






This thesis is about the radial magnetic forces between the rotor and stator in two-
pole induction machines. The magnetic forces arise from rotor eccentricity. The
asymmetric air-gap makes the flux density on one side of the rotor stronger than
on the opposite side. This produces magnetic pull.
The magnetic flux density distribution in the air-gap can be expressed with spatial

harmonics, i.e. flux densities with different pole-pair numbers. In two-pole machines,
the main part of the magnetic force is produced by the interaction of two- and four-
pole flux unless the four-pole flux is damped by parallel paths in the stator winding
or an extra four-pole stator winding. The rest of the force comes from the interaction
of two-pole and unipolar flux and from the higher harmonics of the air-gap flux of
which the slot harmonics are a major part.
The force caused by the higher harmonics and the unipolar flux is studied in the

case where a four-pole stator winding is used to reduce the four-pole flux. The higher
harmonics are found to produce, in addition to the traditional unbalanced magnetic
pull, a force similar to the effect of the unipolar flux and the two can be distinguished
only by measuring the unipolar flux. In measurements at various operation points,
the higher harmonics are found to produce much more force than the unipolar flux
and two-pole flux but the unipolar flux is still significant.
The four-pole winding also is used to actively control the four-pole flux and the

magnetic forces. Designing the controller requires a low order model of the system.
Such a model is derived and the effect of the slot harmonics and the unipolar flux
are included in the model. Different measurements techniques and methods are
presented to identify and validate the control model. The operation point dependence
of the system dynamics is studied via measurements.
All results are obtained from a 30 kW test motor. The rotor of the test machine has

a long flexible shaft on external bearings. The shaft is bowed causing mechanical
forces. The vibration caused by these forces is suppressed with the four-pole extra
winding. The machine also has search coils to measure the unipolar, two-pole, and
four-pole fluxes and a unipolar actuator that can be used to control the unipolar flux.



Tämä väitöskirja käsittelee kaksinapaisten epätahtikoneiden staattorin ja rootto-
rin välisiä magneettisia poikittaisvoimia. Voimat syntyvät roottorin epäkeskisyydes-
tä. Epäsymmetrinen ilmaväli saa magneettivuon roottorin yhdellä laidalla tiheäm-
mäksi kuin vastakkaisella puolella, mikä aiheuttaa magneettisen vetovoiman.
Magneettivuontiheyden jakauma ilmavälissä voidaan esittää paikkaharmoonisil-

la eli eri napaparisilla vuontiheyksillä. Kaksinapaisissa koneissa pääosa magneet-
tisesta voimasta tulee kaksi- ja nelinapaisen kentän vuorovaikutuksesta paitsi, jos
staattorikäämityksessä on rinnakkaisia haaroja tai jos staattorissa on ylimääräinen
nelinapainen käämitys, joka vaimentaa nelinapaista vuota. Loppuosa voimasta joh-
tuu kaksinapaisen ja unipolaarivuokentän vuorovaikutuksesta sekä yliharmoonisis-
ta, joista uraharmooniset muodostavat suurimman osan.
Yliharmoonisista ja unipolaarivuosta aiheutuvaa voimaa tutkitaan tapauksessa,

jossa nelinapaista vuota on vaimennettu lisäkäämillä. Työssä havaitaan, että osa
yliharmoonisista johtuvasta voimasta käyttäytyy täysin samalla tavalla kuin uni-
polaarivuosta aiheutuva voima. Nämä voidaan erottaa toisistaan vain mittaamalla
unipolaarivuo. Mittaukset useissa eri toimipisteissä osoittavat, että yliharmooniset
tuottavat selvästi enemmän voimaa kuin unipolaarivuo ja kaksinapainen vuo yhdes-
sä. Unipolaarivuo ei silti ole merkityksetön.
Nelinapaista käämitystä käytetään myös nelinapaisen vuon ja magneettisen voi-

man aktiivisäätöön. Aktiivisäädön suunnittelu vaatii riittävän yksinkertaisen mal-
lin järjestelmästä. Sopiva malli johdetaan ja mallissa huomioidaan yliharmoonisten
ja unipolaarivuon vaikutus. Kirjassa esitetään menetelmiä ja tekniikoita löytää mal-
lin parametrit mittauksista sekä varmentaa mallin pätevyys. Järjestelmän dynamii-
kan operaatiopisteriippuvuutta tutkitaan mittauksin.
Kaikki kirjan tulokset perustuvat mittauksiin 30 kW testimoottorilla. Koneen root-

torissa on pitkä akseli, joka on tuettu ulkoisille laakereille. Akseli on käyrä, mistä
aiheutuu mekaanisia voimia. Voimista aiheutuvaa värähtelyä vaimennetaan nelina-
paisella lisäkäämillä. Koneessa on myös mittakäämit kaksi- ja nelinapaiselle vuolle
sekä unipolaarivuolle. Lisäksi koneessa on aktuaattorikäämitys, jolla voidaan tuot-
taa unipolaarivuota.
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x x is a mathematical vector or matrix
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x̂ x is space-vector, i.e. complex variable that represents

distribution in the air-gap

x̂ Magnitude of x̂

x(s) Laplace transformation of x

xf x in field coordinates, i.e. the reference frame of the

two-pole flux

xk x in coordinate system k that rotates with half the

speed of the two-pole flux.

xr x in rotor coordinates, i.e. the reference frame of the

rotor

xs x in stator frame of reference.

Forces, flux densities, rotor displacement, currents, and rotation angles

depend on time unless stated otherwise. The time dependencies have not

been marked explicitly.
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Ak Frequency response from four-pole voltage to rotor

displacement, LTI [m/V]
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f1 Two-pole winding supply frequency [Hz]

f2 Four-pole winding supply frequency [Hz]
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îr,n Rotor current in 2n-pole equivalent circuit [A]
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1. Introduction

Figure 1.1. This is what this book is about.

1.1 Background

The induction machine was invented in the end of the 19th century and

is still one of the most common types of electrical motors used around

the world. After over 100 years of development, the energy efficiency

of large induction machines is outstanding, clearly outclassing the com-

bustion engines and hydraulic pumps that might be connected to these

machines. Traditionally, many of the induction motors have been grid

connected, thus, rotating at constant speed. Today, the rise of power elec-

tronics in the 1980s and the developments in frequency converters have

made variable-speed drives more popular.

Variable-speed drives are needed in applications such as electrical cars

or trains. They are mostly used in hydraulic pumps and fans. In appli-

cations like the hydraulic pump, the efficiency of the pump depends on

the motor speed. Electrical machines are used to drive mechanical and

hydraulic devices which do not have as good efficiency as the electrical

machine. The main part of the losses come from them. If their efficiency

depends on speed, the overall losses can be reduced by selecting a favor-

able speed. Therefore, the variable-speed drive can be used to optimize

the efficiency of the whole system.

The variable-speed drive brings new problems such as rotor vibrations.

The vibrations arise from the rotation of the rotor if its mass is not per-
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fectly balanced. In some extreme cases, they can destroy the entire ma-

chine. Practically, this can happen if the rotation frequency equals one of

the natural vibration modes of the rotor system. These are called critical

speeds. If the machine runs only at one speed, these are easy to avoid but

with a wider speed range, they could be a problem or at least a limiting

factor for the efficiency optimization.

The vibration in electrical machines is not all about mechanics. If the

rotor is displaced from the centre point of the stator for any reason, the

air-gap between the rotor and stator becomes non-symmetric. The air-gap

has a strong influence on the magnetic flux distribution in machines since

the majority of the magnetic reluctance comes from the air-gap. The non-

symmetric air-gap makes the flux distribution non-symmetric and this

will cause a force that pulls the rotor in the direction where the magnetic

flux is denser. This is called unbalanced magnetic pull (UMP). Figure

1.2 is an illustration of the concept. The unbalanced magnetic pull can

escalate vibration problems.

(a) Centered (b) Eccentric

Figure 1.2. Simplified concept picture of UMP. (a) If the rotor is concentric with the sta-
tor, the magnetic stress is balanced. (b) If the rotor is eccentric, the magnetic
field pulls the rotor towards the shortest air-gap.

Magnetic forces can also be a solution to rotor vibration problems. The

same idea of unbalanced magnetic flux distribution is used in active mag-

netic bearings (AMB). Active magnetic bearing are like small electrical

machines but they do not produce torque or rotation. They simply levi-

tate the part of the shaft on which they are placed. In radial AMB, elec-

tromagnets are used to control the magnetic flux distribution. The rotor

or shaft position is measured and the magnetic forces are used to control

the radial rotor position. Magnetic bearings are already used in various

applications to remove vibration and other mechanical problems such as
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bearing wear.

Since the radial AMBs are much like rotating electrical machines, com-

bining the two into a bearingless electrical machine has been suggested

(Ortiz Salazar et al. 1990, Bichsel 1991, Chiba, Power & Rahman 1991a).

Research on such machines has increased over the last two decades but it

is still only in the research phase. The problem is that it is very difficult to

control the magnetic field that is supposed to levitate and rotate the rotor

at the same time. More research on modelling these machines is required.

One of the simplest designs for a bearingless machine is a two-pole in-

duction machine with an extra four-pole stator winding. The main two-

pole winding is used to produce the rotating magnetic field that produces

the torque, just like in a regular machine. The four-pole winding is used

to create a magnetic unbalance to the air-gap that is used to control the

rotor radial position.

The bearingless machine concept can also be used to reduce vibrations

in cases where the rotor is supported by mechanical bearings. The active

control can counter the UMP for example, in a case where the UMP is

caused by miss-alignment of the mechanical bearings with respect to the

stator, or counter the mechanical unbalance. The rotor vibration control

removes the problems with critical frequencies in variable speed drives.

The vibration control does not always have to be active control where a

controllable power source or an inverter is used. The bearingless machine

concept can also produce passive damping of vibrations. In this work, a

bearingless machine made from a two-pole induction motor is used for

vibration control of a rotor system that has its lowest critical rotation

frequency within the operation range of the machine. Both active and

passive damping are considered.

In previous works (Laiho, Sinervo, Tammi, Arkkio & Zenger 2009, Orivuori

et al. 2009), the rotor vibrations at the critical frequency were success-

fully removed. However this was achieved only by identifying a black-box

model of the system at the critical frequency and the control worked only

at the speed in which the measurements were made. The two-pole flux

density and the slip of the machine had to be the same as in the identi-

fication measurement, i.e. a measurement for the controller tuning. The

identification measurement was made possible by a stabilizing controller

which however was not based on any theory. Therefore, there is no cer-

tainty that those methods could be generalized.

The previous works (Laiho, Sinervo, Tammi, Arkkio & Zenger 2009,
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Orivuori et al. 2009) did show that if a model for the system is found

it could be used to control the rotor position. The remaining problem is

finding the model. It is not practical to do the identification measurement

for every operating condition of the machine separately even if those mea-

surements could be carried out. There should be a way to parameterize

the model allowing it to be evaluated in every operating condition based

on only a few identification measurements. This requires an understand-

ing of the physics behind the numerical model.

Mathematical models do exist in a form of partial differential equations.

Magnetic forces can be calculated from these equations using for example

finite element calculation but these methods are very complex and require

too much computation time for the active control. Various simplified mod-

els have been derived from the partial differential equations but the ques-

tion is which of these should be considered in the control model. Magnetic

forces produced by the slot harmonics and the interaction of the unipolar

and two-pole flux are among these.

1.2 Aim of the work

The general objective of this work is to develop or contribute to the devel-

opment of a model for the magnetic forces and the radial position control

of the rotor in a bearingless two-pole induction motor. The model should

be in the form used by classical control engineering or equally simple.

This work aims to prove that axial fluxes in the rotor shaft and the dis-

tortion of the air-gap magnetic field caused by stator and rotor slotting

can be and should be included in this model. In the application thus far,

only the two obvious, rotor dynamics and the interaction of two- and four-

pole magnetic fields, have been included. This work will also show how

this model depends on the rotation speed, two-pole flux density, and load

torque of the machine that define the operating condition of the motor.

1.3 Scientific contribution

The scientific contributions of this thesis are summarized below. They

comprise the main findings of the publications I–VII but also include some

yet unpublished work by the author. Results of the unpublished work

are shown and explained in Section 4.3. All of the findings are based on

4



Introduction

measurements with the test machine.

• Radial magnetic force acting on the rotor of a two-pole machine depends

on the angle between the directions of the shortest air-gap and two-pole

flux. The dependence is caused by the slot and winding harmonics and

the unipolar flux.

• Comparison between the magnetic force from higher harmonics to the

magnetic force from the two- and four-pole fluxes by measurements. The

higher harmonics are found to produce roughly 10 % of the force that an

undamped four-pole flux would cause in the test machine. The exact

number depends on the operation point. If four-pole flux is damped with

short-circuited four-pole stator winding, the force from higher harmon-

ics can be several times bigger than the force from the two- and four-pole

flux.

• The higher flux harmonics produce force that acts just like the force due

to the interaction between a unipolar flux and two-pole flux. The higher

flux harmonics are much more significant than the unipolar flux. Still,

the part that the unipolar flux adds is significant to the rotor vibration

because of non-linearity.

• The concept of a unipolar actuator, i.e. winding that can produce unipo-

lar flux in a normal electrical machine. The unipolar actuator was used

to produce significant force on rotor and to control part of the rotor vi-

bration.

• Two-pole machines can have a zero-frequency unipolar flux that in-

creases the rotor vibration. The unipolar flux was measured to expe-

rience hysteresis, meaning it formed remanent flux in the machine.

• The slot harmonics and the unipolar flux are embedded into the con-

trol model for the four-pole actuator. Without those additions, the model

does not predict the radial forces correctly when the two-pole flux den-

sity is changed.

• A linear fourth-order model is sufficient for complete control of the rotor

vibration at a fixed operation point.
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• Two measurement techniques were developed to identify the control

model more accurately.

• The dependence of the control model dynamics on the two-pole flux den-

sity, supply frequency, and load torque. The dependence is consistent

but difficult to parameterize.

• The model-based active control of rotor vibration also works when the

machine is loaded.

1.4 Structure of the work

This thesis has been divided into chapters as follows.

Chapter 1 gives a brief introduction to the thesis. It explains the motiva-

tion and objectives, and lists the main scientific contributions.

Chapter 2 goes through the theory related to, and required for, this work

in a form of a literature review. It explains what had been done before,

how those results were used, and where some advances were made.

Chapter 3 gives a detailed description of the test-setup and techniques

used to obtain the results, including calibration of the set-up.

Chapter 4 gathers the results of the publications and presents some yet

unpublished findings that were made during the research.

Chapter 5 offers some discussion of the findings and where and how they

could be used, and summarizes the research and compares it to the ob-

jectives of the work.
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2. Theory and Literature Review

This chapter reviews the literature relevant to this work. The purpose

of this review is to show where the contributions of this work fit in but

it also serves as a technical background or introduction. The very basics

about electrical machines are not covered. The reader is assumed to be

familiar with the basic structure and operation of conventional electrical

machines, and to know about the fundamental air-gap magnetic flux den-

sity harmonic produced in the machine. The unbalanced magnetic pull

(UMP) was introduced in the background section 1.1.

The literature review has been divided into several sections. At the

end of each section, the literature is compared to current work. In the

first sections, the comparison is mainly about establishing the focus of the

work. In the later ones, the comparison will expose the gaps this work

tries to fill. These are summarized in the end of this Chapter, in Section

2.9.

2.1 Rotor eccentricity in electrical machines

There are many books about rotor dynamics that cover eccentric rotors

from the mechanical point of view. Their focus is not necessarily electri-

cal machines and they do not usually cover magnetic forces. A book by

Genta (2005) covers all of the necessary mechanical aspects. Rao has also

written several known books about rotor dynamics and rotor vibrations in

machines (Rao 1983, 2000). The focus of this work is more on the magnetic

forces.

Eccentricity in electrical machines mean that the air-gap is not uniform.

This can be caused by a non-symmetric stator or rotor geometry or dis-

placed rotor. In this work, the stator and rotor geometries are assumed

symmetric and the eccentricity is only caused by the rotor being displaced
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from the stator centre which is called rotor eccentricity.

The rotor eccentricity ε is usually given as the ratio between rotor dis-

placement z and air-gap length δe.

ε =
|z|
δe

(2.1)

Eccentricity is usually categorized into static and dynamic eccentricity,

Fig. 2.1. In static eccentricity, the rotor centre axis is not the same as

the stator centre axis but it does not move with respect to the stator. In

dynamic eccentricity, the rotor centre axis is whirling around the stator

centre axis. Eccentricity can also be divided into radial and inclined ec-

centricity, Fig. 2.2. In radial eccentricity, the rotor centreline is parallel

to the stator centreline allowing 2-D modelling; in inclined eccentricity, it

is not.

 

 

Stator
Air−gap
Rotor

Figure 2.1. From left to right: no eccentricity, static eccentricity, dynamic eccentricity.

Figure 2.2. From left to right: no eccentricity, radial eccentricity, inclined eccentricity.

Rotor eccentricity is considered a machine fault and much of the re-

search on eccentricity today is related to condition monitoring and fault

diagnostics. The aim in condition monitoring is to determine whether a

machine has rotor eccentricity, or other faults, or not. The most common

method is to analyse the stator current spectrum (Nandi et al. 2005), since

it requires no additional sensors, but the eccentricity can also be detected

from the vibration of the machine (Cameron et al. 1986, Jover Rodríguez

et al. 2008).

There are not many publications on inclined eccentricity. Recently, Dor-

rell (2009, 2011), and Dorrell, Shek, Hsieh & Mueller (2011) have devel-

oped analytical methods to calculate various properties of electrical ma-
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chines with inclined eccentricity. Tenhunen & Arkkio (2001), Tenhunen,

Benedetti, Holopainen & Arkkio (2003b), and Tenhunen, Holopainen &

Arkkio (2003a) applied a 2-D finite element method (FEM) to slices of the

machine and coupled them together allowing 3-D features like inclined

eccentricity and slot skewing to be included in 2-D FEM. They used the

term conical whirling for the dynamic axial eccentricity. Dorrell et al.

(2007) has also used similar sliced models.

Most of the literature focuses only on radial eccentricity. The two com-

mon cases are static eccentricity caused by bearing misalignment or bear-

ing wear and dynamic eccentricity caused by mass-unbalance. In dynamic

eccentricity, the rotor is usually assumed to whirl at the rotation fre-

quency, which makes sense if the eccentricity originates from rotating un-

balanced mass. It has also become common to consider static and dynamic

eccentricity together (Dorrell et al. 1995, 1997, Faiz & Ojaghi 2009).

Rotor eccentricity in electrical machines is modelled with analytical meth-

ods as well as finite element calculations. In both of these, the rotor move-

ment is usually fixed and the calculations try to solve forces and currents.

Also in measurements, the eccentricity is usually forced with modified

bearings (Antonino-Daviu et al. 2007). This approach is sufficient in re-

search, which aims to determine whether a machine has an eccentricity

fault. If the aim of the research is to control and change the eccentricity,

free arbitrary motion of the rotor should be considered. The free arbitrary

rotor motion in this case means that the rotor movement is determined

by differential equations.

The rotor orbit can be analysed with a Fourier series. Any periodic move-

ment of the rotor centre can be thought of as a sum of dynamic eccentric-

ities with different whirling frequencies, Fig. 2.3. This can be used when

solving the differential equations. Static eccentricity is included in the

series as zero frequency whirling. The rotor whirling has a direction. It

can be in the same direction as the rotation, Fig. 2.1 right, or to the op-

posite direction called backward whirling. The whirling frequency for the

backward whirling can be considered negative.

The definition of the rotor centre point and thus eccentricity is not un-

ambiguous. The rotor has three different centre points even in 2-D model

that do not have to be the same, Fig. 2.4. There is the centre of grav-

ity CMass, the centre point of the bearings or shaft that supports the ro-

tor CBear., and the magnetic centre point CMag., as explained by Werner

(2009). When the magnetic centre point is in the middle of the stator,
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the radial magnetic forces are zero. The magnetic centre point in a real

machine does not have to be a point. It can be several points or even a

curve.

ωr

ωr

2ωr

−ωr

3ωr

ωr ωr

ωr ωr
ωr

Figure 2.3. Five whirling components that comprise the rotor movement in the lower
right. Static eccentricity (upper middle) is whirling motion with zero fre-
quency.

CBear.

CMass

CMag.

Figure 2.4. Definition of different centre points of the rotor.

Comparison to current work

The inclined eccentricity is not considered in this work. The magnetic

forces that the windings of the bearingless two-pole induction machine

can produce are only radial. Therefore modelling the axial eccentricity

is pointless. The axial eccentricity in a levitating version of the machine

would have to be controlled by other means.

The magnetic centre point of the rotor is assumed to be at the rotor’s

centre of gravity but this point is displaced from the bearing centre point
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due to the rotor shaft being bent. The bearing misalignment from the

stator centre is assumed to be small. Due to the rotor shaft being flexible,

the shaft is assumed to bend more under the forces, thus, arbitrary rotor

motion is considered. The four-pole force-producing winding can be used

to produce any kind of radial rotor eccentricity.

This work is about controlling the rotor eccentricity and flexural rotor

vibrations, not about detecting them. The eccentricity is measured di-

rectly. The stator currents of the two-pole winding are not measured at

all.

2.2 Unbalanced magnetic pull

The history of electrical machines goes back more than 100 years and on

the magnetic forces related to rotor eccentricity there has been research

for about 100 years. A paper by Rosenberg (1918) is considered by some to

be the first publication about UMP. However, according to Gray & Pertsch

(1918), rotor eccentricity and forces related to it were investigated already

in the very beginning of the 20th century. Dorrell (1993) did a Ph.D. the-

sis titled "Calculation of unbalanced magnetic pull in cage induction ma-

chines" and since then there have been several others on the topic but

with more specific titles.

2.2.1 Calculating the magnetic force

The unbalanced magnetic pull is a magnetic force between the rotor and

stator caused by asymmetric magnetic flux distribution in the air-gap.

The pull is basically proportional to the square of the flux density. If the

flux is denser on one side of the rotor than the other, the rotor will be

pulled towards the denser side. There are three different ways to cal-

culate the magnetic pull (Ito et al. 1990): surface integral of Maxwell

stress tensor, differentiating the magnetic field energy (principle of vir-

tual work), and magnetizing current method, where the flux density in

iron is presented with magnetizing currents and the force is calculated as

Lorentz’s force acting on these currents. Only the two first methods are

widely used.

Many of the analytical calculations use the Maxwell stress tensor method

(Binns & Dye 1973), (Dorrell & Smith 1994), and (Smith & Dorrell 1996).

Belmans et al. (1982) used the field energy approach. Maxwell stress ten-
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sor in cylindrical coordinates is shown in (2.2).

σ =

 1
µ0

B̄2
r − 1

2µ0
B̄2 1

µ0
B̄rB̄τ

1
µ0

B̄rB̄τ
1
µ0

B̄2
τ − 1

2µ0
B̄2

 (2.2)

The magnetic flux density, B̄, has to be divided into radial, B̄r, and tan-

gential, B̄τ , components. The force is obtained by integrating the tensor

around the air-gap. Figure 2.5 illustrates the division to radial and tan-

gential components.

Stator

Rotor

B̄r

B̄t

B̄

Figure 2.5. Radial and tangential components of the air-gap flux density.

The stress tensor is usually simplified to the form where tangential flux

is ignored and the magnetic pull is given by integral (2.3), where ϕ is

the cylindrical angle coordinate, êr(ϕ) the unit vector for radial direction,

Dδ is the air-gap diameter, and lr rotor core length. This integral can be

derived from the two other force calculation methods too. This integral

to calculate the magnetic pull was used by Covo (1954) and many others

since then, (Bradford 1968, Kovács 1977, Laiho et al. 2008).

F̄e(t) =
Dδlr
4µ0

∫ 2π

0
|B̄(ϕ, t)|2êr(ϕ)dϕ (2.3)

The importance of the tangential part of the magnetic field to the pro-

duction of magnetic pull was studied by Binns & Dye (1973). They mea-

sured the tangential flux density with coils attached to the rotor surface.

They concluded that the tangential field is responsible for maximum 10

% of the magnetic force and can be neglected. Although, it is probably

not wise to neglect something based on a single study, many of the finite

element calculations done since then do include the tangential flux com-

ponent and Binns & Dye (1973) have not been shown to be wrong, (Dorrell

& Hsieh 2010).

The calculation of the magnetic pull simplifies considerably when the

tangential flux is ignored and the radial flux is divided into spatial har-
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monic components. This means that the air-gap magnetic flux distribu-

tion is written as Fourier series. It can be fairly easily shown mathe-

matically that the magnetic force is only produced by consecutive spatial

harmonics pairs of the magnetic flux, (Smith & Dorrell 1996). Thus, the

magnetic pull can be written as (2.4) where CF is a constant. The equation

(2.4) using this notation was fully derived in the appendix of Publication

I. Laiho et al. (2010) had the same equation but without the unipolar term

2B0B̂1.

F e = CF

(
2B0B̂1 +

∞∑
n=1

B̂
∗
nB̂n+1

)
(2.4)

The force in (2.4) is given in complex coordinates where the real and

imaginary parts denote directions perpendicular to each other. The spa-

tial harmonics of the air-gap flux density in (2.4) have to be defined as

a type of space vector, typically used for currents and voltages (Kovács

1984), to get the direction of the force right. One way to define them is

(2.5) with which the air-gap flux density is (2.6), where ϕ is the cylindri-

cal angle coordinate, êr(ϕ) the unit vector for radial direction, and n the

harmonic number.

B̂n(t) = B̂n(t)ejϕn(t) (2.5)

B̄(ϕ, t) =
∑
n

B̂n(t) cos (nϕ− ϕn(t))êr(ϕ) (2.6)

Figure 2.6 illustrates the spatial harmonic decomposition of the air-gap

flux density. The small arrows on the circle represent the radial magnetic

flux density (2.6). The lengths of those arrows indicate its amplitude. The

larger arrows in the middle of the circles show the direction of the flux

density space-vector (2.5). The direction of the space-vector depends on

the coordinate system. It is always n times the angle of the first positive

maximum in the coordinates used. The unipolar flux n = 0 does not have

a direction.

Machines are usually designed to produce as sinusoidal flux density as

possible to the air-gap, i.e. to have only one spatial harmonic of the air-

gap flux density in the ideal case. The harmonic number for the main flux

component is determined by the pole-pair number of the winding p. The

harmonic number for the main harmonic of the air-gap flux for a two-pole

machine is n = p = 1. It is commonly assumed that the main harmonic
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B̂0

B̂1

B̂3

B̂4

B̂2

Btot

Figure 2.6. Illustration of the first five radial magnetic flux density harmonics in the
machine air-gap. The arrows in the middle represent the flux density space-
vector given by (2.5). The arrows starting from the circle represent the actual
flux density. The path of the flux for each harmonic is also shown. The figure
on the lower right shows the sum of the five components.

has constant amplitude and rotates at constant angular frequency. In that

case, it is often called fundamental harmonic.

Many authors associate sinusoidal time-dependencies with the spatial

harmonics and write the time dependence of the flux direction ϕn(t) with

some angular velocities and time ωt. Burakov & Arkkio (2007) wrote the

cosine in (2.6) as the real part of a complex exponent function and wrote

the time dependence using angular frequency. The air-gap flux density

can be expressed as a two-dimensional Fourier series in space and time.

These harmonics are often referred to as waves and are defined by two

harmonic numbers. The nature of the time dependence has to be consid-

ered when calculating derivatives of the flux density.

2.2.2 Eccentricity harmonics

Only spatial harmonics of the air-gap flux density with consecutive har-

monic numbers give non-symmetric total magnetic density around rotor

and produce force. In an ideal machine, the air-gap flux distribution is

sinusoidal. There is only one spatial harmonic, defined by the pole-pair

number of the machine, and therefore no radial magnetic forces. The ideal

machine would have a perfectly circular rotor and stator with no eccen-

tricity and a sinusoidal current distribution on the stator surface. When

rotor eccentricity is introduced to an otherwise ideal machine, the air-
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gap permeance Λ(ϕ, t) becomes non-symmetric and the sinusoidal current

density induces more than one spatial flux density harmonic.

If the permeance of the iron parts of the machine is assumed infinite,

the radial magnetic flux density in the air-gap is given by (2.7) where

NI(t) is the amplitude of the magnetomotive force (MMF) produced by

the windings.

B̄(ϕ, t) = Λ(ϕ, t)NI(t) cos (pϕ− ϕp(t)) êr (2.7)

The air-gap permeance for the flux is given by (2.8) where Aδ is the area

of the air-gap, δe the average air-gap length, ε eccentricity, and α the di-

rection of the shortest air-gap.

Λ(ϕ, t) =
µ0Aδ

δe (1− ε(t) cos (ϕ− α(t)))
(2.8)

Frohne (1968) wrote the permeance as Fourier series (2.9) where the

permeance harmonics are given by (2.10).

Λ(ϕ, t) =

∞∑
n=0

Λn(t) cos (n (α(t)− ϕ)) (2.9)

Λn(t) =


µ0Aδ
δe

1√
1−ε2 n = 0

2µ0Aδ
δe

1√
1−ε2

(
1−
√
1−ε2
ε

)n
n > 0

(2.10)

The full series is not used often but at least Smith & Dorrell (1996), Guo

et al. (2002), Di Gerlando et al. (2008), and Wu et al. (2011) did use it.

Belmans et al. (1987b) linearized the permeance series with respect to

eccentricity and found that the eccentricity causes mainly two additional

spatial harmonics to the air-gap. Covo (1954) already had calculated ear-

lier the linearity estimation to be reasonable if the eccentricity is less than

40 %. Dorrell & Smith (1996) confirmed this by measurements. Covo

(1954) integrated the flux density harmonics directly and did not use the

permeance series or at least did not write it down.

The eccentricity harmonics have harmonic numbers n = p − 1 and n =

p + 1 and therefore produce force with the n = p flux. The linearized

flux density harmonics caused by the eccentricity are given by (2.11) and

(2.12) where z is the rotor displacement from the stator centre. Ghoggal

et al. (2006) showed that eccentricity does not affect the average effective

air-gap length δe if the eccentricity is small.
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B̂p−1 = B̂p

z∗

2δe
(2.11)

B̂p+1 = B̂p

z

2δe
(2.12)

Magnetic saturation reduces the eccentricity harmonics and the UMP

(Freise & Jordan 1962). Tenhunen et al. (2004) calculated the effect of sat-

uration on UMP with the finite element method (FEM). They found that

the saturation reduces the maximum UPM and can cause the direction

of force to turn. Dorrell (1999) developed methods to include saturation

in analytical calculation and showed that the reduction of UMP due to

saturation can be very significant.

Comparison to current work

In this work, only the two main linearized eccentricity harmonics are con-

sidered. Equations that are more accurate have been derived in literature

but since the main objective is to develop a simple model for control pur-

poses, the use of linearization is justified. Saturation is also neglected for

the same reasons. The experiments could not be conducted at saturation

due to stability problems.

The more accurately calculated eccentricity harmonics would be slightly

bigger than what is given by the linearity assumption but also the funda-

mental flux density harmonic is increased. In the application, the fun-

damental flux is measured; therefore, defining the eccentricity harmonics

as a function of the fundamental harmonic, (2.11) and (2.12), makes the

error smaller.

2.3 Electromechanical interaction

The previous section did not consider the currents induced by the eccen-

tricity harmonics and the rotor movement. In cage induction machines,

the eccentricity harmonics induce currents to the rotor cage that change

the flux distribution in the air-gap. The currents depend on the dynamic

motion of the rotor and therefore couple the rotor mechanics to the elec-

tromagnetic forces. This is called electromechanical interaction. The cur-

rents can also be induced in the parallel branches of the stator winding

or in any additional windings the machine might have. The electrome-

chanical interaction in cage induction machines has been reviewed and
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described in the doctoral thesis of Holopainen (2004).

2.3.1 Rotor cage currents

Freise & Jordan (1962) were among the first to consider the effect of ro-

tor currents on UMP. They found that the induced currents do not just

reduce the UMP but also change the direction of the force. Früchtenicht

et al. (1982a) modelled the damping effect of the currents in a cage induc-

tion machine using an equivalent circuit for the cage. They only consid-

ered the current induced by the eccentricity harmonics to the rotor cage.

Arkkio et al. (2000) used the same methods to develop a low order model

for the UMP dynamics in cage induction machines. They found that this

dynamics adds two poles to the transfer function describing the magnetic

force F e as a function of rotor displacement z.

F e(s) =

(
kp +

kp−1
s− ap−1

+
kp+1

s− ap+1

)
z(s) (2.13)

Arkkio et al. (2000) verified the model with FEM computation and mea-

surements on an induction machine equipped with magnetic bearings.

They got an excellent fits between the model and the measurements at

every operation point tested but the parameters were different for each

operation point. They did not analyse the physical meaning of the model

parameters kp, kp−1, ap−1, kp+1, and ap+1.

Holopainen, Tenhunen, Lantto & Arkkio (2005a) tried to discover the

physics behind the model (2.13). Starting from the work of Früchtenicht

et al. (1982a), they updated the equations for the eccentricity harmonics,

(2.11) and (2.12), to include currents. Holopainen, Tenhunen, Lantto &

Arkkio (2005a) wrote the equations in rotor frame of reference but they

can be generalized to stationary or to any rotating coordinate system,

(2.14) and (2.15).

B̂p−1 = B̂p

z∗

2δe
+
µ0
δe
kr,p−1îr,p−1 (2.14)

B̂p+1 = B̂p

z

2δe
+
µ0
δe
kr,p+1îr,p+1 (2.15)

Holopainen, Tenhunen, Lantto & Arkkio (2005b) wrote the model (2.13)

in the form (2.16) where some of the physical dependencies are shown.

The model includes the time constants of the rotor cage for the two eccen-

tricity harmonics τp−1 and τp+1, slip of the machine S, and the fundamen-

tal angular supply frequency ωp. The model was verified with FEM and
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gave a good fit but could not model the effect of saturation.

F e(s) =

(
kp + cp−1ap−1

[
−1 +

1

1 + τp−1 (s− jSωp)

]
+ cp+1ap+1

[
−1 +

1

1 + τp+1 (s+ jSωp)

])
z(s) (2.16)

The eccentricity harmonics induce rotor cage currents that damp the

UMP. Therefore, the radial magnetic forces should be reduced when the

machine is loaded. Adding load increases the slip and the rotor currents.

Arkkio (1996) showed this with FEM computations. However, rotor cage

currents increase the rotor winding harmonics, which are discussed in

Section 2.4, and at some point these begin to increase the UMP more

than the eccentricity harmonics are reduced (Dorrell 1996). Dorrell (1996)

showed that the UMP increases more if the rotor and/or stator slots are

skewed.

2.3.2 UMP and rotor dynamics

Früchtenicht et al. (1982a) did not just model the currents. Their main

focus was on the rotor dynamics and how the UMP affects the damping

and stiffness, and more importantly, the stability of the rotor. They used

a form of a simple mass-damper-spring model (2.17) for the rotor mechan-

ics. Holopainen, Tenhunen & Arkkio (2005) used the basic mechanical

equation (2.17) in the complex form.

m
d2

dt2
z + d

d

dt
z + kmz = F tot (2.17)

In many of the studies above, the rotor movement was fixed and the

forces were measured or calculated as a function of different whirling mo-

tions of the rotor. Früchtenicht et al. (1982a) allowed the rotor to be moved

by the force. In (Früchtenicht et al. 1982b), they did measurements with

a machine with a long rotor shaft supported by external bearings. Their

work show, among others, how the damping and resonance frequencies

change as a function of rotation speed and the main (2p-pole) flux density.

The rotation speed affects the frequencies at which currents are induced.

They concluded that the UMP and the effects of currents are important

when determining the operation regions where a machine is mechanically

stable.

Laiho et al. (2007) coupled the electromagnetic model of the UMP to a
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FEM model of rotor mechanics. They compared the frequency response

of the rotor displacement to an external force with and without UMP.

They found what could have already been concluded from the results of

Früchtenicht et al. (1982b) and Holopainen, Tenhunen & Arkkio (2005)

that the UMP lowers the mechanical resonance frequencies including the

critical frequencies. Actually, Holopainen (2004) concluded this in his dis-

sertation. Yang et al. (2004) presented analytical results that show the

resonances lowered more when the machine is loaded than when it is op-

erating at no-load.

Holopainen, Tenhunen & Arkkio (2005) separated the backward and for-

ward whirling motions by assigning negative frequencies to the backward

whirling components. It is more common to show the movement with

respect to some coordinate and use only positive frequencies. Then the

system model will have multiple inputs and outputs and it sometimes be-

comes more difficult the see the direction of the forces and displacements.

Holopainen, Tenhunen & Arkkio (2005) divided the forces into radial and

tangential components which is favoured by mechanical engineers. The

other option would be to present the amplitude and phase that in this case

indicates direction. This option is favoured by control engineers.

The tangential force should not be mixed with the torque producing

forces. The tangential force moves the centre of the rotor and will not

rotate the rotor. The speed of the whirling motion will also not increase

since the tangential force is caused by the eccentricity fields that are usu-

ally considerably weaker than the main 2p-pole field. The rotor core ori-

entation can be thought to be fixed by the main field. The tangential force

will move the rotor along the whirling path but since the rotor core cannot

turn, it will twist the rotor or the rotor shaft. Assuming the shaft is stiff

enough, the mechanical force will counter the tangential force at some

point preventing further twisting.

The equations in 2.3.1 and the mechanical model (2.17) assume that the

rotor is simply moved by the force. Finite element studies by Pennacchi

& Frosini (2005) and Laiho et al. (2007) consider also the rotor core bend-

ing and different mode shapes at which the rotor can vibrate. If the rotor

core bends, the eccentricity is no longer constant along the length of the

machine. This can be dealt with using the sliced models developed by Ten-

hunen, Benedetti, Holopainen & Arkkio (2003a) and Dorrell et al. (2007)

if one does not want to use 3-D modelling. If the rotor core is part of a

longer shaft, it can be assumed that only the shaft bends. The different
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mechanical modes can still be calculated for the shaft, (Laiho, Sinervo,

Tammi, Arkkio & Zenger 2009).

2.3.3 Parallel branches in stator winding

The eccentricity harmonics of the air-gap flux density can induce addi-

tional currents in the stator windings if they have parallel paths. These

currents can damp UMP much like the currents in the rotor cage. Since

the magnetic flux rotates much faster with respect to the stator than with

respect to the rotor, the currents will be bigger and the damping effect

much greater. The effect of parallel paths on the UMP has been exten-

sively investigated in the doctoral thesis of Burakov (2007).

The idea of parallel paths in the stator winding reducing the UMP was

suggested by Frohne (1967). DeBortoli et al. (1993) showed with FEM

computations that various combinations of parallel windings will reduce

the UMP and can significantly reduce vibration in electrical machines.

Dorrell & Smith (1994) developed analytical methods for calculating the

effect of parallel paths. Dorrell & Smith (1996) validated the methods

via measurements and confirmed the damping effect. Tenhunen (2001)

showed with FEM computation that the parallel paths will damp the ec-

centricity harmonics even with an axially eccentric rotor.

Comparison to current work

The dynamics caused by induced currents are very important in bearing-

less machines. The eccentricity harmonics are controlled with currents

in an additional stator winding. This makes the dynamics more compli-

cated. Parallel branches in the main winding are not considered in this

work but the extra stator winding of the bearingless machine will act

similarly to the parallel branches reducing the UMP when the winding is

short-circuited.

2.4 Higher harmonics of the air-gap flux density

In the previous sections, we only considered the fundamental air-gap den-

sity and the eccentricity harmonics. However, real machines have many

more spatial harmonic components of the air-gap flux density that should

be considered. The research on other flux density harmonics goes as far

back as the research on UMP. Liwschitz (1942) published a literature sur-

20



Theory and Literature Review

vey into the topic and listed numerous articles and book about flux density

harmonics, the oldest dating back to 1915. All of them, though, focused

on parasitic torques and noise but not directly on UMP. Heller & Hamata

(1977) wrote a book about flux density harmonics and did cover the noise

produced by radial forces.

The other spatial harmonic components of the air-gap flux density are

often called higher harmonics since harmonics with a harmonic number

lower than the pole-pair number only arise from some asymmetry like the

eccentricity and asymmetric stator windings. There are two main sources

of higher harmonics in induction machines. The slotting in stator and

rotor changes the air-gap permeance. The permeance will be lower at a

slot position than it is at a tooth. The magnetic flux density harmonics

that arise from air-gap permeance variation due to slotting are called slot

harmonics.

The other major source for higher harmonics is the current distributions

or the MMF of the the stator winding and rotor cage. The currents are in

the conductors in the slots; thus, the distributions are not sinusoidal. It is

also common that in the stator and in wound rotor, several slots have the

same current density. These both causes flux density harmonics that are

called winding harmonics. The winding harmonics and slot harmonics

might have partially the same set of harmonic numbers and therefore it

is sometimes difficult to separate them.

Both the winding harmonics and the slot harmonics come in pairs. The

easiest way to demonstrate this is to consider only the variation in air-gap

permeance caused by stator side slotting. We make a simplifying assump-

tion that the slotting changes the permeance sinusoidally and the sta-

tor has Qs slots. The air-gap magnetic flux density would then be (2.18),

where a is the magnitude of the reluctance variation and ϕs represents

the orientation of the slot pattern.

B(ϕ) =
µ0Npîp cos(pϕ− ϕp)
δe − a cos(Qsϕ− ϕs)

(2.18)

The resulting air-gap flux density can be approximated with three com-

ponents (2.19). It has the main 2p-pole component and two extra higher

harmonics with harmonic numbers Qs − p and Qs + p.

B(ϕ) ≈ B̂p cos(pϕ− ϕp) +
aB̂p
2δe

cos((Qs − p)ϕ+ ϕp − ϕs) +
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+
aB̂p
2δe

cos((Qs + p)ϕ− ϕp − ϕs) (2.19)

The two extra harmonics rotate to the opposite directions. Their space-

vectors will be (2.20) and (2.21). It is difficult to calculate the amplitudes,

B̂Qs−p and B̂Qs−p, accurately since the magnitude of the permeance vari-

ation due to slotting a depends on the slot geometry.

B̂Qs−p = B̂Qs−pe
j(−ϕp+ϕs) (2.20)

B̂Qs+p = B̂Qs+pe
j(ϕp+ϕs) (2.21)

The amplitudes of the forward B̂Qs+p and backward B̂Qs−p slot harmonics

should be equal according to the simple calculation above. However, when

calculated with FEM, they are often not. For example, Canova & Ragusa

(1995) and Frauman et al. (2007) show amplitude difference between the

forward and backward slot harmonics. They do not give any explanation

but this could be due to eddy-currents in stator inner and rotor outer sur-

face since the two waves have different frequencies.

The Qs− p and Qs + p components are the first order stator slot harmon-

ics. They were derived assuming that the permeance varied sinusoidally.

The accurate permeance variation can be presented as a Fourier series.

When a full series are considered, the stator slotting will generate higher

harmonics with harmonic numbers n = kQs ± p where k ∈ Z+ is the order

of the harmonics.

The rotor side will produce harmonics with harmonic numbers n = kQr±
p where Qr is the number of rotor slots. The stator winding harmonics in

three-phase machines produce harmonics with n = p(6k ± 1). For all of

these harmonics, the space-vectors of the plus and minus waves rotate to

the opposite directions. The first order stator harmonics, and with full

load the first order rotor harmonics, are typically the strongest ones and

they are also called step harmonics.

It is theoretically possible that if the machine is designed carelessly,

some of the higher harmonics have consecutive harmonic numbers and

produce magnetic force on the rotor regardless of whether the rotor is ec-

centric or not. In most commercial machines, this does not happen but

there are some small machines where it does. However, rotor eccentric-

ity does not just produce eccentricity harmonics from the main 2p-pole

flux but from the slot and winding harmonics as well. These eccentricity
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harmonics produce UMP with the higher harmonic that caused them.

The higher harmonics rarely produce force by interacting with each

other directly but their eccentricity harmonics sometimes interact with

more than one higher harmonic. For example, if a four-pole (p = 2) ma-

chine stator has Qs = 36 slots and its rotor Qr = 30 slots, one of the stator

slot harmonics has harmonic number n = Qs− p = 34 and one of the rotor

slot harmonics has harmonic number n = Qr + p = 32. Both produce an

eccentricity harmonic with n = 33 that produces force with both of them.

These type of interactions are machine specific and therefore difficult to

handle generally. They increase the UMP on some machines.

The higher harmonics are studied from many different aspects. Heller

& Hamata (1977) focused on the parasitic torque and noise caused by the

higher harmonics. Ito et al. (1981) were interested in the power losses

in machines caused by eddy-currents induced by the higher harmonics

especially slot harmonics. They measured flux densities at stator teeth

and compared them to FEM computation. Nandi et al. (2001) used the slot

harmonics to detect rotor eccentricity and for speed estimation. The slot

harmonics induce high frequency components to the stator current. They

looked at the changes in the current spectrum. The slot harmonics grow

as a function of eccentricity, which was measured by Guldemir (2003).

Dorrell & Smith (1996) stated that the permeance variation due to slot-

ting should be considered when modelling UMP. Tenhunen, Holopainen &

Arkkio (2003a) found from FEM computations that the geometry of rotor

slots influences strongly the amplitude and the direction of the magnetic

force caused by rotor eccentricity. Frauman et al. (2007) showed with FEM

computations that rotor slotting is an important source of UMP. UMP in-

creased as a function of slip and when the number of rotor slots was in-

creased. Dorrell & Hsieh (2010) stressed the importance of rotor winding

harmonics especially during start up. They found that a machine could

not even start with certain types of cage due to UMP caused by rotor

winding harmonics.

Holopainen, Tenhunen, Lantto & Arkkio (2005a) calculated the force

from the first order slot harmonics, step harmonics, analytically without

taking into account any interactions between different step harmonics.

They found that the magnetic pull is towards the shortest air-gap and the

amplitude depends on the square of the amplitude of the higher harmon-

ics (2.22), where B̂2
h is the square sum of the amplitudes of each harmonic.

Holopainen, Tenhunen, Lantto & Arkkio (2005b) showed by FEM compu-
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tations that the force is mostly in the radial direction even though they

calculated a four-pole machine with Qs = 36 stator slots and Qr = 34 rotor

slots where the interaction between different harmonics do occur.

F e,h =
CF

δe
B̂2

hz (2.22)

Holopainen, Tenhunen, Lantto & Arkkio (2005b) also showed that the

higher harmonics produce significant UMP. The UMP from higher har-

monics was about five times greater than the one produced by the main

four-pole flux when they had the rotor whirling at more than twice the

rotation speed or in a negative direction. Natural whirling motion is most

likely to occur at the rotation frequency and there the harmonics produced

about half of the force. They also calculated that the first order rotor and

stator slot harmonics accounted for 70 % of the force from all higher har-

monics. The results are most likely machine specific and probably depend

on the slip of the machine but still the importance of the slot harmonics

cannot be ignored.

Comparison to current work

In a bearingless machine, the higher harmonics produce uncontrollable

magnetic force. The radial position of the rotor is controlled by control-

ling the eccentricity harmonic(s) of the main flux. The presence of ad-

ditional magnetic force must be recognized. The magnitude of the force

from higher flux density harmonics is difficult to calculate in advance, es-

pecially if the machine geometry and material properties are not known

precisely. It is also very difficult to measure them. However, the force can

be identified as a part of the control model. Since the magnitudes are not

calculated, there is no need to differentiate the slot harmonics from the

winding harmonics. In this work, the term "slot harmonics" often includes

the winding harmonics that have the same harmonic numbers.

2.5 Unipolar flux

The unipolar flux is often also called homopolar flux in the literature. It is

the spatial harmonic component of the air-gap flux density with harmonic

number n = 0. Hence, it can also be called zero-pole flux. The unipolar

flux is uniform in the air-gap. It has no sensible direction in the machine

cross-section, Fig. 2.6, and has therefore been defined as a scalar. It is
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mathematically possible to define the space vector of the unipolar flux to

be complex valued, i.e. ϕ0(t) 6= 0 in (2.6) and (2.5), but then 2B0B̂1 in (2.4)

would have to be replaced by B̂
∗
0B̂1 + B̂0B̂1.

There are machine designs in which the main magnetic flux of the ma-

chine is unipolar and Ichikawa et al. (2001) presented a special machine

where unipolar flux is produced with permanent magnets and used for

radial force control. In regular cage induction machines, the unipolar flux

appears mainly in two-pole machines as a result of the p − 1 eccentricity

harmonic. The unipolar flux is often neglected, (Holopainen, Tenhunen,

Lantto & Arkkio 2005a, Laiho et al. 2007), because the unipolar flux lines

are not closed in the machine cross section, Fig. 2.7. The average air-gap

flux is not zero as it is for all of the other harmonics.

α

a) b)

c) d)

Figure 2.7. The unipolar flux (red) depends on eccentricity and the direction of the short-
est air-gap with respect to the two-pole field, α. The two-pole flux is shown
as blue. [PIII]

The magnetic flux must always form a closed circuit; thus, the flux must

have another path between rotor and stator. One such path is created by

the machine frame, end shields, and rotor shaft, Fig. 2.8. This causes

extra reluctance for the unipolar flux or the permeance for the unipolar

flux to appear smaller since the flux is not meant to flow through this

path. It is difficult to estimate how big this extra reluctance is but it could

be empirically determined.

Kovács (1977) took the change in the reluctance into account by defining

virtual eccentricity for the unipolar flux. The virtual eccentricity would be

between zero and the actual eccentricity depending on the permeance of
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a

b

ce

d

f

g

Figure 2.8. Unipolar flux flowing from the rotor core (b) to the stator core (c) returns via
the stator frame (d), end shields (e), and rotor shaft (a). The location for a
unipolar measurements coil is shown by (f) and (g) is the position of unipolar
actuators in the test machine. [PIII]

the unipolar flux path. Kovács calculated the unipolar flux in case of static

eccentricity and got (2.23) where εV is the virtual eccentricity. He con-

cluded that the unipolar flux alternates at slip frequency and this causes

the UMP to oscillate at double slip frequency. He suggested making the

end shield non-magnetic to reduce this effect.

B0(t) = 0.5B̂1εV cos (Sω1t+ ϕ1) (2.23)

Belmans et al. (1982) considered also the static eccentricity and con-

cluded that it causes unipolar flux at supply frequency and UMP at dou-

ble supply frequency. They included the extra reluctance of the unipolar

flux as magnetic resistance ratio, which was defined as the ratio between

the extra reluctance of the unipolar flux path and the reluctance of the

air-gap.

Belmans et al. (1987a) measured unipolar flux with a coil in the end

shield of an induction machine. They calculated and measured the mag-

netic resistance ratio as a function of frequency using static eccentricity

and found it to increase. They also calculated the UMP as a function of the

magnetic resistance ratio and altered the unipolar flux in measurements

by removing the end shields of the machine. A small rotor vibration at

double supply frequency remained after the shields were removed and

they concluded that some unipolar flux remained. Belmans et al. (1987a)

did not consider any damping current but the way magnetic resistance

ratio increased as a function of frequency in their measurement suggests

that the unipolar flux is damped by induced currents, most likely currents
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in the rotor end-rings.

There has not been much research on unipolar flux since (Belmans et al.

1987a). Smith & Dorrell (1996) calculated unipolar flux with static eccen-

tricity but concluded that the magnetic resistance ratio would be too high

for the unipolar flux to be significant. Di Gerlando et al. (2008) considered

unipolar MMF but not unipolar flux. Werner (2010) analyzed the rotor vi-

bration modes with static rotor eccentricity. He focussed on the magnetic

force on double two-pole supply frequency caused by undamped unipolar

flux.

Comparison to current work

Starting from the equation (2.14) by Holopainen, Tenhunen, Lantto &

Arkkio (2005a) and using the results of Kovács (1977) and Belmans et al.

(1987a), the unipolar flux can be has been written as (2.24) where re is the

resistance ratio defined by Belmans et al. (1982), îr,0 the effect of induced

currents, and kr,0 a coupling factor. The equation can be written in differ-

ent forms. The unipolar flux is a cosine of the angle between the shortest

air-gap and two-pole flux, α in Fig. 2.7.

B0 =
Re
{
B̂1z

∗
}

2δe (1 + re)
+ kr,0îr,0 =

B̂
∗
1z + B̂1z

∗

4δe (1 + re)
+ kr,0îr,0 (2.24)

Dynamics of the unipolar flux have not been studied. Only attempts to

alter the unipolar flux were done by Belmans et al. (1987a) when they

removed the end shield. Even in the special machine by Ichikawa et al.

(2001), the unipolar flux is constant. The literature mentions slip fre-

quency and two-pole supply unipolar flux but the possibility of having a

zero frequency unipolar flux has not been considered.

2.6 Force from the slot and winding harmonics and the unipolar
flux in two-pole induction machines

As mentioned in the previous section, the presence of the unipolar flux

and dynamic eccentricity cause the magnetic force to oscillate at double

the slip frequency, Fig. 2.9. The double slip frequency oscillation was

already measured by Graybeal (1944). Kovács (1977) explained the oscil-

lation with the unipolar flux. Belmans et al. (1987b) showed with mea-

surements that the double slip frequency oscillation disappears if the end

shields of the machine are removed further strengthening the hypothesis
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that the oscillation is caused by unipolar flux.
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Figure 2.9. Rotor vibration amplitude varied at double slip frequency, measured from the
test machine described in Section 3.1.

The unipolar flux is not the only flux component causing the double slip

frequency oscillation. In addition, slot and winding harmonics of the air-

gap magnetic flux density produce such oscillation in two-pole machines.

In two-pole machines, the higher harmonic pairs are separated by just

two harmonic numbers. Eccentricity induces the harmonics in the middle

of these pairs and those interact with both components of the pairs. For

example, the stator step harmonics will be n = Qs− 1 and n = Qs + 1. The

eccentricity harmonics of the n = Qs − 1th harmonic will be n = Qs − 2

and n = Qs. The latter one will produce radial force with the n = Qs + 1

step harmonic.

Laiho et al. (2010) considered UMP in two-pole machine from rotor and

stator step harmonics and derived that the magnetic force on rotor is

(2.25) where γ and λ are defined by (2.26) and (2.27), respectively.

F e =
CF

δe

(
γz + λz∗ej2ω1t + B̂

∗
1

(
kr,2îr,2 + kc,2îc,2

))
(2.25)

γ =
1

2
B̂2

1 + B̂2
Qs−1 + B̂2

Qs+1 + B̂2
Qr−1 + B̂2

Qr+1 (2.26)

λ = B̂
∗
Qs−1,0B̂Qs+1,0 + B̂

∗
Qr−1,0B̂Qr+1,0 (2.27)

In (2.27), the time dependencies have been removed from the slot harmon-

ics; thus, B̂Qs±1,0 and B̂Qr±1,0 are constants. They did not calculate what

the phases would be and came up with complex valued λ. If the rotor is

whirling at rotation frequency (2.28), (2.25) becomes (2.29) and the λ term

will cause the double slip frequency oscillation.

z = zejωrt (2.28)
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F e =
CF

δe

((
γ + λej2(ω1−ωr)t

)
zejωrt + B̂

∗
1

(
kr,2îr,2 + ks,2îs,2

))
(2.29)

A part of the oscillation is not caused by the slot or winding harmonics

or the unipolar flux. If the full air-gap permeance series, (2.9) and (2.10),

is used, the UMP will depend on the angle between the shortest air-gap

and two-pole flux even if slotting and unipolar flux are ignored. This was

first shown by Covo (1954) and later recalculated by Di Gerlando et al.

(2008). With 40 % eccentricity, the variation in force would only be about

3 %; thus, this effect is not significant.

Comparison to current work

Belmans et al. (1987b) conducted their measurements with relatively low

two-pole flux density (0.2 T) and had nothing to damp the four-pole flux.

Therefore, they probably did not detect the importance of slot harmonics.

Neither they nor Kovács (1977) considered the effect of currents or slot

harmonics in their analysis. The higher harmonics could actually produce

the majority of the double slip frequency oscillation.

The angle dependence of the slot harmonics arises from the spatial har-

monics of the air-gap flux with harmonic numbers equalling multiples of

the number of stator slots Qs and number of rotor slots Qr. Note that

technically unipolar flux belongs to this group as the zero multiple. In

two-pole machines, the forward and backward slot harmonics are two har-

monic numbers apart. The eccentricity harmonics from both forward and

backward waves contribute to the harmonic in the middle. For example,

considering the first order stator slot harmonics, the Qs−1th and Qs +1th

harmonics both contribute to the Qsth harmonics, (2.30).

B̂Qs
=
B̂Qs−1z

2δe
+
B̂Qs+1z

∗

2δe
(2.30)

If rotor eccentricity is written as (2.31), substituting (2.21) and (2.20)

with p = 1 into (2.30) gives (2.32).

z = zejα (2.31)

B̂Qs
=

z

2δe

(
B̂Qs−1e

−j(ϕ1−α) + B̂Qs+1e
j(ϕ1−α)

)
ejϕs (2.32)

Now, if the amplitudes of the forward and backward slot harmonics are
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equal B̂Qs−1 = B̂Qs+1, the Qsth harmonic is a cosine of the angle be-

tween the shortest air-gap and the two-pole flux, just like the unipolar

flux, (2.33). If they are not equal, the Qsth harmonic will have a rotat-

ing component as well. The pulsating component will be defined by the

smaller of the two slot harmonics and the rotating part will be their dif-

ference.

B̂Qs
=
zB̂Qs−1

2δe
cos (ϕ1 − α) ejϕs (2.33)

The pulsating Qsth harmonic produces force with both Qs−1th and Qs+

1th harmonics and that force will be in the direction of the two-pole flux,

again just like the unipolar flux. The force from the Qs − 1th and Qsth

harmonics will be (2.34). The orientation of the slots ϕs has no effect on

the direction of force. The force from the Qsth and Qs + 1th harmonic will

be the same as (2.34). In addition, the force from the rotor slot harmonics

and higher order slot harmonics from rotor and stator are similar. The

force from the Qs±2th and Qs±1th harmonics is rotational with no angle

dependence of the amplitude, (2.35). It will be towards the shortest air-

gap.

FQs−1,Qs
=
CFzB̂

2
Qs−1

2δe
cos (ϕ1 − α) ejϕ1 (2.34)

FQs+1,Qs+2 =
CFzB̂

2
Qs+1

2δe
ejα (2.35)

If we assume ϕ1 = ω1t, λ in (Laiho et al. 2010) will actually be real as

can be seen from (2.36). The product B̂
∗
Qr−1B̂Qr+1 will be the product of

amplitudes and ej2ω1t term, which was already included in (2.25).

B̂
∗
Qr−1B̂Qr+1 = B̂Qr−1e

−j(−ω1t+ωrt+ϕs)B̂Qr+1e
j(ω1t+ωrt+ϕs)

= B̂Qr−1B̂Qr+1e
j2ω1t (2.36)

If the higher order step harmonics are considered and the unipolar flux

from (2.24) included, γ and λ in (2.26) and (2.27) will be (2.37) and (2.38).

The winding harmonics could also be included in γ and λ.

γ =
1

2
B̂2

1 +
∑
k

{
B̂2
kQs−1 + B̂2

kQs+1 + B̂2
kQr−1 + B̂2

kQr+1

}
(2.37)
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λ =
1

1 + re
B̂2

1 +
∑
k

{
B̂kQs−1B̂kQs+1 + B̂kQr−1B̂kQr+1

}
(2.38)

The λ term with static eccentricity produces double supply frequency

force and rotor vibration in two-pole machines which is well known in the

literature, (Liwschitz 1942, Ito et al. 1981). The cause of the vibration is

not well known. There are beliefs probably derived from results by Bel-

mans et al. (1987a) that the double supply frequency vibration is caused

by the unipolar flux only, (Werner 2011). The role of the slotting has not

been considered and, actually, the slot and winding harmonics could be

the largest contributor.

2.7 Bearingless induction machine

The spatial flux density harmonics with consecutive harmonic numbers

or pole pair numbers produce radial force on the rotor, (2.4). This force

is utilized in bearingless machines. In two-pole machines, the UMP is

mostly caused by the four-pole flux induced by eccentricity. If the rotor is

not eccentric but this four-pole field is produced with an additional wind-

ing, it causes the same force. The winding can also be used to remove

the four-pole flux or reverse it to produce force in the other direction, Fig.

2.10.

(a) Induced by eccentricity (b) Four-pole flux reversed

Figure 2.10. Magnetic pull from two- and four-pole flux density harmonics. (a) The four-
pole flux and magnetic pull caused by eccentricity. The magnetic pull (black
arrow) is towards the shortest air-gap. (b) The four-pole flux is reversed.
Now the four-pole flux strengthens the two-pole flux on the side of the longer
air-gap and the rotor is pulled towards the middle of the stator.

Reducing the UMP with an extra stator winding was suggested by Frohne

(1967). Ortiz Salazar et al. (1990) suggested an induction machine could

be made bearingless if the machine had six independently supplied stator
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coils instead of three (the three phases). Bichsel (1991) was one of the

first to proceed with the idea of having two stator windings with different

pole-pair numbers supplied to levitate the rotor and brought up the idea of

using the extra winding to actively damp flexural rotor vibrations. Chiba,

Power & Rahman (1991a) were the pioneers of these types of machines.

Chiba et al. (1999) and Chiba et al. (2010) own patents to the bearingless

induction machine. The two-winding concept was well covered in the book

by Chiba et al. (2005).

There are different winding configurations for the bearingless induc-

tion machines. Chiba, Power & Rahman (1991b) and Baoguo & Fengxi-

ang (2001) used a four-pole machine with an additional two-pole winding

where the four-pole winding was used to produce the rotating magnetic

field and torque, and the two-pole winding was used to produce radial

force and control the radial position of the rotor. Laiho, Sinervo, Tammi,

Arkkio & Zenger (2009) used the opposite solution, a two-pole machine

with four-pole extra winding. Ichikawa et al. (2001) used an eight-pole

machine with two-pole force-producing winding and permanent magnets

producing unipolar flux. They used two stators, which had the unipolar

flux flowing in opposite directions, with a connecting yoke that closed the

unipolar flux path.

The torque-producing and the force-producing windings do not have to

be separate. Salazar & Stephan (1993) used a two-phase four-pole ma-

chine where each pole was supplied separately to produce two- and four-

pole fields. Their method still requires a double amount of supply voltages

to be driven; therefore, it is not that different. The benefit of this machine

is that if the force control is not needed, 100 % of the windings can be

used for torque production. The disadvantage is that it requires a double

amount of high power supplies whereas with the extra winding concept,

the power requirements for the force-producing winding are low.

Khoo (2005) combined the benefits of both by using a four-pole winding

with parallel paths that allowed currents to be injected in the middle of

the phase to induce two-pole flux. The problems with this machine are

the restrictions for the torque producing winding. To be able to have those

bridges, the windings have to be done in a certain way, which might not

be optimal for the torque production.

The stator with two- and four-pole winding was first used with a syn-

chronous reluctance machine (Chiba, Rahman & Fukao 1991). They have

also been considered for other types of synchronous machines (Chiba et al.
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1994) including permanent magnet machines (Amrhein et al. 2003, Okada

et al. 1996, Asano et al. 2009). In induction machines, a regular squirrel

cage can be used (Laiho, Sinervo, Tammi, Arkkio & Zenger 2009, Khoo &

Garvey 2005) but more special rotor designs have also been presented.

Chiba & Fukao (1998) suggested a pole-specific rotor that would match

the torque producing winding. The force-producing winding would not

induce any current to this rotor as it does with the squirrel cage rotor.

The purpose was to eliminate electromagnetic interaction caused by the

rotor that makes the radial position control more challenging. The same

can be achieved with a wound rotor.

Salazar & Stephan (1993) and Khoo & Garvey (2005) had their machine

positioned vertically, whereas Laiho, Tammi, Orivuori, Sinervo, Zenger

& Arkkio (2009) and Chiba, Fukao & Rahman (2008) had their machine

more traditionally positioned horizontal. The basic bearingless machine

concept does not provide axial forces; therefore, either mechanical axial

bearings or some other solution must be used. Bauer & Amrhein (2011)

presented one method to magnetically produce axial bearing force in a

bearingless induction motor. Schöb & Barletta (1997) presented an idea

of using a very short machine. Having a large rotor diameter compared to

rotor length makes the machine act like a passive axial magnetic bearing.

The bearingless machine concept can be used to replace normal bearings

in supporting the machine but it can also be used as an additional active

bearing to control rotor vibrations. In the measurement test rig of Khoo

& Garvey (2005), the rotor was supported from both ends by mechanical

bearings. They were interested in demonstrating the ability to control

the radial forces that they measured from one of the bearings but their

measurements demonstrated also the ability to reduce vibration in the

machine. Chiba et al. (2006) suggested that the bearingless machine could

be used to control rotor vibrations in machines with flexible rotor shafts.

The vibration damping does not always require active control. Khoo &

Garvey (2005) showed that the vibrations were damped when their four-

pole bridge connection was short-circuited. With the short-circuit, their

machine windings resembled a winding structure with parallel paths. The

effect of parallel paths was discussed in Section 2.3.3. A four-pole ma-

chine with a short-circuited bridge connection between two parallel paths

can actually be found from (Heller & Hamata 1977) where they discuss

noise reduction in electrical machines. Chiba, Fukao & Rahman (2008)

and Laiho, Sinervo, Tammi, Arkkio & Zenger (2009) both showed that
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the passive damping could also be achieved with two windings topology

by short-circuiting the force-producing winding. More recently, Dorrell,

Shek, Mueller & Hsieh (2011) and Dorrell, Shek, Hsieh & Mueller (2011)

have also considered extra windings for passive damping of vibrations.

Comparison to current work

This work considers only the two-pole machine configuration with four-

pole force-producing extra stator winding. The machine has a normal

squirrel cage rotor and is placed horizontally. The machine is considered

for vibration suppression of a flexible rotor shaft. Both active and passive

vibration reduction are considered.

In the literature, it has been shown that the rotor vibrations can be

damped by short-circuiting the extra windings or bridge connections, but

there have not been studies stating how much passive damping is pos-

sible to achieve. It remains unclear what the limiting factors of passive

vibration suppression are with this method. Can all vibration be removed

passively and if not, why?

2.8 Active control of bearingless machine

Rotor levitation in a bearingless induction machine requires active con-

trol with the extra winding. The extra winding can be either current

driven or voltage driven. Khoo & Garvey (2005), Chiba, Fukao & Rah-

man (2008), and Laiho, Sinervo, Tammi, Arkkio & Zenger (2009) all agree

that the active control gives better vibration reduction. It does not make

much difference whether the active control is used for vibration reduction

or rotor levitation. Obviously, in levitation, the main concern is gravity,

whereas, with a rotor having mechanical bearings, it is mass unbalance,

non-symmetry in bearings, or some other external force causing the vi-

bration. Both still have to deal with strong magnetic forces caused by

eccentricity and, most likely, the levitation will not remove all mechanical

problems. The control methods are much the same.

2.8.1 PID control

Chiba, Power & Rahman (1991b) and Chiba, Power & Rahman (1991a)

presented active control measurement results from a two-phase four-pole

machine with two-phase two-pole force-producing winding and a squirrel
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cage rotor. The two-pole winding currents were controlled with proportional-

integral-derivative (PID) controllers, which are probably the most com-

mon controllers in the automation industry, via current amplifiers. The

required control current of the PID controller would be given by (2.39),

whereKP, KI, andKD are the proportional, integral, and derivative gains,

respectively. The rotor was positioned vertically and it was supported

from below with a mechanical bearing. The other end of the shaft was

free and the tilt of the rotor was controlled the machine.

ic = KPz +KI

∫
zdt+KD

d

dt
z (2.39)

Chiba, Power & Rahman (1991b) assumed that the control force, F , de-

pends linearly on the extra winding currents, iα and iβ, if the magnetizing

current Im was constant, (2.40).

 Fα

Fβ

 =
√

2MIm

 − cos(ωt) sin(ωt)

sin(ωt) cos(ωt)

 iα

iβ

 (2.40)

M is the magnetizing inductance. The equation was written in arbitrary

Cartesian coordinates with α and β denoting the coordinate system axis.

Chiba, Power & Rahman (1991b) derived this relation from the magnetic

energy, assuming linear magnetic circuit. The modulation matrix with

sines and cosines is needed since the force will not be at the same fre-

quency as the currents.

Chiba, Power & Rahman (1991b) measured the inductances between

coils but during the measurements, they replaced the rotor with one that

did not have a cage. The inductances depend on eccentricity and had to

be measured with different eccentricities. The effect of rotor cage currents

on the magnetic pull was not considered. Neither was saturation.

Chiba & Fukao (1994) considered the magnetic saturation of the iron

parts and showed with FEM computations and measurements that the

saturation limits the maximum force that can be obtained from the bear-

ingless machine. In their computation, they also considered a very high

force current, so high that the force-producing field was stronger than the

torque-producing field. They did not consider the torque produced by the

force-producing winding. Based on their results, the force versus extra-

winding current can be considered linear in practical cases.

Kobayashi et al. (2000) did experiments with a 2 kW high-speed (>

10,000 rpm) two-pole motor with four-pole extra winding. The machine
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was positioned vertically. They used the PID current control based on

(2.40) and suggested that the power required for the active control could

be harvested from the rotor motion. The idea was that the eccentricity

induces currents to the four-pole winding and it can act as a generator

while producing radial force. Their controller was damping the mechani-

cal force from mass unbalance but the main disturbance was created ar-

tificially with the same winding used for control. To generate power, the

slip of the machine had to be 5 % and maximum power generation was

obtained above 15 % slip.

Yikang & Heng (2003) proposed improvements to PID-based control by

adding feedback loops. They suggested that the realized force would be

fed back to the controller and they would have two controller stages. The

first PID would control the force and then there would be an inner loop

controlling the current of the force-producing winding. They did not do

experiments, only calculations, and did not specify how one would be able

to obtain the force information in practice.

Chiba, Fukao & Rahman (2008) used the PID control to reduce the vi-

brations of a flexible rotor shaft in a high speed machine. They tested both

the self-excitation strategy proposed in (Kobayashi et al. 2000) and a more

conventional system where extra power was supplied to the extra wind-

ing. The extra power did allow the vibrations to be reduced more. Chiba,

Akamatsu, Fukao & Azizur Rahman (2008) presented a technique that

used the PID controller output signal to calculate a better estimate for

the rotor resistance. The rotor resistance is sometimes used in the torque

and speed control of induction machines and it can vary as a function of

the load torque.

The PID control does not require a model of the system. One only has to

set the three gains so that the controller works. This raises the question of

how to choose the gains. Usually some model is needed and the gains are

chosen based on calculations with the model. Chiba, Power & Rahman

(1991b) used the measured inductances whereas Khoo & Garvey (2005)

simply stated that the gains were chosen manually. A wrong choice could

harm the machine especially if there are more dynamics involved for ex-

ample a strong mechanical resonance. Although, such machines are often

equipped with safety bearings.

2.8.2 Model-based control

Laiho et al. (2008) considered active damping of flexural rotor vibrations
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of induction machines with a low mechanical bending mode. In this case,

the mechanical resonance has to be considered in the control. The ma-

chine was a two-pole motor with four-pole extra winding and a squirrel

cage rotor. They combined a model for the rotor dynamics to a 2D finite

element model (FEM) of the machine that was used to calculate the UMP

and the force produced by the extra stator winding. They then made a

reduced lower order model from the FEM data and used that to design

model-based controllers. They used modified Linear Quadratic (LQ) opti-

mal control (Orivuori et al. 2009) and a Convergent Control (CC) harmonic

controller, that was introduced by Knospe et al. (1997) to be used in mag-

netic bearing control, and showed through simulations that the vibrations

can be reduced by this type of controllers.

Laiho, Tammi, Burakov, Arkkio & Zenger (2009) made more compar-

isons between the low order model and FEM. The combined electrome-

chanical low-order model they used was a linear time invariant (LTI)

model, which can be was written in a form of a state-space representa-

tion in (2.41) and (2.42). The state variables they used were the modal

velocity vector (for rotor bending) ξ, the modal coordinate vector (for ro-

tor bending) η, and a vector containing the four-pole currents in the extra

winding and the rotor cage i. The model gave the rotor displacement vec-

tor z as a function of the four-pole winding voltage u and an external force

on rotor Fex. The parameter matrices A, Bu, Bex, and C were identified

only for the rated operation at the steady state.

d

dt


ξ

η

i

 = A


ξ

η

i

+ Buu + BexFex (2.41)

z = C


ξ

η

i

 (2.42)

Using the voltage of the force-producing winding as the input instead

of the current is reasonable since most converters act more as a voltage

amplifier than a current amplifier. The current control method with the

PID controllers can still be used with voltage amplifiers as well. For ex-

ample, Asano et al. (2009) used a second PID control loop to control the

voltage of the force-producing winding to get the desired current and then

the normal current control to get the desired force.
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Laiho, Tammi, Orivuori, Sinervo, Zenger & Arkkio (2009) extended the

equation (2.15) by Holopainen, Tenhunen, Lantto & Arkkio (2005a) to

include the extra four-pole stator winding current (2.43).

B̂2 = B̂1

z

2δe
+ kr,2îr,2 + ks,2îs,2 (2.43)

They combined (2.43) with voltage equations for the extra winding and

for the rotor cage to obtain a second order model for the electromechanical

interaction similar to (2.16) by Holopainen, Tenhunen, Lantto & Arkkio

(2005b). The rotor cage voltage equation was written only for the four-

pole flux. A similar equivalent circuit was used by Kobayashi et al. (2000)

to study the self-excitation strategy but they also had an extra resistance

representing iron losses in the rotor. Laiho, Tammi, Orivuori, Sinervo,

Zenger & Arkkio (2009) did not include the unipolar flux or higher har-

monics and they wrote their equations in rotor frame of reference. Laiho

et al. (2010) added the effect of slot harmonics to the model with two pa-

rameters (2.25) and showed that the model fit to FEM computations.

Laiho, Sinervo, Tammi, Arkkio & Zenger (2009) did experiments with a

30 kW two-pole induction motor with four-pole force-producing winding,

the same machine is described in Section 3.1. They showed that the rotor

vibrations were dramatically reduced if not completely removed with the

control strategies presented by Laiho et al. (2008). Orivuori et al. (2012)

further analysed the properties of the controllers.

Orivuori et al. (2009) demonstrated on the same machine that the vi-

bration could be removed also at the critical frequency (37.5 Hz) caused

by the first rotor bending mode. They used a LQ controller, designed for

32 Hz, to get to the right speed then did identification measurements for

CC control, which then removed the remaining vibration. It was not men-

tioned in that paper but in (Sinervo 2008), that the LQ controller reduced

vibration at higher rotation frequencies as well and allowed the machine

to be operated up to the rated point (50 Hz, 0.7 T), keeping the vibrations

just within the safety limits.

Laiho, Sinervo, Tammi, Arkkio & Zenger (2009) used the prediction er-

ror method (PEM) to obtain the model parameters for the controller. The

method requires only input-output data, preferably measured with white-

noise signal, and builds an LTI model of desired order. This identifica-

tion method is quite common but there are other methods. Tenhunen,

Holopainen & Arkkio (2003b) and Tenhunen (2005) used impulse signals

to identify their electromechanical model. Holopainen, Tenhunen, Lantto
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& Arkkio (2005b) identified their model parameters by minimizing the

error in calculated frequency response.

Comparison to current work

This work is a continuation of the work by Laiho (2009) with the same

30 kW test machine; although, it has been upgraded with unipolar coils,

displacement measurements on both sides of the machine, better calibra-

tion, and the addition of a load machine. Laiho, Sinervo, Tammi, Arkkio

& Zenger (2009) and Orivuori et al. (2009) were able to remove the rotor

vibration only at the same fixed rotation speed and at the same two-pole

flux that their identification measurements were done. Their controllers

did keep the machine stable when rotation speed and two-pole flux den-

sity were increased but the vibration was high and there actually was no

theoretical basis for the LQ controller to work since it was designed for 32

Hz only. The control was only done at no-load. The force from higher har-

monics derived in (Laiho et al. 2010) was not implemented in the actual

control or model of the test machine. The dynamics of the magnetic force

as a function of the machine operation have also not been studied.

2.9 Conclusion of the literature review

Based on the review, it has not been extensively studied how much the

slot harmonics and the unipolar flux affect the UMP of the two-pole in-

duction machines. In basic machines, the four-pole eccentricity harmonic

can overshadow the other harmonics. However, in machines with parallel

branches or stator damper windings the slot harmonics and the unipolar

flux can become the main source of UMP.

The slot harmonics and the unipolar flux have not been used in the con-

trol of actual bearingless induction machines. There does not exist a para-

metric model for the bearingless two-pole induction machine that could be

used to calculate a useful control model for all operation points.
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3. Measurement Setup and Methods

This chapter gives a detailed description of the test machine and the test

set-up, describes the calibration methods required, and explains the dif-

ferent models and measurement techniques used. The test set-up has

been presented in the publications but the information is still collected

here. The calibration was a very important part of the measurements and

it has not been presented in the publications.

3.1 Devices and connections

The machine considered had a two-pole winding for the torque produc-

tion and magnetization, and a four-pole winding for controlling the radial

forces. The rotor was a standard cage rotor with closed and skewed rotor

slots. The rotor had a long flexible shaft supported by external bearings.

The main idea of the system was to measure the rotor displacement from

the shaft and use it to calculate the four-pole winding voltage that would

counter all external forces on the rotor. Figure 3.1 shows the test layout

and Fig. 3.2 the control system.

Figure 3.1. Test set-up. [PI]
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Figure 3.2. Control system for the four-pole winding control. [PII modified]

The test machine was built from a standard 30 kW two-pole cage induc-

tion machine. The rated values of the machine are shown in Table 3.1. A

second identical machine was used to produce the load torque. The load

machine was supplied from a frequency converter but the test machine

was supplied from a synchronous generator driven by a DC-motor con-

nected to the grid via a thyristor bridge. The generator supply produced

sinusoidal voltage and allowed to control the frequency and amplitude

separately.

Table 3.1. Rated values of the test machine before modification

Power 30 kW

Stator voltage 400 V

Supply frequency 50 Hz

Rotation speed 2970 rpm

The windings of the test machine were re-designed to have the two-pole

winding occupy only 90 % of the cross-sectional area of each slot. The

remaining 10 % was used for the four-pole winding for force production.

Each phase of the four-pole winding was supplied with a single-phase ana-

log amplifier controlled by a computer. The amplifiers were able to give

±100 V. Figure 3.3 shows the windings in the machine cross-section. The

cross-section dimensions are in Table 3.2. Two phase search coils for the

two- and four-pole fluxes were also wound to the stator.

In addition to the two- and four-pole windings and coils, the machine

was fitted with a unipolar winding and search coil. The search coil was

shown already in Publication I, the actuator was described in Publications

III and VI. The actuator consisted of two coils wound around the shaft into
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Figure 3.3. Winding configuration. The letters U, V, and W denote the slots containing
the two-pole winding phases. The letters A, B, and C denote the four-pole
winding. [PI]

Table 3.2. Test machine cross-section dimensions

Number of stator slots 36

Number of rotor slots 28

Stator outer radius 321 mm

Stator inner radius 190 mm

Air-gap length 1 mm

Rotor outer radius 188 mm

Rotor inner radius 70 mm

Core length 180 mm

the end shields. The coils were glued to the shield and did not touch the

shaft. Figures are shown in Publications III and VI.

The unipolar actuator coils had 38 turns in each end shield and the coils

were connected in series, both pushing the flux into the rotor via the shaft

or pulling it out. The actuator was supplied from a power amplifier, not

shown in Fig. 3.2, like the phases of the four-pole actuator. The unipolar

search coil was only placed on the non-drive side assuming that the flux

would be equal in both shields. It had 2364 turns. It was designed to give

100 mV voltage for 1 mT air-gap unipolar flux alternating at 0.125 Hz.

There was not enough space inside the end shield to make a larger search

coil.

The rotor shaft was 1200 mm long, i.e. the distance between the bearing

centre points, and 49 mm in diameter. The shaft diameter was chosen to

be thinner than the original to increase flexibility and to bring the first

bending mode to the operation range. The rotor weighted 55.8 kg with

the shaft. The rotor shaft was not straight. The shaft was concluded to be
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a parabola at the drive end and a spiral at the non-drive end. This was

due to manufacturing failure and caused some inconvenience but not a

serious problem.

The shaft was supported by a pair of self-aligning ball bearings. This

had two advantages. First, the bearings did not have to face each other

perfectly, which made the rotor centring easier, see 3.2.2. Second, since

the rotor shaft did not have to be perpendicular to the bearing, the bear-

ings did not prevent the rotor bending. The coupling between the test

machine and load machine allowed misalignment of the two shafts and

prevented radial forces from traveling from one machine to the other.

The original bearings of the test machine were replaced with touch-down

safety bearings with 0.5 mm clearance.

The rotor displacement was measured at the shaft with eddy-current

sensors from Bentley-Nevada. Four sensors in total were used to measure

displacement in horizontal and vertical directions from both ends of the

machine. The gap between the sensor and the shaft was 0.6–0.7 mm when

the rotor was at rest. The maximum displacements experienced were less

than 0.45 mm. The operating voltage for the sensors was taken from

batteries since early tests with DC-supply had problems with noise and

ground loops.

The voltage from the eddy-current sensors, search coils, and over shunt

resistors that were used to measure all actuator currents, were taken to

the computer via an analog-to-digital card using dSPACE real-time inter-

face. The voltage from the eddy-current sensors and the two-pole search

coil had to be reduced with an electric circuit since the voltage to the card

input had to be between ±10 V. The card had digital-to-analog outputs,

also ±10 V, that were used to control the amplifiers driving the actuator

coils, four-pole and unipolar.

3.2 Calibration

Before conducting any measurements, several calibrations needed to be

done.

3.2.1 Actual rotor movement

The rotor position was measured from the shaft outside the machine.

Since the rotor displacement is caused by bending under the forces affect-
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ing the rotor core, the core moves more than the shaft at the measurement

points. The position of the rotor core is needed when calculating eccentric-

ity and magnetic forces. Thus, a series of measurements were conducted

to find the real position of the rotor core as a function of the shaft bending

at the measurements points.

After the height of the bearings was calibrated and the measurement

points fixed, the end shields of the machine were opened and the stator

slid aside to reveal the rotor core. An additional measurement point was

set on the shaft next to the rotor core. The eddy-current sensors did not

perform well on the rotor-core surface. Distances from the bearing were

measured for the fixed measurement point and for the temporary mea-

surement point close to the core. A mechanical force was then manually

applied on the rotor core and on two other points on the shaft, shown in

Fig. 3.4. Figure 3.5 show the corresponding photo. The procedure was

repeated for the other side.

Figure 3.4. Rotor core movement measurement. The distances are in millimetres. The
place of the displacement measurement was altered and the other two posi-
tions are given in brackets.

The rotor was assumed to bend like a parabolic curve when force was

applied to the core. The parameters of the curve could be obtained from

the measurements. The dependence between the actual rotor position and

measured rotor position was calculated from the parabolic curve. This

gave scaling factors for the measurements on each side. The gains were

1.32 for the drive end and 1.45 for the non-drive end. The non-drive end

measurement was 16 cm further away from the rotor core than the drive
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Figure 3.5. Photo of the rotor core movement measurements. The end shield did not
touch the shaft anywhere. One pair of eddy-current sensors is between the
rotor core and the shield, one below the shaft and the other behind the shaft
in this picture. The other pair is fixed to the aluminium support rack.

end measurement because of the cooling fan. The forces were applied to

various directions and the rotor was rotated by hand to avoid possible

direction preference.

The rotation revealed that the drive-end side of the shaft was moving

with about 10 µm larger radius than the other side. This inclined eccen-

tricity was considered so small that it was neglected. The two sides were

also showing almost a 90-degree direction difference due to the non-drive

side of the shaft being shaped like a spiral. Since the two sides gave differ-

ent eccentricity and to different directions, the unforced rotor movement

was calculated from a mechanical model, see Section 3.3.2.

When the shaft was rotated, the eddy-current sensors picked up not

only the movement of the shaft but also the small deviations on the shaft

surface, Fig 3.6. After putting the machine back together, the rotor move-

ment with the surface deviations were recorded as a function of the rotor

angle with the rotor rotating slowly. These were used in post-processing to
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Figure 3.6. Eddy-current sensor readings when rotor was rotated slowly.
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calculate how much the rotor bends under forces. The surface deviations

also allowed the angle between the horizontal and vertical measurements

to be precisely calculated and corrected. The angles between the sensors

on the opposite ends of the rotor shaft were calibrated using the measure-

ments where manual force was applied on the rotor.

3.2.2 Centring

The most difficult and the most time-consuming part of building the mea-

surement set-up was aligning the bearings, since this was done manually.

The rotor centring was done in two steps. First, the bearings were fixed

to the right height and straight with respect to the test bed. After the

measurements described in Section 3.2.1, the final centring was done by

moving the stator.

A rough positioning of the bearings and stator was done using a feeler

gauge to measure the gaps between the shaft and the safety bearings. For

more accurate centring, the stator two-pole winding was supplied with

DC voltage, one phase at a time, so that the rotor was pulled to the safety

bearing. When the rotor was rotated mechanically with DC flux, it rolled

around the safety bearing. The rotation was first done by hand but it was

later found to be easier to use the load machine. The safety bearing drew a

circle when the displacement measurement were plotted in the XY-plane,

Fig. 3.7. The bearing misalignments were calculated as the difference

between the displacement centre points with and without the load.

Figure 3.7. Measured shaft displacement from the drive end side before centring. By ro-
tating the shaft with high DC two-pole flux, the rotor rolls around the safety
bearing. The rotor centre point is in origin and should be moved to the centre
of the large circle.
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During final centring, displacement sensors were attached to the stator

and the rotor was locked. This allowed the stator movement to be mea-

sured while it was being moved with hammer strikes. The misalignment

measurements had to be iterated several times but in the end, the static

eccentricity was reduced to about 10 µm. The position sensors were re-

calibrated after centring to have the rotor whirl around the origin of the

measurement coordinates.

3.2.3 Coordinate system

Many of the methods used in this work required measuring the direction

of the magnetic flux components and direction of the rotor displacement.

Obviously, these had to be in the same coordinate system. The coordi-

nate system was fixed to the displacement measurement frame; thus, the

orientation of the different windings and coils had to be determined with

respect the rotor displacement measurement.

From the design of the machine, it was known which coil is supposed to

be in which slot but the orientation of the stator was not initially known.

The phase order of the four-pole winding with respect to the two-pole

winding was also initially unknown. The orientation of the stator was ob-

tained from the measurements with DC two-pole flux. When the supply

voltage was increased, the rotor pulled towards the maximum flux den-

sity indicating the direction of the flux. The phase order of the four-pole

winding was confirmed by producing DC force with the winding while the

machine was running.

3.3 Measurement techniques

There were basically three types of measurements done during this work:

mechanical identification measurements done without a magnetic fields

or power in the test machine; measurements where the four-pole wind-

ing was open or short-circuited; and measurements where the four-pole

winding was supplied with voltage. Each of these is described in its own

subsections but first there are some practical methods that were used in

all measurements.
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3.3.1 Data processing

The CPU, used for the active control and data acquisition, allowed com-

plex mathematic operations to be done online. The sampling frequency

of the system was 5 kHz but the data was downsampled to 1 kHz. The

dSPACE system allowed the codes to be written in MATLAB Simulink.

During the calibration measurements, it was noticed that the displace-

ment sensors were not at a 90-degree angle to each other. The detailed

pattern in Fig. 3.6 did not show 90 degree-phase shift and the safety

bearing in Fig. 3.7 appeared to be an ellipse rather than a circle. The

angles were numerically corrected in the software prior to recording data

and fixed to the direction of the vertical sensor on the drive-end side.

Since the rotor shaft was a spiral, it was decided not to try to control

the rotor perfectly into the stator center but to prevent it from bending

under the magnetic and mechanical forces. To do this, the rotor displace-

ment caused by the shaft deformation had to be subtracted from the mea-

sured displacement. In post-processing, this was done by interpolating

the curves in Fig. 3.6. For online subtraction, the curves were developed

into harmonic components and the four lowest ones were used to recon-

struct the curves online.

The four-pole winding had three separate phases but the phase volt-

ages were forced to be symmetric. Thus, the control voltage had only two

degrees of freedom. The real and imaginary parts of the voltage space

vector were used to define the voltage. The active controllers and their

identification methods required the use of different rotating coordinates,

see Section 3.4.1. The coordinate changes were done by modulating input

and output signals with the measured two-pole flux angle and the rotor

angle and their multiples.

During post-processing, the flux densities were integrated from the search

coil voltages. The integration was done using the discrete Fourier-trans-

formation. The same method was used to filter wanted and unwanted

frequencies from the signals. Since the unipolar flux had a very low fre-

quency, the integration and a small bias voltage caused a trend. The trend

was removed by fitting

B0,m = a1 cos(ϕ1 − θr) + a2 sin(ϕ1 − θr) + a3t+ a4 (3.1)

to the measurements, where ϕ1 is the two-pole field angle and θr the rotor

angle, and by subtracting the last two terms.
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B0 = B0,m − a3t− a4 (3.2)

3.3.2 Mechanical modelling

The mechanical model used in this work is given in (3.3). It describes how

the rotor bends under mechanical excitation force Fm and electromagnetic

force F e.

m
d2

dt2
zb + d

d

dt
zb + kmzb = Fm + F e (3.3)

More than one method was tested for obtaining the mechanical model

parameters damping d and stiffness km. The rotor mass m was assumed

to be known. The first natural frequency of the rotor was between 36.9

Hz and 37.7 Hz and the damping very low with all of the methods. The

second mode of the rotor was just above 200 Hz and caused only inclined

eccentricity, (Laiho, Sinervo, Tammi, Arkkio & Zenger 2009). This mode

was traced back to the bearing supports. The modelling was limited to

frequencies below 200 Hz since no higher frequencies were needed for the

radial position control of the rotor.

Table 3.3. Mechanical model parameters

m [kg] d [kg/s] km [N/m] Critical freq. [Hz]

55.8 144 3.04 ∗ 106 37.2

The best method for modelling the mechanics was presented in Publica-

tion IV. The parameters of that model are shown in Table 3.3. The rotor

was rotated with the load machine while the test machine was discon-

nected. The rotor bending and the bending direction were measured as

a function of rotor angle at various rotation speeds. The measured shaft

deformation, Fig. 3.6, was subtracted from the measured displacement

to get the actual bending. This also removes the effects of possible static

eccentricity and some other systematic error.

The rotor movement was assumed to be a sum of the displacements from

rotor bending zb and the originally deformed shaft rotating zd, (3.4).

z = zb + zd (3.4)

The deformation caused some initial eccentricity and its the direction was

tied to the rotor angle (3.5).
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zd = z0e
jθr (3.5)

In Publication IV, rotor angle was assumed to be zero in the direction of

the deformation. Here, we will not make the same assumption and z0 is

complex valued to include the direction information.

The mechanical excitation force caused by the mass unbalance due to

the initial eccentricity is (3.6).

Fm = mω2
r z0e

jθr (3.6)

Now, by keeping rotor mass fixed, the damping and stiffness can be solved

along with the initial eccentricity and its direction with respect to the

predefined zero angle of the rotor. Figure 3.8 shows the model fit. In

Publication IV, there is a picture of the amplitude fit only.
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Figure 3.8. Mechanical model fit to measurements. The solid lines in (a) are rotor bend-
ing, zb, calculated from the model assuming that the mechanical force grows
to the second power of rotation speed. The crosses are measured points. Fig-
ure (a) shows both normal and tangential components with respect to the
direction of the original unbalance, i.e. in the dotted coordinates illustrated
in (b).

3.3.3 General force measurements

The machine was first run as a regular two-pole motor by having the four-

pole winding open. The voltage induced to the four-pole winding was mea-

sured and compared to the four-pole search coil measurement to verify

the angles between the coils and the numbers of turns. Due to the flexible

shaft, the machine was very unstable and unable to run with the two-pole

flux density higher than 0.4 T without touching the safety bearing. These

tests were done with rotation frequencies between 8.3 and 22 Hz.
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Most of the measurements were done with the four-pole winding short-

circuited. The induced currents to the four-pole winding produced passive

damping of the UMP and allowed the machine to be run at the rated 0.7

T flux up to 16 Hz and with 0.4 T up to 30 Hz. The highest rotation

frequency used without active control was 32 Hz with 0.33 T flux density.

The four-pole winding was short-circuited by the amplifiers by having the

control voltage zero. Short-circuiting the winding directly did not change

anything; thus, the amplifiers did not produce any additional dynamics.

A measurement here means recording of all the available variables as

a function of time. The rotor vibration amplitude varies periodically with

the slip frequency or double slip frequency. The measurement length was

chosen to contain at least one full slip period and to be a minimum of

60 seconds. The measurements were taken at various rotation speeds,

two-pole flux densities, and load torques.

With low loads, measurements had to be taken in several parts since the

maximum measurement time was 400 seconds. At no-load with relatively

high flux density, the hysteresis torque was strong enough to counter the

torque from friction and the slip was exactly zero. In those operation

points, measurements were taken at different slip angles. The slip angle

is the difference between the two-pole flux angle and the rotor angle. If

the slip is zero, the angle is constant.

The slip period recordings were used to calculate the magnetic forces

as a function of the slip angle. The main purpose of the measurements

was, however, to record the force and the rotor displacement caused by

the mechanical unbalance so that it can be removed from measurements

where active force is produced with the four-pole winding, Fig. 3.9. It was
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Figure 3.9. Horizontal rotor displacement in identification measurement. The displace-
ment caused by the mechanical unbalance (disturbance) was calculated from
a measurement where four-pole voltage was zero. The difference between
this curve and the measured curve gives the rotor displacement response to
the four-pole voltage. [PV]
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assumed that the total rotor movement could be defined as a sum of the

movement caused by the mechanical unbalance and movement resulting

from the supplied four-pole voltage.

If the slip is zero, it is easy to calculate the displacement caused by the

mechanical unbalance, since it is a periodic function of the rotor angle.

This method was used in Publication II and it is basically the same as

was used for the shaft distortion in Section 3.3.1. If the slip is not zero,

the rotor displacement, and all of the other variables, depend also on the

slip angle. The variables are not periodic but do form a periodic surface

that can be presented as a matrix. The interpolation can be performed

from this surface as a function of the two angles, Fig. 3.10.

(a) Rotor orbits (b) Horizontal component

Figure 3.10. Rotor displacement caused by mass unbalance. (a) The rotor displacement
orbits change as the slip angle grows in time. (b) Rotor displacement is a
function of the slip angle and rotor angle and can be presented as a surface.

3.3.4 Unipolar flux control

Most of the measurements with the unipolar actuator were conducted

with the four-pole winding short-circuited. Only a quick test was done

with the four-pole winding open to prove that the unipolar actuator could

produce a noticeable effect even without the passive damping by the four-

pole winding. Effects of the unipolar flux were also tested when the four-

pole active control was applied.

The unipolar actuator was basically supplied with either DC voltage or

with sinusoidal voltage at slip frequency. The slip frequency voltage was

generated as a cosine of the difference between measured two-pole flux

angle and measured rotor angle. The amplitudes and phases were altered

manually via computer during run. More broadband signals were tested

but those yield no mentionable results.
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3.3.5 Identification measurements

In most of the measurements conducted, the four-pole winding was sup-

plied with some voltage. The measurements were designed to reveal the

control dynamics, the rotor displacement as a function of four-pole wind-

ing voltage. The main purpose was to identify the parameters for the the-

oretical model structures and to discover how the parameters depend on

the operation point of the machine. Some control algorithms were tested

too.

To get only the dynamic response to the control voltage, the parameter-

ized surfaces described in Section 3.3.3 and illustrated in Fig. 3.10 were

used to remove the rotor displacement, four-pole current, and four-pole

voltage originating from the mass unbalance. At some of the highest fre-

quencies and flux densities, vibration levels were too high for the four-pole

winding to be supplied with a desired voltage waveform. In these cases,

the vibration was reduced with open control, adding a vibration-reducing

component to the identification voltage. This assumes linearity and the

validity of this method was confirmed with a lower two-pole flux density

at which both voltage components could also be supplied separately.

Two different coordinate systems were used in the measurements. The

four-pole winding produced static force when supplied with voltage at the

two-pole winding supply frequency. To have the input voltage and the re-

sponse rotor displacement at the same frequency, the control voltage had

to be modulated with the two-pole supply frequency. This is equivalent to

presenting the four-pole voltage in a coordinate system that rotates with

half the speed of the two-pole field. This coordinate system was called

k-coordinates in Publication II.

The other coordinate system used was the field coordinates where the

frame of reference was rotating with the two-pole flux. This meant that

the control voltage was modulated with double two-pole supply frequency.

The modulation was done online using the measured two-pole field angle.

Rotor coordinates, used for example by Holopainen, Tenhunen, Lantto &

Arkkio (2005a) and Laiho, Tammi, Orivuori, Sinervo, Zenger & Arkkio

(2009), were also considered but they were not found useful.

Basically, two different types of voltage signals were used for the iden-

tification, a pseudo-random and a frequency sweep signal. The impulse

method, used by Tenhunen (2005), was not used since the response faded

too quickly and the output signal, i.e. rotor movement, was limited. To ob-
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tain a good signal-to-noise ratio, the rotor needed to be moved for several

tens of seconds.

The frequency band of the controller was designed to be less than 200

Hz. Thus the pseudo-random signal used was band-limited to 200 Hz.

Figure 3.11 shows an example of the signal in both time and frequency do-

main. A uniformly distributed pseudo-random sequence could have been

used as well. The signal was applied to the real and imaginary parts of

the four-pole control voltage vector, both simultaneously and separately.

The actual band was, therefore, ±200 Hz.
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Figure 3.11. Band-limited white noise, the pseudo random signal used in measurements.

When measuring rotor displacement in stator coordinates, the higher

harmonics and unipolar flux term in (3.12) caused two additional vibra-

tion frequencies to appear for every four-pole voltage frequency, Fig. 3.12.

Except if the four-pole winding was supplied with DC voltage. Then, the

two rotor vibration frequencies would both be at the two-pole supply fre-

quency. The rotor vibration frequencies are f1 + f2 and f1 − f2, where f1
and f2 are the two- and four-pole supply frequencies, respectively.
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Figure 3.12. Rotor vibration spectrum with and without a 21 Hz forward rotating (in sta-
tor coordinates, 6 Hz in k-coordinates) four-pole voltage vector. The two-pole
magnetic field rotates at 15 Hz and slip is small. The one control frequency
excites two rotor vibration frequencies, 6 Hz and 24 Hz. [PII modified]
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The two-vibration frequencies caused by the four-pole voltage frequency

are both important since they contain different information about the sys-

tem. If the supplied four-pole voltage contains several frequencies, this

will lead to two groups of rotor vibration frequencies. If those groups over-

lap, it will be impossible to separate them. To prevent the aliasing caused

by the possible overlap, narrow band signals were used. The easiest way

to make a signal with almost uniform frequency content in some specific

interval is with a sine sweep, also called a chirp signal, used for example

by Siddiqi (2001).

The complex valued equivalent for a sine sweep is a complex exponent

sweep (3.7) where rotation frequency is linearly increased from ωc,1 to ωc,2

in time span T .

ûc = ûej(ωc,1+(ωc,2−ωc,1)
t
T )t (3.7)

The amplitude of the sweep û does not have to be constant. The amplitude

was reduced stepwise at resonance frequencies and increased after them.

This did not seem to cause any significant error in the frequency response,

Fig. 3.13. Frequency responses for the two rotor vibration components,

marked in Fig. 3.13(b) as Ak and Bk, were measured in 6 to 10 pieces and

then combined into two complete responses.
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Figure 3.13. Complex exponent sweep can be used to produce a very narrow banded in-
put signal (a) (in k-coordinates). The rotor displacement response shows
two output frequencies (b). [PV]

When the rotor displacement and four-pole voltage are presented in field

coordinates, the origin in both Fig. 3.13(a) and Fig. 3.13(b) shifts 25 Hz

to the right. Then, the absolute values of both rotor vibration frequen-

cies equal the absolute value of the four-pole voltage frequency and the

aliasing problem disappears. The control system becomes linear time-

invariant but only as a two-input two-output real-valued system where
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equations are written for the real and imaginary parts separately. This is

explained with equations in Section 3.4.1.

The band-limited white noise signal, Fig. 3.11, was used to identify

the two input two output real valued system using standard LTI meth-

ods. The prediction error method (PEM) algorithm found on MATLAB

was used in this work. It compares the discrete time series of input and

output to fit a model of defined order. The model was transformed into

a 2-by-2 transfer-function matrix where each of the matrix elements has

the same denominator.

3.3.6 Control algorithms

The rotor vibrations were controlled with a convergent control (CC) algo-

rithm introduced by Knospe et al. (1997) and further developed by Tammi

(2007). The algorithm is illustrated in Fig. 3.14. CC is a harmonic con-

troller designed to suppress a single vibration frequency. The measured

displacement is first modulated to a coordinate system where the known

vibration frequency is zero. The algorithm then uses an inverse of the

frequency response function of the system to calculate the voltage that

would cancel the vibration. This voltage is multiplied with tuning param-

eter α, which should be smaller than the time step used, and integrated

(summed) to take small steps in the right direction. The voltage is then

converted back to the original coordinates.

Figure 3.14. Diagram of the Convergent Control. The Z in the figure means a delay of
one time step. The notation comes from Z-transformation used in digital
control (Gobal 2008). [PVII modified]

To remove more than one vibration frequency, several CC algorithms

were used in parallel. There were four vibration frequencies and static

eccentricity (0 Hz) that were removed with the CC, Fig. 3.15. The mea-

sured two-pole flux angle ϕ1 and measured rotor angle θr were used for the
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modulations. CC control does not require a full model of the system, only

the frequency response values at certain frequencies, but it cannot stabi-

lize an unstable system. To ensure stability, the CC control was meant

to be used in parallel with state feedback control that does require a full

model (Orivuori et al. 2012).
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Figure 3.15. Five CC controllers were used parallel. The figure shows the reference an-
gles used for the coordinate transformations and the angle frequencies at
which the frequency responses were evaluated. [PVII modified]

3.4 Model derivation

Much of this work is about finding a low order model that describes rotor

displacement as a function of four-pole voltage. This section derives the

models used and defines the transfer functions needed to understand the

results of this work.

3.4.1 Basic equations derived from literature

The voltage equations for the four-pole extra stator winding and equiva-

lent four-pole rotor circuit are (3.8) and (3.9), which have been written in a

reference frame rotating at the angular frequency ωi. The stator equation

contains in addition to the resistance Rs,2 and leakage inductance Lσ,s,2,

the number of turns Ns,2 and an area for the winding As,2, whereas the

rotor equation has only resistance and inductance. Since the rotor cur-

rents are not measured and the equivalent circuit is short-circuited, the

equation can be divided with whatever would be multiplying the four-pole

flux density B̂2 in (3.9).
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ûis,2 = Rs,2î
i
s,2 + Lσ,s,2

(
j2ωi +

d

dt

)
î
i
s,2

+As,2Ns,2

(
j2ωi +

d

dt

)
B̂

i
2 (3.8)

0 = Rr,2î
i
r,2 + Lσ,r,2

(
j2 (ωi − ωr) +

d

dt

)
î
i
s,2

+

(
j2 (ωi − ωr) +

d

dt

)
B̂

i
2 (3.9)

From a control and identification point of view, it would be convenient

if the control voltage would make the rotor move at the same frequency

as the control input. This can be achieved if the two-pole flux rotates at

constant angular speed ω1 and has constant amplitude B̂1. The electric

quantities related to the four-pole flux were presented in coordinate sys-

tem k that rotates at haft the speed of the two-pole flux ωi = ω1/2. The

force and rotor displacement in the stator frame of reference, superscript

s, will then respond at the same frequency as the control signal in the new

coordinates (3.10).

F s
e,2 = CFB̂

s ∗
1 B̂

s
2 = CFB̂1B̂

s
2e
−jω1t = CFB̂1B̂

k
2 (3.10)

This corresponds to the frequency modulation presented in (Chiba, Power

& Rahman 1991b). The four-pole flux density in the new coordinates is

given by (3.11).

B̂
k
2 = B̂1

zs

2δe
+ kr,2î

k
r,2 + ks,2î

k
s,2 (3.11)

The total electromagnetic force should include the slot harmonics and

unipolar flux as was discussed in Section 2.6. By combining (2.37) and

(2.38) with (2.25) and (3.10), the total electromagnetic force was written as

(3.12). Since the air-gap flux is mainly supplied by the two-pole winding,

it can be assumed that higher harmonics are proportional to the two-pole

flux. If not, then ch1 and ch2 will depend at least on the two-pole flux.

F s
e = CFB̂1B̂

k
2 + ch1B̂

2
1z

s + ch2B̂
2
1z

s ∗ej2ω1t (3.12)

Due to the slot harmonics and unipolar flux, a control voltage frequency

no longer excites only one rotor vibration frequency but two frequencies.

Despite the ej2ω1t term in (3.12), the system is not time-periodic in the

sense that advanced time-periodic methods like the Floquet theory, used
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for example by Yang et al. (2004), would be needed. The system can be

identified using standard LTI tools if the identification input signals are

band limited in a way that the two response vibration bands do not over-

lap as was explained in Section 3.3.5.

The control model can also be written into a pure LTI system if all equa-

tions are written in the two-pole flux frame of reference ωi = ω1. The

electromagnetic force in the field coordinates f is (3.13) and the four-pole

flux is (3.14).

F f
e = CFB̂1B̂

f
2 + ch1B̂

2
1z

f + ch2B̂
2
1z

f ∗ (3.13)

B̂
f
2 = B̂1

zf

2δe
+ kr,2î

f
r,2 + ks,2î

f
s,2 (3.14)

The mechanical model for the rotor, (3.3) presented in Section 3.3.2, must

also be converted to the field coordinates, which gives (3.15).

m
d2

dt2
zfb + (j2ω1m+ d)

d

dt
zfb +(

−ω2
1m+ jω1d+ km

)
zfb = F f

m + F f
e (3.15)

Using (3.13) and (3.14) to combine the voltage equations (3.8) and (3.9)

to the mechanical equation (3.15), forms a fourth-order linear complex-

valued differential equation system. The only problem is the complex

conjugate in (3.13) which does not fit to the classical control engineering

theory. The problem is solved by writing the equations for the real and

imaginary parts separately.

3.4.2 Parametric control model

The higher harmonics of the air-gap magnetic flux density and the unipo-

lar flux produce magnetic force on the rotor that does not depend on the

four-pole control voltage directly. Therefore, in Publication II, the higher

harmonics were added to the mechanical part of the model and this part

was studied separately from the electromagnetic part. The mechanical

part of the model (3.16) was obtained by combining (3.12) with the me-

chanical model (3.3) from Section 3.3.2.

m
d2

dt2
zb + d

d

dt
zb + kmzb = Fm + CFB̂1B̂

k
2 + ch1B̂

2
1z + ch2B̂

2
1z
∗ej2ω1t (3.16)

The last two terms represent the force from the higher harmonics.
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The electrical part of the model is an equation for the four-pole flux as

a function of the control voltage and the rotor displacement. It was de-

rived by solving the currents from the voltage equations (3.8) and (3.9)

and substituting them into the equation for the four-pole flux (3.11). Us-

ing Laplace transformation, the currents will be (3.17) and (3.18).

î
k
s,2(s) =

ûks,2(s)−As,2Ns,2 (jω1 + s) B̂
k
2(s)

Rs,2 + Lσ,s,2 (jω1 + s)
(3.17)

î
k
r,2(s) = − (j (ω1 − 2ωr) + s) B̂

k
2(s)

Rr,2 + Lσ,r,2 (j (ω1 − 2ωr) + s)
(3.18)

The equation for the four-pole flux is then (3.19), which is a second order

model resembling (2.13) by Arkkio et al. (2000). The difference is that

instead of rotor equivalent circuits for p − 1 and p + 1 fluxes, the model

is composed of p + 1 equivalent circuits for the stator and rotor and the

stator circuit can be controlled with a voltage.

(
1 + kr,2

(j (ω1 − 2ωr) + s)

Rr,2 + Lσ,r,2 (j (ω1 − 2ωr) + s)

ks,2
As,2Ns,2 (jω1 + s)

Rs,2 + Lσ,s,2 (jω1 + s)

)
B̂

k
2(s) =

B̂1
z(s)

2δe
+ ks,2

ûks,2(s)

Rs,2 + Lσ,s,2 (jω1 + s)
(3.19)

The electrical part of the model (3.19) is combined with the modified

mechanical model (3.16) to form a full control model (3.20) for the radial

rotor displacement as a function of the four-pole stator voltage, the control

voltage.

(
d2

dt2
+ (x1 + j2 (ω−ωr))

d

dt
+ x2 − ω2

1 + 2ω1ωr +

jω1x1 − j2ωrx3

)(
d2

dt2
+ d′

d

dt
+ k′

)
z′ =

x4B̂
2
1

(
d

dt
+

1

τs
+ jω1

)(
d

dt
+

1

τr
+ jω1 − j2ωr

)
z′ +

x5B̂1

(
d

dt
+

1

τr
+ jω1 − j2ωr

)
ûks,2 +

x6B̂
2
1

(
d2

dt2
+ (x1 + j2 (ω−ωr))

d

dt
+ x2 − ω2

1 + 2ω1ωr +

jω1x1 − j2ωrx3

)(
z′
∗
ej2ω1t

)
(3.20)
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The mechanical force Fm is set to zero and the rotor shaft deformation is

ignored. Their effects were taken into account with measurement tech-

niques presented in Section 3.3.5. Therefore, the rotor displacement has

been marked with z′, which is only the displacement caused by the non-

zero four-pole voltage.

Equation (3.20) has been written in the form where it has the least num-

ber of identifiable parameters, ten in total. The two-pole flux angular ro-

tation speed ω1, rotor angular rotation speed ωr, and two-pole flux density

B̂1 are assumed to be known constants that define the operation point.

The parameters are defined below:

x1 =
Rs,2Lσ,r,2 +Rr,2Lσ,s,2 + ks,2As,2Ns,2Rr,2 + kr,2Rs,2

Lσ,r,2Lσ,s,2 + ks,2As,2Ns,2Lσ,r,2 + kr,2Lσ,s,2
(3.21)

x2 =
Rr,2Rs,2

Lσ,r,2Lσ,s,2 + ks,2As,2Ns,2Lσ,r,2 + kr,2Lσ,s,2
(3.22)

x3 =
Rs,2Lσ,r,2 + kr,2Rs,2

Lσ,r,2Lσ,s,2 + ks,2As,2Ns,2Lσ,r,2 + kr,2Lσ,s,2
(3.23)

x4 =
CF

2δem

Lσ,r,2Lσ,s,2
Lσ,r,2Lσ,s,2 + ks,2As,2Ns,2Lσ,r,2 + kr,2Lσ,s,2

(3.24)

x5 =
CF

m

ks,2Lσ,r,2
Lσ,r,2Lσ,s,2 + ks,2As,2Ns,2Lσ,r,2 + kr,2Lσ,s,2

(3.25)

x6 =
ch2
m

(3.26)

τr =
Lσ,r,2
Rr,2

(3.27)

τs =
Lσ,s,2
Rs,2

(3.28)

d′ =
d

m
(3.29)

k′ =
km − ch1B̂2

1

m
(3.30)

One of the parameters, k′, depends on the square of the two-pole flux

density. The parameters k′ and x6 might also have some other operation

point dependencies since ch1 and ch2 could depend on the flux density and

slip.

3.4.3 Model simplifications

If the parametric model (3.20) is simplified, it will be of fourth order and

will have the structure of (3.31).
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(
d4

dt4
+ a3

d3

dt3
+ a2

d2

dt2
+ a1

d

dt
+ a0

)
z′ =

(
b1

d

dt
+ b0

)
ûks,2

+

(
h2

d2

dt2
+ h1

d

dt
+ h0

)(
z′
∗
ej2ω1t

)
(3.31)

The model (3.31) was used in Publication V to show that the model struc-

ture could describe the test machine behaviour. It has 18 real valued

parameters, 9 real parts and 9 imaginary parts. Some of these parame-

ters can be relatively easily derived and fixed from (3.20) and the number

of independent variables was dropped to 13 to get (3.32).

(
d4

dt4
+ (a3,re + j2 (ω1 − ωr))

d3

dt3
+ a2

d2

dt2
+ a1

d
dt + a0

)
z′ =(

b1,re
d
dt + b0,re + jb1,re (ω1 − 2ωr)

)
ûks,2 +(

h2,re
d2

dt2
+ (h1,re + j2h2,re (ω1 − ωr))

d
dt + h0

) (
z′∗ej2ω1t

)
(3.32)

3.4.4 Transfer functions

Publication V derived the frequency response for (3.31). Because of the

ej2ω1t term, one voltage frequency will excite two rotor displacement fre-

quencies. If the control voltage is (3.33), the rotor displacement response

will be (3.34).

ûks,2 =
∞∑

k=−∞
uke

jωkt (3.33)

z′ =

∞∑
k=−∞

{
Ake

jωkt +B ∗
k e

j(2ω1−ωk)t
}

(3.34)

This means that two different frequency responses can be defined and

they are given by (3.35) and (3.36).

Ak =
(P a(j2ω1 − jωk))

∗ P b(jωk)

P a(jωk) (P a(j2ω1 − jωk))
∗ − P h(jωk) (P h(j2ω1 − jωk))

∗uk (3.35)

Bk =
(P h(j2ω1 − jωk))

∗ P b(jωk)

P a(jωk) (P a(j2ω1 − jωk))
∗ − P h(jωk) (P h(j2ω1 − jωk))

∗uk (3.36)
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The polynomials are given by (3.37)–(3.39) and they contain the model

(3.31) parameters. The complex conjugate of the polynomials means that

the factors of the polynomials are complex conjugated.

P a(x) = (x)4 + a3(x)3 + a2(x)2 + a1x+ a0 (3.37)

P b(x) = b1x+ b0 (3.38)

P h(x) = h2(x)2 + h1x+ h0 (3.39)

It is possible to assign transfer functions to the two frequency responses.

The transfer function allows the calculation of poles (eigenvalues) of the

system and it will be shown that these define the stability of the system.

The two transfer functions are (3.40) and (3.41).

Ak(s) =
P ∗
a (s− j2ω1)P b(s)

P a(s)P
∗
a (s− j2ω1)− P h(s)P ∗

h (s− j2ω1)
(3.40)

Bk(s) =
P ∗
h (s− j2ω1)P b(s)

P a(s)P
∗
a (s− j2ω1)− P h(s)P ∗

h (s− j2ω1)
(3.41)

The machine equations in field coordinates (3.13)–(3.15) are time-invariant

but they contain a complex conjugate. The equations form a normal LTI

system if the equations are written for the real and imaginary parts of the

rotor displacement and the control voltage. The real part in field coordi-

nates is the direction aligned with the flux and the imaginary part is the

direction perpendicular to the flux. When the real and imaginary parts

are separated, the model will have two inputs and two outputs; therefore,

it can be modelled with a 2-by-2 transfer-function matrix (3.42).

 Re
{
z′f(s)

}
Im
{
z′f(s)

}
 =

 G1,1(s) G1,2(s)

G2,1(s) G2,2(s)

 Re
{
ûfs,2(s)

}
Im
{
ûfs,2(s)

}
 (3.42)

The transfer-function matrix was identified from input-output data us-

ing standard system engineering tools, see Section 3.3.5. Each element

will have the same denominator polynomial and the zeros of the polyno-

mial, poles, will determine the system characteristics. Next, it will be

shown that (3.40) and (3.41) will have the same poles as the matrix (3.42)
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only shifted +ω1 parallel to the imaginary axis due to the change in coor-

dinate system.

The real valued 2-by-2 model (3.42) was converted to complex form using

relations (3.43) and (3.44).

Re {x} =
1

2
(x+ x∗) (3.43)

Im {x} =
−j

2
(x− x∗) (3.44)

The complex form is (3.45).

z′
f
(s) =

1

2
(G1,1(s) +G2,2(s) + jG2,1(s)−

jG1,2(s)) û
f
s,2(s) +

1

2
(G1,1(s)−G2,2(s)+

jG2,1(s) + jG1,2(s)) û
f ∗
s,2 (s) (3.45)

It is possible to derive (3.42) also to the format that contains the complex

conjugate of the displacement instead of conjugate of the voltage but that

one is more complicated.

To convert (3.45) to the other coordinate system, the transfer function

matrix elements Gi,j were written with denominator and numerator poly-

nomials P (s) and Qi,j, respectively (3.46).

Gi,j(s) =
Qi,j(s)

P (s)
(3.46)

For the coordinate transformation, we have to return to the differential

equation format.

P

(
d

dt
−jω1

)
z′ = 1

2

(
Q1,1

(
d
dt − jω1

)
+Q2,2

(
d
dt − jω1

)
+

jQ2,1

(
d
dt − jω1

)
− jQ1,2

(
d
dt − jω1

))
ûks,2 +

1
2

(
Q1,1

(
d
dt − jω1

)
−Q2,2

(
d
dt − jω1

)
+

jQ2,1

(
d
dt − jω1

)
+ jQ1,2

(
d
dt − jω1

)) ((
ûks,2
)∗

ej2ω1t
)

(3.47)

The transfer function Ak(s) in (3.40) is defined to be from ûks,2 to z′ and it

can deduced from (3.47). The transfer function Bk(s) in (3.41) is defined

to be from ûks,2 to z′∗ej2ω1t. Thus, we need to take a complex conjugate of
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(3.47) and then multiply it with ej2ω1t.

P

(
d

dt
−jω1

)(
z′∗ej2ω1t

)
= 1

2

(
Q1,1

(
d
dt − jω1

)
+Q2,2

(
d
dt − jω1

)
+

−jQ2,1

(
d
dt − jω1

)
+ jQ1,2

(
d
dt − jω1

)) ((
ûks,2
)∗

ej2ω1t
)

+

1
2

(
Q1,1

(
d
dt − jω1

)
−Q2,2

(
d
dt − jω1

)
+

−jQ2,1

(
d
dt − jω1

)
− jQ1,2

(
d
dt − jω1

))
ûks,2 (3.48)

The transfer functionBk(s) can be deduced from (3.48). The transfer func-

tions for the two response bands are (3.49) and (3.50).

Ak(s) = (Q1,1(s− jω1) +Q2,2(s− jω1) + jQ2,1(s− jω1)−

jQ1,2(s− jω1)) (2P (s− jω1))
−1 (3.49)

Bk(s) = (Q1,1(s− jω1)−Q2,2(s− jω1)− jQ2,1(s− jω1)−

jQ1,2(s− jω1)) (2P (s− jω1))
−1 (3.50)

The poles of Ak(s) and Bk(s) are the poles of the transfer-function matrix

in (3.42) shifted parallel to the imaginary axis.
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4. Results

In this chapter, the scientific contributions of this work are explained by

summarizing the findings presented in the publications. This chapter pro-

ceeds in the same order as the list in Section 1.3. The contributions have

been divided into three groups. The first three points are covered in the

first section, with two following in the second section, and the remaining

in the last section. The last section on "Active control" contains some new

unpublished results.

4.1 Effect of the slotting and unipolar flux on UMP

As already shown in Fig. 2.9, the measured rotor vibration amplitude

oscillated strongly at the double slip frequency, also seen in Fig. 4.1(a). To

find out the cause, in Publication I, the rotor displacement was converted

to flux coordinates, i.e. a frame of reference aligned with the two-pole flux.

In the flux coordinates, the rotor displacement draws an ellipse, as shown

by Fig. 4.1(b).
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(b) Flux frame of reference

Figure 4.1. The rotor displacement draws an ellipse in the two-pole flux frame of refer-
ence. The rotor centre point moves around the ellipse during one slip period.
The vibration amplitude is defined by the ellipse.
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The rotor centre point moves around the ellipse clockwise in one slip pe-

riod illustrated by the colour lines in Fig. 4.1. This proves that the double

slip frequency oscillation is a consequence of the magnetic forces, UMP

depending on the angle between the shortest air-gap and the direction of

the two-pole flux. The rotor position depends on the two angles as men-

tioned in Section 3.3.3. In the stator frame of reference, the ellipse in Fig.

4.1(b) rotates with the flux; thus, it depends on the angle of the flux. The

rotor position on the ellipse depends on the rotor angle with respect to the

flux.

In addition to the electromagnetic force F e, there was also a mechanical

unbalance force Fm affecting the rotor. The two can be separated with

methods explained in Section 3.3.2. The mechanical unbalance force is

caused by the initial mass unbalance, due to deformed rotor, rotating. The

additional mechanical forces caused by the rotor bending were included

into the mechanical model describing the movement of the rotor centre

point. Therefore, the mechanical unbalance force depends only on the

square of the rotation speed and the direction of the original unbalance

zd.

Fig. 4.2 shows the separation of the forces at three different points on

the rotor orbit. The mechanical unbalance force has a constant magnitude

and is always in the direction of the permanent shaft deformation. The

support force of shaft T is parallel to the rotor bending. The electromag-

B̂1

F e

F e

F e
Fm

Fm

Fm

zdzd

zdT

T

T

Figure 4.2. Forces on rotor in two-pole flux frame of reference. The inner circle and zd
is the rotor movement caused by the deformed shaft rotating, Fm is the force
caused by the deformation and rotation (inertia), F e is the magnetic pull, T is
the supporting force provided by the rotor shaft, i.e. the force resulting from
the rotor shaft bending from the inner circle to the outer ellipse. The figure
was calculated from measurements at 25 Hz, 0.4 T, 0.5 % slip.

68



Results

netic force is stronger when the total rotor displacement is parallel to the

two-pole flux. The electromagnetic force is also always more parallel to

the two-pole flux than the mechanical unbalance force.

The angle dependence of the electromagnetic force is caused mainly by

the stator and rotor slot harmonics and the unipolar flux. In Publication

I, the unipolar flux was measured with a search coil and it was compared

to the rotor movement in the flux coordinates. Fig. 4.3 shows that the

unipolar flux was sinusoidal and at the positive maximum when the short-

est air-gap was in the direction of the two-pole flux, which fits the theory.

When compared with Fig. 4.1, the absolute value of the unipolar flux is

at maximum when vibration is highest, and zero when the vibration is

lowest.
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(a) Unipolar flux measurement
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(b) Rotor displacement

Figure 4.3. Correlation between the unipolar flux (a) and rotor displacement (b) high-
lighted with colours.

Publication I showed also that all of the angle dependence cannot be ex-

plained by the unipolar flux only. Comparing the force calculated from the

search coil flux measurements to the rotor movement indicated that there

is a significant additional magnetic force that also depends on the posi-

tion of the rotor centre with respect to the two-pole flux. This additional

force was concluded to be caused by the slot harmonics of the air-gap flux

density.

The role of the slot harmonics was proved in Publication I by finite el-

ement computation. The code was written by Arkkio (1987) and it was

used by Burakov (2007), Holopainen (2004), and Laiho (2009) among oth-

ers. The computation allowed the magnetic force from different flux den-

sity harmonics to be separated from each other. Figure 4.4 shows the

computed force amplitudes as a function of the slip angle. The force com-

ponents related to the first and second order slot harmonics show clear
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angle dependence as predicted. The stator had 36 slots. The amplitudes

of the first-order forward and backward stator slot-harmonics were not

equal; therefore, the 36th harmonic had a rotating component and the

force from the first order slot harmonics is not zero at angles 90 and 270

degrees.
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Figure 4.4. Computed radial force components as a function of the angle between the
shortest air-gap and the direction of the two-pole flux. The "Total" force in-
cludes the effect of the tangential magnetic field. The "Sum" force includes
only the listed radial-flux spatial-harmonic pairs. The legend shows the av-
erage values of the force components in Newtons. The stator had 36 slots.

Since the rotor orbit was fixed, the slip angle equals the angle between

the rotor displacement and two-pole flux. The computation was done with

linear iron permeability, to ensure that the angle dependence seen on the

force is not caused by saturation, and without the four-pole winding. The

computation did include the force from the tangential air-gap flux but not

the unipolar flux. If the four-pole winding is short-circuited, the first force

component and the total force are significantly reduced making the slot

harmonics more important.

The passive damping effect of the short-circuited four-pole winding can

be seen from Fig. 4.5 computed with FEM. The forces are significantly re-

duced. It was difficult to produce as convincing figure as Fig. 4.5 from

measurement data because the test machine was very unstable with-

out the four-pole short-circuit. One such measurement was presented in

(Laiho, Sinervo, Tammi, Arkkio & Zenger 2009). The flux density could

not be raised over 0.4 T as mentioned in Section 3.3.3. When the magnetic

forces are damped by the four-pole winding and rotor cage currents, the

direction of the force turns. This can be seen from Fig. 4.5(b) and it is the

reason why the main axis of the ellipse in Fig. 4.3(b) is not horizontal.
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(a) No 4-pole winding
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(b) 4-pole winding short-circuited

Figure 4.5. Electromagnetic forces computed with fixed dynamic eccentricity (the same
in both). Notice that the scale is different in the two figures. The forces
are shown as rotor displacement. The inner circle is eccentricity used in the
computation and the outer circle is the rotor bending calculated from the
force and mechanical model. The lines indicate direction of the force. [PI]

In Publication IV, the electromagnetic force was divided into two parts,

"classical UMP" and a pulsating force that is always parallel to the two-

pole flux. The latter is caused by the unipolar flux and higher harmonics

and is the reason for the ellipse shape of the rotor orbit in the field coor-

dinates. Publication IV defined the magnetic stiffnesses that arise from

these two forces. The one coming from the "classical UMP" was named

rotational magnetic stiffness and the other pulsating magnetic stiffness

based on the type of rotor motion they cause.

The electromagnetic force in the field coordinates (3.13) were written

with the stiffnesses as (4.1).

F f
e = Kzf +HRe

{
zf
}

(4.1)

The magnetic stiffnesses are (4.2) and (4.3), where Z(ω2, ωr) represents

damping from the induced four-pole currents in the stator winding and

rotor cage.

K =

(
CFZ(ω2, ωr)

2δe
+ (ch1 − ch2)

)
B̂2

1 (4.2)

H =

(
CF

δe (1 + re)
+ ch2

)
B̂2

1 (4.3)

Figure 4.6 shows how the stiffnesses affect the rotor orbit.

In Publication IV, the magnetic stiffnesses were solved from the rotor

displacement ellipses at different operation points. The parts of the stiff-
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Figure 4.6. An example of the contributions of different force components. The inner
circle is the mechanical unbalance force Fm. The outer ellipse is the total
force on rotor, the horizontal lines (blue) represent the pulsating magnetic
force HRe(zf), and the lines connected to them (red) represent the rotating
magnetic force Kzf , measured with 25 Hz two-pole supply frequency, 0.5 T
flux density, and 0.5 % slip. [PIV]

nesses caused by the unipolar flux and the four-pole flux were separately

calculated for comparison using the search coil measurements. The rota-

tional magnetic stiffness is caused by the force from the two- and four-pole

flux and the force from the higher harmonics, whereas, the pulsating mag-

netic stiffness is caused by the force from the unipolar and two-pole flux

and force from the higher harmonics. Comparison of the total magnetic

stiffnesses to the part calculated from the search coil measurements re-

vealed the significance of the higher harmonics.

Figure 4.7 shows the rotational magnetic stiffness and the part caused

by the four-pole flux as a function of the two-pole supply frequency. The

slip was kept constant; thus, rotation speed was directly proportional to

the supply frequency. The short-circuited four-pole winding damped the

four-pole flux more when the frequency was increased. The higher har-

monics were hardly affected, which increased their ratio of the total force.

The higher harmonics determine the minimum level of UMP that can be

achieved with the stator damper winding without active control.

Figure 4.8 shows the pulsating magnetic stiffness and the part caused

by the unipolar flux as a function of the slip at different supply frequen-

cies. Again, the slot harmonics do not depend on the frequency but in-

crease with the slip. This was concluded to be caused by the increas-

ing rotor cage currents that induce more slot and winding harmonics.

The unipolar flux did not depend on the frequency or the slip at least

within the measurements range. The results clearly prove that majority

of the force causing the double slip frequency oscillation is coming from

the higher harmonics and not from the unipolar flux.
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Figure 4.7. The rotational magnetic stiffness K decreases as a function of frequency as
induced currents damp the four-pole flux. The dashed line represents the
part of the stiffness coming from the four-pole flux. The part coming from the
slotting (the difference of the two curves) is unaffected. Measured at 0.5 T
two-pole air-gap flux density with 0.5 % slip. [PIV]
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Figure 4.8. The pulsating magnetic stiffness H as a function of the slip at three different
two-pole supply frequencies. The dashed lines represent the part coming
from the unipolar flux. The two-pole air-gap flux density was 0.5 T. [PIV]

4.2 Unipolar actuator

The 2364 turn unipolar search-coil was able to measure the unipolar flux.

The unipolar flux density in the air-gap was on the order of a few mT.

The unipolar actuator was able to change the unipolar flux and affect

the rotor vibration. Even with the four-pole winding open, the unipolar

flux was able to affect the vibration. The unipolar flux at slip frequency

affected the double slip frequency vibration as predicted in Section 2.5.

The biggest frequency component in the voltage induced to the unipolar

search coil was at the supply frequency, indicating static eccentricity, but

this component was very small when the voltage was integrated to get the

flux.

In Publication III, the unipolar actuator was used to remove the unipo-

lar flux, Fig. 4.9. This reduced the double slip frequency oscillation only

by about one third. The oscillation was then removed completely by pro-

ducing unipolar flux in the phase opposite to the original, Fig. 4.10. The

result demonstrates that the unipolar actuator can be used to reduce a
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part of the rotor vibration. It also further proves that the double slip fre-

quency oscillation is not caused by the unipolar flux alone.

Figure 4.9. One of the unipolar actuator coils inside the end shield of the machine. [PIII]

0 20 40 60 80
−4

−2

0

2

4

Time [s]

U
ni

po
la

r f
lu

x 
[m

T]

 

 measured
extrapolated

(a) Unipolar flux

0 20 40 60 80
−200

−100

0

100

200

Time [s]

V
er

tic
al

 ro
to

r d
is

pl
ac

em
en

t [
µm

]

(b) Rotor displacement

Figure 4.10. Vibration control with the unipolar flux. For the first 30 seconds the unipo-
lar actuator current is zero and the unipolar flux seen in (a) is all induced by
the eccentricity. Between 30 and 60 seconds, the unipolar flux is controlled
to zero and the vibration in (b) reduces. After 60 seconds, the unipolar flux
is supplied in the opposite phase to further reduce the rotor vibration. [PIII]

The measurement data in Fig. 4.10 was also used to calculate the pul-

sating magnetic stiffness without the unipolar flux. The stiffness when

unipolar flux was removed, was reduced exactly as could have been pre-

dicted from Fig. 4.8. The calculated pulsating magnetic stiffness was

reduced about 17 % and from Fig. 4.8 the unipolar part is about 15 % of

the total stiffness. It should be noted that the rotor displacement is not a

linear function of the stiffness.
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A zero frequency unipolar flux does not induce voltage into the search

coil. When supplying DC voltage to the actuator, the rotor vibration

started to oscillate at the slip frequency. Some slip frequency oscillation

was detected before the actuators were installed and, since no other expla-

nation could be found, it was concluded that two-pole induction machines

can have zero frequency unipolar flux that produces vibration.

Publication VI showed that the unipolar flux experiences hysteresis.

When DC current was supplied to the unipolar actuator for several sec-

onds, the vibration pattern did not return to the original, Fig. 4.11. The

zero-frequency unipolar flux could not be removed by increasing slip or

by controlling the radial position of the rotor with the four-pole winding.

This hysteresis was thought to be caused by magnetization of the rotor

shaft, the end shields, or the stator frame.
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Figure 4.11. (a) After star-up, the rotor vibration was showing slip frequency oscillation,
which is a sign of zero frequency unipolar flux. The unipolar actuator was
supplied with 2.2 A current (DC) for 12 seconds after which the slip fre-
quency oscillation had disappeared. (b) Ellipses were fitted on the rotor
vibration in field coordinates.

4.3 Active control

The purpose of the research was to develop a model for the bearingless

two-pole induction machine that could be used to design a model-based

controller for every operation point. The model consisted of two parts,

the mechanical part and the electromagnetic part. The electromagnetic

part described how the four-pole control voltage produces electromagnetic

force and the mechanical part described how the rotor bends under the

force. The electromagnetic part was coupled to the mechanical part since

the force depends on the radial position of the rotor.
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4.3.1 Higher harmonics in the model

According to (3.16), the higher harmonics increase to the second power of

the two-pole flux density, which could be measured. The force from the

four-pole flux was calculated from both the search coil measurements and

the four-pole current and voltage measurements. The parameters of the

model m, d, km, and ch1 were optimized using measured rotor bending.

The measurements were conducted by supplying different control voltage

frequencies individually at different two-pole flux densities and measur-

ing the rotor vibrations only at the same frequency as the control voltage

was in k-coordinates, see Fig. 3.13. The term ch2 was ignored. It was

latter tested that it does not change the results much.

The four-pole flux was measured with a search coil that had only one

phase. The rotation direction of the flux was known from the supplied

voltage and the amplitude was constant; thus, the one phase was enough.

The four-pole flux was also calculated from the four-pole voltage equation

(3.8) using DC value for the resistance and assuming that the leakage

inductance was small. The effect of the mechanical unbalance force was

eliminated using superposition, see Section 3.3.3.

The results in Publication II show clearly that the higher harmonics

should be included to the control model. Figure 4.12 shows the magnetic

force from two- and four-pole flux calculated with four different methods:

from (4.4) after finding all parameters; the same but forcing ch1 to be

zero; four-pole flux calculated from the search coil, four-pole flux calcu-

lated from the voltage equation. If the higher harmonic term ch1 is not

included in the model the rotor moves more at higher two-pole flux densi-

ties than the four-pole flux indicates.

F e,2(ωu) =
(
−ω2

um+ jωud+ km − ch1B̂2
1

)
zb(ωu) (4.4)

The higher harmonics should not depend on the rotation speed of the

machine and thus, nothing in (4.4) depends on the speed. This was tested

by optimizing the parameters at 15 Hz and then comparing the model

to measurements done at 25 Hz. Figure 4.13 confirms that changing the

speed does not matter. The figure shows the force response to the voltage

as a function of the vibration frequency.

There are two frequencies in Fig. 4.13 at which the four-pole winding

does not produce much force. These are the mechanical resonance fre-

quencies. The 180-degree phase shifts indicate that the direction of force
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Figure 4.12. Electromagnetic force from the interaction of the two- and four-pole flux
densities produced with the four-pole winding at one frequency as a function
of two-pole flux density. Both models calculate force from measured rotor
displacement. The unmodified model assumes that all force is caused by
the interaction of two- and four-pole flux and therefore give bigger force.
The modified model includes force from higher harmonics. That force is
not shown in the figure. The force produced by the four-pole winding is
also calculated from flux measurements and four-pole winding current and
voltage for comparison. [PII modified]

is reversed there. However, this does not mean that the force is zero at

these frequencies. The voltage-to-force amplification is at maximum at

the negative rotation frequency. The actual four-pole flux frequency there

is zero and, therefore, the four-pole flux is not damped by the induced cur-

rents in the four-pole stator winding. The measurements were conducted

at no-load.
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Figure 4.13. Force response at 25 Hz rotation speed with 0.4 T two-pole flux density in
the air-gap. The model (4.4) parameters were optimized for 15 Hz rotation
speed. [PII]

4.3.2 Model identification

Publication V used measurements with complex exponent sweeps to prove

that a fourth order model (3.31) is sufficient to describe the dynamics of

the radial force control. The frequency domain fit in Fig. 4.14 shows that
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Figure 4.14. Frequency domain fit of the transfer functions (3.40) and (3.41) of the 18
parameter model (3.31) to the frequency sweep measurements at 25 Hz two-
pole supply frequency, 0.5 T two-pole flux and 0.42 % slip. [PV]

the model can also capture the dynamics of the second vibration band

caused by the explicit time-dependence in (4.4).

It was not shown in Publication V, but the 13 parameter model (3.32)

was found to be almost as good as the 18 parameter model (3.31). Figure

4.15 shows the comparison of frequency domain fits in one of the most

challenging operation points measured. The figure reveals also that there

was a problem when trying to fit the model with only 10 parameters (3.20)

that was directly derived from (4.4) and (3.19). Despite all attempts, it

could not predict the resonance near the two-pole supply frequency f1,

seen in Fig. 4.15 at 11.2 Hz.

The parametric models (3.31) and (3.32) were not time invariant. Thus,

standard LTI identification methods could not be used and the parameters

were found by optimization. As mentioned in Section 3.4.1, the equations

describing rotor movement as function four-pole voltage are in LTI form

in field coordinates. Therefore, the four-pole winding was supplied with

white noise that was modulated to the field coordinates and the measured

rotor vibration response was also converted to field coordinates. LTI model

(3.42) was fitted to the time series of the measurement.

In a real valued system, the poles (eigenvalues) are always either real

or come in complex conjugate pairs. Therefore, the model order in the

time-domain identification was double compared to the complex valued

models in the previous section. Generally, the best fit was obtained with

the eighth order model corresponding to the fourth order complex model.
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Figure 4.15. Frequency domain comparison of the three models: (3.31) with 18 parame-
ters, (3.32) with 13 parameters, and (3.20) with 10 parameters. The models
with 18 and 13 parameters are almost identical. The model with only 10
parameters fails at around 11 Hz. The measurements were done at 11.2 Hz
two-pole supply frequency, 0.62 T two-pole flux density, and 0.65 % slip.

Although, at some operation points the identification of the eighth order

model failed and the sixth order model was better. This was concluded

to be caused by zero-pole cancelation. One would always expect a better

fit, when the model order is increased and, at most operation points, in-

creasing the model order above eight did marginally improve the model

fit.

The model identified in the field coordinates (3.42) had many more pa-

rameters than the 18 parameter model (3.31) and the 13 parameter model

(3.32). The eighth order field-coordinate model had 40 parameters. This is

because it is very difficult if even possible to apply the constraints derived

from the equation (3.20) to the standard identification methods. The main

problem is the conversion between discrete and continuous time models.

Frequency responses calculated from the white noise measurement us-

ing (3.49) and (3.50) matched well with the frequency sweep measure-

ments. At some operation points, mainly at 25 Hz two-pole supply fre-

quency, the time-domain identification could not find the resonance "hump"

at +f1. Figure 4.16 is a good example. At +25 Hz, there is a difference in

the Ak amplitude and phase. The differences appeared only when the +f1

resonance was small. In all of the cases where the sixth order model was
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Figure 4.16. Frequency response comparison between the frequency sweep method and
the time-domain identification. Measured at 25 Hz, 0.4 T, 0.5 % slip.

better than eighth order model, the resonance was not visible.

The reason why the +f1 resonance sometimes disappears can be seen

from a zero-pole map Fig. 4.17. In the transfer function for Ak, the zeros

almost cancel half of the poles. The +f1 resonance is caused by the zero-

pole pair near (−10 + j80) that is farther apart. The reduction of order

is caused by this pair moving closer together. The zero is related to rotor

cage. It contains the rotor time-constant as can be seen from (3.20).

The four poles that are not immediately next to the Ak zeros could be

used to approximate the poles of P a(s) defined in Section 3.4.4. Without
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Figure 4.17. One of the zero-pole maps calculated from the time domain identification.
The right side is a zoom of the left side. Measured at 13 Hz, 0.6 T, 0.7 % slip.
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higher harmonics of the air-gap flux and unipolar flux P h is zero and Ak(s)

will only have four poles. The difference between the Ak zeros and the

other four poles shows the effect of ch2 in (3.16). The transfer function

Bk(s) would not exist without ch2 being non-zero.

Looking at (3.40) and (3.41), Ak(s) is supposed to have five zeros whereas

Bk(s) is supposed to have only three. That matches the numbers on the

zoomed-in map, Fig. 4.17 right. The additional zeros in the wider map,

Fig. 4.17 left, can be considered errors caused by the lack of constrains in

the LTI identification routine.

The transfer functions Ak(s) and Bk(s) were measured with the white

noise method at various operation points to see how the model changes.

Since the fitting of the parametric model (3.20) to the frequency sweep

measurements failed, the operation point dependence could not be pa-

rameterized. Still, the measurements revealed many interesting features

of the system.

Figure 4.18 shows the frequency responses as a function of two-pole sup-

ply frequency f1. The two highest resonances of Ak(s) come from the rotor

dynamics, i.e. the mechanical model (3.3). Their frequency remains con-

stant and they are at the same frequencies in Bk(s) too. The negative side

mechanical spike in Ak(s), which corresponds to the positive side spike in

Bk(s), increases with the frequency. That and the fact that the spikes have
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Figure 4.18. Frequency response as a function of two-pole supply frequency. Measured
with 0.5 T two-pole flux and 0.5 % slip.
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different height, highlights the coupling between the mechanical model

and the electromagnetic model.

The frequency has much greater effect on the electromagnetic resonances,

which are much more visible in Bk(s). The changes in Ak(s) seem small

but they are right near the rotation speed and, therefore, have the largest

impact on the actual rotor vibration. In Ak(s), one can see the zero-pole

resonance moving with the supply-frequency and getting more damped.

It seems that the control dynamics becomes easier when frequency is in-

creased probably because of the increase in the damping currents. The

second electromagnetic pole is difficult to detect from Fig. 4.18. Fig. 4.17

shows it, (−145− j21), at a low negative frequency and very well damped.

Figure 4.19 shows the frequency responses as a function of two-pole flux

density B̂1. The magnetic forces increase to the square of air-gap flux and

therefore the amplitudes increase. However, the mechanical resonances

are damped by flux and move to a lower frequency. This phenomenon is

known from the literature covered in Section 2.3.2. Increasing the flux

strengthens the resonance at f1 making the active control of the rotor

displacement more difficult. The rapid change in phase is usually chal-

lenging for controllers.

Figures 4.20 and 4.21 show the frequency responses as a function of slip

at two different two-pole supply frequencies. Increasing the slip lowers
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Figure 4.19. Frequency response as a function of two-pole flux density. Measured with
13 Hz two-pole supply frequency and 0.5 % slip.
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Figure 4.20. Frequency response as a function of slip. Measured with 13 Hz two-pole
supply frequency and 0.5 T two-pole flux density.
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Figure 4.21. Frequency response as a function of slip. Measured with 25 Hz two-pole
supply frequency and 0.5 T two-pole flux density.
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the amplitude of Ak(s) around −f1. The actual four-pole voltage in sta-

tor coordinates is zero there and, therefore, there is no passive damping

by induced four-pole currents at that frequency. Increasing the slip in-

troduces rotor cage currents that provide damping of the magnetic forces

and that is most likely the reason for the drop in the amplitude. The ef-

fect is clearer in Fig. 4.21. The identification struggled at no-load but the

amplitudes at zero slip were even higher.

4.3.3 Controlling the rotor vibrations

The model (3.31) was successfully used to control the rotor vibrations even

with non-zero slip. This result was not included in Publication V but was

presented in the related conference. Figure 4.22 shows the rotor vibra-

tions being completely eliminated with the convergent control (CC) using

the model identified in Fig. 4.14. Publication VII demonstrated that using

several CC blocks in parallel, see the end of Section 3.3.5, the control per-

formance can be improved; although, a single controller could be enough.
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Figure 4.22. Rotor vibration controlled with CC using the model identified in Fig. 4.14.
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This book is about a prototype induction 
motor that has an additional stator wind-
ing in the stator that is used to produce ra-
dial force on the rotor. The extra winding 
acts as an in-build magnetic bearing that, in 
this work, was used to reduce rotor vibration 
caused by rotor mass unbalance. 

If the rotor is not aligned with the stator and 
the air-gap between them is not symmetric, 
there will be a magnetic pull, a magnetic  
radial force on rotor towards the shortest 
air-gap in the basic case. The extra winding 
is used to create an opposite pull by chang-
ing the flux density around the rotor in the 
air-gap. 

The stator and rotor have slots for the cur-
rent conductors. These slots change flux 
density in the air-gap and create additional 
magnetic force. Part of the magnetic flux 
called unipolar flux can flow through the 
rotor shaft and the frame of the motor. In a 
two-pole motor, the unipolar flux produces 
magnetic force. These have to be considered 
in radial force control.
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