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Symbols

Symbols

b Length of the rubble caused by the ship’s penetration
in the breadth direction used in Malmberg’s approach
(Figure 3.16a)

g Newton’s universal gravitational constant

h Ridge depth

k Threshold velocity coefficient

l f Ridge length of a full model

lh Ridge length of a half model

mmov Mass of ice blocks accelerated by and moving with the
ship

mp
mov Peak value of mmov

m̄mov Mean value of mmov in the ridge steady deformation stage

p Porosity of ice rubble

v Resultant velocity of the ice block

vship Velocity of the ship

vx Velocity of the ice block on the x-axis

w Ridge width

w̄ Ridge width threshold, categorising a ridge by its width

x, y, z Coordinate axes

x′ Defined horizontal coordinate axis normal to the bow in
P4

x′′ Defined time-dependent coordinate axis aligned with the
x-axis, x′′ = 0 locates at the point where the parallel mid-
body starts
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Symbols

B Ship’s breadth

BE Measure of the horizontal extent of the side ridge of brash
ice in a channel

Dr Maximum depth of a deformed ridge in a vertical plane P

Dm
r Maximum depth of a deformed ridge penetrated by a ship

Em Modulus of deformation

Ep Resistance on a retaining wall in Rankine theory

F Simulated force

Fb Ridge resistance on the bow

Fd Deformation force along the ship’s moving direction

F̄d Mean value of Fd in the steady ridge deformation stage

F p
d Peak deformation force along the ship’s moving direction

F̂ p
d Simulated F p

d of a simple hull normalised by Rp of MT
Uikku

FM
d Malmberg’s estimated peak deformation force

F f Running average of a simulated force

Fm Mean value of an approximately constant simulated force

Fµ Frictional force along the ship’s moving direction

F p
µ Peak frictional force along the ship’s moving direction

F̂ p
µ Simulated F p

µ of a simple hull normalised by Rp of MT
Uikku

FM
µ Malmberg’s estimated peak frictional force

Fµ,B Frictional force on the ship’s bottom

Fµ,M Frictional force on the ship’s midbody

HF Increased thickness of the side ridge of brash ice in a
channel along the midbody due to the ship’s passage

HM Initial thickness of brash ice in a channel

HTOT Total thickness of a side ridge of brash ice in a channel
along the midbody

Kp Coefficient of passive stress in Rankine theory or the ratio
of horizontal to vertical normal stress in a plane

K0 Coefficient of active stress at rest in Rankine theory

K̂ σxx/σzz of a ridge penetrated by a simple hull normalised
by σxx/σzz of a ridge due to the MT Uikku’s passage

L Ship’s waterline length

Lb Bow region waterline length: the sum of Lbow and bow
intermediate length

Lbow Bow waterline length
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Symbols

Lm Parallel midbody length

R Ridge resistance of a ship, also denoted as pure ridge
resistance only including the keel resistance

RM Malmberg’s estimated peak ridge resistance

Rp Peak ridge resistance

R̂p Simulated Rp of a simple hull normalised by that of MT
Uikku

Rtot Total ridge resistance of the ship, including resistance
components of the keel, the consolidated layer and the
sail

T Ship’s draught

W Work needed for MT Uikku passing through a ridge

Ŵ Work needed for a simple hull passing through a ridge
normalised by W of MT Uikku

α Ship’s waterline angle

γ Weight pressure of rubble

δ Ship’s horizontal displacement: a displacement measure
from the onset of the ship entering the ridge

δ′ Ship’s horizontal displacement when the ridge resistance
starts to decrease

η Measure of the horizontal extent of ridge deformation

η′ Maximum horizontal extent of ridge deformation (defined
by k = 0.01) projected to the yz-plane

η′′ η′ of the ridge deformation defined by k = 0.05

ϵ Strain tensor

ϵh, ϵv Hydrostatic strain and volumetric strain

ϵxx, ϵyy, ϵzz Strain along the x-, y- and z-axis

θk Keel angle of a ridge

θ1 Inclined angle of a deformed ridge boundary to the hori-
zontal, in a vertical plane normal to the bow

µi Ice-ice friction coefficient

µs Ship-ice friction coefficient

ρ i Density of ice

ρw Density of water

σ Stress tensor

σ Normal stress

σh Hydrostatic stress

σp Horizontal stress along the x′-axis in P4

11



Symbols

σxx, σyy, σzz Normal stress along the x-, y- and z-axis

σ1, σ3 Horizontal stress and vertical stress in Rankine theory

σ11, σ22, σ33 Major, intermediate and minor principal stresses

σ̄n Average normal stress ratio of σxx/σzz

τ Shear stress

φ Internal friction angle of rubble

ϕ Ship’s stem angle

ψ Ship’s flare angle

Abbreviations

DEM Discrete element method

FEM Finite element method

HULL Simple ship hull form

MC Mohr-Coulomb

P Vertical plane normal to the bow

P4 Vertical plane normal to the bow at B/4

2D, 3D Two-dimensional, three-dimensional
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1. Introduction

1.1 Background

Shipping in ice-covered waters is expected to increase, driven by multiple
factors including an expected decline in sea ice and advances in technology,
making the northern sea routes more attractive for shipping companies,
as well as a persistent demand for arctic resources. Safe and efficient
arctic shipping requires ships designed for operation in ice taking into
account multiple sea ice-related phenomena. When a ship operates in ice,
the prevailing ice conditions significantly affect the resistance of the ship
and hence its required propulsion power and velocity.

Sea ice is complex, as illustrated in Figure 1.1a, and includes both level
ice and ice ridges. Ice ridges are piles of broken ice pushed together by
wind and currents. When interacting with a ship (see Figure 1.1b), ice
ridges may cause significant added resistance. On the scale of winter
navigation generally, ice ridges often appear as a semi-infinite ridge field
described in terms of average ridge density and thickness along the ship’s
draught. On the scale which a ship encounters an individual ice ridge of
finite dimensions, the resistance caused by a single ridge may be enough
to stop a ship, whereas that of smaller ridges may not have such huge
impacts on the ship itself but may significantly increase its resistance and
fuel consumption. Therefore, to be able to estimate the power demand and
transport capacity of a ship, it is important to predict the ship’s resistance
when interacting with ridges.

Ice ridge resistance during ship-ice ridge interaction is not fully under-
stood. It requires understanding both the ridge failure process and the
corresponding failure mechanism. Knowledge on the ridge resistance of
ships has been gained from ship operations in sea ice ridge fields. It in-
volves systematic investigations of the mechanical properties of ice ridges
and their mechanical response through physical experiments. The ridge
resistance of ships can be measured from full-scale (field) tests and model-
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(a) (b)

Figure 1.1. (a) Ice ridges in the Northern Baltic. (b) Finnish icebreaker OTSO penetrating
an ice ridge. Photographs from spring 2016.

scale tests at ice tank. However, analysis of the ridge failure process
is challenging. It requires, among other things, synchronisation of the
measured ridge resistance and the corresponding ridge mechanical prop-
erties. For field tests, this requirement is difficult to meet for technical
and practical reasons. For instance, ridge depth can be measured with
electromagnetic induction, but if it is less than 4 m, seawater conductivity
may have a significant effect on the measurement accuracy (Tateyama
et al., 2006). Besides, it is practically challenging to monitor the relevant
ridge material properties throughout a field measurement. Such chal-
lenges make field measurement time-consuming, risky and expensive. In
ice tank model tests, on the other hand, the challenges involve creating
realistic model-scale ridges and correctly scaling the relevant ridge prop-
erties. For example, a model-scale ridge might be softer or harder than
a corresponding full-scale ridge; thus the strength of model-scale ridges
and the measured resistance in model tests probably differ from those of
full-scale tests. Consequently, it is challenging to analyse accurately the
ice ridge failure process through full-scale or model-scale testing alone.

The ridge resistance of ships has also been studied analytically. Using the
analogy of soil mechanics to describe ridge failure criteria, Keinonen (1979)
and Malmberg (1983) provided analytical calculations of ridge resistance
on ships. Since then, the analytical approach to a ship interacting with
an individual ridge has not been further developed. Another analytical
approach draws attention to ridge fields in kilometres (Kotovirta et al.,
2009; Riska, 2011; Kuuliala et al., 2017). Rather than considering the
complex individual ice ridge profile, a so-called equivalent ice thickness
is used to characterise the ridge field dimension by assuming the ice
ridge fields behaving similar as level ice (Doronin, 1970; Lensu, 2003;
Riska, 2011; Milaković et al., 2020). Hence, the level ice resistance of the
equivalent ice thickness on ships can be a substitute for estimation of ridge
resistance.

Numerical methods, as alternative approaches, have been applied to the
study of structures interacting with ice ridges, allowing the ridge geometry
to be modelled flexibly and providing detailed information on the ridge
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failure process during the interaction. Ice ridges have been simulated as
continuum models using finite element methods (Heinonen, 2004; Serré,
2011a,b; Kulyakhtin, 2019) and a pseudo-discrete method (Liferov, 2005).
These models followed well-established continuum material models used
in soil mechanics, requiring prior assumptions of material failure criteria.
According to current knowledge, there have been no specific publications
on the application of these ridge numerical models to ship-ice ridge inter-
actions.

Regarding the nature of ice ridges constructed from a relatively small
number of individual ice blocks, particle-based computational approaches
have recently attracted significant attention in ridge studies. Among
others, the discrete element method (DEM) has been promoted to model
ice rubble by simulating Newtonian dynamics of interacting particles
explicitly, without a given assumed failure mode or failure geometry of a
ridge. DEM has been employed to simulate ice rubble (Hopkins et al., 1991;
Hopkins, 1992, 1998; Polojärvi and Tuhkuri, 2009; Polojärvi et al., 2012;
Polojärvi and Tuhkuri, 2013), with particular applications of ship-ice ridge
interaction (Gong et al., 2017, 2018, 2019a,b; Neto, 2017; Hisette et al.,
2017). In this way, ridge failure behaviour can be evaluated through the
physical behaviour of ice blocks represented by discrete elements revealed
from DEM simulations—exhibiting their forces and motions under loading
processes. Section 1.3 addresses the limitations of these state-of-the-art
methods in greater detail.

1.2 Introduction to ice ridges and ridge resistance

Ice ridges are a common feature of ice-covered sea. The term comes from
the ridge-like formation of blocks of sea ice formed by the breaking up of
ice sheets by wind and current loads (Parmerter and Coon, 1972; Hopkins
et al., 1999; Tuhkuri and Lensu, 2002; Weeks, 2010; Palmer and Croasdale,
2013). Such ridges are characteristic of marginal seas like the Baltic Sea,
among others (Figure 1.1a).

Ridges are often spotted at two colliding ice sheets, showing an elongated
narrow shape along the ice sheet edges in the horizontal plane (Weeks,
2010). The cross-sectional profile of an elongated ridge has three parts
as shown in Figure 1.2: a ridge keel, a ridge sail and a consolidated
layer in between at the waterline. Ridge keel is usually the largest part
of the ridge and is an accumulation of loose or (partially) solidified ice
blocks underwater (Ettema and Urroz, 1989), which can also be called as
unconsolidated or consolidated keel. The component above the waterline
is ridge sail, which is relatively small compared to the keel. The ridge sail
is visible on the sea and is used to identify an ice ridge. Consolidated layer
freezes the sail and keel together after the ridge formation and has one
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to two times the thickness of the surrounding ice sheet (Leppäranta and
Hakala, 1992).

Figure 1.2 illustrates an ideal cross-sectional profile of a typical ridge.
However, the profile could transform along its width into a relatively wide
and somewhat constant thick rubble field if the ridging process continues
long enough (Tuhkuri and Lensu, 2002). In this case, the term “width” is
less descriptive and illustrative than the width of a triangular ridge. Ridge
length is the third dimension of the ridge along the y-axis in Figure 2.1. It
is customary to consider that a ship passes a ridge width instead of ridge
length.

Figure 1.2. A typical ice ridge profiled by a cross-section after Timco and Burden (1997).

Ice ridge resistance, Rtot, in general is denoted as the total resistance
of a ship during its passage through an ice ridge. It is customary to
divide Rtot into four independent components (Keinonen, 1979; Malmberg,
1983): three components relate to the ridge, denoted by Rk, Rcl and Rs as
resistance due to the keel, the consolidated layer and the sail, and Rw is a
result from the surrounding water resistance. Hence, Rtot is given by

Rtot = Rk +Rcl +Rs +Rw (1.1)

It is assumed that the division of Rtot in Equation 1.1 is valid without con-
sidering the coupling effect of hydrodynamics on ice (Leiviskä et al., 2001;
Riska, 2014). Rs and Rw are often ignored due to their small proportion in
Rtot, leading to the total resistance composed only of Rk and Rcl . Keinonen
(1979) denoted Rk as pure ridge resistance for the (unconsolidated) keel,
which is assumed to be the largest component of Rtot by far. Rcl, on the
other hand, is considered exceptionally as the level ice resistance on the
ship due to the material similarity (Riska, 2014; Kuuliala et al., 2017),
according to the current literature review.

Following the studies of Keinonen (1979) and Malmberg (1983), this
study prioritises the ridge keel resistance Rk on ships when assuming the
ridge keel to be unconsolidated, thereby allowing R = Rk, where R refers to
the ridge resistance.
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1.3 Ice ridge material characterisation

From the perspective of engineering, force on structures due to interaction
with ice ridges, such as the ice ridge resistance on ships, is a crucial struc-
tural design parameter. Accurate resistance prediction requires knowing
the material properties of ice ridges and understanding their mechani-
cal behaviour under loading and unloading processes. It is customary
to assume that the interacting structure is rigid. A ridge keel has been
modelled as a continuum material or a discontinuous material depending
on approaches. Constitutive modelling aims to describe the material be-
haviour of the ridge keel using its external response without considering
the internal behaviour of the ice blocks (Kulyakhtin, 2017). Discontinuous
modelling, on the other hand, aims to describe the interaction among ice
blocks within the ridge (Polojärvi, 2013).

Ice ridge can be considered as composed of a granular material. The
following review provides a general overview of granular ice material char-
acterisation from the perspective of analytical, numerical and experimental
approaches, covering studies of ship-ice ridge interactions and interactions
between other types of granular ice features and offshore structures.

1.3.1 Analytical approaches

Structures (ships and offshore platforms) interacting with ice ridges have
long been the subject of analytical studies. In the scenario of ship-ice ridge
interaction, a ship is assumed to penetrate a relatively stationary ice ridge
field. Attempts have been made to describe the ridge failure mechanism
using the local passive shear failure approach with analogies to soil me-
chanics, such as the Mohr-Coulomb (MC) shear failure theory by Keinonen
(1979) and Rankine theory by Malmberg (1983). Accordingly, an ice ridge
keel could be modelled as an elastic-plastic material due to the similarity
of a soil pile and a ridge keel as regards their material characterisation
(a body of granular material). Both theories assume that the ridge fails
passively along a shear plane under the plane strain condition. The ma-
terial parameters of “internal friction angle” and “cohesion” following the
MC theory are adopted to describe the shear strength of an ice ridge keel.
Internal friction angle is a function of the material principal stress ratio at
the failure state, guiding the orientation of the shear plane. Cohesion is
the cohesive intercept in the diagram of linear MC failure criterion, which
is neglected when considering unconsolidated ice rubble behaving as a co-
hesionless material without the effect of pore-water freezing but only being
influenced by confining pressure (Ettema and Urroz, 1989). On the other
hand, cohesion has been considered as an important material property of
consolidated ridges, which could level up the resistance on structures by
comparison with the unconsolidated ridge resistance (Dolgopolov et al.,
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1975; Keinonen, 1979).
Following the study of Keinonen (1979), it is assumed that the MC failure

mechanism is valid in ridge studies when the mechanical response of the
ridge is not affected by the ridge boundary in the direction of resistance,
requiring the ridge dimensions to be semi-infinite. Semi-infinite here
describes an elongated ridge having an infinite ridge width but finite ridge
depth. However, a ridge observed in nature is often quite narrow (Timco
and Burden, 1997; Weeks, 2010). The semi-infinite ridge assumption would
not match the reality. Additionally, the MC failure criterion directs an ice
ridge to fail along a shear plane. The benefit of this assumption is that
it allows simplifying manual calculations of resistance. However, ridge
failure along a single shear plane has not been fully proved in tests. At
least, the experimentally measured internal friction angle varies over a
broad range due to the ridge’s inhomogeneous nature (Kulyakhtin, 2019).

Rankine theory is a simple application of MC theory to calculations of
the pressure of soil on a vertical and non-frictional retaining wall. It would
be debatable to directly apply Rankine theory to calculating the ridge
resistance on a ship, as in the approach of Malmberg (1983), because a
real ship bow has an inclined curved form, and the friction between the
ship and the ice cannot be neglected. Hence, without understanding the
ridge failure behaviour from the perspective of physics, these analogies
may result in inaccurate estimations.

In the scenario of ridge-offshore structure interaction, the ice ridge is
often assumed to drift towards a stationary structure. The ridge failure
models could be summarised, among others, as a local passive shear failure
model (Dolgopolov et al., 1975; Croasdale, 2012), global plug failure model
(Croasdale, 2012; Palmer and Croasdale, 2013) or bending failure model
(Palmer and Croasdale, 2013). In the latter, a ridge with keel and consoli-
dated layer is characterised as a composite ice beam by converting a void
ridge keel into a homogeneous consolidated ice layer. This consolidated
ice beam fails at the centre crack of the beam, based on a theory of the
maximum bending moment for an infinite beam. However, this simplifica-
tion may result in an overestimated resistance on the structure of ridge
without a consolidated layer, because the equivalent ice beam may fail
through other means before bending failure takes place.

Brash ice is another type of ice granular material, also an accumulation
of small ice fragments. Compared with a ridge created by the forces of
nature, brash ice consists of ice blocks resulting from the breaking of ice
sheets as ships transit along the same channels or ship lanes. The brash ice
resistance on ships in channels has been calculated analytically regarding
the assumption of brash ice as a MC material with cohesion (Mellor,
1980; Ettema et al., 1985) or without cohesion (Riska et al., 1997). The
Finnish-Swedish Ice Class Rules (Transport Safety Agency, 2010) propose
formulae for evaluating ship’s performance in brash ice channel, which
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were developed from calculations in Riska et al. (1997) with coefficients
obtained from full-scale data fitting adapted to the Baltic Sea ice condition.
It could be more suitable to employ MC failure theory to describe the
brash ice failure mechanism than a ridge, because brash ice appears more
homogeneous (more or less spherical ice blocks) and semi-infinite, as the
channel is usually long enough in the ship passage direction. The analytical
model of brash ice channel resistance has been further developed into
semi-empirical formulae for Baltic Sea ice conditions based on test data
(Riska, 2014). Hence, the generally accepted knowledge on the mechanical
behaviour of brash ice under a ship’s penetration could form a basis for
the study of ship-ridge interaction (see Section 3.4.3), since brash ice could
be the most similar ice feature to a ridge keel in terms of its material
characterisation.

1.3.2 Numerical approaches

Ice ridges have been modelled numerically as continuum materials. Most
numerical models of the ice ridge treat the influence of their discontinuities
on deformability or strength through constitutive laws of an equivalent
continuum. For example, the ice ridge was modelled as a MC or Drucker-
Prager continuum material (Heinonen, 2004; Serré, 2011a,b) in the finite
element simulations of a ridge punched through vertically by an indenter.
Another simulation scenario is a sloping-faced object horizontally pushing
a consolidated ridge keel using a pseudo-discrete continuum model (Liferov,
2005) in a finite element approach, considering the voids between the ice
blocks with negligible stiffness in the ridge model. However, these contin-
uum models have not yet been used to simulate ship-ice ridge interaction.
Notably, the continuous description of ice ridges may face limitations when
flow of material occurs (Donzé et al., 2009).

The ice ridge can also be modelled discretely by particle-based methods
such as DEM. DEM models used in ice studies (not limited to ice ridges)
can be different in terms of the shape of discrete elements, contact models,
and time-stepping schemes. A discrete element can be a 2D disk (Her-
man, 2016) or polygon (Hopkins et al., 1991; Hopkins, 1992, 1996) and a
sphere (Ji et al., 2016) or polyhedron (Polojärvi and Tuhkuri, 2009; Hisette
et al., 2017; Liu and Ji, 2018). Contact models are established on the
physical interpretation of potential contact forces. Among others, contact
forces have been modelled by potential function (overlap volume) (Polojärvi
and Tuhkuri, 2009) or spring-damper models (one-dimensional overlap)
(Hisette et al., 2017; Liu and Ji, 2018). Discrete elements can be modelled
as rigid or deformable bodies. Among rigid ice blocks, the inelasticity of
collisions is achieved by viscous damping (Polojärvi and Tuhkuri, 2009). De-
formable ice blocks with freeze bonds in ridges could be modelled through
energy dissipating cohesive fracture process (Polojärvi and Tuhkuri, 2013).
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The deformable elements are also used in modelling ice floes interaction by
ships. The cracks within the element are triggered by the upper limit force
from the combination of contact area and crushing pressure (Lubbad and
Løset, 2011) or constant energy dissipation per crushed volume (van den
Berg et al., 2018) obtained from field measurements. These models are
solved implicitly for integrating into a real-time simulation system by
sacrificing the physical accuracy of contact models (Konno and Mizuki,
2006; van den Berg et al., 2018). This simulation method has not been im-
plemented in the application of ridge models. In ice ridge research, the use
of DEM started with simulating rigid discrete elements within the ridge
and solving the contact forces explicitly (Hopkins et al., 1991). Recently,
this type of DEM model has been applied to modelling both noncohesive ice
rubble (Hopkins, 1992, 1998; Polojärvi and Tuhkuri, 2009; Polojärvi et al.,
2012) and cohesive ice rubble (Polojärvi and Tuhkuri, 2013) for simulating
ice ridging process and ridge keel punch-through tests. Besides ice rubble,
DEM has also been used for other ice-interaction problems, such as floating
ice sheets failing against inclined/vertical offshore structures or ships (for
more information, the reader can refer to Tuhkuri and Polojärvi (2018)).

An ice ridge characterised either continuously or discontinuously has
pros and cons. Continuum models describe the ridge behaviour using
classic mechanical variables (e.g., normal stress and shear stress) obtained
from material characterising experiments (e.g., punch-through tests, direct
shear tests, etc.). These mechanical variables can be used directly for
analytical and numerical approaches if the modelled ice rubble has enough
ice blocks for continuum approximation. For example, Kulyakhtin (2017)
addressed that the averaging volume length of ice rubble needs to be at
least 10 (uniaxial test) to 20 (biaxial test) ice block lengths. In other words,
mechanical variables for the continuum model may not be representative
for a small ice ridge, which is less than an order of magnitude different
from the size of ice blocks.

In comparison, discrete models focus on individual block behaviour. They
provide essential knowledge on ridge kinetic behaviour at the scale of ice
blocks, which other research approaches may have challenges to offer. For
example, discrete models naturally illustrate stress/strain localisation,
while a continuum model may face challenges describing it (Donzé et al.,
2009). Besides, continuum mechanical variables can also be obtained
from the discrete model through average variables over a large pile with
enough ice blocks. In this way, the continuum variables of ice rubble can
reflect the discrete material nature. However, this method has not been
widely applied in ice mechanics, only in the preliminary trial of 2D biaxial
compression simulations (Kulyakhtin and Polojärvi, 2016). One point of
debate related to the validation of discrete models would be how to justify
the correctness of contact models. For instance, contact model parameters
may not have physical meaning. Nevertheless, these simulation parameter
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values can be determined by equating the simulated macro forces (e.g.,
shear forces) with the corresponding experimental results, and further
validated through other measures such as kinematic variables (Polojärvi
and Tuhkuri, 2009).

1.3.3 Experimental approaches

Ice ridge mechanical property values must be measured from the field.
Unfortunately, some field measured values may be inaccurate (Polojärvi,
2013). For example, the shear strength of an ice ridge from in-situ punch-
through tests (Leppäranta and Hakala, 1992; Heinonen, 2004) was not
measured directly, and the measurement technology may have reduced
the measurement accuracy. Similar challenges also arise in field tests
of ship-ridge interaction. For instance, the field measurements cited by
Keinonen (1979) lack detailed information on ridge components and mate-
rial properties.

The material properties of ice ridges can also be measured and studied
with ice ridges modelled in laboratories. The challenge is how to create
a realistic model-scale ridge by following the natural process with valid
scaled strengths. For example, following the guidelines of ITTC (2017),
a model ridge is generated at ice tank by piling up the precut stripes
or fragments of level ice. Such model ridges were used in model tests
of ship interaction with ice rubble (Ettema et al., 1986) and ice ridges
(Leiviskä, 1998; Ehle, 2012). Model ice fragments can also be substituted
by polyethene blocks in ice rubble model tests (Ettema and Huang, 1988;
Polojärvi et al., 2012). These mentioned model ridges were not generated
based on the ridge formation in nature through level ice rafting and ridging
processes (Tuhkuri and Lensu, 2002). Additionally, the strength of model
ice could be challenging to control, resulting difficulties in interpreting
material properties of model ridge.

Other small-scale ice rubble can also be modelled in laboratories. Using
analogies to geotechnical measurements, the shear strength of the scaled
ice rubble can be measured by direct shear box tests (Urroz and Ettema,
1987; Pustogvar et al., 2014) and biaxial compression tests (Timco et al.,
1992). Besides, the punch-through tests are performed using polyethylene
blocks mimicking ice blocks (Ettema and Huang, 1988; Polojärvi et al.,
2012). These experimental data were used to validate DEM (Polojärvi
et al., 2015), FEM (Liferov, 2005; Serré, 2011b) and analytical models
(Kulyakhtin and Høyland, 2014b, 2015).

21



Introduction

1.4 Scope of the work and limitations

Earlier studies have offered some preliminary attempts to estimate ice
ridge resistance on ships, with the main focus on analytical approaches.
However, the fundamental knowledge of ice ridge resistance has not been
fully understood in terms of the ice ridge failure mechanism during ship
interaction with ice ridges. Previous studies have mainly focused on the
effect of ridge depth on ship resistance and neglected the effect from other
ridge dimensions. In addition, these state-of-the-art models assume that
the ship model has a wedge-shaped bow and thereby do not consider the
ship’s actual complex hull form. Furthermore, the ice ridge has been
customarily modelled as a continuum material, behaving like a body of
homogeneous and isotropic material with an assumption of predefined fail-
ure mode. However, these approaches have not considered the structural
inhomogeneity of ice ridges affecting the ridge failure.

To address the aforementioned limitations of state-of-the-art methods,
and to obtain new understanding of ship-ice ridge interaction for support-
ing arctic ship design and transit simulation, this study investigates the
ridge resistance and ridge failure behaviour involved in the interaction
between a ship and an unconsolidated first-year ice ridge keel. The study,
specifically, aims to address the following research questions:

• RQ1. How do the dimensions of an unconsolidated ridge keel affect
ridge resistance? (Section 3.2)

• RQ2. How does the form of a ship hull affect the ridge resistance?
(Section 3.3)

• RQ3. What is the mechanical behaviour of an unconsolidated ridge
keel during the ship’s passage through the ridge? (Section 4)

• RQ4. What are the important parameters for the prediction of ridge
resistance? (Section 4, 5)

In order to address the research questions, the study applies a three-
dimensional discrete element method to simulate the ship-ice ridge inter-
action.

The scope of this study includes:

• Setting up computation-efficient 3D DEM models of a ship interacting
with an unconsolidated ice ridge using a validated half numerical
model.

• Performing a series of 3D DEM simulations of the interaction between
ice ridges with various dimensions and ships with different hull
forms.
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• Comparing and analysing the ridge resistance record affected by
ridge dimensions and ship hull forms characterised by bow angles.

• Explaining the ridge failure process through the interpretation of
ridge resistance records and ridge deformation stages.

• Revealing the ridge failure mechanism at different deformation
stages through the analysis of the kinetic responses of an ice ridge at
local and large scales.

• Discussing critical factors in the ridge resistance estimation based
on the ice ridge failure mechanism obtained from the studied simula-
tions.

In general, this study focuses on simplified ship interactions with ridges.
Both hull structure and ice blocks of ridges are simulated as rigid bodies,
and no freeze bond exists in the simulated ridge model.

Hydrodynamics on ships and ice blocks of ridges are not considered, as
the ship’s velocity is simulated as 1 m/s. Besides the low ship’s velocity,
the relatively small dimensions of simulated ice blocks compared with the
ship model also limit the influence of added mass on the overall behaviour
of the ice ridge. For reader’s interest, open water resistance (without any
ice) on the model-scale MT Uikku ship model (scaling factor is 31.56) was
measured as . 1 N at v = 0.26 m/s (von Bock und Polach, 2010), which is
Rw . 30 kN at full scale.

This thesis provides limited simulation data due to the heavy DEM
calculations for wide ridges which consist of more than 10000 ice blocks.
Simulated ridge resistance record of wide ridges in Figure 3.3 ends before
the ship completing the ridge penetration, but the simulation data are
sufficient for the ridge failure behaviour analysis.

Other limitations and assumptions are mentioned as appropriate in the
text.

1.5 Structure of the thesis

The thesis structure, as shown in Figure 1.3, has two main parts: simulated
ridge resistance and the ridge failure mechanism. It includes the simu-
lation setup (Chapter 2), analysis of simulated ridge resistance records
(Chapter 3), analysis of the ice ridge failure mechanism from the aspects
of kinetic behaviour at different scales (Chapter 4), and a summary and
discussion of the research findings (Chapter 5).

The analyses of the ridge failure mechanism focus mainly on simulations
of ice ridges with equal ridge depth but different ridge widths, highlighted
by a green dashed line. The studies on the effect of ridge depth and ship
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hull form on ridge resistance are presented in Chapter 3. The analyses of
the ridge failure mechanism are presented selectively in Chapter 4.

Figure 1.3. Overview of the thesis structure.
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2. 3D DEM simulation of ship-ridge
interaction

2.1 Overview of DEM mechanics

This work was conducted with an in-house 3D DEM code, which performs
a simulation of Newtonian dynamics for interacting particles in the ex-
plicit time stepping scheme. This code has been validated against data
from full- and model-scale ridge keel punch-through tests (Polojärvi and
Tuhkuri, 2009; Polojärvi et al., 2012). The validation of this code applied
in simulating the ship-ridge interaction is given in Section 3.4.1.

The mechanics considered in this DEM code are described in Appendix A.1.
Some method details relevant to this work are introduced below. The 3D
models of ice blocks and ship are meshed into rigid discrete elements.
Naturally floating ice blocks in a reactively stationary state form a ridge
with a designed shape. The top boundary at the waterline constrains the
underwater ice blocks. If the ice blocks do not interfere with each other
underwater, only external forces act on them, including gravitational force,
buoyancy and drag force if the blocks are in motion. When collision occurs,
the contact forces additionally act on the ship-to-block and block-to-block
contacts, composed of the force derived by the penalty function and poten-
tial contact force method, viscous force and sliding friction. The penalty
term used in the potential contact force function is taken as 1 ·107, and
viscous damping constant is 5 ·105. The friction coefficient of block-to-block
contact (ice-ice friction coefficient) µi takes a representative value of 0.3
or 0.6 based on measurements (Schulson, 2018), as µi depends on the
surrounding temperature, relative velocity, and ice type. Also, µs = 0.1 is
assumed for the ship-to-block friction coefficient (ship-ice friction coeffi-
cient) by considering the roughness of the ship hull, even though µs = 0.15
has sometimes been used (Timco and Weeks, 2010; Riska, 2014). Other
simulation parameters are listed in Table 2.3.

Parts of this chapter are published in Gong et al. (2017, 2018, 2019a,b).
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2.2 Simulation set-up

Figure 2.1 illustrates the simulation domain. The origin of system coor-
dinate locates in the centre of the basin top cover. The centre line of the
ship at the waterline aligns with the x-axis, overlapping with the centre
line of the basin. A rigid plate covers the basin at z = 0 m, mimicking an
ice cover to constrain the ridge keel along the waterline. The ice basin
is set deep enough, thus there is no need to have a basin bottom. The
x-axis of the basin is 200 m long, without any potential interaction of the
basin walls with the blocks or ships, but two basin walls parallel to the
xz-plane constrain the ridge length by the domain width. The value of the
domain width used in the simulations is selected in Section 3.1, taking
into consideration that the domain width should not affect the simulated
ridge resistance. Both ice cover and basin walls have the ice-ice friction
coefficient µi by mimicking ice boundaries and the frictional boundaries
can prevent ice rubble dissolving.

Figure 2.1. Sketch of the simulation set-up. w is the ridge width, h the ridge depth, and l
the ridge length.

The ridge keel is in the centre of the basin. The cross-section of ridge
parallel to the xz-plane is designated by the ridge depth h and ridge width
w (along the x-axis). The ridge length l equals the basin width. The ridge
keel consists of polyhedral ice blocks simulated by rigid discrete elements.
The simulated models of ice ridges with various dimensions are presented
in Section 2.2.2.

Ship hulls are designed by solid modelling, then converted into volumetric
elements (see Section 2.2.1). The velocity of the ship vship is given as 1.0 m/s
along the ridge width in the x-axis direction. The ship only contacts the
blocks within the ridge, without any interference from the basin or ice
cover. The kinetic information of the ship and ridge are calculated at each
time step of 5·10−5 s, returning a resultant force of ship-block contact forces
acting on the ship. Hence, the x-axis component of the resultant force is
defined as the ridge resistance R at each time step.

The simulation model is symmetric about the plane of symmetry at
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y = 0 m, making the modelling symmetry possible. For instance, a full
model is set up as shown in Figure 2.2a, and the corresponding half model,
which only has y≤ 0 m, as shown in Figure 2.2b. The resistance reported
from a half model is doubled to equate the force from the corresponding full
model. A half model representing the corresponding full model is validated
in Section 3.1.

(a) (b)

Figure 2.2. Simulation snapshots of ship-ridge interaction: (a) full model of a triangular
cross-section ice ridge (light grey) with l f ; (b) half model of the ridge with
lh = 0.5l f .

2.2.1 Geometry of ship hulls

MT Uikku, an ice-strengthened tanker, is used as the model ship in this
study. It can navigate in Baltic Sea ice conditions without icebreaker
assistance. The ship, which has been used in many full- and model-scale
tests (Riska, 2014), has a typical wedge-shaped bow common to ice-going
ships (Yamaguchi et al., 1997). Figure 2.3a shows a 3D model of MT Uikku
and Table 2.1 lists its main dimensions. The 3D ship model is rebuilt
in Solidworks software based on 3D point cloud obtained from the hull
drawings. The 3D point cloud is converted into external curved surfaces
of the hull which are then extruded with a thickness of 0.1 m along the
normal direction to form a solid model. The 3D solid model is meshed
into tetrahedral volumetric elements in Gmsh software. The volumetric
elements are treated as discrete elements in DEM simulations.

Table 2.1. Main dimensions of MT Uikku

Description Symbol Value [m]

Waterline length L 150

Bow region waterline length Lb 40

Bow length Lbow 20

Parallel midbody length Lm 67.5

Breadth B 22

Draught T 9.5
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The bow form can be characterised by the following bow angles (Kujala
and Riska, 2010): waterline angle α, stem angle ϕ and flare angle ψ. These
three angles are related through

ψ= arctan(tanϕ/sinα) (2.1)

Following the Finnish-Swedish Ice Class Rules (Transport Safety Agency,
2010), α= 25.2◦ and ϕ= 29.7◦ for MT Uikku are measured at a distance of
B/4 at the waterline from the centre line of the ship, as shown in Figure 2.3a.
Lb is the waterline length of the bow region—the sum of the bow length
Lbow and the bow intermediate length, covering the forward perpendicular
and forward end of the parallel midbody (IACS, 2016).

(a)

(b)

(c)

Figure 2.3. Ship hulls used in simulations: (a) MT Uikku; (b) HULL 2 resembling MT
Uikku; (c) HULL 4 with a vertical bow. Table 2.2 lists the bow angles and bow
lengths of different ship hull forms. After Gong et al. (2019a).

To study the effect of ship hull forms on ridge resistance, six simple ship
hulls (HULLs) with wedge-shaped bows and sterns, formed with flat plates,
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Table 2.2. Bow angles and bow lengths of MT Uikku and simple hull forms.

Parameter
MT HULL

Uikku 1 2 3 4 5 6

α [◦] 25.2 25.2 25.2 25.2 25.2 15 45

ϕ [◦] 29.7 22.7 29.7 52.7 90 90 90

ψ [◦] 53.3 45 53.3 72 90 90 90

Lbow [m] 20 24 24 24 24 41 11

are generated. The bow angles of these hulls are given in Table 2.2 and
two examples are shown in Figure 2.3b and 2.3c. The bow angles of MT
Uikku are listed as a reference. HULLs 1–4 have an equal waterline angle,
α= 25.2◦, to that of MT Uikku, but different stem angle ϕ and flare angle ψ.
HULLs 4–6 have vertical bows, ϕ=ψ= 90◦, but various values of α. If the
bow angles change, the bow region waterline length Lb may also change
(see Figure 2.3 and Table 2.2), potentially affecting the ridge resistance
and the process of the ship penetrating the ridge. MT Uikku in Figure 2.3a
and HULLs 1–3 in Figure 2.3b show that Lb covers the bow length Lbow

and the bow intermediate length. The bow intermediate is a hull structure
that smoothly transits the bow structure in the Lbow area to the forward
end of the parallel midbody. HULLs 4–6, illustrated in Figure 2.3c, do not
have a bow intermediate, so that Lb = Lbow.

2.2.2 Numerical formation of ice ridges

The studied unconsolidated ridge keel is formed by rigid polyhedral blocks
with six faces. Figure 2.4 illustrates a modelled polyhedron with thick-
ness hice = 0.3 m and the other dimensions a1...4. Aspect ratios are a1...4

hice
,

which have random values in a range of 0.6...15, following a log-normal
distribution obtained from field measurements by Kulyakhtin and Høy-
land (2014a). A polyhedral ice block is meshed into tetrahedral volumetric
elements in DEM simulations. Table 2.3 lists other material parameters of
ice blocks.

The ice ridge model is generated in two stages. The first stage involves
performing a simulation of a relatively stable pile of ice blocks (discrete
elements) within a simulation domain broader than the designated ridge
dimensions. These blocks, initially without any contact, are released
underwater in random velocities once the simulation starts, as shown in
Figure 2.5a where red arrows represent initial velocity directions. The
friction from the ice cover on top of the pile at z = 0 m prevents it from
dissolving. The frictional, drag and viscous damping forces on the blocks
gradually dissipate the kinetic energy of the system. The simulation is
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terminated when the pile becomes virtually stable with a natural porosity
(Polojärvi and Tuhkuri, 2009). Figure 2.5b shows the stable ice blocks
forming into a 5 m deep ice rubble. In the second stage, the blocks from
the ice rubble generated during the first stage are retained as the ridge
model if they are within the designated ridge dimensions. For instance, a
red triangle in Figure 2.5b contours a triangular ridge cross-section shape
in the xz-plane. The ice block is accounted as part of the ridge model if
its 8 vertices are all inside the triangular ridge dimensions, as shown in
Figure 2.6a. Figure 2.6b illustrates a trapezoidal ridge DEM model. Such
tailor-made ice ridge models can be used in the DEM simulations of ship
interaction.

Figure 2.4. Probability distribution of aspect ratios of polyhedral ice blocks used in DEM
simulations. Aspect ratios are a1...4

hice
. The mode of the distribution (red mark)

is 2.2.

Table 2.3. Parameters of ice blocks and water used in the simulations.

Description Symbol Unit Value

Ice blocks Thickness hice m 0.3

Aspect ratio 0.6. . .15

Density ρ i kg/m3 920

Ice-ice friction coefficient µi 0.3,0.6

Ship-ice friction coefficient µs 0.1

Drag coefficient 1.05

Damping constant 5 ·105

Water Density ρw kg/m3 1010

This ridge model generation allows the ridge to have a random initial
configuration and porosity varying in the range of 0.4...0.5, which is in
line with earlier observations and measured porosity in the field (Høyland,
2007). It should be noted that porosity relates to ice block aspect ratios.
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For this reason, other porosity values have been measured and considered
(Ettema and Huang, 1988; Leiviskä, 1998; Riska, 2014).

(a) (b)

Figure 2.5. The modelling procedure for generating an ice ridge DEM model. (a) a pile of
loose ice blocks coloured in black and white are given initial random velocities
underwater. Red arrows represent initial velocities on the blocks. (b) These ice
blocks form into dense ice rubble with a natural porosity after the simulation
becomes virtually stable. A red triangle, for instance, contours a designed
ridge domain with a triangular cross-section in the xz-plane. The ice blocks
inside the domain form an ice ridge DEM model, as shown in Figure 2.6a.

The ridge dimensions are designed for an elongated ridge, with the cross-
section in the xz-plane, as shown in Figure 1.2. The ridge keel angle
θk is taken as 30◦ after Timco and Burden (1997). This fixed keel angle
limits the cross-sectional shape to be either triangular (w = 2h/ tan(θk)) or
trapezoidal (w > 2h/ tan(θk)). As shown in Figure 2.6, when the ridge depth
h = 5 m, a triangular cross-section ridge has w = 17.3 m. If w = 40> 17.3 m,
the cross-section is trapezoidal. A triangular ridge with w = 17.3 m and
ridge length lh = 30 m used in the simulation consists of 1622 ice blocks and
a wide trapezoidal ridge with w = 160 m and h = 5 m has 44661 ice blocks.

(a) (b)

Figure 2.6. Ridge used in simulations with either (a) a triangular cross-section or (b) a
trapezoidal cross-section.

2.3 Summary of the simulation matrix

A series of 3D DEM simulations is designed for solving the following
questions:

• What is a suitable ridge length for a half model without boundary
effects on the simulation results?
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This simulation set aims to figure out whether a half model is repre-
sentative of the corresponding full model, and also to find a suitable
small ridge length while saving on computation costs. One ship type,
MT Uikku, is used. Six testing ridges have the same triangular
cross-section with depth h = 5 m and width w = 17.3 m, only the ridge
length varying. Three half models have a ridge with lh of 30, 40 and
50 m. Correspondingly, three full models have a ridge with l f of 60,
80 and 100 m. The features of the ridge resistance records and peak
ridge resistances of these six simulations are analysed in Section 3.1.

Next, a half model of a ridge with the selected lh is used for the
following simulations:

• How do the ridge width and ridge depth affect the simulation results?

The half model of a ridge with a fixed length lh determined by the
previous analysis is used to check how ridge width and depth affect
ridge resistance. For analysing the effect of ridge width on ridge
resistance, two ridge depths are chosen. One simulation set has
ridges with ridge depth of 5 m (h ≈ T/2) and the ridge width w varying
from 17.3 to 160 m. The other simulation set has ridges with ridge
depth of 10 m (h ≈ T) and ridge width w = 40...140 m. The ridges in
both sets have either a triangular or a trapezoidal cross-section.

For analysing the effect of ridge depth on ridge resistance, the ridge
width should be wide enough not to have any effect on the ridge
resistance. Hence, wide ridges appearing as semi-infinite with four
different ridge depths are considered here. Besides the aforemen-
tioned two deep ridges (h = 5 m with w = 160 m and h = 10 m with
w = 140 m), two shallow wide ridges (w = 200 m) with h = 1 m and
2.5 m are modelled.

• How do ship hull forms affect the simulation results?

In this simulation set, HULLs 1–6 interact with a 5 m deep ridge
with a triangular or a trapezoidal cross-section, respectively. These
ship hull forms have simplified wedge-shape bows, characterised by
bow angles, as described in Section 2.2.1. Their bow angles and bow
lengths are listed in Table 2.2.
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3. Numerical simulation results of ridge
resistance

3.1 Simulated ridge resistance records

Simulated ridge resistance R develops with the horizontal displacement
of the ship, δ, shortened to ship’s displacement, which is a displacement
measure from the onset of the ship entering the ridge. In other words, δ is
the length of the ship that has passed the ridge (Gong et al., 2019b).

Figure 3.1a illustrates the ridge resistance on MT Uikku of a full model
in which the ridge has w = 17.3 m, h = 5 m, l f = 60 m and µi = 0.3. The
noise in this record is due to the initial configuration of the ridge where
individual ice blocks within the rubble are impacting the ship’s hull. In
order to filter out the configuration-dependent noise, the running average
F f –δ record with a window size of 6 m is chosen, as the general feature of
the R–δ record is well preserved. The peak resistance Rp is then defined
as the maximum value of the running average of the R–δ record, marked
in yellow in Figure 3.1a.

The ridge resistance record of the half model is also shown in Figure 3.1a.
Corresponding to half the full model, the ridge in the half model has
lh = 0.5l f = 30 m. The ridge resistance of the half model is assumed to be
half that yielded by the corresponding full model. Figure 3.1a shows that
the features of R–δ records for both models are similar: R increases with δ

to Rp then drops to a constant value for a while before vanishing.
The effect of ridge length, equivalent to the effect of basin width, on Rp is

examined by comparing ridge resistance records for full models of a ridge
with l f of 60, 80 and 100 m, and the corresponding half models with lh of
30, 40 and 50 m. These simulations use a triangular cross-section ridge
with w of 17.3 m and µi of 0.3. Figure 3.1b shows that the simulated Rp

of the full models is 6...10% higher than that of the corresponding half
models. Besides, the boundary effect of lh on Rp is also checked for a

Parts of this chapter are published in Gong et al. (2017, 2018, 2019a,b).
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vertical hull form HULL 4 interaction with the same ridges. The simulated
ridge resistance records have a similar shape of Figure 3.1a. While, Rp

only increases about 3% by changing lh from 30 to 50 m, which can also be
observed in Figure 3.1b of MT Uikku. This deviation is acceptable for ice
studies. Therefore, a half model of lh = 30 m ridge is used in the following
simulations. The use of half model can also be validated by the kinematic
analysis of ice blocks in Section 4.1.

(a) (b)

Figure 3.1. (a) Simulated ridge resistance record R–δ of a full model (l f = 60 m) and half
model (lh = 30 m) of a ridge with w = 17.3 m, h = 5 m and µi = 0.3. R from the
half model is multiplied by two. The black lines represent the running average
F f with a window size of 6 m and their peak values are marked as Rp. (b)
Peak ridge resistances Rp from the full and half models are plotted against
the ridge length l f (2lh). After Gong et al. (2017).

3.2 Effect of ridge width and ridge depth on ridge resistance

This section describes the effect of w and h on the ridge resistance R of
MT Uikku. Table 3.1 shows the simulation matrix of ridge dimensions
examined here. All the simulations use a half model of a ridge with
lh = 30 m, and µi is taken as 0.3 and 0.6 for comparisons of R. The ridge
dimensions in the first two rows of the table are for analysis of the effect of
w on R in Section 3.2.1 and 3.2.2. The ridges in these simulation sets have
either a triangular (marked *) or a trapezoidal cross-section depending on
the ratio of w to h. Section 3.2.3 studies how h affects R for a wide ridge.
Wide ridges with a trapezoidal cross-section have four depths and no effect
of w on the simulated R.

To analyse the simulation results further, R can be split into two compo-
nents:

R = Fµ+Fd (3.1)

where Fµ is the frictional force, which is the x-component of the sum of the
tangential contact forces on the ship, and Fd is named deformation force,
which is the x-component of the sum of normal contact forces on the ship.
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Table 3.1. Ridge dimensions used in the simulations.

Ridge width w [m] Ridge length lh [m] Ridge depth h [m]

17.3∗ ... 160 30 5

40∗, 80, 140 30 10

200 30 1, 2.5

* Triangular cross-section ridge

Fµ is a function of the ship-ice friction coefficient µs, and no other force
contributes to R except Fd when µs = 0. This is demonstrated in Figure 3.2
by the force record, represented by the running average F f on Fd–δ and
R–δ records for MT Uikku with a frictional hull (µs = 0.1) and non-frictional
hull (µs = 0), respectively, interacting with a half model of a narrow ridge
(w = 17.3 m and h = 5 m). It shows that the R–δ record (µs = 0) almost
overlaps Fd–δ record of the simulation when µs = 0.1.

Figure 3.2. Running average F f –δ of Fd–δ and R–δ records from the simulation of a half
model of a narrow ridge (w = 17.3 m and h = 5 m) penetrated by MT Uikku
with a frictional hull µs = 0.1 or non-frictional hull µs = 0, respectively.

3.2.1 Effect of ridge width: ridges with h = 5 m

Figure 3.3 shows how the simulated R varies with the ship’s displacement
δ during its passage through a h = 5 m deep ridge with various widths
w. It clearly demonstrates that w has an essential role in the shape of
R–δ record and Rp. For a narrow ridge, R increases to Rp then drops
to a constant level after the ship has penetrated through the ridge. In
comparison, R from a wide ridge increases with δ to Rp but at different
rates of increase, and after dropping, R does not experience a constant
stage. It is worth noting that for all the simulations of various w studied
here, the rate of increase of R is similar upon initial interaction. As w
increases, Rp also increases and occurs at a greater δ, until w ≈ 140 m (the
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same order of the ship’s length at the waterline L) and Rp ≈ 800 kN, when
Rp no longer appears to vary with w (see Figures 3.3, 3.5b and 3.7).

Figure 3.3. Simulated ridge resistance records R–δ of MT Uikku passage through a 5 m
deep ridge with different ridge widths w. The ridge has µi = 0.3. After Gong
et al. (2019b).

(a)

(b)

Figure 3.4. Simulation snapshots of MT Uikku entering and exiting a 5 m deep ridge with
(a) a narrow width w = 17.3 m and (b) a wide width w = 160 m. Ice blocks are
coloured by their non-dimensional velocity—the normalised block velocity vx
by the ship’s velocity vship.

Overall simulation snapshots of MT Uikku in a triangular ridge with
w = 17.3 m are shown in Figure 3.4a. This ridge can be called a narrow
ridge. Figure 3.5a shows the ridge resistance record R–δ and its two
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components (defined by Equation 3.1). The resistance record has different
stages, marked 1⃝– 4⃝, and their corresponding simulation snapshots are
illustrated in Figure 3.6a. As the ship is entering the ridge, R increases
with δ to the peak value Rp at 1⃝. R then drops as the ridge deformation
continues, and as the ridge widens as shown in Figure 3.6a. R then stays
constant at 3⃝– 4⃝. Once the ship’s stern enters the ridge, R gradually drops
to zero when the entire ship has penetrated through the ridge.

(a) Narrow ridge with w = 17.3 m and h = 5 m

(b) Wide ridge with w = 160 m and h = 5 m

Figure 3.5. Ridge resistance record R–δ and its two components Fd–δ and Fµ–δ for a
narrow ridge and a wide ridge. The running average F f with a window size of
6 m is shown as black lines. For a 160 m wide ridge, Fd has a constant value,
which is represented by the mean force during this phase as Fm. The stages of
the ridge resistance record marked 1⃝– 4⃝ in a narrow ridge case and 5⃝– 8⃝ in
a wide ridge case can be identified in the simulation snapshots of Figures 3.6a
and 3.6b, respectively. Here, µi = 0.3. After Gong et al. (2019b).

The frictional force Fµ increases with the ship’s displacement δ to its peak
value at 2⃝ when the bow is in contact with the entire ridge (Figure 3.6a).
Fµ then falls to a constant value at 3⃝, as only the midbody of the ship is
in contact with the ridge, leading to R ≈ Fµ for this narrow ridge case.

The deformation force Fd is calculated with Equation 3.1. The record of
Fd–δ shows that Fd increases with δ following the same pattern of R–δ
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record to reach F p
d at 1⃝. After that, Fd keeps dropping towards zero at 3⃝,

as only the interaction with the midbody is ongoing.

(a) Narrow ridge with w = 17.3 m and h = 5 m

(b) Wide ridge with w = 160 m and h = 5 m

Figure 3.6. Simulation snapshots of a ship (dark grey) passing a ridge (light grey): (a) a
narrow ridge 17.3 m wide and (b) a wide ridge 160 m wide. The dashed lines
contour the perimeter of the ship. The snapshots at stages 1⃝– 4⃝ and 5⃝– 8⃝
correspond to the stages in the resistance records of Figures 3.5a and 3.5b,
respectively. After Gong et al. (2019b).

The record analysis of the resistance and its two components is also
applied to a wide, trapezoidal ridge (w = 160 m) passed through by a ship
(see Figure 3.4b). The R–δ record is plotted in Figure 3.5b and shows that
R increases with δ at a high rate of increase until 5⃝ and continues at a
slower rate to the peak value. The shape of Fµ–δ record appears to follow
R–δ, but at a much lower rate of increase. Corresponding to the simulation
snapshots in Figure 3.6b, Fµ increases to 6⃝ when both the bow and the
midbody have contacted the ridge. Fµ keeps a constant peak value at this
stage, until 8⃝ when the bow starts to break through the ridge accompanied
by a drop in Fµ. With regards to Fd–δ record, the peak constant value
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F p
d starts at 5⃝ when the entire bow enters the ridge (δ≈ Lb = 40 m). The

constant stage of F p
d lasts for about 100 m beyond that. At 7⃝, Fd falls from

its peak value when the distance between the bow tip and the ridge end is
about 20 m.

Taking the peak values of R and its two components from the running
average of simulation records of various wide ridges, Figure 3.7 shows how
Rp, F p

d and F p
µ relate to w and µi within different shapes. Rp–w record

clearly shows that Rp increases at a rapid rate at w < 40 m and then the
increase slows down at 40 ≤ w ≤ 140 m. Rp stays constant at w > 140 m,
suggesting that the ridge wider than 140 m appears semi-infinite under
the interaction by MT Uikku, which has a waterline length of 150 m. In
comparison, the shape of F p

µ –w record is simpler, reflected by a linear
increase at w < 140 m and then being constant even though w becomes
larger. The shape of F p

d –w record appears similar to the Rp–w record, with
a quick rise at w < 40 m and a slow rise until w ≈ 70 m. A constant value of
F p

d then follows. This value could be measured already in the 70 m wide
ridge, while the peak constant Rp appears in a much wider ridge.

Figure 3.7 further illustrates that the roles of F p
d and F p

µ in Rp vary as
w increases: F p

µ becomes more important as the ratio F p
d / F p

µ decreases.
For instance, F p

d / F p
µ ≈ 1 for MT Uikku in a wide unconsolidated ridge

(w ≥ 140 m). The change of µi has a limited effect on the shape of the
resistance record, while it makes sense that a higher µi would lead to
higher values of R and its two components.

Figure 3.7. The peak resistance Rp and its two components F p
µ and F p

d all vary in terms
of ridge width w and the ice-ice friction coefficient µi. Ridge depth h = 5 m.
The ship model is MT Uikku. After Gong et al. (2019b).

For MT Uikku interacting with a h = 5 m ridge with w varying from 17.3
to 160 m, common features of resistance records can be summarised (for
an interval of 5 m in the analysis) as follow:

• The ridge appears semi-infinite when w = 140 m, 10 m shorter than
the ship’s waterline length L.
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• w̄ ≈ 60 m can be considered as the ridge width threshold for cate-
gorising a ridge as “narrow" or “wide". This estimation is based on
the analysis of F p

d behaviour: for ridges with w ≤ w̄, F p
d occurs at

δ≈ δ′ = w−15 [m]; for ridges with w > w̄, F p
d appears at δ≈ Lb, and F p

d
stays constant until δ approaches δ′.

• For wide ridges, the moment at which R declines from the peak is
related to w, which can be estimated by δ≈ δ′ = w−15 [m].

3.2.2 Effect of ridge width: ridges with h = 10 m

Figure 3.8 shows R, Fd and Fµ for a triangular ridge (w = 40 m) and a
trapezoidal ridge (w = 140 m) developing with δ. The force features of both
ridges are similar to those from simulations of ridge depth of 5 m (see
Figure 3.5). Only the magnitude is higher than that from the shallower
ridges.

(a) Ridge with w = 40 m and h = 10 m

(b) Ridge with w = 140 m and h = 10 m

Figure 3.8. Records of ridge resistance R and its two components for (a) a triangular and
(b) a trapezoidal ridge with h = 10 m. Fm shows the mean of approximately
constant Fd . µi = 0.3. The behaviour of R at the stages of 1⃝, 2⃝, and 5⃝, 7⃝ is
identical in Figures 3.5a and 3.5b, respectively.
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Figure 3.8b further shows that Fd for a wide ridge of h = 10 m stays
roughly constant at its peak until δ≈ Lb, just as observed in simulations of
h = 5 m ridges. This indicates that the ridge depth does not have a clear
effect on the occurrence of F p

d .
Figure 3.9 shows similar features of Rp and its two components F p

d and
F p

µ varying with w and µi at ridge depth h = 10 m to those at h = 5 m
in Figure 3.7. The rapid increase of F p

d and Rp occurs at 40 ≤ w ≤ 80 m,
followed by a slow increase at 80 ≤ w ≤ 140 m. F p

µ is a linear function of
ridge width w at 40 ≤ w ≤ 140 m. The similar influence of w on the ratio
F p

d / F p
µ for ridges with h = 5 m can be observed in this deeper ridge of

h = 10 m: the role of F p
µ in Rp becomes more important as the increase of

w, reflected by F p
d / F p

µ , declines from 3 at w = 40 m to 1.3 at w = 140 m.
The increase of Rp when µi increases from 0.3 to 0.6 is roughly the same

regardless of the change of w. A similar increase is also observed both in
F p

d and F p
µ . For instance, the increase of F p

d is 200 kN and 100 kN for F p
µ

approximately.

Figure 3.9. The peak resistance Rp and its two components F p
µ and F p

d all vary in terms
of ridge width w and ice-ice friction coefficient µi. Ridge depth h = 10 m. The
ship model is MT Uikku. After Gong et al. (2019b).

In summary, similar features of ridge resistance records can be obtained
from simulations of MT Uikku in a triangular (narrow) or trapezoidal
(wide) ridge with h of 5 m and 10 m. Only the resistance magnitude of
a deeper ridge is greater than that of a shallower ridge. Consequently,
further analyses of ridge mechanical behaviour focus mainly on simulations
of a narrow ridge and a wide ridge with 5 m depth in Section 4.

3.2.3 Effect of ridge depth

When analysing the relationship between ridge depth and ridge resistance,
the effect of ridge width should not be involved. In this regard, wide ridges
appearing semi-infinite are taken into account. Four ridge depths h are
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studied here: 1, 2.5, 5 and 10 m and the corresponding ridge width w is
200, 200, 160 and 140 m, respectively.

Figure 3.10 shows that the features of the ridge resistance records for
a wide ridge of h = 1 m and 2.5 m are similar to those for deep ridges of
h = 5 m (Figure 3.5b) and h = 10 m (Figure 3.8b). For both shallow ridges,
F p

d occurs at δ≈ 40 m and stays constant until δ of 180 m, 20 m away from
the ridge end; Fµ stays at the peak value during δ≈ 125...180 m.

(a) Ridge with w = 200 m and h = 1 m

(b) Ridge with w = 200 m and h = 2.5 m

Figure 3.10. Records of ridge resistance R–δ, Fd–δ and Fµ–δ for (a) a ridge with w = 200 m
and h = 1 m and (b) a ridge with w = 200 m and h = 2.5 m. Fm shows the mean
of approximately constant Fd and Fµ. µi = 0.3.

Figure 3.11 shows how Rp, F p
d and F p

µ relate to h and µi. These peak
values are from the ridges appearing semi-infinite with different ridge
depth. Rp and its two components F p

d and F p
µ increase non-linearly with

increasing ridge depth h. The increase rates (e.g., dRp

dh ) also become larger
as h increases. The ratio of F p

d to F p
µ decreases with the increase in h. The

increase of µi from 0.3 to 0.6 has a greater effect on the peak forces when
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the ridge depth h is smaller. For example, F p
µ increases by 30% at h = 1 m

and 10% at h = 10 m when µi increases from 0.3 to 0.6. Similarly, F p
d is

found to increase by 27% at h = 1 m and 13% at h = 10 m. This is discussed
further in Section 4.2.

Figure 3.11. Rp, F p
µ and F p

d are functions of h and µi. The peak values are taken from
a wide ridge appearing semi-infinite: shallow ridges with h = 1 and 2.5 m
have w = 200 m, and deep ridges with h = 5 and 10 m have w = 160 and 140 m,
respectively.

3.3 Effect of bow angles on ridge resistance

This section presents the simulated ridge resistance records for different
ship hull forms. It also discusses the effect of bow angles on ridge resistance
and the work needed for a ship passing through a ridge. In addition,
simulation snapshots are used to analyse the relationships between the
bow shape, ridge resistance, work and the ridge deformation pattern.

3.3.1 Effect of flare angle ψ

Figure 3.12 shows the ridge resistance records R–δ for a narrow and a
wide ridge with h = 5 m and w = 17.3 m and 100 m, penetrated by MT
Uikku and HULLs 1–4 (equal α but different ψ and ϕ) defined in Table 2.2,
respectively. R–δ record of each case is filtered by the running average
with a window size of 6 m and the raw data of R–δ record of Uikku is in
grey for reference. The resistance records indicate that all the simple hulls
yield a similar ridge penetration process to that of MT Uikku for both
narrow and wide ridges. Only the magnitude of the resistance varies with
the change of ship hull. Appendix A.3 illustrates records of R–δ and its
two components for a narrow ridge and a wide ridge penetrated by HULLs
2 and 4, respectively.
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(a) Different ship hulls in a narrow ridge of w = 17.3 m and h = 5 m

(b) Different ship hulls in a wide ridge of w = 100 m and h = 5 m

Figure 3.12. Simulated ridge resistance record for the passage of MT Uikku and HULLs
1–4 through (a) a narrow ridge with w = 17.3 m (after Gong et al. (2019a))
and (b) a wide ridge with w = 100 m. In both cases, the peak resistance and
its two components, and their work needed for a ship’s passage through a
ridge, normalised by Rp and W of MT Uikku, are plotted against the flare
angle ψ. Reference values are Rp = 87 kN and W = 3 MN ·m for the narrow
ridge and Rp = 725 kN and W = 63 MN ·m for the wide ridge.

Figure 3.12 also shows the normalised peak force F̂ p and work Ŵ done
by F̂ p for different hulls passing through a narrow ridge of w = 17.3 m
(δ = 0...80 m) and a wide ridge of w = 100 m (δ = 0...130 m), normalised
by Rp and W of MT Uikku, respectively, plotted against the flare angle
ψ (referring to Table 2.2), where reference values are Rp = 87 kN and
W = 3 MN ·m for the narrow ridge and Rp = 725 kN and W = 63 MN ·m
for the wide ridge. F̂ p represents R̂p and its two components F̂ p

d and F̂ p
µ ,

and the work done by these forces are the corresponding components of
Ŵ. Both R̂p and Ŵ increase approximately linearly with an increase in
ψ. Similar linear relationships are also found for R̂p and Ŵ with ϕ. As
ψ and ϕ increase, the ship is pushing more ice blocks horizontally than
downwards; the bow is compressing the ridge rather than disintegrating
it, resulting in increased resistance and work. For a narrow ridge, the
simple hull with ψ of 90◦ has R̂p ≈ 1.5, and the work done Ŵ is a bit below
1.5. However, R̂p and Ŵ are both around 2 for a wide ridge case. The
linear increasing rates of F̂ p

d (ψ) and Ŵ(ψ) for F p
d are roughly the same as
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that of R̂p(ψ) and Ŵ(ψ) for both ridge width cases. F̂ p
µ and Ŵ for Fµ are

constant regardless of the increase of ψ and w. These figures also show
that MT Uikku has a lower Rp than HULL 2 (ψ= 53.3◦), which resembles
MT Uikku, for both narrow and wide ridges, but the work done by MT
Uikku and HULL 2 are similar. Thus, the work needed for a ship passing
through a narrow ridge appears less sensitive than the peak resistance to
changes in hull form, whereas both appear similar for a wide ridge.

Narrow ridge resistance records among different ship hulls are analysed
by relating them to the simulation snapshots of ridge deformation patterns.
Figure 3.12a shows that Rp of MT Uikku occurs sooner than for the simple
hulls. Figure 3.13 compares the snapshots from these stages and shows
that the time instant of Rp is related to the bow length Lbow. For these
ship hulls, R increases continuously until the bow interacts fully with the
ridge. Rp occurs at a later stage for the simple hulls, since their Lbow(Lb)
are longer than that of MT Uikku.

Figure 3.13. Simulation snapshots of MT Uikku and HULLs 1–4 (dark grey) penetrating a
narrow ridge (light grey) at the time instant of Rp. After Gong et al. (2019a).

3.3.2 Effect of waterline angle α

Figures 3.14 show the R–δ records for HULLs 4–6 with vertical bows but
different waterline angles α (see Table 2.2). The ridges used here are the
same as in Section 3.3.1. The waterline angle α strongly affects both the
feature of R–δ record and the magnitude of Rp for a narrow ridge, whereas
it mainly affects the magnitude of Rp for a wide ridge.

These figures illustrate that R̂p and F̂ p
d —normalised by Rp of MT Uikku—

have a linear relationship with α for vertical bows. A similar linear rela-
tionship with α is also found for the normalised work Ŵ done by these hulls
when passing a narrow ridge (δ= 0...80 m) and a wide ridge (δ= 0...150 m).
When α increases from 15◦ to 45◦, Rp more than doubles for a narrow ridge
and triples for a wide ridge, but again, Ŵ is less sensitive to the change of
α than R̂p and F̂ p

d for the narrow ridge case, and the changes of Ŵ and R̂p

are almost identical to that of the wide ridge case. Although HULL 4 has
the same α of 25.2◦ as MT Uikku at B/4, the vertical bow may have more
effect on Rp. For example, Rp is about half more than that of MT Uikku
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for a narrow ridge, and double that for a wide ridge. It is also interesting
to observe that HULL 4 uses similar work W to that done on HULL 5 that
travels through a narrow ridge but results in a higher Rp on HULL 4. The
change of α of hulls with a vertical bow has almost no effect on F̂ p

µ or the
corresponding work needed.

(a) Different ship hulls in a narrow ridge of w = 17.3 m and h = 5 m

(b) Different ship hulls in a wide ridge of w = 100 m and h = 5 m

Figure 3.14. Simulated ridge resistance records for the passage of MT Uikku and HULLs
4–6 through (a) a narrow ridge with w = 17.3 m (after Gong et al. (2019a))
and (b) a wide ridge with w = 100 m. In both cases, the peak resistance and
its two components and their work needed for ship passage through a ridge,
normalised by Rp and W of MT Uikku, are also plotted against waterline
angle α, where reference values are Rp = 83 kN and W = 3 MN ·m for the
narrow ridge and Rp = 725 kN and W = 66 MN ·m for the wide ridge.

Figure 3.15 presents snapshots from the simulations of the passage of
HULLs 4–6 through a narrow ridge, showing the view on the xy-plane at
the time instant of Rp (Rp is marked in black in Figure 3.14a). It can be
seen that Rp occurs at δ= Lbow = Lb when the entire bow has entered the
ridge. This was also observed in the simulations of HULLs 1–4. Hence,
the occurrence of Rp can be estimated by δ= Lb, at least for ships with a
wedge-shaped bow studied here. It also indicates that a wedge-shaped bow
with a larger α can cause a narrow ridge to fail more quickly but result
in a higher R than a bow with a smaller α. This would explain how α
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affects the feature of R–δ record for MT Uikku. Figure 3.14 shows that
the rate of increase of R is first higher, then lower, as R approaches Rp.
This is related to the change of α along the bow. The front bow with large
α disintegrates the ridge within a short period and, in return, the rate of
increase of R is high. Then, the ridge starts to interact with the bow part
where α gradually becomes smaller before the bow intermediate, which
may result to decrease the rate of increase of R.

Figure 3.15. Simulation snapshots of MT Uikku and HULLs 4–6 (dark grey) penetrating
a narrow ridge (light grey) at the time instant of Rp, corresponding to the
black marks in Figure 3.14a. After Gong et al. (2019a).

3.4 Simulation validation and discussion

3.4.1 Validation of the simulation model

The studied simulations of ship-ice ridge interaction were performed using
the in-house 3D DEM numerical tool developed for ice research studies.
This numerical tool was first implemented to simulate ridge keel punch-
through tests, and was validated thoroughly by full- and model-scale tests
(Polojärvi and Tuhkuri, 2009; Polojärvi et al., 2012). The punch-through
tests were used to determine a reliable numerical ice ridge keel model
representing a keel with material properties found in nature. Following
this early study, the simulation of ship-ridge interaction inherited the
validated unconsolidated ridge model. Therefore, the simulation used in
this work is built upon a validated and reliable DEM code.

In addition, it is necessary to ascertain whether the mechanism in the
ridge punch-through simulation is valid for ship-ridge interaction simu-
lations. Both simulated scenarios consider a rigid body (indenter or ship)
displacing underwater unconsolidated floating rubble at low velocity with-
out any hydrodynamics involved in the system. In the punch-through tests
used for validation, a flat indenter penetrates vertically through floating
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rubble. In comparison, the ship displaces the ridge horizontally, addition-
ally involving a horizontal force component. The displacing direction of
the rigid body does not change the ice rubble’s material properties—the ice
blocks still respond the same way to the water environment. The roles of
external forces on the blocks, such as buoyancy and drag force, would be
different in determining the resistance on a case-by-case basis. However,
it may not change the code validation and applicability of the DEM model
to the ship-ridge interaction scenario. It should be noted that more future
work are still needed to comprehensively validate the DEM simulations
with tailor-designed model tests of ship-ridge interaction.

3.4.2 Comparison with analytical estimates

According to the literature review, Keinonen (1979) introduced soil me-
chanics to calculate analytically the ridge resistance on ships (with wedge-
shaped bows and landing craft bows), by assuming that the ridge fails fol-
lowing the Coulomb failure criterion at different penetration stages. How-
ever, this approach may give an overestimated resistance, even Keinonen
(1979) mentioned that “The pure ridge resistance is 0.51× developed theo-
retical ridge resistance” compared with field measurements. Besides, the
resistance formulae are not user-friendly or feasible to implement due to
many unknown or condition-dependent input variables.

The following sections present Malmberg’s analytical model of ridge
resistance (Malmberg, 1983) in detail and the comparison of analytical
estimates with the simulated results. The reason why this method is
explained thoroughly here is its essential role in the field of analytical
studies of ship interaction with ice ridges, even though it is a pragmatic
way to calculate the ridge resistance. Malmberg (1983) provides a simpli-
fied analytical formula for calculating ridge resistance on ships following
Keinonen’s analysis approach. This is the only method cited by the re-
search report of Riska (2014) for the Finnish-Swedish Ice Class Rules. Also,
this method represents the conventional analytical approach using analo-
gies to soil mechanics, by assuming the ridge failure criterion following
Rankine theory—one simple application of MC theory. Based on this model,
Englund (1996) and Wilhelmson (1996) used the same theory to formulate
equations of brash ice resistance on the ship in a similar form to Malm-
berg’s model. Riska et al. (1997) and Riska (2014) continued their work to
give semi-empirical formulae of brash ice channel resistance. Hence, it is
necessary to compare these analytical estimates with simulation results.

Malmberg’s model
Figure 3.16a shows the force diagram of a ridge penetrated by a simple
ship hull with a wedge bow adapted from Malmberg (1983). The simple
hull drawing resembles HULLs 1–3 used for simulations here (shown in
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Figure 2.3b), also characterised by bow angles α, ψ and ϕ. It assumes that
the ridge is deformed into a “V” shape around the bow with the length of b
along the ship’s breadth B, which is calculated as b = htanψcosα, where h
is the ice ridge depth following the same denotation as in the simulations.
It also assumes that the ridge is pushed downwards to cover the ship’s
bottom if h ≥ 0.5T. The ridge resistance R, the total force along the ship’s
centreline (dashed line), can be decomposed into the resistance on the bow
Fb, on the midbody Fµ,M , and on the bottom Fµ,B, given by

R = Fb +Fµ,M +Fµ,B (3.2)

where Fb is calculated based on the assumption that the hull acts against
the ridge in the vertical plane A–A normal to the bow, as shown in the
upper right corner of Figure 3.16a.

(a)

(b)

Figure 3.16. (a) Reproduced force diagram of ridge resistance on a ship used in Malmberg’s
approach, after Malmberg (1983). (b) Force diagram of Rankine theory: a
vertical retaining structure against a pile. Red arrows illustrate relative
moving directions of two sheared parts on the shear plane.

The hull is inclined at flare angle ψ to the horizontal plane, and shears
the ridge in the normal direction of the hull in the A–A plane. The failed
ridge part, constrained by the dashed lines, moves downwards to the ship’s
bottom. This resisting force is also assumed to act at the bow’s tip at
the dashed centreline, where the hull edge is inclined by stem angle ϕ.
Malmberg adopted Rankine theory to calculate the resisting pressure from
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the ridge on the retaining structure, which is the ship’s hull here. The
ridge is assumed to fail in passive mode, as it is moved passively against
the ship’s motion.

In order better to understand how Malmberg’s approach applied Rank-
ine theory to calculate ridge resistance on ships, the detailed theory is
introduced here. Rankine theory is a maximum stress theory describing
the stress state of a semi-infinite homogeneous soil pile under horizontal
resistance from a vertical and smooth retaining wall in a condition of static
equilibrium. Figure 3.16b shows the force diagram of the resisting force
from the pile on a vertical retaining wall. It assumes that the pile fails
along a shear plane when the stress condition of the soil pile meets the MC
failure criterion, which is

σ1 =σ3tan2 (45◦+φ/2
)= γzKp (3.3)

where the maximum principal stress σ1 is the horizontal stress and min-
imum principal stress σ3 is the vertical stress. σ1 is the resisting stress
on the retaining structure. The vertical stress is σ3 = γz, where the weight
pressure of the pile is γ = (1− p)ρg, z is the absolute value of the z-axis
coordinate, p is porosity, and g is gravitational acceleration. To apply it
to the ice ridge condition, ρ is replaced by ρw −ρ i, where ρw and ρ i are the
density of water and ice, respectively. The internal friction angle of the
homogeneous pile φ is constant, and Kp is the coefficient of passive stress
to represent the ratio of σ1 to σ3, which is

Kp =σ1/σ3 = tan2 (45◦+φ/2
)

(3.4)

Equation 3.3 shows that σ1 is a linear function of variable z and its
integral along with the depth of the retaining wall H is the resistance Ep,
which acts at the height of H/3 above the bottom line. Ep is given by

Ep =
∫ H

0
σ1dz =

∫ H

0
γzKpdz =0.5γH2Kp (3.5)

Malmberg’s approach uses Rankine resistance solution Ep and assumes
that Ep acts directly on the inclined bow in the normal direction. To
consider the ice blocks accumulated around the bow during the ship-ridge
interaction, H2 in Equation 3.5 is replaced by ridge depth h and ship’s
draught T, so that Ep = 0.5γhTKp. This Ep causes friction along the
ship’s bow, expressed as µsEp, and acts in the direction α from the dashed
centreline of the ship. The horizontal component of Ep and frictional force
µsEp are projected along the dashed centreline, given by Ep sinψsinα and
µsEp cosα, respectively. It assumes that these projected line loads are the
same along the bow’s breadth, acting on the breadth and the deformed
ridge length as B+2b. The integral of these loads is then defined as the
resistance on the bow Fb, which is given as

Fb = (1− p)(ρw −ρ i)gKpTh
(
0.5B+htanψcosα

)(
µs cosα+sinψsinα

)
(3.6)
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The frictional force on the midbody Fµ,M results from the ridge resisting
force acting normally on the midbody. It assumes that the ridge resists
the midbody without motion. The line load acting on the midbody can be
expressed as Ep = 0.5γThK0, where K0 is the coefficient of active stress at
rest. The integral of the line load Ep on a closed interval [0,Lm] is Fµ,M,
given by

Fµ,M = 2µsEpLm = (1− p)(ρw −ρ i)gµsThK0Lm (3.7)

The resistance on the ship bottom Fµ,B is assumed to exist when h > 0.5T.
Fµ,B is the frictional force derived from the buoyancy of ice blocks which
initially locate at 0.5T ≤ |z| ≤ h. These blocks then reach the whole ship
bottom area of LmB. Fµ,B is expressed as

Fµ,B =µs(1− p)(ρw −ρ i)g(h−0.5T)LmB (3.8)

Thus, the ridge resistance R from Malmberg’s approach is given by

RM = (1− p)(ρw −ρ i)gKpTh
(
0.5B+htanψcosα

)(
µs cosα+sinψsinα

)
+(1− p)(ρw −ρ i)gµsTLm

[
K0h+

(
h
T

−0.5
)

B
] (3.9)

Comparison with Malmberg’s estimates
The comparison between the simulated resistance and Malmberg’s esti-
mate is presented here. The parameters in Equation 3.9 related to the
ship’s geometry and unconsolidated ridge material properties are given in
Tables 2.1, 2.2 and 2.3. Other parameters are selected as p = 0.4 (an ap-
proximate value measured from the simulated ridges) and K0 = 0.27 (Riska
et al., 1997). However, the key material property parameter—the internal
friction angle φ—varies over a broad range from 30◦ to 80◦ (Kulyakhtin
and Høyland, 2014a). Various φ may result in RM varying in the range
of 150...3800 kPa when the ridge depth is 5 m. Besides, the comparison
is only valid when the simulated ridge appears semi-infinite, as RM of
Equation 3.9 is not a function of w. This is because of the semi-infinite pile
assumption in Rankine theory, although Malmberg’s approach does not
specify this prerequisite. According to the simulation results of Figure 3.7,
a ridge of w ≥ 140 m appears semi-infinite as Rp has a constant value re-
gardless of the increase in w. It shows that the simulated Rp = 800...900 kN
(depending on µi) for a ridge of w = 140 or 160 m is close to Malmberg’s
estimate of RM ≈ 900 kN, by using the bow angles of MT Uikku at B/4 and
φ= 40◦ recommended for ice rubble by Riska (2014). The same φ value is
used in the following Malmberg’s estimates.

Two possible factors may cause Malmberg’s estimate to give a roughly
10% higher Rp than the simulated Rp of MT Uikku when µi is 0.3. (1)
the simulated Rp only covers the resistance from ice blocks relocated near
the bottom and bow, as shown in the simulation snapshot of Figure 3.6b,
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whereas the corresponding component of Malmberg’s estimate RM is much
higher, since the relocated blocks are assumed to fully cover the whole
bottom, as h = 5 m > 0.5T. (2) The analytical solution based on a simple ship
hull with a wedge bow is expected to be higher than the simulated result
for an original curved hull, because the simulation results in Figure 3.12b
have already demonstrated that a simple hull, resembling MT Uikku, has
a larger Rp.

Equation 3.9 can also be decomposed into deformation force FM
d and

frictional force FM
µ following Equation 3.1, where

FM
d = (1− p)(ρw −ρ i)gKpThsinψsinα

(
0.5B+htanψcosα

)
FM

µ =µs(1− p)(ρw −ρ i)g

(
ThKp cosα

(
0.5B+htanψcosα

)
+ThK0Lm + (h−0.5T)LmB

)
(3.10)

Figure 3.17a shows the comparison between Malmberg’s estimates (RM ,
FM

d and FM
µ ) and the simulated results (Rp, F p

d and F p
µ ) under different

ridge depth h. The considered simulations of MT Uikku cover the inter-
acting ridges of h = 1, 2.5, 5 and 10 m and w = 200, 200, 160 and 140 m.
Correspondingly, Equation 3.10 gives the estimates of semi-infinite ridges
with these values of h. The effect of µi on the simulated results is illus-
trated by error bars in the plot, representing the mean and the standard
deviation of Rp calculated from simulations with µi = 0.3 and 0.6. It shows
that Malmberg’s estimated RM is close to Rp, especially for deep ridges.
However, FM

d and F p
µ are quite different from the simulation results: FM

d is
higher than F p

d , in turn FM
µ is smaller than F p

µ .
It should be underlined that F p

d for wide ridges is related to ridge depth
h as F p

d ∼ h1.5, where the exponent is less than the 2 used in the MC
failure criterion, as expressed in the equations by Keinonen (1979, pp. 26,
63) and Equation 3.5 by Malmberg (1983). However, Ep of Equation 3.5
is turned into the expression of Equation 3.10 whereby FM

d ∼ (h2,h). It
may weaken the role of the MC failure criterion represented by h2 in
this analytical expression. For instance, the fitting of Figure 3.17a shows
FM

d ∼ h1.3 and FM
µ ∼ h1.2, which is close to the simulated F p

d ∼ h1.5 and
F p

µ ∼ h1.5. However, this adjustment in Equation 3.10 changes the stress
state of the pile as addressed by Equation 3.5. One should thus be cautious
in using Equation 3.10 unconditionally, even though only a small difference
exists between the analytical estimates and simulated results.

The ship model used in Malmberg’s approach has the same hull form as
HULLs 1–3 modelled in the simulations in Section 3.3.1. It is interesting
to compare Malmberg’s estimated RM with the simulated R of these simple
hulls. It should be noted that Malmberg’s approach cannot predict R for a
simple hull with ψ of 90◦ due to the infinity of tanψ in the equation, and
it can only predict R for a semi-infinite ridge. The ridge used in the simu-
lations has w = 100 m and h = 5 m. Obtaining a Malmberg’s estimate for
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this non-semi-infinite ridge requires modification of Equation 3.9. Based
on the knowledge attained from the simulated R–δ record (referring to
Section 3.2.1), the resistance on the bow keeps constant when the bow
fully enters the ridge at δ ≈ Lb, and only the friction on the midbody is
related to w during this period. Accordingly, Lm in Equation 3.9 can be
modified as w−Lb −20= 40 m < Lm , where “20 m” is selected on the basis
of simulation observations. This modification only changes the value of
Fµ,M, reflecting the interaction scenario of the ridge contacting with the
midbody at δ= 40 m until the ship starts to exit the ridge.

(a) Effect of ridge depth h (b) Effect of bow angle ψ

Figure 3.17. Comparison of simulated ridge resistance with Malmberg’s estimates. (a)
For the scenario of MT Uikku passing through a wide ridge, the considered
ridges have h = 1, 2.5, 5 and 10 m and w = 200, 200, 160 and 140 m. (b) For the
scenario of a simple hull, HULLs 1–3, penetrating a wide ridge of w = 100 m
and h = 5 m.

Figure 3.17b compares Malmberg’s estimated ridge resistance and its
two components with the simulation results for ridge interaction with
HULLs 1–3, plotted against the bow angle ψ. It shows that the estimated
RM and FM

d are only quite close to the simulation results at ψ= 45◦. When
ψ increases to 53◦...72◦, the simulated Rp and F p

d are much lower than
RM and FM

d . Interestingly, RM and FM
d at ψ of 72◦ are quite similar to

the simulated data at ψ of 90◦. This figure also shows that FM
µ and F p

µ on
simple hulls are on a similar level, and the change of ψ seems to have less
effect on FM

µ than RM and FM
d .

When using Malmberg’s estimate, several issues should be considered:
(1) Malmberg’s approach is only applicable to a semi-infinite ridge due to

the boundary condition of Rankine theory. Additionally, simulation results
reveal that the ridge width is a main determinant of ridge resistance
(Section 3.2.1). Hence, the original Malmberg’s approach cannot estimate
the ridge resistance when a ship is in a non-semi-infinite ridge.

(2) The retaining structure used in Rankine theory is vertical and fric-
tionless. However, a ship’s hull is inclined and frictional. This structure
difference may change the stress state of the pile assumed in Rankine
theory. Nevertheless, Malmberg’s method does not mention how to address
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this issue. Instead, the expression of Ep from Rankine theory is used
directly for the inclined, frictional structure condition. Furthermore, the
reason for replacing the component H2 in Ep of Equation 3.5 with hT is
not traceable, since this change does not meet the interval condition of the
integral equation in Equation 3.5.

(3) Although Rankine theory is applicable to the vertical structure, Malm-
berg’s formula fails to predict the ridge resistance on the wedge-shaped bow
with ψ= 90◦, due to the infinite value of the tanψ term in Equation 3.10.
This component is used for estimating b, the considered ridge length along
the ship’s breadth in the integral of the line load. It indicates that an
alternative approximation of b is required for a vertical hull case. Further
discussion on the accuracy of this term is given in Section 4.1.

(4) Malmberg’s approach assumes that the ridge fails along a shear plane
determined by the internal frictional angle φ. The first question concerns
the existence of a shear plane in the ridge. If so, what is a good value
of φ for the resistance prediction? Although φ is selected as 40◦ for the
above comparisons, φ has been measured varying over a broad range in
biaxial compression experiments of ice rubble (Kulyakhtin and Høyland,
2014b, 2015). If a shear plane does not exist in ice rubble, it may directly
challenge the use of Rankine theory or MC theory for describing the ice
rubble failure criterion under ship-ridge interaction.

3.4.3 Comparison with experimental data

It is necessary to validate the simulated ridge resistance with the experi-
mental resistance from model tests and/or field measurements. However,
comparison of the simulation data with field measurements is challenging
due to incompletely documented tests and other test uncertainties. For
example, Keinonen (1979) cited that a cargo ship—marginally smaller
than MT Uikku—had a 1800 kN ridge resistance from a similar 5 m-deep
ridge as used in the simulation, which is double the simulated Rp = 900 kN.
In this field measurement, the ridge profiles were only partially recorded.
Due to lack of data on the consolidated layer thickness and the existence
of keel freeze bonds, it is challenging to identify the causes of the higher
testing resistance than the one simulated.

The DEM simulation results could be preliminarily validated by model
tests performed by Leiviskä (1998). Model ridges with h ≈ 5...10 m were
made with consolidation. The effect of ridge width on ridge resistance
was not considered, although two wide ridges were made: w ≈ 0.6L and
w ≈ L. The ship model was MT Tervi, different from hull form of MT Uikku.
Despite these differences, a similar feature of ridge resistance record can
be identified both from the model tests (referring to Leiviskä (1998, pp. 47))
and the DEM simulations (referring to Figure 3.3). Besides, the simulated
resistance ratio is comparable to that in the model tests. For instance, the
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resistance on ship’s midbody was estimated from ridge resistance record
of model tests (w ≈ L), which was about 28% of the total resistance at
vship = 1 m/s in full scale (Leiviskä (1998, pp. 50)). A similar resistance
ratio could also be measured in the simulation data. Taking the ridge
case of w = 140 m (w ≈ L) as an example, the resistance on the midbody is
estimated as 166 kN at δ≈ w+Lb = 180 m when only the midbody contacts
ridge, which is ≈ 20%Rp. As the resistance ratio from simulations is on a
similar level as the model test data, it would preliminarily validate the
DEM simulation results.

Another option is to validate the simulated ridge resistance by taking
advantage of existing knowledge on the well-studied brash ice channel
resistance. Both belong to granular materials and share similar material
properties. However, it is still challenging to utilise the measurements
from model and field tests of ships in brash ice due to poorly documented
material properties. To overcome this deficiency, the semi-empirical es-
timation of brash ice channel resistance on ships, recommended by the
Finnish-Swedish Ice Class Rules, could be used here. This semi-empirical
model was derived from the analytical studies by Englund (1996) and
Wilhelmson (1996) cited in Riska et al. (1997) and later improved with
empirical coefficients of brash ice properties obtained from a large mea-
surement database of model and field tests. It should be noted that the
analytical calculations for both brash ice resistance and ridge resistance
are quite similar: both models use Rankine theory to describe the ice rub-
ble failure criterion. If neglecting the material difference between brash ice
and ridge keel and assuming that both ice features are failed similarly by
the ship’s penetration, the semi-empirical approach of brash ice resistance
on ships, in a sense, can potentially be used to validate ridge simulations.
For further discussion, refer to Section 4.1.1.

3.5 Summary

This section presents the simulation results of ridge resistance R develop-
ing with the ship’s displacement δ under ridges of various dimensions and
different ship hull forms. Several highlights of this section are:

For the interaction between MT Uikku and ridges with various dimen-
sions,

• 3D DEM simulations are performed to simulate MT Uikku’s passage
through either ridges of equal depth but different widths, or ridges of
different depths but appearing semi-infinite along the ridge width.

• The ridge width has a major role in the ridge resistance when the
ridges have equal depth (see Figures 3.3, 3.7 and 3.9). The peak ridge
resistance increases with the ridge width until the ridge width is of
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the same order as the ship length, which appears semi-infinite.

• The ridge resistance R is decomposed into a deformation force Fd

and a frictional force Fµ. For a narrow ridge, Fd forms a significant
part of R (over 70%R) when the bow interacts with the ridge, but
Fd vanishes when only the midbody contacts the ridge, leading to
R ≈ Fµ. For a wide ridge, Fd increases to a constant peak value when
the whole bow has entered the ridge. In comparison, F p

µ becomes
constant when the entire ship is in contact with the ridge.

• The peak ridge resistance Rp is a non-linear function of ridge width
w and ridge depth h. For equally deep ridges, the peak frictional force
F p

µ increases approximately linearly with w until w is of the same
order as the ship length.

• The relative importance of Fµ on Rp increases, compared with that of
Fd, when both w and h increase. A higher ice-ice friction coefficient
µi results in a larger Rp but has a limited effect on the shape of Rp–w
and Rp–h records.

• The simulated Rp of MT Uikku for a wide ridge with different depths
is similar to the analytical estimate of Malmberg (1983) for corre-
sponding ridges.

For the interaction between various simple wedge-shaped hulls and a
ridge with either a narrow or wide width:

• Ships with simple hull geometries yield similar ridge penetration
processes to a real ship form (MT Uikku as a reference ship) accord-
ing to the simulated ridge resistance records and ridge deformation
patterns.

• For the simple hull forms, both Rp (F p
d ) and the work needed for

passing a ridge increase approximately linearly with an increase in
any of the bow angles.

• For a narrow ridge, Rp increases in the order of 50% as the flare angle
increases from 45◦ to 90◦, whereas Rp more than doubles when the
waterline angle of the vertical ship bow increases from 15◦ to 45◦. In
addition, the rate of increase in Rp with the flare angle increases as
the ridge widens.

• Compared with Rp, the work needed for a ship passing through a
narrow ridge appears less sensitive to the change of hull forms.

• F p
µ is approximately constant regardless of the change of bow angles.
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• RM and FM
µ calculated by the analytical formulae in Malmberg (1983)

are similar to the simulated results Rp and F p
µ of a simple ship hull

form with ψ= 45◦, but become much higher when ψ increases from
45◦ to 72◦. This analytical approach is incapable of estimating the
ridge resistance for a wedge-shaped bow with ψ= 90◦.
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4. Ice ridge mechanical behaviour in
ship-ice ridge interactions

This chapter investigates the relationship between the ridge resistance
and ridge mechanical behaviour involved in the ship-ridge interaction. The
entire ship-ridge interaction can also be called the ridge failure process,
because the ridge has been deformed irreversibly since the onset of the
interaction. Here, the accompanying ridge mechanical response is called
ridge failure behaviour. This is a process-dependent or ship’s displacement
δ-dependent term and is described by the kinetic responses of ice blocks
from DEM simulations at different stages of interaction.

The study of ridge failure behaviour first focuses on how to define ridge
deformation and how to describe the ridge deformed domain based on
the kinematic information of the ice rubble (Section 4.1). The correlation
between the ridge resistance, especially the ridge deformation force, and
the ridge deformation is then analysed (Section 4.2), leading to a further
investigation of ice ridge kinetic behaviour at local scale of individual ice
block (Section 4.3) and at large scale over the deformed domain of the ridge
(Section 4.4). Simulations for analyses of the ice ridge kinetic behaviour
are selected: the interaction of MT Uikku with a narrow ridge (w = 17.3 m)
and a wide ridge (w = 120 m or 160 m), and the interaction of HULL 4 with
a narrow ridge (w = 17.3 m). Here, both narrow and wide ridges have ridge
depth h = 5 m.

4.1 Deformation of an ice ridge

Ice ridge deformation, or deformed domain, is defined by the ice blocks
accelerated by and moving with the ship. These ice blocks have a velocity
above a threshold velocity, expressed by the ship’s velocity as k·vship, where
k is the threshold velocity coefficient. Block velocity can be taken as either
the x-axis component velocity vx or the resultant velocity v. Figure 4.1a
shows that how the deformed domain is formed by coloured ice blocks

Parts of this chapter are published in Gong et al. (2019b).
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moving with vx ≥ 0.01vship, where k = 0.01 is chosen because there is no
significant effect on the analysis if the deformation domain is obtained
with any other value smaller than 0.01.

This 3D ice ridge deformation can be described through the ridge de-
formed shape by a series of 2D vertical planes that cross the ship’s water-
line normal to the bow. Figure 4.1a shows eight vertical planes chosen at
y= 0, B/16, B/8, B/4, 3B/8, 7B/16, 15B/32 and B/2 [m] from the centre line of
the ship, where B is the ship’s breadth. P1 overlaps with the symmetry
plane of the basin, P2 to P7 are normal to the ship’s bow at the waterline,
and P8 is parallel to the yz-plane, aligning with the x′′ = 0 m plane, where
the parallel midbody starts. These planes are used to group the ice blocks
if their centroids are within 2 m from the plane.

(a) (b)

Figure 4.1. (a) Sketch of the locations of eight vertical planes, P1 to P8. The bow of MT
Uikku is dark grey. The deformed domain of the ridge is contoured by the
yellow line with distance η to the bow at the waterline, consisting of ice blocks
with vx ≥ 0.01vship, where vx is the x-axis component of velocity of a block. (b)
Ice blocks within the plane P4 are coloured with a non-dimensional velocity
scale. The black line inclined at θ1 confines the ridge deformation consisting
of moving blocks with vx ≥ 0.01vship. Ridge width w = 120 m. After Gong et al.
(2019b).

Figure 4.1b shows the deformed ridge in the vertical plane P4 of a 120 m
wide ridge when the whole bow is in the ridge at 50 m ≤ δ ≤ 55 m. The
deformed shape indicates that the near-bow blocks are pushed by the ship
along with the bow at high velocity. The geometry of the deformed ridge
within the vertical plane can be described by Dr, η and θ1, where Dr is the
maximum depth and η is a distance measure of the horizontal extent of
the deformed ridge from the bow at the waterline to the mid-point of the
black boundary line, resembling a regression line of block centroids with
vx ≤ 0.01vship. θ1 is the angle at which the black boundary line inclines to
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the plane of z = 0 m.
Both Dr and η vary with the deformed ridge in different vertical planes

at different interaction stages. For instance, Figure 4.2a shows that Dr

from different vertical planes develops with δ, illustrating how the blocks
are pushed aside and forwards along the x-axis. Dr in the planes P1–P3
first increases with δ, then Dr in P4–P8 gradually increases as the entire
bow enters the ridge. Dr in each vertical plane stays at the maximum
value at δ& 45 m.

Figure 4.2b shows the development of the maximum depth of the whole
deformed ridge, Dm

r –δ record, from simulations of ridges with various
widths. For ridges with w ≥ 30 m, Dm

r is the same at δ = 0...15 m, then
increases with δ at a similar rate until δ ≈ w for w ≤ 60 m and δ ≈ 60 m
for w ≥ 80 m. For w ≤ 60 m, Dm

r decreases to a constant value, larger than
h = 5 m but smaller than T = 9.5 m. For w ≥ 80 m, Dm

r reaches the peak
value as Dm

r u T and keeps this value as the deformed ridge interacts with
the ship’s midbody.

(a) (b)

Figure 4.2. (a) Dr measured in the vertical planes P1–P8 from an ice ridge with w = 120 m
and h = 5 m. After Gong et al. (2019b). (b) The record of Dm

r –δ from simulations
of ridge with various widths. Dm

r is the maximum depth of the whole deformed
ridge.

Figure 4.3 shows the ridge deformation developed with δ when MT
Uikku interacts with a wide ridge of 120 m. The deformation patterns
are contoured by straight lines connecting η from each vertical plane. For
example, the yellow line in Figure 4.1a is the ridge deformation boundary,
which is related to η and further correlates with the threshold velocity.

In order to check how the threshold velocity coefficient k affects the ridge
deformation boundary, k is selected as 0.01, 0.05, 0.1 and 0.15. The results
show that for a low threshold velocity, for example 0.01vship, the ridge
deformation initiates around the bow and expands to a relatively stable
pattern at δ≈ 40 m. As k increases, the extent of ridge deformation lessens.
When the threshold velocity is chosen to be 0.15vship, the ridge deformed
domain is only near the ship’s bow during the studied interaction.

Figure 4.3 further shows that the basin width (in the ridge length di-
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(a) vx ≥ 0.01vship (b) vx ≥ 0.05vship

(c) vx ≥ 0.1vship (d) vx ≥ 0.15vship

Figure 4.3. Illustrations of the deformed domain of a 120 m-wide ridge developing with
the ship’s displacement δ at different stages. The deformed ridge is contoured
by straight coloured lines connecting η on eight normal planes. The contoured
ship’s bow at the waterline is represented by the black line. Four threshold
velocities are considered: 0.01, 0.05, 0.1 and 0.15vship.

rection) has not interfered with the ridge deformation and the blocks are
stationary (vx < 0.01vship) at the ridge length boundary. This confirms that
using a half model with ridge length 30 m is valid as there is no boundary
effect on the ridge deformation (see Section 3.1).

4.1.1 Comparison of simulated ridge deformation with
empirical estimates

Comparison with brash ice in the channel
Ridge deformation is a crucial factor in describing ice ridge mechanical
behaviour. Simulation validation can be conducted by comparing the ridge
deformation obtained from the simulations and physical tests. However,
there is still a lack of detailed ice ridge deformation measurements from
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both field tests and model tests. To overcome this, the idea here is to
compare the cross-section of the ice ridge with that of brash ice in the
channel, by taking advantage of the knowledge on brash ice deformation
obtained from analytical and experimental studies (Mellor, 1980; Leiviskä,
1998; Riska, 2014). Although ice ridge and brash ice are two different types
of ice rubble, analytically, both have been assumed to fail similarly under
a ship’s passage. Attention should, however, be paid to their boundary
conditions. Brash ice in the channel is defaulted to have a semi-infinite
boundary. Hence, a wide ridge appearing semi-infinite is selected for
comparison.

Figure 4.4a depicts the rule cross-section of brash ice in the channel
recommended for the Finish-Swedish Ice Class Rules by Riska (2014). Ice
blocks displaced by the ship’s penetration form a “side ridge” along the
hull (midbody) with the slope angles of 2◦ and 22.6◦ in this context (Riska
et al., 1997). The total thickness of the side ridge along the midbody is

HTOT = HM +HF (4.1)

where HM is the initial thickness of brash ice in the mid-channel and HF

is a function of HM and B:

HF = 0.26+
√

HMB [m] (4.2)

when B > 10 m and HM > 0.4 m (see Riska et al. (1997, pp. 42)). The other
measure of this cross-section is BE/2—the horizontal extent of brash ice
deformation—related to the ship’s breadth B, where BE = 1.6B is used by
Riska (2014). These formulae of HF and BE are derived by the analytically
geometric analysis of brash ice and simplified based on field test data
approximation. The similar ratio of BE/B = 1.4...2 was also measured in
model tests of an ice tanker (MT Tervi) in brash ice channel (Leiviskä et al.,
2001).

For the ridge simulations, Figures 4.4b, 4.4c and 4.4d show the cross-
section of the deformed wide ridge appearing semi-infinite with h of 1, 5 and
10 m, respectively, from the same perspective as Figure 4.4a. The geometric
measures of the deformed ridge include the initial ridge depth h, the
maximum depth of the deformed ridge Dm

r , and the maximum horizontal
extent of the ridge projected onto the yz-plane η′. η′ is illustrated in
Figure 4.1a and varies with δ. In this comparison, Dm

r and η′ are measured
when the ridge deformation reaches a stationary pattern. The analysis
here assumes that Dm

r and η′ are comparable with HTOT and (BE −B)/2
from the deformed brash ice and h of the ridge is equivalent to the HM of
brash ice.

Figure 4.5 illustrates the comparison between Dm
r of a deformed wide

ridge and HTOT of brash ice correlated with the initial rubble thickness h
or HM . It appears that Dm

r is almost overlapped by HF , but HTOT is about
1.5...1·h (HM) larger than the corresponding Dm

r when h increases from 1 m
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(a) (b)

(c)

(d)

Figure 4.4. (a) Rule cross-section profile of brash ice in the channel before the ship’s
passage (top figure) and during the passage (bottom figure). Reproduced
from Riska (2014). (b)...(d) Cross-section of a simulated wide ridge along the
midbody when the ridge deformation reaches a stationary pattern: (b) h = 1 m,
(c) h = 5 m, (d) h = 10 m. Each figure shows all blocks (top figure) and blocks
with vx ≥ 0.05vship (bottom figure).

to 10 m. Riska (2014) also commented that the estimated HTOT appears
higher than the actual measured value. This comparison may indicate that
both the ice ridge and brash ice are deformed similarly under the ship’s
penetration, implying that the simulated ridge deformation could reflect
the actual deformation in nature.

Another measure of ice ridge deformation, the maximum horizontal
extent of the ridge projected onto the yz-plane η′, is compared with (BE −
B)/2 of brash ice. For a ship with B ≈ 20 m, the deformed brash ice is
bounded by BE = 1.6B when HM = 1 m, and BE ≈ 2B when HM = 2 m, but
there is no data for larger HM (see Riska (2014, pp. 15)). This may
potentially prove that the half model used in DEM simulations with the
ridge length of the full model l f ≈ 3B > 2B would be wide enough without
considering the effect from the basin boundary when h ≤ 2 m. When the
moving blocks are defined by vx ≥ 0.01vship, the simulations of ridges with
h = 1 and 2.5 m show that η′ ≈ 0.5B is not smaller than (BE−B)/2= 0.3...0.5B
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Figure 4.5. Comparison of simulated wide ridge deformation measure Dm
r with a semi-

empirical solution (Riska, 2014) of the side ridge thickness of brash ice HTOT
and HF at four ridge depths h. h is equivalent to the initial brash ice thickness
HM and HF = HTOT −HM .

of brash ice. It indicates that this velocity threshold is acceptable for
determining the ridge deformation in simulations when assuming that
an ice ridge behaves like brash ice under a ship’s penetration. Using this
velocity threshold, η′ ≈ 0.8B is measured from simulations of ridges with
h = 5 and 10 m.

If assuming that η′ of an ice ridge with h = 1 m equals (BE −B)/2 = 0.3B
of brash ice with HM = 1 m, the deformed domain in the ridge simulation
can be redefined, leading to an inversely measured threshold velocity
vx & 0.05vship. Using this velocity threshold, the maximum horizontal
extent is defined as η′′. The renewed boundary of the deformed domain in
the rubble is shown in the bottom plot of Figures 4.4b, 4.4c and 4.4d. η′′

is measured as 0.4B and 0.6B for ridges of h = 5 and 10 m. This indicates
that the increase of ridge depth from 1 m to 5 m does not have much effect
on η′′ but rather on the side ridge boundary area as shown in Figures 4.4b
and 4.4c. For a ridge of h = 1 m, η′′ covers the horizontal length of the
side ridge and part of the initial ridge. For a ridge of h = 5 m, η′′ mainly
represents the horizontal length of the side ridge. The side ridge profile
of brash ice in Figure 4.4a is an ideal analytical perception based on test
observations, whereas DEM simulations can capture detailed different-
scale ridge deformation confined by a chosen velocity threshold at any
interaction period.

In summary, Dr measured from simulated ridges is smaller than the
analytical result of brash ice in the channel HTOT , but coincidentally has
a similar value to HF . This comparison can be considered to validate
DEM simulations with experiments as regards ridge deformation. It
also suggests that the velocity threshold has no effect on Dm

r , but on the
maximum horizontal extent of ridge deformation projected onto the yz-
plane (η′). The threshold velocity coefficient k ≈ 0.05 could be a reasonable
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value for determining the ridge deformation boundary for comparison with
the semi-empirical data of brash ice. k ≈ 0.01 is instead a conservative
value for taking more blocks into account in the deformed domain.

Comparison with Malmberg’s approach
In Malmberg’s approach, Figure 3.16a shows the cross-section profile of
the ridge deformation. Following the measures of side ridges in brash
ice, comparable measures can be obtained as: the extent of the deformed
ridge is b, and the deformed ridge depth is assumed to be T if h < 0.5T
or T +h−0.5T = h+0.5T if h ≥ 0.5T, where h−0.5T is the thickness of the
ice rubble layer beneath the ship’s bottom used in Equation 3.8. Both
measures correspond to η′′ and Dm

r of a simulated ridge and (BE −B)/2 and
HF of brash ice. Dm

r measured in the simulations of a wide ridge with
h = 10 m is similar to the solution of h+0.5T. For a wide ridge of h = 5 m,
h−0.5T > 0, but very few blocks are observed beneath the ship’s bottom
in simulations, as shown in Figure 4.4c. For a wide ridge with h = 1 or
2.5 m, the measured Dm

r is much smaller than the assumed value of T in
Malmberg’s approach (there is no clear reason behind this assumption).
This might cause Rp to be much smaller than RM for shallow ridges in
Figure 3.17a.

The other measure b = htanψcosα in Equation 3.6 is compared with
η′′ from the simulations. b = 0.28B and b = 0.5B at h = 5 m and 10 m
are close to the measured η′′ ≈ 0.4B and 0.6B from the simulations, while
η′′ ≈ 0.3B > b = 0.05B at h = 1 m. This may indicate that the analytical
expression of b gives a good estimate for deep ridges of h ≥ 5 m, although
other material-based terms may need to be considered in the current
non-material dependent expression of b in Equation 3.6.

4.1.2 Other ridge deformation characters related to the velocity
threshold

Effect of velocity threshold on the inclination of the ridge deformation
boundary
This section starts with the analysis of the average velocity v̄ of moving
blocks (v ≥ 0.01vship) within P4 developing with the ship’s displacement
δ. The study simulations have ridges of equal h = 5 m but different w.
Next, it discusses how the velocity threshold affects the inclination of the
deformation boundary represented by θ1 when the ridge has a stationary
deformation pattern.

Figure 4.6a shows the v̄/vship–δ record for moving blocks in P4 at δ

intervals of 5 m from simulations of ridge width w of 17.3 m, 30 m, 40 m,
60 m, 80 m and 120 m. It shows that for ridges of w ≤ 40 m, v̄ increases with
δ and peaks at 0.2vship before dropping. For ridges of w ≥ 60 m, v̄ increases
to a plateau of 0.1vship until δ≈ δ′ = w−15 m. Among different wide ridges,
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(a) (b)

Figure 4.6. (a) Normalised average velocity record v̄/vship–δ of moving blocks (v ≥
0.01vship) within P4 measured from narrow and wide ridges. (b) The threshold
velocity coefficient v/vship varying from 0.005 to 0.4 affects the inclination of
the deformation boundary represented by θ1 (see Figure 4.1b). The threshold
velocity coefficient varies from 0.005 to 0.4. The variation of measured θ1 of
six wide ridges (w = 70...160 m) when the ridge has a stationary deformation
pattern is illustrated by error bars. The average θ1 measured from these
studied ridges at corresponding v/vship is marked with black triangles.

some common features of v̄/vship–δ record can be observed. v̄ first increases
with δ at a similar rate during δ= 0...20 m (for reference, Lbow of MT Uikku
is 20 m). And then, v̄ keeps constant at 0.1vship during the stationary ridge
deformation. v̄ then reaches maximum at about 0.2vship and drops at a
similar rate among different width cases. v̄ increases at the end of ridge
disintegration, reflecting that the blocks within P4 located at the end of
the ridge are consistently accelerated to a high velocity by the ship as there
is no boundary constraint.

Next, it is interesting to see how the velocity threshold affects the inclined
deformation boundary in P4. The considered threshold velocity coefficient
v/vship varies from 0.005 to 0.4. The deformation boundary is represented by
a regression line, fitted by the centroids of moving blocks at the boundary,
as seen in Figure 4.1b. This regression line inclines at θ1 to the horizon.

Figure 4.6b shows θ1 of each wide ridge, plotted by an error bar desig-
nated as the mean with one standard deviation of θ1 measured when the
ridge has a stationary deformation pattern. The variation of θ1 results
mainly from the irregular block shapes. The average θ1 of these six wide
ridges at corresponding v/vship is marked with a black triangle, which
exhibits an exponential relationship. The average θ1 is about 10◦ at v/vship

of 0.005 and 0.01 and becomes about 28◦ and 43◦ at v/vship = 0.1 and 0.2.
At v/vship = 0.4, the average θ1 is about 110◦, indicating that the deformed
ridge boundary is roughly aligned with the hull because ψ+θ1 ≈ 180◦ when
ψ= 53◦. The standard deviation of θ1 also increases with increasing v/vship.
It indicates that the blocks closer to the bow are affected more by the
ship’s penetration, reflected by the blocks moving at higher velocities along
with a more unpredictable trajectory due to irregular block shapes. These
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phenomena may explain why θ1 varies in a broader range at a higher
velocity threshold.

By comparing the average θ1 of 43◦ with the slip plane angle of Malm-
berg’s approach, referring to the force diagram in Figure 3.16a, θ1 is for
some reason close to the inclined angle 90◦−ψ = 37◦. Again the general
implications of this angle formula need further investigation. It should
also be noted that θ1 is not the internal frictional angle φ in MC theory.

Effect of threshold velocity variables on the deformed domain of a ridge
The deformed domain of an ice ridge, as defined in this work, is determined
by the blocks accelerated and moving with the ship, shortened to moving
blocks, when the block’s velocity, either vx or v, is above the threshold
value. This leads to the question of how the threshold velocity variable
and value affect the deformed domain of the ridge in terms of the mass
of moving blocks mmov. Taking the simulation case studied in Section 4.1
as an example—MT Uikku interacting with a wide ridge of w = 120 m
and h = 5 m—Figure 4.7a shows the record of mmov–δ, when mmov is cal-
culated from the group of moving blocks defined by vx ≥ 0.005...0.2vship.
The feature of mmov–δ record is similar under various vx/vship: mmov in-
creases to a plateau with the ship’s displacement δ when the stationary
ridge deformation pattern is formed. Until then, mmov either decreases or
increases depending on the chosen value of vx/vship. For example, when
vx/vship ≥ 0.005, mmov decreases. This is a consequence of no more station-
ary blocks being accelerated over 0.005vship by the ship. Additionally, the
blocks near the bow end, which have already been accelerated, start to
flow towards the midbody and slow down gradually until stationary. For
the other large velocity threshold conditions, the moving blocks at low
velocity are continuously accelerated to high velocity, because the entire
ridge fails to sustain the ship’s penetration, causing an increase in mmov

instead. This phenomenon is also an indicator of ridge disintegration (see
the velocity distribution of blocks near the bow in Figures 3.4 and 4.11).
The same feature can also be observed in the plot of mmov–δ record defined
by v/vship (see Figure 4.8).

Take the average of mmov on the plateau (δ = 45...105 m), denoted by
m̄mov, to analyse the effect of velocity threshold on m̄mov. As shown in
Figure 4.7b, m̄mov determined by the velocity threshold, either vx/vship

or v/vship, decreases with the increase of velocity threshold varying from
0.005 to 0.2 using a logarithmic scale for the y-axis (m̄mov). Apparently,
m̄mov determined by v/vship is larger than m̄mov by vx/vship, but the vari-
ation in between becomes greater as the threshold velocity gets larger.
This result suggests that either vx/vship or v/vship with small values (for
instance, ≤ 0.01) has no significant effect on the function of m̄mov, only
on the quantity of m̄mov. However, m̄mov appears to be sensitive to the
threshold velocity variable (vx or v) when k is large. It should be noted that
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when using a large velocity threshold, it is possible to filter out blocks at
low velocity that actually carry important kinetic information. Therefore,
for further analyses the deformed domain of the ridge is composed of blocks
accelerated by and moving with the ship at v ≥ 0.01vship.

(a) (b)

Figure 4.7. (a) Mass of ice blocks mmov in a deformed domain of a ridge defined by
different velocity thresholds developing with the ship’s displacement δ. m̄mov
is the average of mmov at δ = 45...105 m when the ridge has a stationary
deformation pattern, represented by a dashed line. (b) m̄mov is a function of
a threshold velocity coefficient, v/vship or vx/vship, varying from 0.005 to 0.2,
from simulations of MT Uikku in a wide ridge of w = 120 m and h = 5 m.

4.2 Relation between ridge deformation and ridge resistance

Comparison of the ridge deformation record (Figures 4.3) with the ridge
deformation force record (Figure 3.5) shows that the stage of the defor-
mation force on the plateau corresponds to the ridge having a stationary
deformation, since the ship’s bow is fully in the ridge (δ≈ Lb), indicating
that the ridge deformation correlates to the ridge resistance through the
link of the deformation force. Figure 4.8 further clarifies this observation
by showing that the feature of Fd–δ record matches the development of the
mass of moving blocks mmov accelerated to v ≥ 0.01vship during the ship’s
penetration. mmov increases to the peak value plateau from the moment
that the ship’s bow has fully entered the ridge at δ≈ 45 m. After that, the
contact of the midbody does not change the plateau stage of mmov or Fd.
Both measures decline from the plateau at δ& 100 m when the bow starts
to penetrate through the ridge.

The relation of Fd and mmov can be further illustrated by combining them
into one plot as shown in Figures 4.9a for ridges of different widths. The
peak values at the plateau are taken as their mean values F̄d and m̄mov,
and marked as a single point in Figure 4.9a and 4.9b. Figure 4.9a shows
that both Fd and mmov increase synchronously until Fd approaches F p

d ,
then the declines in Fd and mmov are initiated as the ship exits the ridge. It
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Figure 4.8. Both the deformation force, Fd , and the mass of ice blocks moving with the
ship, mmov, have similar forms of development with the ship’s displacement
δ, for a ridge width of 120 m. The red dashed lines highlight the average
values at δ = 45...105 m. mmov represents the mass of moving blocks with
v ≥ 0.01vship. After Gong et al. (2019b).

is interesting to observe that the initial phase of Fd–mmov record overlaps
for all ridge width cases, and Fd–mmov record is almost identical for w ≥
80 m. The hysteresis effect can be observed as mmov keeps increasing
while Fd is declining, indicating that the relatively stationary deformation
transits to a new stage.

Based on this observed relation of the deformation force and ridge de-
formation records, it can be said that a wide ridge penetrated by a ship
experiences three distinct deformation stages with regard to the develop-
ment of Fd: a developing stage (Fd increases), a steady stage (Fd maintains
a constant peak value) and a disintegration stage (Fd decreases). The
steady deformation stage does not exist for a ship interacting with a nar-
row ridge (e.g., w ≤ w̄ = 60 m when h = 5 m). Ridges of equal depth but
different widths behave similarly at the developing stage.

Figure 4.9b shows the Fd–mmov records for a ship passing through a wide
ridge of different depths: shallow ridges with h of 1 m and 2.5 m have w
of 200 m; deep ridges with h of 5 m and 10 m have w of 160 m and 140 m,
respectively. Fd and mmov are calculated at intervals of 5 m marked by
circles in the figure. mmov is the mass of moving blocks with v ≥ 0.01vship.
As Fd and mmov of wide ridges have plateaus at the steady deformation
stage, the mean Fd and mmov over this period are calculated and plotted
as black points. The first data point of Fd–mmov record represents the
values at δ of 5...10 m for h = 1, 2.5 and 5 m, but for h = 10 m, the first
data represents Fd–mmov record at δ= 10...15 m. The record of Fd–mmov

is plotted in a log-log plot. For ridges with different depths, Fd increases
with mmov to the peak (black dot) at δ≈ Lb at a similar rate of increase. As
the ridge starts to disintegrate, Fd–mmov loops back as both Fd and mmov

decrease. For ridges with h of 5 and 10 m, the rate of decrease of Fd against
mmov appears to be similar.

A linear correlation of F̄d with its corresponding m̄mov (black dots) is
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(a) (b)

Figure 4.9. (a) The deformation force, Fd , is a function of the mass of moving blocks
mmov (v ≥ 0.01vship) for the simulations of ridges with the equal h of 5 m but
different w. (b) Fd–mmov record for wide ridges with different ridge depth h
of 1, 2.5, 5 and 10 m. F p

d marked in black is the F̄d over the plateau of Fd–δ

record.

observed as h increases from 1 to 10 m, illustrated by a dashed line in the
log-log plot, leading to the fitting:

F̄d = F p
d ∼ m̄1.1

mov ≈ m̄mov (4.3)

where F̄d and m̄mov refer to Figure 4.8. It is worth noting that the shape
of F p

d (F̄d) with m̄mov for h = 1...10 m is not affected much by the velocity
threshold. Following the linear fitting approach in the log-log plot, F p

d in
Figure 3.11 also increases somewhat exponentially with h, suggesting that

F p
d ∼ Rp ∼ h1.5 [kN] (4.4)

Substituting F p
d with m̄mov in Equation 4.4 gives

m̄mov ∼ h1.5 [ton] (4.5)

The exponent value of h in Equation 4.5 may indicate the relation m̄mov ∼
Dm

r ∼ HF ∼ p
h, where HF is from the brash ice channel profile (see Fig-

ures 4.4a and 4.5). How to estimate m̄mov with h based on these observa-
tions would be a topic for future research.

Suggestions for practical applications
The results of Figure 4.9 could be used to predict Fd and mmov with δ for

a ship-ridge interaction involving a similar hull form to that of MT Uikku
and a similar unconsolidated ridge as simulated here. It should be noted
that the below suggestions are based on simulation results for MT Uikku.
The prediction procedure for Fd can be described as: (1) estimate the ridge
width along the ship’s moving direction and categorise the ridge as either
“narrow” or “wide” based on the criterion proposed in Section 3.2.1; (2) use
the record of Fd–mmov for ridges with the four ridge depths in Figure 4.9b
as a reference for estimating the relation of Fd and mmov for any wide ridge
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within the depth range. For a narrow ridge, the relation of Fd and mmov can
be estimated from the plot of Figure 4.9b during the ship’s displacement of
0...δ′ until ridge disintegration starts. For a wide ridge, the estimation of
Fd by mmov can be taken directly from the figure, and it is expected that
F p

d and mmov would keep constant during the ridge’s steady deformation
stage until δ= δ′.

It would be challenging to estimate Fd using mmov directly from their
non-linear relationship of Fd and mmov in Figure 4.9. This issue can be
practically solved by using a linear record of Fd–mmov from the deformed
domain composed of blocks with v ≥ 0.2vship. Figure 4.10a shows Fd–mmov

record measured from this domain for a wide ridge with w ≥ 80 m during
δ= 0...45 m. Fd appears as a linear function of mmov, given by

Fd(δ)∼ mmov(δ), δ ∈ [0,Lb] (4.6)

(a) (b)

Figure 4.10. (a) Fd–mmov records for wide ridges penetrated by MT Uikku in the ridge
developing deformation stage of δ = 0...45 m, where mmov is the mass of
moving blocks with v ≥ 0.2vship. Wide ridges considered here are w = 80, 100,
120, 140 and 160 m and h = 5 m. (b) Fµ,M /∆δ for wide ridges penetrated by
MT Uikku in the steady ridge deformation stage. The wide ridges considered
here, appearing semi-infinite, have h = 1, 2.5, 5 and 10 m and µi = 0.3 and 0.6.

Another practical application of the simulation results is to estimate the
frictional force on the midbody, Fµ,M. As shown in Figure 3.5b, Fµ,M has
been observed to increase linearly with δ at stages of 5⃝– 6⃝ until it reaches
the peak at stages of 6⃝– 8⃝ when the entire midbody interacts with a wide
ridge (w > 140 m and h = 5 m) at the steady deformation stage. It may imply
∆Fµ,M ∼ ∆δ. In other words, at the steady ridge deformation stage, the
increase of Fµ,M is constant per metre along with the ship’s displacement δ.
This implication can also be carried by the special feature of F p

µ –w record
in Figure 3.7, showing that F p

µ increases linearly with an increase of w
from 70 m to 140 m. It means that a wider ridge contacts the midbody over
a longer span, and the rate of increase of Fµ is constant. The feature of
Fµ,M can also be observed in simulations of ridges of other depths. Here it
should be noted that for h ≥ 5 m, Fµ,M covers the frictional forces on both
the midbody and the bottom.
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Based on this analysis, ∆Fµ,M /∆δ can be calculated from simulations of
wide ridges with w = 200, 200, 160 and 140 m and corresponding h = 1, 2.5, 5
and 10 m and µi = 0.3 and 0.6. Figure 4.10b shows that ∆Fµ,M /∆δ increases
with increasing h, without a clear effect from µi, leading to

∆Fµ,M
/
∆δ∼ h1.5 (4.7)

It should be noted that ∆Fµ,M /∆δ≈ 2 kN/m at h = 5 m is close to a model
testing value 1.6 kN/m in full scale measured from model tests of MT Tervi
passing a similar dimensional model ridge (w ≈ L) at 1 m/s as recorded in
Leiviskä (1998, pp. 49).

The results presented in this section, on the one hand, show unique
behaviours of the resistance and its components related to the ship’s
displacement and the mass of blocks accelerated by the ship, which may
ease force estimations. On the other hand, this preliminary analysis
may lead to further studies on the mechanism behind these special force
behaviours.

4.3 Velocity field and force distribution of the ice ridge

An ice ridge under a ship’s penetration has complex mechanical responses
at different deformation stages. The analysis of ridge mechanical behaviour
starts with the kinetic responses of individual blocks (discrete elements)
from DEM simulations, focusing on the velocity field and force distribution
within the ice ridge. The force distribution in the ice rubble based on DEM
simulations have been studied in the ice-structure interaction (Paavilainen
and Tuhkuri, 2013) and direct shear box tests (Polojärvi et al., 2015), by
using stress tensor converted from forces on ice blocks. Following their
approach and granular mechanics, load within an ice block in this thesis,
represented by the hydrostatic stress σh, is calculated from the forces
acting on the discrete element using the volume-weighted average stress
tensor by Bagi (1996) (see Appendix A.2.1). The calculation procedure of
the displacement vector is shown in Appendix A.2.2. The inspected ice
rubble covers the blocks moving with the ship (v/vship ≥ 0.01) throughout
the ridge as well as the ice rubble in the vertical plane. The studied cases
include MT Uikku and HULL 4 interacting with a narrow ridge (w = 17.3 m,
h = 5 m) and a wide ridge (w = 160 m, h = 5 m).

4.3.1 View over the xy-plane

This section describes the velocity field and force distribution in the entire
narrow ridge viewed from the xy-plane. Simulations of MT Uikku and
HULL 4 in a narrow ridge (w = 17.3 m and h = 5 m) are analysed.
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MT Uikku – narrow ridge interaction
To correlate the kinetic responses of ice blocks with the corresponding ridge
resistance record R–δ (Figure 3.5) at a specific stage of the ice ridge failure
process, four sequential scenarios of ship-ice ridge interaction are selected
in terms of δ (refer to Figure 4.11):

• at δ= 7 m, some ice blocks in front of the bow start to be accelerated
at v ≥ 0.01vship by the ship;

• at δ = 10 m, blocks at the end of the ridge are accelerated. At δ =
7...10 m, the ridge ahead of the ship still keeps its initial shape viewed
over the xy-plane;

• at δ= 15 m, blocks next to the bow are moving with the ship at high
velocity, and the increasing rate of R is smaller during δ = 0...15 m
(see Figure 3.5a);

• at δ = 19 m, the ship is exiting the ridge and both Rp and F p
d are

reached.

Figure 4.11 illustrates the velocity field of the entire ridge viewed over the
xy-plane. Moving blocks with velocity vectors and stationary blocks with
v < 0.01vship are shown in grey. The stationary blocks at the basin boundary
show that the boundary does not affect ridge behaviour and simulated R
and approve the usage of ridge length of 30 m in simulations. At δ= 7 m,
blocks near the bow tip at |y| = 0...B/8 are accelerated as v ≥ 0.1vship in
the x-axis direction and blocks within |y| > B/8 contacting the bow move
normal to the bow. The blocks at the end of the ridge are still stationary. At
δ= 10 m, blocks within |y|.B/2 are all accelerated by the ship. The inclined
deformation boundary in the xy-plane can be identified. Blocks within
|y| < B/2 at the far end of the ridge move with velocities of v ≈ 0.01vship.

At δ = 15 m, as the ship’s passage continues, blocks within |y| ≤ B/4
accelerated over 0.2vship are no longer normal to the bow. The blocks at
the end of the ridge in the x-axis direction have less sustainment from the
neighbouring blocks and therefore are easier to be accelerated. A transition
area is also seen as slow-moving blocks forming into a curved flow pattern.
At δ= 19 m when Rp is reached, the bow penetrates through the deformed
ridge. Most blocks next to the bow move over 0.2vship. A vortex-like pattern
of moving blocks is observed near the deformation boundary.
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Figure 4.11. Velocity field of an entire ridge viewed over the xy-plane at δ of 7, 10, 15
and 19 m. Blocks with blue edges are within the vertical plane analysed in
Section 4.3.2. Blocks in grey are stationary (v < 0.01vship).

Figure 4.12 illustrates the force distribution in the ridge. Blocks with
hydrostatic stress σh greater than 3 kPa are linked by red lines. 3 kPa
is a chosen value which is about 0.5 standard deviations of the mean σh

of the entire ridge at δ= 22 m. The red line distribution shows chain-like
patterns in the rubble, identified as force chains. The magnitude of σh

is represented by the thickness of the force chain. Blue blocks represent
moving blocks with v ≥ 0.01vship. Red force chains link moving blocks and
dark grey chains connect stationary blocks. Note that dark grey force
chains represent the initial stress within the ridge. The force chains at
|y| ≥ B have not been further developed by the ship’s penetration, but those
near the moving block boundary are affected consequently.

Four sequential scenarios of force chain development are captured at
δ= 7, 10, 15 and 19 m. As the ship interacts with the ridge, force chains
are sparsely netting moving blocks near the bow, expanding eventually in
the direction normal to the bow. During δ= 10...15 m, the ridge starts to
fail because the blocks within y< B/4 are accelerated over 0.2vship, but the
thicker force chains hold the moving blocks firmly, and the newly formed
force chains are at the border between the moving and stationary blocks.
As the blocks move with the bow tip at δ = 19 m, the force chains follow
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along but most of them are still in the initial ridge dimensions, spreading
out normal to the bow.

Figure 4.12. Force chain distribution in a narrow ridge viewed over the xy-plane at δ of 7,
10, 15 and 19 m. Blue blocks represent moving blocks with v ≥ 0.01vship. Red
force chains are in the moving-block field and dark grey force chains in the
stationary-block field.

HULL 4 – narrow ridge interaction
Figure 4.13 shows the velocity field of a narrow ridge (w = 17.3 m and
h = 5 m) penetrated by HULL 4 (ψ= 90◦ and α= 25.2◦) at δ of 3.5, 6, 12 and
22 m. The resistance record R–δ is shown in Figure A.3.1. Comparing
these scenarios with the kinematic responses of the ice ridge penetrated
by MT Uikku, a similar velocity field can be observed in both cases with
the fastest blocks located next to the bow. As the ship starts to penetrate
through the ridge, the blocks at the end of the ridge are accelerated to a
higher velocity. The ice blocks accelerated by a vertical bow move in a more
regular pattern than by a curved bow. For instance, most blocks with black
vectors are moving at ≈ 55◦ inclined to the y-axis.

This figure also shows that the vertical hull form HULL 4 accelerates
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more ice blocks than MT Uikku by comparing the area of moving blocks,
which cause a higher R on HULL 4. The use of ridge length of 30 m is still
acceptable as no boundary effect on the ridge behaviour can be observed.
For other vertical bow forms with different waterline angles, HULL 5 and
Hull 6 do not accelerate the blocks at the ridge length boundary, which
could be visually observed in Figure 3.15.

Figure 4.13. Velocity field of a narrow ice ridge viewed over the xy-plane from the simula-
tion of HULL 4 at δ= 3.5, 6, 12 and 22 m. The blue edged blocks at δ= 3.5 m
represent blocks within a vertical plane analysed in Section 4.3.2. Grey
blocks (v < 0.01vship) are stationary.

Figure 4.14 shows the force chain distributions in both moving (red force
chains) and stationary (dark grey force chains) blocks, varying with δ,
corresponding to the four sequences in Figure 4.13. The force chains are
formed by blocks with σh ≥ 3 kPa in the moving-block field at δ = 3.5 m,
gradually growing with more ice blocks accelerated as the interaction
continues. At δ= 12 m, thick force chains disperse normal to the bow by
combining with thin chains. At δ= 22 m, force chains develop into distinct
branches normal to the bow. More force chains appear in this case than
with MT Uikku. This is because the selected threshold of σh is 3 kPa,
which is 0.2 standard deviations of the mean σh of the entire ridge in these
interaction conditions. It means that more blocks are involved in the force
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chain plot. It also indicates that MT Uikku results in a lower mean σh of
the entire ridge than HULL 4. For instance, when Rp is reached, the mean
σh = 1.6 kPa at δ= 19 m for MT Uikku and 2.1 kPa at δ= 22 m for HULL 4.

Figure 4.14. Force chain distribution in a narrow ridge interacting with HULL 4 viewed
over the xy-plane at δ of 3.5, 6, 12 and 22 m. Blue blocks represent moving
blocks with v ≥ 0.01vship. Red force chains are in the moving-block field and
dark grey force chains connect stationary blocks.

4.3.2 Ice rubble in a vertical plane

The mechanical behaviour of ice rubble within a vertical plane is also
analysed, for instance, within the vertical plane P4 (see Figure 4.1b). Here
it should be noted that the same group of ice blocks in the vertical plane will
be analysed, to understand how the ship’s penetration affects the kinetic
response of the same rubble throughout the interaction. The location of
the vertical plane P4 depends on the ship’s position in terms of the ship’s
displacement δ. Hence, the location of P4 is taken at a specific ship-ridge
interaction stage, and the pre-requirement is to maximise the considered
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blocks in the plane which would be affected during the entire interaction.
As a result, for MT Uikku and the narrow ridge interaction, P4 is selected
at δ= 15 m, and for HULL 4 at δ= 12 m, and for MT Uikku and the wide
ridge interaction at δ= 136 m. After determining the vertical plane position,
the ice blocks associated with the plane can be selected accordingly—if the
block centroid in the initial position (no ridge deformation) drops in the
range of 2 m from the plane. For purposes of illustration, the ice blocks
with blue edges are those studied in the vertical plane in Figures 4.11
and 4.13.

MT Uikku – narrow ridge interaction
Figure 4.15 shows the velocity field of ice rubble in P4 using displacement
vectors of ice blocks at δ= 7, 10, 15 and 19 m. The magnitude of the velocity
is represented by the vector length. The vector direction is the velocity
vector projected onto P4, pointing from the block centroid. These vectors
are coloured showing five evenly scaled non-dimensional velocities. The
upper bound of the scale is one standard deviation above the mean velocity
of the rubble in this domain. The lower bound is set as 0.01 and the
stationary blocks with v < 0.01vship are coloured in grey.

Figure 4.15. Velocity field of ice blocks in the rubble within a vertical plane from the
simulation of MT Uikku interacting with a narrow ridge with w = 17.3 m and
h = 5 m. The transition zone is illustrated by a blue dashed contour, and grey
blocks are stationary.

The velocity fields of the ice rubble in these four sequential scenarios
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all show that the fast-moving ice blocks are in the near bow field and
the stationary ice blocks in the far-field. Initially stationary blocks are
gradually accelerated by fast-moving blocks through kinetic transmission.
As a result, the upper bound of the velocity ratio increases from 0.2 to 0.5
as shown in Figure 4.15.

At δ= 7 m, fast-moving ice blocks in the near bow field move in a straight
line sloping downwards at about 45◦ to the horizon. The value of this
inclined angle gradually decreases with increasing δ, as the black vectors
are pointing horizontally when all the blocks are accelerated by the ship at
δ= 19 m.

A transition zone in the velocity field is defined as an area of slow-moving
ice blocks with v lower than 80% of the maximum of v in the rubble,
symbolised by velocity vectors in other colours than black. The transition
zone locates between the fast-moving blocks with black vectors near the
bow and the stationary grey blocks. Transition zone has a varying shape
during the ship’s penetration. At δ of 10 m, the blocks in the transition zone
form into a downward arch-like pattern next to the fast-moving blocks
near the bow, as shown in Figure 4.15. These blocks merge into other
horizontally moving blocks at δ= 19 m. Hence, the arch shape and area
are both changing with the ship’s passage.

Analysis of the velocity field of ice rubble raises the question of whether
the ice rubble fails along a shear plane when the peak ridge resistance is
reached. In the MC failure model, a shear plane is a slip plane, as illus-
trated in Figure 3.16b. By considering the particle size, granular material
shear failure can happen along a shear zone of particles that forming into
a vortex flow pattern, as observed in geotechnical experiments and DEM
analysis (Widuliński et al., 2011; Nitka et al., 2015). In conventional ana-
lytical assumptions, the resistance reaches the peak value at the failure
state when a shear plane is initiated in the ridge. Taking the narrow ridge
interaction as an example, Rp is reached at δ= 19 m. A shear plane would
be expected to form at this moment if the analytical assumption is correct.
However, the velocity field of the ice rubble in Figure 4.15 shows that
the whole rubble in the plane is accelerated. Even if expanding a shear
plane into a shear zone by considering the various block dimensions, a
well-defined shear plane/zone of MC failure theory still cannot be observed
in the velocity field of the ice rubble at δ= 19 m.

A shear zone has also been defined as a boundary to distinguish a failure
field from a stationary field, determined by the velocity threshold of par-
ticles (Nadukuru and Michalowski, 2012). This boundary is assumed to
be equivalent to a failure boundary, which is used to analyse the geotech-
nical experimental results from the digital visualisation. This shear zone
definition has been applied in punch-through tests (White et al., 2005),
retaining wall tests by particle image velocimetry (Khosravi et al., 2013),
and biaxial compression tests (Lanier and Jean, 2000). The shear zone
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identification requires setting a velocity threshold, e.g., 5% according to
Gutberlet et al. (2013) and 10% of the moving structure driven velocity
according to White et al. (2005). In any case, such interpretation is re-
lated to the selected velocity threshold, which relies somewhat on the
judgment of the interpreters. This shear zone definition considers the
dynamic behaviour of granular material by prioritising the role of the
velocity threshold in the analysis, and, as a result, it could be applied to
identify a shear zone in the ice rubble. Following this shear zone definition,
a shear zone is equivalent to the transition zone boundary area next to
stationary ice blocks, as illustrated in Figure 4.15. At δ= 19 m when using
the threshold velocity of 0.01vship, the failure boundary is the ridge bound-
ary. When using 0.1vship, the ridge deformation boundary is confined by
the blocks in yellow vectors, but still covers most of the rubble. However, it
does not make sense to continue searching for a good velocity threshold
value for identifying a shear plane in ice rubble, because all ice blocks of
ice ridge have been accelerated at δ = 19 m, which is different from the
static boundary condition on geomaterials as the geotechnical experiments
proposed. Hence, the conventional shear state of the MC criterion built up
in the static equilibrium condition is not suitable for describing the failure
mode of a narrow ridge when R reaches to Rp, especially the ridge failure
is found to be a process rather than a one-time event.

Figure 4.16 shows the force distribution in the rubble within the vertical
plane at δ= 7, 10, 15 and 19 m. The load within an ice block is represented
by the hydrostatic stress σh, defined as the volume-weighted average
normal stress of an ice block calculated from the block’s contact information
(contacting vectors and contact forces). The calculation procedure is given
in Appendix A.2.1. Block surfaces are coloured when σh is larger than the
mean σh of all considered blocks. The upper bound of the colour bar is one
standard deviation above the mean σh of the rubble (lower bound).

At δ= 7 m, blocks near the bow and waterline have large σh. At δ= 10 m,
most of the rubble with larger σh is in the transition zone. At δ = 15 m,
when the ship is about to pass through the ridge, the coloured blocks
form into an upwards arch-like pattern, bridging the blocks between the
bow and the far-end rubble. These blocks may efficiently resist the ship’s
penetration. When the ship is exiting the ridge at δ= 19 m, the mean σh of
the rubble becomes higher, and blocks with large σh are near the bow.

Figure 4.17 is a combination of Figures 4.15 and 4.16, allowing better
analysis of the relation between the velocity and force distribution in the
ice rubble within the plane. The block with σh larger than the mean σh of
the considered rubble is depicted by a red line connecting the paired blocks
to form force chains. A thicker line represents a higher σh.

At δ= 7 m, force chains in the near bow field align with the displacement
vectors. Another bunch of force chains are in the stationary-block field
near the transition zone and the waterline, forming a resisting formation
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Figure 4.16. Force distribution in rubble within a vertical plane from the simulation of
MT Uikku interacting with a narrow ridge with w = 17.3 m and h = 5 m at δ
of 7 m, 10 m, 15 m and 19 m. σh is hydrostatic stress.

to the blocks on the bow side accelerated by the ship.
At δ = 10 m, most of the rubble is accelerated. The area of the blocks

with black vectors (v ≥ 0.16vship) expands, and these blocks are still pushed
downwards at an angle inclined to the horizon. The dominant force chains
do not locate in the downward arch-like block-moving flow. Instead, they
occupy a large area near the waterline in the transition zone. These force
chains transmit large loads horizontally along the moving blocks. At the
far end of the transition zone, a small bunch of force chains is observed
connecting the near-bow force chains later at δ= 15 m. Force chains in the
near bow field appear to intersect vertically with the block-moving flow.

At δ= 15 m, a force chain near the bow appears as an upward arch-like
formation parallel to the inclined bow. Blocks between this chain and the
bow move upwards, as if to climb a “force chain” bridge. Force chains in
the transition zone connect horizontally moving blocks, indicating that the
normal stress in the horizontal direction is dominant.

The upper bound of non-dimensional velocity at δ= 19 m increases from
0.2 to 0.5 kPa and the mean σh increases from 1.4 to 2.5 kPa. Force chains
appear in a “tuning fork” pattern next to the bow. The upper sub-chain
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Figure 4.17. Velocity field and force chains in ice rubble from the simulation of MT Uikku
interacting with a narrow ridge with w = 17.3 m and h = 5 m.

aligns with the inclined bow, and the lower sub-chain follows the block-
moving flow in the transition zone.

MT Uikku – wide ridge interaction
The mechanical behaviour of a wide ridge (w = 160 m and h = 5 m) pene-
trated by MT Uikku is analysed, focusing on the velocity field and force
distribution of ice rubble within the vertical plane at δ = 136, 162 and
180 m, corresponding to the period of 6⃝– 7⃝ of R–δ record in Figure 3.5b
and the ridge disintegration stage.

Figure 4.18 shows that the velocity field of the considered ice rubble is
similar to that of a narrow ridge studied above (see Figure 4.17). The upper
bound of v/vship is 0.2, the same as that for a narrow ridge at δ = 7 and
10 m. Blocks with black vectors are in the near bow field, moving vertically
away from the inclined bow. The transition zone can also be observed,
formed by horizontally moving blocks at small velocity. The deformation
boundary is still inclined in the steady ridge deformation stage. The area
of the transition zone is larger than that of a narrow ridge in the ridge
developing deformation stage.

Similarly, force chains with two sub-chains are also observed in this
wide ridge. Force chains in the near bow field align with the inclined bow,
perpendicularly against the blocks with black vectors moving downwards
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at high velocity. Force chains in the transition zone transmit large loads
horizontally, ending near the deformation boundary.

(a)

(b)

Figure 4.18. Kinematic response of ice rubble from the simulation of MT Uikku interacting
with a wide ridge (w = 160 m and h = 5 m) at δ= 136 m. (a) Magnified view of
the velocity field of ice rubble near the bow. (b) Velocity field combined with
force chains in the rubble.

(a)

(b)

Figure 4.19. Velocity field of the considered ice rubble from the simulation of MT Uikku
interacting with a wide ridge (w = 160 m and h = 5 m) after Rp decreases at
(a) δ= 162 m (zoom in view) and (b) δ= 180 m.

The kinematic response of ice blocks within the vertical plane is also
analysed when the ship is exiting the ridge. Two scenarios of a velocity
field at δ = 162 m and 180 m are illustrated in Figure 4.19. Blocks with
black vectors in the near bow field at δ= 162 m develop smaller velocities
than at δ= 136 m. The block-moving flow appears in an arch-like pattern
in the transition zone. These differences may result from a change of hull
inclination: the stem angle of the contacting hull increases from ϕ≈ 50◦ at
δ= 136 m to ϕ≈ 56◦ at δ= 180 m.

As the ship’s passage continues, the midbody starts to contact the ice
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rubble at δ= 180 m. Most of the ice rubble is stationary. Only the blocks
near the ship’s bottom have a velocity above but close to 0.01vship.

HULL 4 – narrow ridge interaction
The above analysis procedure is also applied to the kinetic response of
rubble in the vertical plane of a narrow ridge (w = 17.3 m and h = 5 m)
under penetration by HULL 4 with a vertical bow of ψ= 90◦ and α= 25.2◦.
The interaction scenarios are taken at δ= 3.5, 6, 12 and 22 m (occurrence
of Rp). The ridge is supposed to behave more simply under a vertical bow’s
penetration than under a curved bow. The ridge kinetic behaviour revealed
from simulations could be comparable to the failure model assumed in
analytical models due to a similar structure interaction in both models.
The comparisons could also explain how the bow shape affects the kinetic
response of ice rubble.

Figure 4.20 illustrates the velocity field and force distribution of a narrow
ridge penetrated by HULL 4. The velocity field shows that the fast-moving
blocks in the near bow field are pushed horizontally by the vertical bow.
A transition zone can be identified, and its shape and area vary during
the ship’s passage. The block-moving flow still shows in a downward arch-
like pattern in the transition zone, for instance at δ= 6 m. This pattern
diminishes as all the blocks in the ice rubble move horizontally when Rp is
reached at δ= 22 m. It is also interesting to observe that blocks around the
deformation boundary move upwards at higher velocity, and this is clearer
in the rubble penetrated by a vertical bow than with a curved bow.

The previously analysed scenario of HULL 4 resisting a ridge meets the
vertical structure condition assumed in Rankine theory, as shown in the
force diagram of Figure 3.16b. However, the simulated velocity field of ice
rubble at δ = 22 m still shows no well-defined shear plane. Even for the
velocity field at δ= 3.5 m when most of the rubble is stationary—the whole
rubble can be considered at static state—the deformation boundary still
appears vertical and far from the bow, which is different from the inclining
shear plane assumed in the analytical models.

Figure 4.20 also shows that force chains in the near bow field align
with the horizontally moving blocks, which is different from the inclined
force chain observed in the rubble pushed by an inclined bow as shown in
Figure 4.17. However, the force chain in a “tuning fork” pattern at δ= 3.5
and 6 m is similar to that observed in the rubble penetrated by MT Uikku
at δ= 19 m. It indicates that the inclination of the hull does not change the
force distribution in force chains: the upper sub-chain has larger σh than
the lower sub-chain.
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Figure 4.20. Velocity field and force chains in rubble from the simulation of HULL 4
interacting with a narrow ridge at δ= 3.5, 6 and 22 m. The narrow ridge has
w = 17.3 m and h = 5 m.

4.3.3 Lateral pressure distribution against the hull

Malmberg (1983) applied Rankine theory to describe the lateral pressure
distribution against the hull, in which the horizontal ice rubble stress σ1

is calculated through its vertical stress σ3 = γz by the coefficient of passive
stress or the normal stress ratio Kp =σ1/σ3 (see Equation 3.3). Inspired by
this approach, the lateral pressure on the hull can also be obtained from
the stress distribution of moving blocks (v ≥ 0.01vship) within a vertical
plane P4 from the DEM simulations. The selected ice rubble is the same
as that analysed in the last section from the simulations of MT Uikku: a
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narrow ridge (w = 17.3 m and h = 5 m) and a wide ridge (w = 160 m and
h = 5 m). This analysis considers the ice rubble within a series of 1 m thick
horizontal stripes if the block centroid is within it, as shown in Figure 4.21.
The normal stress of one stripe of rubble (σxx, σyy, σzz) is calculated by
the volume-weighted average stress method, given by Equation A.10. The
lateral pressure on the hull from one stripe equals the horizontal stress of
one stripe of rubble, defined as the sum of projected components of σxx and
σyy:

σp =σxx sinα+σyy cosα (4.8)

where α is the waterline angle of the bow at y = B/4. Here, the lateral
pressure distribution along the z-axis is characterised by its normalised
value of σp/σzz.

Figure 4.21. Illustration showing the division of ice rubble in a vertical plane into a series
of 1 m thick horizontal stripes.

Figure 4.22a shows the σp/σzz distribution at selected values of δ for
MT Uikku interacting with a narrow ridge (w = 17.3 m and h = 5 m). At
δ = 7 and 8 m, σp/σzz stays at less than 1 along the z-axis. The greatest
value of σp/σzz is around 2 at z = −2...−4 m. In comparison, Kp = 4.6 is
used by Malmberg (1983) when the internal friction angle φ = 40◦ (see
Section 3.4.2). Kp = 5.8 is recommended by Riska (2014) in the estimation
of ship resistance in brash ice channel, and φ is inversely calculated as
45◦. Both values of Kp are much larger than σp/σzz measured from the
simulation of a narrow ridge, even when Rp occurs at δ= 19 m.

Figure 4.22b shows σp/σzz for ice rubble in the vertical plane of a wide
ridge (w = 160 m and h = 5 m). The ice rubble analysed here is the same
as that analysed in Figure 4.18. At δ< 120 m, σp/σzz ≈ 0 along the z-axis
because the ice rubble has not been penetrated by the ship. When the
interaction starts, σp/σzz increases to 2 at δ= 120 m with a roughly even
distribution along the z-axis. Next, σp/σzz varies over a wide range of 2 to
8 along the z-axis but still stays mostly smaller than Kp. When the ship’s
midbody interacts with the rubble, for instance, σp/σzz at δ= 170 m drops
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to about 1 along the whole ridge depth.
Since Rankine theory states that σ3 = γh, showing that σ3 linearly in-

creases with h, it is interesting to check how σzz (equivalent to σ3) is
related to z in the simulated ridges. For a narrow ridge, the initial ridge
depth in P4 is h ≈ 4 m and later increases to h ≈ 5 m. Figure 4.22c shows
that σzz–z record varies at different instants of δ with reference to σ3–z
record shown by the dashed lines. It is worth noting that σ3 = 0 at z =−4 or
−5 m (h = 4 or 5 m) and σ3 = γh at z = 0 m. When the initial ridge depth of
4 m has not yet expanded at δ= 7...8 m, the dashed line of σ3–z reflects the
analytical stress distribution feature, which is smaller than the measured
σzz–z record from simulations at the corresponding interaction time. How-
ever, at δ= 19 m, σzz–z record is roughly aligned with σ3–z (black dashed
line) when the ridge depth becomes h = 5 m.

(a) Narrow ridge (b) Wide ridge

(c) Narrow ridge (d) Wide ridge

Figure 4.22. Lateral pressure distribution against the hull, described by σp/σzz and
σzz–z record of moving blocks within P4 during the ridge failure process.
Simulation of MT Uikku interacting with (a) a narrow ridge (w = 17.3 m)
and (b) a wide ridge (w = 160 m). For reference, the analytical values Kp are
plotted as dashed lines.

Applying the same analysis to a wide ridge case, Figure 4.22d shows that
σzz–z record moves towards positive with increasing δ, and the distribution
of σzz–z record is roughly in line with σ3–z record for both h = 5 m when
the interaction initiates and h = 10 m when Dr reaches maximum. This
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result suggests that σzz–z record obtained from the simulation is similar
to the analytical solution of σ3–z.

This normal stress state analysis of a wide ridge could explain why F p
d

estimated by Malmberg’s analytical model is larger than the simulated
value shown in Figure 3.17a. The σ3–z record of the analytical model has
a similar value to the σzz–z record (see Figure 4.22d), but the σp/σzz–z
record is still smaller than Kp of 4.6, even though a wide ridge case appears
semi-infinite in terms of the R–δ record. In other words, the simulated
horizontal stress is smaller than the value calculated from Kp. It indicates
that the ship’s penetration cannot cause the horizontal stress inside a wide
ridge to be as large as suggested by the analytical model.

4.3.4 Discussion

This section presents the velocity field and force distribution of ridges
of different widths penetrated by different ships (MT Uikku and HULL
4) using DEM simulations. Several ridge kinetic responses have been
observed from these cases. For instance, fast-moving blocks are near the
bow and stationary blocks are at the far-end ridge. In the fast-moving-block
field, a downward arch-like block-moving pattern is observed, accompanied
by an upward arch-like force chain formation. When a ridge enters the
steady deformation stage, a hull with ψ< 90◦ starts to push the contacting
blocks downwards at about 90◦−ψ to the horizon.

Although the analytical models by Keinonen (1979) and Malmberg (1983)
conventionally assumed that a shear plane or shear zone occurs in the
ice rubble when the ridge fails, a well-defined shear plane has not been
observed in the velocity field of ice rubble from simulations. It is therefore
debatable whether the arch-like block-moving flow should be recognised
as a shear zone. The ridge failure, whether for a narrow or a wide ridge,
is progressive—Rp(F p

d ) relates to the mass of blocks accelerated by and
moving with the ship, rather than a sudden shear failure occurring in
a static equilibrium as assumed in analytical models. Although a wide
ridge can be considered to fail at static state at the steady deformation
stage, a slip surface has not been observed in the rubble. The boundary
conditions of ridge varying throughout the entire ship-ridge interaction
further complicates the stress and strain state of interacting rubble, which
cannot simply be described by a conventional material failure law.

Why no clear slip surface can be observed from a wide ice ridge in the
steady deformation stage requires further discussion. One possible reason
may lie in the particular packing morphology of ice ridges, such as block
shape and size, and the porosity of the rubble. A shear plane or shear
zone has been observed numerically and experimentally in a granular
material assembly mainly formed by sphere- (3D) or disk-shaped (2D)
particles. This type of material tend to form internal particle-particle
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rotation than polyhedral ice blocks (Thornton, 2015). Besides, the porosity
and block size of a granular assembly may have a direct effect on the
failure pattern. For example, a shear band has been observed to be 12...15
sphere particles thick (Cha and Santamarina, 2019) in a dense granular
material (porosity is 0.15) formed by a large number of small particles. For
a dense cohesionless granular material, large particles directly affect the
formation of a distinct shear band (Miyai et al., 2019). For ice rubble, both
laboratory-scale direct shear box tests (Pustogvar et al., 2014) and DEM
simulations (Polojärvi et al., 2015) showed the ice block size influences
the ice rubble shear behaviour. Especially for ice rubble (0.6 m × 0.4 m)
with large ice blocks (0.06 m × 0.04 m), a unique arching process of the
ice rubble was observed in laboratory direct shear box tests (Pustogvar
et al., 2014). Hence, an ice ridge as a loose cohesion-less granular material
(porosity 0.4...0.5) consisting of large blocks would be even more challenging
to formulate a distinct regular shear pattern under more complex loading
conditions.

Another argument is based on the distinctive feature of force chain
distribution in the rubble: the loads within the ice rubble are not evenly
distributed, which could be a good evidence to suspect the validity of
applying the conventional continuum material failure law to the ice ridge.

This study also analyses the lateral pressure against the hull (horizontal
stress of the rubble) in a vertical plane by using analogies to the stress
distribution described in Rankine theory. The analytical model addresses
the horizontal stress of the rubble in a vertical plane as a function of the
rubble weight-dependent vertical stress. Comparisons have been made
in both a narrow and a wide ridge interaction. For both cases, the verti-
cal stress distribution of ice rubble estimated by the analytical model of
σ3 = γz is similar to σzz measured from the DEM simulations. However,
the simulated horizontal stress σp of the rubble (more relevant to Rp) is
lower than the analytical estimate, resulting in a smaller σp/σzz than the
suggested Kp = 4.6 or 5.8. The difference is even greater with a narrow
ridge. Therefore, a more accurate model of rubble stress would be needed.
In addition, the effect of ridge width should also be taken into account in
stress models of ice rubble.

4.4 Ice ridge behaviour at large scale

The previous section studied mechanical behaviour on the individual ice
block within ice ridge under ship interaction. How the individual character
of ice blocks effect on the overall mechanical behaviour of the ice ridge
would be interesting to study. This attempt could provide insight into
the mechanics of ice ridge, such as the relationship between the ice ridge
deformation and loads on the rubble. Here, the large scale of ice ridge is
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defined as an assembly of ice blocks in the deformed domain based on the
kinetic response of individual blocks from DEM simulations. In this way,
the average mechanical variables (stress and strain) over the large scale
rubble preserve the discrete nature of the ridge (Nguyen et al., 2014). The
calculation methods of averaging stress and strain over a large assembly
have been well developed in granular mechanics. The detail calculation
procedure can be found in Appendix A.2 and below sections.

This section continues to analyse the simulations of MT Uikku inter-
acting with a narrow ridge (w = 17.3 m and h = 5 m) and a wide ridge
(w = 160 m and h = 5 m). It also discusses how other factors affect the
overall mechanical behaviour of the ridge deformed domain, including the
ridge initial configuration, the ice-ice frictional coefficient, and ship hull
forms.

4.4.1 MT Uikku – narrow ridge interaction

The strain of an entire narrow ridge is calculated by following Cundall’s
best-fit strain approach (Cundall and Strack, 1979; Bagi, 2006). The strain
variables include strain on the x-, y- and z-axis (ϵxx, ϵyy, ϵzz), hydrostatic
strain ϵh and volumetric strain ϵv. The definitions of these strain variables
are given in Appendix A.2.3. The strain calculation requires a referential
body, which is defined by the blocks in the studied domain. The studied
domain is defined by grouping blocks which have v ≥ 0.01vship at δ= 28 m
when the mass of moving blocks is maximum. 1205 of 1622 blocks of the
entire ridge are studied. These blocks in the initial condition (δ= 0 m) form
a referential configuration of the body.

Figure 4.23a shows strain variables of the entire narrow ridge devel-
oping with the ship’s displacement δ of 0...70 m. ϵh and ϵv have negative
values around zero at δ = 0...7 m. This indicates that the whole ridge is
compressed under small deformation during the developing deformation
stage. Around δ = 7 m, all strain variables start to step away from the
initial values. Positive strain values indicate that the whole ridge starts to
expand. Especially after δ= 10 m, blocks next to the bow start to move with
the bow, which causes ϵxx to increase rapidly. ϵxx reaches the peak value
after δ≈ 45 m when the whole bow exits the expanded ridge. After that,
no deformation continues, since only the midbody contacts the deformed
ridge. ϵyy and ϵzz also increase, but the values are much lower than ϵxx.
Regarding Figure 4.11, the ridge expansion is mainly from the ridge part
which consists of blocks with centroids of |y| ≤ B/2. These blocks pushed by
the bow towards the y- and z-axis accumulate a side triangular ice block
pile below h, similar to the side ridge accumulation of a wide ridge (see
Figure 4.4c). ϵzz reaches the peak value around δ= 20 m, the same as Dm

r
in Figure 4.2b.

The stress variables of the narrow ridge studied here are normal stresses
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(a) (b)

Figure 4.23. Records of the mechanical variables averaged over the deformed domain of a
narrow ridge penetrated by MT Uikku during the ridge failure process: (a)
strain record; (b) stress record.

on three coordinate axes (σxx, σyy, σzz), principal stresses (σ11 (major), σ22,
σ33 (minor)) and hydrostatic stress σh. These stresses are calculated by the
volume-weighted average stress tensor σ̄ over the stresses of individual
blocks in Equation A.10. σh of the deformed domain is the average normal
stress σ̄ of blocks with v ≥ 0.01vship. More information on calculating these
variables is given in Appendix A.2.1. How the stress varies over a deformed
domain and the regions of fast-moving blocks is described in Section 4.4.3.

Figure 4.23b illustrates the stress variables developing with the ship’s
displacement δ. The normal stresses on the coordinate axes are positive
at the onset of the interaction, indicating the existence of initial stresses.
Force chains in the stationary-block field in Figure 4.12 also illustrate
that the stress is within the ice rubble in the initial condition. All normal
stresses increase with increasing δ until δ ≈ 15 m. Next, the stresses
roughly plateau until the entire bow passes through the deformed ridge
at δ≈ 45 m. σxx initially increases with σyy until δ≈ 5 m, after which σxx

keeps a constant value about 0.5 kPa, similar to σ33 during most of the
interacting time with the bow. σyy, instead, continues increasing to the
peak, approaching the major principal stress σ11. At δ= 30...60 m, σyy is
gradually dropping to zero. σzz varies between 1.5 and 2 kPa until δ= 40 m,
after which σzz starts to decline, but with a similar value of σ11.

When only comparing the magnitudes of principal stresses with the
normal stresses, the major principal stress σ11 is seen to share the value
with σzz until δ= 10 m. σ11 is then close to σyy until δ= 30 m. Since δ= 45 m,
σ11 has a similar value to σzz. The intermediate principal stress σ22 is
similar to σh. At δ= 10...45 m, the stress evolution shows an interesting
stress feature as

σ22 =σzz ≈σh ≈ 0.5(σxx +σyy) (4.9)

which can be used to estimate normal stress if one of the normal stresses
is known. It should be noted that the directions of principal stresses vary
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with δ and differ from the direction of normal stress. For instance, σ11 is
inclined downwards about 70◦ to the y-axis on the yz-plane at δ= 7 m, and
then rotates to the xz-plane with an inclined angle of −55◦ to the x-axis.

Comparing the evolution of average normal stress with the ridge re-
sistance record, it clearly shows that the normal stress evolution is not
suitable for directly estimating the total force or resistance. For example,
the plateau of the average normal stress at δ= 20...45 m does not occur in
the R–δ record. Instead, the R–δ record only has a peak value at δ= 19 m.
However, the behaviours shown by the stress record and the R–δ record
do not contradict each other. The different features result from different
boundary conditions: the stress record is determined by the deformed
domain which varies with δ, whereas the ridge resistance is the resultant
force acting on the ship through ship-block contacts. The plot of stress
evolution shows that the dynamic behaviour of an ice ridge predominantly
affects the overall behaviour when σh has reached the plateau. The plateau
feature of σh–δ record implies that both the normal stress and total vol-
ume of the deformed domain have a synchronous evolution (increase or
decrease) with δ, leading to a relatively constant average division as σh. σh

declines from the plateau when the bow exits the deformed ridge at δ≈ Lb.
It indicates that the midbody starts to interfere with the ridge mechanical
behaviour.

Figure 4.24a shows the stress-strain curve of a narrow ridge interacting
with MT Uikku. The volumetric strain ϵv and hydrostatic stress σh are
selected to describe the overall material mechanical behaviour in 3D. The
scatter points correspond to σh and ϵv at δ= 0...70 m with an interval of
0.5 m. The solid line is the running average over these points with a
window size of 4.5 m. It is worth noting that ϵv–σh record only describes
the response of a narrow ridge and the ridge deformation is irreversible.
By using analogies to rock mass behaviour (Palmström and Singh, 2001),
the term “modulus of deformation of ice block mass” is used here, given by

Em = dσh
/

dεv (4.10)

which describes the elastic and inelastic behaviour of the material. With
respect to the aforementioned ridge behaviour at δ = 7, 10 and 19 m, re-
ferring to Figure 4.11, the corresponding ϵv with σh are marked by A,B,C
in Figure 4.24a. During δ= 0...7 m, the ridge starts to interact with the
ship. ϵv is close to zero but σh increases rapidly. The deformation modulus
is calculated as Em1 ≈ 1 MPa. At δ = 7...10 m, ice blocks with centroid of
|y| ≤ B/2 in front of the bow are gradually accelerated, with Em2 ≈ 7 kPa.
At δ= 10...19 m, the increase of σh slows down but ϵv keeps growing and
Em3 ≈ 1 kPa. Since then, the approximate constant σh with the increase of
ϵv forms a plateau until the bow exits the ridge at the turning point D at
δ= 45 m, after which σh drops rapidly with a roughly constant ϵv.
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(a) (b)

Figure 4.24. (a) Stress-strain curve σh–ϵv of a narrow ridge during the failure process. σh
is the hydrostatic stress and ϵv is the volumetric strain. Both are average
values over the deformed domain. Red points are simulation data, and the
solid line is the running average over these points with a window size of
9 points. The plot of σh with ϵv is divided into four sections, marked by
A,B,C,D. (b) The Mohr diagram illustrates the stress state of the ridge
deformed domain at a particular interaction moment of A, B, C, D. The time
instant of Pre A is one time interval of 0.5 s earlier than that of A. The
failure envelopes are taken at the stress state at A and C.

In this study, the Mohr diagram is applied to depict the stress state
during the ridge failure process. Shear stress τ and normal stress σ are
defined by principal stresses as

τ= (σ11 −σ33) /2 and σ= (σ11 +σ33) /2 (4.11)

Figure 4.24b shows Mohr circles corresponding to the interaction condition
at A,B,C,D marked in Figure 4.24a. The Mohr circle moves towards a
large σ with growing diameter as δ increases from 0 to 7 m, but bounded
by the Mohr circle at δ = 6.5 m (Pre A) and at δ = 7 m (A). During this
period, the Mohr circle at δ= 6.5 m increases in diameter at a fixed centre
(σ) until the circle reaches the maximum represented by A. A tangent line
(failure envelope) to the Mohr circle through the origin—corresponding
to the non-cohesive ridge—has an instantaneous slope angle, which can
be compared with the internal frictional angle φ in MC theory. This slope
angle is measured as 70◦. Next, the Mohr circle with a smaller diameter,
such as δ = 10 m (B) and δ = 19 m (C), moves around inside the area to
which the maximum Mohr circle is confined. φ≈ 30◦ at δ= 19 m. During the
plateau of σh with ϵv at δ= 15...50 m, φ is varying in 38±4◦ (mean±standard
deviation). The Mohr circle finally moves close to the origin with a small
diameter, illustrated by the Mohr circle of After D.

Following the definition of Kp in Equation 3.3, Kp can be calculated by
the measured principal stresses σ11 and σ33 over the deformed domain
from simulations, given by Kp ≈ 2...3.8 at δ = 0...7 m, and Kp ≈ 3.5...5.0 at
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δ= 15...50 m. It is worth noting that

Kp = σ11

σ33
≈
{

σzz
/
σxx,δ= 0...7m

σyy
/
σxx,δ= 15...50m

(4.12)

where σ33 ≈σxx (the directions of principal stresses are not aligned with
the coordinate axes).

In Rankine theory, however, the shear stress is neglected, allowing the
principal stresses to be equivalent to the normal stresses along the coordi-
nate axes. For example,

Kp = σ11

σ33
= σp

σzz
(4.13)

where σ33 = σzz; σ11 is the horizontal stress; σp = σxx sinα+σyy cosα for
a three-dimensional stress condition and σp = σxx for a two-dimensional
planar stress condition; and 45◦+φ/2 is the angle between σ11 and σ33.
Following Equation 4.13, Kp can be calculated by inputting the measured
stress values from the simulations, giving Kp ≈ 0.27 at δ = 0...7 m and
Kp ≈ 1.6 at δ= 15...50 m. Both values are smaller than Kp = tan2(45+φ/2)=
4.6 where φ = 40◦ for Malmberg’s previous estimate comparison. This
comparison suggests that Kp = σ11

σ33
̸= σp

σzz
and principal stresses cannot be

substituted by normal stresses as the simplification in Rankine theory,
because the shear stress apparently plays an important role in the principal
stresses. By analogy to soil mechanics, it seems that a narrow ridge fails
in active mode (Kp < 1) rather than passive mode (Kp > 1). However, this
perception does not make sense, because a narrow ridge does not appear
semi-infinite.

When only the midbody interacts with the deformed ridge, the ridge can
be considered as loading at static state (no more accelerated ice blocks).
According to Malmberg’s approach, the stress state of the ridge is described
as

σyy = K0σzz (4.14)

where K0 = 0.27, the coefficient of active pressure at rest. This value is close
to K0 = σyy/σzz ≈ σ33/σ11 ≈ 0.2 measured from simulations at δ= 50...60 m.
It suggests that the ridge behaves along the midbody similarly to the
analytical approach proposed.

4.4.2 MT Uikku – wide ridge interaction

The overall mechanical behaviour of a wide ridge (w = 160 m and h = 5 m)
under MT Uikku’s penetration is evaluated over the deformed domain
of the ridge at a series of selected δ, illustrated by the circle marks in
Figure 4.25a. Each data set has the simulation data within a duration of
δ= 2 m with an interval of 0.25 m, and a linear interpolation connects two
data sets. For a wide ridge, the studied domain focuses on the block field
near the bow—the bow domain, which is defined as x′′ ∈ [0,60] m in the
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local coordinate system (see Figure 4.3). The moving blocks (v ≥ 0.01vship)
associated with the bow domain have x(δ) ∈ x′′ ∈ [0,60] m. The stress over
the moving blocks within the studied domain is calculated by the volume-
weighted average stress method (Bagi, 1996). The strain calculation still
follows Cundall’s best-fit strain approach (Cundall and Strack, 1979). Due
to the ridge undergoing first developing and then steady deformation stages
(see Figure 4.8), the referential initial configuration of the body needs to be
defined respectively for the strain calculation. At δ= 0...45 m, the studied
domain has blocks moving at δ= 45 m. These blocks’ positions at δ= 0 m
are the referential positions. After δ= 45 m, the positions of the referential
blocks need to be updated by the real-time position of the bow domain,
which vary with δ. For example, at δ= 64...66 m, the considered moving
blocks are updated by the blocks that are moving at δ= 66 m and having the
x-axis coordinate fulfils x(δ) ∈ x′′ ∈ [0,60] m, where x(δ= 66 m) = δ−Lb [m]
equals x′′ = 0 m. The positions of these blocks at δ= 64 m are the referential
positions. The translation of these blocks during this δ= 64...66 m is used
to calculate the strain of the studied domain.

Figure 4.25a shows the records of the following strain variables: strain
along three coordinate axes (ϵxx, ϵyy, ϵzz), hydrostatic strain ϵh and vol-
umetric strain ϵv. All of them are close to zero at δ = 0...12 m. ϵzz then
increases sharply, leading ϵh and ϵv to constant values of 0.15 and 0.22,
respectively. Corresponding to Figure 4.4c, the volume change is mainly
from the newly formed side ridge pushed by the ship under the initial ridge
depth of 5 m. Meanwhile, ϵxx and ϵyy drop below zero, indicating that the
ridge is compressed along the x- and y-axis. Then, all the strains reach
constant values, because the entire bow is in contact with the ridge since
δ≈ 45 m. This feature is consistent with the Dm

r −δ record of Figure 4.2b as
Dm

r reaches the plateau from δ≈ 45 m. This steady evolution of ϵzz as the
ship accelerates stationary blocks within |y| ≤ B/2 ends about 15 m from
the end of the ridge, and the decrease in ϵzz follows.

Figure 4.25b shows the records of stress variables over the studied do-
main: normal stresses along the three coordinate axes (σxx, σyy, σzz),
hydrostatic stress (σh) and principal stress (σ11 (major), σ22, σ33 (minor)).
The mean σh and its standard deviation at each selected δ of 2 m with an
interval of 0.25 m are shown with error bars. Other stress variables are
shown only by their means. All the stresses show similar behaviour: the
stress first increases before starting to level off at δ ≈ 40 m, then starts
dropping at δ ≈ 140 m. This normal stress evolution may reflect the be-
haviour of Fd–δ record in Figure 3.5b. σyy and σ11 are at the top of the
stress group, implying that blocks holding large σyy are pushed sideways
by the ship. σxx is marginally higher than σzz. The intermediate principal
stress σ22 is close to σzz. The hydrostatic stress σh has a larger value than
σxx but both are still within the same range.
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(a) (b)

Figure 4.25. Records of the mechanical variables averaged over the deformed domain of
a wide ridge penetrated by MT Uikku during the ridge failure process: (a)
strain record; (b) stress record.

Figure 4.26a shows the stress-strain curve σh–ϵv for a wide ridge. The
mean and one standard deviation of σh with ϵv in the selected δ of 2 m are
marked corresponding to the data set in Figure 4.25. The mean of σh with
ϵv at δ = 40...125 m is marked with a red dot. σh increases rapidly with
small ϵv at the initial interaction of δ = 0...12 m, then increases with ϵv

until δ= 40 m at the rate of Em varying at 20...5 kPa. After σh and ϵv reach
their peak values, blocks with |y| ≤ B/2 ahead of the ship are accelerated by
the ship. Both σh and ϵv decline with Em ≈ 35...20 kPa. This particularly
shows that the rate of increase of σh with ϵv at δ= 20...30 m is similar to
the rate of decrease at δ = 155...175 m when the bow is about to exit the
deformed ridge.

(a) (b)

Figure 4.26. (a) Stress-strain curve σh–ϵv of a wide ridge during the failure process. σh
is the hydrostatic stress and ϵv is the volumetric strain. Both are average
values over the deformed domain of a ridge. σh with ϵv at δ< 40 m are marked
in green and blue at δ> 125 m. The mean σh with ϵv over δ= 40...125 m is
marked by a single red dot. (b) The stress state of the ridge deformed domain
is depicted by the Mohr diagram. The failure envelope illustrates that the
smallest φ appears in the ridge steady deformation stage.

The Mohr diagram is also applied to depict the stress state by τ and σ
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of a wide ridge under the ship’s interaction. As δ increases to 40 m, the
Mohr circle moves right with increasing diameter. At δ= 40...125 m, the
circle shows the largest τ and σ during the stage of steady deformation. As
the ridge enters the disintegration stage, the circle moves left again and
its diameter shrinks. The φ angle measured from each Mohr circle varies
from 20...70◦, and the largest circle produces φ= 20◦.

The two calculation methods for Kp in Equation 4.13 could describe the
stress state of a wide ridge in the steady deformation stage, because both
methods return a similar value based on the simulation data. In other
words, the shear stress has a less important role in the principal stress
for a wide ridge than for a narrow ridge. However, φ≈ 23◦ derived by the
simulated Kp = 2 is still smaller than 40◦ or 45◦ in the analytical estimates.

4.4.3 Normal stress ratio within the ice ridge

The analysis above focused on the studied domain defined by blocks with
v ≥ 0.01vship. As shown in Figure 4.15, the deformed domain can be further
divided into regions of fast-moving and slow-moving blocks, which raises
the question: what is the normal stress ratio σxx/σzz over the regions
composed of blocks with higher v?

Figure 4.27 shows σxx/σzz–δ record for a narrow ridge and a wide ridge
respectively, calculated over the deformed domain of the ridge with blocks
at v ≥ 0.01vship and the region of fast-moving blocks in v ≥ 0.2vship. The
simulation results of the deformed domain of ridges are shown in Sec-
tions 4.4.1 (narrow ridge) and 4.4.2 (wide ridge). As seen in Figure 4.27a,
the variation of σxx/σzz is much greater in the region of fast-moving blocks
at δ= 0...15 m, but subsequently both σxx/σzz of the deformed domain and
fast-moving block region become similar. This is because some blocks
with 0.01vship ≤ v ≤ 0.2vship are accelerated to over 0.2vship during this
interaction period.

(a) (b)

Figure 4.27. σxx/σzz–δ record over the deformed domain and fast-moving block region,
which contains blocks with v ≥ 0.01vship and v ≥ 0.2vship, respectively. (a)
Narrow ridge. (b) Wide ridge.
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Conducting the same analysis for a wide ridge (w = 160 m and h = 5 m, see
Figure 4.27b), it shows that σxx/σzz for the deformed domain and the fast-
moving block region are similar at the ridge developing and disintegration
stages, but σxx/σzz of the fast-moving block region is smaller at the steady
deformation stage once the plateau has been reached. Figure 4.28 further
illustrates an average normal stress ratio σxx/σzz, denoted as σ̄n, for regions
of blocks with v/vship ≥ 0.01, 0.05, 0.1 and 0.2 in the deformed domain of a
ridge. For a narrow ridge, σ̄n is the mean value of σxx/σzz over δ= 0...15 m.
For a wide ridge, σ̄n is calculated over the plateau period of δ= 40...140 m.
σ̄n of a narrow ridge is about 0.5 when v/vship increases from 0.01 to 0.1,
and increases to 0.77 when v/vship = 0.2. By comparison, σ̄n of a wide
ridge is similar at v/vship = 0.01 and 0.05. As v/vship increases, σ̄n tends to
decline, dropping to a marginally higher value than for a narrow ridge at
v/vship = 0.2. It seems that the normal stress ratio of the region defined
by v ≥ 0.2vship appears less sensitive to the change of ridge width. This
is because the blocks maintaining this high velocity are near the bow
and suffer less from the boundary change than blocks with small velocity
at the end of the ridge. However, if only this fast-moving block region
is considered, the slow blocks in a wide ridge, which carry large normal
stresses, are filtered out as shown in Figure 4.18. Hence, the mechanical
behaviour of a wide ridge over the deformed domain defined by blocks with
v/vship ≥ 0.01 could be representative of the overall behaviour of the ridge.

Figure 4.28. Average normal stress ratio σ̄n over δ = 0...15 m for a narrow ridge and
δ= 40...140 m for a wide ridge when the normal stress is calculated from the
studied domain, including the regions composed of blocks with v/vship ≥ 0.01,
0.05, 0.1 and 0.2.
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4.4.4 Factors affecting ridge overall mechanical behaviour

Effect of ridge initialisation
Ice ridges with the same dimensions can have different initial configura-
tions in terms of block number and block distribution. This analysis aims to
figure out how different initial configured ridges affect the ridge resistance
and overall stress of a narrow ridge (w = 17.3 m and h = 5 m). The narrow
ridge used in the previous analysis is defined as “Initial configuration 1”
with 1622 blocks. A ridge with the same dimensions but with 1635 blocks
having different initial block orientations (“Initial configuration 2”) is used
for comparison.

Figure 4.29a shows the ridge resistance records of these two differently
configured narrow ridges penetrated by MT Uikku. Both ridge resistance
records share similar features. Only the Rp of “Initial configuration 2” is
6% higher than “Initial configuration 1” and occurs with a delay.

Figure 4.29b compares the development of σxx/σzz with δ and σh–ϵv record
between two different initially configured narrow ridge cases. The ridge’s
initial configuration appears to cause changes in σxx/σzz–δ record at the
developing stage (δ = 0...10 m) but it does not show an obvious effect on
the later interaction, as σxx/σzz is constant as 0.5. It indicates that the
kinetic response of an individual block accelerated by the ship plays a
critical role in the overall mechanical behaviour of the ridge at the start
of the interaction, rather than later when most blocks are accelerated.
However, the initial configuration of the ridge does not interfere much with
the overall feature of σh–ϵv record throughout the interaction.

(a) (b)

Figure 4.29. (a) Ridge resistance records R–δ when MT Uikku interacts with narrow
ridges of different initial configurations. The simulation of the ridge with
“Initial configuration 1” was studied in previous analyses. The ridge with
“Initial configuration 2” has the same dimensions but consists of more blocks
in different initial orientations. (b) Effect of ridge initial configuration on the
average stress and strain over the deformed domain of a narrow ridge: the
upper figure shows the normal stress ratio σxx/σzz developing with δ; the
lower figure shows σh–ϵv developing throughout the failure process.
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Effect of the ice-ice friction coefficient
As the ice-ice frictional coefficient µi plays a relatively more important role
in Rp for narrow ridges than wide ridges (see Figure 3.7), the discussion
here is on how the change of µi affects R–δ record and the stress and strain
over the deformed domain of a narrow ridge.

Figure 4.30a shows the ridge resistance record R–δ record for two identi-
cal narrow ridges with µi = 0.3 and 0.6, respectively. Both records have the
same feature, except that Rp of the narrow ridge with µi = 0.6 is about 36%
higher than the one with µi = 0.3. Also, µi has a smaller effect on R at the
start of the interaction at δ= 0...10 m.

(a) (b)

Figure 4.30. (a) Ridge resistance record R–δ when MT Uikku interacts with a narrow
ridge with two different µi of 0.3 and 0.6. The studied ridges have an identical
initial configuration. (b) Effect of µi on stress and strain over the deformed
domain of the narrow ridge: the top figure shows σxx/σzz–δ record for a ridge
with different µi; the bottom figure shows the development of σh–ϵv record
within the deformed ridge throughout the interaction.

Figure 4.30b shows how µi affects the stress and strain over the deformed
domain of the narrow ridge. σxx/σzz varies over a wider range when the
ridge has a larger µi: the mean of σxx/σzz varies from 0.48 at δ= 0...10 m to
0.78 at δ= 0...15 m when µi increases from 0.3 to 0.6. At δ≥ 15 m, µi has a
smaller effect on σxx/σzz which converges to a relatively constant value of
0.5. It may indicate that µi has less effect on the stress of a ridge in the
disintegration stage.

Figure 4.30b also shows the effect of µi on the σh–ϵv record over the
deformed domain of a narrow ridge. At the start of the interaction, σh

increases to a higher value at a smaller ϵv when µi increases from 0.3 to
0.6. During the plateau period, the narrow ridge with a higher µi produces
a higher σh = 2 kPa for µi = 0.6 and σh = 1.5 kPa for µi = 0.3. The record for
the mass of blocks accelerated by and moving with the ship has also been
checked here, showing that a ridge with a larger µi has a smaller mass
of moving blocks. These phenomena indicate that a narrow ridge with a
larger µi may have a smaller deformed domain, but resulting in higher
resistance on the ship.
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Effect of simple hull forms
The plot of σh–ϵv record for a narrow ridge can also be generated from sim-
ulations of simple hulls in an identical narrow ridge. The simulation data
cover the interaction period δ= 0...35 m. Figure 4.31a shows that different
bow forms have no obvious effect on the feature of σh–ϵv record, but only
on σh during the plateau period. σh–ϵv records under the interaction of
HULLs 1 and 2 almost overlap with that of MT Uikku. By comparison,
HULLs 3–4 have a larger flare angle ψ than HULLs 1–2, resulting in a
σh plateau around 0.3 kPa higher than the latter. For HULLs 4–6, σh–ϵv

records show that a higher α results in a higher σh plateau.

(a) (b)

Figure 4.31. (a) Evolution of σh–ϵv record of a narrow ridge penetrated by different simple
hulls characterised by bow angles ψ and α. These simulated ridge resistance
records correspond to Figures 3.12a and 3.14a. (b) Effect of bow angles ψ
and α on K̂ , which is denoted by the normalised mean σxx/σzz from simple
hull form cases by σ̄n = 0.5 from the MT Uikku case. The normal stresses are
calculated over the deformed domain of the narrow ridge.

The plot of σxx/σzz–δ record for a narrow ridge from simulations of simple
hulls is similar to that of MT Uikku, as shown in Figure 4.27a. Here
the aim is to further compare the mean of σxx/σzz over the beginning of
the interaction: δ= 0...15 m for HULLs 1–4, and δ= 0...20 m and δ= 0...10
m respectively for HULLs 5 and 6. The mean σxx/σzz is normalised by
the value of σ̄n = 0.5 from the MT Uikku case (δ = 0...15 m), denoted by
K̂ . Figure 4.31b shows how the bow angles ψ and α affect K̂ . K̂ increases
approximately linearly with increasing either ψ or α. Similar linear rela-
tionships are also observed for R̂p(ψ) and R̂p(α), as shown in Figures 3.12a
and 3.14a. It shows that the rates of increase of K̂ and R̂p are similar with
increases of ψ and α.
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5. Summary and discussion

5.1 Ice ridge failure process

This thesis has attempted, using 3D DEM simulations, to find the failure
mechanism of an unconsolidated ice ridge that governs its kinetic response
to a ship’s penetration. The simulations perform the interaction between
various ship models and ridge dimensions. The knowledge obtained from
this work may have general implications for other ship-ridge interactions.
A ship-ice ridge interaction is a dynamic process involving irrecoverable
ridge deformation, and thereby the whole interaction can be considered a
ridge failure process. A ridge failure process is accompanied by the devel-
opment of ridge resistance on the ship. Ridge failure is initiated once the
ship has entered the ridge, causing an increase in ridge resistance. When
the entire ridge fails to sustain the ship’s motion, the ridge’s resistance on
the ship starts to decline.

This work finds that the mass of ice blocks accelerated by and moving
with the ship, constrained by the ridge width, determines the deformation
force, further affecting ridge resistance. This finding tears down the
conventional assumption that an ice ridge is failed statically in a limiting
equilibrium condition under penetration by an arbitrary geometrical ship
using analogies to soil mechanics. Although the studied DEM simulations
are limited to specific settings (e.g., ice block material properties, contact
model and ship hulls), the author believes that a similar ridge failure
behaviour could be observed under other interaction conditions.

This work demonstrates the relationship between ridge resistance, mov-
ing block mass, and the ridge failure process in terms of ship’s displacement.
Regarding the similarity of evolutional features of both ridge resistance
and the mass of blocks moving with the ship, the ridge failure process can
be divided into either two or three stages depending on the ridge width.
The ridge failure process starts with the ridge developing deformation,
accompanied by a gradually increasing ridge deformation force and mass
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of accelerated blocks. Next, the ridge width determines whether the ridge
enters a steady deformation stage or a disintegration stage. The latter has
been observed in a narrow ridge, whereas a wide ridge first experiences
steady deformation (F p

d stays on a plateau) and finally disintegration. Ac-
cording to the studied simulations, w = 60 m can be considered the width
threshold for 5 m deep ridges interacted with MT Uikku. Ridges with
w ≤ 60 m are classified as narrow and with w > 60 m as wide.

This failure process of ridges of different widths is further illustrated in
Figure 5.1, which shows a narrow ridge, a threshold ridge and a wide ridge.
The narrow ridge with w = 17.3 m first experiences the developing stage,
then enters the disintegration stage at δ= δ′ when the ice blocks ahead of
the bow are accelerated by the ship at v ≥ 0.01vship. Both R (Fd) and mmov

peak roughly at the same time, then drop with the bow breaks through the
deformed ridge.

Figure 5.1. Description of the failure process of a 5 m-deep unconsolidated ridge with
various ridge widths during interaction with MT Uikku, combined with the
occurrence of F p

d and mp
mov. The grid background acts as a ruler: one square

grid element represents ∆δ= 5 m interval as illustrated by a grey grid element
in the figure and legend. The bar above ridge width black bar illustrates
duration of deformation stages or its corresponding ship’s horizontal displace-
ment δ as vship = 1 m/s. δ′ marks δ when F p

d (Rp) starts to decrease and the
deformed ridge starts to disintegrate. Lb is bow region waterline length.

The ridge with the threshold width of w = 60 m experiences a full bow
intersection at the end of the developing stage of δ′ ≈ Lb when F p

d (Rp) is
reached, where Lb is bow region waterline length. The ridge disintegration
stage then follows. By comparison, the wide ridge with w = 120 m, for
example, allows the bow to interact fully with the ridge under steady
deformation, since δ≈ Lb, reflected by both F p

d (F̄d) and mp
mov(m̄mov) staying

on a plateau. This stage ends the moment when ridge disintegration starts,
with a decline of F p

d at δ′. It is worth mentioning that the decline of F p
d is

an indicator for identifying ridge disintegration rather than mp
mov, because

mmov appears to be a hysteresis effect, meaning that mp
mov takes place

after Fd has already dropped from F p
d .
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The period of the ridge’s developing deformation stage in terms of the
ship’s displacement is related to the ridge width: δ = 0...δ′, where δ′ =
w−15 [m] (specified for the studied simulations) for a narrow ridge and
δ= 0...Lb for a wide ridge. The results of Section 3.2 show that the ridge
depth has no clear effect on the period of the developing deformation stage
of a wide ridge.

5.2 Ice ridge kinetic behaviour

Ice ridge kinetic behaviour involved in the ridge failure process was studied
at local scale (Section 4.3) and large scale (Section 4.4) using 3D DEM
simulations. At local scale, down to individual block level, the velocity
field and force distribution within the ice blocks are similar for ridges of
different widths in the developing and steady deformation stages. Fast-
moving blocks are near the bow and the slowest blocks at the far end of
the ridge. The block-moving flow shows a downward arch-like pattern,
which forms gradually as the ship’s penetration proceeds. No well-defined
shear plane is observed in different ridge width cases. The loads within
the blocks are transmitted through force chains, netting ice blocks in an
upward arch-like formation. The force chains are likely against the moving
blocks accelerated by the ship.

The kinetic state of a narrow and a wide ridge has been described by
velocity field and force distribution of individual blocks within ridge based
on the DEM simulations. These obtained results could be applied to predict
the kinetic state of other ridges of equal depth but different widths. For
example, the velocity field and force chain pattern for a narrow ridge at
δ= 7 m (Figure 4.17) is representative of that of other wide ridges in the
similar interaction scenario. Figure 4.18 could give an overall illustration
of the kinetic state of rubble for wide ridges at the steady deformation
stage when the whole bow is fully in contact with the ridge. When the
ship is approaching the ridge end at the ridge disintegration stage, the
kinetic state of the narrow ridge at δ= 19 m in Figure 4.17 may depict the
equivalent interaction scenario of other wide ridges. These analogies can
also be applied to visualise the kinetic behaviour of other ridges viewed
over the xy-plane like Figures 4.11 and 4.12.

For a large-scale analysis of ridge kinetic behaviour (Section 4.4), the
study domain is scaled up to the deformed domain of a ridge, formed by
moving blocks around the bow area. The mechanical variables used here
are the average strain and stress over the deformed domain. For ridges
with equal depth but different widths, although the blocks in the deformed
domain vary, the average strain variables at the ridge developing and
steady deformation stages show similar features regardless of the ridge
width: an increase of ϵv starts at the onset of the interaction until δ≈ Lb,
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after which ϵv levels off on a plateau. For narrow ridges, ϵxx is a dominant
factor in ϵv since the blocks are accelerated by the ship along the x-axis
in a short time. For wide ridges, the ridge width is long enough along the
x-axis and thereby the primary deformation is along the z-axis, which is
also represented by the deformed ridge depth Dm

r in Figure 4.2.
The feature of the average normal stress record over the deformed domain

is distinct from the corresponding ridge resistance record R–δ for either a
narrow or a wide ridge. For a narrow ridge the normal stress record shows
a plateau, reflecting that the rubble’s dynamic behaviour is dominant at
the disintegration stage. For wide ridges, the feature of the average normal
stress record is similar to Fd–δ record, indicating that the rubble in the
deformed domain fails at steady state.

The internal friction angle defined by the major and minor principal
stresses varies during the ridge failure process, as shown by the Mohr
diagrams in Figures 4.24b and 4.26b. The measured inconstant internal
friction angle values indicate that the analytical assumption of the ridge
failing at a particular angle may not be realistic. Besides, the Mohr circle
for the narrow ridge exhibits a sudden change as its diameter increases to
the maximum but the normal stress remains constant (the circle centre
is the same). Richards Jr et al. (1990) suggests that this is the moment
of shear flow of granular material taking place. This interpretation could
correlate with the velocity field of the ice rubble at δ= 7 m in Figure 4.11,
illustrating that some blocks in front of the bow tip have already been
accelerated over 0.01vship. It is an indicator of the onset of a ridge disinte-
gration, involving shear flow of ice blocks. How to consider the role of shear
flow in characterising the ridge failure mechanism would be an interesting
topic for future study.

The average hydrostatic stress over the deformed domain is also related
to its volumetric strain. σh of a narrow and a wide ridge both increase with
small ϵv at the beginning of the interaction. A plateau period of constant
σh developing with the increasing ϵv is observed for a narrow ridge. In
contrast, σh increases with ϵv to the maximum (the average over the steady
deformation stage) for a wide ridge, without showing a plateau feature in
the plot of σh–ϵv.

The measured σh with ϵv of an ice ridge appearing semi-infinite would
also compare with the potential results from FEM simulations using the
established ice ridge continuum models of Heinonen (2004) and Kulyakhtin
(2019). However, more work needs to be done, as neither has been applied
to simulate ship-ice ridge interactions.
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5.3 Future work

Although the knowledge on ice ridge failure behaviour reported in this the-
sis is mainly from simulations of one ship hull type (MT Uikku) interacting
with ridges of various dimensions, this thesis work constructs an approach
for analysing various aspects of ridge kinetic behaviour at different scales
based on 3D DEM simulations. This approach can be applied directly to
analyses of ridge behaviour in other ship-ridge interactions from 3D DEM
simulations.

Future research could continue to study how hull forms affect ice ridge
failure behaviour at both local and large scale in wide ridges. This could
pave the way to understanding the role of hull form in terms of bow angles,
in reducing ridge resistance and energy consumption from the perspective
of material responses.

Another interesting subject would be to gain more understanding of the
role of the ice-ice frictional coefficient µi in ridge resistance and failure
mechanisms. This thesis work has shown that a higher value of µi results
in a higher peak ridge resistance. Interestingly, the simulation results
presented in Figures 3.7 and 3.9 indicate that an increase in ridge width
appears to have no effect on the deviation in Rp and two components of
F p

d and F p
µ when µi increases from 0.3 to 0.6. Further analyses could focus

on how a higher µi changes the velocity field and force distribution of ice
rubble in the ship-ridge interaction.

It would be interesting to study further the contact model of ice blocks
used for modelling ice ridges. The current DEM model only simulates
unconsolidated ridges. The ridge model could be updated by adding freeze
bonds among discrete elements to mimic partly consolidated rubble. This
future work could explain what the role of freeze bonds is in ridge resis-
tance and ridge failure behaviour. Another interesting study would concern
fractures within ice blocks. In the current simulation model, ice blocks are
rigid without fractures, but in reality they could be fractured by various
means. The next question would then be, for example, how to simplify the
fracture conditions within the blocks for numerical simulation.

More studies could investigate ridge mechanical behaviour by consid-
ering ridges as a granular assembly. For instance, it is known that the
packing of a granular assembly in terms of particle size and number affects
its characterisation. Granular mechanics would be possible to explain why
a narrow ridge consisting of a limited number of blocks behaves distinctly
from a wide ridge. However, the research on ice ridge mechanics from
this perspective has not been done yet. The future study could start by
answering how the structural anisotropy of material and packing morphol-
ogy affect contact force transmission. One potential approach would be to
study the relationship between fabric tensor of ice blocks within a ridge
and their principal stress development. Fabric in granular mechanics is a
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technical term, which has been used to describe the spatial arrangement
of particles and associated voids (Iwashita and Oda, 1999). Fabric tensor is
a quantitative term of the fabric and a second-order fabric tensor has been
used to characterise the structural anisotropy. Previous studies addressed
that fabric tensors have clear correlation with deviatoric stress (ratio) of
assembly of disks and spheres (Antony et al., 2005; Thornton, 2015; Shi
and Guo, 2018). If a similar relationship would be found in ice ridges,
although irregular shapes of ice blocks pose a challenge, this could answer
questions on how the development of fabric tensors in ice rubble directs
the formation of force chains and how to estimate principle stress based on
the geometric arrangement of ice blocks within ridges.

Regarding the validation of current DEM simulations, it is necessary
to perform model-scale tests to verify the simulated ridge resistance and
overall ridge deformation observed from the simulations. The model tests
should be designed to reflect the simulation set-up, but a major challenge is
how to generate a model-scale ice ridge that mimics the ice blocks created
in the simulations. Some comparable model tests could be performed
by varying ridge dimensions and ship hull forms as done in the DEM
simulations. Other measurements of the model tests, including real-time
motion records of ice blocks and local load on the hull, could be compared
with the simulation results.
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6. Conclusions

This thesis studies the ridge resistance of a ship in unconsolidated ice
ridges using a three-dimensional discrete element method. The ridge
resistance record, especially the peak ridge resistance, affected by changes
of ice ridge dimensions and ship hull forms are analysed through a series of
simulations. The relation between the ridge resistance and the ridge failure
mechanism is investigated in terms of the ridge mechanical behaviour
involved in the ridge failure process. This work provides new insight into
ice ridge failure behaviour during the ship-ice ridge interaction, which
is challenging to obtain from other research methods, including physical
experiments.

The main original findings of this thesis are as follow:

1. Effect of ridge dimensions on ridge resistance.

• The ridge width has a significant effect on the ridge resistance.
The ridge resistance increases with increasing ridge width, until
the ridge width is of the same order as the ship length. This
finding is interesting, as current analytical models are only
capable of predicting the ridge resistance on ships in a semi-
infinite ridge.

• The ridge resistance R can be decomposed into a frictional
force Fµ and a deformation force Fd, which are sums of the
x-component (ship’s moving direction) of the tangential and nor-
mal contact forces on the ship, respectively. For a narrow ridge,
Fd forms a major part of R (over 70%R) when the ship bow in-
teracts with the ridge, but when only the parallel midbody is
interacting with the ridge, Fd vanishes and R = Fµ. For a wide
ridge, Fd increases to maintain a constant peak value at the
stage of steady deformation after the entire bow has entered the
ridge. The constant peak value of Fµ is obtained when the whole
ship interacts with the ridge. The decrease in Fµ then follows as
the ship passes through the ridge.

• The ridge depth is another major factor in the ridge resistance.
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The simulated peak deformation force F p
d for wide ridges is

related to the ridge depth h as F p
d ∼ h1.5, where the exponent is

less than the 2 used in the analytical models by Keinonen (1979)
and Malmberg (1983).

• The peak ridge resistance Rp increases non-linearly with increas-
ing ridge width w and ridge depth h. For equally deep ridges, the
peak frictional force F p

µ increases approximately linearly with
w until the ridge width is of the same order as the ship length.
The relative importance of Fµ on Rp increases, compared with
that of Fd, when both w and h increase.

• A ridge with a higher ice-ice friction coefficient produces a higher
Rp on ships.

2. Effect of ship hull form on ridge resistance.

• The simulated ridge resistance records and the displacement
records of ice blocks show that ships with simple hull geometries
yield similar ridge penetration processes as a real ship form (MT
Uikku as reference ship).

• For simple hull forms, the bow can be characterised by the bow
angles: waterline angle, stem angle and flare angle. Both Rp

and F p
d and the work needed for a ship passing a ridge increase

linearly with an increase in any of the bow angles. For a nar-
row ridge, Rp increases in the order of 50% as the flare angle
increases from 45◦ to 90◦, while Rp more than doubles when the
waterline angle of the vertical ship bow increases from 15◦ to 45◦.
Further, the rate of increase of Rp with increasing flare angle
increases as the ridge becomes wider.

• F p
µ and the work done by Fµ appear to be insensitive to changes

of bow angle.

3. Ice ridge mechanical behaviour during ship-ridge interaction

• A ridge is deformed during the ridge failure process. The defor-
mation force is related to the ridge deformation, represented by
the mass of ice blocks accelerated by and moving with the ship.
A wide ridge penetrated by a ship experiences three deformation
stages: a developing stage (Fd increases), a steady stage (Fd

maintains a constant peak value) and a disintegration stage (Fd

decreases). The steady deformation stage does not exist for the
interaction of a ship with a narrow ridge. The developing stage
is similar for ridges of equal depth but different widths.

• The rubble in a vertical plane normal to the bow is deformed
compressively on average. The velocity field of the rubble shows
fast-moving ice blocks in a near bow field and stationary ice
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blocks in a far-field. A transition zone in the velocity field can be
identified during the ship’s penetration, but the transition zone
has a varying shape, and no well-defined shear plane could be
observed.

• Loads within the rubble are transmitted through force chains.
The force chains develop with the ship’s penetration and form
into upward arch-like shapes normal to the bow.

• The ratio of horizontal (x-axis) to vertical (z-axis) normal stresses,
averaged over the ridge deformed domain, is related to the ridge
width. Interestingly, this ratio is less than half of the value often
used in analytical models based on Rankine theory.
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structural events within granular shear zones under passive earth pressure
conditions. Granular Matter, 17(3):325–343, 2015.

Oda, M. and Iwashita, K. Study on couple stress and shear band development in
granular media based on numerical simulation analyses. International Journal
of Engineering Science, 38(15):1713–1740, 2000.

Paavilainen, J. and Tuhkuri, J. Pressure distributions and force chains during
simulated ice rubbling against sloped structures. Cold Regions Science and
Technology, 85:157–174, 2013.

Palmer, A. and Croasdale, K. Arctic Offshore Engineering. World Scientific
Publishing, 2013.

116



References

Palmström, A. and Singh, R. The deformation modulus of rock
masses—comparisons between in situ tests and indirect estimates. Tunnelling
and Underground Space Technology, 16(2):115–131, 2001.

Parmerter, R. and Coon, M. Model of pressure ridge formation in sea ice. Journal
of Geophysical Research, 77:6565–6575, 1972.

Peters, J. F., Muthuswamy, M., Wibowo, J., and Tordesillas, A. Characterization
of force chains in granular material. Physical review E, 72(4):041307, 2005.

Polojärvi, A. and Tuhkuri, J. 3D discrete numerical modelling of ridge keel punch
through tests. Cold Regions Science and Technology, 56(1):18–29, 2009.

Polojärvi, A. and Tuhkuri, J. On modeling cohesive ridge keel punch through
tests with a combined finite-discrete element method. Cold Regions Science
and Technology, 85:191–205, 2013.

Polojärvi, A., Tuhkuri, J., and Korkalo, O. Comparison and analysis of experimen-
tal and virtual laboratory scale punch through tests. Cold Regions Science and
Technology, 81:11–25, 2012.

Polojärvi, A., Tuhkuri, J., and Pustogvar, A. DEM simulations of direct shear box
experiments of ice rubble: force chains and peak loads. Cold Regions Science
and Technology, 116:12–23, 2015.

Polojärvi, A. Sea ice ridge keel punch through experiments: model experiments and
numericalmodeling with discrete and combined finite-discrete element methods.
PhD thesis, Aalto University, 2013.

Pustogvar, A., Høyland, K. V., Polojärvi, A., and Bueide, I. M. Laboratory scale
direct shear box experiments on ice rubble: the effect of block to box size
ratio. In ASME 2014 33rd International Conference on Ocean, Offshore and
Arctic Engineering, pages V010T07A023–V010T07A023. American Society of
Mechanical Engineers, 2014.

Richards Jr, R., Elms, D., and Budhu, M. Dynamic fluidization of soils. Journal
of Geotechnical Engineering, 116(5):740–759, 1990.

Riska, K. Ship–ice interaction in ship design: Theory and practice. Course
Material NTNU, 2011.

Riska, K. Factors influencing the power requirement in the Finnish-Swedish ice
class rules. Technical Report 67, Finnish Maritime Administration, Winter
Navigation Research Board, 2014.

Riska, K., Wilhelmson, M., and Englund, K. Performance of merchant vessels
in ice in the Baltic. Technical Report 52, Finnish Maritime Administration,
Winter Navigation Research Board, 1997.

Rothenburg, L. and Bathurst, R. Analytical study of induced anisotropy in
idealized granular materials. Geotechnique, 39(4):601–614, 1989.

Schulson, E. Friction of sea ice. Philosophical Transactions of the Royal Society A,
376, 2018.

Serré, N. Mechanical properties of model ice ridge keels. Cold Regions Science
and Technology, 67(3):89–106, 2011a.

Serré, N. Numerical modelling of ice ridge keel action on subsea structures. Cold
Regions Science and Technology, 67(3):107–119, 2011b.

Shi, J. and Guo, P. Fabric evolution of granular materials along imposed stress
paths. Acta Geotechnica, 13(6):1341–1354, 2018.

117



References

Tateyama, K., Shirasawa, K., Uto, S., Kawamura, T., Toyota, T., and Enomoto,
H. Standardization of electromagnetic–induction measurements of sea-ice
thickness in polar and subpolar seas. Annals of Glaciology, 44:240–246, 2006.

Thornton, C. Granular Dynamics, Contact Mechanics and Particle System Simu-
lations. Springer, 2015.

Timco, G. W. and Burden, R. P. An analysis of the shapes of sea ice ridges. Cold
Regions Science and Technology, 25(1):65–77, 1997.

Timco, G. W. and Weeks, W. F. A review of the engineering properties of sea ice.
Cold Regions Science and Technology, 60:107–129, 2010.

Timco, G. W., Funke, E., Sayed, M., and Laurich, P. A laboratory apparatus
to measure the behavior of ice rubble. In Proceedings of the International
Conference on Offshore Mechanics and Arctic Engineering, pages 369–369.
American Society of Mechanical Engineers, 1992.

Transport Safety Agency. Finnish-Swedish Ice Class Rules, 2010.

Tuhkuri, J. and Lensu, M. Laboratory tests on ridging and rafting of ice sheets.
Journal of Geophysical Research, 107(C9):13605–13613, 2002.

Tuhkuri, J. and Polojärvi, A. A review of discrete element simulation of ice–
structure interaction. Philosophical Transactions of the Royal Society A: Math-
ematical, Physical and Engineering Sciences, 376(2129):20170335, 2018.

Urroz, G. E. and Ettema, R. Simple-shear box experiments with floating ice
rubble. Cold Regions Science and Technology, 14(2):185–199, 1987.

van den Berg, M., Lubbad, R., and Løset, S. An implicit time-stepping scheme
and an improved contact model for ice-structure interaction simulations. Cold
Regions Science and Technology, 155:193–213, 2018.

von Bock und Polach, R. U. F. Impact of heave and pitch motions on ships in ice.
In 20th IAHR International Symposium on Ice, IAHR2010-101, 2010.

Weeks, W. On Sea Ice. University of Alaska Press, 2010.

White, D., Randolph, M., and Thompson, B. An image-based deformation measure-
ment system for the geotechnical centrifuge. International Journal of Physical
Modelling in Geotechnics, 5(3):01–12, 2005.
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A. Appendix

A.1 The mechanics of DEM

The following description of the mechanics of DEM has been published in the
thesis author’s publication (Gong et al., 2019b). This thesis appendix reproduces
the text as is.

(This study was performed using the in-house 3D DEM code developed by
Aalto University Ice Mechanics Group. A detailed description of the code and
its validation are presented by Polojärvi and Tuhkuri (2009) and Polojärvi et al.
(2012). The summary of the mechanics used in this DEM code is given below.

The unconsolidated ice ridge consists of ice blocks, simulated by discrete el-
ements. These discrete elements have further meshed into tetrahedral finite
elements for solving the contact forces. According to the study by Polojärvi et al.
(2012), it is applicable to assume that the ice blocks are rigid by neglecting the
deformation of individual blocks.

The simulations are explicit. The position of each block at each time step is used
to calculate the contact information of blocks in contact. Based on the contact
and position information, contact forces and external forces on each block can be
calculated, and further used to update the positions of the blocks for the next time
step. The determination of these forces is presented below and the corresponding
parameter values for force calculations are listed in Table 2.3.

Contact forces
The contact force has normal and tangential components, f c and f µ, respec-

tively. The normal contact force f c is a sum of elastic component f ϕ and viscous
component f v. f µ is frictional force. Since no tensile force is considered, the
normal contact force f c can be defined as f c = f ϕ− f v when f ϕ ≥ f v, otherwise f c
is 0. f ϕ is derived using the penalty function and potential contact force method
described by Munjiza and Andrews (2000) and Munjiza (2004). The potential ϕ(P)
is defined through the volume coordinates of each finite element volume Γ. d f ϕ

on an infinitesimal volume dΓ0 is then determined from the gradient of potential
ϕ(P):

d f ϕ (P)/dΓo =−s∇ϕ (P) (A.1)

A.1 is published in Gong et al. (2019b).
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where s is a positive constant penalty term. Since s is a virtual term without a
physical meaning (s is not a material parameter), the value of 1 ·107 is chosen
following the numerical tests by Polojärvi and Tuhkuri (2009). This value is
high enough to avoid contacting blocks from overlapping virtually, and an in-
crease would have no significant effect on the simulated results. f ϕ is derived by
integration of ϕ(P) over the overlap volume Γ0 of two contacting elements

f ϕ =−s
∫
Γo

∇ϕ (P)dΓ=− s
∫

So

∇ϕ (P)ndS (A.2)

where Gauss theorem has been applied, and n is a unit outer normal of S0, the
surface of the overlap volume. This force is applied to the vertices of a surface
belonging to this overlap volume of colliding elements.

f v due to the inelastic collision of rigid blocks is defined as

f v = cΓo (vr ·n)n (A.3)

where (vr ·n) is the normal component of the relative velocity of the contacting
blocks at the point of application of f ϕ and c is the viscous damping constant.

f µ models the energy dissipation due to Coulomb sliding friction:

f µ =−µ | fc| vr −vr ·n
|vr −vr ·n|

(A.4)

where µ is the friction coefficient, which is taken as µi for the block-to-block sliding
friction and µs for the ship-to-block sliding friction. vr −vr ·n is the tangential
component of the relative velocity of contacting blocks or ship-to-block contact.

External forces
External forces include the gravitational force G, buoyant force f b, and drag

force f d. As all the blocks submerge underwater, the sum of gravitational force
and buoyant force is defined as

f b −G = (ρw −ρ i
)

gV (A.5)

where ρw and ρ i are the material densities of water and ice, respectively, the
volume of the block is V and g is the gravitational acceleration. These forces are
acting on the block centroid.

Instead of using rigorous hydrodynamics, the drag force is derived as

f d =−1
2

CdρwU2 Ap (A.6)

where Cd is the drag coefficient, U is the velocity, and Ap is the projected area in
the direction of U of a block.

Resultant force on the ship
On each time step, the ship-to-block and block-to-block contacts yield contact

forces and external forces. All the ship-to-block forces are superposed into a force
resultant f S = [ fsx, fsy, fsz]T acting on the ship. The ridge resistance R on each
time step is defined as R =− fsx.)
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A.2 Stress and strain calculation procedure

A.2.1 Stress calculation procedure

The stress tensor of an ice block and an assembly is a volume-averaged quantity,
calculated by the procedure described in Bagi (1996). Assume the ice block is
“affine” (homogeneous), stress tensor σp of a block p is defined as the volume
average of the contact forces acting on the block multiplied by the corresponding
contact normal:

σp = σ̄i j = 1
V p

Nc∑
c=1

f c
i rc

j, i = 1,2,3 (A.7)

where Nc is the number of contacts on block p and V p is the volume of block p.
The subscripts i = 1,2,3 correspond to the x-, y- and z-axis. f c

i is the component
of resultant force acting on this block f c = f c

x i+ f c
y j+ f c

z k, where i, j, k are the
standard unit vectors in the direction of the x, y and z axes of a three dimensional
Cartesian coordinate system. Here f c includes the contact force from the potential
(Equation A.2), the resulting frictional force (Equation A.4), drag force (Equa-
tion A.6), and buoyancy (Equation A.5). rc

j is the component of unit block-block
contact vector rc = rc

xi+ rc
yj+ rc

zk, which is the vector between the block centroid
and the contact point (Peters et al., 2005; Polojärvi et al., 2015). It is noted that
rc is not a branch vector, which is the vector connecting centroids of two blocks in
a contact pair, because the branch vector of two cuboid-shaped blocks is not in a
line with rc.

Stress tensor σ is asymmetric, indicating that the block has a contact moment
to fulfil the moment equilibrium (Oda and Iwashita, 2000). The 2D DEM uniaxial
and biaxial compression simulations also illustrate that average stress tensors
inside the sample are asymmetric due to the eccentric and asymmetric force
distribution on the sample boundaries (Kulyakhtin and Polojärvi, 2016).

The asymmetric σ can be decomposed as

σ=σsym +σskew (A.8)

where symmetric part σsym = 1
2 (σ+σT), and skew part σskew = 1

2 (σ−σT). σsym

represents the block under elastic force transmission and σskew shows the contact
moment by the angular rotation. It is assumed that σsym represents the Cauchy
stress and σskew for the couple stress (Rothenburg and Bathurst, 1989).

The hydrostatic stress σh of the symmetric stress tensor is

σh = 1
3

3∑
i=1

σii,sym (A.9)

σh represents the average normal stress on the block, which is also called confining
stress. The positive stress is compressive (Polojärvi et al., 2015).

The volume-weighted average stress tensor over a deformed domain of a ridge
is also calculated by the description in Bagi (1996):

σ̄= 1
V

N∑
p=1

σpV p (A.10)
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where V is the total volume of N blocks in a granular assembly; σp is the stress
σ of the p-th block. The hydrostatic stress of σ̄ is also calculated by using
Equation A.9.

A.2.2 Displacement vector (instantaneous velocity) of ice blocks

Ice blocks in DEM simulations are modelled as rigid bodies. Assume the centroid
of each ice block carries the mass and the motion of the element.

Consider that a rigid block p has centroid coordinates xp
t in global coordinate;

it is given by xp
t = [x1 (t) , x2 (t) , x3 (t)], where x1 (t), x2 (t), x3 (t) are the centroid

coordinates in the x-, y- and z-axis at a time instant of t. The velocity applied on
the centroid is expressed as

ẋp
t = [ẋ1 (t) , ẋ2 (t) , ẋ3 (t)] (A.11)

where the time interval is ∆t, bounded by [t−0.5∆t, t+0.5∆t].

A.2.3 Strain calculation procedure for the deformed ridge:
Cundall’s best-fit strain approach

Cundall’s best-fit strain approach, used in commercial software Particle Flow
Code (PFC), is applied to define the strain tensor of an ice block assembly. This
definition is for an arbitrary shaped particle and only considers displacement
(neglects rotation). It assumes that an assembly deformation results from all
particle displacements following a uniform displacement gradient tensor.

The position and translation of a block are: the position of one block centre p at
time t is denoted by xp

t , and the initial position is xp
0 . Its translation at time t is

up
t = xp

t − xp
0 , and initial translation at t =∆t is up

∆t = xp
∆t − xp

0 .
The position and translation of a granular assembly having N blocks at t = 0

are: the average position is x̄0 = 1
N

N∑
p=1

xp
0 ; the average translation is ū0 = 1

N

N∑
p=1

up
∆t.

The difference of the block initial position and translation from average position
and translation of the assembly at t are x̃t = xp

t − x̄0 and ũt = up
t − ū0.

Then a strain tensor ε is derived from the ratio of ũt to x̃t as ũt = εx̃t. Since the
assembly is discontinuous, ũt −εx̃t ̸= 0 for any block. To get the “best-fit” to the

block translation, let Z =
N∑

p=1
(ũt −εx̃t)2 →min, which is the square sum of ũt −εx̃t

(Bagi, 2006). To solve it, let ∂Z
∂ε

= 0, which leads to deriving the 3×3 matrix of
strain tensor ε at time t as⎡⎢⎢⎢⎢⎢⎢⎢⎣

N∑
p=1

x̃p
1 x̃p

1

N∑
p=1

x̃p
2 x̃p

1

N∑
p=1

x̃p
3 x̃p

1

N∑
p=1

x̃p
1 x̃p

2

N∑
p=1

x̃p
2 x̃p

2

N∑
p=1

x̃p
3 x̃p

2

N∑
p=1

x̃p
1 x̃p

3

N∑
p=1

x̃p
2 x̃p

3

N∑
p=1

x̃p
3 x̃p

3

⎤⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎣

ε1i

ε2i

ε3i

⎤⎥⎥⎦=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

N∑
p=1

ũp
i x̃p

1

N∑
p=1

ũp
i x̃p

2

N∑
p=1

ũp
i x̃p

3

⎤⎥⎥⎥⎥⎥⎥⎥⎦
(A.12)

where the subscript “1”, “2”, “3” represent respectively the x-, y-, z-axis. i equals
to 1, 2 or 3. For instance, applying i = 1 to determine ε11, ε21, ε31, and i = 2 for the
calculation of ε12, ε22, ε32, and etc. x̃p

1 and ũp
1 are the x-axis component of x̃t and ũt

of block p at t. The symmetric part of ε is ϵsym, which is Cundall’s best-fit strain
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(Bagi, 2006). This is paired with the symmetric part of the stress tensor σ̄ of
assembly in Equation A.10. Other strains are: hydrostatic strain is ϵh = 1

3 tr(ϵsym);
axial strains (ϵxx, ϵyy, ϵzz) are the diagonal elements of matrix of ϵsym; volumetric
strain of the granular assembly is εv = (1+ε1) (1+ε2) (1+ε3)−1, where principal
strains ϵ1 (major), ϵ2 and ϵ3 (minor) are calculated from ϵsym.

A.3 Ridge resistance record of a simple hull in a narrow ridge and
a wide ridge

Corresponding to ridge resistance record R–δ and its two components for MT
Uikku in a narrow ridge and a wide ridge (see Figure 3.5), Figure A.3.1 shows
the ridge resistance record for HULL 2 and HULL 4 in the same ridges as in the
MT Uikku case. The features of records of R–δ and its two components appear
similar for different ship hull forms in a 17.3 m wide ridge and a 100 m wide ridge,
respectively.

(a) (b)

(c) (d)

Figure A.3.1. Records of R–δ and two components of Fd–δ and Fµ–δ under interaction
conditions: HULL 2 and HULL 4 are in a narrow ridge (w = 17.3 m and
h = 5 m) and a wide ridge (w = 100 m and h = 5 m), respectively.
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