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1. Introduction

This thesis studies computational problems related to simulating electromag-

netic fields and heat conduction in electric machines, such as electric motors,

generators, or transformers. One goal of such simulations is to model energy

losses, i.e., the amount of energy that is wasted mostly as heat. As electric

motors consume approximately 45% of the electricity worldwide [28], the topic

has not only practical, but also environmental and economic importance.

When analyzing electrical machines, modeling a quasistatic electromagnetic

field or dynamic heat conduction results in a so-called parabolic initial/boundary

value problem, a specific type of a partial differential equation (PDE). A

standard method to numerically solve these PDEs is the finite element (FE)

method, combined with a suitable time integration scheme. The resulting

discretized problems involve large systems of nonlinear equations, which need

to be solved for several time steps. Thus, special care has to be given for

the computational cost of the methods. The aim of this thesis is to develop

numerical methods for time integration, torque computation, incorporation of

the Jiles-Atherton magnetic hysteresis model into a FE simulation, and an

inverse heat source problem.

This summary is organized as follows. Chapter 1 introduces the relevant

physical models. Chapter 2 provides a mathematical framework for parabolic

initial/boundary value problems and their discretization. Chapter 3 discusses

the problems studied in Publications and outlines the results.

1.1 Induction Machines

Induction machines are a specific type of electric machines whose operation is

based on the principle of electromagnetic induction. In this Section, we con-

sider the induction motor shown in Figure 1.1a. The major components of the

motor are the stator and the rotor. The stator is the outer cylindrical part,

9
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(a) (b)

Figure 1.1. a) Induction motor, with detached rotor. The cylindrical object attached

to the shaft is called the rotor. The stator core and windings are con-

tained inside the case on the right. b) Geometry of cross section, with

coarse FE mesh. The subdomains are shaft (Sh), rotor core (RC), rotor

cage bars (RB), air gap (AG), stator core (SC), and the stator windings

(SW)

and it contains conducting copper coils connected to a voltage supply. The

rotor is the inner, rotating part, and it exerts mechanical force into the appli-

cation. The rotor includes a conducting cage, which “captures” the magnetic

field energy supplied from the input. The core of the stator and the rotor is

filled with ferromagnetic material, whose purpose is to amplify the magnetic

field. The thin empty space between the stator and the rotor is called the air

gap. Figure 1.1b depicts a cross section of the machine.

The conversion of electrical energy into mechanical energy in the machine

shown in Figure 1.1 is based on the following physical principles; the same

fundaments hold for other induction machines. Time-varying electric currents

in the stator windings (“primary coil”) create a time-varying magnetic field

(by Ampère’s law) in the rotor bars (“secondary coil”), which in turn induces

an electric field therein (Faraday’s law). The induced electric field generates a

current in the bars (Ohm’s law). The current in a magnetic field experiences

a so-called Lorentz force, which causes torque in the rotor. The mathematical

model describing the electromagnetic phenomenon is called Maxwell’s equa-

tions, which are a set of PDEs. Complemented with constitutive relations that

account for the material behaviour, Maxwell’s equations describe how the elec-

tric field, magnetic field, electric charges, and electric currents interact.

Electromagnetic simulations are used in applications such as electrical ma-

chine design and real-time control systems [26]. The quantities of interest are,

e.g., induced currents and voltages, generated forces and torques, and power

losses. One specific quantity of interest is the iron loss, i.e., the energy loss

10
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occurring in the laminated steel sheets in the rotor and stator cores [18]. Using

existing iron loss models, the discrepancy between predicted and measured iron

losses are of order 10-45% [18, p.130]. In a sense, all Publications included

in this thesis are related to improving the energy and loss computations in

electrical machines.

1.2 Quasistatic Electromagnetic Problem

In this Section, we derive a PDE describing electromagnetic fields inside an

electric machine. We start from Maxwell’s equations and introduce simplifi-

cations used in modeling electrical machines operating at low frequencies. A

more mathematically rigorous treatment is given in Chapter 2.

1.2.1 Maxwell’s Equations and Constitutive laws

In the macroscopic formulation of Maxwell’s equations [15], the electromag-

netic field in matter consists of the electric field �E and magnetic flux density
�B, with electric flux density �D and magnetic field strength �H as “auxiliary

fields”. The fields are connected with the charge density ρ and the current den-

sity �J . All quantities are position �x = (x, y, z)- and time t-dependent vector

fields R
3 × R → R

3, except ρ, which is R
3 × R → R (neglecting distributions

such as point charges and surface currents for brevity). The four Maxwell’s

equations relating these six quantities are

∇ · �D = ρ (Gauss’ law), (1.1a)

∇ · �B = 0 (Gauss’ law for magnetism), (1.1b)

∇ × �E = −∂t
�B (Faraday’s law), (1.1c)

∇ × �H = �J + ∂t
�D (Amperè’s law). (1.1d)

In the scope of Publications I and II, the constitutive equations are of the

form

�D = ε0 �E (1.2)

�H = ν(�x, | �B|) �B, (1.3)

where ε0 is the vacuum permittivity, ν is a material- and field magnitude-

dependent magnetic reluctivity, and | · | is the Euclidean norm. The current

density �J is considered to consist of “imposed” and “induced” components,
�J = �Jimp + �Jind. The third constitutive relation is the Ohm’s law,

�Jind = σ(�x) �E, (1.4)

11
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(a) (b)

Figure 1.2. a) Measured hysteretic H-B characteristics of a ferromagnetic steel sheet.

b) A single-valued H-B curve used in FE simulations. Iron reluctivity is

obtained by νFe(B) = H/B.

where the (zero or positive) material-dependent constant σ is called the electric

conductivity. With the problem at hand, ν and σ are determined experimen-

tally for different materials. An example of a measured H-B characteristic in

ferromagnetic iron is shown in Figure 1.2a. In conventional FE electromag-

netic simulations, the curve connecting the tips of the minor loops is used to

obtain a single-valued H-B relation, as shown in Figure 1.2b.

1.2.2 Low-frequency Regime in 2D

The following approximations provide an adequate model to analyze the elec-

tromagnetic properties of an electric machine [3]. The machine is assumed to

be uniform and “infinitely long” along the rotation axis, which is labeled the

z-axis. The following are assumed:

�J(x, y, z, t) = J(x, y, t)�ez, (1.5a)

�B(x, y, z, t) = Bx(x, y, t)�ex + By(x, y, t)�ey, (1.5b)

�E(x, y, z, t) = E(x, y, t)�ez, (1.5c)

with �H � �B and �D � �E resulting from (1.2) and (1.3). In most practical

electrical machine designs, it is realistic to assume an absence of free charges,

ρ = 0, and thus

∇ · �D = 0. (1.6)

In this work, we consider electrical machines that operate at a low frequency,

such as 50 Hz, so we assume the displacement current is small, |∂t
�D| � | �J |.

Under this assumption, ∂t
�D is omitted from Amperè’s law (1.1d), leading to

12
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the so-called quasistatic approximation

∇ × �H = �J. (1.7)

Combining (1.1-1.7), Maxwell’s equations (1.1) reduce into

∇ · (E(x, y, t)�ez) = 0, (1.8a)

∇ · �B(x, y, t) = 0, (1.8b)

∇ × (E(x, y, t)�ez) = −∂t
�B(x, y, t), (1.8c)

∇ ×
[
ν(�x, | �B|) �B(x, y, t)

]
− σ(�x)E(x, y, t)�ez = Jimp(x, y, t)�ez, (1.8d)

where the first equation holds trivially.

1.2.3 Potential Formulation

We use the following potential formulation for (1.8) to further simplify the

problem [3, 29]. Let the bounded, simply connected domain Ω ⊂ R
2 represent

a cross-section of the machine. There exists a “vector” potential �A(x, y, t) =

A(x, y, t)�ez such that

�B(x, y, t) = ∇ × [A(x, y, t)�ez], (1.9)

�E(x, y, t) = −[∂tA(x, y, t)]�ez, (1.10)

see [3, 29]. Substituting (1.9-1.10) into (1.8d), and choosing relevant initial

and boundary conditions, results in the following equation for A:

−∇ · [ν(�x, |∇A|) ∇A] + σ(�x)∂tA = Jimp in Ω × (0, T ), (1.11a)

A = 0 on ∂Ω × (0, T ), (1.11b)

A = A0 in Ω × {t = 0}. (1.11c)

When simulating electric machines, one is often interested in the steady state

given by a Tp-periodic input Jimp(x, y, t+Tp) = Jimp(x, y, t) for all t. The time

interval (0, T ) is large enough so that “an almost Tp-periodic” field A(x, y, t +

Tp) ≈ A(x, y, t), where t is sufficiently large, is reached. The initial state A0

is either zero, or obtained from a harmonic approximation of the steady state.

The boundary condition states that �B has no normal component on ∂Ω, which

is a realistic assumption when ν changes from small (e.g., magnetic iron) to

large (e.g., air surrounding Ω).

As real-world machines are usually voltage fed, J and ∂tA are coupled via

additional circuit equations with a source term depending on the input voltage.

In addition, the machine may have a moving subdomain. Practical schemes

for including such effects in FE simulations are covered, e.g., in [3, 4, 21].
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1.3 Heat Conduction Problem

Power losses in electrical machines appear mostly as waste heat. The main

heating mechanisms are resistive losses in windings, losses in the core materi-

als, and mechanical losses on the moving parts [18]. Publication IV considers

an inverse problem, where the aim is to determine the iron loss distribution

(i.e., a heat source) by measuring the temperature on certain easily reachable

parts of a machine. To this end, one must first construct a forward model
answering the question “Given heat sources inside a machine, how does the

temperature evolve?”.

1.3.1 Heat Equation

The so-called heat equation, a PDE describing heat conduction in medium,

is derived from the principle of energy conservation. The physical domain

is Ω ⊂ R
d, d = 2 or 3. The time-dependent temperature is denoted by

u : Ω × [0, T ) → R. The heat (energy) density is assumed to be given by

a linear relation c(�x)u, where c is a material-dependent heat capacity. The

heat flux �q is assumed to satisfy �q = −k(�x)∇u, where the heat conduction

coefficient k is material dependent and can be anisotropic. The requirement

that the conducted, the stored, and the externally generated heat f in an

infinitesimal volume add up to zero leads to the following PDE (provided with

initial and commonly used boundary conditions):

−∇ · (k(�x)∇u) + c(�x)∂tu = f(�x) in Ω × (0, T ), (1.12a)

u = u0 in Ω × {t = 0}, (1.12b)

u = 0 on ΓD, (1.12c)

∂nu = 0 on ΓN , (1.12d)

k(�x)∂nu = h(�x)(u − uout(�x)) on ΓR, (1.12e)

where f is the source term, ∂n is the outward normal derivative, uout is a

given ambient temperature, and ∂Ω = Γ̄D ∪ Γ̄N ∪ Γ̄R denote (disjoint) parts

of the boundary with the so-called Dirichlet, Neumann, and Robin boundary

conditions, respectively.

1.4 Contributions and Novelty

Publications I-II consider the time integration of differential algebraic equa-

tions (DAEs), along with energy loss and torque computation, in finite element

14
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magnetic field simulations of rotating electrical machines. It is found that

considering the commonly used Implicit Euler and Crank-Nicolson schemes

as polynomial collocation methods provide a convenient approach to numer-

ically solve the DAE and to compute the energies in a consistent manner.

The connection between the “work done by the torque” and (numerical) en-

ergy balance is analyzed, and found to be related via the subdomain rotation

method.

Publication III proposes a method to include the Jiles-Atherton magnetic

hysteresis model in the finite element simulations considered in Publications

I-II. We found the methods introduced in earlier works [12, 23] to be unstable

if applied directly to the electrical machine simulations. Our proposed method

solves the Jiles-Atherton material equation adaptively both in time and space,

and numerical results illustrate stability and computational feasibility of the

method.

Publication IV provides a computational framework for determining an un-

known heat source field inside an electrical machine and finding optimal ex-

perimental design (OED) for the problem. We consider the main novelties

of this work to be (i) the field of application, and (ii) an alternative sensor

location optimization method, which is compared with the reference method

described in [2, 13].
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2. Parabolic PDEs and Their
Discretization

The magneto-quasistatic potential equation (1.11) and the heat equation (1.12)

belong to the class of parabolic initial/boundary value problems. Parabolic

PDEs are generalizations of the prototype diffusion equation in one spatial

dimension,

∂tu(x, t) = ∂xxu(x, t) + f(x, t),

where u is the field under study, f is a given source term, and ∂t and ∂xx de-

note the first and second partial derivatives. Due to a complicated geometry

and non-constant material parameters, the FE method is chosen for the spa-

tial discretization, whereas implicit Runge-Kutta methods are used for time

integration to ensure stability.

2.1 Elliptic Boundary Value Problem

Next, we consider the so-called elliptic component of (1.11a) and (1.12a), so we

omit the time-derivative term from the equation. With physically reasonable

assumptions, we see that the resulting boundary value problem is well posed.

Let a domain Ω ⊂ R
d, d = 2 or 3, have a Lipschitz boundary. For brevity,

we assume the zero Dirichlet boundary condition on the whole ∂Ω. The field

u : Ω → R is the weak solution of the boundary value problem (BVP)

−∇ · [ν(�x, |∇u|) ∇u] = f in Ω, (2.1a)

u = 0 on ∂Ω, (2.1b)

where f ∈ L2(Ω). For ν, we have two cases: 1) ν = ν(�x), so the PDE is linear.

2) ν = ν(�x, |∇u|), and the PDE is quasilinear. These cases are discussed in

Sections 2.1.1-2.1.2.

Due to spatial jumps in ν and/or f , the derivative ∇ · [ν(�x, |∇u|) ∇u] does

not exist in the classical sense. Instead, we consider the weak (or variational)

formulation of (2.1), which is also the foundation for the FE discretization
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later on. In general, the appropriate function space for the weak problem

depends on the function ν. In the problems considered in this thesis, the

appropriate space is the Sobolev space H1
0 (Ω). By multiplying (2.1a) with a

test function v ∈ H1
0 (Ω), integrating over Ω, and applying (2.1b), we obtain

the problem: Find u ∈ H1
0 (Ω) such that

(ν(�x, |∇u|)∇u, ∇v)Ω = (f, v)Ω for all v ∈ H1
0 (Ω), (2.2)

where (u, v)Ω :=
∫

Ω uv.

We define a “semilinear” form a(·, ·) : H1
0 (Ω) × H1

0 (Ω) → R,

a(u, v) := (ν(�x, |∇u|)∇u, ∇v)Ω. (2.3)

With this notation, (2.2) reads as: Find u ∈ H1
0 (Ω) such that

a(u, v) = (f, v)Ω for all v ∈ H1
0 (Ω). (2.4)

2.1.1 Linear Problem

In the following, we consider (2.1) with the assumptions

ν(�x, |∇u|) = ν(�x), (2.5a)

ν ∈ L∞
+ (Ω) := {v ∈ L∞(Ω) | ess inf v > 0}. (2.5b)

This linear(ized) model is adequate, when the variation in the temperature or

the magnetic field is not too large. Generally, when modeling ferromagnetic

core material in electric machines, linearizing ν (see Figure 1.2b) is not a valid

approximation.

With the assumptions (2.5), (2.3) reduces into a bilinear form alin(·, ·) :

H1
0 (Ω) × H1

0 (Ω) → R,

alin(u, v) := (ν(�x)∇u, ∇v)Ω, (2.6)

which is symmetric, bounded, and coercive. With these properties, the Lax-

Milgram lemma [11] states that the problem: Find u ∈ H1
0 (Ω) such that

alin(u, v) = (f, v)Ω for all v ∈ H1
0 (Ω) (2.7)

has a unique solution satisfying ‖u‖H1(Ω) ≤ C‖f‖L2(Ω).

2.1.2 Quasilinear Problem

A PDE of the form (2.1a) is a quasilinear second order elliptic PDE in a

divergence form [24, Chapter 10]. With certain physical assumptions for the
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material function ν, the problem (2.4) has a solution u ∈ H1
0 (Ω). Note that the

linear material relation (2.5) corresponds to a special case of this quasilinear

problem.

In the electromagnetic problem, the domain Ω is split into nonmagnetic and

ferromagnetic regions Ω0 and ΩFe, respectively. The constitutive relation (1.3)

determines the material parameter

ν(�x, | �B|) =

⎧⎪⎨
⎪⎩

ν0, �x ∈ Ω0,

νFe(| �B|), �x ∈ ΩFe,
(2.8)

where ν0 is the vacuum reluctivity, and νFe is the reluctivity function of iron

(cf. Figure 1.2b). Let H(B) := νFe(B)B, where H := | �H|, B := | �B|.
We assume (physically reasonably):

(i) There exists νmin, νmax ∈ R such that

0 < νmin ≤ νFe(B) ≤ νmax < ∞ for all B ≥ 0.

(ii) H(B) is a strictly increasing function of B.

(iii) H(B) is continuous w.r.t. B.

We follow the theory in [24, Chapter 10]. For a fixed u ∈ H1
0 (Ω), the mapping

H1
0 (Ω) → R, v → a(u, v), is a bounded linear functional. Then, there exists a

(nonlinear) mapping T : H1
0 (Ω) → H−1(Ω) defined by

a(u, v) = (T (u), v) (2.9)

for all u, v ∈ H1
0 (Ω).

Let X be a real, reflexive, Banach space, and X∗ be its dual space. The

Browder-Minty theorem states if T : X → X∗ is bounded, continuous, coer-

cive, and monotone, then the equation T (u) = g has a solution u ∈ X for any

g ∈ X∗.

In the problem under study, X = H1
0 (Ω), X∗ = H−1(Ω). Under the as-

sumptions (i-iii) above, T fulfills the criteria in Browder-Minty theorem, and

the problem

−∇ · (ν(�x, |∇u|)∇u) = g

has a weak solution u ∈ H1
0 (Ω) for every g ∈ H−1(Ω).

2.2 Finite Element Discretization

Next, we outline how the finite element method is used to discretize the bound-

ary value problem (2.1). For the linear case (2.5), a mathematical treatment of
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FEs is given in, e.g., [7]. For FE analysis designated specifically for electrical

machines, see, e.g., [21, 4].

The FE method is a so-called Galerkin method, meaning that in (2.4) we

replace the “variation space” V = H1
0 (Ω) with a finite-dimensional subspace

Vh ⊂ V . This results in the problem: Find uh ∈ Vh such that

a(uh, vh) = (f, vh)Ω for every vh ∈ Vh. (2.10)

In the FE method, the space Vh is defined in the following manner. The

computational domain Ω ⊂ R
d is partitioned into elements, such that the

element boundaries match with the material parameter boundaries. Electrical

machines have complicated geometries, so triangles (d = 2) or tetrahedrons

(d = 3) are most commonly used. Typically, the space Vh ⊂ H1
0 (Ω) consists

of continuous piecewise polynomial functions of degree p over the partition.

2.2.1 Finite Element Solution of Linear Problem

Assuming the linear material model (2.5), we outline how (2.10) is solved

numerically. The chosen finite element basis functions for Vh are denoted by

{φi}n
i=1. Then, (2.10) is equivalent to

Kx = f , (2.11)

where K ∈ R
n×n, f ∈ R

n, [x]i ∈ R
n are the coefficients of uh =

∑n
i=1 xiφi,

and

[K]i,j := (ν∇φi, ∇φj)Ω, (2.12)

[f ]i := (f, φi)Ω, (2.13)

for i, j = 1, 2, . . . , n. The “stiffness” matrix K is sparse, symmetric, and

positive definite. The problems considered in this work are “small”, in the

sense that K can be explicitly assembled. In that case, (2.11) can be solved

by, e.g., a (fill-in reducing) Cholesky decomposition.

The FE solution error has the following standard a priori estimate. Let h

denote the maximum element diameter. Consider a sequence of FE solutions

computed by a family of shape regular (“no thin elements”) partitions. As

h → 0, the FE solution uh converges to the true solution u under regularity

assumptions on u. The well-known result is [7]

‖uh − u‖L2(Ω) ≤ Chp+1, (2.14)

‖∇uh − ∇u‖L2(Ω) ≤ Chp, (2.15)

where p is the polynomial degree of the element space, and u ∈ Hp+1
0 (Ω) is

assumed.
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2.2.2 Finite Element Solution of Quasilinear Problem

The quasilinear case (2.10) leads to the nonlinear equation

k(x) = f , (2.16)

where k : Rn → R
n,

[k(x)]i := (ν(∇w(x))∇w(x), ∇φi)Ω , (2.17)

w(x) :=
n∑

k=1
xkφk, (2.18)

[f ]i := (f, φi)Ω, (2.19)

for i = 1, 2, . . . , n. In practice, the system (2.16) is often solved approximately

by the Newton-Raphson (NR) iteration,

xi+1 = xi − [Dk(xi)]−1(k(xi) − f), (2.20)

where Dk : Rn → R
n×n is the Jacobian of (2.17). Implementationwise, as-

sembling the matrix Dk(xi) and solving the linear system (2.20) are often

the most time-consuming parts of the simulation (as they have to be repeated

several times per time step with the time-dependent problem in Section 2.4).

The convergence rate of the FE approximations of the quasilinear problem

is similar to the linear problem, see [1] and the references therein.

2.3 Parabolic Initial/Boundary Value Problem

In this Section, we include the time evolution into (2.1). With reasonable

assumptions on the source term and the initial state, the solution is (at least)

continuously differentiable w.r.t. time.

The domain Ω, boundary conditions, and the material function ν are as

in (2.1). The time is denoted by t ∈ [0, T ]. The time-dependent field u :

Ω × [0, T ) → R is the weak solution to the parabolic initial/boundary value

problem

σ(�x)∂tu − ∇ · [ν(�x, |∇u|)∇u] = f(t) in Ω × (0, T ), (2.21a)

u = u0 in Ω × {t = 0}, (2.21b)

u = 0 on ∂Ω × (0, T ), (2.21c)

assuming

σ ∈ L∞
+ (Ω), f ∈ L2(0, T ; L2(Ω)), u0 ∈ H1

0 (Ω). (2.22)

The requirement of strictly positive σ is lifted in Section 3.1.2.
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2.3.1 Linear Parabolic Problem

With the linearity (2.5) and assumptions (2.22), the weak form of (2.21)

can be expressed as [11, Chapter 7]: Find u ∈ L2(0, T ; H1
0 (Ω)), with ∂tu ∈

L2(0, T ; H−1(Ω)), satisfying

(σ∂tu, v)Ω + a(u, v) = (f, v)Ω (2.23)

for each v ∈ H1
0 (Ω) and a.e. t ∈ [0, T ], and u(0) = u0. The solution u exists

and is unique, and ∂tu ∈ L2(0, T ; L2(Ω)). Assuming more spatial regularity

on u0 and more temporal regularity on f , along with certain compatibility

conditions, yields more smoothness on u, ∂tu, and existence and smoothness

on higher order derivatives ∂2
ttu, etc.

2.4 Time Discretization

We discuss the numerical solution of the parabolic problem (2.21). We use

FEs for the spatial discretization and implicit Runge-Kutta (IRK) schemes

for time integration.

The spatially FE-discretized solution uh ∈ Cm(0, T ; Vh), m ≥ 1, has the

expansion

uh(t) =
n∑

i=1
xi(t)φi, (2.24)

where {φi}n
i=1 are the FE basis functions (see Section 2.2) and {xi}n

i=1 their

time-dependent coefficients. Applied to (2.23), the resulting semidiscretized

equation is

Mẋ(t) + k(x(t)) = f(t), (2.25)

x(0) = x0, (2.26)

where k, f are defined in (2.17-2.19), and

[M ]i,j := (σφi, φj)Ω, i, j = 1, . . . , n. (2.27)

For convenience, let us write (2.25) in the form

ẋ(t) = M−1[f(t) − k(x(t))] =: F (x, t). (2.28)

The system is dissipative, meaning that ‖x(t)‖ → 0 as t → ∞ in the absence

of a source f .

When choosing a numerical time integration method for (2.28), one has

to consider stability, accuracy, and computational cost of the method. A
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typical simulation involves nonlinear equation solutions on a large number of

time steps, so the computational cost is an important factor. As other error

sources are expected dominate the time integration error, a sufficient accuracy

is reached with a relatively large step size, which in turn leads to the question

of the stability of the method.

Certain implicit Runge-Kutta (IRK) methods are A-stable [14], rendering

them good options for integrating (2.28). Two commonly used such methods

are the implicit Euler (also known as the backward Euler method) and the

implicit trapezoidal method (also known as the Crank-Nicolson method when

combined with finite differences or finite elements). It is known that an explicit

Runge-Kutta method can never be A-stable.

As an example, we employ the Crank-Nicolson (CN) method to numerically

solve the ODE (2.28). The unknown x(t) is approximated at the “time in-

stants” tj = jΔt, where Δt is the time step size, and we denote xj := x(tj).

Applied to (2.28), the CN method is

xj+1 = xj +
Δt

2
(F (xj , tj) + F (xj+1, tj+1),

which in this case leads to

Mxj+1 +
Δt

2
k(xj+1) = Mxj +

Δt

2
(k(xj) + f j + f j+1). (2.29)

The unknown xj+1 is solved from this nonlinear equation iteratively by the

Newton-Raphson method as in (2.20).
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3. Research Problems and Findings

This Chapter outlines the problems studied in Publications, and the results

are briefly discussed.

3.1 Mechanical Rotation, Time Integration, Energy Balance, and
Torque Computation

Publications I-III consider the implementation of the rotor motion, time inte-

gration, energy loss and torque computations, and the Jiles-Atherton hys-

teresis model combined with the FE-discretized magneto-quasistatic prob-

lem (1.11).

3.1.1 Rotating Subdomain

We outline how the rotor motion can be included in the simulation of a rotating

machine, as the one described in Section 1.1. As long as the rotation speed

is well below the speed of light, the following consideration is valid [3]. The

coordinate frame in the rotor is fixed with the rotating material (so-called

Lagrangian frame), and the rotor FE mesh remains unchanged.

Let uR ∈ H1(ΩR) be the field in the rotor ΩR and uS ∈ H1(ΩS) the field in

the stator ΩS. The fields are governed by (2.21). The coupling between uR

and uS is provided by the following. The field uA ∈ H1(ΩA) in the air gap

ΩA ⊂ Ω is determined by

−∇ · (ν0∇uA) = 0 in ΩA, (3.1a)

uA = uR on ΓAR,θ, (3.1b)

uA = uS on ΓAS, (3.1c)

where ΓAR,θ and ΓAS are the air gap-rotor and air gap-stator interfaces, re-

spectively. The well-posedness of (2.21) combined with (3.1) is shown in [8].

Implementationwise, one can think that there are separate systems of the
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form (2.25) for FE-discretized uR and uS. The coupling is provided by a

discretization of (3.1),

Kθ

⎡
⎣xAR

xAS

⎤
⎦ =

⎡
⎣0

0

⎤
⎦ , (3.2)

where xAR (or xAS) are the FE degrees of freedom shared by the rotor (or

stator) and the air gap, and the subscript θ denotes the rotor angle-dependency

of the matrix Kθ. Different strategies for constructing Kθ are listed below.

In Publications I-III, the rotation is implemented in a FE simulation either

by remeshing (or a moving band) [4], or by Nitsche’s method [5]. In remeshing,

the air gap FE mesh is deformed and retriangulated in a controlled manner.

In Nitsche’s method, the air gap mesh is allowed to be nonmatching on the

rotation interface, and the discontinuity of u on the interface is handled by

modifying the weak problem appropriately. It can be argued that Nitsche’s

method method provides a smoother rotation method, as there is no need for

retriangularization.

There exists several other strategies, such as computing an exact solution for

u in the air gap (i.e., the exact solution to Laplace’s equation in an annulus),

handling (3.1) by the boundary element method (BEM), and others. The

negative side of these methods is that all the FE degrees of freedom active on

the rotor-stator interface are coupled, leading to a dense Kθ.

3.1.2 Differential-Algebraic Equation

Consider the quasistatic problem (2.21) modeling the magnetic field in an

electrical machine. The conductivity σ is zero in the air gap and the iron core,

and the source term f is supported in the conducting region. Let ΩC := {�x ∈
Ω | σ(�x) > 0} and ΩI := {�x ∈ Ω | σ(�x) = 0} = Ω \ ΩC. Then, (2.21) reads as

σ(�x)∂tu − ∇ · [ν(�x, |∇u|) ∇u] = f(t) in ΩC × (0, T ), (3.3a)

−∇ · [ν(�x, |∇u|) ∇u] = 0 in ΩI × (0, T ), (3.3b)

u = u0 in ΩC × {t = 0}, (3.3c)

u = 0 on ∂Ω × (0, T ), (3.3d)

which is a degenerate parabolic problem; see [19] for existence, uniqueness,

and regularity results.

A spatial FE-discretization of (3.3), combined with coupled field and circuit

equations, leads to a (rank-1) differential-algebraic equation (DAE)

Mẏ(t) + k1(y(t), z(t)) = f(t), (3.4a)

k2(y(t), z(t)) = 0, (3.4b)
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where the matrix M can be rank-deficient, y denotes the variables whose time

derivative appears in the equations, and conversely, z the variables whose time

derivative does not appear.

Publications I-II study time integration schemes for (3.4). It is noted that

applying, e.g., the CN scheme (2.29) “blindly” to numerically solve (3.4) accu-

mulates error in the solution. In such case, one essentially ends up integrating

an algebraic equation. In addition, if the initial state (y0, z0) is inconsistent,

meaning that k2(y0, z0) �= 0, the numerical integration may lead to artefacts

such as oscillation. In practice, this inconsistency may occur if the initial state

is obtained from a harmonic approximation, or if the “previous” time step ends

in an inconsistent state.

3.1.3 Magnetic Field Energy and Torque Computation

One quantity of interest in an electrical machine simulation is the mechanical

torque. There exists different methods to compute the torque from a FE

solution, which are outlined below.

An object carrying the current density �J in a magnetic field �B experiences

the Lorentz force (density) �f = �J × �B. Assuming smooth enough fields, it

can be shown that the total torque �T =
∫

Ω �r × �f d�r, where �r is the position

vector, due to the Lorentz force can be computed by integrating the so-called

Maxwell stress tensor, and there exists several methods for this (e.g., [3, 16]).

Another possibility is to compute the torque by the virtual power principle,

T = ∂θWmag, i.e., as the change of the configuration’s magnetic energy Wmag

as the rotor rotates by a small angle θ. In the FE setting, this quantity can

be computed exactly, and this is known as the Coulomb’s method [10].

With smooth enough fields, the previous methods yield the same torque.

However, with the field represented by linear or quadratic H1-FEs, the afore-

mentioned quantities are equivalent only when the integration path is chosen

in a specific manner. A natural question is, what is the “correct” way to

compute the torque? First, it can be argued that the virtual power principle

is more general than the Maxwell stress tensor approach [6]. Second, from

a practical standpoint, the hypothesis is that if the torque given by, say, two

different integration paths shows large discrepancy, then the FE solution is not

“accurate enough”. This is confirmed in numerical tests; higher order elements

and/or finer mesh reduce the afore-mentioned discrepancy in torque.
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3.1.4 Energy Balance

In addition to afore-mentioned torque, other quantities of interest in electrical

machines simulations are input energy, stored energy, energy losses, and the

mechanical energy output. With an exact solution, the energy quantities sum

up to zero, whereas a numerical time integration scheme may induce error in

the computation leading to energy imbalance.

The numerical energy balance is discussed in Publications I-II. The chosen

approach is to consider an IRK time integration method as a collocation
method. For each time step, t ∈ [tj , tj + Δt], the variables xi(t) in (2.25)

are considered to be a polynomials (over t) of degree n satisfying the DAE

exactly at certain points in the time interval [tj , tj + Δt]. The conventional

implicit Euler and Crank-Nicolson methods fall into this category. Choosing

an energy-conserving (symplectic) method, such as the implicit midpoint rule,

and using the polynomial representation to compute the loss terms, yields a

scheme that conserves the conserving part and integrates consistently the loss

terms. More generally, the connection between collocation methods, energy

conserving systems, and IRK methods is studied in [25].

In Publication II, the relation between the numerical energy balance, torque,

and the rotation strategies (cf. Section 3.1.1) is discussed and tested numeri-

cally.

3.2 Jiles-Atherton Model in Finite Element Simulation

In Publication III, the aim is to incorporate a variant of the Jiles-Atherton

(JA) magnetic hysteresis model [20] into a FE simulation. In general, modeling

magnetic hysteresis is nontrivial, and there exists several different hysteresis

models [27]. Amongst the models, the JA model is attractive due to its relative

simplicity and low computational cost compared to, e.g., Preisach-type models.

In the work, we focus on providing a computational scheme that fixes stability

issues encountered with previous attempts to combine JA model with FEs.

The following constitutive relation aims at modeling the hysteretic behaviour

illustrated in Figure 1.2a, and thus replaces (1.3) as the iron H-B relation.

Consider a single spatial point in a ferromagnetic material. In the vectorized

inverse JA model [20], the relation between �H and �B is given as a differential

equation
∂ �H

∂ �B
= νD( �H, �B, Δ �H) (3.5)

where the matrix νD is called the differential reluctivity, and Δ �H denotes

28



Research Problems and Findings

the “instantaneous change of direction” of �H. Computationally, combining a

FE solution of a field equation with a constitutive relation of the form (3.5)

requires numerical integration of (3.5) at each (numerical quadrature) point

in the hysteretic material.

In an electrical machine simulation, a conventional time step size Δt is con-

siderably larger than the step size that is required to integrate (3.5) with a

sufficient accuracy and stability. In the method proposed in Publication III,

the step size for integrating (3.5) is adaptive both spatially and temporally.

The scheme is computationally feasible and stable in the numerical tests that

simulate a rotating electring machine with coupled circuit and hysteresis mod-

els.

3.3 Iron Loss Determination as Inverse Heat Source Problem

Recall that the predictions given by existing iron loss models have error of

10-45% compared to measured losses [18]. Publication IV studies an inverse

approach to determine iron losses. Instead of using an existing loss model,

the loss acts as an unknown heat source in the heat equation. By measuring

the temperature on some easily reachable locations on (and/or inside) the

machine, the aim is to reconstruct the heat source.

Given all the parameters (heat conductivity, heat capacity, heat source, etc)

and finding the temperature u satisfying (1.12) is called the forward problem.

As seen in Section 2.3.1, the solution u exists, is unique, and depends contin-

uously on f , so the forward problem is well posed [17]. Conversely, solving for

f , given some limited information on u, is an inverse problem. It is easy to

see that this inverse problem is ill posed.

Publication IV provides a computational framework for solving an ill-posed

inverse heat source problem in a Bayesian setting. In the Bayesian ap-

proach [17], the unknown is treated as a random variable X, which in this

consists of the FE representation coefficients of the heat source. The prior
distribution of X should include as much information as possible on the heat

source. In this case, the source is expected to be a spatially smooth func-

tion that is concentrated at the windings, and this information is used as a

prior. The posterior distribution (i.e., “the reconstruction”) is the prior dis-

tribution “updated” with the information obtained from measurements, with

measurement noise (a random variable) taken into account.

From a practical point of view, the results suggest that a boundary mea-

surement at the steady state temperature gives only little information of the
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iron loss. One should include a time transient temperature measurement,

and preferably augment the measurement by including temperature sensors

inside the object. Such measurements have already been conducted [18, 22],

but instead of FE analysis, thermal networks are employed to model the heat

conduction.

In addition, the location of the temperature measurements affects the recon-

struction quality, so the positioning of the heat sensors is studied numerically

in Publication IV. This is accomplished by using (Bayesian) optimal experi-

mental design (OED) theory [9]. The aim is to position the sensors so that

the posterior density variance is as small as possible, so the reconstruction

uncertainty is minimized. A proposed “sliding sensor method” of finding op-

timal sensor locations is compared with the so-called l0-sparsification method

described in, e.g., [2].

The proposed computational setting is viable for treating the inverse prob-

lem, and related OED, with a realistic three-dimensional geometry using a

single desktop computer.
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