered qubit types, the potential energy associated
with the fluxonium circuit is not 2π-periodic in the phase variable ϕ due to the quadratic
contribution of the superinductor. As a result, the phase basis wavefunction of the
system Ψ(ϕ) = 〈ϕ|Ψ〉 need not be 2π-periodic. Even though this may seem like a remark
of solely theoretical significance, it has far reaching consequences. Namely, this makes it
possible to transform away the offset charge ng from the Hamiltonian in Eq. (3.80) via a

unitary transformation of the form Û = exp
(
−ingϕ̂

)
[cf. Eq. (3.74) in Sec. 3.5] without

any additional boundary conditions arising from the periodicity of Ψ(ϕ). This is in stark
contrast to the previously considered qubit types, in which the periodic potential gives
rise to an energy spectrum consisting of energy bands and the offset charge determines
the value of the Bloch wavevector. The transformed Hamiltonian of the fluxonium qubit
is simply given by

Ĥ = 4ECn̂
2 +

1

2
ELϕ̂

2 − EJ cos
(
ϕ̂− 2πΦext/Φ0

)
, (3.81)

which is independent of the offset charge ng indicating that the energy spectrum of the
fluxonium qubit must be independent of ng. Thus, the fluxonium circuit is completely
immune to low-frequency charge noise. In contrast, only the lowest-energy states of
a transmon are efficiently protected against charge noise based on the equation for
charge dispersion in Eq. (3.37). Note also that the offset charge ng was treated as
a time independent variable in the unitary transformation, and indeed an ac voltage
across the Josephson junction can still couple to the degrees of freedom of the fluxonium
circuit.

However, it is a difficult problem to fabricate a superinductor that has a large induc-
tance but still a small capacitance. The superinductor should have a small capacitance
in order to ensure that the circuit is not transformed into a weekly anharmonic oscillator
like a transmon. Thus, it is typically required that the impedance of the superinductor
Z =

√
L/C should be on the order of the resistance quantum RQ = h/(2e)2 = 6.45



CHAPTER 3. REVIEW OF SUPERCONDUCTING QUBIT TYPES 55

kΩ [96, 113]. As a comparison, the impedance of typical coplanar waveguides is on the
order of 50 Ω [71], i.e., two orders of magnitude smaller than the resistance quantum.
In practice, the superinductor of the fluxonium circuit can be realized as a Josephson
junction array [96] or as a superconducting nanowire with a high kinetic inductance
[114]. In the following subsections, we consider fluxoniums of both types.

3.6.1 Fluxonium qubits based on Josephson junction arrays

The most common fluxonium type features a small Josephson junction in parallel with
an array of large Josephson junctions that form a superinductor. The idea of using
a Josephson junction array as an effective superinductor in a fluxonium qubit was
proposed in 2009 by Manucharyan et al. in Ref. [96]. In these first fluxonium qubits,
the superinductor comprised a Josephson junction array of 43 large junctions. A circuit
model of a fluxonium based on a Josephson junction array is visualized in Fig. 3.13(b).

To understand, why a Josephson junction array can act as a superinductor, we
approximate the potential energy associated with the junction array in the small phase
limit as

Uarray = −
N∑
i=1

γEJ cos(ϕi) ≈ −
N∑
i=1

γEJ cos
(
ϕ/N

)
≈ 1

2

γEJ

N
ϕ2, (3.82)

where γEJ = Ea
J denotes the Josephson energy of a single junction in the array, N is

the number of junctions and ϕ =
∑

i ϕi denotes the total phase across the array. The
above result means that the potential energy of the junction array resembles that of a
corresponding superinductor whose inductance is given by

L =
N

γEJ

(
Φ0

2π

)2

. (3.83)

However, the following criteria must be met before the superinductance approxima-
tion is a valid model for a Josephson junction array [96]:

1. The number N of junctions in the array must be large to ensure that the resulting
effective inductance is large. Typically, the superinductance in a fluxonium circuit
is composed of between 40 and 100 Josephson junctions [96, 115, 116].

2. The junctions in the array must be sufficiently large (large capacitance and
Josephson energy), i.e., Ea

J � Ea
C, where Ea

J is the Josephson energy of a single
junction in the array and Ea

C is the corresponding charging energy. This ensures
that the probability of a 2π phase slip is small for the array junctions, and thus
the small phase approximation is valid in Eq. (3.82). Namely, the probability
of a 2π phase slip is associated with a tunneling event from one minimum of the
Josephson potential to the next one, and it occurs with a probability proportional

to exp
(
−
√

8Ea
J/E

a
C

)
according to a WKB type approximation.

3. The Josephson energy of the array junctions Ea
J must be larger than the Josephson

energy of the small junction EJ in order to suppress the effects arising from higher
order modes in the junction array as discussed below in more detail.
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4. The number of array junctions N should not be too large in order to suppress
detrimental effects arising from parasitic capacitances. It is desirable to keep the
frequencies of the parasitic resonances above the plasma frequency of the array
junctions. This limits the number of array junctions to N < (Ca

J/Cg)1/2, where Cg

denotes parasitic capacitance to ground for a single island in the array. To reduce
the parasitic capacitances, it is desirable to pattern the array junctions as close
to each other as possible.

Based on the first experiments performed on fluxonium qubits comprising Josephson
junction arrays [96], the Hamiltonian of the ideal fluxonium model [see Eq. (3.81)] is
very successful in explaining the observed transition frequency spectrum for the lowest
energy transitions. Therefore, we further justify why it suffices to model the Josephson
junction array with a single degree of freedom even though the junction array actually
has several dozens of degrees of freedom. To this end, we follow Ref. [117] and consider
the potential-energy landscape associated with the circuit model shown in Fig. 3.13(b).
Eliminating the phase across the small junction with the help of the flux quantization
condition, we can write the potential energy of the circuit as

U = −
N∑
i=1

Ea
J cos(ϕi)− EJ cos

 N∑
i=1

ϕi − 2πΦext/Φ0

 . (3.84)

Based on the above equation, the potential has a large energy barrier of height 2Ea
J

between consecutive minima in the directions of ϕi, i = {1, . . . , N} at zero external flux
Φext = 0. However, there exists a special direction ϕi = ϕ/N , i = {1, . . . , N} that is
associated with a clearly lower energy barrier of height 2EJ < 2Ea

J . In the small phase
approximation, this special direction corresponds to the lowest-frequency normal mode
of the system, and the low-energy motion of the phase particle occurs mainly along this
direction.

Importantly, this lowest-frequency normal mode practically decouples from all the
modes with higher frequencies if the Josephson energies of the array junctions are suf-
ficiently large and approximately equal, and the parasitic capacitances are small [117].
Therefore, the effective model Hamiltonian in Eq. (3.81) gives an accurate description of
the transition frequencies as long as we only focus on the few (e.g., 3) lowest energy levels
of the system and the Josephson energy EJ of the small junction is a few times smaller
than the Josephson energy of the array junctions Ea

J . As a minor change, the capaci-
tance of the Josephson junction array renormalizes the charging energy of the fluxonium
Hamiltonian in Eq. (3.81) according to the mapping EC/[1 + EC/(NE

a
C)]→ EC.

Let us investigate the energy spectrum of the fluxonium Hamiltonian in Eq. (3.81) in
more detail. Typically, the energy scales EJ, EC and EL in the fluxonium Hamiltonian
are chosen to make the energy spectrum reasonably anharmonic. Therefore, the induc-
tive energy EL is typically an order of magnitude smaller than the Josephson energy of
the small junction (EJ/EL ∼ 10 − 20), and the charging energy EC is on the order of
the Josephson energy EJ/EC ∼ 1−10. Using parameter values from the first fluxonium
experiments [96], we numerically diagonalize the fluxonium Hamiltonian in Eq. (3.81)
by working in the phase basis where n̂ = −i∂ϕ and using the finite difference method
to cast the eigenvalue equation into a matrix form. We visualize the resulting energy
spectrum in Fig. 3.14(a) that showcases the high degree of anharmonicity of the fluxo-
nium qubit. The corresponding transition frequency spectrum is shown in Fig. 3.14(b),
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Figure 3.14: (a) Potential energy of a fluxonium qubit as a function of the reduced flux,
i.e., phase, ϕ = 2πΦ/Φ0 across the superinductor for zero external magnetic flux Φext = 0.
The four lowest energy states of the fluxonium Hamiltonian are illustrated with colored solid
lines. (b) Transition frequency from the ground state to the three lowest-lying excited states
as a function of the applied magnetic flux Φext around Φext = 0. (c) Eigenstates of the
fluxonium Hamiltonian in the phase basis for the three lowest energy states at zero external
flux. Note that the first and second excited state extend across a much wider phase range
as compared with the corresponding wavefunctions of a flux qubit. (d) Eigenstates of the
fluxonium Hamiltonian in the charge basis for the three lowest energy states at zero external
flux. Note that the charge n is a continuous variable in a fluxonium unlike in the previously
considered qubit types, and thus the charge wavefunction can be obtained via a Fourier
transform from the phase wavefunction as Ψ(n) ∝

´
exp(−inϕ)Ψ(ϕ) dϕ. In all the panels, we

used parameter values coinciding with those reported in the first fluxonium experiments [96],
i.e., EC/h = 2.5 GHz, EJ/h = 9.0 GHz, and EL/h = 0.52 GHz.

where the sweet spot against flux fluctuations is clearly visible at Φext = 0. Note that
there is another sweet spot at Φext/Φ0 = 0.5, at which the qubit frequency is below 1
GHz for typical fluxonium parameters [116]. In Figs. 3.14(c) and (d), we also visualize
the three lowest eigenstates of the fluxonium system in both the phase and charge bases
for zero external flux. Note that the charge n is a continuous variable in the fluxonium
system since the phase operator ϕ̂ is not a 2π-periodic, compact operator.

Due to the large number of Josephson junctions and islands in the fluxonium circuit,
one is tempted to think that the fluxonium qubit cannot exhibit a high degree of
coherence. This conclusion is, however, faulty although the early fluxonium designs
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exhibited relaxation times T1 of below 10 µs and coherence times T2 (without echo
pulses) of between 250 ns and 2 µs depending on the external flux [118]. These early
experiments also underlined the importance of designing the ratio Ea

J/E
a
C large enough

in order to prevent the sweet spot Φext = 0 from turning into an antisweet spot due to
2π phase slips occuring in the Josephson junction array [118].

In recent years, great progress has been made with the coherence times of fluxonium
qubits [115, 116, 119–121]. Fluxoniums have been shown to exhibit extremely long
relaxation times exceeding 1 ms [115, 119] and approaching 10 ms [120] close to the
sweet spot Φext/Φ0 = 0.5. These long relaxation times can be attributed to several
factors. First, the sensitivity of fluxoniums to flux noise is smaller by a factor of 1/N as
compared with flux qubits due to the large number of Josephson junctions in the circuit
[116]. Namely, the flux noise couples to the circuit mainly through the superinductance
[49] whose characteristic energy rate scales as 1/N in the number of array junctions
resulting in a reduced decay rate according to Eq. (3.10).

However, the most important factor behind the long relaxation times appears to be
the possibility to engineer the fluxonium Hamiltonian such that the |0〉 ↔ |1〉 transition
becomes forbidden as a result of suppressing the dipole moment ∝ 〈0|ϕ̂|1〉 between the
ground state and the excited state. Note that the relaxation rate given in Eq. (3.10) is
proportional to the square of the transition matrix element 〈0|ϕ̂|1〉 for a noise source
coupling to the system Hamiltonian via a term proportional to ∝ ϕ̂. The transition
matrix element can be suppressed by adding an additional shunt capacitance parallel
to the small junction [120], which increases the ratio EJ/EC and creates a so-called heavy
fluxonium [115, 120]. As illustrated in Fig. 3.15(a), the two lowest energy states of a
heavy fluxonium are localized into different potential wells for Φext/Φ0 ≈ 0.5 resulting
in a small transition dipole moment between the ground state and the excited state,
which enables an enhanced lifetime of the excited state in analogy to a Λ system in
atomic physics.

Due to the small transition dipole moment between the ground state and the excited
state, it is, however, not easy to excite the system directly from the ground state to
the excited state, and therefore, a several-photon Raman process is typically needed
to prepare the qubit into the excited state |1〉 through non-computational states with
higher energies [120]. As an additional disadvantage, the coherence times T2 of these
heavy fluxonium qubits are often only a few microseconds despite of the extremely long
relaxation times [115, 120] since the suppression of the transition dipole moment is
achieved away from the flux-insensitive sweet spot.

Importantly, it is possible to fabricate fluxonium qubits that have both relaxation
times T1 and coherence times T2 in the range of 100 − 500 µs if the heavy fluxoniums
are operated at the flux-insensitive sweet spot Φext/Φext = 0.5 [116, 121]. These high-
coherence fluxonium qubits have been realized both in a 3D architecture [116] similar to
3D transmons and in the conventional 2D architecture [121]. Based on the experiments
of Nguyen et al. in Ref. [116], the relaxation times T1 of heavy fluxonium qubits at
the sweet spot appeared to be limited by dielectric losses owing to coupling capacitors,
whereas the off-sweet-spot coherence times T2 seemed to be limited by 1/f flux noise.
Far away from the sweet spot, the coherence times of these high-coherence fluxoniums
were on the order of T2 ∼ 3− 6 µs [116] meaning that the coherence times were orders
of magnitude better than those of flux qubits away from the sweet spot. As explained
above, the reduced sensitivity to flux noise is a result of incorporating a large number
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(a) (b)

Figure 3.15: (a) Spectrum of a fluxonium qubit, in which longitudinal relaxation from the
excited state |1〉 to the ground state |0〉 is suppressed due to a small value of the transition
dipole ∝ 〈0|ϕ̂|1〉. The small value of the transition dipole can be realized by shunting the
small junction with an additional capacitance, which causes the two lowest energy states to
localize into different potential wells when applying an external flux close to the sweet spot
Φext/Φ0 ≈ 0.5. Note that a Raman process involving transitions through the states |2〉 and |3〉
could be used to prepare the system into the excited state |1〉. To obtain the energy spectrum
illustrated in this panel, we used parameter values EJ/h = 6.0 GHz, EC/h = 0.55 GHz,
and EL/h = 0.72 GHz, that are in line with Ref. [115], where relaxation times exceeding
2 ms were observed in a fluxonium qubit. (b) Spectrum of a fluxonium qubit at the sweet
spot Φext/Φ0 = 0.50. Note that the qubit frequency is low (< 1 GHZ) for typical fluxonium
parameters at the sweet spot. To obtain the results shown in this panel, we used parameter
values EJ/h = 3.4 GHz, EC/h = 1.0 GHz, EL/h = 0.58 GHz that coincide with Ref. [116], in
which coherence times of T2 > 100 µs were reported for several fluxonium qubits.

of Josephson junctions in the fluxonium loop.
As illustrated in Fig. 3.15(b), the qubit frequency of heavy fluxonium qubits is typ-

ically low (only 10 MHz - 0.5 GHz) at the sweet spot Φext/Φ0 = 0.50 meaning that
special techniques are required for realizing fast qubit reset and single-qubit control.
Namely, fast single qubit control is hindered by the low frequency of the heavy flux-
onium qubit, whereas ordinary qubit reset protocols are plagued by the high thermal
population of the excited state owing to the low qubit frequency. Recently, Zhang et
al. [121] demonstrated an experimental protocol for resetting the state of a heavy flux-
onium qubit with a fidelity of 97% even though the qubit frequency was only 14 MHz.
In addition, they were able to perform high-fidelity (∼ 99.8%) single qubit gates with
a duration of 20-60 µs for the same heavy fluxonium qubits. However, experimental re-
alization of fast two-qubit gates between two high-coherence fluxonium qubits remains
a challenge even though theoretical proposals for fast and high-fidelity two-qubit gates
exist [122].

3.6.2 Fluxonium qubits based on kinetic-inductance nanowires

In recent years, fluxonium qubits incorporating kinetic inductance superinductors have
emerged as an alternative to fluxonium designs containing Josephson junction arrays
[114, 123]. In these circuits, the superinductor is formed by a superconducting thin
film nanowire, in which the kinetic energy of the Cooper pairs gives rise to a high
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kinetic inductance that can often be modeled with the Mattis-Bardeen theory [41].
Superinductors based on superconducting thin films can be fabricated out of, e.g.,
NbTiN [114] or granular Aluminum [123–125].

Granular Aluminum (grAl) fluxoniums are, perhaps, the most promising type of
kinetic inductance fluxoniums. In the first experimental studies of grAl fluxoniums
[123], a 40-nm-thick granular aluminum nanowire was used as a superinductor with
a characteristic impedance exceeding 10 kΩ. Despite of the distributed nature of the
grAl nanowire, the energy spectrum of the fluxonium qubit could be modeled with the
simple fluxonium Hamiltonian [see Eq. (3.81)] across the whole flux range Φext/Φ0 ∈
[−0.5, 0.5] corresponding to a frequency range of 0.6 GHz - 12.5 GHz. At the sweet
spot Φext/Φ0 = −0.5, the grAl fluxoniums exhibited reasonably long average relaxation
times of T1 ≈ 23 µs and Ramsey coherence times of up to T2 ≈ 30 µs. However, the
Ramsey coherence time dropped to the 50 ns range due to flux noise if the external
flux was tuned away from the sweet spot. The reasonably long relaxation times can
be attributed to the fairly low dissipation in the grAl nanowire. Namely, the internal
quality factor of grAl nanowire resonators can exceed 105 in the single-photon regime
[124], which is a high value for superconducting thin films.

On the other hand, the relatively high dissipation in NbTiN nanowires makes it chal-
lenging to use NbTiN superinductors in fluxonium qubits. Despite of these challenges,
Hazard et al. were able to demonstrate reasonably long relaxation times in NbTiN
nanowire fluxonium qubits [114] by using states separated by a ’forbidden’ transition
as the qubit states similar to heavy fluxoniums. However, Hazard et al. needed to use a
three-photon Raman process in order to excite the qubit from the ground state to the
excited state. Despite of using a forbidden transition, the measured relaxation times
were relatively modest (T1 ≤ 20 µs) as compared with the corresponding relaxation
times in heavy fluxoniums based on Josephson junction arrays. Interestingly, Hazard
et al. observed that the relaxation time seemed to be limited by inductive losses owing
to the NbTiN superinductor at low frequencies ωq/(2π) < 3 GHz, whereas dielectric
losses at the surface oxides appeared to limit the relaxation time at high frequencies
ωq/(2π) > 5 GHz. Importantly, the simple fluxonium Hamiltonian in Eq. (3.81) did not
fully explain the observed transition frequency spectrum, on account of Hazard et al.
needed to take into account the multi-mode nature of the distributed NbTiN nanowire.

3.7 Concluding remarks of superconducting qubits

In this chapter, we have given an overview of superconducting qubits by starting from an
introduction to the concepts of anharmonicity and decoherence followed by a discussion
of four important superconducting qubit types including charge qubits, transmons, flux
qubits, and fluxoniums. At this point, it pays to remark that our discussion has omitted
several superconducting qubit types that have been relevant in the development of
superconducting quantum circuits or that hold future potential for realizing a high-
coherence superconducting qubit. In this section, we briefly discuss some of these other
superconducting qubit types. In addition, we provide a summary of the most important
advancements in the design and operation of superconducting qubits.

One of the earliest superconducting qubits was the phase qubit that consists of a
current-biased Josephson junction [82, 126]. The bias current transforms the cosinu-
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soidal Josephson potential into a tilted washboard potential, which makes it possible
to utilize a voltage measurement to indirectly observe the state of the qubit based on
a state-dependent tunneling rate. However, such an observation of the state does not
constitute a quantum non-demolition measurement, but instead destroys the qubit. A
circuit similar to the phase qubit design was the first superconducting circuit, in which
the quantization of the macroscopic phase variable was observed [126]. However, phase
qubits are not used in modern multi-qubit quantum processors.

More recently, a lot of interest has been attracted by the possibility to design su-
perconducting qubits that are intrinsically protected against environmental noise and
the associated decoherence. Perhaps, the most well-known example of a protected su-
perconducting qubit is the 0− π qubit [127] that has also been realized experimentally
and shown to have a relaxation time of T1 = 1.6 ms and a coherence time of T2 = 26
µs (with echo pulses) [128]. The intuitive idea behind the 0− π qubit is to combine the
best parts of the transmon and the heavy fluxonium to realize a qubit that has a long
relaxation time thanks to a forbidden |0〉 ↔ |1〉 transition and that is also protected
against dephasing due to a flat charge dispersion and a flux-insensitive sweet spot. How-
ever, the 0−π qubit is very difficult to operate since one needs to excite the qubit via a
several-photon Raman process due to the forbidden nature of the |0〉 → |1〉 transition.
As an additional hindrance, the Raman process must be carefully chosen and calibrated
to exploit only such states that have a low charge dispersion. Other recently proposed
protected qubits include, for example, a transmon-like qubit protected by two Cooper
pair tunneling [129], and a bifluxon protected by fluxon-parity conservation [130].

Recently, Yan et al. proposed and demonstrated a quarton qubit [131] that can
be seen as a hybrid of the C-shunt flux qubit and the fluxonium qubit. Namely, the
quarton qubit contains a single small Josephson junction in parallel with an array of
approximately 10 larger Josephson junctions and a shunt capacitance. Importantly, Yan
et al. argued that the junction array needs to contain only approximately 10 junctions
to practically eliminate the charge dispersion, which simplifies the circuit as compared
with fluxonium qubits incorporating hundreds of Josephson junctions. In addition, a
large anharmonicity of ∼1 GHz can be achieved at the sweet spot Φext/Φ0 = 0.50 if the
parameters of the circuit are designed such that EJ/EL ∼ 1 resulting in a cancellation
of quadratic potential-energy terms. Yan et al. demonstrated experimentally that the
quarton can exhibit reasonably long relaxation times of up to T1 = 50–80 µs and
coherence times on the order of T2 ∼ 100 µs (with echo pulses).

We conclude this chapter by providing a summary of the most important advance-
ments in the design and operation of superconducting qubits. These advancements have
been listed in Table 3.1, and they can be considered as one of the most important take-
away messages of this chapter.
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Table 3.1: Summary of important advancements in the design and operation of supercon-
ducting qubits when it comes to improving the coherence, anharmonicity, and reproducibility
of qubits.

Idea Advantages Disadvantages

Shunt a Josephson
junction with a large
geometric capacitance

Increases the EJ/EC ratio
and thus, reduces charge
dispersion making the
qubit immune to
dephasing originating
from 1/f charge noise.
Can also improve the
reproducibility of qubits.

Renders the qubit into a
weakly anharmonic
oscillator and thereby,
reduces the
anharmonicity of qubits.

Increase the size of the
shunt capacitor and use a
square-/cross-shaped
geometry instead of an
interdigitated capacitor

Reduces the dielectric
participation ratio of the
surfaces and thereby,
reduces dielectric losses.

The size of the qubit is
increased.

Operate the qubit at a
charge-/flux-insensitive
sweet spot

Renders the qubit
first-order insensitive to
dephasing arising from
charge/flux noise.

Compromises the
frequency tunability of
the qubit. Coherence time
may be orders of
magnitude worse away
from the sweet spot.

Place the qubit in a 3D
cavity

Provides the qubit with a
well-defined
electromagnetic
environment that has
small vacuum fields.
Improved T1 and T2 can
be achieved.

Not scalable in a similar
manner as the
conventional planar
architecture.

Shunt a Josephson
junction with a
superinductor

Renders the circuit
immune to dephasing
arising from 1/f charge
noise. The potential
energy function of the
qubit can be engineered
to enable a high
anharmonicity.

If superconducting thin
films are used as the
superinductor, the losses
are high (at least
currently) resulting in
short relaxation times.
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Idea Advantages Disadvantages

Employ a forbidden
transition as the qubit
transition

Relaxation rate is
suppressed due to a small
transition dipole, which
greatly enhances the
relaxation time.

Makes the qubit difficult
to operate since a
several-photon Raman
process is often needed to
excite the qubit.

Incorporate Purcell filters
to the circuit

Modifies the
electromagnetic
environment seen by the
qubit and thus, reduces
the effect of Purcell decay
resulting in an improved
relaxation time.

Complicates the readout
circuitry.

Incorporate a large
number of (large)
Josephson junctions into
the qubit loop (cf.
quarton or fluxonium)

Reduces dephasing arising
from charge noise and
offers protection against
flux noise.

Currently, there exist no
experimental realizations
of fast, high-fidelity
two-qubit gates between
two fluxoniums or
quartons.



Chapter 4

Results: Coplanarium

In this chapter, we investigate a novel superconducting qubit nicknamed as the copla-
narium that consists of a Josephson junction embedded in a grounded CPW resonator.
As explained in more detail in Sec. 4.1, the proposed quantum circuit might exhibit
good coherence properties since it has no superconducting islands, it contains a pair
of gradiometric loops, and it may also have low dielectric losses similarly to CPW res-
onators. To analyze the circuit theoretically, we derive its quantum-mechanical Hamil-
tonian from first principles in Sec. 4.2.1 by assuming that no external magnetic flux
is applied through the superconducting loops of the circuit. Subsequently, we derive a
single-mode Hamiltonian for the circuit in Sec. 4.2.2 and use it in Sec. 4.2.3 to numer-
ically estimate the qubit frequency and anharmonicity in the absence of an external
magnetic flux for different experimentally feasible parameter combinations. Based on
our results, the anharmonicity is small (< 100 MHz, 0.5%) with no external flux unless
the center conductor of the CPW is fabricated out of a material with a high kinetic
inductance. In Sec. 4.2.4, we investigate effects arising from the multi-mode nature of
the coplanarium circuit. In Secs. 4.3.1 and 4.3.2, we investigate the coplanarium circuit
in the presence of an external magnetic flux and derive its quantum Hamiltonian by
using a theoretical approach that has not been previously reported to our knowledge.
Based on numerical simulations reported in Sec. 4.3.3, the relative anharmonicity of the
coplanarium qubit can exceed 10% at a flux-insensitive sweet spot if a suitably chosen
external magnetic flux is applied through the superconducting loops of the circuit. In
Sec. 4.4, we conclude this chapter by discussing the advantages and disadvantages of
the coplanarium qubit, and we also briefly compare the coplanarium circuit against
other superconducting circuits with similar characteristics.

4.1 Coplanarium: Island-free coplanar waveguide

qubit

In this section, we introduce an island-free superconducting circuit that can poten-
tially be operated as a high-coherence qubit. The proposed qubit circuit incorporates a
Josephson junction within the center conductor of a grounded coplanar waveguide res-
onator as schematically illustrated in Fig. 4.1. Thus, we use the nickname coplanarium
to refer to the circuit in the following considerations.

Our studies on the coplanarium circuit are motivated by the fact that the circuit
would be protected against several decoherence channels commonly present in super-
conducting qubits. Firstly, the coplanarium circuit contains no isolated superconducting
islands thanks to the inductive shunt provided by the CPW resonator. Therefore, the

64



CHAPTER 4. RESULTS: COPLANARIUM 65

Figure 4.1: Schematic illustration of the island-free coplanarium circuit, in which a single
Josephson junction (cross shaped) has been embedded within the center conductor of a super-
conducting coplanar waveguide resonator. The superconduting center conductor and the two
superconducting ground planes are denoted by a blue color. Importantly, the center conduc-
tor is grounded from both of its ends, which renders the circuit free of any superconducting
islands. It is possible to control the properties of the circuit by applying an external magnetic
flux Φext,i through the two superconducting loops of the circuit. Note that the figure has
not been drawn to scale since the transverse width of the CPW resonator has been greatly
exaggerated for illustration purposes.

circuit would be intrinsically immune to dephasing originating from 1/f charge noise
in analogy to the fluxonium qubit discussed in Sec. 3.6. Secondly, we show that the two
superconducting loops of the circuit are gradiometric implying that the circuit would
also be protected against magnetic-field fluctuations, the spatial scale of which exceed
the transverse width of the CPW resonator. Thirdly, it has been shown that CPW res-
onators may have intrinsic quality factors in the range of several millions due to their
relatively low dielectric losses [72]. This suggests that the CPW geometry may turn out
to be beneficial for realizing a superconducting qubit with low dielectric losses and a
long relaxation time.

(a) (b) (c)

Figure 4.2: (a) Island-free superconducting qubit containing two parallel Josephson junc-
tions, i.e., a SQUID, in the center conductor of a CPW resonator. (b) Island-free super-
conducting qubit containing three Josephson junctions in a CPW resonator. (c) Island-free
superconducting qubit containing five Josephson junctions in a CPW resonator. In all the
panels, the blue color denotes superconducting material. Note that the figures have not been
drawn to scale since the transverse width of the CPW resonator has been greatly exaggerated
for illustration purposes.

We also point out that the single-junction coplanarium circuit depicted in Fig. 4.1
is only one possible realization of an island-free coplanar-waveguide qubit. In Fig. 4.2,
we schematically illustrate three alternative island-free circuit designs that incorporate
two, three or five Josephson junctions in a coplanar waveguide resonator without any
superconducting islands. In this thesis, we, however, restrict our attention to the copla-
narium circuit with a single Josephson junction. In the following sections, we study
whether it is feasible to use such a circuit as a superconducting qubit from the point
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of view of qubit frequency and anharmonicity. Theoretical investigations on single- and
two-qubit gates with coplanarium qubits are out of the scope of this thesis.

4.2 Coplanarium qubit at zero external magnetic

flux

For simplicity, we first study the coplanarium circuit in the case of no external mag-
netic flux through the loops of the circuit. In the following subsections, we derive the
quantum Hamiltonian of the system and investigate numerically the frequencies and
anharmonicities of the corresponding qubit in different parameter regimes.

4.2.1 Derivation of the quantum Hamiltonian

In this section, we derive the multi-mode Hamiltonian of the coplanarium circuit that
contains a single Josephson junction in the center conductor of a CPW resonator. In
order to derive the Hamiltonian of the circuit, we follow the approach proposed by
Bourassa et al. in Ref. [132], in which they studied an in-line transmon consisting of
a Josephson junction embedded in a non-grounded superconducting resonator. Follow-
ing Bourassa et al, we first derive the classical normal modes of the circuit since the
orthogonality of the normal modes can be exploited to express the Hamiltonian of the
circuit in a tractable form. When computing the frequencies of the normal modes, we
include the effect of the Josephson junction by using its linear-element approxima-
tion and by demanding current continuity at the junction. After finding the normal
modes, we perturbatively re-introduce the non-linear part of the Josephson potential
into the Hamiltonian. The perturbative treatment of the non-linearity is justified by
the fact that the large capacitance of the CPW resonator renders the normal modes
only weakly anharmonic despite of the presence of the non-linear Josephson junction.

In order to derive the frequencies of the normal modes, we construct the classical
equation of motion and the boundary conditions for the coplanarium circuit by using
the Lagrangian formalism. In analogy to Sec. 2.6.2, the Lagrangian of the bare CPW
resonator is given by

Lr =

ˆ l

−l
L̃r dx =

ˆ l

−l

[
ctot

2
ψ̇2 − 1

2ltot

(∂xψ)2

]
dx, (4.1)

where the resonator of length 2l extends across the interval x ∈ [−l, l] as illustrated
in Fig. 4.3, L̃r denotes the Lagrangian density, ctot and ltot are the total capacitance
and inductance of the CPW resonator per unit length, and ψ(x, t) =

´ t
−∞ V (x, t′) dt′

is the node flux in the center conductor of the CPW at location x and time t. Note
that the total capacitance ctot per unit length is equal to the geometric capacitance
cg per unit length, whereas the total inductance ltot per unit length includes both the
geometric inductance lg and the kinetic inductance lk. Until Sec. 4.2.3.4, we assume
that the geometric inductance dominates over the kinetic inductance.

The Lagrangian of the Josephson junction can be written as

LJ =
CJ

2
∆ψ̇2(l, t) + EJ cos

(
2π∆ψ/Φ0

)
, (4.2)
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Figure 4.3: Schematic of the coplanarium circuit together with important system param-
eters. Here, CJ is the capacitance of the Josephson junction, EJ is the Josephson energy, 2l
is the length of the CPW resonator, ctot is the CPW capacitance per unit length, and ltot is
the CPW inductance per unit length. In addition, we denote the node flux on the left and
right electrode of the Josephson junction with ψ(x−J , t) and ψ(x+

J , t), respectively. Due to the
galvanic connection between the CPW resonator and the ground plane, the CPW resonator
is ideally grounded implying that the node fluxes ψ(−l, t) and ψ(l, t) at the left and right end
of the CPW resonator can be taken to be zero.

where CJ is the capacitance of the Josephson junction, EJ is the Josephson energy,
Φ0 = h/(2e) denotes the flux quantum as above, and the flux across the Josephson
junction is given by

∆ψ(t) = ψ(x+
J , t)− ψ(x−J , t), (4.3)

where xJ is the location of the junction that can be assumed to be in the interval
xJ ∈ [0, l] without loss of generality. The flux discontinuity at the junction ∆ψ(t) turns
out to be an important quantity since it is related to the anharmonicity of the normal
modes. Note that the total Lagrangian of the system is simply given by the sum of the
Lagrangians of the resonator and the junction

L = Lr + LJ. (4.4)

To derive the classical normal-mode frequencies, we approximate the ideal Josephson
element with a linear inductor, which is a valid approximation in the limit of a low
current. Importantly, the corresponding linear part of the Lagrangian is given by

Ll = Lr +
CJ

2
∆ψ̇2 − 1

2LJ

∆ψ2, (4.5)

where LJ = Φ2
0/(2π)2E−1

J is the effective inductance of the Josephson junction in the
limit of a small current. In the above equation, we have discarded the higher order
terms of the Josephson potential that are given by the following equation

Unl(∆ψ) =
∑
k>1

(−1)k+1

(2k)!

(
2π

Φ0

)2k

EJ (∆ψ)2k . (4.6)

Within the CPW resonator, the classical equation of motion can be obtained from
the Euler–Lagrange equation for the Lagrangian density L̃r as

∂L̃r

∂ψ
−
[
∂

∂t

∂L̃r

∂ψ̇
+

∂

∂x

∂L̃r

∂(∂xψ)

]
= 0. (4.7)
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By inserting the Lagrangian density given by Eq. (4.1) to the above Euler–Lagrange
equation, the equation of motion within the CPW resonator reduces to the ordinary
wave equation

ψ̈ = v2
p∂xxψ, (4.8)

where vp = 1/
√
ltotctot is the phase velocity of the voltage waves in the CPW resonator.

Since we are searching for normal modes with a definite frequency ωm, the flux corre-
sponding to the mth mode can be assumed to be of the following form ψ ∝ e−iωmtum(x),
where um(x) is the dimensionless envelope function of the mth mode. In addition to the
wave equation, the mode envelopes um(x) must satisfy the boundary conditions owing
to the grounding of the CPW and the current continuity at the Josephson junction.
To satisfy both the wave equation and the grounding condition, we use a piece-wise
sinusoidal ansatz for each of the envelope functions

um(x) =

{
Am sin[km(x+ l)], if x ∈ [−l, xJ)

AmBm sin[km(x− l)], if x ∈ (xJ, l]
(4.9)

where km is the wavenumber of the mth mode obeying km = ωm/vp in order to satisfy
the wave equation. In the following calculations, we reserve the indices {m,n, k, l} for
referring to the normal modes, whereas the indices {i, j} are reserved to describe the
different energy states of each mode.

The boundary condition at the location of the Josephson junction is obtained by
demanding that the electric current is continuous across the junction. The current in
the CPW resonator at the location x is given by

I(x, t) = − 1

ltot

∂xψ(x,t), (4.10)

where we use capital letter I to denote the current despite of its ac nature, and the
value of current is positive if the current flows to the positive x direction. Importantly,
the current in the CPW resonator must be equal on both sides of the junction, which
gives the following boundary condition

I(x−J , t) = I(x+
J , t)⇒ −

km
ltot

Am cos[km(xJ + l)] = −km
ltot

AmBm cos[km(xJ − l)] (4.11)

⇒ Bm =
cos[km(xJ + l)]

cos[km(xJ − l)]
. (4.12)

In addition, the current in the CPW resonator on the left side of the junction must
equal the total current through the junction. The total current across the junction is
composed of two parts as follows

IJ = −
(
CJ∆ψ̈ +

∆ψ

LJ

)
, (4.13)

where the first term corresponds to the current due to the charging of the capacitor
plates and the second term corresponds to the Josephson supercurrent in the small
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current limit. By imposing the condition of current continuity I(x−J , t) = IJ for each of
the modes [ψ ∝ e−iωmtum(x)] separately, we obtain the following set of equations

ω2
mCJ∆um −

1

LJ

∆um = − 1

ltot

∂xum(x−J ), m ≥ 1, (4.14)

where ∆um = um(x+
J )− um(x−J ) denotes the discontinuity of the mode envelope across

the junction. By inserting the piece-wise sinusoidal mode envelopes in Eq. (4.9) to the
above equation and using Eq. (4.12) to carry out simplifications, we obtain the following
transcendental equation for the allowed wavenumbers km (m ≥ 1)

kml cos[km(xJ − l)] cos[km(xJ + l)]−
[
CJ(kml)

2

ctotl
− ltotl

LJ

]
sin(2kml) = 0. (4.15)

Note that the solutions of the above equation may or may not have a discontinuity
(∆um 6= 0) at the location of the Josephson junction. The modes with a discontinu-
ity at the junction are the modes of interest since a mode can have an anharmonic
energy spectrum only if the non-linear junction couples to it, i.e., a non-zero current
flows across the junction. Note that we have eliminated Bm from the above equation
by using the boundary condition in Eq. (4.12), and consequently the transcendental
equation incorporates information from both of the boundary conditions. In practice,
the solutions of Eq. (4.15) can be found by first doing a simple grid search as a function
of the variable kml and then refining each of the found solutions by using, for example,
the Newton’s method.

Having solved the wave numbers km from Eq. (4.15), the mode frequencies are
obtained with the help of the relation ωm = vpkm. Importantly, the presence of the
Josephson junction alters the mode frequencies as compared with a λ/2 resonator of
similar length. If, for example, the junction has a small capacitance and a small Joseph-
son energy, the current across the Josephson junction is also small, and therefore, the
junction acts almost like an open circuit greatly affecting the mode frequencies. To il-
lustrate the effect of the Josephson junction on the resonator modes, we show in Fig. 4.4
the envelopes of the three lowest-frequency normal modes for a long CPW resonator
(f1 ∼ 4 GHz) and a short CPW resonator (f1 ∼ 10 GHz) in two cases where the
Josephson junction is located either at xJ/l = 0 or at xJ/l = 0.5. If the junction is
located at xJ/l = 0, the envelope u2(x) of the second mode is the only one of the three
mode envelopes that has a discontinuity at the location of the junction. Importantly,
the discontinuity in the mode envelope is large implying that the second mode couples
strongly to the Josephson junction. If, on the other hand, the junction is located at
xJ/l = 0.5, the envelopes u1(x) and u3(x) of the first and the third mode, respectively,
exhibit a discontinuity at the location of the junction, whereas the second mode does
not couple to the junction at all.

Importantly, the normal modes are orthogonal in the sense of the following inner
product [132]

〈um, un〉 =

ˆ l

−l
ctotum(x)un(x) dx+ CJ∆um∆un = CΣδmn, (4.16)

where CΣ =
´ l
−l ctot dx + CJ = 2ctotl + CJ denotes the total capacitance of the system.

With the help of integration by parts and the boundary conditions given by Eqs. (4.12)
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(a) (b)

(c) (d)

Figure 4.4: Mode envelopes um(x) of the three lowest-frequency normal modes for four
different systems with the following parameters: (a) Location of the junction xJ/l = 0.0 and
frequency of the lowest-frequency mode f1 = 4.0 GHz, (b) xJ/l = 0.0 and f1 = 10.0 GHz, (c)
xJ/l = 0.5 and f1 = 4.0 GHz, and (d) xJ/l = 0.5 and f1 = 10.0 GHz. The other parameters
used to obtain the results are presented in Table 4.1 of Sec. 4.2.3.

and (4.15), it is possible to utilize the orthogonality condition for 〈um, un〉 to derive an
additional orthogonality condition for the derivatives of the mode envelopes ∂xum

〈∂xum, ∂xun〉 =

ˆ l

−l

1

ltot

∂xum(x)∂xun(x) dx+
1

LJ

∆um∆un =
δmn
Lm

, (4.17)

where we defined the effective inductance of the mth mode through the relation L−1
m =

CΣω
2
m.

Let us write the linear part of the Lagrangian Ll [see Eq. (4.5)] in the normal-mode
basis by expanding the total flux as ψ(x, t) =

∑
m ψm(t)um(x)

Ll =

ˆ l

−l

[
ctot

2

(∑
m

ψ̇mum

)2

− 1

2ltot

(∑
m

ψm∂xum

)2 ]
dx

+
CJ

2

(∑
m

ψ̇m∆um

)2

− 1

2LJ

(∑
m

ψm∆um

)2

(4.18)

=
∑
m,n

(
1

2
〈um, un〉ψ̇mψ̇n −

1

2
〈∂xum, ∂xun〉ψmψn

)
, (4.19)
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where the time-dependent coefficients of the normal modes {ψm(t)} have the units of
flux. Using the orthogonality relations in Eqs. (4.16) and (4.17), we further observe that
the above Lagrangian decouples into a sum of Lagrangians of independent harmonic
oscillators

Ll =
∑
m

(
CΣ

2
ψ̇2
m −

ψ2
m

2Lm

)
. (4.20)

To simplify the notation in the following considerations, we define the rescaled flux
variable φm = ∆umψm that describes the flux across the Josephson junction owing to
the mth mode. Note that the rescaled flux φm equals zero for those modes that do not
exhibit a flux discontinuity ∆um across the Josephson junction. These modes are not
of our interest since they do not exhibit non-linear behavior and they do not couple to
the other modes. Therefore, we can neglect the modes with ∆um = 0 in the following
sum expressions of the Lagrangian and the Hamiltonian. By employing the rescaled flux
variables, the Lagrangian of the linearized circuit can be cast into the following form

Ll =
∑
m

(
C ′m
2
φ̇2
m −

φ2
m

2L′m

)
, (4.21)

where we have introduced the rescaled capacitance C ′m = CΣ/(∆um)2 and inductance
L′m = Lm(∆um)2. The corresponding Hamiltonian of the linearized circuit is obtained
by a Legendre transformation

Hl =
∑
m

qmφ̇m − Ll =
∑
m

(
q2
m

2C ′m
+

φ2
m

2L′m

)
, (4.22)

where the conjugate charges are defined in the ordinary way as qm = ∂Ll/∂φ̇m.
Above, we have determined how the presence of the Josephson junction affects the

classical normal modes of the coplanar waveguide resonator in the limit of a small
current, in the case of which the Josephson junction resembles a linear element with a
capacitance CJ and an inductance LJ. Here, we reintroduce the non-linear part of the
Hamiltonian given by Eq. (4.6) and obtain the full classical Hamiltonian of the electric
circuit as

H =
∑
m

(
q2
m

2C ′m
+

φ2
m

2L′m

)
+ Unl

(∑
m

φm

)
, (4.23)

where ∆ψ =
∑

m φm is the flux across the Josephson junction. Subsequently, we quan-
tize the Hamiltonian by imposing the canonical commutation relations between all
coordinate–conjugate-momentum pairs

[φ̂m, q̂n] = i~δmn, [φ̂m, φ̂n] = 0, [q̂m, q̂n] = 0. (4.24)

Importantly, it is a good approximation to only consider the fourth-order term in the
non-linear potential Unl since the large capacitance of the coplanar waveguide resonator
acts in an analogous manner as the shunt capacitance of a transmon qubit. The fourth-
order term of the potential Unl is given by

− 1

24

(
2π

Φ0

)4

EJ

(∑
m

φ̂m

)4

= − 1

24

(
2π

Φ0

)4

EJ

∑
m,n,k,l

φ̂mφ̂nφ̂kφ̂l, (4.25)
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which means that the Hamiltonian including the fourth-order correction reads

Ĥ =
∑
m

(
q̂2
m

2C ′m
+

φ̂2
m

2L′m

)
− 1

24

(
2π

Φ0

)4

EJ

∑
m,n,k,l

φ̂mφ̂nφ̂kφ̂l. (4.26)

Since the non-linearity owing to the Josephson junction is only a relatively small effect,
it pays to introduce the annihilation and creation operators âm and â†m of the corre-
sponding harmonic oscillators for each of the modes as [see Eqs. (2.50) and (2.51) in
Sec. 2.6.2]

φ̂m =

√
~

2C ′mωm
(â†m + âm), (4.27)

q̂m = i

√
~C ′mωm

2
(â†m − âm), (4.28)

where the operators âm and â†m satisfy the ordinary bosonic commutation relations
[âm, â

†
n] = δmn.

We aim to express the product terms φ̂mφ̂nφ̂kφ̂l of Eq. (4.25) in terms of the an-
nihilation and creation operators of the normal modes. Importantly, a single product
term in the sum can incorporate fluxes φ̂m from one, two, three or four different modes.
Following Ref. [132], we employ a rotating-wave approximation, in which we retain only
such terms that are either stationary in the rotating frame corresponding to Ĥl or that
describe coupling between two different modes through a single-photon process involv-
ing the annihilation and creation of one photon (∝ â†nâm). Most of the ignored terms
(e.g., â4

m, â3
mâ
†
n) oscillate quickly in the rotating frame implying that it is a good ap-

proximation to leave them out. For special index combinations, it is, however, possible
that a coupling term of the form â3

mâ
†
n or â†3m ân oscillates slower than the corresponding

single-photon coupling term â†nâm. Note that the coupling terms â3
mâ
†
n and â†3m ân corre-

spond to high-energy processes involving the annihilation or creation of three photons
in the mode m. Therefore, these coupling terms are likely to be suppressed in the typical
operating regime of the coplanarium qubit, where one of the lowest-frequency modes is
used as the qubit and there are ideally either 0 or 1 excitations in the qubit mode.

Under the rotating-wave approximation, we can obtain a relevant term in the Hamil-
tonian through four distinct cases that we consider in more detail below:

1. Case m = n = k = l: There is only one allowed permutation of the index labels.
Thus, we obtain

φ̂4
m = D4

m(â†m + âm)4 = D4
m(â†2m + 2â†mâm + 1 + â2

m)2

≈ D4
m(â†2m â

2
m + 4â†mâmâ

†
mâm + 2â†mâm + 2â†mâm + â2

mâ
†2
m)

≈ D4
m(6â†mâmâ

†
mâm + 6â†mâm), (4.29)

where we have denoted the flux operator as φ̂m = Dm(â†m + âm), and used the
approximation sign to denote the parts of the calculation where we have dropped
quickly rotating terms and constants.
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2. Case m = k < n = l: There are
(

4
2

)
= 6 equivalent permutations of the index

labels. The inequality is employed so that each (m,n) pair is unique. Thus, we
obtain

6φ̂2
mφ̂

2
n = 6D2

mD
2
n(â†m + âm)2(â†n + ân)2

≈ 6D2
mD

2
n(2â†mâm + 1)(2â†nân + 1)

≈ 24D2
mD

2
nâ
†
mâmâ

†
nân + 12D2

mD
2
n(â†mâm + â†nân). (4.30)

3. Case m = k = l 6= n: There are 4 equivalent permutations. Thus, we obtain

4φ̂3
mφ̂n = 4D3

mDn(â†n + ân)(â†m + âm)(â†2m + 2â†mâm + 1 + â2
m)

≈ 4D3
mDn(â†n + ân)(2â†2m âm + â†m + â†mâ

2
m + âmâ

†2
m + 2âmâ

†
mâm + âm)

≈ 4D3
mDn(â†nâmâ

†
mâm − â†nâm + 2â†nâmâ

†
mâm + â†nâm + 2â†mânâ

†
mâm

+ â†mân + â†mânâ
†
mâm + 2â†mâm)

≈ 12D3
mDn[(â†nâm + â†mân)â†mâm + â†mân]. (4.31)

4. Case m < n,m 6= k = l 6= n: There are
(

4
2

)
× 2 = 12 equivalent permutations.

Thus, we obtain

12φ̂mφ̂nφ̂
2
l = 12DmDnD

2
l (â
†
m + âm)(â†n + ân)(â†l + âl)

2

≈ 12DmDnD
2
l (â
†
mân + â†nâm)(2â†l âl + 1)

≈ 24DmDnD
2
l (â
†
mân + â†nâm)(â†l âl + 1/2). (4.32)

Having found expressions for those terms that are non-zero under the rotating-wave
approximation, we write the approximate Hamiltonian in Eq. (4.26) as

Ĥ =
∑
m

~ωmâ†mâm −
∑
m

1

2
ηL,mE

′
C,m(â†mâm + â†mâmâ

†
mâm)− 1

2

∑
m 6=n

η
1/2
L,mE

′1/2
C,mη

1/2
L,nE

′1/2
C,n

× (2â†mâmâ
†
nân + â†mâm + â†nân)−

∑
m6=n

η
3/4
L,mE

′3/4
C,mη

1/4
L,nE

′1/4
C,n [(â†nâm + â†mân)â†mâm + â†mân]

− 1

2

∑
m 6=n 6=l

2η
1/4
L,mE

′1/4
C,mη

1/4
L,nE

′1/4
C,n η

1/2
L,l E

′1/2
C,l (â†mân + â†nâm)(â†l âl + 1/2), (4.33)

where E ′C,m = e2/(2C ′m) is the charging energy associated with the effective capacitance
C ′m, and we have introduced a factor of 1/2 in front of the third and fifth term in order
to account for the fact that we sum over m 6= n and not m < n. In addition, we have
used ηL,m to denote the inductive participation ratio of the junction for the mth mode

ηL,m =
L′m
LJ

=
(∆um)2

CΣω2
mLJ

. (4.34)

We simplify the notation further by defining

Kmm = ηL,mE
′
C,m/~, (4.35)

Kmn = 2
√
KmmKnn, m 6= n (4.36)
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ζlmn = (K2
llKmmKnn)1/4. (4.37)

Using the above definitions, we express the Hamiltonian in a more succinct form as

Ĥ =
∑
m

~ω′mâ†mâm −
∑
m,n

~Kmn

2
â†mâmâ

†
nân −

∑
m 6=n

~ζmmn(â†mâm + 1/2)(â†mân + â†nâm)

−
∑

m6=n6=l

~ζlmn(â†l âl + 1/2)(â†mân + â†nâm), (4.38)

where the renormalized frequency equals ω′m = ωm −
∑

nKmn/2.
We make a few observations based on the Hamiltonian in Eq. (4.38). Firstly, we

note that the terms Kmm correspond to the self-Kerr effect and are responsible for the
anharmonicity of each mode. Thus, we need to ensure that the ratio Kmm/ωm is suf-
ficiently large if the mth mode is to be operated as a qubit. Secondly, the terms Kmn

describe the strength of the cross-Kerr effect, which can be viewed as a frequency shift
of the mth mode due to a non-zero photon number in the nth mode. Thirdly, the last
two terms in the sum of Eq. (4.38) describe a weak beam-splitter-like coupling between
the resonator modes, the strength of which is characterized by the coefficients ζlmn. Due
to the coupling, the resonator modes are hybridized, which slightly affects the experi-
mentally measured mode frequencies and anharmonicities. We show in Sec. 4.2.4 that
the coupling strength between the modes is small in comparison with the corresponding
frequency separation, which implies that the hybridization effects can be neglected to
a good approximation. In the following, we investigate the anharmonicity of the modes
as a function of different system parameters for experimentally feasible cases.

4.2.2 Single-mode approximation

Let us derive an expression for the anharmonicity of a single mode. To this end, we inves-
tigate the mth mode and perform a so-called single-mode approximation by neglecting
all the other modes. Under the single-mode approximation, we write the Hamiltonian
in Eq. (4.38) as

Ĥm = ~ω′mâ†mâm −
~Kmm

2
â†mâmâ

†
mâm, (4.39)

where ω′m = ωm −Kmm/2 since cross-Kerr terms can be neglected in the single-mode
approximation.

Here, we obtain a quantitative estimate for the anharmonicity αm = ω12
m − ω01

m ,
where ωijm denotes the transition angular frequency between the states |i〉m and |j〉m of
the mth mode. We sometimes write the index pair ij also in the subscript in the case of
additional superscripts. To obtain an expression for the transition angular frequencies,
we note that the single-mode Hamiltonian Ĥm in Eq. (4.39) is diagonal in the basis
defined by the eigenstates of the number operator â†mâm. Consequently, the eigenenergies
of the single-mode Hamiltonian Ĥm are of the form

Ei
m = ~ω′mi−

~Kmm

2
i2, (4.40)

where i denotes the energy state of the mth mode and we have neglected a constant
energy shift.
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Using the eigenenergies of the single-mode Hamiltonian Ĥm, we obtain the anhar-
monicity αm of the mth mode as

αm =
(E2

m − E1
m)− (E1

m − E0
m)

~
= −Kmm. (4.41)

By using Eqs. (4.35) and (4.34), the equation of the anharmonicity can further be
written in the following form

αm = −
ηL,mE

′
C,m

~
= − (∆um)4e2

2~LJC2
Σω

2
m

. (4.42)

Based on the above result, the anharmonicity is proportional to the fourth power of
the flux discontinuity ∆um. Thus, it is essential that the flux has a large discontinuity
∆um at the Josephson junction in order to maximize the anharmonicity.

Under the single-mode approximation, it is actually possible to re-sum the cosine
potential in order to derive a full single-mode Hamiltonian that is not truncated to the
fourth order. To this end, we consider the full multi-mode Hamiltonian in Eq. (4.23)
and ignore all but one of the modes to obtain the following result

Ĥm,full =

(
q̂2
m

2C ′m
+

φ̂2
m

2L′m

)
+ Unl

(
φ̂m

)
=

(
q̂2
m

2C ′m
+

φ̂2
m

2L′m

)
−
[
EJ cos

(
2πφ̂m/Φ0

)
+

1

2
EJ

(
2π

Φ0

)2

φ̂2
m

]
=

q̂2
m

2C ′m
+

φ̂2
m

2L̃′m
− EJ cos

(
2πφ̂m/Φ0

)
, (4.43)

where we have defined the effective shunt inductance as L̃′m = [CΣω
2
m/(∆um)2−L−1

J ]−1.
Based on the full single-mode Hamiltonian in Eq. (4.43), we model the mth mode with
a circuit diagram shown in Fig. 4.5 that consists of an ideal Josephson element shunted
by a capacitor C ′m and an inductor L̃′m. Note that the circuit model is identical to that of
a fluxonium qubit although the grounded coplanar waveguide resonator provides both
the inductive and capacitive shunts as opposed to a typical fluxonium qubit.

Naturally, the full single-mode Hamiltonian can also be written in a form analogous
to the general fluxonium Hamiltonian in Eq. (3.81) by defining the charge operator
n̂m = q̂m/(2e) and the phase operator ϕ̂m = 2πφ̂m/Φ0. It follows that

Ĥm,full = 4E ′C,mn̂
2
m +

1

2
EL,mϕ̂

2
m − EJ cos(ϕ̂m), (4.44)

where we have defined the effective inductive energy as EL,m = Φ2
0/(2π)2/L̃′m. In the

following numerical calculations, we primarily estimate the anharmonicity using the
approximation presented in Eq. (4.42) but we validate this approach by comparing
the approximate anharmonicities to those computed based on the full Hamiltonian in
Eq. (4.44).
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Figure 4.5: Effective circuit diagram corresponding to the mth resonator mode in the single-
mode approximation.

4.2.3 Numerical results for the qubit frequency and anhar-
monicity

To obtain more accurate estimates for the frequency and the anharmonicity of the qubit
system than those above, we use the parameters listed in Table 4.1 and calculate both
the frequency and the anharmonicity of the three lowest-frequency modes as functions
of the resonator length. To this end, we numerically solve the mode frequencies from
Eq. (4.15) and then calculate the values of the coefficients Bm and Am with the help of
Eqs. (4.12) and (4.16). Using the coefficients Bm and Am, and the mode frequencies, we
evaluate the discontinuity of the mode envelope ∆um at the location of the junction,
and finally calculate an approximation of the anharmonicity with the help of Eq. (4.42).

In the calculations, we assume that the junction is located at xJ/l = 0.5, which im-
plies that only the first and third modes couple to the junction as illustrated in Fig. 4.4.
In Figs. 4.6(a) and (b), we show both the frequency and anharmonicity of the first and
the third mode. The data show that both of these quantities are naturally reduced as
the length of the resonator is increased. Discouragingly, the relative anharmonicity of
either of the modes is only on the order of ∼ 0.1%, which is approximately 50 times
lower than in ordinary transmons that are infamous for their low anharmonicity.

Table 4.1: Default parameters used in the calculations. The Josephson energy EJ and
the corresponding inductance LJ are based on typical values used in transmon qubits. The
junction capacitance CJ is based on the charging energy of a charge qubit reported in Ref. [88].
Note that the exact value of CJ is largely irrelevant since it is several orders of magnitude
smaller than the capacitance of the transmission line. The parameters of the CPW resonator
{ctot, ltot, Z0, εeff} are based on typical experimental values in superconducting circuits [71].
Here, ctot denotes the (total) capacitance of the resonator per unit length, ltot refers to the
(total) inductance of the resonator per unit length, Z0 =

√
ltot/ctot denotes the characteristic

impedance and εeff is the effective permittivity of the resonator.

EJ/h (GHz) LJ (nH) CJ (fF) ctot (pF/m) ltot (nH/m) Z0 (Ω) εeff

20 8.2 1.4 127 453 59.7 5.2

As a result, we study what is the cause of the low anharmonicity and whether the
anharmonicity can be increased to a reasonable level with a suitable device geometry or
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(a) (b)

(c) (d)

Figure 4.6: (a, b) Anharmonicity αm/(2π) and frequency fm = ωm/(2π) for (a) the lowest-
frequency mode and (b) the third-lowest-frequency mode as functions of the resonator length
2l. (c, d) Inductive participation ηL,m and charging energy E′C,m for (c) the lowest-frequency
mode and (d) the third-lowest-frequency mode as functions of the resonator length 2l. In all
the panels, the Josephson junction is taken to be located at xJ/l = 0.5, whereas the other
relevant parameters are listed in Table 4.1.

a choice of the materials. In Figs. 4.6(c) and (d), we visualize the inductive participation
ratio ηL,m = (∆um)2/(CΣω

2
mLJ) and the charging energy EC,m = e2(∆um)2/(2CΣ) for

the first and the third mode. These quantities are of our interest since their product
determines the anharmonicity as shown in Eq. (4.42). From the figures, we observe
that the large capacitance of the CPW resonator renders the charging energy several
times lower than in typical transmon devices, in which the charging energy is EC/h ∼
200− 300 MHz. In addition, the inductive participation ratio ηL,m < 1 further reduces
the anharmonicity.

Below, we list five feasible and practical approaches for increasing either or both
of these quantities in the pursuit of reaching a reasonable level of anharmonicity with
the coplanarium qubit. The listed approaches are mostly based on increasing the flux
discontinuity |∆um| at the junction, increasing both ηL,m and EC,m, or decreasing the
total capacitance CΣ of the CPW resonator, increasing mainly EC,m.

1. The location of the junction xJ should be chosen such that the flux discontinuity
across the junction ∆um is as large as possible. We show below that this is achieved
by locating the junction precisely at the center of the CPW (xJ/l = 0) instead of,
e.g., xJ/l = 0.5.

2. The characteristic impedance Z0 =
√
ltot/ctot of the CPW resonator may be

increased by adjusting the geometry of the center conductor and the separation
between the center conductor and the ground plane. Increasing the characteristic
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impedance of the resonator reduces the CPW capacitance per unit length without
practically affecting the mode frequencies. The reduced total capacitance results
in a larger charging energy E ′C,m and a larger anharmonicity.

3. The Josephson energy of the junction EJ may be chosen to obtain a large flux
discontinuity ∆um at the junction and a large inductance participation ratio ηL,m.

4. The center conductor of the CPW resonator may be fabricated out of a material
with a high kinetic inductance per unit length such as a superconducting thin film.
This would make it viable to reduce the length of the CPW resonator without
increasing the frequency of the qubit. The reduced length of the CPW resonator
results in a smaller total capacitance, which increases the anharmonicity.

5. External magnetic flux may be used modify the potential-energy landscape of the
coplanarium circuit.

Below, we quantitatively investigate each of these approaches in the above order to
estimate what it takes to reach a reasonable level of anharmonicity for the coplanarium
qubit.

4.2.3.1 Effect of the junction location

In this section, we investigate numerically how the location of the junction should be
chosen in order to reach as high an anharmonicity as possible. In Fig. 4.7, we illustrate
the anharmonicities and frequencies of the three lowest-frequency modes in a copla-
narium qubit as functions of the location of the junction xJ ∈ [0, l]. The results are
obtained by using the parameters listed in Table 4.1 and assuming that the CPW res-
onator has a total length of 2l = 6 mm corresponding to a reasonable qubit frequency
of roughly 10 GHz. Based on Fig. 4.7(a), the largest anharmonicity is achieved if the
junction is located precisely in the middle of the CPW (xJ/l = 0), in the case of which
the anharmonicity of the second mode is almost 35 MHz for a mode frequency of 12
GHz. It is natural that the anharmonicity attains its maximum for xJ/l = 0 since the
envelope function of the second mode has a maximally large discontinuity at the junc-
tion location if xJ/l = 0 [see Fig. 4.4(a)], which ensures that the Josephson junction
couples strongly to the second mode. In comparison, the anharmonicity of the lowest-
frequency (f1 = 6 GHz) mode is approximately 8 MHz if the junction is placed at the
end of the CPW resonator, i.e., xJ/l = 1. This indicates that the relative anharmonicity
can be increased by a factor of ∼2 if the junction is placed at the center of the CPW
instead of placing it at the end of the CPW.

In Fig, 4.8, we illustrate the anharmonicity, frequency, inductive participation ηL,m,
and charging energy E ′C,m for the two lowest-frequency modes as functions of the loca-
tion of the junction. For the lowest-frequency mode, both the inductive participation
and the charging energy approach zero as xJ/l→ 0 since the discontinuity at the junc-
tion ∆u1 approaches zero. Similarly, the anharmonicity of the second mode approaches
zero as xJ/l→ 0.5 since the discontinuity in the mode envelope vanishes for xJ/l = 0.5.
Note that the charging energy E ′C,2 = e2(∆u2)2/(2CΣ) of the second mode at xJ/l = 0
is almost four times larger than the corresponding energy E ′C,1 = e2(∆u1)2/(2CΣ) of
the first mode at xJ/l = 1 due to an approximately twice as large discontinuity in the
mode envelope at the location of the junction.
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(a) (b)

Figure 4.7: (a) Anharmonicity αm/(2π) of the three lowest-frequency modes as functions
of the location of the Josephson junction xJ. Due to symmetry, we assume without loss of
generality that the Josephson junction is located on the right half of the resonator xJ/l ∈ [0, 1].
(b) Frequencies fm of the corresponding modes as functions of the location of the junction
xJ. To obtain these results, we use parameters listed in Table 4.1 and take the length of the
CPW resonator to be 2l = 6 mm.

(a) (b)

(c) (d)

Figure 4.8: (a) Anharmonicity α1/(2π) and frequency f1 of the lowest-frequency mode as
functions of the junction location. (b) Anharmonicity α2/(2π) and frequency f2 of the second
lowest-frequency mode as functions of the junction location. (c) Inductive particpation ηL,1
and charging energy E′C,1 of the lowest-frequency mode as functions of the junction location.
(d) Inductive particpation ηL,2 and charging energy E′C,2 of the second lowest-frequency mode
as functions of the junction location. To obtain these results, we use parameter values listed
in Table 4.1 and take the length of the CPW resonator to be 2l = 6 mm.
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4.2.3.2 Effect of the CPW geometry

Based on the above discussion, one way towards an increased anharmonicity would be to
modify the geometry of the coplanar waveguide resonator. Namely, the anharmonicity
of the coplanarium qubit would increase if we reduced the capacitance of the CPW
while simultaneously increasing its inductance. For a symmetric CPW resonator, the
geometric inductance and capacitance per unit length are given by Eqs. (2.64) and (2.65)
in Sec. 2.7. As explained in Sec. 2.7, the inductance and capacitance of a CPW resonator
can be controlled by tuning the geometric factor k̃0 = w/(w + 2s) that depends on the
width w of the center conductor and the separation s between the center conductor
and the ground planes. Assuming that the effective permittivity εeff of the resonator is
approximately constant as a function of k̃0, the inductance of the CPW can be increased
and the capacitance of the CPW can be decreased by reducing the value of k̃0. This is
illustrated in Fig. 4.9, where we show the inductance and capacitance of the CPW per
unit length as functions of the value of k̃0. To increase the anharmonicity, one may thus
engineer a coplanar waveguide with a smaller value of k̃0 than k̃0 = 0.43 corresponding
to the value used in the previous calculations.

(a) (b)

Figure 4.9: (a) Geometric inductance lg and capacitance cg of a CPW resonator per unit
length as functions of the geometric factor k̃0 = w/(w + 2s) for an effective permittivity of
εeff = 5.2 that is assumed independent of k̃0. (b) The corresponding characteristic impedance
Z0 =

√
ltot/ctot for the CPW resonator as a function of the geometric quantity k̃0.

To quantitatively estimate the qubit anharmonicity as a function of the CPW geom-
etry, we take the Josephson junction to be located in the middle of the CPW resonator,
and we use the parameter values listed in Table 4.1. We vary the geometric factor k̃0 be-
tween 0.05 and 0.95 corresponding to a characteristic-impedance range of Z0 ∈ [25, 115]
Ω. As illustrated in Fig. 4.10, it is possible to increase the anharmonicity of the second
mode |α2|/(2π) to & 50 MHz while keeping the mode frequency at 10 GHz if the value of
the geometric factor is reduced to k̃0 ≤ 0.1 corresponding to a characteristic impedance
of Z0 & 100 Ω. Importantly, the resonator frequency hardly changes as the value of
k̃0 is decreased, which implies that the relative anharmonicity is increased. Despite of
optimizing the location of the junction and the geometry of the CPW, the relative
anharmonicity of the proposed qubit system is approximately an order of magnitude
smaller than in ordinary transmons.

Further improvements to the anharmonicity may be obtained by decreasing the
effective permittivity of the resonator in order to increase the characteristic impedance
Z0 =

√
ltot/ctot. This is possible, e.g., by fabricating the CPW resonator on a thin silicon
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Figure 4.10: (a) Frequency f2, (b) anharmonicity α2/(2π), (c) inductance participation
ηL,2, and (d) charging energy EC,2 of the second mode as functions of the resonator length 2l
and the characteristic impedance of the resonator Z0 =

√
ltot/ctot. To obtain the results, we

use the parameter values listed in Table 4.1 and take the Josephson junction to be located in
the middle of the CPW (xJ/l = 0).

membrane located above an insulating layer such as air, below which the actual silicon
wafer resides. Such a system was used in Ref. [113] to reduce the effective permittivity,
which enabled the fabrication of a spiral-shaped geometric superinductor.

4.2.3.3 Effect of the Josephson energy

Let us then study how the anharmonicity of the coplanarium depends on the Josephson
energy if the second mode is used for the qubit operation. In the calculations, we
again take the junction to be located in the middle of the CPW, xJ/l = 0, and set
the geometric factor characterizing the CPW resonator to k̃0 = 0.1 corresponding to
a characteristic impedance of Z0 = 97 Ω. We vary the Josephson energy EJ/h in the
range 5− 50 GHz, whereas the resonator length 2l is varied in the range 5− 20 mm.

As shown in Fig. 4.11(a), the frequency of the second mode not only depends on
the resonator length but also on the Josephson energy since the effective inductance of
the Josephson junction affects the boundary conditions of the modes. As illustrated in
Fig. 4.11(b), the absolute anharmonicity of the second mode decreases with increasing
resonator length and with decreasing Josephson energy. However, the anharmonicity is
rather insensitive to the Josephson energy in the range EJ/h ∈ [15, 50] GHz meaning
that our choice of EJ/h = 20 GHz has been a reasonable one. Importantly, the anhar-
monicity |α2|/(2π) remains at 55 MHz or below if we demand the qubit frequency to
be ω2/(2π) . 10 GHz.
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Figure 4.11: (a) Frequency f2, (b) anharmonicity α2/(2π), (c) inductance participation ηL,2,
and (d) charging energy EC,2 of the second mode as functions of the resonator length 2l and
the Josephson energy EJ. To obtain the results, we use the parameter values listed in Table
4.1 and take the Josephson junction to be located in the middle of the CPW (xJ/l = 0).

In Figs. 4.11(c) and (d), we show the inductance participation ratio ηL,2 and the
charging energy E ′C,2 for the second mode. The inductance participation ratio is sup-
pressed for Josephson energies approaching zero. This is because the effective inductance
of the junction becomes large at small Josephson energies, which renders the junction
an open circuit from the point of view of the resonator. As already discussed previ-
ously, the total charging energy decreases with increasing resonator length due to the
increasing capacitance of the CPW resonator.

4.2.3.4 Effect of the kinetic inductance

As observed in the previous sections, it is possible to increase the anharmonicity of the
coplanarium circuit by increasing the characteristic impedance of the CPW resonator.
Thus, we could, in principle, increase the anharmonicity of the system by fabricating
the center conductor of the resonator out of a superconducting material that has a high
kinetic inductance. For a superconducting thin film, the kinetic inductance per unit
length lk is approximately given by Eq. (2.6) in Sec. 2.2, according to which the kinetic
inductance is proportional to the normal-state resistivity of the superconductor ρn and
inversely proportional to the thickness t and width w of the center conductor.

First, we assess how large the value of the kinetic inductance lk should be in order
to reach a feasible level of anharmonicity when it comes to qubit operation. Again, we
assume that the second mode of the CPW is used for the qubit operation and that the
Josephson junction is located in the middle of the center conductor (xJ/l = 0). Unlike in



CHAPTER 4. RESULTS: COPLANARIUM 83

(a) (b)

(c) (d)

Figure 4.12: (a) Frequency f2, (b) anharmonicity α2/(2π), (c) inductance participation
ηL,2, and (d) charging energy EC,2 of the second mode as functions of the resonator length 2l
and additional kinetic inductance per unit length. The geometric inductance and capacitance
of the CPW are obtained by setting k̃0 = 0.1 and then using Eqs. (2.64) and (2.65). The
Josephson junction is located in the middle of the CPW. The Josephson energy is taken to
be EJ/h = 10 GHz, whereas the junction capacitance is given in Table 4.1.

the previous numerical calculations, we use the value EJ/h = 10 GHz for the Josephson
energy since this parameter value resulted in a larger anharmonicity in comparison
with the default value of EJ/h = 20 GHz. In addition, we calculate the geometric
inductance and capacitance of the CPW by assuming that the geometry of the CPW
satisfies k̃0 = 0.1. Subsequently, we numerically evaluate the anharmonicity and the
frequency of the second mode for different lengths of the resonator and for different
values of additional kinetic inductance per unit length lk. Note that the anharmonicity
is calculated using Eq. (4.42) that is based on the first-order perturbation theory.

In Fig. 4.12, we show the numerically computed frequency, anharmonicity, induc-
tance participation ratio and charging energy of the second resonator mode as functions
of the resonator length and the added kinetic inductance per unit length. We observe
that it seems possible to reach an anharmonicity of ∼200 MHz while keeping the qubit
frequency at approximately 10 GHz if the length of the CPW resonator is roughly
2l = 2 mm. In Fig. 4.13(a), we further show traces of the anharmonicity and frequency
as functions of the kinetic inductance per unit length with the length of the CPW res-
onator being 2l = 2 mm. Based on the figure, the additional kinetic inductance should
have a value of approximately lk = 15 µH/m if we want to reach an anharmonicity of
200 MHz and a qubit frequency of approximately 10 GHz. Note that this value for the
kinetic inductance is approximately 20 times higher than the geometric inductance of
the bare CPW resonator assuming that k̃0 = 0.1.
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Figure 4.13: (a) Frequency f2 of the second mode and the corresponding anharmonicity
α2/(2π) as functions of an additional kinetic inductance per unit length lk for a CPW with a
length of 2l = 2 mm. (b) Inductance participation ηL,2 and charging energy EC,2 as functions
of lk. In both panels, we use k̃0 = 0.1 to calculate the geometric inductance and capacitance
of the CPW resonator. The Josephson junction is located in the middle of the CPW. The
Josephson energy is taken to be EJ/h = 10 GHz, whereas the junction capacitance and the
effective permittivity of the resonator are given in Table 4.1.

A few comments of the results are in order. Firstly, the required values of the kinetic
inductance (lk ∼ 15 µH/m) are experimentally achievable with superconducting thin
films. For example, we need a center conductor with a width of w = 1.0 µm and with a
thickness of t = 42 nm to realize a NbN thin film that has the required kinetic inductance
lk = 15 µH/m. Here, we have assumed that the normal-state resistivity ρn = 7.5
µΩm and the BCS gap parameter ∆ = 2.5 meV coincide with the experimental values
reported for NbN thin films in Ref. [46]. Secondly, the anharmonicity of the second
mode increases with increasing kinetic inductance only up to a certain point, beyond
which the anharmonicity begins to decrease as a function of the kinetic inductance.
Namely, a large inductance of the CPW results in a reduced flux discontinuity ∆u2 at
the Josephson junction, which manifests itself as a low anharmonicity.

As pointed out above, the length of the CPW resonator can be reduced while re-
taining a reasonable mode frequency of f2 . 10 GHz thanks to the additional kinetic
inductance. Due to the reduced length of the CPW resonator, the charging energy
E ′C,2 of the second mode is larger than in the case of negligible kinetic inductance, and
the value of E ′C,2 even exceeds the typical charging energy of transmons in some parts
of the parameter space of interest as shown in Fig. 4.13(b). As a result, we should
check whether our anharmonicity estimates obtained with the approximate formula in
Eq. (4.42) are sufficiently accurate. To this end, we re-compute the anharmonicities by
solving the eigenenergies of the full single-mode Hamiltonian presented in Eq. (4.44).
As illustrated in Fig. 4.14, the anharmonicities obtained with the two approaches differ
by ≤ 20 MHz in the parameter space of interest. This means that the anharmonici-
ties obtained with Eq. (4.42) are accurate within roughly 5% implying that our above
calculations and conclusions are valid.

When considering the effect of kinetic inductance on the coplanarium circuit, it is
important to note that the kinetic inductance can also contribute to the non-linear part
of the circuit Hamiltonian giving rise to additional anharmonicity. Namely, the value of
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Figure 4.14: (a) Anharmonicity α2,full/(2π) of the second mode obtained by diagonalizing
the full single-mode Hamiltonian [see Eq. (4.44)] as a function of the resonator length 2l and
the kinetic inductance per unit length lk. (b) Difference of the anharmonicities obtained with
the perturbation theory approach and the diagonalization of the full single-mode Hamiltonian.
In both panels, we use k̃0 = 0.1 to calculate the geometric inductance and capacitance of the
CPW resonator. The Josephson junction is located in the middle of the CPW. The Josephson
energy is taken to be EJ/h = 10 GHz, whereas the junction capacitance is given in Table 4.1.

the kinetic inductance depends on the current in an approximately quadratic fashion

lk(I) ≈ lk,0

[
1 +

(
I/I2

)2
]
, (4.45)

where lk,0 denotes the kinetic inductance per unit length at zero current, and I2 = J2wt
is a parameter describing the non-linearity of the kinetic inductance. In the following
calculations, we set J2 = 4.1 × 1010 A/m2 based on the experimental results for NbN
thin films in Ref. [46].

Let us derive an equation for the anharmonicity induced by the non-linear part of the
kinetic inductance. To this end, we first find an expression for the anharmonic potential-
energy term arising from the kinetic inductance, after which we use perturbation theory
to assess the magnitude of the corresponding anharmonicity. In the presence of kinetic
inductance, the inductive potential-energy term of the resonator can be approximated
as ˆ l

−l

1

2

(∂xψ)2

lg + lk(I)
dx ≈

ˆ l

−l

1

2

(∂xψ)2

lg + lk,0

[
1− lk,0(I/I2)2

lg + lk,0

]
dx (4.46)

≈
ˆ l

−l

[
1

2

(∂xψ)2

lg + lk,0
− 1

2

lk,0/I
2
2

(lg + lk,0)4
(∂xψ)4

]
dx, (4.47)

where lg denotes the geometric inductance per unit length. Based on the above equation,
the non-linearity of the kinetic inductance gives rise to an additional quartic potential-
energy term. This additional potential-energy term results in the following extra term
in the quantum Hamiltonian of the circuit

Ĥkin,nl = −
ˆ l

−l

[
1

2

lk,0/I
2
2

(lg + lk,0)4
(∂xψ̂)4

]
dx. (4.48)

Importantly, we can treat the term Ĥkin,nl as a small perturbation to the total
Hamiltonian in the way we treated the quartic term of the Josephson potential per-
turbatively in Sec. 4.2.2. Before estimating the anharmonicity for the mth mode, we
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invoke the single-mode approximation, which allows us to express the total flux oper-
ator as ψ̂ = ψ̂mum(x). Using Eq. (4.9) to express the mode envelope um(x), we write
the additional energy term in Eq. (4.48) into a more succinct form as

Ĥkin,nl = −1

2

lk,0/I
2
2

(lg + lk,0)4
A4
mk

4
mψ̂

4
m

{ˆ xJ

−l
cos4[km(x+ l)] dx+B4

m

ˆ l

xJ

cos4[km(x− l)] dx

}
= −Fmψ̂4

m, (4.49)

where we have defined the short-hand notation

Fm =
1

2

lk,0/I
2
2

(lg + lk,0)4

A4
mk

3
m

32

(
12km[(l + xJ)−B4

m(xJ − l)]

+ 8
{

sin[2km(xJ + l)]−B4
m sin[2km(xJ − l)]

}
+
{

sin[4km(xJ + l)]−B4
m sin[4km(xJ − l)]

})
. (4.50)

By making the change of varibles φ̂m = ∆umψ̂m and using Eq. (4.27) to express φ̂m
in terms of the annihilation and creation operators, we express the energy term Ĥkin,nl

into a form that is convenient when it comes to applying perturbation theory

Ĥkin,nl = − Fm
(∆um)4

(
~

2C ′mωm

)2

(6â†mâmâ
†
mâm + 6â†mâm). (4.51)

Finally, we determine an expression for the kinetic-inductance-related anharmonicity
by applying the first-order perturbation theory in an analogous fashion as in Sec. 4.2.2
to obtain the following final result

αk,m = − 3Fm~
C2

Σω
2
m

, (4.52)

where we use the subscript ’k’ to refer to the contribution of the kinetic inductance.
To obtain numerical estimates for the anharmonicity owing to the kinetic inductance,

we use the same parameter values as previously in this section. In Fig. 4.15(a), we show
the anharmonicity due to the kinetic inductance as a function of the kinetic inductance
and the length of the resonator. Based on the figure, the anharmonicity αk is of the order
of 1 Hz, which is 7–8 orders of magnitude smaller than the corresponding anharmonicity
owing to the Josephson junction.

The small anharmonicity can be attributed to the fact that the root-mean-square
(RMS) current in the resonator is several orders of magnitude smaller than the param-
eter I2 in the low-energy limit. For a junction located at xJ/l = 0, the RMS current
attains its maximum value as a function of x at x = ±l, where the current operator
corresponding to the mth mode reads

Î = −(lg + lk)−1ψ̂m∂xum
∣∣
x=±l = −Amkm

lg + lk

φ̂m
∆um

, (4.53)

where we use the vertical with the subscript x = ±l to indicate that the partial deriva-
tive is to be evaluated at x = ±l. The corresponding RMS current for the ith energy
level of the mth mode is given by

IRMS(i) =

√
〈i|Î2|i〉 =

kmAm
lg + lk

√
~

2CΣωm
[〈i|(â†m + âm)2|i〉]1/2 (4.54)
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Figure 4.15: (a) Kinetic inductance contribution to the anharmonicity of the second mode
αk,2/(2π) as a function of the resonator length 2l and the kinetic inductance per unit length
lk. (b) Maximum RMS current IRMS(i = 1) of the second mode in the one-photon state in
units of the non-linearity parameter I2 of kinetic inductance for different resonator lengths 2l
and kinetic inductances lk. Note the logarithmic scale in the color bars of both of the panels.
In both panels, we use k̃0 = 0.1 to calculate the geometric inductance and capacitance of the
CPW resonator. The Josephson junction is located in the middle of the CPW. The Josephson
energy is taken to be EJ/h = 10 GHz, whereas the junction capacitance is given in Table 4.1.

=
kmAm
lg + lk

√
~

2CΣωm

√
2i+ 1. (4.55)

As shown in Fig. 4.15(b), the RMS current corresponding to the first excited state
(i = 1) is approximately five orders of magnitude smaller than the value of I2 in the
parameter space of interest, which explains the small anharmonicity contribution of the
kinetic inductance. Based on our results, it is a good approximation to neglect the non-
lineriaty owing to the kinetic inductance when it comes to estimating the anharmonicity
of the system.

4.2.4 Coupling between different modes

In this section, we investigate the coupling between different normal modes in more
detail. As mentioned above, the beam-splitter-like coupling terms in Eq. (4.38) result
in a hybridization of the normal modes, which means that the couplings slightly modify
the experimentally measured resonance frequencies and anharmonicities. To model the
effects arising from this coupling, we take the Josephson junction to be located in
the middle of the CPW resonator. The second resonator mode is used for the qubit
operation. The second mode couples most strongly to the fourth mode since the first
and the third mode do not have a discontinuity at the Josephson junction (see Fig. 4.4),
and therefore, they do not couple to the other modes.

In the following calculations, we determine an order of magnitude estimate for the
change in the frequency and the anharmonicity of the qubit mode m = 2 due to the
coupling. Since the modes m ≥ 5 are already at much higher frequencies than the fourth
mode, we restrict our attention to the modes 2 and 4 by ignoring the other modes. Fur-
thermore, we ignore the cross-Kerr terms since the thermal photon number of the fourth
mode [ω4/(2π) > 20 GHz] should be negligibly small at typical operating temperatures
of superconducting qubits, and thus the frequency shift of the second mode induced by
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the cross-Kerr effect should be negligibly small. Under these approximations, we write
the Hamiltonian in Eq. (4.38) as

Ĥ ≈
∑

m={2,4}

(
~ω′mâ†mâm −

1

2
~Kmmâ

†
mâmâ

†
mâm

)
− ~ζ224(â†2â2 + 1/2)(â†2â4 + â†4â2)

− ~ζ442(â†4â4 + 1/2)(â†2â4 + â†4â2), (4.56)

where ω′m = ωm−Kmm/2 if cross-Kerr terms are neglected, and ωm denotes the normal-
mode frequency in the linear-element approximation. To further simplify matters, we
set â†i âi → 0 in the coupling terms of Eq. (4.56) that are proportional to either â†2â4 or
â†4â2, which corresponds to a low-energy approximation and should not affect the order
of magnitude of our estimates. As a result, the Hamiltonian in Eq. (4.56) reduces to
that of two coupled non-linear resonators

Ĥ ≈
∑

m={2,4}

(
~ω′mâ†mâm −

1

2
~Kmmâ

†
mâmâ

†
mâm

)
− ~g(â†2â4 + â†4â2), (4.57)

where we have defined the approximate coupling angular frequency as

g = (ζ224 + ζ442)/2. (4.58)

If we had not focused our attention solely to the modes 2 and 4, the coupling strength
between the modes 2 and 4 would also have incorporated an additional term equal to∑

l≥5 ζl24 that depends on the anharmonicities of the modes m ≥ 5. Unfortunately, the
terms of the sum scale approximately as ∝ l−1 implying that the sum diverges without
an appropriately chosen cut-off index. As a result, we have ignored the coupling between
the modes 2 and 4 through the modes at higher frequencies.

Since the coupling angular frequency g is much smaller than the frequency sepa-
ration of the normal modes |ω2 − ω4|, the resonators are dispersively coupled, and we
apply a second order Schrieffer–Wolff transformation to approximately diagonalize the
Hamiltonian in Eq. (4.57) to second order in |g/(ω2−ω4)|. In Appendix A, we carry out
the Schrieffer–Wolff transformation of two dispersively coupled non-linear resonators in
detail, and here, we only show the result for the approximately diagonalized Hamilto-
nian

Ĥdisp =
∞∑
i=0

~ωi2|i〉2 〈i|2 ⊗ Î +
∞∑
j=0

~ωj4Î ⊗ |j〉4 〈j|4 + ~g2
∑
i,j

(i+ 1)(j + 1)

ωi,i+1
2 − ωj,j+1

4

×
(
|i+ 1〉2 〈i+ 1|2 ⊗ |j〉4 〈j|4 − |i〉2 〈i|2 ⊗ |j + 1〉4 〈j + 1|4

)
, (4.59)

where Î denotes the identity operator, ~ωim = ~(iω′m− i2Kmm/2) denotes the energy of
the i-photon state |i〉m corresponding to the mth normal mode in the absence of the
coupling, and ωi,i+1

m = ωi+1
m − ωim denotes the transition frequency between the states

|i〉m and |i+ 1〉m.
We can use the dispersive Hamiltonian in Eq. (4.59) to estimate the frequency

and anharmonicity of the qubit mode (m = 2). As argued above, the thermal photon
population of the fourth mode is negligibly small, and therefore we can project the
Hamiltonian to a subspace, in which the fourth mode is in its ground state |0〉4. To
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determine the qubit frequency and anharmonicity, it thus suffices to project the Hamil-
tonian to a subspace {|0〉2|0〉4, |1〉2|0〉4, |2〉2|0〉4}, which allows us to write the projected
Hamiltonian as

Ĥproj
disp =

2∑
i=0

~ωi2|i〉2 〈i|2 ⊗ |0〉4 〈0|4 + ~g2

(
1

ω01
2 − ω01

4

|1〉2 〈1|2 ⊗ |0〉4 〈0|4

+
2

ω12
2 − ω01

4

|2〉2 〈2|2 ⊗ |0〉4 〈0|4

)
. (4.60)

Using the projected Hamiltonian, we can evaluate the energies associated with the
states {|0〉2, |1〉2, |2〉2} as

Edisp
2,0 = 〈0|2 Ĥproj

disp |0〉2 = 0, (4.61)

Edisp
2,1 = 〈1|2 Ĥproj

disp |1〉2 = ~

(
ω2 −K22 +

g2

ω01
2 − ω01

4

)
, (4.62)

Edisp
2,2 = 〈2|2 Ĥproj

disp |2〉2 = ~

(
2ω2 − 3K22 +

2g2

ω12
2 − ω01

4

)
. (4.63)

Consequently, we compute the qubit frequency and anharmonicity in the presence of
the dispersive coupling as

ωdisp
2,01 =

Edisp
2,1 − E

disp
2,0

~
= ω2 −K22 +

g2

ω01
2 − ω01

4

, (4.64)

αdisp
2 =

Edisp
2,2 − 2Edisp

2,1 + Edisp
2,0

~
= −K22 +

2g2

ω12
2 − ω01

4

− 2g2

ω01
2 − ω01

4

. (4.65)

We make a few important observations based on the equations for the qubit fre-
quency and anharmonicity in Eqs. (4.64) and (4.65). Firstly, the change in the frequency
of the qubit mode g2/(ω01

2 − ω01
4 ) is similar to the Lamb shift of a qubit that is disper-

sively coupled to a resonator [see Eq. (3.60) in Sec. 3.4.1.2]. Note that the frequency of
the qubit mode changes such that the frequencies of the two coplanarium modes repel
one another. Secondly, it is possible to obtain a simpler, approximate expression for the
anharmonicity of the qubit mode αdisp

2 as

αdisp
2 ≈ −

[
1− 2g2

(ω01
2 − ω01

4 )2

]
K22, (4.66)

where we have recalled that ω12
2 = ω01

2 −K22 and used the Taylor series approximation for
the function (1+x)−1 = 1−x+O(x2). Based on the above approximation, the coupling
between the two modes slightly reduces the absolute value of the anharmonicity.

To obtain quantitative estimates of the change in the qubit frequency and anhar-
monicity due to the coupling, we utilize two different parameter sets that correspond
to (i) a coplanarium qubit with negligibly small kinetic inductance and (ii) a copla-
narium qubit with significant kinetic inductance. For the parameter set corresponding
to a negligible kinetic inductance (EJ/h = 20 GHz, 2l = 8 mm, lk = 0 µH/m, k̃0 = 0.1,
and the rest of the parameters as in Table 4.1), the approximate coupling coefficient
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in Eq. (4.58) is equal to g = 1.8 × 108 rad/s, whereas the qubit frequencies of the
second mode and the fourth mode equal ω01

2 /(2π) = (ω2 −K22)/(2π) = 10.0 GHz and
ω01

4 /(2π) = (ω4 −K44)/(2π) = 25.3 GHz, respectively. For these parameter values, the
Lamb shift of the second mode is negligibly small, i.e., g2/(ω01

2 −ω01
4 )/(2π) = −56 kHz.

In a similar fashion, the anharmonicity of the second mode α2/(2π) = −K22 = −55
MHz is changed by a tiny amoungt equal to 400 Hz. These results implicate that the
coupling between different modes has a negligibly small effect on the qubit frequency
and anharmonicity if the center conductor of the CPW is fabricated out of a material
with negligible kinetic inductance and no external magnetic field is applied.

For the second parameter set (EJ/h = 10 GHz, 2l = 2 mm, lk = 15 µH/m, k̃0 = 0.1,
and the rest of the parameters as in Table 4.1), the coupling coefficient equals g =
9.3 × 108 rad/s, whereas the the qubit frequencies of the second mode and the fourth
mode equal ω01

2 /(2π) = (ω2−K22)/(2π) = 10.0 GHz and ω01
4 /(2π) = (ω4−K44)/(2π) =

22.2 GHz, respectively. For these parameter values, the change in the frequency of the
second mode is in the MHz range, g2/(ω01

2 − ω01
4 )/(2π) = −1.8 MHz. However, the

change in the anharmonicity of the second mode α2/(2π) = −K22 = −185 MHz is only
53 kHz. Based on these results, we conclude that the coupling between the modes affects
the qubit frequencies and anharmonicities only by a small amount for experimentally
reasonable parameter values in the case of no external magnetic field. However, we stress
here that the above numerical results should be regarded only as order-of-magnitude
estimates due to the approximations performed in the calculations. Furthermore, we
point out that similarly to Sec. 4.2.1, we have neglected the coupling terms â3

2â
†
4 and

â†32 â4 in our derivation since these terms describe three-photon transition processes. If
the frequencies of the second mode and the fourth mode happened to satisfy 3ω2 ≈ ω4,
the effect of the neglected coupling terms might become significant, and the results
derived in this section may no longer apply.

4.3 Coplanarium qubit in the presence of an exter-

nal magnetic flux

In this section, we study the coplanarium circuit incorporating a single Josephson junc-
tion in the presence of an external magnetic flux. If an external magnetic flux is applied
through the two loops of the circuit, a dc supercurrent is induced in the ground loop.
If the applied fluxes are not symmetric, a supercurrent is also induced through the
Josepshon junction in the center conductor of the CPW resonator. In Sec. 4.3.1, we
model the circuit classically in the dc regime to gain insight into the gradiometric na-
ture of the circuit. In Sec. 4.3.2, we derive the Hamiltonian of the coplanarium circuit
subjected to an external magnetic flux by using a semiclassical approach, in which we
regard the dc supercurrent as a classical variable while treating the oscillating normal
modes quantum mechanically.

4.3.1 Classical treatment of the dc supercurrent

In this section, we study the dc response of the circuit in the presence of an external
magnetic flux by considering the lumped-element circuit model shown in Fig. 4.16. This
allows us to show that the loops are gradiometric, and consequently, the coplanarium
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Figure 4.16: Circuit model used for deriving the flux quantization condition for the copla-
narium circuit in the dc regime. Here, L denotes the lumped-element inductance of the CPW
resonator, Lg denotes the inductance of the right/left arm of the outer superconducting loop,
IJ denotes the dc current through the Josephson junction embedded in the center conduc-
tor of the CPW resonator, and I1 (I2) denotes the dc current in the left (right) arm of the
outer superconducting loop. Furthermore, Φext,1 (Φext,2) denotes the external dc magnetic
flux through the left (right) superconducting loop, and ϕ0 denotes the dc superconducting
phase difference across the Josephson junction due to the external magnetic flux.

circuit is shielded against flux noise, the spatial scale of which is larger than the width
of the CPW resonator.

In our model, the total flux through the left loop Φ1 is given by a sum of the external
flux and the flux generated by the induced supercurrents

Φ1 = Φext,1 + LgI1 + LIJ, (4.67)

where Φext,1 is the external dc magnetic flux through the left loop, Lg is the geometric
inductance of the left arm of the ground loop, and L = 2lltot is the inductance of the
center conductor. Here, the currents and their directions are defined as in Fig. 4.16.
Similarly, the total dc flux through the right loop Φ2 is given by

Φ2 = Φext,2 − LgI2 − LIJ, (4.68)

where Φext,2 is the external dc magnetic flux through the right loop, and we assume
that the left and right arm of the ground loop are symmetric.

Importantly, we model the outer loop as an ideal superconducting loop with a ge-
ometric inductance of Lg in both arms of the loop. Due to the phenomenon of flux
quantization (see Sec. 2.3), the total dc flux Φ1 + Φ2 must be quantized in units of Φ0

Φ1 + Φ2 = Φext,1 + Φext,2 + Lg(I1 − I2) = nΦ0 = 0, (4.69)

where we have assumed n = 0 in the last step. Naturally, this implies that the fluxes
through the left and right loop must satisfy Φ1 = −Φ2. On the other hand, the flux
quantization condition in the left loop gives us an equation relating the dc phase across
the Josephson junction and the flux through the left loop

Φ1 +
Φ0

2π
ϕ0 = 0⇒ ϕ0 = −2π

Φ0

Φ1, (4.70)

where we have denoted the zero-frequency dc Josephson phase with the symbol ϕ0.
Note that an identical equation is obtained by considering the right superconducting
loop.
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(a) (b)

Figure 4.17: Direct-current phase of the Josephson junction ϕ0 as a function of the external
dc flux difference Φdiff for two different inductance ratios: (a) LCPW/LJ = 0.5, (b) LCPW/LJ =
4.0. Note that the system shown in panel (b) can exhibit hysteretic behaviour.

By combining the information in Eqs. (4.67)–(4.70), we find that the dc phase across
the Josephson junction can be written as

ϕ0 = − π

Φ0

(Φ1 − Φ2) = − π

Φ0

[Φext,1 − Φext,2 + Lg(I1 + I2) + 2LIJ]. (4.71)

By using the Kirchhoff current law I1 + I2 = IJ, the above equation can further be
simplified as

ϕ0 =
2π

Φ0

[Φdiff − (L+ Lg/2)IJ], (4.72)

where we have additionally introduced the shorthand notation Φdiff = (Φext,2−Φext,1)/2
for the half difference in the external fluxes through the right and the left loop.

Importantly, the dc current across the Josephson junction is given by the dc Joseph-
son relation IJ = Ic sin(ϕ0), and, consequently, the dc phase across the Josephson junc-
tion is obtained as a solution of the transcendental equation

ϕ0 +
LCPW

LJ

sin(ϕ0) = 2π
Φdiff

Φ0

, (4.73)

where we have used the expression for the Josephson inductance LJ = Φ0/(2πIc) and
defined the shorthand notation LCPW = L+ Lg/2.

A few comments of the final result in Eq. (4.73) are in order. Firstly, the dc phase
across the junction is controlled by the difference of the fluxes through the two loops,
which implies that the circuit effectively contains a gradiometric loop. Since the Joseph-
son phase is only affected by the difference of the external fluxes, the circuit and the
corresponding qubit are protected against flux noise, the spatial scale of which exceeds
the transverse width of the CPW resonator. Secondly, the equation has a single-valued
solution for all values of the external flux difference Φdiff only if the inductance of
the junction LJ dominates over the inductance LCPW of the CPW as considered in
Fig. 4.17(a). If the inductance of the coplanar waveguide dominates LJ < LCPW, the
solution of Eq. (4.73) is multiple-valued for some values of the external flux difference
Φdiff as illustrated in Fig. 4.17(b). Such a system can exhibit hysteretic behavior like
an rf SQUID [55]. Note that this classically hysteretic region is the typical parameter
regime for fluxonium qubits [96, 114], in which one typically has L/LJ ∼ 10.
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4.3.2 Semiclassical derivation of the circuit Hamiltonian

In this section, we provide a semiclassical treatment of the coplanarium circuit subjected
to an external magnetic field. According to our model, the external dc magnetic flux
induces a spatially constant dc supercurrent into the center conductor of the CPW
resonator as explained in the previous section. Importantly, we regard this spatially
constant supercurrent as a static and classical variable that changes the working point
of the Josephson junction, and thus affects the boundary conditions of the oscillating
normal modes. Similarly to Sec. 4.2.1, we first derive the normal-mode frequencies and
mode envelopes with classical circuit theory, after which we quantize the normal modes
to obtain the quantum Hamiltonian of the circuit. Due to the dc supercurrent, both
the frequencies and anharmonicities of the quantized modes are greatly altered.

To derive the quantum Hamiltonian for the coplanarium circuit, we apply the dis-
cretized circuit model visualized in Fig. 4.18. In the discretized circuit diagram, the
distributed nature of the CPW with length 2l is modeled using N lumped-element
inductors and capacitors. In addition, the Josephson junction is taken to be located
between the capacitors with indices J and J + 1. Due to the gradiometric nature of
the two superconducting loops, the external flux in the following calculations should
be regarded as the half difference of the external fluxes on the two sides of the center
conductor.

We use classical circuit theory to derive the equations of motion for the system,
which allows the computation of the frequencies and the envelope functions of the
normal modes. The equations of motion are obtained from the classical Lagrangian

L = T − U, (4.74)

where T and U are the kinetic and potential energies, respectively. By choosing the
node fluxes Ψi as the coordinates, the total kinetic energy of the circuit can be written
as

T =
N∑
i=1

1

2
ctot∆xΨ̇2

i +
1

2
CJ(Ψ̇J+1 − Ψ̇J)2, (4.75)

where Ψi =
´ t
−∞ Vi(t

′) dt′ denotes the node flux related to the ith capacitor, i =
{1, . . . , J, J + 1, . . . , N}, ∆x = 2l/N describes the length scale of the discretization,
ctot denotes the capacitance per unit length of the CPW, and CJ denotes junction ca-
pacitance as above. Before writing down the potential energy of the circuit, we relate
the flux across the ith inductor to the external magnetic flux by using Faraday’s law

−Φdiff,i + Ψi + ΨL,i −Ψi−1 = 0⇒ ΨL,i = Ψi−1 −Ψi + Φdiff,i, (4.76)

where ΨL,i denotes the flux across the ith inductor, i = {1, . . . , J, J+2, . . . , N+1}, and
Φdiff,i corresponds to the external magnetic flux difference on the interval x ∈ [xi−1,xi].
Note that there is no inductor between the indices J and J + 1 due to the presence of
the Josephson junction. Using the above equation, we express the potential energy of
the system as

U =
1

2ltot∆x
(−Ψ1 + Φdiff,1)2 +

1

2ltot∆x

N∑
i=2,i 6=J+1

(Ψi−1 −Ψi + Φdiff,i)
2
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Figure 4.18: Discretized model of the coplanarium circuit in the presence of an external
magnetic flux. The circuit model consists of N lumped-element inductors and capacitors such
that J inductors and capacitors are located on the left side of the Josephson junction and
N − J inductors and capacitors are located on the right side of the Josephson junction. The
two boxes with dashed black contours illustrate the repeating elements of the lumped-element
circuit on the left and right side of the junction. The node flux Ψi across the ith capacitor
is defined as the time integral of the corresponding node voltage, whereas ΨL,i denotes the
branch flux across the ith inductor. Note that Φdiff,i should be interpreted as the half difference
of the external magnetic fluxes on the different sides of the center conductor of the CPW as
in Sec. 4.3.1. A positive applied flux is defined to point out of the page, and thus, it gives
rise to a clockwise rotating dc supercurrent. The external flux at the location of the junction
(between indices i = J and i = J + 1) is negligible due to the small size of the junction.

+
1

2ltot∆x
(ΨN + Φdiff,N+1)2 − EJ cos

[
2π

Φ0

(ΨJ+1 −ΨJ)

]
, (4.77)

where ltot denotes the total inductance per unit length, and EJ denotes the Josephson
energy as above.

The classical equation of motion for the ith node flux Ψi (i 6= J, J + 1) is obtained
from the Euler–Lagrange equation

d

dt

∂L
∂Ψ̇i

− ∂L
∂Ψi

= 0. (4.78)

By inserting the Lagrangian in Eq. (4.74) into the Euler–Lagrange equation, we acquire

ctot∆xΨ̈i −
1

ltot∆x

(
Ψi+1 − 2Ψi + Ψi−1 + Φdiff,i − Φdiff,i+1

)
= 0, i 6= J, J + 1. (4.79)

By taking the the continuum limit, ∆x→ 0, of the above equation of motion, we further
obtain the wave equation with a source term

ctotψ̈ =
1

ltot

∂xxψ −
s

ltot

∂xBdiff , (4.80)

where Ψi → ψ(xi,t) denotes the flux across the ith capacitor in the continuum limit, s
is the distance between the center conductor and the ground plane, and Φdiff,i/(s∆x)→
Bdiff denotes the difference of the external magnetic fields on the two sides of the center
conductor. In the following calculations, we assume that the applied magnetic field
is approximately homogeneous in the x direction, which allows us to eliminate the
magnetic-field-dependent term from Eq. (4.80).



CHAPTER 4. RESULTS: COPLANARIUM 95

Subsequently, we derive the equation of motion for the node flux ΨJ that corresponds
to the left electrode of the junction. According to the Euler–Lagrange equation, we
obtain

ctot∆xΨ̈J +CJ(Ψ̈J − Ψ̈J+1) + Ic sin

[
2π

Φ0

(ΨJ −ΨJ+1)

]
= − 1

ltot∆x
(ΨJ −ΨJ−1 −Φdiff,J).

(4.81)
In the continuum limit, ∆x→ 0, the above equation of motion can be written as

−CJ∆ψ̈ − Ic sin

(
2π

Φ0

∆ψ

)
= − 1

ltot

∂xψ

∣∣∣∣
x=x−J

+
Φdiff

2lltot

, (4.82)

where ∆ψ = ΨJ+1 − ΨJ denotes the change in the flux across the junction, Φdiff =∑
i Φdiff,i is the total external flux difference, and we have utilized the assumption of

a homogenous magnetic field in order to write Φdiff,J/∆x → Φdiff/(2l). Note that our
definition of ∆ψ has a sign convention opposite to ΨL,i in order to comply with the
notation convention of Sec. 4.2.1. The above equation imposes the current continuity
condition at the left electrode of the Josephson junction. A similar type of a boundary
condition is obtained by considering the right electrode of the Josephson junction. Note
that the current flowing in the CPW attains an additional component Φdiff/(2lltot)
due to the external flux, and therefore, the current in the center conductor at location
x 6= xJ is given by

I = − 1

ltot

∂xψ +
Φdiff

2lltot

. (4.83)

From the classical point of view, we can decompose the solution of the wave equation
into a sum of oscillatory normal modes and a dc component corresponding to a spatially
and temporally constant current as

ψ(x, t) = φ0u0(x) +
∑
n≥1

un(x)ψn(t), (4.84)

where the result applies for x 6= xJ. In the above equation, φ0 is the coefficient of the
dc mode in the units of flux, and u0(x) is the corresponding dimensionless envelope
function. In an analogous fashion to Sec. 4.2.1, un(x) are piece-wise sinusoidal, dimen-
sionless mode envelopes [see Eq. (4.9)] and ψn(t) = cn exp(−iωnt) are the corresponding
temporally oscillating coefficients in the units of flux. In order for the decomposition
to make sense, the mode envelopes must be chosen to satisfy the wave equation in
Eq. (4.80), and the boundary conditions corresponding to the current continuity across
the Josephson junction [see Eq. (4.82)] and the grounding of the CPW.

Importantly, the dc component of the current should also behave in line with the
results of the dc analysis (see Sec. 4.3.1). To recover Eq. (4.73) in Sec. 4.3.1 and to
comply with the grounding of the CPW, the envelope function of the dc mode should
be chosen as a piece-wise linear function

u0(x) =

{
(x+ l)/(2l), for x ∈ [−l, xJ),

(x− l)/(2l), for x ∈ (xJ, l],
(4.85)

which corresponds to a spatially constant current of I = (Φdiff − φ0)/(2lltot) and a dc
Josephson phase of ϕ0 = 2πφ0/Φ0. Importantly, we use the decomposition in Eq. (4.84)
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and rewrite the current continuity condition in Eq. (4.82) as

CJ

∑
n≥1

ω2
n∆unψn + Ic sin

[
2π

Φ0

(
φ0 −

∑
n≥1

∆unψn

)]
+

=0︷ ︸︸ ︷
Ic sin

(
2πφ0

Φ0

)
− Ic sin

(
2πφ0

Φ0

)

= − 1

ltot

φ0

2l
+
∑
n≥1

ψn∂xun
∣∣
x=x−J

+
Φdiff

2lltot

, (4.86)

where ∆un = un(x+
J ) − un(x−J ) denotes the change in the envelope of the nth mode

across the Josephson junction as in Sec. 4.2.1. The above equation can be grouped into
a time-independent part and a time-dependent part that should both be equal to zero{

Ic sin

(
2πφ0

Φ0

)
+

φ0

2lltot

− Φdiff

2lltot

}
+

{
CJ

∑
n≥1

ω2
n∆unψn

Ic sin

[
2π

Φ0

(
φ0 −

∑
n≥1

∆unψn

)]
− Ic sin

(
2πφ0

Φ0

)
+

1

ltot

∑
n≥1

ψn∂xun
∣∣
x=x−J

}
= 0. (4.87)

We simplify the time-dependent part further using the trigonometric identity sin(x+ y) =
sin(x) cos(y) + cos(x) sin(y) as

CJ

∑
n≥1

ω2
n∆unψn + Ic sin

(
2πφ0

Φ0

)
cos

(
2π

Φ0

∑
n≥1

∆unψn

)
−Ic cos

(
2πφ0

Φ0

)
sin

(
2π

Φ0

∑
n≥1

∆unψn

)
− Ic sin

(
2πφ0

Φ0

)
+

1

ltot

∑
n≥1

ψn∂xun
∣∣
x=x−J

= 0.

(4.88)

By invoking the assumption of small ac oscillations
(∑

n≥1 2π∆unψn/Φ0 � 1
)
, we write

the above equation into a simple form

∑
n≥1

ψn

[
CJω

2
n∆un −

cos
(
2πφ0/Φ0

)
LJ

∆un +
1

ltot

∂xun
∣∣
x=x−J

]
≈ 0, (4.89)

where we used the approximations sin(x) ≈ x and cos(x) ≈ 1 together with the relation
LJ = Φ0/(2πIc) to obtain the final result. Importantly, each term corresponding to
different n in Eq. (4.89) must vanish independently since all the coefficients ψn ∝
exp(−iωnt) oscillate in time with different frequencies. Note that our assumption of
small ac oscillations

(∑
n≥1 2π∆unψn/Φ0 � 1

)
is equivalent with linearizing the circuit

around its dc operating point, which also has the consequence of decoupling the different
modes of the circuit. In the following equations, we drop the approximation sign for
notational simplicity.

Under the assumption of small ac oscillations, it is possible to summarize the current
continuity condition in Eq. (4.82) as the following set of decoupled equations

Ic sin

(
2π

Φ0

φ0

)
+

φ0

2lltot

=
Φdiff

2lltot

, (4.90)
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ω2
mCJ∆um −

cos
(
2πφ0/Φ0

)
LJ

∆um = − 1

ltot

∂xum|x=x−J
, m ≥ 1. (4.91)

We make a few important observations based on the above set of boundary conditions.
Assuming that the ground-loop inductance is much smaller than the total inductance
of the center conductor 2lltot, we have LCPW = 2lltot, and Eq. (4.90) is equivalent
with Eq. (4.73) that presents the flux quantization condition of the coplanarium cir-
cuit in the dc regime. On the other hand, Eq. (4.91) resembles closely Eq. (4.14) that
gives the current continuity condition for the oscillatory normal modes at zero ex-
ternal flux. In contrast to the case of zero external flux, the Josephson inductance
has here been changed from LJ to LJ/ cos

(
2πφ0/Φ0

)
since the dc current essentially

changes the bias point of the Josephson junction. This implies that we can use the
results of Sec. 4.2.1 to describe the oscillating normal modes as long as we make the
substitution LJ → LJ/ cos

(
2πφ0/Φ0

)
. Note that the effective inductance of the biased

Josephson junction LJ/ cos
(
2πφ0/Φ0

)
can be negative for certain values of the dc phase

ϕ0 = 2πφ0/Φ0. Importantly, the operating points corresponding to negative values of
the effective inductance are energetically stable if the Josephson inductance LJ exceeds
the total inductance of the CPW 2lltot. In this case, the global minimum of the dc
potential energy function Udc(φ0) = (φ0−Φdiff)2/(4lltot)−EJ cos

(
2πφ0/Φ0

)
is obtained

as the solution of Eq. (4.90).
By making the substitution LJ → LJ/ cos

(
2πφ0/Φ0

)
in Eq. (4.15) [see also Eqs.

(4.9) and (4.14)], we find that the frequencies of the oscillatory modes can be acquired
by solving the following equation

kml cos[km(xJ − l)] cos[km(xJ + l)]−[
CJ(kml)

2

ctotl
− ltotl

LJ

cos

(
2πφ0

Φ0

)]
sin(2kml) = 0, (4.92)

where the value of φ0 should be obtained by first solving Eq. (4.90). Note that the
process of solving (4.90) may have its own complications since the dc Josephson phase
exhibits hysteretic behavior if the inductance of the CPW 2lltot exceeds the Joseph-
son inductance LJ. The oscillatory normal modes satisfy similar orthogonality rela-
tions as those presented in Eqs. (4.16) and (4.17) apart from the substitution L−1

J →
L−1

J cos
(
2πφ0/Φ0

)
:

〈um, un〉 =

ˆ l

−l
ctotum(x)un(x) dx+ CJ∆um∆un = CΣδmn, (4.93)

〈∂xum, ∂xun〉 =

ˆ l

−l

1

ltot

∂xum(x)∂xun(x) dx+
cos
(
2πφ0/Φ0

)
LJ

∆um∆un =
δmn
Lm

, (4.94)

where CΣ = 2ctotl + CJ denotes the total capacitance of the circuit as above, and the
effective inductance corresponding to the mth mode is given by L−1

m = CΣω
2
m.

As a sanity check, let us show that the Lagrangian and the Hamiltonian of the
circuit decouple into a sum of independent harmonic oscillators in the limit of small ac
oscillations,

∑
m≥1 2π∆umψm/Φ0 � 1, if we use the normal mode decomposition of the

flux presented in Eq. (4.84). Using the orthogonality relation in Eq. (4.93), we simplify
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the kinetic energy term in Eq. (4.75) as

T =

ˆ l

−l

ctot

2
ψ̇2 dx+

CJ

2
∆ψ̇2 =

ˆ l

−l

ctot

2

∑
m≥1

ψ̇mum

2

dx+
CJ

2

∑
m≥1

ψ̇m∆um

2

=
∑
m,n≥1

(
1

2
〈um, un〉ψ̇mψ̇n

)
=
∑
m≥1

CΣ

2
ψ̇2
m. (4.95)

Note that the dc mode does not appear in the kinetic energy term since it is not a
dynamic variable in the classical description if the external flux Φdiff has a constant
value.

Using the orthogonality relation for {∂xum}m≥1 in Eq. (4.94), the potential-energy
term in Eq. (4.77) can be simplified as follows

U =

ˆ l

−l

1

2ltot

(
∂xψ −

Φdiff

2l

)2

dx− EJ cos

(
2π

Φ0

∆ψ

)

=

ˆ l

−l

1

2ltot

φ0

2l
+
∑
m≥1

∂xumψm −
Φdiff

2l

2

dx− EJ cos

[
2π

Φ0

(
− φ0 +

∑
m≥1

∆umψm

)]

≈
∑
m≥1

ψ2
m

2Lm
−
∑
m,n≥1

cos
(
2πφ0/Φ0

)
2LJ

∆um∆unψmψn +
∑
m≥1

∆umψm
ltot

Φdiff − φ0

2l

− EJ cos

[
2π

Φ0

(
− φ0 +

∑
m≥1

∆umψm

)]
, (4.96)

where we have dropped a constant term independent of {ψm} in the last step. In line
with the approximation of small ac oscillations, we expand the cosine potential to the
second order in

∑
m≥1 ∆umψm

U ≈
∑
m≥1

ψ2
m

2Lm
−
∑
m,n≥1

cos
(
2πφ0/Φ0

)
2LJ

∆um∆unψmψn +
∑
m≥1

∆umψm
ltot

Φdiff − φ0

2l

− EJ cos

(
2π

Φ0

φ0

)
cos

2π

Φ0

∑
m≥1

∆umψm

− EJ sin

(
2π

Φ0

φ0

)
sin

2π

Φ0

∑
m≥1

∆umψm


≈
∑
m≥1

ψ2
m

2Lm
−
∑
m,n≥1

cos
(
2πφ0/Φ0

)
2LJ

∆um∆unψmψn +
∑
m≥1

∆umψm
ltot

Φdiff − φ0

2l

+
cos
(
2πφ0/Φ0

)
2LJ

∑
m,n≥1

∆um∆unψmψn − Ic sin

(
2π

Φ0

φ0

)∑
m≥1

∆umψm

=
∑
m≥1

ψ2
m

2Lm
, (4.97)

where we used the boundary condition for the dc mode presented in Eq. (4.90) to
cancel the terms proportional to

∑
m≥1 ∆umψm. Based on the above calculations, the

Lagrangian L = T −U and the corresponding Hamiltonian indeed decouple into a sum
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of independent harmonic oscillators with frequencies dictated by Eq. (4.92) if small
oscillations can be assumed. This further validates the flux decomposition proposed
in Eq. (4.84)—at least when it comes to a classical description of the model circuit
depicted in Fig. 4.18.

Having shown that the normal modes decouple in the multi-mode Hamiltonian ex-
panded to the second order, we move on to derive a single-mode approximation of the
quantum Hamiltonian in the presence of an external magnetic flux. To this end, we
approximate the flux decomposition in Eq. (4.84) as ψ(x,t) = φ0u0(x) + ψm(t)um(x)
implying that the mtm mode is utilized to implement the qubit. Again, we are interested
in anharmonic modes that satisfy ∆um 6= 0. Under the single-mode approximation, we
write the kinetic energy of the circuit as

T =

ˆ l

−l

ctot

2
ψ̇2
mu

2
mdx+

CJ

2
ψ̇2
m(∆um)2 =

CΣ

2
ψ̇2
m, (4.98)

where we have used the orthogonality relation in Eq. (4.93) to obtain the final result.
In a similar manner, we simplify the potential energy of the circuit as
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, (4.99)

where we have dropped a constant term on the second line and used the orthogonality
relation presented in Eq. (4.94) to obtain the result on the third line, and we additionally
defined the effective inductance L̃m(φ0) in the last step as

1

L̃m(φ0)
=

1

Lm
−

cos
(
2πφ0/Φ0

)
LJ

(∆um)2. (4.100)

Similarly to Sec. 4.2.1, we define the rescaled flux variable φm = ψm∆um and write
the classical single-mode Lagrangian as

L =
C ′m
2
φ̇2
m −

φ2
m

2L̃′m
− 1

2lltot

φm(Φdiff − φ0) + EJ cos

[
2π
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(φm − φ0)

]
, (4.101)

where C ′m = CΣ/(∆um)2 and L̃′m = L̃m(∆um)2 are the rescaled capacitance and induc-
tance. By taking a Legendre transformation of the Lagrangian, we obtain the corre-
sponding Hamiltonian

Hm =
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+

φ2
m

2L̃′m
+

1
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φm(Φdiff − φ0)− EJ cos
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]
, (4.102)
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where we have defined the conjugate momentum with units of charge as qm = ∂L/∂φ̇m =
C ′mψ̇m.

Finally, we obtain the quantum-mechanical single-mode Hamiltonian by imposing
the canonical commutation relation [φ̂m, q̂m] = i~. Furthermore, we define the dimen-
sionless charge operator n̂m = q̂m/(2e) and the phase operator ϕ̂m = 2πφ̂m/Φ0, which
allows us to express the quantum Hamiltonian in a form resembling the fluxonium
Hamiltonian as

Ĥm = 4E ′C,m(ϕ0)n̂2
m +

1

2
EL,m(ϕ0)ϕ̂2

m + ELϕ̂m(ϕdiff − ϕ0)− EJ cos(ϕ̂m − ϕ0), (4.103)

where we have defined E ′C,m(ϕ0) = e2/[2C ′m(ϕ0)], EL,m(ϕ0) = Φ2
0/(2π)2/L̃′m(ϕ0), EL =

Φ2
0/(2π)2/(2lltot), ϕdiff = 2πΦdiff/Φ0, and ϕ0 = 2πφ0/Φ0. Note that the conjugate oper-

ators ϕ̂m and n̂m satisfy the commutation relation [ϕ̂m, n̂m] = i.
We end this section by explaining how the method described in this section differs

from previous models used for modeling a distributed quantum circuit subjected to an
external magnetic flux (see Refs. [96, 114, 117, 123]). In our circuit, we are interested
in using one of the normal modes of the distributed circuit as the qubit. Therefore,
we treat only the normal modes quantum mechanically, and we regard the spatially
constant supercurrent induced by the external flux as a classical and static variable.
This dc supercurrent has the effect of biasing the Josepshon junction, which affects the
boundary conditions of the normal modes. Importantly, the dc Josephson phase may
exhibit hysteretic behavior in the regime 2lltot/LJ > 1, in the case of which one needs
to be careful to only accept energetically stable solutions of Eq. (4.90). Based on our
analysis, the decomposition of the current to a dc component and oscillating ac modes
is consistent with the wave equation and the boundary conditions, and it also allows us
to decompose the classical Hamiltonian into a sum of independent harmonic oscillators
in the limit of a small ac oscillations.

In comparison, the simple fluxonium Hamiltonian in Eq. (3.81) [96, 117] has been
designed to model the spatially constant current quantum mechanically in a fluxonium
loop that consists of a small Josephson junction and a Josephson junction array. In the
fluxonium model, the oscillating normal modes can typically be ignored since they are
at much higher frequencies (& 20 GHz) than the fluxonium mode [117]. In Ref. [117],
these oscillating modes were modeled as harmonic oscillators, which is not a satisfactory
approach for our purposes.

In Ref. [114], the multi-mode nature of a nanowire fluxonium was taken into account
by first finding the normal modes of the distributed circuit in the absence of an external
magnetic flux by using the workflow proposed by Bourassa et al. [132] in analogy to
Sec. 4.2.1. Subsequently, the Hamiltonian was derived in the absence of an external
flux, after which the external flux was introduced to the Josephson potential using
a flux quantization condition in a heuristic fashion. Even though this approach was
successful in fitting the experimental frequency spectrum of the nanowire fluxonium, it
completely neglects the mode with a spatially constant current. As a result, the multi-
mode Hamiltonian of Ref. [114] does not seem to describe the distributed circuit in a
correct manner in the low-frequency limit.
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4.3.3 Numerical results for the qubit frequency and anhar-
monicity

In this section, we use the theoretical results of the previous section to numerically
estimate the frequencies and anharmonicities of the coplanarium modes in the presence
of an external flux. Similarly to the previous section, the external flux Φdiff should
be interpreted as the half difference of the external fluxes through the two loops of the
circuit. We study the system with two different sets of parameter values that correspond
to a negligible kinetic inductance in the center conductor and a large kinetic inductance
in the center conductor.

To compute the numerical results, we use the following approach: We first solve the
dc Josephson phase from the boundary condition of the dc current in Eq. (4.90). The
solution of the dc Josephson phase may be be multiple-valued if 2lltot > LJ, in the case of
which we choose the phase ϕ0 that is closest to 2π×round(Φdiff/Φ0) based on symmetry
and stability considerations [see Figs. 4.19(a) and 4.20(a)]. Having obtained the dc
Josephson phase ϕ0, we numerically solve the normal-mode frequencies from Eq. (4.92)
using a simple grid search followed by Newton’s method to refine the solutions. Using
the obtained mode frequencies and mode envelope functions, we evaluate the energy
scales E ′C,m, EL,m, and EL that are required for expressing the single-mode Hamiltonian
in Eq. (4.103). Finally, we numerically diagonalize the full single-mode Hamiltonian by
working in the phase basis where n̂m = −i∂ϕm . To this end, we use a simple finite
difference solver with 1500 grid points in the phase range ϕm = [−3π, 3π].

Table 4.2: Parameters used to estimate the frequencies and anharmonicities of the normal
modes in a coplanarium circuit subjected to an external magnetic flux.

xJ/l 2l (mm) EJ/h (GHz) CJ (fF) k̃0 εeff ctot (pF/m)
Parameter set 1 0.0 2.0 10.0 1.4 0.1 5.2 78
Parameter set 2 0.0 8.0 20.0 1.4 0.08 5.2 74

lg (µH/m) lk (µH/m) ltot (µH/m) Z0 (Ω) 2lltot/LJ

Parameter set 1 0.74 15.0 15.7 449 1.93
Parameter set 2 0.78 0.0 0.78 103 0.77

In Fig. 4.19, we illustrate the numerical results obtained with the parameter set 1
shown in Table 4.2, for which the kinetic inductance per unit length equals lk = 15
µH/m. As illustrated in Fig. 4.19(a), the dc Josephson phase ϕ0 exhibits hysteretic
behavior as a function of the external flux since the inductance of the CPW is larger than
that of the Josephson junction (2lltot/LJ = 1.93 > 1). This implies that our solution
of the dc phase ϕ0 has an abrupt discontinuity at Φdiff/Φ0 = ±0.5, and experimental
studies would be required in order to model the behaviour of the dc Josephson phase
around Φdiff/Φ0 = 0.50 in a more accurate fashion. In Fig. 4.19(b), we illustrate the
mode frequencies as functions of the external magnetic flux. Based on the figure, we
observe that the frequencies of the modes 2 and 4 depend significantly on the external
magnetic flux, whereas the modes 1 and 3 are unaffected by the external flux since they
do not couple to the Josephson junction. Since our model regards ϕ0 as a discontinuous
variable around Φdiff/Φ0 = ±0.50, the frequency of the second mode appears to exhibit
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(a) (b)

(c) (d)

Figure 4.19: Numerical results for a coplanarium circuit subjected to an external magnetic
flux obtained using the parameter set 1 of Table 4.2. (a) Josephson phase ϕ0 of the dc mode
(red crosses) as a function of the external magnetic-flux difference Φdiff for the case 2lltot/LJ =
1.93. For a given value of the external flux Φdiff , the dc Josephson phase has been obtained by
finding the zeros of Eq. (4.90) and then choosing the solution closest to 2π× round(Φdiff/Φ0)
as illustrated with the red crosses. Note that all the solutions marked with red crosses are
energetically stable. For reference, we also visualise the set of all solutions with the solid blue
line (f(ϕ0), ϕ0), where f(ϕ0) = 1/(2π)× (EJ sin(ϕ0)/EL+ϕ0). (b) Frequencies fm of the four
lowest-frequency normal modes as functions of the external magnetic-flux difference Φdiff . The
normal-mode frequencies have been obtained by numerically solving Eq. (4.92). Note that
the corresponding qubit frequencies may differ modestly from the illustrated normal-mode
frequencies since the normal-mode frequencies are based on a linear-element approximation
of the Josephson junction. (c) Anharmonicities αm/(2π) of the four lowest-frequency modes
as functions of Φdiff . The anharmonicities have been obtained by solving the eigenenergies
of the full single-mode Hamiltonian in Eq. (4.103) and then computing the anharmonicity as
αm/(2π) = (Em,2−2Em,1 +Em,0)/h. (d) Potential-energy landscape and the phase-basis wave
functions of the four lowest-energy states of the second mode at Φdiff/Φ0 = 0.50. Note that
the potential-energy landscape is asymmetric since ϕ0 6= 2πΦdiff/Φ0 = π due to the hysteretic
nature of the dc Josephson phase.

a cusp instead of a sweet spot at Φdiff/Φ0 = ±0.50 as shown in Fig. 4.21(a). However,
the cusp might only be an artefact of our model, and overall, the results obtained around
Φdiff/Φ0 = 0.50 should be interpreted with caution due to the hysteretic nature of ϕ0.

As shown in Fig. 4.19(c), the anharmonicity of the second mode is approximately
equal to α2/(2π) = −200 MHz at the sweet spot Φdiff/Φ0 = 0, where the qubit fre-
quency slightly exceeds 10 GHz. Importantly, the absolute value of the anharmonicity
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α2/(2π) can be increased by tuning the magnetic flux away from the sweet spot. At
Φdiff/Φ0 = ±0.50, the magnitude of the anharmonicity |α2|/(2π) significantly exceeds 1
GHz, whereas the mode frequency equals 8 GHz. Note that the qubit frequency of the
second mode ω01

2 /(2π) = (E2,1−E2,0)/h illustrated in Fig. 4.21(a) is actually somewhat
smaller than the corresponding mode frequency f2 since the mode frequencies have been
obtained from Eq. (4.92) that is based on approximating the Josephson junction as a
linear circuit element. The large anharmonicity at Φdiff/Φ0 = 0.50 can be attributed to
the highly non-harmonic potential-energy landscape that is illustrated in Fig. 4.19(d).

(a) (b)

(c) (d)

Figure 4.20: Numerical results for a coplanarium circuit subjected to an external magnetic
flux obtained using the parameter set 2 of Table 4.2. (a) Josephson phase ϕ0 of the dc mode
(red crosses) as a function of the external magnetic-flux difference Φdiff for the case 2lltot/LJ =
0.77. For a given value of the external flux, the dc Josephson phase has been obtained by
finding the zeros of Eq. (4.90). Note that the circuit does not exhibit hysteretic behaviour,
as a result of which the obtained set of solutions (red crosses) overlaps with the set of all
solutions described by the blue line (f(ϕ0), ϕ0), where f(ϕ0) = 1/(2π)×(EJ sin(ϕ0)/EL+ϕ0).
(b) Frequencies fm of the four lowest-frequency normal modes as functions of the external
magnetic flux difference Φdiff . The normal-mode frequencies have been obtained by numerically
solving Eq. (4.92). Note that the corresponding qubit frequencies may differ modestly from
the illustrated normal-mode frequencies since the normal-mode frequencies are based on a
linear-element approximation of the Josephson junction. (c) Anharmonicities αm/(2π) of the
four lowest-frequency modes as functions of Φdiff . The anharmonicities have been obtained
by solving the eigenenergies of the full single-mode Hamiltonian in Eq. (4.103) and then
computing the anharmonicity as αm/(2π) = (Em,2 − 2Em,1 + Em,0)/h. (d) Potential-energy
landscape and the phase-basis wave functions of the four lowest-energy states of the second
mode at Φdiff/Φ0 = 0.5. Note that the potential-energy landscape is non-quadratic thanks to
the application of the external magnetic flux.
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(a) (b)

Figure 4.21: (a) Anharmonicity α2/(2π) and qubit frequency ω01
2 /(2π) corresponding to the

second coplanarium mode as functions of the external magnetic-flux difference Φdiff for the
parameter set 1 of Table 4.2. Note that the maximum of the anharmonicity at Φdiff/Φ0 = 0.5
corresponds to a cusp instead of a sweet spot since 2lltot/LJ = 1.93 > 1. (b) Anharmonicity
α1/(2π) and qubit frequency ω01

1 /(2π) of the first coplanarium mode as functions of the
external magnetic flux Φdiff for the parameter set 2 of Table 4.2. Note that the maximum
of the anharmonicity at Φdiff/Φ0 = 0.5 corresponds to a flux-insensitive sweet spot since
2lltot/LJ = 0.77 < 1. Note that we show the qubit frequency and not the classical mode
frequency as in Figs. 4.19(b) and 4.20(b). The qubit frequency is obtained as the energy
separation of the ground and excited state of the mth mode as ω01

m /(2π) = (Em,1 −Em,0)/h.

In Fig. 4.20, we illustrate the numerical results obtained with the parameter set 2 of
Table 4.2. For this parameter set, the center conductor contains no kinetic inductance.
As a result, the caracteristic impedance of the resonator is approximately 100 Ω and
we have 2lltot/LJ = 0.77 < 1, which ensures that the dc Josephson phase always
has a single-valued and energetically stable solution as illustrated in Fig. 4.20(a). In
Fig. 4.20(b), we illustrate the frequencies of the four lowest-frequency modes and observe
that the frequencies of the modes 1 and 2 exhibit a crossing at Φdiff/Φ0 ≈ ±0.36 and
at Φdiff/Φ0 ≈ ±0.64. Since the dc Josephson phase ϕ0 is a smooth function of the
external flux, the frequency of the first mode exhibits a flux-insensitive sweet spot at
Φdiff/Φ0 = ±0.50 instead of a cusp as visualized in Fig. 4.21(b). However, the sweet
spot at Φdiff/Φ0 = 0.0 is much broader as a function of the external flux than the sweet
spot at Φdiff/Φ0 = ±0.50 implying that the effect of flux noise may be more prominent
at the sweet spot Φdiff/Φ0 = ±0.50.

Importantly, the anharmonicity of the first mode exceeds 500 MHz at the sweet spot
Φdiff/Φ0 = ±0.50 as illustrated in Fig. 4.20(c), and the relative anharmonicity of the
system exceeds 10% since the qubit frequency equals ωq/(2π) = 5 GHz. Note that the
anharmonicity is additionally positive around Φdiff/Φ0 = ±0.50 unlike at Φdiff/Φ0 =
0.0, where the anharmonicity has a small negative value of approximately α2/(2π) ∼
−60 MHz. Importantly, an anharmonicity of 500 MHz is twice that of conventional
transmons, which would, in theory, enable shorter gate times and smaller leakage errors
in coplanariums.

The large anharmonicity around Φdiff/Φ0 = ±0.50 can be understood by considering
the potential energy part of the single-mode Hamiltonian in Eq. (4.103). Assuming that
2lltot < LJ, the dc Josephson phase is given by ϕ0 = 2πΦdiff/Φ0 = ±π at the sweet spot
Φdiff/Φ0 = ±0.50 based on the flux quantization condition presented in Eq. (4.90). As
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(a) (b)

Figure 4.22: (a) Anharmonicity α1/(2π) and qubit frequency ω01
1 /(2π) of the first copla-

narium mode at the sweet spot Φdiff/Φ0 = 0.5 as functions of the inductance ratio 2lltot/LJ.
(b) Increase in the anharmonicity of the coplanarium qubit owing to the external magnetic
flux as a function of the inductance ratio 2lltot/LJ. We measure the increase in the anhar-
monicity due to the external flux with the quantity |α1(Φ0/2)|/|α2(0)|, where α1(Φ0/2)/(2π)
is the anharmonicity of the first mode at Φdiff = Φ0/2, and α2(0)/(2π) is the anharmonicity
of the second mode at Φdiff = 0. In both panels, we have varied the geometric factor k̃0 in
order to tune the ratio 2lltot/LJ. For parameters independent of k̃0, we have used the values
corresponding to the parameter set 2 of Table 4.2.

a result, the single-mode Hamiltonian at the sweet spot can be written as

Ĥm = 4E ′C,m(ϕ0)n̂2
m +

1

2
EL,m(ϕ0)ϕ̂2

m + EJ cos(ϕ̂m) (4.104)

≈ 4E ′C,m(ϕ0)n̂2
m +

EL,m(ϕ0)− EJ

2
ϕ̂2
m +

EJ

24
ϕ̂4
m, (4.105)

where we have used a Taylor approximation up to the fourth order to obtain the final
result. Importantly, the quadratic potential-energy terms associated with the Joseph-
son junction and the linear inductance cancel each other partially, which increases the
relative importance of the quartic term and thus also the anharmonicity. This effect is
well visible in the potential-energy function visualized in Fig. 4.20(d).

To gain understanding on the boundaries of the parameter space of interest, we note
that the dc Josephson phase begins to exhibit hysteretic behaviour if the inductance of
the CPW exceeds the effective inductance of the Josephson junction, i.e., 2lltot ≥ LJ.
In this region of the parameter space, the flux-insensitive sweet spot is also transformed
into a flux-sensitive cusp. In Fig. 4.22(a), we illustrate the anharmonicity and the fre-
quency of the first coplanarium mode at Φdiff = 0.5×Φ0 as functions of the inductance
ratio 2lltot/LJ. Note that we have only varied the geometric factor k̃0 in order to tune the
ratio 2lltot/LJ, whereas the parameters independent of k̃0 have been chosen to coincide
with the parameter set 2 of Table 4.2. With these parameter values, the anharmonic-
ity of the first mode at Φdiff = 0.5 × Φ0 exceeds that of the conventional transmons
if 2lltot/LJ & 0.6, and the anharmonicity increases rapidly as the value of 2lltot/LJ is
increased further.

Figure 4.22(b) shows that the external magnetic flux can be used to increase the
anharmonicity by a factor of 6 (12) as compared with the case of zero external flux if the
inductance ratio equals 2lltot/LJ = 0.6 (2lltot/LJ = 0.85). This suggests that we should
design the coplanarium circuit such that 2lltot/LJ is close to but below unity in order to
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mostly cancel the quadratic potential-energy terms while preserving a flux-insensitive
sweet spot at Φdiff/Φ0 = ±0.5. However, we remind that the qubit frequency and
anharmonicity become steeper functions of the external magnetic flux at Φdiff 6= 0.5Φ0

as the ratio 2lltot/LJ approaches unity. Therefore, the circuit can become prone to flux
noise around Φdiff = 0.5× Φ0 if the ratio 2lltot/LJ has a value too close to unity.

4.4 Discussion

4.4.1 Advantages and disadvantages of the coplanarium qubit

In this section, we discuss the advantages and disadvantages of the coplanarium qubit
based on the theoretical and numerical results presented in Secs. 4.1–4.3. Several of the
most important advantages of the coplanarium design are related to the coherence prop-
erties of the corresponding qubit. Firstly, the coplanarium circuit contains no isolated
superconducting islands, and therefore, the inductance of the CPW resonator provides
an inductive shunt for the Josephson junction embedded in the CPW. As a result, the
Hamiltonian of the coplanarium qubit [see Eqs. (4.44) and (4.103)] is independent of
any dc offset charge in analogy to the fluxonium qubit [96] described in Sec. 3.6. This
implies that the coplanarium qubit should be completely immune to dephasing owing
to low-frequency 1/f charge noise.

As another advantage relating to high coherence, the coplanarium circuit incorpo-
rates two gradiometric loops as argued in Sec. 4.3.1, and therefore the energy spectrum
of the coplanarium qubit is only sensitive to the magnetic flux difference between the
two loops. This provides protection against dephasing and relaxation arising from flux
noise provided that the spatial scale of the flux fluctuations exceeds the transverse
width w + 2s of the resonator. In addition, the CPW geometry is widely known to
enable the fabrication of high-quality superconducting resonators with low dielectric
losses, and extremely high quality factors in the range of millions have been achieved
in the single-photon regime [72]. Therefore, it is to be expected that the geometry of
the coplanarium qubit is suitable for achieving small dielectric losses that are often the
limiting relaxation channel in superconducting qubits [81, 97, 104].

As a further advantage, the coplanarium circuit includes only a single Josephson
junction in the qubit circuit. This renders the circuit simpler in comparison to other
qubits protected against charge noise such as fluxoniums [96] and 0 − π qubits [128]
that contain superinductors based on Josephson junction arrays. In addition, the long
center conductor of the CPW (∼ 1 mm) can be exploited to couple a large number of
coplanarium qubits with one another, which can be beneficial for some applications.

As a disadvantage, the anharmonicity of the coplanarium qubit is small unless the
circuit geometry, materials and the external magnetic flux are carefully optimized. Based
on our numerical results without an external magnetic flux, the anharmonicity can be
increased if the Josephson junction is placed in the middle of the CPW (xJ/l = 0), and
the characteristic impedance Z0 of the resonator is increased while the resonator length
is simultaneously decreased. The characteristic impedance of the CPW resonator can
be increased either by tuning the geometry of the CPW resonator or by fabricating the
center conductor of the CPW with a material of high kinetic inductance. Our numerical
results indicate that it is possible to reach an anharmonicity on the order of 50 MHz (200
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MHz) without (with) kinetic inductance if no external magnetic flux is applied and the
qubit frequency is ∼10 GHz. Note that we only studied a part of the experimentally
feasible parameter space, which means that a higher level of anharmonicity may be
attainable with a more suitable choice of the parameter values.

An attempt to increase the characteristic impedance of the CPW may, however, re-
sult in increased losses of the qubit. If the characteristic impedance is to be increased by
tuning the CPW geometry, the width of the center conductor should be reduced and/or
the separation between the center conductor and the ground planes should be increased.
This may increase the surface participation ratio of the electric field of the mode and
thus lead to increased dielectric losses. The approach based on superconducting thin
films is more problematic since superconducting thin films with a high kinetic induc-
tance often suffer from major losses. As an example, the losses in a NbTiN nanowire
fluxonium in Ref. [114] were so severe that a relaxation time of only T1 = 200 ns was
measured at the flux-insensitive sweet spot. However, granular aluminum may provide
a viable material for realizing a center conductor with a high kinetic inductance while
keeping the losses manageable. Namely, granular aluminum resonators have been shown
to exhibit quality factors above Q > 105 in the single-photon regime corresponding to
a relaxation time of T1 ∼ 10 µs at ωq/(2π) = 5 GHz. Nevertheless, such losses would
still severely limit the relaxation and coherence times of the coplanarium qubit.

Based on our numerical calculations in Sec. 4.3.3, an external magnetic flux appears
to provide a promising approach for reaching a high anharmonicity. Namely, it appears
possible to increase the anharmonicity of the coplanarium qubit beyond 500 MHz at
ωq/(2π) = 5 GHz without any additional kinetic inductance if an external flux difference
of Φdiff/Φ0 = 0.50 is applied through the two superconducting loops. Importantly,
dephasing induced by flux noise is suppressed at Φdiff/Φ0 = 0.50 due to a first-order flux-
insensitive sweet spot in the energy spectrum of the qubit. An anharmonicity exceeding
500 MHz would be at least twice as large as that in conventional transmon qubits, which
means that one may, in theory, exploit the high anharmonicity to reduce both gate times
and leakage errors to non-computational states. As a drawback, the qubit frequency
appears to be fairly sensitive to changes in the external flux away from the sweet spot
Φdiff/Φ0 = 0.50, which implies that the effect of flux noise might be more prominent at
the sweet spot Φdiff/Φ0 = 0.50 as compared with the sweet spot at Φdiff/Φ0 = 0.0. When
interpreting our theoretical and numerical results at a non-zero external magnetic flux,
it should, however, be kept in mind that the proposed theoretical model has not yet
been verified experimentally. Therefore, further numerical and experimental studies are
required to validate our results.

We also emphasize that this work has focused on modeling the energy spectrum of
a single coplanarium qubit. Therefore, we have not discussed how to implement fast
and accurate single- and two-qubit gates for coplanarium qubits with a high on/off
ratio. Future work is required to study practical gate implementations both from a
theoretical and experimental perspective. However, it seems possible to couple two or
more coplanariums with one another either through inductive or capacitive coupling.
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4.4.2 Comparison between the coplanarium and other super-
conducting qubits

We end this chapter by comparing the coplanarium qubit against other superconducting
qubits that have similar characteristics in some respects. First of all, the coplanarium
qubit is surrounded by a common ground plane in a similar manner as the widely
used Xmon architecture of the transmon qubit [81]. However, the coplanarium qubit
is connected to the ground plane from both ends of the CPW resonator, as a result of
which no isolated charge islands are formed. In contrast, the Xmon qubit incorporates
an isolated superconducting island since only one of the electrodes of the Josephson
junction has an uninterrupted connection to the ground.

When an external magnetic flux difference of Φdiff/Φ0 = 0.5k, k ∈ Z is applied
through the loops of the coplanarium circuit, the Hamiltonian of the circuit can be
modeled with a lumped-element model similar to the fluxonium qubit (see Fig. 3.13)
[96]. In analogy to the fluxonium qubit, the coplanarium is immune to dephasing ow-
ing to low-frequency charge noise. However, the physical realization of the coplanarium
circuit differs significantly from fluxoniums since no superinductors need to be incorpo-
rated into the coplanarium circuit in order to reach a reasonable level of anharmonicity
at Φdiff/Φ0 = 0.50. In a coplanarium, the characteristic impedance of the distributed
inductor (i.e., CPW) can be as low as Z0 ≈ 100 Ω to obtain an anharmonicity ex-
ceeding 500 MHz, whereas the superinductors of fluxonium qubits typically satisfy
Z0 > RQ = 6.45 kΩ. As a result, the ratio EJ/EL is over an order of magnitude smaller
in the coplanarium as compared with typical fluxonium qubits.

As another major difference, fluxonium qubits employ the mode corresponding to a
spatially constant current for the qubit operation, whereas one of the oscillating normal
modes is used as the qubit in the coplanarium circuit. In addition, the CPW geometry
sets the coplanarium qubit apart from fluxonium qubits that are typically based on a
floating loop incorporating a small Josephson junction and a superinductor. However,
we are not the first to present the concept of a gradiometric qubit immune to low-
frequency charge noise since a fluxonium qubit with a gradiometric loop has recently
been realized experimentally [133].

Importantly, the potential-energy landscape of the coplanarium qubit resembles that
of the recently proposed quarton qubit [131]. The quarton qubit is based on a floating
loop containing a single small Josephson junction and an array of ∼ 10 larger Joseph-
son junctions. The parameters of the quarton qubit have been chosen such that the
quadratic potential terms owing to different Josephson potentials cancel each other at
an appropriately chosen external magnetic flux resulting in an enhanced anharmonicity
on the order of 1 GHz. Even though the quarton qubit also utilizes the cancellation of
quadratic potential-energy terms to achieve a high anharmonicity, the cancelling energy
terms have a different origin from those of the coplanarium qubit, where the potential
energies owing to the Josephson junction and the linear inductance partially cancel.
Furthermore, the quarton qubit differs from the coplanarium in the circuit complexity
since the quarton circuit contains approximately 10 Josephson junctions, whereas the
coplanarium circuit contains only a single Josephson junction.

The coplanarium qubit also shares some similarities with the inductively shunted
transmon qubit proposed by Richer et al. [134, 135]. In the inductively shunted trans-
mon circuit, an ordinary transmon qubit is shunted by the inductance of a non-linear
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readout resonator that contains one to few embedded Josephson junctions. Similarly to
the coplanarium qubit, the anharmonicity of the inductively shunted transmon qubit
can be adjusted with an external magnetic flux. Despite of these similarities, the copla-
narium qubit and the inductively shunted transmon have also significant differences.
In the coplanarium qubit, the inductive shunt is provided by the qubit itself, and an
additional readout resonator may be used to readout the qubit state. Furthermore, the
CPW geometry of the coplanarium qubit renders the circuit gradiometric, whereas the
inductively shunted transmon circuit proposed in Ref. [135] is not gradiometric.

In Ref. [132], Bourassa et al. proposed theoretically that a Josephson junction em-
bedded in a non-grounded CPW λ/2 resonator would constitute a so-called in-line
transmon qubit. However, the in-line transmon circuit contains two isolated supercon-
ducting islands since the CPW resonator is not grounded but instead capacitively cou-
pled to its environment. As a result, the circuit is not fully immune to dephasing arising
from low-frequency charge noise unlike the coplanarium qubit or the fluxonium qubit.
Instead, the circuit would behave in analogy to the transmon qubit. Recently, Fischer
et al. realized experimentally an in-situ tunable non-linear resonator using a circuit
similar to the in-line transmon [136]. By tuning the magnetic field through the SQUID
embbedded in the non-grounded CPW resonator, they found that the anharmonicity
of the resonator mode can be tuned between 0.1 MHz and 10 MHz.

It seems that the coplanarium qubit is most closely related to the coplanar waveg-
uide flux qubit patented by four members of the Google AI Quantum team [137]. In
the coplanar waveguide flux qubit, a SQUID is connected between the ground plane
and an uninterrupted superconducting thin film that forms the center conductor of a
CPW resonator. This structure is rather similar to a coplanarium qubit, the Josephson
junction of which is located at xJ/l = 1. Based on our analysis of the coplanarium
circuit at zero external magnetic flux (see Sec. 4.2.3.1), the relative anharmonicity of
a coplanarium qubit can be increased by a factor of ∼ 2 if the Josephson junction is
transferred from the end of the CPW to the middle of the CPW. Therefore, the most
promising realizations of the coplanarium qubit feature a superconducting film inter-
rupted by a Josephson junction, which is fundamentally different from the key claim of
the coplanar waveguide flux qubit.

Furthermore, the patent of the coplanar waveguide flux qubit does not present
the idea of increasing the qubit anharmonicity through a partial cancellation of the
quadratic potential-energy terms owing to the Josephson potential and the inductive
potential. Implicitly, the Google patent appears to assume that the potential-energy
landscape of the coplanar waveguide flux qubit has a double-well structure similar to
flux qubits, which is not the case in the coplanarium. We also point out that the simple
coplanarium qubit incorporating a single Josephson junction is only one possible real-
ization of a charge-island-free coplanar waveguide qubit. Our other island-free qubits
based on the CPW structure differ significantly from the coplanar waveguide flux qubit
both in the number of Josephson junctions and in the circuit topology (see Fig. 4.2).
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Conclusions

This thesis consists of two major parts: a review of superconducting qubit types and a
theoretical study of a novel superconducting qubit nicknamed as the coplanarium. In
Chapter 3, we provided an extensive review of the most common superconducting qubit
types, such as the charge qubit (see Sec. 3.3), the transmon (see Sec. 3.4), the flux qubit
(see Sec. 3.5), and the fluxonium (see Sec. 3.6). The goal of the review was to gain insight
into previously developed methods for increasing the coherence, anharmonicity, and
ease of operation in superconducting qubits. According to the review, the early charge
and flux qubits exhibit a high level of anharmonicity, but they suffer from relaxation
and dephasing times on the order of a few nanoseconds due to charge noise or flux
noise. To mitigate the detrimental effects of charge and flux noise, several improved
superconducting qubit types with better coherence properties have emerged during the
past two decades. These qubit types include, for example, transmons, C-shunt flux
qubits, fluxoniums, and 0− π qubits.

To eliminate dephasing owing to low-frequency charge noise, the Josephson junction
of the qubit can be shunted either by a large geometric capacitor (transmon) or by a
superinductor (fluxonium). On the other hand, the effects of flux noise can be reduced
by incorporating a large number of Josephson junctions into the qubit loop (fluxonium
and quarton) or by decreasing the ratio between the Josephson energy and the charging
energy (C-shunt flux qubit). Currently, transmon qubits are the most widely used qubit
type in multi-qubit processors due to their simplicity, reproducibility, relatively high
coherence, and tunable coupling schemes enabling fast, and accurate two-qubit gates.
However, the longest coherence and relaxation times in individual qubits have been
achieved with heavy fluxonium qubits that incorporate a small Josephson junction
shunted by both a geometric shunt capacitor and a Josephson junction array acting as
a superinductance.

Using the knowledge gained from the review, we devoted Chapter 4 for a theoreti-
cal study on a novel superconducting qubit nicknamed as the coplanarium. The copla-
narium circuit consists of a single Josephson junction embedded in a grounded coplanar
waveguide resonator. The non-linear Josephson junction turns the normal modes of the
CPW resonator into anharmonic oscillators that can, in principle, be used as a qubit.
Importantly, the coherence properties of the coplanarium qubit appear promising for
a variety of reasons. Firstly, the circuit includes no isolated superconducting islands,
which renders the qubit intrinsically immune to dephasing arising from low-frequency
charge noise. Secondly, the circuit contains a pair of gradiometeric loops protecting the
qubit against flux fluctuations, the spatial scale of which exceeds the transverse width
of the CPW. Thirdly, it is widely known that the CPW geometry is suitable for real-
izing resonators with low dielectric losses, and therefore it can be anticipated that the
dielectric losses are small also for the coplanarium qubit.
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We investigated the coplanarium circuit theoretically both with and without an
external magnetic flux. In Sec. 4.2.1, we derived an approximate multi-mode Hamil-
tonian for the distributed coplanarium circuit in the absence of an external magnetic
flux. To this end, we used the theoretical workflow developed by Bourassa et al. [132]
for analyzing distributed circuit elements containing embedded Josephson junctions.
Using our theoretical results, we carried out numerical calculations for the frequency
and anharmonicity of the coplanarium qubit in Sec. 4.2.3. Based on our results, the
anharmonicity of the coplanarium qubit is small in the absence of an external magnetic
flux even if the location of the Josephson junction, the geometry of the resonator, and
the superconducting material of the resonator are chosen carefully. If the junction is
placed in the middle of the CPW and the characteristic impedance of the CPW equals
Z0 ≈ 100 Ω, it is possible to achieve an anharmonicity of |α|/(2π) ≈ 50 MHz for a
qubit frequency of 10 GHz. By fabricating the center conductor out of a material with
a high kinetic inductance, resulting in a characteristic impedance of Z0 ≈ 450 Ω, the
anharmonicity can be increased to approximately 200 MHz corresponding to a relative
anharmonicity of 2%.

In Sec. 4.3, we studied the coplanarium circuit in the presence of an external mag-
netic flux. First in Sec. 4.3.1, we showed that the coplanarium circuit contains a pair of
gradiometric superconducting loops that protect the qubit against magnetic field fluctu-
ations with a spatial scale exceeding the transverse width of the resonator. In Sec. 4.3.2,
we derived a single-mode approximation for the Hamiltonian of the coplanarium cir-
cuit subjected to an external flux using a novel theoretical approach. According to
our model, the external magnetic flux induces a dc supercurrent in the center con-
ductor of the coplanarium circuit, which changes the effective Josephson inductance
experienced by the normal modes. In our approach, we treated the dc supercurrent
as a static classical variable, whereas the oscillatory normal modes were treated in a
quantum-mechanical setting. Based on our numerical calculations, it seems possible to
reach an anharmonicity exceeding 500 MHz for a qubit frequency of 5 GHz at a flux-
insensitive sweet spot, if the external magnetic flux is chosen appropriately, and the
total inductance of the CPW resonator is slightly smaller than the effective inductance
of the Josephson junction. The large anharmonicity can be attributed to the partial
cancellation of quadratic potential-energy terms owing to the Josephson potential and
the inductive potential. Importantly, already a modest characteristic impedance of the
CPW, Z0 ≈ 100 Ω, appears to be sufficient for reaching an anharmonicity exceeding
500 MHz.

In the future, experimental studies are needed to realize the coplanarium qubit in
practice and to investigate the region of validity of the proposed theoretical model.
Additional theoretical and experimental work is also needed before single- and two-
qubit gates can be implemented with the coplanarium qubit. In summary, it will be
interesting to see whether experimental realizations of the coplanarium qubit exhibit
sufficiently long coherence times and high anharmonicities for applications in quantum
information processing.
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Appendix A

Schrieffer–Wolff transformation

In this section, we introduce the Schrieffer–Wolff transformation that can be used to
approximately diagonalize the Hamiltonian of an interacting system [36, 99, 138]. We
suppose that the Hamiltonian of the interacting system can be expressed as

Ĥ = Ĥ0 + Ĥ1, (A.1)

where Ĥ is the Hamiltonian of the whole system, Ĥ0 is the diagonal part of the Hamil-
tonian, and Ĥ1 is the off-diagonal part of the Hamiltonian corresponding to the per-
turbative interaction. One way to diagonalize the Hamiltonian Ĥ is to find a unitary
operator Û that transforms the Hamiltonian as

ÛĤÛ † = ĤD, (A.2)

where ĤD is a diagonal operator. The Schrieffer–Wolff transformation can be viewed
as a process for finding an approximation of the unitary operator Û = exp(Ŝ) in or-
der to diagonalize the Hamiltonian Ĥ to a given order in a perturbative parameter
characterizing the magnitude of Ĥ1.

Here, we derive the second order Schrieffer–Wolff transformation that diagonalizes
the Hamiltonian Ĥ to second order. For bookkeeping, we denote the perturbative pa-
rameter with α and write the Hamiltonian as

Ĥ = Ĥ0 + αĤ1. (A.3)

The parameter α is only used to keep track of the orders, and we let α→ 1 at the end
of the calculation. In addition, we write the unitary operator Û as

Û = exp
(
αŜ
)
, (A.4)

where Ŝ is a skew-Hermitian operator (Ŝ† = −Ŝ) to ensure the unitarity of Û . Note
that our goal is to find the operator Ŝ such that the unitary operator Û approximately
diagonalizes the Hamiltonian Ĥ. By utilizing the Baker-Campbell-Hausdorff expansion,
we can write the transformed Hamiltonian ÛĤÛ † as

ÛĤÛ † = exp
(
αŜ
)
Ĥ exp

(
−αŜ

)
= Ĥ + α[Ŝ, Ĥ] +

α2

2
[Ŝ, [Ŝ, Ĥ]] +O(α3)

= Ĥ0 + α
(
Ĥ1 + [Ŝ, Ĥ0]

)
+ α2

(
[Ŝ, Ĥ1] +

1

2
[Ŝ, [Ŝ, Ĥ0]]

)
+O(α3), (A.5)

where we have explicitly written terms up to the second order in α.
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Importantly, we can get rid of the first-order off-diagonal term in the transformed
Hamiltonian by choosing the operator Ŝ such that

[Ŝ, Ĥ0] = −Ĥ1. (A.6)

With this choice of the operator Ŝ, the transformed Hamiltonian in Eq. (A.5) can be
written as

ÛĤÛ † = Ĥ0 +
α2

2
[Ŝ, Ĥ1] +O(α3). (A.7)

Note that the second order correction described by the commutator [Ŝ, Ĥ1] may have
both a diagonal part and an off-diagonal part. To ensure that the transformed Hamil-
tonian is a diagonal operator to second order, we neglect the off-diagonal part of [Ŝ, Ĥ1]
to obtain the final result of the second order Schrieffer–Wolff transformation

ÛĤÛ † ≈ Ĥ0 +
1

2

{
[Ŝ, Ĥ1]

}
d
, (A.8)

where {·}d denotes the diagonal part of an operator, and we have let α→ 1. Note that
the error in the second order Schrieffer–Wolff transformation is given by 1/2{[Ŝ, Ĥ1]}od+
O(α3), where {·}od denotes the off-diagonal part of an operator.

A.1 Two dispersively coupled non-linear resonators

In this section, we apply the second order Schrieffer–Wolff transformation to approx-
imately diagonalize the Hamiltonian corresponding to two dispersively coupled non-
linear resonators, such as two modes of the coplanarium circuit. Under the rotating-
wave approximation, the Hamiltonian of two dispersively coupled non-linear resonators
can be written as

Ĥ = Ĥ0 + Ĥ1 =
∑

i={1,2}

(
~ωiâ†i âi −

1

2
~Kiiâ

†
i âiâ

†
i âi

)
− ~g(â†1â2 + â1â

†
2), (A.9)

where âi (â†i ) denotes the annihilation (creation) operator of the ith resonator, ωi
denotes the angular frequency of the ith resonator when ignoring the quartic term,
−Kii denotes the anharmonicity of the ith resonator, and g denotes the coupling be-
tween the two resonators. Here, the assumption of dispersive coupling requires that
|g/(ω1 − ω2)| � 1. Note also that we use a different index letter convention for the
modes and their energy states as compared with Chapter 4. Here, we reserve the index
i to denote the index of each oscillator, whereas we use the indices {k, l,m, n} to refer
to the energy states of each oscillator.

First, we observe that the bare Hamiltonian of a single non-linear resonator can be
written as

~ωiâ†i âi −
1

2
~Kiiâ

†
i âiâ

†
i âi =

∞∑
n=0

~ωni |n〉i 〈n|i , (A.10)

where we have defined the energy of the n-photon state |n〉i for the ith resonator as
~ωni = ~(nωi+n

2Kii/2). As a result, we can express the diagonal part of the Hamiltonian
as

Ĥ0 =
∞∑
n=0

~ωn1 |n〉1 〈n|1 +
∞∑
m=0

~ωm2 |m〉2 〈m|2 . (A.11)
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By defining the single-photon raising and lowering operators π̂+
in = |n + 1〉i 〈n|i and

π̂−in = |n〉i 〈n + 1|i , where i ∈ {1, 2} denotes the label of the non-linear resonator, we
write the off-diagonal part of the Hamiltonian corresponding to the coupling term as

Ĥ1 = −~g
∑
n,m

[√
(n+ 1)(m+ 1)(π̂+

1nπ̂
−
2m + π̂−1nπ̂

+
2m)

]
. (A.12)

To diagonalize the Hamiltonian Ĥ in Eq. (A.9) to second order with the Schrieffer-
Wolff transformation, we need to find a skew-Hermitian operator Ŝ that satisfies

[Ŝ, Ĥ0] = −Ĥ1. (A.13)

With the help of Eqs. (A.11) and (A.12), the above condition for Ŝ can be written as[
Ŝ,

∞∑
n=0

~ωn1 |n〉1 〈n|1 +
∞∑
m=0

~ωm2 |m〉2 〈m|2

]
= ~g

∑
n,m

[√
(n+ 1)(m+ 1)(π̂+

1nπ̂
−
2m + π̂−1nπ̂

+
2m)

]
.

(A.14)

Perhaps, the easiest way to determine the operator Ŝ is to use an appropriate ansatz,
the parameters of which are found by imposing Eq. (A.14). To this end, we note that
the commutator relation between the single-photon transition operator π̂+

in and the
k-photon operator |k〉i 〈k|i can be written as

[π̂+
in, |k〉i 〈k|i ] = |n+ 1〉i 〈n|i |k〉i 〈k|i − |k〉i 〈k|i |n+ 1〉i 〈n|i (A.15)

= |n+ 1〉i 〈n|i δk,n − |n+ 1〉i 〈n|i δk,n+1 = π̂+
in(δk,n − δk,n+1), (A.16)

where δk,n denotes the Kronecker’s delta function. It is a straightforward computation
to evaluate the analogous commutation relation [π̂−in, |k〉i 〈k|i ], and the commutation
relations for both of the operators π̂+

in and π̂−in can be summarized succinctly as

[π̂±in, |k〉i 〈k|i ] = ±π̂±in(δk,n − δk,n+1). (A.17)

The commutation relation in Eq. (A.17) hints that we should use an ansatz of the
following form for the operator Ŝ

Ŝ =
∑
n,m

(
s+−
nm π̂

+
1nπ̂

−
2m + s−+

nm π̂
−
1nπ̂

+
2m

)
, (A.18)

where the coefficients {s+−
nm} and {s−+

nm} are to be determined by imposing Eq. (A.14).
By inserting the ansatz for Ŝ into the left-hand side of Eq. (A.14), we obtain

[Ŝ, Ĥ0] =

[∑
n,m

(
s+−
nm π̂

+
1nπ̂

−
2m + s−+

nm π̂
−
1nπ̂

+
2m

)
,
∞∑
k=0

~ωk1 |k〉1 〈k|1 +
∞∑
l=0

~ωl2|l〉2 〈l|2

]

=
∑
n,m

[
s+−
nm

∞∑
k=0

(
ωk1 [π̂+

1n, |k〉1 〈k|1 ]π̂−2m

)
+ s+−

nm

∞∑
l=0

(
ωl2π̂

+
1n[π̂−2m, |l〉2 〈l|2 ]

)
+ s−+

nm

∞∑
k=0

(
ωk1 [π̂−1n, |k〉1 〈k|1 ]π̂+

2m

)
+ s−+

nm

∞∑
l=0

(
ωl2π̂

−
1n[π̂+

2m, |l〉2 〈l|2 ]
)]
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=
∑
n,m

{
s+−
nm

∞∑
k=0

[
ωk1 π̂

+
1nπ̂

−
2m(δk,n − δk,n+1)

]
− s+−

nm

∞∑
l=0

[
ωl2π̂

+
1nπ̂

−
2m(δl,m − δl,m+1)

]

− s−+
nm

∞∑
k=0

[
ωk1 π̂

−
1nπ̂

+
2m(δk,n − δk,n+1)

]
+ s−+

nm

∞∑
l=0

[
ωl2π̂

−
1nπ̂

+
2m(δl,m − δl,m+1)

]}
,

(A.19)

where we have used the commutation relation in Eq. (A.17) in the last step. By defining
the transition frequency ωn,n+1

i = ωn+1
i −ωni , we further simplify the commutator [Ŝ, Ĥ0]

as

[Ŝ, Ĥ0] = −
∑
n,m

(
s+−
nmω

n,n+1
1 π̂+

1nπ̂
−
2m − s+−

nmω
m,m+1
2 π̂+

1nπ̂
−
2m

− s−+
nmω

n,n+1
1 π̂−1nπ̂

+
2m + s−+

nmω
m,m+1
2 π̂−1nπ̂

+
2m

)
= −

∑
n,m

[
s+−
nm π̂

+
1nπ̂

−
2m(ωn,n+1

1 − ωm,m+1
2 )− s−+

nm π̂
−
1nπ̂

+
2m(ωn,n+1

1 − ωm,m+1
2 )

]
.

(A.20)

By comparing the end result of [Ŝ, Ĥ0] in Eq. (A.20) with the right side of Eq. (A.14),
we infer the values of {s+−

nm} and {s−+
nm} as

s+−
nm = −

g
√

(n+ 1)(m+ 1)

ωn,n+1
1 − ωm,m+1

2

, (A.21)

s−+
nm = +

g
√

(n+ 1)(m+ 1)

ωn,n+1
1 − ωm,m+1

2

. (A.22)

Thus, we can diagonalize the Hamiltonian Ĥ to second order in g/(ω1 − ω2) by using
the following skew-Hermitian operator

Ŝ = −
∑
n,m

g
√

(n+ 1)(m+ 1)

ωn,n+1
1 − ωm,m+1

2

(
π̂+

1nπ̂
−
2m − π̂−1nπ̂+

2m

)
. (A.23)

To find the second order diagonal correction 1/2{[Ŝ, Ĥ1]}d to the Hamiltonian, we need
to evaluate the commutator [Ŝ, Ĥ1]

[Ŝ, Ĥ1] =

[
−
∑
n,m

g
√

(n+ 1)(m+ 1)

ωn,n+1
1 − ωm,m+1

2

(
π̂+

1nπ̂
−
2m − π̂−1nπ̂+

2m

)
,

− ~g
∑
k,l

√
(k + 1)(l + 1)(π̂+

1kπ̂
−
2l + π̂−1kπ̂

+
2l)

]

= ~g2
∑
n,m

∑
k,l

√
(n+ 1)(m+ 1)(k + 1)(l + 1)

ωn,n+1
1 − ωm,m+1

2

(
[π̂+

1nπ̂
−
2m, π̂

+
1kπ̂
−
2l]

+ [π̂+
1nπ̂

−
2m, π̂

−
1kπ̂

+
2l]− [π̂−1nπ̂

+
2m, π̂

+
1kπ̂
−
2l]− [π̂−1nπ̂

+
2m, π̂

−
1kπ̂

+
2l]
)
. (A.24)
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We note that the two commutators [π̂+
1nπ̂

−
2m, π̂

+
1kπ̂
−
2l] and [π̂−1nπ̂

+
2m, π̂

−
1kπ̂

+
2l] correspond to

off-diagonal two-photon processes, and therefore we ignore them in further simplifica-
tions as they do not contribute to the diagonal part of the operator [Ŝ, Ĥ1]. By explicitly
opening the commutators, we can further rewrite Eq. (A.24) as

{[Ŝ, Ĥ1]}d = ~g2
∑
n,m

∑
k,l

√
(n+ 1)(m+ 1)(k + 1)(l + 1)

ωn,n+1
1 − ωm,m+1

2

(
π̂+

1nπ̂
−
1kπ̂
−
2mπ̂

+
2l

− π̂−1kπ̂
+
1nπ̂

+
2lπ̂
−
2m − π̂−1nπ̂+

1kπ̂
+
2mπ̂

−
2l + π̂+

1kπ̂
−
1nπ̂

−
2lπ̂

+
2m

)
. (A.25)

Here, we observe that only those terms with n = k and m = l are non-zero, which
allows us to write the diagonal operator {[Ŝ, Ĥ1]}d as

{[Ŝ, Ĥ1]}d = 2~g2
∑
n,m

(n+ 1)(m+ 1)

ωn,n+1
1 − ωm,m+1

2

(
π̂+

1nπ̂
−
1nπ̂

−
2mπ̂

+
2m − π̂−1nπ̂+

1nπ̂
+
2mπ̂

−
2m

)
= 2~g2

∑
n,m

(n+ 1)(m+ 1)

ωn,n+1
1 − ωm,m+1

2

(
|n+ 1〉1 〈n+ 1|1 ⊗ |m〉2 〈m|2

− |n〉1 〈n|1 ⊗ |m+ 1〉2 〈m+ 1|2

)
. (A.26)

Using the result of Eq. (A.26), we can express the approximately diagonalized Hamil-
tonian after the second order Schrieffer–Wolff transformation as

ÛĤÛ † ≈
∞∑
n=0

~ωn1 |n〉1 〈n|1 +
∞∑
m=0

~ωm2 |m〉2 〈m|2 + ~g2
∑
n,m

(n+ 1)(m+ 1)

ωn,n+1
1 − ωm,m+1

2

×
(
|n+ 1〉1 〈n+ 1|1 ⊗ |m〉2 〈m|2 − |n〉1 〈n|1 ⊗ |m+ 1〉2 〈m+ 1|2

)
. (A.27)

This result is useful for us in Sec. 4.2.4 where we investigate how the coupling between
different coplanarium modes affects the qubit frequency and anharmonicity.
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